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Abstract We propose a new class of Riemannian conjugate gradient (CG) methods, in which inverse retraction is
used instead of vector transport for search direction construction. In existing methods, differentiated retraction is
often used for vector transport to move the previous search direction to the current tangent space. However, a dif-
ferent perspective is adopted here, motivated by the fact that inverse retraction directly measures the displacement
from the current to the previous points in terms of tangent vectors at the current point. The proposed algorithm
is implemented with the Fletcher—Reeves and the Dai—Yuan formulae, respectively, and global convergence is es-
tablished using modifications of the Riemannian Wolfe conditions. Computational details of the practical inverse
retractions over the Stiefel and fixed-rank manifolds are discussed. Numerical results obtained for the Brockett cost
function minimization problem, the joint diagonalization problem, and the low-rank matrix completion problem
demonstrate the potential effectiveness of Riemannian CG with inverse retraction.
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1 Introduction

The problem of minimizing a smooth function f over a Riemannian manifold M, i.e.,
min f(x) s.t. xe M (1)

(where by smooth we mean C* or infinitely differentiable), has generated considerable interest in recent years
because of its many important applications. The reader is referred to [2, 18, 19] and references therein for abundant
applications of problem (1).

Riemannian optimization generalizes the concept of unconstrained optimization in Euclidean spaces. In addi-
tion to the basic Riemannian gradient descent and Newton’s methods [2], various new Riemannian optimization
methods have been developed in recent years, e.g., Riemannian trust region methods [1, 2, 19, 20], Riemannian
conjugate gradient (CG) methods [2, 31, 33, 34], Riemannian quasi-Newton methods [19, 21, 22, 30, 31], and
many other advanced Riemannian first-order methods targeting deterministic [14, 15, 16, 17, 23, 24, 43, 44] and
stochastic [6, 25, 35, 39, 42] problems.

In this paper, we focus on Riemannian CG methods. In classical methodologies, a new search direction is con-
structed through addition of the negative gradient of the current point to a vector transport of the previous search
direction. To the best of our knowledge, existing vector transports are only realized based on differentiated retrac-
tion or orthogonal projection. However, neither of these vector transport types is irreplaceable during construction
of CG directions. Other methods of achieving the same effect exist. In this work, we propose a surrogate for vector
transport, i.e., inverse retraction. An inverse retraction is simply the inverse map of a retraction. Therefore, it is not
a new concept and follows from the concept of retraction. As mentioned in [4], inverse retractions are required in
certain situations, e.g., for computation of the R-barycenter of a collection of points. From a geometric perspective,
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an inverse retraction directly measures the displacement between two points in terms of tangent vectors. From a
numerical viewpoint, inverse retractions can be easily computed on a variety of manifolds. For example, when the
manifold under consideration is a submanifold of a Euclidean space, an inverse orthographic retraction [3, 4] can
be expressed as a simple projection onto tangent spaces. Inverse retraction is currently becoming a popular tool
for Riemannian optimization, and is employed for algorithms such as the Riemannian stochastic variance reduced
gradient method [35], the Riemannian stochastic averaging gradient descent method [39], and the Riemannian
FISTA [23, 24].

The purpose of this paper is to enrich the theory of Riemannian CG methods by proposing inverse retraction as a
competitive alternative to vector transport. We show that, in a theoretical framework, the proposed methods exhibit
global convergence, similar to classical methods. Furthermore, in a practical framework (e.g., when implemented
with state-of-the-art software such as Manopt [7]), we demonstrate that the proposed methods have the same
efficiency as classical methods. This study makes three main contributions. First, new Riemannian CG directions
are constructed by means of inverse retraction rather than vector transport. Second, for the proposed Riemannian
CG algorithm with inverse retraction, modified Riemannian Wolfe conditions that involve inverse retraction instead
of differentiated retraction are presented, and the global convergence of the new algorithm is confirmed. Third, we
discuss the computational details of practical inverse retractions on the Stiefel and fixed-rank manifolds and show
the effectiveness of Riemannian CG with inverse retraction in numerical experiments.

The remainder of this paper is organized as follows. Notation and preliminaries pertaining to Riemannian
geometry and optimization are presented in Section 2. The new algorithm is proposed in Section 3 and its global
convergence is analyzed in Section 4. Implementation details of several practical inverse retractions are discussed
in Section 5 and numerical experiments are reported in Section 6. Conclusions are presented in Section 7.

2 Notation and preliminaries

2.1 Notation

Given a Riemannian manifold M, a point x € M, and a function f defined over M, T, M denotes the tangent

space to M at x, TM := |J T.M denotes the tangent bundle of M, (-,-) denotes the Riemannian metric on M,
xeM
(-, -)x denotes the restriction of (-, -) to T, M, and V f denotes the Riemannian gradient of f. Given a matrix A, ||A]>

denotes the 2-norm of A, ||Al|r denotes the Frobenius norm of A, and tr(A) denotes the trace of A if A is square.
Given a subset S in a Euclidean space, con(S') denotes the convex hull of S.

2.2 Preliminaries

In Riemannian optimization, a general update scheme has the form

Xir1 = Ry (i), 2
where &, € T, M s the search direction, @ > 0 is the step length, and R is a retraction, which is defined as follows.

Definition 1 [2] A retraction R on a manifold M is a smooth map from the tangent bundle T M to M with the
following properties, where R, denotes the restriction of R to T M.

1. R,(0,) = x, where O, denotes the zero element of T M.

2. With the canonical identification Ty, T M = T M, R, satisfies DR,(0,) = idr m, where DR,(0,) denotes the
differential of R, at 0, and idy p denotes the identity map on T M.

Because vectors in different tangent spaces cannot be added, another important Riemannian optimization op-
eration, i.e., vector transport, is defined as follows.

Definition 2 [2] A vector transport T on a manifold M is a smooth map
TMOTM—->TM:(,6) = Tp(é) e TM
satisfying the following properties for all x € M, where & denotes the Whitney sum

TMeTM= {(§Xs nx) : fxa nx € T M, xe M.



1. There exists an associated retraction R such that T, (£x) € Tg,oM for all n,,éc € TM.
2. To(éx) =& forallé, e TM.
3. Th@éy + bly) = aT, (€x) + bT 5, (&) forall a,b € R and ny, &y, € T M.

The exponential map and parallel transport [10] are special examples of retraction and vector transport, re-
spectively. In early works, such as the seminal reference [11], these tools were used in algorithmic design for
Riemannian optimization methods. The exponential map exp, : T.M — M at x is defined by exp, (&) = y.(1),
where 7,(f) is the geodesic such that y,(0) = x and ,(0) = £,. The parallel transport P77 along a curve
y transports &, € TyM to PV 79¢, ) € T,yM with the property Vs, (Pz(’)Hy(“)fy(a)) = 0, where V is
the Levi-Civita connection. The exponential map, geodesics, and parallel transports are perfect in theory, e.g.,
Vi ¥e() = 0.7e(1) = exp,(1£:), 7o) = Dexp, (€€ = Py "¢ and (P} Vé,00, P} “nyg) = Const
for t. However, although these geometric properties are appealing, they are computationally intractable on many
concrete matrix manifolds.

We next introduce two important topological concepts in Riemannian geometry: the normal neighborhood and
totally normal neighborhood [10]. Because Dexp,(0,) = idr a, by the inverse function theorem, there exists
a neighborhood V of 0, in T, M such that exp, is a diffeomorphism on V. We call U = exp (V) a normal
neighborhood of x. The definition of a totally normal neighborhood is given by the following theorem.

Theorem 1 [10] For any p € M, there exists a so-called totally normal neighborhood W of p and a number 6 > 0
such that, for every x € W, exp, is a diffeomorphism on the open ball Bs(0,) C T M centered at O, with radius 6,
W C exp,(Bs(0y)), and exp : (x,&x) — (x, exp,(&y) is a diffeomorphism on {(x,€y) - x € W, &, € Bs(0,)} c TM.

Corollary 1 [10] For any two points x,y € W, where W is a totally normal neighborhood, there exists a unique
minimizing geodesic joining x with y.

As a retraction is a first-order approximation to the exponential, we can also define a retractive neighborhood
and totally retractive neighborhood [20], analogous to a normal neighborhood and totally normal neighborhood.
Thus, a retractive neighborhood of x with respect to R is U = R.(V), where V is a neighborhood of 0, in 7. M
such that R, is a diffeomorphism on V. The local diffeomorphisms of the exponential map and retraction naturally
induce two families of coordinate systems around x € M, called exponential coordinates and retractive coordinates,
respectively, by identifying 7, M with R”, where n is the dimension of M. The definition of a totally retractive
neighborhood is given in the following theorem.

Theorem 2 [20] Let R be a retraction on M. For any p € M, there exists a so-called totally retractive neigh-
borhood W of p and a number 6 > 0 such that, for every x € W, Ry is a diffeomorphism on the open ball
B3(0,) c T M centered at 0, with radius 6, Wc R(B3(0y)), and R : (x,&y) = (x,R(&y)) is a diffeomorphism on
{(x,&) :x€ vax € BS(OJC)} cTM

We now move to our main topic, i.e., Riemannian CG methods. Existing CG directions in Riemannian opti-
mization have the form

&kl = =V (xXps1) + BT e (1) 3)

Moreover, a commonly used vector transport for general manifolds is differentiated retraction

Taf(€) = DRy @

x

After the search direction & is determined, an appropriate step length @ > 0 for global convergence should be
computed. In classical Riemannian CG methods, @; must satisfy the Wolfe conditions

SRy (&) < fa) + craudV f(xn), € )
(VR (rér)), Dka(akfk)[‘fk])R% (o = 2V (x)s §x, (6)

where ¢y, ¢, are two constants with 0 < ¢; < ¢, < 1, or the strong Wolfe conditions, for which (6) is replaced with

<Vf(ka (aké‘:k))v Dka (akgk)[fk]%axk(ak&) < _CZ<Vf(xk)v §k>xk . (7)

Note that these conditions make sense under the premise that & is a descent direction, i.e., {(V f(xg), &)y, < O.



3 RCG with inverse retraction

Given two retractions R™ and RP¥, we propose a new Riemannian CG scheme with inverse retraction
Xpr1 = Ri‘:’(a’kfk)a )]
Eet = =V f () — Brsiag R 7 (), ©)
where R™ is called the forward retraction, RP" is called the backward retractions, R™ " is the inverse map of R™

and is called the inverse retraction associated with R®¥, s; is a scaling number, S is the conventional CG parameter,
and alzl performs a role similar to “normalization.”

. . . . -1 e .
According to Section 2, the inverse retraction R is well-defined if xy is sufficiently close to xi.;. Note also
that R™ and R®" are allowed to be different. For a clearer understanding of inverse retraction, see Figure 1. The

Figure 1: Nlustration for i, = —a"RSW_l(x). The red curve is the forward retraction curve y™(¢) = R (¢£,),t € [0, @] which
starts at x with velocity &, and ends at y, and the blue curve is the backward retraction curve y*"(¢) = REW(—tn).), t € [0, a] which
starts at y with velocity —7, and ends at x.

number sy, is set as

. llaéll
S, = min - 1 (10)
IR, ™
Xie+1

and is introduced to ensure |

-1 -
e B ]| < il (1

k+1

which is crucial for global convergence analysis of Riemannian CG methods. This scaling technique is also used
in [33, 34]. There are various choices for S, e.g., the Fletcher—Reeves formula [12]

VG,

(12)
S 27
and the Dai—Yuan formula [9]
DY _ (Vf(xir1)s Eer1 ), (13)
¢ (VIO e
which is implicit and, in our case, equivalent to the following explicit form:
Vfx 2
o IV DI, | .

s (VS ), 0 R, T (0) |+ (V0. 60,

Xk+



The equivalence between (13) and (14) can be easily verified using (9).
Because the proposed search direction (9) is established using an inverse retraction instead of differentiated
retraction (as in (3)), to ensure global convergence, we modify the Wolfe conditions ((5) and (6)) as follows:

FRY (@) < f() + c1aidV f (00, b (15)
eV f(xi)s Edn < — <V FRY (i), a,;lR;gv’: - fk)" (xk)>R% gy S TOXVIO0: G0 (16)

where ¢y, ¢z, and c¢3 are three constants with 0 < ¢; < ¢ < 1, ¢3 > ¢,. Note that the second inequality in (16),
which is needed for Lemma 7 (Section 4), is established for purely theoretical purposes. When c3 > ¢;, (16) is
very close to the condition

(VAR @ of Ry o T 00) 2 V0, E

RY (axér)
which is an analogy of the traditional Riemannian Wolfe condition (6) used in [33]. For the modified strong Wolfe
conditions, (16) is replaced by

(V7R (e, o R,

-1
W X, < —c A\ Xk), - 17
Ryt k)>R§“Z(akfk> 2VS00)- & a7

Note that, if the first inequality of (16) holds and (V f(x), &)y, < 0O, the denominator of (14) is nonzero because,
in that case,
_ -1
(VI G, 0 R T 0) € —ea (V00,60 <~V 00, 60
X+ 1
where s, < 1 is used in the first inequality.

A complete description of the proposed algorithm is presented in Algorithm 1. Note that we do not specify
the formula for B;. Furthermore, the step length conditions depend on the formula for 8;. For example, if we
choose the Dai—Yuan formula (14), the weak Wolfe conditions (15) and (16) are sufficient to guarantee global
convergence. However, if we choose the Fletcher—Reeves formula (12), the strong Wolfe conditions (15) and (17)
are required.

Algorithm 1: RCG with inverse retraction

Input: parameters cy, c3, and c3, with 0 < ¢; < ¢ < 1, ¢3 > ¢;, and initial point xy € M.
1 Compute & = =V f(xp).
2fork=0,1,2,... do
3 Compute a; > 0 satisfying (15) and (16) or satisfying (15) and (17), and obtain x4+, = Ri‘;’(akfk),
n = —a,leEXl_l(xk), and g1 = Vf(xpe1).
Compute s using (10) and B, using a selected formula, e.g., (12) or (14).
Compute &rv1 = —8r+1 + BrSkk-

wn A

As discussed above, the main novelty of the search direction (9) is that inverse retraction is used instead of vec-

tor transport. Note that vector transport is linear but inverse retraction is nonlinear. Our motivation for employing
the inverse retraction REX ] 71(xk) is twofold. First, an inverse retraction directly measures the displacement from
Xi+1 10 Xy in the sense of tangent vectors in T, M, with respect to the retraction R"™. Second, an inverse retraction
is computationally comparable to vector transport on many matrix manifolds. Given &, € T, M, if exp,(t£,) isina
normal neighborhood of x,

eXPyy 1) (X) = 1D exp, (tE,)[£,]. (18)

Therefore, when R = R" = exp, (9) is the same as (3) in cases where the vector transport 7 in (3) is the
differentiated retraction, and R s simply the logarithm log = exp~!. Note that the right-hand side of (18) can
be rewritten in terms of parallel transport as —fD exp,.(t&y)[€x] = sz t)H(—tfx), where y,(f) = exp,(t&;). Note also
that s, = 1 if R™ = R® = exp, because parallel transport conserves the norm.

In what follows, we estimate the deviation between the differentiated retraction DRfCW(afx)[fx] and the “nor-
malized” negative inverse retraction —a‘lRlv’Wfl(x), where y = R™(aé&,). Before presenting the final evaluation
(Proposition 1), we first prepare three technical lemmas.



Lemma 1 [13] Let N be a compact coordinate neighborhood of some point, where a hat denotes a coordinate
expression. There exist my > my > 0 such that, for all x,y € N,

m||% = 3ll2 < dist(x, y) < ma||x = .

Lemma 2 Let ¢ be a smooth vector field on M and let N be a compact subset of a totally normal neighborhood
of some point on M. There exists a constant C| > 0 such that, for all x,y € N,

[Py ey - &1, < Crdist(x, y),
where vy, is the unique minimizing geodesic joining x with y.

Proof As parallel transport is invariant under affine reparametrization of the corresponding curve, we can assume
v, is normalized with the initial condition y.(0) = x. Then, we have

M—) ) d M—n(l) G x4—71 ®
& =& = ; o Swdt = | (V5.)y.mdt. (19)

As P;:—n(t) (V%g)y ® is smooth and N is compact, there exists a constant C; > 0 such that

sup {HP;:_W) V5.5

o 1E[0distiy)] vy € N} <C. (20)
Ve

Combining (19) and (20), we obtain ||Pf,H & - foX < Cydist(x,y) forallx,ye N. O

Lemma 3 Let N be a compact subset of a totally normal neighborhood of p € M, and let N be a compact subset
of a totally retractive neighborhood of p € M with respect to some retraction R on M. There exists a constant
C, > 0 such that, for all x,y e NN N,

IR (0 = exp} ! )|, < CadistCx, )2 = Cs [lexp; ' - @1

Proof By Definition 1 and the inverse function theorem, whether £,(x) = R;'(x) or £,(x) = exp; ' (x) for x,y €
N NN, the map L, satisfies the conditions £,(y) = 0y € TyM and DL(y) = idz,m. Thus, R;.l(x) is a first-order
approximation of the logarithm exp; " (x).

We next show the existence of C, > 0 such that the inequality in (21) holds. Let W be a (totally) normal
neighborhood of p containing N. Let ¢ be an exponential coordinate chart centered at p, the domain of which
covers W, and let ¢ be the natural coordinate chart on the tangent bundle 7 M generated by ¢. Thus,

( ‘) IO RUNR §

where x', ..., x" are the coordinate functions of ¢, are the corresponding coordinate fields, and » is the

(9)61"'.’(9 (1
dimension of M. Denote Q = N'N N. Then, a coordinate expression of the map

F:QxQ—TM, (y,x) - R (x) - exp ' (x)

is
F=goFo(p' x¢™): (@ xp(Q) — R,

where ¢! x ¢! is the Cartesian product of two ¢~! defined by (go‘l X 1,0_1) $,%) = (t,o‘l(j)), t,o‘l(fc)). We define
£ = ¢(x) and § = ¢(y) and express F' component-wisely as

FG.0)=("....5"F'G.8)..... ["G.%).

Note that all £ are smooth functions as F is smooth. Additionally, ¢(€) is a closed subset in R” that may not be
convex; therefore, if necessary, we extend F smoothly to ¢(Q) x con(¢(€)) in accordance with Lemma 2.26 in



[28]. Then, by Taylor’s theorem and the knowledge that #(9,9) = 0 and Ry‘.l(x) agrees with exp;.l(x) up to first
order, we have

NS DA .
FG.0=@=-9)VLFG.0E-9), i=1,...n,
where V%z denotes the Hessian with respect to the second part of the variables and all #' lie in the segment joining

%and $. Let G®) = (Gi j(jz)) be the matrix expression of the Riemannian metric on 7, M associated with the chart
¢. Then, we have

IR (x) - exp ' @), = J GyOIFG. DFIF, %)

i=1 j=1

o

1

2

1 1 A A
5\/”||G(Y)”2 max [[V3,F'5.2))], 115 - 515

.....

N TN
2LEG. )| 1% - 3113

IA

IN

Here, we use the fact that the 2-norm coincides with the spectral radius for real symmetric matrices. As ¢(Q) is
compact, so too is con(¢(€2)) by Corollary 2.30 in [32]. Then,

C = max

eu\n(uﬁ(Q))
i€fl,...,n}

Combining this relation with Lemma 1, we see that C; := C7/ m% is the desired constant. Note that the equality in
(21) comes directly from the basic properties of exp. O

Remark 1 If, in Lemma 3, AV is assumed to be a compact subset of a totally retractive neighborhood of p € M
with respect to both R and RP™, we can find a constant C, that is independent of R™ and RP¥ and satisfies (21).

We can now give an upper bound for the deviation ”—a‘lR?W_l(x) - DRiW(afx)[gx] ;

Proposition 1 Let N be a compact subset of a totally normal neighborhood of p € M, and let N be a compact
subset of a totally retractive neighborhood of p € M with respect to both R™ and R®. Then, there exists a
constant C > 0 such that, for all x e NN\ N, & € T.M, and a > 0 satisfying both y = R™(aé,) € N N N and
z = exp(aéy) € N, the following holds:

|- R () - DRY(a)1€4]

LS Cla + L.

Proof For simplicity of the proof, we emphasize that all variables x, &, @, y = Riw(afx), and z = exp,(aé&,)
mentioned below are restricted by the proposition hypothesis. Thus, the constants Cs,...,C7 and C introduced
below are independent of these variables because of compactness, as in the previous lemmas. Note that not only
X, y, and z remain in compact sets, but also ||aé,||; < ¢ for some positive constant ¢ independent of x, according to
Theorems 1 and 2.

We choose a basis for 7, M and let ( ) be the corresponding exponential coordinates and ( ) be the corre-

sponding coordinate vector fields. Suppose that eXp, (&) = (v1(?), ..., v,(¢)) and R;W(tg-‘x) = (wi(1),...,w,(D)),
where 7 is the dimension of M and a hat continues to denote a coordinate expression. Then,

d
Dexp (a@&)[€x] = eXPx(té‘“A)

v( >—‘ 22)

I=a

and

DRY(aé,)[é,] = waufx (23)

=«



As a retraction is a first-order approximation to the exponential, we have by Taylor’s theorem that v;(@) — w;(@) =
Dag, (@€, a&x), where D¢(-, -) is a quadratic form for any fixed £ and varies smoothly in &. Thus, by the compactness
of N or N and «||&,]|x < 6, there exists a constant C3 > 0 such that

~ Wj(@)] < Crallé.l}. (24)

By the compactness of A or A and the fact

n

Zu(a/)—'

i=1

n

2.

i=1

o =« = all&lly <6,

z

we can find a constant C4 > 0 such that

max{alv;(a)|, H%‘ ” }S Cy. (25)
Yy

Let 77, = @' exp;'(y). By Lemma 1 with exponential coordinates centered at x and the compactness of N N A/,
there exists a constant C5 > 0 such that

dist(y, z) = dist(exp,(a7yx), exp (@x)) < Csallnx — &l (26)

There also exists a constant Cg > 0 such that
_ _ _ -1 1
I = &l = ||~ expi!0) - @7 RY T )| < Cao™distx ? < CaCoaligl 27)

The first inequality follows from (21) and the second follows from Lemma 1 with R™—retractive coordinates
centered at x and the compactness of NN N. Let v, be the unique minimizing geodesic joining y with z. It follows
from (22) that

n

-z ’ —
Py Dexp,(@é)lEd = Y vi(@)Py; @L' (28)

i=1
Combining (23)—(28) and using Lemma 2, we obtain

n

|P D exp,(ag)iéd] - DRV (@I, < )

Vi(@)Py " .'Z - wi(@) %

i=1 Yy
n
0 0 0
< )P =] - — ]
;[’ Yoo oxil,  axtly il
< na”' C4Cdist(y, 2) + nC3Caalléill; < nC4(C1C2C5Co + C3)alE 3. (29)

Let ¢, = dr exp, (expxl(w) + tfx)‘ " which is a smooth local vector field. Then, Dexp (an,)[éc] = ¢, and
Dexp,(aé,)[éx] = ;. Using Lemma 2, (26), and (27), we obtain

[P exp (anaié] - Py “Dexp(aéoléd], = [l¢ - Py ¢, < Cudist.2) < C1CCsCoa?llElT. (30)

Because exp is smooth and {(x, @n,)},cnni 1S contained in some compact subset of T M, there exists a constant
C7 > 0 such that

ID exp(anolé:] = Dexp an ||, < Colin, = &l < C2CsCralléil, 31

where the second inequality follows from (27). By (18), (21), and (27), we also have

|- R () - Dexp,(anln.] =

byl _ _
o B ) — o expy | < CaCsalél (32)



Finally, combining (29)—(32), we obtain

|- R () - DRY (e )1€4]

y

< ||Py " Dexp,(@é0léd] — DRY (@é)IE ], + [[Dexp (andléd — Py "Dexp (aélé]|),

+ [P exp,(anoléd - Dexp anndl], +[|-e™ R (1) - Dexp,@n)in.]

y
< Cla + a)ER,

where C = max{nC4(C1C2C5C6 + C3) + Cr,CeC7 + C2C¢, C1C,C5C6}. O

4 Global convergence

In this section, we prove the global convergence of Algorithm 1. First, we make the following assumptions.
Assumption 1 The objective function f is smooth and bounded below on M.
Assumption 2 There exists a positive constant L such that ||V f (x|, < L, for all k.

Assumption 3 There exists a positive constant Ly, such that sup HVZ( fo fo)(tfk)“xk < Ly for all k.
te[0,a4]

Assumption 4 There exists a positive constant C such that, for all k,
~1 pbw 1 fw 2 2
|-a R, o - DR @il < Clax + ol
k+1

Remark 2 Assumption 4 is important for convergence. In Theorem 3, we prove Zotendijk’s condition for inverse
retraction using an argument similar to that for differentiated retraction. This assumption restricts the difference
between the inverse and differentiated retractions and, thus, facilitates the argument in the proof of Theorem 3.
From Proposition 1, a sufficient condition for Assumption 4 to hold is that there exists a compact subset N of a
totally normal neighborhood of p € M, and a compact subset AV of a totally retractive neighborhood of p € M
with respect to both R and R®¥, such that {x;} is contained in N’ N A/ and {expxk (a/kfk)} is contained in N. This
sufficient condition is plausible if the iterates x; are not excessively scattered.

4.1 Zoutendijk’s theorem

Zoutendijk’s theorem is a key result in global convergence theory for line search optimization algorithms, and
can be established under the Wolfe conditions.

Theorem 3 Let {x;} C M be a sequence generated by a Riemannian optimization scheme of form (2). Suppose
Assumptions 1—4 hold, with {V f(xi), &)x, < 0, IV f(x)llx, < plléklly, for some constant yu > 0, and ay. satisfying the
Wolfe conditions (15) and (16). Then,

i (V). &Y%, .

33
20 T&lR &9

Proof The proof is similar to that for Zoutendijk’s theorem in Euclidean spaces, e.g., Theorem 3.2 in [29]. The
main difference is that our modified Wolfe conditions (15) and (16) yield a different lower bound for a;. From
Assumption 3, we have the following, for all k:

(Vo). DRY (@él&]) = (Vf (). &),

Xt

= D(f o R )@xo)lé] - D(f o R O)[&] = (V(f o R auéo). &) — (V(f o RI)0). &)

Xk Xk

I
= I) <V2(f ° Rivkv)(fakfk)[fk],fk>Xk adt < Lyaill&lL - (34)



Assumptions 2 and 4 yield

(V). DRY (@iénléd) > - <Vf<xk+1), oz,:lRij‘(xk)} = C (@ + @) IV Ol I,

Xk+1

>~ (VfGuar R, ) = CLy (o + o) (35)

Xhe+1

Combining (16), (34), and (35), we have

Ll > = (VF o), o R 7' 0) = CLy (o + o) IR, = (VF ), €0

Xi+1

> (c2 = IXVS(x). €y, — CLg (i + a}) I,

which implies

Qg = 2(C2 - l)<Vf(xk)v fk)xk .
(L + LR, + (L + CLPUEL, +4(cz = DCLIEIR, (V0. €0,

This expression, together with ||V f(xp)llx, < plléxlly,, yields

@ > 2(c2 = IXVS(x): €, '
~(Ln+ CLg + Ly + CL + 4(1 = c2)CLpt) 4R,

By substituting the above inequality into (15) and summing the resultant expression, we have

2(1 - ¢) S (V). 65,
Ly+CLg+ (L + CL? +4(1 —c))CLu & lE1R,

SOoen) < flxo) - (36)

As f is bounded below from Assumption 1, we obtain (33) by taking the limit of (36). O

We next discuss the existence of step lengths satisfying the modified Wolfe conditions. A key step is to repre-

: fw __—1pbw —1
sent the quantity <V F(RY (aéy), —a Ry(a) (x))Rﬁw(a&)
some function. To this end, we first require two technical lemmas.

in the second Wolfe condition as the (partial) derivative of

Lemma 4 [28] Let

0 = e >0,
§W=7 o, t<0.

Given any two real numbers ri and r, such that ry < ry, the cutoff function h(ry, r», t) defined by

gt—ry)
gt—r)+glrn—1

h(ri,r, 1) =

is smooth and satisfies h(ry,r»,1) =0 fort < ry, 0 < h(ri,r,t) < 1 forr <t <y, and h(ry,r,t) =1 fort > r.

Lemma 5 Denote y(a) = Rfcw(afx) and Ny = —a’lREE’(VI)_l(x) for all @ > 0 such that RBE’(VI)_I(x) is well-defined.
Let U be a normal neighborhood of x and V = exp;'(U). If U and V are sufficiently large, there exists a smooth
map¢: D CR> > M: (a,1) - ¢, 1) satisfying ¢(e, 0) = x, ¢(@, @) = ¥(@), 2¢(a@,0) = &, and 2g(a, @) = Ny,

Proof Intuitively, there are infinitely many maps satisfying the claim of the lemma. For rigorousness, we here
construct a specific example of such a map ¢. If U is sufficiently large to ensure y(a) € U, we can define

§x(@) = o' exp;' (@) and (@) = Dexp (@6:(@) ' [1yw)],

where the second term is well-defined because the differential of a diffeomorphism is an isomorphism. We set a
constant € € (O, %) and define
5)((0") - 26§x(a) - 26?‘;:):

1-4e ’

u(a) =

10



vila, 1) =t + h(ea, 3ea, N[(t — 2ea)(ux(@) - &0,

and
we(a,t) = vi(a,t) + h(a — 3ea, @ — ea, D[t — @ + 2ex) (@) + vi(a, @ — 2ea) — vi(a, 1],

where £ is the cutoff function defined in Lemma 4. It follows from Lemma 4 that v, («, f) is smooth and satisfies
0
Vi(@,0) = 0y, vi(a,a —2eq) = ad (@) - 2ead (a), and va(oz, 0) =é&..

Using these conditions and Lemma 4, we see that w, (e, ) is smooth and satisfies

wi(@,0) = vi(@,0) = 0y, wi(a,a)=2eaxl(a)+vi(a,a - 2ex) = ad,(a),

0 0 0
wa(a, 0) = 0—tvx(a, 0) =&, and wa(a, @) = {(@).

Now, if V = exp;'(U ) is sufficiently large to ensure w,(a,t) € V, we can define the map ¢(a, f) = exp,(wi(a, 1)).
This ¢ satisfies all requirements. 0O

Corollary 2 Let y(), y), and ¢ be defined as in Lemma 5 and let {ry,} be the family of smooth curves y,(t) =
s(a,1). Then, yo(0) = x, yo(@) = Y(@), 72(0) = &y, and yo(@) = y(a)-

Under the hypothesis of Lemma 5, i.e., that U and V = exp; ! (U) are sufficiently large, we define the following
composite function for any smooth f:

(e, 1) = f(s(a, 1) = f(yo(1)).

Then, ¢ is smooth and satisfies

@(@,0) = f(7.(0)) = f(x),
P(@,@) = f(ye(@) = f(y(@)) = fRY (@),

0
9@ 0) = (Vfal), oy, 0| g = (V@ E0)s

and

0 _
2,9 = Va0 7O, = (V0@ 1), = <Vf(R§W(a€x)), —a 'R, l(x)>ng<w§X>'

If, in addition, f is bounded below and &, is a descent direction, we can find the smallest value #; (@) of 7 such that
0
p(a, (@) = p(e,0) + C1l1(a)a—t90(6¥, 0),
where the left-hand side is well-defined if V = exp;'(U) is sufficiently large. Clearly,
0
e(a,t) < o(a,0) + cltago(a, 0), Y1t <ti(a).

By the mean value theorem, we can also find the smallest value #,(«) of ¢ € (0, #;(@)) such that

0 0

547(04 n(@) = ¢ a—tw(a, 0).

As ¢ is smooth and %go(a/, 0) = (Vf(x), &), <0, we have, for all sufficiently small «,

0 0
—o(a, @) < c1—¢(a, 0).
5@ @) < c19.¢(,0)
Therefore, t,(a) > « for all sufficiently small @ > 0. Furthermore, if there exists @ > 0 satisfying %90 (@, (@) # 0,
() is a smooth function in some open interval around &, by the implicit function theorem and the smoothness of
@. Let I; be the largest such interval. We can then prove the existence of step lengths that satisfy the strong Wolfe
conditions under reasonable regularity assumptions.
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Proposition 2 Suppose that f is smooth and bounded below, (Vf(x), &), < 0, and that U and V = exp;'(U) are
sufficiently large, where U is a normal neighborhood of x. Suppose also that there is a number & > 0 that satisfies
b(@) > @ and %go(d', n(@)) # 0, ensuring tr(@) is locally a smooth function of a. Furthermore, suppose that
supit(@) : a € I3} € I3, where ¢, tp, and I; are defined as above. Then, there is an interval for the value of a such
that

FRY (@€) < f(x) + cra(VF(x), €,

and

’<Vf(R§W(a§x)), —a‘lR;’:;{‘u)) < =2 (VF(2), £, -

R (a&)
Proof By the proposition hypotheses, by increasing a from @ to the right endpoint of I; (which may be +co0), we
can find an intersecting value a* of @ such that o* = 1,(a*) < #;(a*), which implies
pla*,a) < o(a,0) + cla*gttp(a*, 0)
and
(%‘P(a*,a*) = 616%90(&*,0) > ngtso(a*,O)- (37

As the left-hand side of (37) is negative, we also have |(%go(a*, a’)
exists an interval around a* for the value of a such that

< —CQ%(/J((I*,O). Then, by continuity, there

0 0 0
o(a,a) < p(a,0) + claaga(a, 0) and ’&go(a/, a)’ < —CZEgo(a/, 0).

The above two inequalities are identical to the desired expressions. 0O

4.2 Global convergence of the Fletcher—Reeves method

In this subsection, we prove the global convergence property of Algorithm 1 when implemented with the
Fletcher—Reeves formula (12). The final convergence theorem relies on the following crucial lemma.

Lemma 6 Let {x;} be generated by Algorithm 1 implemented with the Fletcher—Reeves formula (12) and the strong
Wolfe conditions (15) and (17) with ¢, < % Then, for all k,

1 < (Vf(xw), Edx, < 2c -1

- < < (38)
l-c IVfll2, l-c
and 1
-
V Xk < — Xi* 3
IV f (ol 26, 1€kl (39)
Proof The proof is similar to that of Lemma 14 in [31], which imitates the original proof of Theorem 1 in [5] for
Euclidean spaces. The result is obvious for k = 0 as &y = —V f(xp). We perform an induction by noting from (9)
and (12) that
—1 pbw 1
Vfa) by | (V) o R ()
=—1 = sk
IV f eI, IV oI,
(Vf G o R )
=-1- Sk -
IV fCalIE,

This relation, together with (10) and (17), yields
it <Vf(xk)’§k2>xk < <Vf(xk+l)»§k+21 D < 1-e <Vf(xk)v§k2>xk’
IV f(xoll, IV f eIz, IVf(xllz,

from which (38) follows by induction. Inequality (39) is a straightforward consequence of (38) and the Cauchy—
Schwarz inequality. O

The global convergence theorem is established as follows.
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Theorem 4 Let {x;} be generated by Algorithm 1 implemented with the Fletcher—Reeves formula (12) and the
strong Wolfe conditions (15) and (17) with ¢, < % Suppose Assumptions 1-4 hold. Then, h,{“ inf ||V f(x)llx, = 0.

Proof The proof is similar to that of Proposition 15 in [31], which imitates the original proof of Theorem 2 in [5]
IV 7l
™

for Euclidean spaces. Multiplying (38) by , We obtain

LIVl (VO 20 = 1 IV
T—o &l VGOl ~ T-c &l

This, together with Lemma 6 and Theorem 3, yields

i IV F(elly,

(40)
AR
Furthermore, by (17) and the first inequality in (38), we have
_ c
(vrenad &, ) | < T2 1)
Xk+1 -
Taking the squared norm of (9) and using (11), (12), and (41), we obtain
_ _ 2
eI, = IV fCeDIE,, +2Bese <Vf<xk+1), o' R )+ Bt o R
Xie+1 +
2 2 201 112
< IVfGreDIl,,, + ,BkIIVf(Xk)lek + Billgklly,
IVf(xk+1)|IxA+I l1€113,
e IV £l
This implies the relation
k
1+¢ _
IR, < T IV, Y IV A Ol (42)
i=0

We now complete the proof by contradiction. Suppose there exists a constant ¢ > 0 such that ||V f(xp)lly, > ¢ for
all k. It follows from (42) that ||§k||)2ck < ::z [V f(xk)||4 k1 and therefore,

Xk 2

i IVFxOll},  1-cs Z .
lI€cl12, T+ o Hk+1 '

k=0

which contradicts (40). Hence, li]I(n inf |[Vf(xlly, =0. O

4.3 Global convergence of the Dai—Yuan method

In this subsection, we prove the global convergence property of Algorithm 1 implemented with the Dai—Yuan
formula (14). The final convergence theorem relies on the following crucial lemma.

Lemma 7 Let {x;} be generated by Algorithm 1 implemented with the Dai—Yuan formula (14) and the Wolfe
conditions (15) and (16). Then, for all k,

1 1
—1—||Vf(xk>||§k <(VF), €Y, < ——— VLI, (43)
- 1+c3

and
IVf (ol < (1 + c3)lléklly,- (44)
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Proof We prove this lemma by induction. For k = 0, (43) holds obviously from & = —V f(xp). Assume (43) holds
for k. Then, from (9) and (14), we have

(VF ), o)y = <Vf(xk+1>, Y f ) - Brsa R (xk>>

Xe+1

IV CeeeDIR,, (Vo) sig R2, ™ ()
(VG s R, (k0 + (Y (k0.0
IV Cas)IB,, (VG i),

(V) s R ) VA G0

Kk+1

= —IVf DI, +

This, together with (10) and (16), indicates that (43) holds for k+1. Inequality (44) is a straightforward consequence
of (43) and the Cauchy—Schwarz inequality. O

The global convergence theorem is established as follows.

Theorem 5 Let {x;} be generated by Algorithm 1 implemented with the Dai—Yuan formula (14) and the Wolfe
conditions (15) and (16). Suppose Assumptions 1-4 hold. Then, lilgn inf ||V f(xp)lly, = 0.

Proof The proof is similar to that of Theorem 4.2 in [33], which imitates the original proof of Theorem 3.3 in [9]
for Euclidean spaces. By Lemma 7 and Theorem 3, we have (33). It follows from (9) that

Skt + Vf(xpe1) = —ﬁkSkGZIRQXI_ (xx)-

Taking the squared norm of the equation above, we have

leca R, = B25F o B Gl =249 . Gend - I G IR
This relation, together with (11), yields

e, < BAIENR, = 26V f (), i) = IV Q) -

Dividing both sides by (V f(x¢+1), §k+1) and using (13), we obtain

Xhe+1

et llZ,,, ll€llz, 2 IV DI,
(Vfar)s é)y,, (Vf(xk) &2 VD G (Vf (s ére1)2,
_ Nl _( L VSOl )2 L1
(Vi) &2 IV GkDlsr (V1) Exrt ) IVfarDIZ,,
ll€llz, 1
(Vf(xk) &3 ||Vf(xk+1)||xm '

This implies the relation

2 2
gl _ lIolly,

< 45
VI, 05, ~ (Vf(x0),é0)3, Z“IIVf(xz)Ili Z“IIVf(xz)llz @

We next complete the proof by contradiction. Suppose there exists a constant ¢ > 0 such that ||V f(xp)lly, > ¢ for

el ket
all k > 0. It follows from (45) that Treoér = , and therefore,
00 V , 2 0o 2
Z ( f(xk)2§k>xk 5 Z &
ZTElE, T Ak

which contradicts (33). Hence, lilgninf||Vf(xk)||Xk =0. O
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S Implementation details of inverse retractions

In this section, we discuss implementation details of several practical inverse retractions on two specific matrix
manifolds, i.e., the Stiefel and fixed-rank manifolds. The content of this section is almost a review of the relevant
literature.

For general submanifolds of Euclidean spaces, one can always use the simple inverse orthographic retraction [4]

RY™' () = Projy y (v - ), (46)
where RY' is the orthographic retraction [3]
RY (&) = Proj(x+.§fx+T;‘M)ﬁM(x +&x)

Note that (46) is obviously different from the projective vector transport T,ff(fx) = ProjTMm m&x introduced in [2].

5.1 Inverse retraction on the Stiefel manifold

For the Stiefel manifold
St(n,r) ={X e R™ : X" X =1},

using (46), the orthogonality of X, and the tangent projection representation [2]
Projr sinnZ =Z — %X(XTZ +Z"X),
we can express the inverse orthographic retraction as
R;’{fl(Y) = Projr sinn(Y = X) = Projr g =Y - %X(XTY +Y7X). 47)
We next consider the inverse QR retraction. The QR retraction [2] is

RY (€0 = qf (X + £x),

where qf denotes the Q-factor of the QR factorization with positive diagonal elements in the R-factor. Referring
to [26], we briefly introduce the computation of the inverse QR retraction. Suppose there exists a tangent vector
&x € TxSt(n, r) such that Y = qf (X +&x). We define U = 1f(X +&£x), where 1f is the R-factor of the QR factorization
corresponding to qf. Then,

R =¢x=YU-X, (48)
where the upper triangular U is unknown. Using (48), the orthogonality of X, and the tangent space representation
TxSt(n,r) = {£x € R™ : X éx + €7 X = 0}, (49)

we have XTYU + UTYT X = 2I,. This equation can be solved efficiently via a simple recursive procedure.
We also consider the inverse Cayley-transform retraction. The Cayley-transform retraction [41] has the form

1 - 1
R{(éx) = (In - E(PxfxxT - Xf;PX)) (In + E(PxfxxT - Xf;PX)) X, (50)

where Px = I, — %XXT. Let Vx = Px&x. According to [36], if I, + XY is invertible, for any r-by-r symmetric
matrix S, Vyx of the form
Vy =2YU, +X"Y)" + XS (51)

solves the equation
Y = RY(Px'Vx) = R{(Ex)- (52)

Conversely, we discover that if I, + XY is invertible, any solution to (52) must have the form of (51). Let Vy and
Vyx be two solutions to (52) and let A = Vy — V. It follows from (50) and (52) that

AU, +XTY) - XAT(X +Y) = 0. (53)
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We decompose A as A = XS + X, K, where X, € R is an orthogonal complement to X, and substitute it into
(53). Hence, we obtain
XS -SHI+XV)+XK'X] Y+ X, KU, +X'Y)=0.

As I, + XY is invertible, we deduce that K = 0 and S is symmetric. Next, using the orthogonality of X, P;(l =
I, + XX7, (49), and (51), we determine that, if P;(l V, € TxSt(n, r), then

S=UL+X"Y) ' +U +Y" X)) -2I.
Therefore, we obtain the following closed-form expression for the inverse retraction:
Rgg“(Y) =&y =2YL, + X)) 4 2X(L + YT X) ! - 2X. (54)

One final point to note is that I, + X" Y with ¥ = R;}‘(fx) is invertible if £ is sufficiently small.

5.2 Inverse retraction on the fixed-rank manifold

‘We next consider the fixed-rank manifold
M =X € R™" : rank(X) = r}.

Suppose X = US VT, where U € R™" and V € R™" are orthonormal and § € R™" is nonsingular. Then, according
to [27] and [40], Tx M™" and the projection onto it are given, respectively, by

TxMP>" ={USVT + U, VT + UV} :UTU, =0,VTV, =0,U, €R™",V, eR™",§ eR™"},  (55)

and
Projy ypaZ = ZVVT + UUTZ - UUTZVVT.

From [4], if £x = Projy, yp=Z is in the form of (55), then
S=U0"zv, Uy=U,-UUNZV, V,=(I,-VV)ZTU.
It follows from [4] that the orthographic retraction has the form
. -1 )
RYE) = (UGS +8)+U,) (S +8) (S +SVT+V])=U.,5,V], (56)

where U(S +S)+ U, = U,Sy and V(S +S)" + V), = V, Sy are orthonormalizations and S, = Sy(S + $)7'S7.
Additionally, the inverse of (56) can be expressed as

R\ =YV +UUTY -UUTYVVT - X,
which is equivalent to
Ry (V)= U(UTUySyVyV = S)VT + (U — UUTUySyViV)VT + U (UTUySyViUy = VVT))  (57)

if Y = UyS yV;. Note that (57) is in the form of (55).

6 Numerical experiments

In this section, we report preliminary numerical results that show the potential usefulness of Riemannian CG
with inverse retraction. The following test problems were considered: the Brockett cost function minimization
problem and the joint diagonalization problem over the Stiefel manifold and the matrix completion problem
over the fixed-rank manifold. All the experiments were performed in MATLAB and our code is available at
http://www.optimization-online.org/DB_HTML/2020/05/7798.html.
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6.1 The Brockett cost function minimization problem
Our first test problem for the Stiefel manifold was the Brockett cost function minimization problem [2]

min tr(XTAXN) st. X' X =1,, (58)
XERVLXT
where A € R™" is a symmetric matrix and N € R™" is a positive diagonal matrix. In this problem, the objective
function is f(X) = tr(XTAXN) and its Euclidean gradient is G(X) = 2AXN. In our experiments, the data matrix A
and the initial iterate X, were randomly generated by the commands

A =randn(n), A=A+ A’, N=diag(l:r), X0 = orth(randn(n, r)),

where n = 100 and r = 5.

We compared nine Riemannian CG algorithms: Algl.InvOR, Algl.InvQR, Algl.InvCT,RCGstdl, RCGstd2,
Manopt.InvOR, Manopt.InvQR, and Manopt.InvCT. The first three algorithms were implementations of Algo-
rithm 1. RCGstdl and RCGstd2 were standard Riemannian CG algorithms, which were identical to the first three
algorithms in all respects except that inverse retraction was replaced by vector transport. Manopt was the default
Riemannian CG algorithm in Manopt version 5.0 [7]. The last three algorithms were modifications of Manopt,
which were identical to Manopt in all respects except that vector transport was replaced by inverse retraction.
Detailed description of these algorithms is shown in Table 1.

Table 1: Description of algorithms applied to problem (58)

Algorithm Retraction Inverse retraction Vector transport ~ Line search Br
Algl.InvOR QR inverse orthographic - strong Wolfe DY
Algl.InvQR QR inverse QR - strong Wolfe DY
Algl.InvCT QR inverse Cayley - strong Wolfe DY
RCGstd1 QR - differentiated QR  strong Wolfe DY
RCGstd2 projective - projective strong Wolfe DY
Manopt default - default default default
Manopt.InvOR default inverse orthographic - default default
Manopt.InvQR default inverse QR - default default
Manopt.InvCT default inverse Cayley - default default

For the first five algorithms, the stopping criterion was

IVFXDllE _ g-10 o & = fXe0l
IVf(Xolle — Lf (Xl

Furthermore, the initial step length of each iteration was set according to Section 3.5 in [29] as

tr(Vf (Xp-1) " ér-1) _g} 4}
—_——— 10 , 1073,
tr(VF(Xi) &)

the line search procedure was that indicated in Figure 2.5.3 of [37], and the parameters were ¢; = 107® and
¢ =0.75.

Numerical results corresponding to the averages of 20 random runs are reported in Table 2 and the correspond-
ing average gradient norm histories are shown in Figure 2. One can observe that Algl.InvOR, Algl.InvQR,
and Algl.InvCT were slightly superior to their counterparts RCGstdl and RCGstd2 and that Manopt.InvOR,
Manopt . InvQR, and Manopt . InvCT exhibited similar performance to their counterpart Manopt.

<107%.

@™ = min {max {ak_l

6.2 The joint diagonalization problem

The second test problem involving the Stiefel manifold considered in this work was the joint diagonalization
problem [8, 38]

XeRmr £

max > [[diag(XTA DI st XTX =1, (59)
j=1
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Table 2: Numerical results of various algorithms applied to problem (58)

Algorithm # Iterations Function value Norm of gradient Time [s]
Algl.InvOR 357.55 —390.235681739689  1.454967 x 107> 0.0718
Algl.InvQR 374.70 —390.235681739691  1.167126 x 107> 0.1233
Algl.InvCT 362.90 —390.235681739686  1.984884 x 1073 0.0980
RCGstd1 530.75 —390.235681739688  1.795625 x 1073 0.1025
RCGstd2 553.50 —390.235681739685  2.274411 x 1073 0.1204
Manopt 347.85 —-390.235681739687  5.154200 x 107° 1.0458
Manopt.InvOR 342.20 —390.235681739686  5.160849 x 107° 1.0173
Manopt.InvQR 352.30 —390.235681739686  6.349105 x 107° 1.1029
Manopt.InvCT 349.15 —-390.235681739685  5.848011 x 107° 1.0454
10* \
— Algl.InvOR
~—- AlgLInvQR
1028 AlgLInvCT | |
: —+—RCGstd1
—+—RCGstd2
Manopt

—=—Manopt.InvOR |
—%—Manopt.InvQR
—#—Manopt.InvCT

norm of gradient

0 100 200 300 400 500 600 700 800
iteration

Figure 2: Average gradient norm histories of various algorithms applied to problem (58)

where all A; € R™" are symmetric. In this problem, the objective function is f(X) = — 3 ”diag(XTA jX)”Izc and
j=1

m
its Euclidean gradient is G(X) = —4 }, A;Xdiag(X TA ;X). In our experiments, the data matrices A; and the initial
j=1
iterate Xy were randomly generated by the commands

Bj = randn(n), A5 = diag(randn(1,n)."2) + 0.1 * (Bj + Bg), X0 = orth(randn(n, r)),

where m = 100 and n = r = 20.

The test algorithms for problem (59) were identical to those for problem (58), with parameters unchanged.
Numerical results corresponding to the averages of 20 random runs are reported in Table 3 and the corresponding
average gradient norm histories are shown in Figure 3. One can observe that the algorithms using inverse retraction
exhibited comparable performance to those of their counterparts using traditional vector transports.

6.3 The low-rank matrix completion problem

The test problem for the fixed-rank manifold considered in this work was the low-rank matrix completion
problem formulated as [40]

1 )
xrgr]}{lrgn §|IPQ(X —A)llg s.t. rank(X) =r, (60)
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Table 3: Numerical results of various algorithms applied to problem (59)

Algorithm # Iterations Function value Norm of gradient Time [s]
Algl.InvOR 30.00 —6091.50260201438  1.923563 x 10~° 0.2217
Algl.InvQR 32.00 —6091.50260201438  1.464818 x 107> 0.2833
Algl.InvCT 31.85 -6091.50260201437 2.441115 x 1073 0.2455
RCGstdl 32.65 -6091.50260201437  2.980332 x 1073 0.2525
RCGstd2 32.50 —6091.50260201437  3.308454 x 1073 0.2789
Manopt 31.45 —6091.50260201438  3.232603 x 1073 0.2890
Manopt.InvOR 30.75 —6091.50260201438  3.675166 x 1073 0.2845
Manopt.InvQR 31.25 —6091.50260201438  3.149593 x 1073 0.3115
Manopt.InvCT 31.25 -6091.50260201438  3.226247 x 1073 0.2892
10* \
—— Algl.InvOR
——-Algl.InvQR
10° Algl.InvCT |
—+—RCGstd1
—v—RCGstd2
g 1001 Manopt
S —=—Manopt.InvOR
g ——Manopt.InvQR
= 102 —#— Manopt.InvCT ||
£
=] 4 -
< 10° e
10°+ :
10-8 1 | | | | | | | |
0 5 10 15 20 25 30 35 40 45 50
iteration

Figure 3: Average gradient norm histories of various algorithms applied to problem (59)

where A € R™" is a real matrix, Q is a subset of {1,...,m} x{1,...,n}, and

. mxn mxn . Mij, (17 ]) € Q7
PQ.R — R .MUH{O, (l,])¢Q
In this problem, the objective function is f(X) = %”PQ(X - A)II% and its Euclidean gradient is G(X) = Pq(X — A).
In this work, the data matrix A and the initial iterate (Xy, Uy, S, V) were randomly generated by the commands

A = randn(m, r) * randn(n, r)’, [U®, SO, VO] = svds(PA,r), X0 = UQ = SO * V',

where PA = Pq(A), m = n = 2000, and r = 20. The sampling ratio p = Prob{(i, j) € Q} = E('Q‘) was set to be

mn
identical to that of Manopt, i.e., p = ‘%, which is said to ensure unique recovery of A [40].

We compared four Riemannian CG algorithms: Al1gl, RCGstd, Manopt, and Manopt.InvRetr. Algl was an
implementation of Algorithm 1. RCGstd was a standard Riemannian CG algorithm, which was identical to Algl
in all respects except that inverse retraction was replaced by vector transport. Manopt was the default Riemannian
CG algorithm in Manopt version 5.0. Manopt.InvRetr was a modification of Manopt, which was identical to
Manopt in all respects except that vector transport was replaced by inverse retraction. Detailed description of these
algorithms is shown in Table 4.

For Algl and RCGstd, the stopping criterion was [|Vf(Xp)|[r < 1079, the parameters were ¢; = 1078 and

¢y = 0.5, and the initial step length of each iteration was set according to Section 3 in [40], as

initial _ - _ w(VAXD)TE 8 4
@, = min {max{ —tr(PQ(fk)TPQ(fk))’ 10 }, 10 }
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Table 4: Description of algorithms applied to problem (60)

Algorithm Retraction Inverse retraction Vector transport  Line search Br
Algl orthographic  inverse orthographic - strong Wolfe FR
RCGstd orthographic - projective strong Wolfe FR
Manopt default - default default default
Manopt.InvRetr default inverse orthographic - default default

Numerical results corresponding to the averages of 10 random runs are reported in Table 5 and the corre-
sponding average gradient norm histories are shown in Figure 4. One can observe that A1g1l was superior to its
counterpart RCGstd and that Manopt . InvRetr exhibited almost identical performance to its counterpart Manopt.

Table 5: Numerical results of various algorithms applied to problem (60)

Algorithm # Iterations Function value Norm of gradient Time [s]
Algl 37.1 6.06736638223860 x 10~">  8.286083 x 10~/ 12.4800
RCGstd 46.8 4.91138125836903 x 10712 8.375996 x 1077 15.1866
Manopt 34.5 6.08686781817038 x 107! 8.026180 x 10~7  7.1001
Manopt.InvRetr 34.5 6.08916568422615 x 1012 8.027833 x 1077 7.0993

104 T T
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—#—RCGstd
Manopt
—*—Manopt.InvRetr
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°
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0 5 10 15 20 25 30 35 40 45 50

iteration

Figure 4: Average gradient norm histories of various algorithms applied to problem (60)

7 Conclusions

In this study, we developed a new class of Riemannian CG methods. Our purpose was to establish inverse
retraction as a competitive alternative to the vector transport used in existing methods. The advantages of inverse
retraction are its variety and easy implementation. In addition, various choices for inverse retraction exist, as the
backward retraction associated with an inverse retraction can differ from the forward retraction.

The main contribution of this work is search direction construction by employing inverse retraction instead
of vector transport; this was accomplished via the newly proposed Riemannian CG approach. We demonstrated
both theoretically and experimentally that inverse retraction can constitute a competitive alternative to classical
vector transports such as the differentiated retraction and orthogonal projection. In the theoretical context, we
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proposed modified Riemannian Wolfe conditions associated with inverse retraction and proved the global conver-
gence properties of the new methods. In numerical experiments, we compared the new and classical methods and
implemented several inverse retractions in Manopt. Numerical results show that the new methods have comparable
performance to their classical counterparts.

As inverse retraction is nonlinear, further research on numerical stability of inverse retraction for large-scale
problems is needed to improve the robustness of the new methods. We will also focus on more applications of the
new methods in future.
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