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Abstract
Influence maximization (IM) is a challenging combinatorial optimization problem on (social) net-

works given a diffusion model and limited choice for initial seed nodes. In a recent paper an integer
programming formalization of IM using the so-called deterministic linear threshold diffusion model was
proposed [7]. In fact, it is a special 0-1 linear program in which the objective is to maximize influ-
ence while minimizing the diffusion time. In this paper, by rigorous analysis, we show that the proposed
algorithm can get stuck in locally optimal solution or cannot even start on certain input graphs. The iden-
tified problems are resolved by introducing further constraints which then leads to a correct algorithmic
solution. Benchmarking results are shown to demonstrate the efficiency of the proposed method.

Keywords: Influence maximization; deterministic linear threshold; integer linear programming

1 Definitions

Influence maximization. Let G = (V,E,W ) be a directed weighted graph, where V is the set of nodes,
E is the set of edges and W : E → R+ is a non-negative weight function. Influence maximization (IM) is a
combinatorial optimization problem in which, given a weighted directed graph G, a diffusion (or spreading)
model, and an integer k≥ 1, it is required to identify the so-called seed nodes v1, . . . ,vk ∈V which can make
the largest influence in the network [6].

In the following it is assumed that n = |V |. For a given node j ∈V the set of in-neighbors is denoted by
N( j). For an integer 0 < k ≤ n, the function σ(S) determines that choosing a node set S ⊂ V of size k as
seed set, how many nodes will be influenced by executing the spreading model. Formally, the optimization
problem can be described as

max
S⊂V,|S|=k

σ(S).

Kempe et al. [6] investigated the influence maximization problem using spreading models with stochastic
parameters. Hence, σ(S) stands for the expected value of the number of influenced nodes.

The influenced and uninfluenced nodes will also be called as active and inactive nodes, respectively.

Linear threshold model. Let bi, j ∈ (0,1) be the edge weight between node i and j, θi be the threshold of
node i, and set N̂( j) be the already influenced in-neighbors of node j.

The linear threshold (LT) model starts from t = 1 (where t ∈N), and iteratively does the following steps
by increasing the value of t:
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Step 1 Let 0 < k ≤ n be fixed, S0 a seed set containing k nodes, t = 1, I1 = /0 and σ(S0) = k.

Step 2 For all i ∈V inactive nodes, if
∑

j∈N̂(i)

bi, j ≥ θi

holds, then put node i into the set It , in which at the end of this step all the nodes are labeled as
influenced.

Step 3 Let σ(St) := σ(St−1)+ |It |, so calculate the influence value by adding the newly influenced nodes.

Step 4 If It = /0 holds, meaning that it is not possible to make more nodes influenced, then STOP. Other-
wise, let t := t +1 and go back to Step 2.

The threshold value θi determines the influenceability of node i. According to the original paper of
Kempe et al. [6], it is arguably difficult to measure (e.g. in social networks) the value of this thresholds.
Hence, the evaluation of the LT model is done by executing it R times and then the average influence value
is taken; this is how the expected value of σ is obtained. In this case it can be shown that the function σ(·)
has submodularity property, which has the important consequence that a greedy algorithm guarantees that

σ(S)≥ (1−1/e) ·σ(S∗)

holds for any seed set S, where S∗ is the optimal seed set [12].

Deterministic linear threshold model. In the deterministic LT (DLT) model all the θi threshold values are
fixed. In the recent years, this model has been studied [5, 10]. In fact, the original LT model by Granovetter
is also deterministic [3]. One of the most interesting fact about DLT that submodularity does not hold [1],
thus the greedy algorithm cannot be expected to be efficient. Our paper focuses on the DLT model.

2 Related works

The most relevant works to our paper are the ones using ILP models. For influence minimization [16] gives
an ILP model, which is another problem. Using the LT model [14] gives such ILP formalism in which
the aim is to determine the set of nodes which will never get influenced. This information might be used
for solving the original problem. The already mentioned paper [1] considers the problem as constraint
satisfaction and investigates the efficiency of belief propagation algorithm.

In [4] a binary integer program that approximates the IM using independent cascade diffusion model
(which is different than the one used in this paper) by Monte Carlo sampling is developed together with a
linear programming relaxation based method with a provable worst case bound.

The paper [8] focuses on competitive IM based on probabilistic independent cascade model in which
the seed individuals of one entity is already known, while another entity wants to choose its seed set of
individuals that triggers an influence cascade of maximum impact. An algorithmic framework based on a
Benders decomposition is developed which enables to handle graphs with thousands of nodes and edges.
Note that the full ILP model in [7] also considers competition explicitly.

Finally, [11] investigates a robust optimization problem using the DLT model. It is assumed that the
nodes’ thresholds and the edge weights can change within a certain domain. The problem of our paper is a
special version of this general one. They construct such an ILP model in which the time parameter t does
not play a role (in contrast to our work), moreover, the number of variables grow exponentially.
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3 A 0-1 linear programming model

An integer linear programming model of influence maximization based on the DLT model was recently
proposed and studied in [7]. More precisely, it is a special 0-1 LP in which x ∈ {0,1}n×T is the decision
variable, n = |V |, and the index T is also part of the optimization problem. Hence, x is a binary matrix
in which choosing the rows in the first column to be equal to 1 represents the selection of the seed nodes.
This should be done in such a way that, given certain constraints dictated by DLT model, the sum of the last
column is to be maximized.

Assuming that T > 0 is a given integer constant, let T = {2, . . . ,T } be the set of time periods describing
the diffusion process. Let integer k > 0 be the number of seed nodes at t = 1. The set of in-neighbors of
node i is denoted by N(i). In the following, a slightly simplified model from [7] is given, in which the cost
of selecting a seed node is equal to 1.

max
n

∑
i=1

xi,T (1)

n

∑
i=1

xi,1 ≤ k (2)

∑
j:i∈N( j)

x j,t−1b j,i ≥ θixi,t ∀(i ∈ I, t ∈ T ) (3)

∑
j:i∈N( j)

x j,t−1b j,i ≤ θi + xi,t ∀(i ∈ I, t ∈ T ) (4)

xi,t−1 ≤ xi,t ∀(i ∈ I, t ∈ T ) (5)

The objective function in fact has the form

min
T

max
n

∑
i=1

xi,T

and together with constraints (2) - (5) we have a bilevel optimization problem. The AMPL modeling lan-
guage [2], which we used for implementation and numerical experiments (see Section 7), is not suitable for
directly describing bilevel optimization models. That would require to have declarations as var T; var

x{n,T}; which is not supported. Hence, we need to consider and treat T as constant.

Remark. The globally optimal solution for the bilevel problem is when we have the maximal influence
within the shortest diffusion time. This will be referred as (σ∗,T ∗) in the followings.

4 An iterative algorithm

The solution method for the bilevel optimization problem proposed in [7] is shown in Algorithm 1.
This iterative methods makes it possible to find the minimal T since it stops when further spreading of

influence is not possible. Thus, the value of T ∗ is given by the loop variable T .

5 Analysis

In this section a thorough analysis of Algorithm 1 proposed in [7] and shown in Section 4 is made.
For a start, it turns out that the optimization problem (1)-(5) needs to be extended by an additional

constraint.
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Algorithm 1
Step 1 Start the iteration from T := 1.

Step 2 Solve the optimization problem (1) - (5) with fixed T .

Step 3 If xi,T = xi,T −1 ∀(i ∈ I), i.e., the last two columns of x are the same then STOP, the optimum is
found. Otherwise, let T := T +1 and go back to Step 2.

Proposition 1. The input graph needs to be extended by weighted loop edges, i.e.,

bi,i = θi ∀(i ∈ I), (6)

Proof. The seed nodes are selected at time T = 1. At this point there are no further influenced nodes in the
graphs, thus constraints (3)-(4) are fulfilled only if the selected seed nodes form a connected subgraph. This
cannot be held in general, thus it is not possible to select seed nodes, and the influence spreading cannot be
started.

On the other hand, if we have loop edges with weights equal to the node’s threshold value, then all the
selected seed nodes fulfill constraints (3)-(4). These loop edges do not play any further role in the spreading
model.

As an example, see the graph on Fig. 1. Without the loop edges, the influence spreading cannot be
started. The matrix x corresponding to the correct global optimum for this graph is

x =



0 1 1
1 1 1
0 0 0
1 1 1
0 0 1
0 0 0

 .

As it can be seen, the nodes represented by row 2 and row 4 are selected as seed nodes, which both have
threshold value 0.01. These two nodes are not connected to each other, hence the model (1)-(5) is infeasible
at time T = 1.

Remark. On the illustrative example graphs shown later, the loop edges will not be indicated for simplicity.

Proposition 2. From the ILP model (1) - (6), neither (4) nor (5) can be left out.

Proof. First, we show that constraint (5) is needed. Constraint (5) prescribes that those nodes becoming in-
fluenced they remained to be so. According to (1), the number of these nodes are to be maximized. Hence,
by increasing the loop variable T , the number of influenced nodes will not be decreasing by excluding con-
straint (5). In this case, however, influenced nodes could become uninfluenced corresponding to a solution
at a given time t.

For an illustrative example, see Fig. 2. The solution reported by Algorithm 1 from Section 4 is

x =


1 1 1 1
1 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

 ,
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Figure 1: Example graph to show the need of the loop edges, see constraint (6)
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Figure 2: Example graph for Proposition 2

where the diffusion time is T ∗ = 4. We can see that the node represented by row 3 got influenced at T = 2,
then it was inactive at T = 3 and finally it got influenced again at T = 4. Thus, without constraint (5) we
do not obtain correct solution.

Now, we discuss the role of constraint (4). Constraints (3) and (4) can get satisfied only together, which
is based on the fact that θixi,t < θi + xi,t , because

• if xi,t=0, then the left hand side is 0, while the right hand side is θi; or

• if xi,t=1, then the right hand side is θi, while the left hand side is θi+1,

where θi ∈ [0,1].

Proposition 3. For the optimization problem (1) - (6) there is a graph for which

(σ ,T ) = (σ ,T +1) and (σ ,T +1)< (σ ,T +2).

Proof. Such a graph is shown on Fig. 3. By choosing certain seed nodes, the algorithm cannot increase the
number of influenced nodes from T = 4 to T = 5. On the other hand, by changing the seed nodes at T = 6
it can increase the number of active nodes.

Remark. Algorithm 1 gets stuck in a suboptimal solution on the input graph shown on Fig. 3 even without
constraint (4).
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Figure 3: Example graph for Proposition 3

We conclude that an extension of the optimization model (1) - (6) is needed in order to have a strategy
about when to stop the iterative algorithm to be sure that it indeed reached the globally optimal solution. At
that end, the following constraint is added:

n

∑
i=1

xi,T −1 +1≤
n

∑
i=1

xi,T . (7)

The purpose of constraint (7) is to force that for a given T , the last step of the diffusion must have at least
one more influenced node than in the previous step. We can thus guarantee no repetition in the last two
column of matrix x.

Proposition 4. For increasing T values the solutions of (1) - (7) do not necessary form a monotonically
increasing sequence. Moreover, it can also happen that repetition occurs for consecutive columns in matrix
x.

Proof. As an example we refer to the graph shown in Fig. 4. The global optimum needs T = 4 diffusion
step. By allowing further iteration steps to be taken by the algorithm, we expect to obtain an infeasible

0.01

0.3 0.1 0.25 0.1

0.2

0.21 0.25 0.2

Figure 4: Example graph for Proposition 4
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solution. However, the solution matrix for T = 5 is

x =


1 1 1 1 1
1 1 1 1 1
0 1 1 1 1
0 0 0 1 1
0 0 0 0 1

 ,

which contains repetition in its second and third column, hence lengthening the spreading up to T = 5.
This column repetition could go on forever. Note that this solution matrix is not representing the global
optimum simply because the minimum time is T =4. This phenomenon is caused by constraints (3)-(4),
which is explained in the graph shown on Fig. 4. According to matrix x reaching the node with the threshold
value 0.25 could be delayed, thus we examine that case. Before reaching that node, constraints (3) always
gets trivially satisfied, given the fact that its right hand side equals to 0. When the neighbor of the node in
question is already activated, then on the left hand side of the constraint (4) the weight of the incoming edge
appears, while we have either 0 or the threshold of the node on its right hand side. Since both values satisfy
constraint (4), the algorithm allows to have the activation of the node after getting the global optimum.

Proposition 5. Column repetition in the solution of the problem (1) - (7) can only occur after the globally
optimal solution has been found.

Proof. Recall that by global optimum we mean the maximal σ and minimal T values, together. The
objective function (1) is maximization, thus the algorithm cannot allow to have column repetition before
reaching the global optimum, because it would increase the value of T with keeping the σ value.

Proposition 6. The globally optimal solution of (1) - (6) satisfies constraint (7) as well.

Proof. Note that constraint (7) takes into account only the last two columns of matrix x. There are two
cases:

• The number of active nodes in the last column is greater than the number of them in the previous
(penultimate) column. Since constraint (7) was introduced for enforcing exactly this situation, this
case makes this new constraint satisfied.

• The last two columns are the same. Since the global optimum is considered, the column corresponding
to the values (σ∗,T ∗) is repeated. This means that we have already passed the global optimum since
the T value of the last column is greater than T ∗.

Proposition 7. The diffusion value T ∗ and influence value σ∗ corresponding to the globally optimal solu-
tion of (1) - (6) are respectively the same as the values T ∗∗ and σ∗∗ corresponding to the global optimum
of (1) - (7).

Proof. By introducing the constraint (7) such an optimization problem is obtained in which the value of T
cannot be increased forever: either it gets an infeasible solution or it starts the repetition of certain column
or columns.

Firstly, let us see if σ∗∗ = σ∗ holds. We have two check two cases.
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• Assume that σ∗ < σ∗∗. By dropping the constraint (7), we have a better solution for the problem (1)
- (6), which is not possible, since (σ∗,T ∗) is the globally optimal solution.

• Assume that σ∗ > σ∗∗. By Proposition 6 we know that a solution of (1) - (6) also satisfies constraint
(7) as well. Thus σ∗ would be a better solution for the problem (1) - (7), which is not possible as σ∗∗

is maximal.

We have contradictions for both cases, thus σ∗ = σ∗∗.

Secondly, we check whether T ∗∗ = T ∗ holds. We have to check again two cases.

• Assume that T ∗ < T ∗∗. By Proposition 6 this is not possible as constraint (7) would not be satisfied.

• Assume T ∗ > T ∗∗. We know that σ∗ is global optimum for the problem (1) - (7) as well. This
solution cannot be found with smaller amount of iteration steps under the constraints (7).

We have contradictions again, thus T ∗ = T ∗∗.

Proposition 8. If the problem (1) - (7) becomes infeasible for a given T value, then it remains to be
infeasible for the further iteration steps as well.

Proof. We prove by induction that if a solution is feasible then it was so in earlier iteration steps.

• T = 2 : The algorithm was able to do the first iteration, thus it could select the seed nodes. Hence, it
has a feasible solution at T = 1.

• T = 3 : By constraint (7) the last two columns cannot be the same. The first two columns of matrix
x are certainly feasible, the corresponding nodes can be reach within this time frame.

• T = m : In case we remove the mth column, a feasible solution is obtained since the nodes in the
(m− 1)th column could be reached and activated in T − 1 steps. It is important to see that this
solution is not necessarily globally optimal for all t ∈T .

Finally, implicated by Proposition 7 and 8 we have the following

Corollary 1. The problem (1) - (7) is feasible in the iteration steps 2, . . . ,T ∗, i.e., before finding the global
optimum.

6 A correct iterative algorithm

Based on the analysis in Section 5 the globally optimal solution of the influence maximization problem
under deterministic linear threshold diffusion model can be found by Algorithm 2.
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Algorithm 2
Step 1 Start the iteration with T := 1.

Step 2 Solve the problem (1) - (7) on the extended graph with loop edges for the diffusion time value T .

Step 3 If the solution becomes infeasible or two consecutive columns are the same inside the matrix x, then
STOP, the global optimum is found. Otherwise, let T = T +1 and go back to Step 2.

7 Numerical experiments

7.1 Computational environment

The implementation of all the investigated ILP models were done in AMPL [2]. For the numerical exper-
iments the solver Gurobi 9.0.0 was used with the non-default options: threads=1 lpmethod=0 cuts=0

mipgapabs=1e-2, which, compared to the default options, turned out to be much more efficient for these
particular models. The computer used had Intel Xeon CPU E5-2660 at 2.00GHz with 64G memory running
Ubuntu Linux 18.04.4.

7.2 Test graphs

For benchmarking the proposed algorithm some random graphs were generated. Two types of random
graphs were used: Watts-Strogatz (WS) small-world graphs [15] and so-called LFR graphs with prescribed
community structures [9].

WS graphs. These graphs were generated by using the package R/igraph. The parameters were:

• number of nodes is 60,

• number of neighbors in the starting graphs are s = 4,8 and 12,

• and the rewiring probabilities are β = 0.1 and 0.3.

The mutual parameter was used which makes the graphs directed by doubling the undirected edges. Then
45% of randomly selected edges got removed. The edge weights were assigned as follows.

• First, for each edge a uniform at random number were generated in the interval [0,1].

• Nodes with larger than 1 in-weights were normalized to 1.

• Moreover, we applied a multiplication with a factor rw which was a uniform at random number in the
interval [0.6,1].

The threshold values of the nodes were generated uniform at random in the interval [0.15,0.4].
Using this particular procedure we were able to find such WS graphs on which the greedy algorithm

found suboptimal solutions.

9



LFR graphs. These graphs were generated by the code from [9], obtaining weighted directed graphs with
community structure (thus, resembling social networks). The weights were assigned to the edge using the
followings.

• Nodes with in-weights larger than 1 (generated by the LFR method) were normalized to 1.

• Moreover, we applied a multiplication with a factor rw which was a uniform at random number in the
interval [0.6,1].

The threshold values of the nodes were generated uniform at random in the interval [0.05,0.4]. Two config-
urations were made:

• number of nodes is fixed to n = 120,

• average degree k = 6,7,

• maximum degree maxk = 13,10,

• mixing parameter µw = 0.1,

• minimal community size minc = 7,5,

• maximal community size maxc = 21,42.

For both types 5−5 graphs were generated.

7.3 Benchmarking results

The testing of Algorithm 1 and 2 is shown by not only comparing the execution times of these two versions
but also the results obtained by two other methods. Namely, the greedy algorithm [6] was implemented, in
particular to investigate the lack of submodulatity. The other simple method was a random choice of seed
nodes set in 20 times and then the best solution was reported. In all experiments the number of seed nodes
were fixed to k = 2.

WS graphs. The results obtained for the Watts-Strogatz test graphs are reported in Table 1 and 2.
The random algorithm were able to find the optimal σ∗ value in 6.6% of the cases. However, it always

missed the minimal diffusion time T ∗. The greedy algorithm found the globally optimal (σ∗, T ∗) pairs
in 40% of the cases . Note the effect of the fact that the submodularity (see Section 1) does not hold for
the greedy algorithm due to the DLT diffusion model. Algorithm 1 from [7] missed the globally optimal
solution in 2 cases (meaning 93% success rate).

Regarding the running time, see Table 2, obviously the random and the greedy algorithm were really
fast. Comparing Algorithm 1 and 2 it can be seen that most of the cases they had roughly equal running
times, however, our Algorithm 2 can be up to 21 times slower. Closer inspection into the results reveal that,
for example, for the case s = 4,β = 0.1, i = 3 our proposed algorithm needed 1,496 seconds to prove that
there is no better solution than (59,15). For t > 15 values the σ value got decreasing. Note that there are
cases where the optimal seed set can make the entire graph influenced, i.e., where σ∗= 60, yet, our proposed
algorithm is much slower. For example, in the case s = 8,β = 0.1, i = 2 it turns out that our algorithm was
struggling in the last two iterations - this is certainly caused by the constraint (7). On the other hand, for the
difficult problem s = 8,β = 0.1, i = 3, Algorithm 2 was about 1.5 times faster, which was gained in the last
two iterations.
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Table 1: Benchmarking results for the small-world Watts-Strogatz graphs; optimum values
random greedy Algorithm 1 Algorithm 2

s β i. σ T σ T σ T σ T
4 0.1 1 58 15 60 14 59 10 60 14

2 60 14 60 9 60 9 60 9
3 2 1 59 15 59 15 59 15
4 59 15 60 11 60 11 60 11
5 4 2 60 10 60 10 60 10

4 0.3 1 60 13 60 7 60 7 60 7
2 3 2 59 12 58 9 59 12
3 3 2 58 8 58 8 58 8
4 6 3 58 9 58 9 58 9
5 58 11 58 9 59 11 59 11

8 0.1 1 2 1 58 10 60 10 60 10
2 2 1 11 4 60 11 60 11
3 3 2 60 10 60 10 60 10
4 3 2 60 9 60 9 60 9
5 3 2 33 6 60 10 60 10

8 0.3 1 5 4 48 7 60 8 60 8
2 2 1 60 7 60 7 60 7
3 2 1 12 5 60 11 60 11
4 2 1 7 3 60 12 60 12
5 2 1 6 2 60 9 60 9

12 0.1 1 2 1 4 2 60 9 60 9
2 2 1 3 2 60 10 60 10
3 3 2 4 2 60 11 60 11
4 2 1 2 1 60 12 60 12
5 2 1 5 2 7 3 7 3

12 0.3 1 3 2 4 2 7 4 7 4
2 2 1 4 2 8 5 8 5
3 2 1 4 2 60 10 60 10
4 2 1 8 3 60 9 60 9
5 2 1 8 4 60 10 60 10
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Table 2: Benchmarking results for the small-world Watts-Strogatz graphs; running times in seconds.
s β i. random greedy Algorithm 1 Algorithm 2
4 0.1 1 0.28 6.28 11.58 15.53

2 0.23 4.84 18.91 21.63
3 0.01 91.83 113.5 1665
4 0.22 13.45 18.35 17.79
5 0.01 6.86 18.13 24.77

4 0.3 1 0.19 8.93 7.636 8.562
2 0.01 12.02 17.75 555.1
3 0.02 7.40 7.411 60.31
4 0.02 9.44 36.88 759.1
5 0.18 8.33 15.56 78.28

8 0.1 1 0.01 7.40 259.5 507.8
2 0.01 0.50 441.8 1794
3 0.02 9.93 2117 1365
4 0.02 6.73 114.1 156.6
5 0.02 1.51 1646 1131

8 0.3 1 0.04 2.29 96.02 82.32
2 0.01 2.22 30.68 32.29
3 0.01 0.83 1383 2644
4 0.01 0.26 4596 5590
5 0.01 0.11 285.4 460.1

12 0.1 1 0.01 0.12 351.1 626.6
2 0.01 0.11 2088 5352
3 0.02 0.11 2769 10124
4 0.01 0.00 35556 44955
5 0.01 0.11 33.18 21.45

12 0.3 1 0.02 0.11 65.41 48.91
2 0.01 0.11 131.1 40.41
3 0.01 0.11 4851 5304
4 0.01 0.27 447.1 1208
5 0.01 0.52 2794 7044
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Table 3: Benchmarking results for the LFR graphs; optimal values
random greedy Algorithm 1 Algorithm 2

k maxk µw minc maxc i. σ T σ T σ T σ T
6 10 0.1 5 42 1 110 13 120 13 110 9 120 13

2 103 12 103 10 103 10 103 10
3 120 12 120 9 120 8 120 8
4 19 6 91 12 91 12 91 12
5 49 15 101 12 101 11 101 11

7 13 0.1 7 21 1 75 10 94 11 96 10 96 10
2 62 13 120 13 120 13 120 13
3 23 6 120 15 120 15 120 15
4 2 1 83 8 83 8 83 8
5 51 9 111 10 111 10 120 18

Table 4: Benchmarking results for the LFR graphs; runnig times in seconds
k maxk µw minc maxc i. random greedy Algorithm 1 Algorithm 2
6 10 0.1 5 42 1 0.62 107.89 371.2 419.1

2 0.49 121.65 981.6 4,996
3 0.42 36.99 203.5 187.8
4 0.19 30.97 169.1 389.5
5 0.68 128.83 3,289 25,508

7 13 0.1 7 21 1 0.36 24.2558 206.6 1,979
2 0.59 59.03 435.7 332.7
3 0.21 71.37 519.7 534.9
4 0.02 49.51 140.1 1,168
5 0.33 79.829615 223.4 396.1

LFR graphs. The results obtained for the LFR graphs are shown in Table 3 and 4.
The random and greedy algorithms were able to find the optimal σ∗ value in 20% and 80% of the

cases, respectively. However, the random selection of seed nodes always missed the corresponding minimal
diffusion time T ∗. The greedy algorithm found the globally optimal (σ∗, T ∗) pairs in 60% of the cases.
Note that greedy reported larger diffusion time than the optimal in two cases. We can see that Algorithm 1
missed the globally optimal solution for two graphs.

Regarding the running times, see Table 4, random and greedy were again really fast. Comparing Algo-
rithm 1 and 2 we can see that our proposed model was slightly faster in two cases. On the other hand it can
be up to 8 times slower. This is due to the same fact mentioned for the WS graphs: it takes considerable
time to prove the optimality of the solution.

7.4 Possibility for improvement?

The exact ILP model can provide us with rather pessimistic running times even for the relatively small
graphs used in our benchmarking experiments. It is tempting to suggest that the exact model used in our
Algorithm 2 could be combined with either the random selection of the seed nodes or with the greedy
approach as finding initial values and hence potentially reduce the overall running time. It is easy to see that
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this could lead to suboptimal results and the argument is as follows. Recall that the IM problem considered
in this paper aims at finding both the optimal value of the maximum influence together with the minimum
diffusion time. According to our experiments both random and greedy approach can sometimes overshoot
for the diffusion time, i.e., can find a solution for which the diffusion time is larger than the optimal.

8 Conclusions

We proposed an exact 0-1 linear programming model for the influence maximization problem based on de-
terministic linear threshold model. By rigorous analysis the correctness was shown. The work was inspired
by a recent paper [7]. In fact, our proposed model is an improved version in a sense that the model in
[7] does not always find the global optimum. We demonstrated this fact in our analysis and by numerical
testings.

According to our benchmarking results, even for relatively small graphs, finding the exact solution can
only be done in very pessimistic running times. In one hand this is not surprising as the problem is NP-hard.
On the other hand, our exact model is the first one to computationally demonstrate how difficult is to find
the global solution.
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