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Abstract

Spectral risk measure (SRM) is a weighted average of value at risk (VaR) where the

weighting function (also known as risk spectrum or distortion function) characterizes decision

maker’s risk attitude. In this paper, we consider the case where the decision maker’s risk

spectrum is ambiguous and introduce a robust SRM model based on the worst risk spectrum

from a ball of risk spectra centred at a nominal risk spectrum. When the ball consists of

step-like risk spectra, we show that the robust SRM can be computed by solving a linear

programming problem. For general case, we propose a step-like approximation scheme and

derive an error bound for the approximation. As an application, we apply the proposed robust

SRM to one-stage stochastic optimization with objective of minimizing the robust SRM and

propose an alternating iterative algorithm for solving the resulting minimax optimization

problem. Moreover, to examine stability of the robust spectral risk optimization model with

respect to perturbation of observed data from the underlying exogenous uncertainty in data-

driven environments, we investigate statistical robustness of the model and derive sufficient

conditions for the required stability.

Keywords: robust spectral risk measure, robust spectral risk optimization, step-like ap-

proximation, alternating iterative algorithm, statistical robustness

1 Introduction

Spectral risk measure (SRM) is a weighted average of value at risk (VaR) where the weighting

function captures an investor’s risk preference. The weighting function is formally called risk

spectrum as it determines the nature of SRM. Since its introduction by Acerbi [1], SRM has

received wide attentions in that it encompasses all of the important properties that the well-

known conditional value at risk (CVaR) enjoys and it provides a more flexible structure than

CVaR for practical use. Like CVaR, SRM can also be used as a basis for representing any
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law invariant coherent risk measure (Pichler and Shapiro [2]) and this ensures a wide scope

of applicability of SRM given that the latter is well accepted in risk management. Moreover,

SRM is closely related to the distortion risk measure (DRM) in actuarial science [3, 4] because

each risk spectrum corresponds to a distortion function (a probability modification function

which overstates the probabilities of extreme events, both of adverse and of favourable ones), see

[5, 6, 7]. An important common characteristic of SRM and DRM is that they are both defined in

the prospect space of probability measures or quantile functions (also known as lotteries) instead

of random variables (acts). Research of risk measures in these spaces is well documented, we

refer readers to Fritelli et al [8] for a class of quasi-convex risk measures defined on the space of

probability measures and Dentcheva and Ruszczyński [9] for a generic class of law invariant risk

measures defined on the space of quantile functions. In a more recent development, Haskell et

al. [10] extend the research to a broad class of multi-attribute choice functions defined over the

space of survival functions.

In the current research of behavioural economics and risk measurement, both risk spectrum

and probability weighting function are assumed to be known or can be elicited through empirical

data. In practice, however, an investor may not have a clear-cut risk spectrum either because

there is inadequate information to elicit a unique risk spectrum which captures investor’s risk

preference precisely or the investment problem involves several stakeholders who fail to reach a

consensus. Likewise, it may lack of overwhelming experimental evidence to identify an appro-

priate probability weighting function to describe people’s attitudes towards gains and losses in

lottery. Under these circumstances, it might be sensible to use partially available information

to construct a set of risk spectra which reflect the investor’s risk attitude and consider a robust

spectral risk measure which is based on the worst risk spectrum from the set to mitigate the risk

arising from ambiguity of the investor’s risk attitude. For instance, a banker may find a bor-

rower’s risk attitude roughly through some questionnaires and/or his historic investment data

and make a decision based on the borrower’s worst credit scenario. Likewise, an insurer may

use some available information to construct a risk profile of customers and determine premium

on the basis of worst probability weighting function.

This kind of robust approach is first considered by Armbruster and Delage [11] who propose

a preference robust optimization (PRO) model for decision-making problems where information

on decision maker’s utility preference is incomplete. Moreover, Armbruster and Delage propose

various approaches including pairwise comparison, exponential fit, certainty equivalent, and

stochastic dominance to elicit an ambiguity set of utility functions and propose a maximin

model where the optimal decision is based on the worst expected utility value calculated from

the ambiguity set. Under some moderate conditions, they demonstrate that the resulting PRO

problems can be solved efficiently. Delage and Li [12] extend the research to risk management

problem where there is an ambiguity to choose a risk measure which represents a decision maker’s

risk attitude. One of the distinct features of their model is that the risk measure is defined in

the output space of random losses. For the PRO model, they derive tractable formulation for

solving the resulting robust risk optimization problem when the loss function is concave with

respect to the decision variables. Haskell et al. [10] propose a robust choice function model

which is defined on the space of probability distributions. Their choice function is quasi-concave

and the resulting maximin problem is a mixed integer program. A decomposition method is
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proposed to solve the latter. Moreover, Hu and Mehrotra [13] propose a novel moment-type

approach for constructing the ambiguity set of decision maker’s utility preference which covers

a number of important approaches such as certainty equivalent and pairwise comparison. Hu

and Stepanyan [14] propose a reference-based almost stochastic dominance (RSD) rule which

balances the general representation of risk aversion and the individualization of the decision

maker’s risk preference by constructing a neighborhood of the decision maker’s individual utility

function, and representing a preference relation over this neighborhood.

In this paper, we follow up this stream of research by introducing a robust SRM to address

the case when information on the true risk spectrum is incomplete. Given the relationship

between SRM and law invariant coherent risk measure [2], the proposed robust SRM can be

applied to all decision makers whose risk preferences are described by law invariant coherent

risk measures. Specifically, we propose a minimax spectral risk optimization model with the

ambiguity set being defined by a ball of risk spectra centred at a nominal risk spectrum in

a functional space equipped with some pseudo-metric. The nominal risk spectrum is either

determined by empirical data or subjective judgement. Differing from Delage and Li [12], our

model is intrinsically law invariant.

We also take a step further to discuss stability of our robust spectral risk optimization model

against variation of exogenous uncertainty and this is particularly relevant in a data-driven

environment where the true probability distribution has to be approximated with empirical

data. Cont et al [15] emphasize that measuring the risk of a financial portfolio often involves

two steps: estimating the loss distribution of the portfolio from available observations and

computing a risk measure that summarizes the risk of this loss distribution and advocate that

these two steps should be considered and studied together. A risk measure is said to be robust

if small variations in loss distribution which result either from estimation or mis-specification

errors lead to small variations in the estimator of the risk measure. Cont et al [15] also find

that expected shortfall is much more sensitive than value at risk (VaR) to large observations

of data and remark that statistical robustness, and not only “coherence”, should be a concern

for regulators and end-users when choosing or designing risk measurement procedures. The

definition of stability is based on Hampel’s classical notion of qualitative robustness in statistics

[16, 17]. Krätschmer et al [18] argue that the notion is not suitable for risk measurement and

propose a refined notion of robustness that applies to tail-dependent law invariant convex risk

measures in Orlicz spaces. The research motivates us to study whether our robust spectral risk

measure is statistically robust.

The main contributions of this paper can be summarized as follows.

First, we propose a preference robust SRM model where the decision maker’s ambiguity on

risk preference is described by a set of risk spectra and provide a new mathematical framework

for one to study robust law invariant coherent risk measures. It differs from [12] which deals

with ambiguity of convex risk measure in that the latter is defined over the output space of loss

functions and requires some specific treatment to deal with law invariant convex risk measures.

Like the robust choice function model [10] where the choice function is defined on the space of

probability measures/distributions, the robust SRM is also defined on the space of probability

distributions (more precisely on the space of quantile functions), but our model is convex whereas
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the robust choice function model is intrinsically quasi-convex although the two models have

slightly different focuses.

Second, we propose a new way to construct the ambiguity set, that is, a ball of risk spec-

tra under some pseudo-metric. The approach differs from various existing approaches in the

literature of preference robust optimization [11, 12, 13, 14]. To compute the resulting robust

risk measure and solve the subsequent robust risk optimization problem efficiently, we propose

a step-like function approximation scheme and derive error bounds under some moderate con-

ditions. We also show that the approximated robust spectral risk measure can be computed

by solving a linear programming (LP) problem. In comparison with the robust approach in

[11, 12, 10, 13, 14], the problem size of the LP is independent of the samples of the underlying

random data. Moreover, we propose an alternating iterative algorithm which solves inner linear

maximization problem and outer convex minimization problem alternatively for the approxi-

mated robust spectral risk optimization problem.

Third, to address stability of the newly developed robust spectral risk optimization model

against perturbation of the probability distribution of the underlying uncertainty data, we derive

a quantitative stability result for the optimal value (Theorem 5.1). Moreover, we take a step

further to investigate the case when the unknown true probability distribution is approximated

by perceived empirical data which may contain noise, and derive a quantitative stability result

for examining the quality of the estimator of the optimal value (Theorem 5.2).

The rest of the paper is organized as follows. In Section 2, we set up the robust SRM

and the robust spectral risk optimization models. In Section 3, we discuss construction of the

ambiguity set and develop numerical schemes for calculating the robust SRM and solving the

robust spectral risk optimization problem. In Section 4, we derive error bounds for the step-

like approximation of the ambiguity set and its impact on the optimal value. In Section 5,

we investigate quantitative statistical stability of the proposed robust models. Some numerical

results are reported in Section 6.

2 Problem setup

Let X : (Ω,F ,P) → IR be a financial loss, where Ω is a sample space with sigma algebra F

and P is a probability measure. Let FX(x) := P(X ≤ x) be the cumulative distribution function

(cdf for short) of X and for α ∈ [0, 1] its generalized inverse is defined as F←X (α) := inf{x ∈ IR :

FX(x) ≥ α}. By writing FX(x) as P(−X + x ≥ 0), we may interpret F←X (α) as minimal cash to

be injected into the financial position −X such that the probability of the new position (after

injection of the cash) being non-negative (a position of profit) is no less than the specified level

α. F←X (α) is also known as value at risk (VaR) or as a quantile function mapping from [0, 1] to

IR. Let σ : [0, 1]→ IR be a non-negative, non-decreasing function with the normalized property∫ 1
0 σ(t)dt = 1 and S denote the set of all such σ. The spectral risk measure of X with σ ∈ S, is

defined as

(SRM) Mσ(X) :=

∫ 1

0
F←X (t)σ(t)dt, (2.1)
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where σ is called a risk spectrum. Obviously σ plays a role of weighting and Mσ(X) is the

weighted average loss of X. Moreover, if we change variable in the integral (2.1) by setting

x = F←X (t), then

Mσ(X) =

∫ ∞
−∞

xσ(FX(x))dFX(x), (2.2)

in which case σ may be interpreted as a distortion function of probability. It is easy to verify

that Mσ(X) is a law invariant coherent risk measure (satisfying monotonicity, sub-additivity,

positive homogeneity and translation invarance). The increasing property of σ is essential to

make Mσ(X) a coherent risk measure because it assigns bigger weights to worse cases. Note

that if we drop the property, then Mσ(X) is still a monetary risk measure which is monotonic,

positive homogeneous and translation invariant. Our focus in this paper will be on the case

that Mσ(X) is coherent although all of the results developed in this paper are applicable to the

risk measures without sub-additivity. The following example lists a few well-known spectral risk

measures in the literature.

Example 2.1 (i) Conditional Value at Risk (CVaR). Let σα(τ) := 1
1−α1[α,1](τ), where 1[α,1] is

the indicator function and α ∈ (0, 1). Then Mσα(X) = 1
1−α

∫ 1
α F

←
X (t)dt =: CVaRα(X).

(ii) Wang’s proportional hazards transform or power distortion [19]. Let σν(τ) = ν(1−τ)ν−1,

where ν ∈ (0, 1] is a parameter. Then Mσν (X) =
∫∞

0 (1− FX(t))νdt.

(iii) Gini’s measure [19]. Let σs(τ) = (1 − s) + 2sτ, where s ∈ (0, 1). Then Mσs(X) =

E[X] + sE(|X −X ′|) =: Ginis(X), where X ′ is an independent copy of X.

(iv) Convex combination of expected value and CVaR. Let σλ(τ) = λ1[0,1](τ)+(1−λ) 1
1−α1[α,1](τ),

for some λ ∈ [0, 1], where 1[a,b] is the indicator function over interval [a, b]. Then Mσλ(X) =

λE[X] + (1− λ)CVaRα(X).

2.1 Robust spectral risk measure

Throughout the paper, we focus on decision making problems where the decision maker’s risk

attitude can be described by a risk spectrum. In practice, however, identifying a unique risk

spectrum which precisely reflects a decision maker’s risk attitude may turn out to be difficult

either because the decision making problem involves several stakeholders who fail to reach a

consensus or the prospect space is too complex and/or too large to elicit such a risk spectrum.

Under these circumstances, it might be sensible to use partially available information to construct

a set of risk spectra and consider the worst risk spectrum for the spectral risk measure to mitigate

the risk arising from ambiguity of the true risk spectrum.

Let A denote the ambiguity set of risk spectra constructed by an investor with available

information. We define the robust spectral risk measure by

(RSRM) ρA(X) := sup
σ∈A

∫ 1

0
F←X (t)σ(t)dt, (2.3)
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which is the worst weighted average loss computed from the set of weighting functions A. Note

that if we let dGX(x) = σ(FX(x))dFX(x) in (2.2), then

ρA(X) = sup
GX∈B

∫ ∞
−∞

xdGX(x), (2.4)

where B =
{
GX(x) =

∫ x
−∞ σ(FX(t))dFX(t) : σ ∈ A

}
, in which case we may interpret (2.4) as a

distributionally robust model, see [7]. However the latter robust representation is not particularly

helpful in the sense that it obscures the sources of ambiguity resulting from σ or from FX .

Since for each fixed σ, Mσ(·) is a law invariant coherent risk measure, then ρA(X) is also a

law invariant coherent risk measure because the supremum operation preserves law invariance

and coherence. Conversely, by Kusuoka’s representation theorem [2], any law invariant coherent

risk measure ρ can be represented as

ρ(X) = sup
µ∈M

∫ 1

0
CVaRα(X)µ(dα), (2.5)

where M is a subset of P and P is the set of all probability measures on [0, 1]. Consider

the linear mapping T : P → S defined by (Tµ)(τ) :=
∫ τ

0 (1 − α)−1µ(dα), τ ∈ [0, 1). It follows

by Pichler and Shapiro [2] that T is onto, one-to-one with the inverse µ = T−1σ given by

µ(α) = (T−1σ)(α) = (1 − α)σ(α) +
∫ α

0 σ(τ)dτ,∀α ∈ [0, 1]. Thus for each fixed µ, by setting

σ(τ) = (Tµ)(τ) and using Fubini’s theorem, we have∫ 1

0
CVaRα(X)µ(dα) =

∫ 1

0

∫ 1

α
(1− α)−1F←X (τ)dτµ(dα) =

∫ 1

0

∫ τ

0
(1− α)−1µ(dα)F←X (τ)dτ

=

∫ 1

0
(Tµ)(τ)F←X (τ)dτ =

∫ 1

0
F←X (τ)σ(τ)dτ.

Let M = {µ = T−1σ : σ ∈ A}. Then we obtain a Kusuoka’s representation for RSRM in (2.5).

The following proposition summarizes the discussion which is a combination of the Kusuoka’s

representation theorem [20] and [2, Proposition 3.1].

Proposition 2.1 A real-valued function ρ is a law invariant coherent risk measure if and only

if there exists an ambiguity set A of risk spectra such that ρ has a representation of (2.3).

The proposition implies that RSRM can be used as a mathematical framework for us to study

ambiguity of any law invariant coherent risk measure. To see this, let R denote an ambiguity

set of law invariant coherent risk measures. By Proposition 2.1, we can find an ambiguity set of

risk spectra AR corresponding to R such that

ρAR(X) = sup
σ∈AR

Mσ(X) = sup
ρ∈R

ρ(X). (2.6)

In practice, we do not have to elicit R in the first place and then translate it into AR, rather, we

may elicit the latter directly, see Remark 3.1 (iv). In other words, our RSRM model provides

an alternative robust approach to address ambiguity of decision makers whose risk attitude can

be described by law invariant coherent risk measures.
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Pichler and Shapiro [2] call a law invariant risk measure represented in the form of (2.3)

regular and formulation (2.3) a dual representation with generating set A. They discuss in

detail existence and uniqueness of the minimal generating set A for the dual representation of

a given law invariant coherent risk measure but are short of saying how such a generating set

can be identified. Our focus here is not on how to find the generating set A for a specified law

invariant coherent risk measure, rather we concentrate on using partial information to construct

an ambiguity set which faithfully represents a decision maker’s risk preference. Thus in this paper

A is an ambiguity set rather than a generating set although mathematically they are in the same

position. Depending on availability of information on the decision maker’s risk attitude, various

ways such as parametric approach, pairwise comparison [11] and moment type approach [13] may

be exploited to construct the ambiguity set. For example, if we consider a risk measure defined

in Example 2.1(v) but are short of identifying the particular λ value, then we may consider an

ambiguity set A = {σλ(τ) : λ ∈ [0, 1]} . In this case, ρA(X) = max(E[X],CVaRα(X)). In this

paper we consider a situation where a decision maker has a nominal risk spectrum obtained

from partial information such as empirical data and/or subjective judgement but there is some

ambiguity about whether the nominal risk spectrum accurately represents the decision maker’s

risk attitude. Consequently we construct a ball of risk spectra under some pesudo-metric centred

at the nominal risk spectrum. We will discuss the details in the next section.

As a motivation as well as an application, we will apply the proposed RSRM to optimal

decision-making problems where the optimal decision is based on the worst spectral risk measure

from the ambiguity set A, that is,

(RSRM-Opt) min
z∈Z

max
σ∈A

Mσ(f(z, ξ(ω))), (2.7)

where f : Z × IRk → IR is a continuous loss function, z is a decision vector and Z is a compact

and convex set. When A is compact, the inner maximum in (RSRM-Opt) can be achieved

because Mσ(·) is continuous and the outer minimum can also be attained because ρA(f(z, ξ))

is continuous in z and Z is compact. Moreover, if f(z, ξ) is convex in z for every fixed ξ, then

Mσ(f(z, ξ(ω))) is convex in z given the fact that Mσ(·) is a coherent risk measure. In this case

the optimal value of the inner maximization problem of (RSRM-Opt) is a convex function of z

and hence the outer minimization problem of (RSRM-Opt) is a convex program. An important

component of the research in this paper is to develop efficient computational schemes for solving

(RSRM-Opt). We will discuss this in detail in Section 4. We will also investigate statistical

robustness of the optimal value of problem (RSRM-Opt) in a data-driven environment when the

distribution of ξ is obtained from empirical data. Before we conclude this subsection, we remind

readers that in both (RSRM) and (RSRM-Opt) we assume the decision maker’s risk attitude

can be characterized by a risk spectrum. (RSRM-Opt) cannot be applied to the cases if the

decision maker’s risk preference can only be described by other risk measures, we refer readers

to [21] for preference robust utility-based shortfall risk optimization models and [12] for general

preference robust convex risk optimization models.
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2.2 Robust distortion risk measure

It is well-known that spectral risk measure is closely related to distortion risk measure (DRM)

which is introduced by Wang [4] based on Yaari’s dual theory of choice [6], see for instance [5].

Over the past few decades, DRM has been extensively studied in economics and finance, see

monograph [22]. This motivates us to extend the notion of RSRM to that of DRM.

Let g : [0, 1]→ [0, 1] be a non-decreasing function with g(0) = 0 and g(1) = 1. The distortion

risk measure induced by g is defined by Dg(X) :=
∫∞

0 g(1−FX(x))dx+
∫ 0
−∞[g(1−FX(x))−1]dx,

where the effect of g is to modify (“distort”) the decumulative probability distribution 1−FX(x)

and consequently g is called a distortion function. Note that DRM can be derived as an insurance

premium based on the principal of dual theory of choice in which case X is interpreted as a

liability. In particular, when X is strictly positive, the DRM ends up with the first term in

the above equation, a distortion risk measure introduced in the context of insurance pricing by

Denneberg [3] and Wang [4], see [7]. Let G denote the ambiguity set of distortion functions. We

define the robust distortion risk measure by

(RDRM) ρG(X) := sup
g∈G

Dg(X). (2.8)

Let us now set g with g′(t) = σ(1− t) and g(0) = 0. Then g is a distortion function and

Dg(X) =

∫ 0

1−FX(0)
g(s)dF→X (1− s) +

∫ 1−FX(0)

1
[g(s)− 1]dF→X (1− s)

=

∫ 0

1
g(s)dF←X (1− s)−

∫ 1−FX(0)

1
dF←X (1− s)

= −
∫ 0

1
F→X (1− s)dg(s)− F→X (FX(0)) =

∫ 1

0
F←X (τ)σ(τ)dτ = Mσ(X).

Let G :=
{
g(t) =

∫ t
0 σ(1− τ)dτ, for t ∈ [0, 1] with g(0) = 0 : σ ∈ A

}
. Then ρG(X) = ρA(X),

which means RDRM coincides with DSRM. In this paper, our focus will be on RSRM and

RSRM-Opt although the computational schemes and underlying theories can be easily applied

to robust distortion risk models.

2.3 Domain of the robust spectral risk measure

For a given set of risk spectra A, it is natural to ask what domain the resulting robust risk

measure is, that is, what is the set of random variables X such that ρA(X) < ∞. To address

this issue, we may recall some well-known results for the case when A is a singleton. Let L 0

denote the set of random variables mapping from Ω to IR. For any positive number p ∈ [1,∞),

let L p = {X ∈ L 0 : E[|X|p] < ∞}, which defines a subset of L 0 with finite p-th order

moments. For a fixed risk spectrum σ, let L σ := {X ∈ L 0 : Mσ(|X|) < ∞}. By slightly

abusing the notation, we use L q[0, 1] to denote the class of functions h : [0, 1] → IR such that∫ 1
0 |h(t)|qdt <∞. Pichler [23] calls L σ the natural domain of Mσ and shows that if σ ∈ L q[0, 1]

for some q ∈ [1,∞) with conjugate exponent p, i.e., 1
p + 1

q = 1, then L p ⊂ L σ ⊂ L 1, see [23,
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Theorem 11]. Let L A := {X ∈ L 0 : ρA(|X|) <∞}. Then L A is the natural domain of ρA. By

definition,

L A ⊂
⋂
σ∈A

L σ and L p ⊂ L A ⊂ L 1,

when σ ∈ L q[0, 1] for all σ ∈ A. Moreover equality holds in the first equation above when A is

compact under some weak topology. To see this, let X ∈
⋂
σ∈A L σ. Then Mσ(|X|) <∞ for all

σ ∈ A, which implies ρA(X) = supσ∈AMσ(|X|) < ∞ if the set A is compact under some weak

topology, this shows X ∈ L A and hence
⋂
σ∈A L σ ⊂ L A.

Note that since σ is increasing and
∫ 1

0 σ(t)dt = 1, then the only unbounded point of it is

t = 1. In comparison with σ ∈ L 1[0, 1], the restriction σ ∈ L q[0, 1] for q > 1 means that

σ(t) may go to infinity more rapidly that it could be as t → 1. This means more weights are

assigned to tail losses and hence the decision maker is more risk averse. Consider for example

σ1(t) = 1
2(1 − t)−

1
2 and σ2(t) = 1

3(1 − t)−
2
3 . It is easy to see that σ1, σ2 ∈ L 1[0, 1], but

σ1 /∈ L 2[0, 1] whereas σ2 ∈ L 2[0, 1]. Obviously σ2(t) goes to infinity more rapidly than σ1(t)

when t approaches to 1. This motivates us to introduce a definition of so-called tail risk index

which captures the behaviour of σ(t) as t goes to 1.

Definition 2.1 (Tail risk index) Let σ ∈ S be unbounded. The tail risk index of σ is a single

value r0 such that σ(t)(1 − t)
1
r goes to either zero or infinity according to whether r is either

below or above r0 as t ↑ 1.

According to the definition, the tail risk index of Wang’s proportional hazards transform

defined in Example 2.1(iii) is r0 = 1
1−r . Obviously the smaller the tail risk index is, the more

risk averse a decision maker is. Moreover, if σ ∈ L q[0, 1], then the tail risk index of σ is upper

bounded by q. Conversely, if σ has a tail risk index of q, then σ ∈ L q+ε[0, 1] for any ε > 0.

3 Construction of the ambiguity set and step-like approxima-

tion

In this section, we give details as to how to construct the ambiguity set of risk spectra. There

are two main factors that determine construction of the ambiguity set. One is availability of

information and the other is tractability of computing the resulting RSM and solving the robust

risk optimization problem (RSRM-Opt). We may use various approaches in the literature of

preference robust optimization to construct A if it allows us to do so in practice. Here we

consider a situation where there is some partial information for identifying a plausible nominal

risk spectrum. For instance, the risk spectrum is a class of parameterized functions with prior

distribution of the parameters. By exploiting some sample information (empirical data), we

may use sample average or maximal likelihood to identify a risk spectrum [24]. We can then

construct a ball of risk spectrum centred at the identified nominal risk spectrum under some

metric. This kind of approach is known in the literature of distribution robust optimization, see

for instance Esfahani and Kuhn [25]. Here we use the approach.
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3.1 ψ-ball

An important step to construct a ball of risk spectra is to define an appropriate metric/distance

in the space of L 1[0, 1]. Instead of using L 1-norm, we use some pseudo-metric which will not

only facilitate us to carry out analysis but also maximize the coverage as we will explain shortly.

Let ψ : [0, 1] → IR+ be a positive function with
∫ 1

0 ψ(t)dt < +∞ and G be a set of measurable

functions g : [0, 1]→ IR such that |g(t)| ≤ ψ(t), for t ∈ [0, 1]. For any u, v ∈ S, let

dlψ(u, v) := sup
g∈G
|〈g, u〉 − 〈g, v〉|, (3.1)

where 〈g, u〉 =
∫ 1

0 g(t)u(t)dt. A sufficient condition for dlψ(u, v) to be well defined is∫ 1

0
ψ(t)|u(t)− v(t)|dt <∞. (3.2)

dlψ(u, v) is a pseudo-metric in the sense that dlψ(u, v) = 0 implies 〈g, u〉−〈g, v〉 = 0 for all g ∈ G

but not necessarily u = v unless the set G is sufficiently large. From practical point of view, G

may be regarded as a set of test functions such as the quantile functions of some prospects and

dlψ(u, v) = 0 means the investor does not tell the difference between u and v for this particular

set of investment prospects. Since u, v ∈ L 1[0, 1], (3.2) is satisfied when ψ ∈ L∞[0, 1]. Our

interest here is in the case that ψ ∈ L p[0, 1] for some p > 1, and we may choose u, v ∈ L q[0, 1]

with 1
p + 1

q = 1 to guarantee (3.2).

Remark 3.1 We make a few comments to motivate and justify the use of the pseudo-metric.

(i) Depending on the choice of G , the pseudo-metric may cover a number of metrics of

interest. For instances, if G consists of all measurable functions on [0, 1] bounded by 1, then

dlψ(u, v) reduces to L 1-distance. If G consists of all Lipschitz continuous functions with modulus

bounded by 1, then dlψ(u, v) resembles the well-known Kantorovich metric in probability theory

[26]. In general, dlψ(u, v) is not necessarily a full metric.

(ii) The function ψ is usually unbounded. To see this, we may use (RSRM-Opt) as an

example in which case G may contain
{
F←f(z,ξ)(t) : z ∈ Z

}
. If ψ is bounded, then there is a

constant C such that |F←f(x,ξ)(t)| ≤ C for all t, which means the quantile function is bounded

uniformly for all z ∈ Z, this could be too restrictive.

(iii) The pseudo-metric provides a tighter measurement for discrepancy of two risk spectra.

Consider for example two risk spectra u(t) = 1
2(1 − t)−

1
2 and v(t) = 1

3(1 − t)−
2
3 . Let G = {u}.

Then ψ(t) = u(t) for t ∈ [0, 1], and dlψ(u, v) = +∞ whereas ‖u − v‖L 1 ≤ ‖u‖L 1 + ‖v‖L 1 = 2.

Moreover, in the case when there is information which indicates that the risk spectrum of a

decision maker is in L p([0, 1]) for some constant p > 1, it is inappropriate to use L 1-norm to

construct an ambiguity ball of risk spectra because otherwise the ambiguity set will contain some

elements which are not in L p([0, 1]).

(iv) Use of the pseudo-metric will facilitate one to elicit decision maker’s risk preference.

Consider for example two financial losses X1, X2 and the decision maker is found to prefer X1 to

X2 in terms of spectral risk measure. We can then describe the risk preference mathematically as
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∫ 1
0 F

←
X1

(t)σ(t)dt ≤
∫ 1

0 F
←
X2

(t)σ(t)dt, which can be equivalently written as 〈F←X1
(t), σ〉 ≤ 〈F←X2

(t), σ〉
in a product form in our setting. If we let G contain all quantile functions in the prospect

space, then the pseudo-metric can be used to measure the differences of all prospects in the space

and hence narrow down the scope of the unknown true risk spectrum. Thus, by adopting the

pseudo-metric, we open a door for one to include pairwise comparison approach for eliciting risk

spectrum in our proposed model in future research.

Definition 3.1 (ψ-ball of risk spectra) Let S denote the set of all risk spectra σ(·) ∈ L 1[0, 1]

such that σ is non-negative, non-decreasing and normalized. Let σ ∈ S be the nominal risk spec-

trum. The ψ-ball of risk spectra in the space of S centered at σ with radius r is defined as

B(σ, r) :=
{
σ′ ∈ S : dlψ(σ′, σ) ≤ r

}
. (3.3)

If ψ ∈ L p[0, 1], then B(σ, r) ⊃ {σ′ ∈ L q[0, 1] : dlψ(σ′, σ) ≤ r} 6= ∅. Moreover when r is driven

to zero, B(σ, r) shrinks to a singleton {σ} in the case that dlψ is a full metric. From practical

point of view, σ may be constructed through training data and the radius depends on how

much confidence the investor has about σ. In a recent work on distortion principle for insurance

pricing, Escobar and Pflug [24] propose an effective approach to construct a step-like distortion

function with empirical data and use it to approximate the true unknown distortion function.

Their approach can be used to estimate the nominal risk spectrum σ in our setting.

Note that in the case when S is restricted to a specific class of risk spectra, we can derive

the ψ-ball explicitly by choosing an appropriate set G . The next example explains this.

Example 3.1 Consider the three classes of risk spectra defined in Example 2.1.

(i) CVaR decision makers 1. Let σα0 = 1
1−α0

1[α0,1] denote the nominal spectrum with some

α0 ∈ (0, 1) and S = { 1
1−α1[α,1] : α ∈ (0, 1)}. Let G be the set of all measurable functions

g : [0, 1]→ IR such that |g(t)| ≤ 1. For 0 < α < α0 < 1, we have

dlψ(σα, σα0) = sup
g∈G
|〈g, σα〉 − 〈g, σα0〉| = sup

g∈G

∣∣∣∣∫ 1

0
g(t)

(
1

1− α
1[α,1](t)−

1

1− α0
1[α0,1](t)

)
dt

∣∣∣∣
= sup

g∈G

∣∣∣∣∫ α0

α

1

1− α
g(t)dt+

∫ 1

α0

(
1

1− α
− 1

1− α0

)
g(t)dt

∣∣∣∣
= sup

g∈G

∣∣∣∣∫ α0

α

1

1− α
g(t)dt

∣∣∣∣+ sup
g∈G

∣∣∣∣∫ 1

α0

(
1

1− α
− 1

1− α0

)
g(t)dt

∣∣∣∣
=

1

1− α
(α0 − α) +

(
1

1− α0
− 1

1− α

)
(1− α0) =

2(α0 − α)

1− α
.

Likewise, for 0 < α0 < α < 1, we have dlψ(σα, σα0) = 2(α− α0)/(1− α0). Thus, the ψ-ball with

radius r < 2 can be written as B(σα0 , r) =
{
σα : α ∈

[
2α0−r

2−r , α0 + r(1−α0)
2

]
∩ (0, 1)

}
. Note that

1Instead of calling decision makers whose risk attitude can be described by CVaR, we take the convention by

calling them CVaR decision makers for brevity. Similar convention applies to other risk measures.
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in this case, the same ball can be derived by using L 1-norm in that

‖σα − σα0‖L 1 =

∫ 1

0
|σα(t)− σα0(t)|dt =

∫ 1

0

∣∣∣∣ 1

1− α
1[α,1](t)−

1

1− α0
1[α0,1](t)

∣∣∣∣ dt
=

∫ α0

α

1

1− α
dt+

∫ 1

α0

(
1

1− α0
− 1

1− α

)
dt = 2

α0 − α
1− α

for 0 < α < α0 < 1, and similar calculation can be made for the other case.

(ii) Wang’s decision makers. Let S be the class of all unbounded risk spectra with the form

σν(t) = ν(1− t)ν−1, where ν ∈ (0, 1] and the nominal risk spectrum is σν0. If we choose G to be

the set of all the measurable functions g : [0, 1]→ IR such that |g(t)| ≤ 1, then for 0 < ν < ν0 < 1,

we have

dlψ(σν , σν0) = sup
g∈G
|〈g, σν〉 − 〈g, σν0〉| = sup

g∈G

∣∣∣∣∫ 1

0
g(t)

[
ν(1− t)ν−1 − ν0(1− t)ν0−1

]
dt

∣∣∣∣
= 2

[(
ν

ν0

) ν0
ν0−ν

−
(
ν

ν0

) ν
ν0−ν

]
.

Likewise, for 0 < ν0 < ν < 1, we have dlψ(σν , σν0) = 2[( νν0 )
ν

ν0−ν − ( νν0 )
ν0

ν0−ν ]. Thus, the ψ-ball

with radius r is B(σν0 , r) =

{
σν : 2

∣∣∣∣( ν
ν0

) ν0
ν0−ν −

(
ν
ν0

) ν
ν0−ν

∣∣∣∣ ≤ r and 0 < ν ≤ 1

}
. Note that we

can derive the same ball using L 1-norm and omit the details.

(iii) Gini’s decision makers. Let S denote the class of all linear risk spectra and and σs0 the

nominal risk spectrum (see Example 2.1(iv) for the definition of σs). If we choose G to be the

set of all the measurable functions g : [0, 1] → IR such that |g(t)| ≤ 1, then for 0 < s < s0 < 1,

we have

dlψ(σs, σs0) = sup
g∈G
|〈g, σs〉 − 〈g, σs0〉| = sup

g∈G

∣∣∣∣∫ 1

0
g(t)[((1− s) + 2st)− ((1− s0) + 2s0t)]dt

∣∣∣∣
= sup

g∈G

∣∣∣∣∫ 1

0
g(t)[(2t− 1)(s− s0)]dt

∣∣∣∣ = sup
g∈G

∣∣∣∣∫ 1

0
g(t)(2t− 1)dt

∣∣∣∣ (s0 − s) =
1

2
(s0 − s).

Likewise, for 0 < s0 < s < 1, we have dlψ(σs, σs0) = 1
2(s − s0). Thus, the ψ-ball with radius

r < 1/2 can be written as B(σs0 , r) = {σs : s ∈ [s0 − 2r, s0 + 2r] ∩ (0, 1)}. Note that we can

derive the same ball using L 1-norm and omit the details.

The example also confirms our claim in Remark 3.1(i) that when G consists of all measurable

functions on [0, 1] bounded by 1, the proposed pseudo-metric coincides with L 1-distance. Note

that if we choose G differently, i.e., a set of all measurable functions g : [0, 1] → IR such that

|g(t)| ≤ (1− t)−
1
2 , then we can obtain a smaller ψ-ball.

3.2 Step-like approximation

With B(σ, r), we can write (2.3) and (2.7) specifically as

(RSRM’) ρB(σ,r)(X) := sup
σ∈B(σ,r)

∫ 1

0
F←X (t)σ(t)dt, (3.4)
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and

(RSRM-Opt’) min
z∈Z

max
σ∈B(σ,r)

Mσ(f(z, ξ(ω))). (3.5)

Unfortunately both (RSRM’) and (RSRM-Opt’) are difficult to calculate/solve in general in

that the maximization problem w.r.t. σ is infinite dimensional unless B(σ, r) consists of step-

like functions with finite number of breakpoints. This motivates us to approximate the ψ-ball

B(σ, r) with a ball of step-like risk spectra. From practical point of view, a step-like risk spectrum

means that the investor applies the same weight to each of the losses between F←X (ti) and F←X (t)

for any t ∈ [ti, ti+1) and increases the weight when the loss goes up to F←X (ti+1).

Let SM denote the set of all non-negative, non-decreasing and normalized step-like functions

σM (·) over [0, 1] with breakpoints at points 0 < t1 < · · · < tM < 1. Then any element in SM is

a step-like spectrum with at most M breakpoints. For the simplification of notation, let t0 = 0

and tM+1 = 1. By definition, SM ⊂ S. Note that if we impose some additional properties such

as Lipschitz continuity on S, where S is defined in Definition 3.1, then the inclusion no longer

holds. This is indeed one of the key technical challenges that we will need to tackle in Section

4 when we investigate error bound on the approximation.

Definition 3.2 (Projection on space SM) Let σ ∈ S. We say σM (·) is a projection of

σ onto the space SM if σM (t) := σi, for t ∈ [ti, ti+1), i = 0, 1, . . . ,M, such that σi ∈
[σ(ti), σ(ti+1)], for i = 0, . . . ,M , and

∫ 1
0 σM (t)dt =

∑M
i=0 σi(ti+1 − ti) = 1.

From Definition 3.2, we can see that σM (·) is not unique. Note that instead of setting σk to

the σ value at the left end or right end of the interval [tk, ti+1), we make it flexible between the

two extreme values and require the integral of σM (t) on [0, 1] to be 1.

Definition 3.3 (ψ-ball of step-like risk spectra) Let σM ∈ SM . The ψ-ball of step-like

risk spectra in the space SM centered at σM with radius r is defined as

BM (σM , r) :=
{
σ′ ∈ SM : dlψ(σ′, σM ) ≤ r

}
. (3.6)

With BM (σM , r), we propose to solve (RSRM’) and (RSRM-Opt’) by solving

(Appr-RSRM’) ρBM (σM ,r)(X) := sup
σ∈BM (σM ,r)

∫ 1

0
F←X (t)σ(t)dt, (3.7)

and

(Appr-RSRM-Opt’) min
z∈Z

max
σ∈BM (σM ,r)

Mσ(f(z, ξ(ω))), (3.8)

respectively. While the approximation may bring some conveniences in numerical solution of

the minimax optimization problem, it also introduces modelling errors. We will investigate sig-

nificance of the errors in Section 4. In the rest of this section, we discuss computational schemes

for solving approximated maximization problem (3.7) and approximated minimax optimization

problem (3.8).
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3.3 Tractable formulation of problem (3.7)

We start with problem (3.7) which does not involve decision variable. To this end, we consider

the case that X follows a finite discrete distribution with P(X = xk) = pk for k = 1, . . . ,K,

where x1 < x2 < · · · < xK . In the case when X is continuously distributed, sample average

approximation may be used, see [1] for the case when A is a singleton. Consequently we can

write (3.7) as

ρBM (σM ,r)(X) = sup
σ∈BM (σM ,r)

K∑
k=1

xk

∫ πk+1

πk

σ(t)dt, (3.9)

where π1 = 0 and πk =
∑k−1

j=1 pj for k = 2, . . . ,K + 1. Let σ, σ0 ∈ SM . By definition

dlψ(σ, σ0) = sup
g∈G

∣∣∣∣∫ 1

0
g(t)(σ(t)− σ0(t))dt

∣∣∣∣ = sup
g∈G

∣∣∣∣∣
M∑
i=0

∫ ti+1

ti

g(t)(σi − σ0
i )dt

∣∣∣∣∣
= sup

g∈G

∣∣∣∣∣
M∑
i=0

(σi − σ0
i )

∫ ti+1

ti

g(t)dt

∣∣∣∣∣ .
Let yi =

∫ ti+1

ti
g(t)dt. If we consider G which constitutes all measurable functions with |g(t)| ≤

ψ(t) for t ∈ [0, 1], then we have |yi| ≤
∫ ti+1

ti
ψ(t)dt. Consequently,

dlψ(σ, σ0) = sup
y0,...,yM

M∑
i=0

(σi − σ0
i )yi (3.10a)

s.t. |yi| ≤
∫ ti+1

ti

ψ(t)dt, for i = 0, . . . ,M. (3.10b)

Problem (3.10) is a linear program and its Lagrange dual can be written as

inf
ui,vi≥0

M∑
i=0

(vi + ui)

∫ ti+1

ti

ψ(t)dt (3.11a)

s.t. σi − σ0
i + vi − ui = 0, for i = 0, 1, . . . ,M. (3.11b)

where ui and vi are dual variables with ui ≥ 0 and vi ≥ 0 for i = 0, . . . ,M . Consequently we

can reformulate (3.9) as

sup
ui,vi≥0,σi

K∑
k=1

xk

M∑
i=0

σi

∫ πk+1

πk

1[ti,ti+1)(t)dt (3.12a)

s.t. σi ≥ 0, for k = 0, 1, . . . ,M, (3.12b)

σi+1 ≥ σi, for i = 0, 1, . . . ,M − 1, (3.12c)
M∑
i=0

σi(ti+1 − ti) = 1. (3.12d)

M∑
i=0

(vi + ui)

∫ ti+1

ti

ψ(t)dt ≤ r, (3.12e)

σi − σ0
i + vi − ui = 0, for i = 0, 1, . . . ,M. (3.12f)
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Problem (3.12) is a linear program. A significant advantage of this formulation is that the

problem size is independent of scenarios of X. Note that when {t0, · · · , tM+1} ⊂ {π1, · · · , πK+1},∫ πk+1

πk
1[ti,ti+1)(t)dt = πk+1 − πk = pk. We will exploit this in the numerical tests.

As we commented in Remark 3.1(i), when the set G constitutes all measurable functions on

[0, 1] bounded by 1 the pseudo-metric reduces to L 1-distance in which case ψ(t) = 1. Conse-

quently, (3.12e) can be simplified to
∑M

i=0(vi + ui)(ti+1 − ti) ≤ r. Moreover, when the set G

consists of all Lipschitz continuous functions with modulus bounded by 1, the formulations will

be more sophisticated because we will have to incorporate derivative information about g ∈ G .

3.4 Alternating iterative algorithm for solving (3.8)

We now move on to discuss problem (3.8) and assume that ξ is discretely distributed with K

scenarios. In the case when ξ is continuously distributed, sample average approximation may

be used, see Remark 5.1. By exploiting the dual formulation (3.12) for the inner maximization

problem, we can reformulate (3.8) as

min
z∈Z

sup
ui,vi≥0,σi

K∑
k=1

f(z, ξk)
M∑
i=0

σi

∫ πk+1

πk

1[ti,ti+1)(t)dt (3.13a)

s.t. σi ≥ 0, for i = 0, 1, . . . ,M, (3.13b)

σi+1 ≥ σi, for i = 0, 1, . . . ,M − 1, (3.13c)
M∑
i=0

σi(ti+1 − ti) = 1, (3.13d)

M∑
i=0

(vi + ui)

∫ ti+1

ti

ψ(t)dt ≤ r, (3.13e)

σi − σ0
i + vi − ui = 0, for i = 0, 1, . . . ,M, (3.13f)

where π1 = 0 and πk =
∑k−1

j=1 pj for k = 2, . . . ,K + 1 assuming that f(z, ξ) follows a discrete

distribution with pk = P(f(z, ξ(ω)) = f(z, ξk)) for i = 1, . . . ,K where f(z, ξ1) < f(z, ξ2) < · · · <
f(z, ξK)2. To see why strict ordering is needed, consider the case that f(z, ξ1) = f(z, ξ2) < · · · <
f(z, ξK), in this case, we may have π2 = p1, π3 = p1 + p2 or alternatively π2 = p2, π3 = p1 + p2,

consequently, the formulation (3.13) is not unique. In general, if the strict ordering is not

possible (two or more values coincide), we will have to perturb the point z so that a strict order

can be found, we will come back to this shortly after the next algorithm. There is one exception,

though. If ξ is uniformly distributed over ξ1, . . . , ξK , i.e., P (ξ = ξk) = 1
K for k = 1, · · · ,K, then

strict ordering is not needed. Consider the case f(z, ξ1) ≤ f(z, ξ2) ≤ · · · ≤ f(z, ξK), we can still

obtain the same formulation as (3.13) with πk = k−1
K for k = 2, . . . ,K + 1.

Problem (3.13) is not a linear program because the objective function is bilinear even when

f is a linear function of z. To see this, we note that these terms π2, π3, . . . , πK depend on the

order of f(z, ξk), k = 1, · · · ,K and this order can be sorted out only when z is fixed up. On the

2 Strictly speaking, we should present the inequalities as f(z, ξi1) < f(z, ξi2) < · · · < f(z, ξiK ) where

{i1, · · · , iK} is a permutation of {1, · · · ,K}. This is because f(z, ξk) depends on z and the order of the numbers

can be determined only after f(z, ξk), k = 1, · · · ,K are evaluated.
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other hand, when f(z, ξ) is convex in z, the objective function of problem (3.13) is convex in z

and the inner maximization problem is a linear program for each fixed z. This motivates us to

consider the following alternating iterative algorithm for solving this saddle point problem.

Algorithm 3.1 Choose some initial z0 ∈ Z. For s = 1, · · · , do

Step 1. Solve

sup
ui,vi≥0,σi

K∑
k=1

f(zs−1, ξk)
M∑
i=0

σi

∫ πk+1

πk

1[ti,ti+1)(t)dt (3.14a)

s.t. σi ≥ 0, for i = 0, 1, . . . ,M, (3.14b)

σi+1 ≥ σi, for i = 0, 1, . . . ,M − 1, (3.14c)
M∑
i=0

σi(ti+1 − ti) = 1, (3.14d)

M∑
i=0

(ui + vi)

∫ ti+1

ti

ψ(t)dt ≤ r, (3.14e)

σi − σ0
i + vi − ui = 0, for i = 0, 1, . . . ,M, (3.14f)

to obtain σs from the optimal solution and then find zs with

zs ∈ arg min
z∈Z

K∑
k=1

f(z, ξk)
M∑
i=1

σsi

∫ πk+1

πk

1[ti,ti+1)(t)dt (3.15)

provided that f(z, ξ1) < f(z, ξ2) < · · · < f(z, ξK).

Step 2. Stop when zs+1 = zs and σs = σs−1.

The maximization problem (3.14) is a linear program. The minimization problem (3.15) is a

convex program when f is convex in z but it is not necessarily a linear program even when f is

linear in z. However, it cannot be plugged into an existing solver for convex optimization directly

in that the quantity π2, π3, . . . , πK implicitly depends on the ordering of quantities f(z, ξk),

k = 1, · · · ,K. To get around the issue, we suggest to use the classical cutting plane method

[27] which only requires to calculate the function value and a subgradient at each specified point

z ∈ Z. Let

h(z) :=
K∑
k=1

f(z, ξk)
M∑
i=1

σsi

∫ πk+1

πk

1[ti,ti+1)(t)dt

and assume without loss of generality that zs−1 as a starting point for the cutting plane method.

We consider two cases: (a) there is a strict order of the quantities f(z, ξk), k = 1, · · · ,K and

(b) at least two of the quantities coincide. In case (a), h is continuously differentiable at zs−1

because a small perturbation does not affect the order and consequently we can calculate the

gradient ∇h at the point and then construct a cutting plane. In case (b), we will have to perturb

z a bit so that a strict order can be found at the perturbed point, and then use the function value

and the gradient at the perturbed point to construct a cutting plane. For practical applications,

ξk, k = 1, . . . ,K are obtained from empirical data so we assume that P(ξ = ξk) = 1
K for
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k = 1, . . . ,K. Consequently h is continuously differentiable at zs−1 even in case (b). This is

what we do in the numerical tests to be reported in Section 6.

Note that Guo and Xu [28] propose a similar alternating iterative scheme for solving a class

of utility preference robust optimization problem. Differing from [28], the size of both inner

and outer problems here are independent of sample size K. The following proposition states

convergence of the algorithm.

Proposition 3.1 Suppose that for each fixed ξ, f is Lipschitz continuous in z ∈ Z with modulus

κ(ξ). Algorithm 3.1 either terminates in a finite number of steps with a solution to the problem

(3.13) or generates a sequence {(zs, σs)} whose cluster points are optimal solutions to the problem

(3.13).

Proof. For simplicity of exposition, let

v(z, σ) :=
K∑
k=1

f(z, ξk)
M∑
i=1

σi

∫ πk+1

πk

1[ti,ti+1)(t)dt.

Let (z∗, σ∗) be a cluster point generated by Algorithm 3.1. Then

v(z∗, σ) ≤ v(z∗, σ∗) ≤ v(z, σ∗), (3.16)

which means (z∗, σ∗) is a saddle point of v(z, σ) and hence an optimal solution of the problem

(3.13). For s = 1, 2, · · · ,

v(zs−1, σs) ≥ v(zs−1, σ), ∀σ ∈ SM and v(zs, σs) ≤ v(z, σs), ∀z ∈ Z.

In the case when the algorithm terminates in finite steps, zs+1 = zs and σs+1 = σs for some s and

consequently (zs, σs) satisfies (3.16). In what follows, we consider the case that the algorithm

generates an infinite sequence {(zs, σs)}. Let (ẑ, σ̂) be a cluster point of {(zs, σs)} and for the

simplicity of notation assume that (zs, σs)→ (ẑ, σ̂). Assume for the sake of a contradiction that

(ẑ, σ̂) is not a solution of the problem (3.13). Then it violates one of the inequalities in (3.16).

Consider the case that there exists z0 such that v(z0, σ̂) > v(ẑ, σ̂). Then for s sufficiently large,

v(z0, σ
s) > v(zs, σs). But this contradicts v(zs, σs) ≤ v(z, σs), ∀z ∈ Z. In the same manner, we

can show that (ẑ, σ̂) satisfies the first inequality in (3.16).

4 Error bound

In the previous section, we discussed computational schemes for solving approximated maxi-

mization problem (3.7) and approximated minimax optimization problem (3.8). In this section,

we investigate errors arising from the approximations and its propagation to the optimal value.
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4.1 Error bound on a single step-like approximation

We start by quantifying the difference between risk spectral σ ∈ S and its step-like approx-

imation σM on SM . For this purpose, we make the following assumption on the step-like

approximation scheme.

Assumption 4.1 Let C : IR+ → IR+ be a continuous function such that C(β) → 0 as β ↓
0. For each σ ∈ S, there exists σM ∈ SM such that dlψ(σ, σM ) ≤ C(βM ), where βM :=

maxk=0,1,...,M (ti+1 − ti).

To see how the assumption could be possibly satisfied, we consider the case when S is

restricted to the set of all Lipschitz continuous function defined over [0, 1] with modulus being

bounded by L. The following proposition addresses this.

Proposition 4.1 Let σ ∈ S be Lipschitz continuous with modulus being bounded by L and σM
be a projection of σ on SM . Then supt∈[0,1] |σM (t) − σ(t)| ≤ LβM , where βM is defined as in

Assumption 4.1. Moreover, dlψ(σ, σM ) ≤ LβM
∫ 1

0 ψ(t)dt.

Proof. By the Lipschitz continuity and non-decreasing property of σ over [0, 1], we have for any

t ∈ [ti, ti+1], |σM (t) − σ(t)| = |σi − σ(t)| = max {σi+1 − σ(t), σ(t)− σi} ≤ L(ti+1 − ti) ≤ LβM ,

which yields the first inequality. Moreover, by definition

dlψ(σ, σM ) = sup
g∈G

∫ 1

0
g(t)(σ(t)− σM (t))dt ≤ LβM sup

g∈G

∫ 1

0
g(t)dt = LβM

∫ 1

0
ψ(t)dt.

The proof is complete.

The error bounds in Proposition 4.1 depend heavily on the assumption that σ is Lipschitz

continuous, which excludes many unbounded risk spectra such as Wang’s risk spectrum defined

as in Example 2.1(iii). To address this issue, we may consider a class of functions σ ∈ S such

that ∫ 1

tM−1

|σ(t)− σM−1|dt ≤ O(1− tM−1), (4.1)

where O : IR+ → IR+ is a function independent of σ such that O(t)→ 0 as t ↓ 0. Moreover, we

require the functions to be Lipschitz continuous over interval [0, 1−tM−1] with modulus bounded

by L̃(tM−1). Following a similar analysis to the proof of Proposition 4.1, we can establish

dlψ(σ, σM ) ≤ L̃(tM−1)βM−1

∫ 1

0
ψ(t)dt+O(1− tM−1), (4.2)

where βM−1 = maxi=1,...,M−1(ti − ti−1). Let C(βM ) := L̃(tM−1)βM−1

∫ 1
0 ψ(t)dt+O(1− tM−1).

Then we might not have C(βM )→ 0 as βM → 0 because L̃(tM−1) depends on tM−1 and it goes

to infinity as tM−1 ↑ 1. To tackle this issue, we may fix up tM−1 in advance, which gives us an

error bound as specified in (4.1) as well as L̃(tM−1). For the fixed tM−1, we may reduce the error

in the first term of C(βM ) by increasing the number of grid points for step-like approximation

over sub-interval [0, tM−1] and subsequently reducing βM−1. The following example explains

how this works for both bounded and unbounded risk spectra.
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Example 4.1 We re-consider Example 3.1 to verify Assumption 4.1.

(i) For CVaR’s decision makers, we let S = {σα : α ∈ [α1, α2] ∩ (0, 1)} where the DM’s

confidence level is restricted to range [α1, α2]. For any σα ∈ S, we consider its step-like approxi-

mation σM . Note that we don’t know precisely where α is located but are sure that there is i such

that α ∈ [ti−1, ti]. Let σM (t) = σα(t) on [0, 1] \ [ti−1, ti] and σM (t) = (ti−α)/[(1−α)(ti− ti−1)]

on [ti−1, ti]. Then

dlψ(σα, σM ) = sup
g∈G

∫ 1

0
g(t)[σα(t)− σM (t)]dt = sup

g∈G

∫ ti

ti−1

g(t)[σα(t)− σM (t)]dt

= sup
g∈G

∫ α

ti−1

g(t)[σα(t)− σM (t)]dt+ sup
g∈G

∫ ti

α
g(t)[σα(t)− σM (t)]dt

= sup
g∈G

∫ α

ti−1

g(t)

(
0− ti − α

(1− α)(ti − ti−1)

)
dt

+ sup
g∈G

∫ ti

α
g(t)

(
1

1− α
− ti − α

(1− α)(ti − ti−1)

)
dt

= 2
(ti − α)(α− ti−1)

(1− α)(ti − ti−1)
≤ 1

2(1− α)
(ti − ti−1) ≤ 1

2(1− α)
βM ,

where the first inequality is due to xy ≤
(x+y

2

)2
for any x, y ∈ IR. In this case, the error bound

C(βM ) is linear in βM .

(ii) For Wang’s decision makers, we let S denote the class of all unbounded risk spectra of

form σr(t) = r(1−t)r−1, where r ∈ [r1, r2]∩(0, 1). Then for any σr ∈ S, we may set its step-like

approximation σM at point tM satisfying
∫ 1
tM−1

σr(t)dt = σM (tM )(1 − tM−1). Consequently we

have

dlψ(σr, σM ) = sup
g∈G

∫ tM−1

0
g(t)[σr(t)− σM (t)]dt+ sup

g∈G

∫ 1

tM−1

g(t)[σr(t)− σM (t)]dt

≤ L̃(tM−1)βM−1 + sup
g∈G

∫ 1

tM−1

g(t)[σr(t)− σM (t)]dt

= L̃(tM−1)βM−1 +

∫ t̂

tM−1

(σM (t)− σr(t))dt+

∫ 1

t̂
(σr(t)− σM (t))dt

= L̃(tM−1)βM−1 + σr(t̂)(2t̂− tM−1 − 1)− 2(1− t̂)r + (1− tM−1)r

≤ L̃(tM−1)βM−1 + σr(t̂)(1− tM−1) + (1− tM−1)r,

where L̃(tM−1) = r1(1−r1)(1−tM−1)r1−2 and t̂ is chosen such that σr(t̂) = 1
1−tM−1

∫ 1
tM−1

σr(t)dt.

In this case, the error bound C(βM ) is presented in the form (4.2) because of the unboundedness

of σr in the tail.

(iii) For Gini’s decision makers, we set S = {σs : s ∈ [s1, s2]∩ (0, 1)}. Then for any σs ∈ S,

by Proposition 4.1, its step-like approximation with M breakpoints satisfies Assumption 4.1 with

C(βM ) = 2s2βM because all σs ∈ S are Lipschitz continuous with modulus bounded by 2s2.

From the example, we can see that if a nominal risk spectrum is found to be in a particular

class of risk spectra and we construct the ambiguity set within this class, then Assumption
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4.1 will be satisfied. For more general cases, we can also use the above approach to verify

Assumption 4.1 because any risk spectrum can be viewed as a convex combination of the three

cases essentially.

4.2 Error bound on approximation of the ψ-balls

We now proceed to derive the difference between two ψ-balls in space SM and in space S.

Let U, V be two sets of risk spectra, dlψ(u, V ) := infv∈V dlψ(u, v) be the distance between u

and V , Dψ(U, V ) := supu∈U dlψ(u, V ) be the deviation distance of U from V , and Hψ(U, V ) :=

max {Dψ(U, V ),Dψ(V,U)} be the Hausdorff distance between the two sets.

Lemma 4.1 Let σM ∈ SM , σ ∈ S and δ, r be any positive numbers. Then the following hold.

(i) Dψ(BM (σM , r + δ),BM (σM , r)) ≤ δ and Dψ(B(σ, r + δ),B(σ, r)) ≤ δ.

(ii) If σM is a projection of σ on SM , then under Assumption 4.1, Hψ(B(σM , r),B(σ, r)) ≤
C(βM ).

(iii) Under Assumption 4.1, Dψ(B(σM , r + δ),B(σM , r)) ≤ δ + 2C(βM ).

Part (i) says that when two balls are constructed in the same space and with the same

centre each in the space of the respective ball, their difference under metric dlψ is bounded by

the difference of their radii. Part (ii) derives an error bound for the difference of two balls in

the space of S with identical radius but different centres where σM is a projection of σ on SM .

Part (iii) says that when the two balls are in the same space S and have the same centre σM ,

their difference is bounded by the sum of the difference of their radii and twice the error bound

on a single step-like approximation. The second term in the error bound appears because σM is

not necessarily in S if we impose some additional properties such as Lipschitz continuity on S.

Proof. Part (i). We only prove the first inequality as the second one can be proved analogously.

Let hM ∈ BM (σM , r+δ)\BM (σM , r) and hλM := λhM+(1−λ)σM ∈ SM , where λ := r
dlψ(hM ,σM ) ∈

(0, 1). By the definition of dlψ (see (3.1)), we have dlψ(hλM , σM ) := supg∈G 〈g, hλM − σM 〉 =

λdlψ(hM , σM ) = r, which implies hλM ∈ BM (σM , r). Thus

dlψ(hM ,BM (σM , r)) ≤ dlψ(hM , h
λ
M ) = (1− λ)dlψ(hM , σM )

= dlψ(σM , hM )− r ≤ r + δ − r = δ.

Since dlψ(hM ,B(σM , r)) = 0 for hM ∈ BM (σM , r), we obtain dlψ(hM ,B(σM , r)) ≤ δ for all

hM ∈ BM (σM , r + δ). By the definition of Dψ, we have

Dψ(BM (σM , r + δ),BM (σM , r)) = sup
hM∈BM (σM ,r+δ)

dlψ(hM ,BM (σM , r)) ≤ δ.

The proof is complete.

Part (ii). Let σ′ ∈ B(σM , r). Then under Assumption 4.1

dlψ(σ′, σ) ≤ dlψ(σ′, σM ) + dlψ(σM , σ) ≤ r + C(βM ),
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which implies B(σM , r) ⊂ B(σ, r + C(βM )). By Part (i),

Dψ(B(σM , r),B(σ, r)) ≤ Dψ(B(σ, r + C(βM )),B(σ, r)) ≤ C(βM ).

Similarly, we have Dψ(B(σ, r),B(σM , r)) ≤ C(βM ). Finally, by the definition of Hausdorff dis-

tance under ψ-metric, the proof is complete.

Part (iii). Since σM ∈ SM , then we can find a σ ∈ S such that σM is the projection of σ.

So for any u ∈ B(σM , r + δ), we have dlψ(u, σ) ≤ dlψ(u, σM ) + dlψ(σM , σ) ≤ r + δ + dlψ(σM , σ),

subsequently, B(σM , r + δ) ⊂ B(σ, r + δ + dlψ(σ, σM )). On the other hand, for any u ∈ B(σ, r −
dlψ(σ, σM )), we have

dlψ(u, σM ) ≤ dlψ(u, σ) + dlψ(σ, σM ) ≤ r − dlψ(σ, σM ) + dlψ(σ, σM ) = r

and hence B(σM , r) ⊃ B(σ, r−dlψ(σ, σM )). Therefore, according to the definition of Dψ and Part

(i),

Dψ(B(σM , r + δ),B(σM , r)) ≤ Dψ(B(σ, r + δ + dlψ(σ, σM ),B(σ, r − dlψ(σ, σM )))

≤ δ + 2dlψ(σ, σM ) ≤ δ + 2C(βM ).

The proof is complete.

We are now ready to quantify the difference between B(σ, r) and BM (σM , r) under the ψ-

metric.

Theorem 4.1 Let σ ∈ S and σM be a projection of σ on SM . Under Assumption 4.1,

Hψ(B(σ, r),BM (σM , r)) ≤ 5C(βM ).

In the case when σ = σM , the error bound is 4C(βM ).

We can use the error bound to identify how small βM should be for a specified precision

ε by setting βM := inf{β : 5C(β) ≤ ε}. In the case when the breakpoints t0, · · · , tM are

evenly spread over [0, 1], the formula above enables us to estimate the minimal number of points

needed to achieve the specified precision. Note also that in practice, one may construct a step-

like nominal risk spectrum σM directly using empirical data [24] and σM approximates the true

as M increases. In that case σ should be understood as the true risk spectrum rather than a

nominal one.

Proof. By the triangle inequality property of the Hausdorff distance in the space of S, we have

Hψ(B(σ, r),BM (σM , r)) ≤ Hψ(B(σ, r),B(σM , r)) + Hψ(B(σM , r),BM (σM , r)).

From Lemma 4.1(ii), Hψ(B(σ, r),B(σM , r)) ≤ C(βM ). So it suffices to show Hψ(B(σM , r),BM (σM , r)) ≤
4C(βM ). By the definition of Dψ,

Dψ(B(σM , r),BM (σM , r)) = sup
u∈B(σM ,r)

dlψ(u,BM (σM , r))

≤ sup
u∈B(σM ,r)

[dlψ(uM ,BM (σM , r)) + dlψ(u, uM )]

≤ sup
u∈B(σM ,r)

dlψ(uM ,BM (σM , r)) + C(βM )

≤ Dψ(BM (σM , C(βM ) + r),BM (σM , r)) + C(βM ) ≤ 2C(βM ),
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where uM is the projection of u. The second inequality follows from Assumption 4.1, and the

third inequality is from the fact that for any u ∈ B(σM , r), we can find its projection uM such

that dlψ(uM , σM ) ≤ dlψ(uM , u) + dlψ(u, σM ) ≤ C(βM ) + r, that is, uM ∈ BM (σM , C(βM ) + r).

The last inequality follows from the Lemma 4.1(i). Likewise, we have

Dψ(BM (σM , r),B(σM , r)) = sup
uM∈BM (σM ,r)

dlψ(uM ,B(σM , r))

≤ sup
uM∈BM (σM ,r)

[dlψ(u,B(σM , r)) + dlψ(u, uM )]

≤ sup
uM∈BM (σM ,r)

dlψ(u,B(σM , r)) + C(βM )

≤ Dψ(B(σM , r + C(βM )),B(σM , r)) + C(βM ) ≤ 4C(βM ),

where the third inequality is derived from the fact that for any uM ∈ BM (σM , r), that is,

dlψ(uM , σM ) ≤ r, we have dlψ(u, σM ) ≤ dlψ(u, uM )+dlψ(uM , σM ) ≤ dlψ(u, uM )+r ≤ C(βM )+r,

that is u ∈ B(σM , r+C(βM )). The last inequality follows from the Lemma 4.1 (iii). Finally, by

the definition of Hausdorff distance under metric dlψ, the proof is complete.

4.3 Error bound on the optimal value

We now move on to investigate the difference between the optimal values of (RSRM-Opt’) and

(Appr-RSRM-Opt’). Let

ϑ∗ := min
z∈Z

max
σ∈B(σ0,r)

Mσ(f(z, ξ(ω))), and ϑ∗M := min
z∈Z

max
σ∈BM (σ0

M ,r)
Mσ(f(z, ξ(ω))).

Since the two optimization problems above are identical except the feasible sets of the inner

maximization problems, we can use standard stability analysis in parametric programming to

derive an error bound for the difference of their optimal values based on the difference of B(σ0, r)

and BM (σ0
M , r). The question is how to choose a proper pseudo-metric dlψ which facilitate our

analysis. For this purpose, we choose a particular G associated with f and make the following

technical assumption.

Assumption 4.2 Let Gf := {F←f(z,ξ)(·) : z ∈ Z}. There exist a constant p ∈ [1,∞) and a

positive function ψf ∈ L p[0, 1] such that the following growth condition in the space of quantile

functions holds.

|F←f(z,ξ)(t)| ≤ ψf (t), ∀t ∈ [0, 1]. (4.3)

To see how ψf could be possibly identified, we may identify functions a(ξ) and b(ξ) such that

a(ξ) ≤ f(z, ξ) ≤ b(ξ), ∀ξ ∈ Ω, z ∈ Z. Let F←a(ξ) and F←b(ξ) denote the quantile functions of a(ξ)

and b(ξ) and ψf (t) := max
(
F←a(ξ)(t), F

←
b(ξ)(t)

)
, ∀t ∈ [0, 1]. Then ψf satisfies (4.3).

Theorem 4.2 (Error bound on the optimal value) Let Assumption 4.2 hold, σ0 ∈ S and

σ0
M be a projection of σ0 on the space of SM . Assume Assumption 4.1 holds with Gf ⊂ G and

ψ = ψf . Then

|ϑ∗ − ϑ∗M | ≤ 5C(βM ).
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Proof. Let v(z) = maxσ∈B(σ0,r) Mσ(f(z, ξ(ω))) and vM (z) = maxσ∈BM (σ0
M ,r)

Mσ(f(z, ξ(ω))).

Then

|v(z)− vM (z)| =

∣∣∣∣∣ max
σ∈B(σ0,r)

Mσ(f(z, ξ(ω)))− max
σ̃∈BM (σ0

M ,r)
Mσ̃(f(z, ξ(ω)))

∣∣∣∣∣ (4.4)

=

∣∣∣∣∣ max
σ∈B(σ0,r)

min
σ̃∈BM (σ0

M ,r)
Mσ(f(z, ξ(ω)))−Mσ̃(f(z, ξ(ω)))

∣∣∣∣∣
≤ max

σ∈B(σ0,r)
min

σ̃∈BM (σ0
M ,r)
|Mσ(f(z, ξ(ω)))−Mσ̃(f(z, ξ(ω)))|

= max
σ∈B(σ0,r)

min
σ̃∈BM (σ0

M ,r)

∣∣∣∣∫ 1

0
F→f(z,ξ(ω))(t)(σ(t)− σ̃(t))dt

∣∣∣∣
≤ max

σ∈B(σ0,r)
min

σ̃∈BM (σ0
M ,r)

∫ 1

0
|σ(t)− σ̃(t)|ψf (t)dt = Dψf (B(σ0, r),BM (σ0

M , r)).

By exchanging the positions of BM (σ0
M , r) and B(σ0, r), we have |vM (z)−v(z)| ≤ Dψf (BM (σ0

M , r),B(σ0, r)),

Summarizing the discussions above, we have

|ϑ∗ − ϑ∗M | ≤ max
z∈Z
|v(z)− vM (z)| ≤ Hψf (BM (σ0

M , r),B(σ0, r)), (4.5)

where H denotes the Hausdorff distance under metric dlψf . The rest follows from Theorem 4.1.

It is important to note that the optimal values ϑ∗, ϑ∗M are independent of dlψf but the error

bound is dependent of dlψf . From the proof of the theorem, we can see that the error bound

(4.5) is indeed tight, because equality might hold in the the first inequality of formulae (4.4)

under some special circumstances, and likewise, equality might hold in the second inequality

when F→f(z,ξ(ω))(t) and σ(t)− σ̃(t) are co-monotonic.

5 Stability analysis and statistical robustness

In this section, we move on to investigate the stability of our robust spectral risk optimization

model (RSRM-Opt). We proceed the investigation in two steps. First, we discuss how a small

perturbation of the probability distribution P of ξ affects the optimal value. This is in line

with classical stability analysis in stochastic programming. A particularly interesting case is

that the true probability distribution is approximated by a discrete distribution such as sample

average approximation, and the resulting stability result will serve as theoretical grounding

for the numerical schemes developed in Section 3 to be extended from discrete distribution

to continuous distribution of P . Second, we consider the case that P has to be recovered by

empirical data and the data may contain some noise. We investigate the quality of the resulting

optimal value of (RSRM-Opt) based on the contaminated data.

5.1 Quantitative stability analysis

Let X : (Ω,F ,P)→ IR be a financial loss, where Ω is a sample space with sigma algebra F and

P is a probability measure. Let P = P◦X−1 be push-forward probability measure on IR induced
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by X. By definition, FX(x) = P(X ≤ x) = P ((−∞, x]). Let T←FX (U) := inf{t ∈ IR : FX(t) ≥ U},
where U is a random variable on (Ω,F ,P) that is uniformly distributed over (0, 1). By [29,

Lemma 2.15], T←FX (U) is a random variable with distribution FX and it is known as the quantile

transformation. Thus F←X (t) = T←FX (t), for all t ∈ [0, 1]. This means we can write the spectral

risk measure Mσ(X) as Mσ(X) =
∫ 1

0 T
←
FX

(t)σ(t)dt := ρσ(FX). From the discussions above, we

can see that the spectral risk measure may be perceived not only as a classical risk measure

defined on the prospect space of losses, but also a risk measure defined on the probability space

P(IR) or on the space of quantile functions.

Let us now consider the case that X = f(z, ξ) where f is defined as in (2.7). Let µz :=

P ◦ f−1(z, ·) be a probability measure on IR induced by f , where P = P ◦ ξ−1 is a probability

measure on IRk induced by ξ. Let Fµz(x) := µz((−∞, x]) for any x ∈ IR. Then

Mσ(f(z, ξ)) =

∫ 1

0
T←µz (t)σ(t)dt =: ρσ(µz), (5.1)

where we write T←µz (t) for T←Fµz (t). Let RA(µz) := supσ∈A ρσ(µz). Then problem (RSRM-Opt)

can be equivalently written as

ϑ(P ) := min
z∈Z
RA(µz). (5.2)

Here by writing the optimal value ϑ(P ) as a function of P , we indicate explicitly its dependence

on P . Next, we investigate continuity of ϑ in P . To this end, we need some intermediate

technical results.

Definition 5.1 (Wasserstein distance/ metric) For probability measures P and P̃ , the Wasser-

stein distance/ metric of order r ≥ 1 is dr(P, P̃ ) =
(

infπ
∫∫

d
(
ξ, ξ̃
)r
π(dξ,dξ̃)

) 1
r
, where π is

among all probability measures over IRk × IRk with marginals P and P̃ , i.e.,

P (A) = π(A× IRk), ∀A ∈ B(IRk) and P̃ (B) = π(IRk ×B), ∀B ∈ B(IRk).

It is well known that convergence under Wasserstein metric implies weak convergence, see i.e.,

[30]. In the case when r = 1, it reduces to Kantorovich metric.

Lemma 5.1 (Theorem 2.15 [30]) The Wasserstein distance of order r ≥ 1 for measures P

and P̃ on the real line IR is

dr(P, P̃ ) =

(∫ 1

0
|F←P (t)− F←

P̃
(t)|rdt

) 1
r

, (5.3)

where FP (y) := P ((−∞, y]) is the associate cumulative distribution function and F←P (t) :=

infy{FP (y) ≥ t} its generalized inverse.

Let φ : IRk → [0,∞) be a continuous function andMφ
k :=

{
P ′ ∈P(IRk) :

∫
IRk φ(t)P ′(dt) <∞

}
.

In the particular case when φ := ‖ · ‖p, where ‖ · ‖ denotes the Euclidean norm in IRk and p is a

positive number, we write Mp
k for M‖·‖

p

k .
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Definition 5.2 (φ-weak topology) Let φ : IRk → [0,∞) be a gauge function, that is, φ ≥ 1

holds outside a compact set. Define Cφk the linear space of all continuous functions h : IRk → IR

for which there exists a positive constant c such that |h(t)| ≤ c(φ(t) + 1),∀t ∈ IRk. The φ-weak

topology, denoted by τφ, is the coarsest topology on Mφ
k for which the mapping gh : Mφ

k → IR

defined by gh(P ′) :=
∫

IRk h(t)P ′(dt), h ∈ Cφk is continuous. A sequence {Pl} ⊂ Mφ
k is said to

converge φ-weakly to P ∈Mφ
k written Pl

φ−→ P if it converges w.r.t. τφ.

We need the following assumption which is known as the growth condition in the literature,

see [29]. In order to derive our qualitative and quantitative stability results of ϑ(·) near P , we

require following technical assumption.

Assumption 5.1 There exist κ, ν ∈ IR+ such that |f(z, ξ)| ≤ κ(‖ξ‖ν + 1), ∀(z, ξ) ∈ Z × IRk.

Proposition 5.1 Assume: (a) Assumption 5.1 holds, (b) there is a positive number q > 1 such

that A ⊂ L q[0, 1], (c) there is a positive constant p ≥ 1 with 1
p + 1

q = 1 such that P ∈Mνp
k , (d)

A is a compact set in L q[0, 1]. Then, RA :Mp
1 → IR is well-defined and is Lipschitz continuous

with modulus being bounded by supσ∈A

[∫ 1
0 σ(t)qdt

] 1
q
.

Proof. Under conditions (a) and (c), it follows by [29, Corrorary 2.11] that µz = P ◦f−1(z, ·) ∈
Mp

1, i.e.,
∫

IR |x|
pµz(dx) < ∞ for all P ∈ Mνp

k . Since
∫ 1

0 |T
←
µz (t)|pdt =

∫
IR |x|

pµz(dx) < ∞, it

implies the quantile transformation T←µz (·) ∈ L p. The latter ensures, under condition (b), that

ρσ(µz) :=
∫ 1

0 T
←
µz (t)σ(t)dt <∞ for every σ ∈ A and consequently RA(µz) <∞ under condition

(d). Next, we show the Lipschtz continuity of RA. Let µ′, µ ∈ Mp
1. By Hölder’s inequality and

Lemma 5.1,

|RA(µ′)−RA(µ)| =

∣∣∣∣sup
σ∈A

∫ 1

0
T←µ′ (t)σ(t)dt− sup

σ∈A

∫ 1

0
T←µ (t)σ(t)dt

∣∣∣∣
≤ sup

σ∈A

∣∣∣∣∫ 1

0

(
T←µ′ (t)− T←µ (t)

)
σ(t)dt

∣∣∣∣
≤ sup

σ∈A

{[∫ 1

0

∣∣T←µ′ (t)− T←µ (t)
∣∣p dt] 1

p
[∫ 1

0
σ(t)qdt

] 1
q

}

= dp(µ
′, µ) sup

σ∈A

[∫ 1

0
σ(t)qdt

] 1
q

,

where we use (5.3) to establish the last equality. The conclusion follows.

The result is a generalization of Pichler [23, Colloary 13] for SRM. In what follows, we

investigate continuity of ϑ(·) near P .

Theorem 5.1 Let the assumptions of Proposition 5.1 be satisfied. Then

lim

P ′
||·||νp−−−→P

ϑ(P ′) = ϑ(P ). (5.4)
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Moreover, if f is uniformly Hölder continuous in ξ, that is, |f(z, ξ′)−f(z, ξ)| ≤ κ‖ξ′−ξ‖ν , ∀ξ′, ξ ∈
IRk, z ∈ Z, where κ and ν are defined as in Assumption 5.1, then

|ϑ(P ′)− ϑ(P )| ≤ κdpν(P ′, P )ν sup
σ∈A

[∫ 1

0
σ(t)qdt

] 1
q

, (5.5)

where dpν is the Wasserstein metric with order pν.

Before providing a proof of the theorem, we make some comments on the business insights

that the technical results may shed. Recall that by Definition 2.1, the exponent q is the tail risk

index of a decision maker, i.e., the larger q is, the more risk averse the decision maker will be

on the tail loss. On the other hand, for positive numbers p1 < p2, Mνp2
k ⊂ Mνp1

k . From (5.4)

and (5.5), we can see that when q increases, p is forced to decrease, which means that Mνp
k

becomes larger in order to maintain the required stability. In other words, when the decision

maker is more risk averse at tail losses, the optimal value ϑ is more likely to be stable against

perturbation of probability P .

Proof. Part (i). Observe first that P(IRk) is separable (see [17]). Thus it suffices to show that

lim

Pl
||·||νp−−−→P

ϑ(Pl) = ϑ(P ) (5.6)

for any sequence {Pl} ⊂ Mνp
k converging to P under topology τ||·||νp . Let µlz = Pl ◦ f(z, ·)−1.

Then from Proposition 5.1, ϑ(µlz) is well defined. The estimation

|ϑ(Pl)− ϑ(P )| ≤ sup
z∈Z

∣∣∣RA(µlz)−RA(µz)
∣∣∣ ≤ sup

z∈Z

[∫ 1

0

∣∣∣T←µlz (t)− T←µz (t)
∣∣∣p dt] 1

p

sup
σ∈A

[∫ 1

0
σ(t)qdt

] 1
q

= sup
z∈Z

dp(µ
l
z, µz) sup

σ∈A

[∫ 1

0
σ(t)qdt

] 1
q

, (5.7)

holds, where p, q ≥ 1 and 1
p + 1

q = 1. The first inequality follows from standard stability analysis

in parametric programming and the second inequality follows from (5.1), (5.2) and Hölder in-

equality, the last equality follows from Lemma 5.1. It remains to show that supz∈Z dp(µl, µ)→ 0,

but this is guaranteed by our setup that Z is a compact set and [29, Lemma 2.74] which states

that µ = P ◦ f−1 is continuous w.r.t. (P, z).

Part (ii). The result is essentially covered by [31, Theorem 6], here we include a simple proof

for self-containedness. By transformation of variables, we have

dp(µ
l
z, µz) =

(
inf
π̃

∫ ∫
IRk×IRk

|f(z, ξ′)− f(z, ξ)|pπ̃(dξ, ξ′)

) 1
p

,

where π̃ is a joint probability distribution over IRk × IRk with

π̃(A, IRk) = Pl(A), ∀A ∈ B(IRk) and π̃(IRk, B) = P (B), ∀B ∈ B(IRk).

By exploiting the Hölder continuity of f in ξ, we have

dp(µ
l
z, µz) ≤ κ

(
inf
π̃

∫ ∫
IRk×IRk

‖ξ′ − ξ‖pν π̃(dξ, ξ′)

) 1
p

= κdpν(Pl, P )ν .

The proof is complete.
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Remark 5.1 In a particular case that P ′ = PN where PN is defined in (5.8), dpν(PN , P )

converges to 0 at exponential rate against increase of sample size N , see [32, Theorem 2] for

details. This means ϑ(PN ) converges to ϑ(P ) at exponential rate.

5.2 Statistical robustness

We now move on to the second step. Let P(IRk) denote the set of all probability measures in IRk

and P,Q ∈ P(IRk). Let ξ1, · · · , ξN and ξ̃1, · · · , ξ̃N be independent and identically distributed

(iid for short) samples generated by ξ with distributions P and Q respectively 3. Let

PN (·) :=
1

N

N∑
i=1

1ξi(·) and QN (·) :=
1

N

N∑
i=1

1ξ̃i(·)

be the respective empirical distributions, where 1ξ̃(·) denotes the Dirac measure at ξ̃. We refer

to P as the true probability distribution and Q its perturbation. In other words, we regard

ξ1, · · · , ξN as samples generated by random variable ξ when it follows distribution P although

we do not know what it is.

Let ϑ(PN ) and ϑ(QN ) denote the optimal values of problem (5.2) with P = PN and P = QN
respectively. Based on the discussions above, ϑ(QN ) is obtained from solving (RSRM-Opt) with

real data whereas ϑ(PN ) is the optimal value based on ideal uncontaminated data. In practice,

we can only obtain ϑ(QN ). However, we hope that ϑ(QN ) is close to ϑ(PN ) so that the former

is a useful estimate of the true robust optimal value ϑ(P ) when the sample size is sufficiently

large.

In what follows, we investigate the discrepancy between ϑ(PN ) and ϑ(QN ). Following the

convention in the literature of statistical robustness [18], we do so by examining the discrepancy

between the push-forward distributions induced by the two statistical estimators, i.e., P⊗N ◦
ϑ(PN )−1 and Q⊗N ◦ ϑ(QN )−1 in the probability space P(IR) under some metrics. Here we use

the Kantorovich metric instead of Prokhorov metric or Levy metric as in [18, 15], and we will

show that this facilitates us to derive a quantitative result which is a significant step forward

from qualitative result. To this end, we need to introduce some intermediate technical notions

and results.

Let Fp(IRk) :=
{
ψ : IRk → IR : |ψ(ξ)− ψ(ξ̃)| ≤ cp(ξ, ξ̃)‖ξ − ξ̃‖,∀ξ, ξ̃ ∈ IRk

}
, where ‖ · ‖ de-

notes some norm on IRk and cp(ξ, ξ̃) := max{1, ‖ξ‖, ‖ξ̃‖}p−1 for all ξ, ξ̃ ∈ IRk and exponent

p ≥ 1 characterizes the growth of the local Lipschitz constant. Recall that the p-th order

Fortet-Mourier metric for any probability measures P,Q ∈P(IRk) is defined by

ζp(P,Q) := sup
ψ∈Fp(IRk)

∣∣∣∣∫
IRk

ψ(ξ)P (dξ)−
∫

IRk
ψ(ξ)Q(dξ)

∣∣∣∣ ,
see [26]. In the case when p = 1, the class of functions in Fp(IRk) are globally Lipschitz

continuous and consequently ζp(P,Q) reduces to the Kantorovich metric, to be denoted by

3Here we use terminology probability measure and probability distributions interchangeably. Likewise, we

are slightly abusing the notation ξi for samples and random variables. The correct reading should be samples

generated by independent random variables ξ1, · · · , ξN whose distribution are identical to that of ξ.
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dlK,k(P,Q), where the first subscript indicate Kontorovich and the second subscript indicate the

dimension of IRk.

Lemma 5.2 Let ξ := (ξ1, · · · , ξN ) ∈ (IRk)⊗N and

Ψ :=

{
ψ : (IRk)⊗N → IR : |ψ(ξ̃)− ψ(ξ̂)| ≤ 1

N

N∑
k=1

cp(ξ̃
k, ξ̂k)‖ξ̃k − ξ̂k‖,∀ξ̃, ξ̂ ∈ (IRk)⊗N

}
.

Let dlΨ(P⊗N , Q⊗N ) := supψ∈Ψ

∣∣∣∫(IRk)⊗N ψ(ξ̃)P⊗N (dξ̃)−
∫

(IRk)⊗N ψ(ξ̂)Q⊗N (dξ̂)
∣∣∣. Then dlΨ(P⊗N , Q⊗N ) ≤

ζp(P,Q).

Proof. Let ξ−j := {ξ1, · · · , ξj−1, ξj+1, · · · , ξN}, ξj := {ξ1, · · · , ξj} and ξ−j := {ξj+1, · · · , ξN}.
For any P1, · · · , PN ∈P(IRk) and any j ∈ {1, · · · , N}, denote

P−j(dξ
−j) := P1(dξ1) · · ·Pj−1(dξj−1)Pj+1(dξj+1) · · ·PN (dξN )

and hξ−j (ξ
j) :=

∫
(IRk)⊗(N−1) ψ(ξ−j , ξj)P−j(dξ

−j). Then

|hξ−j (ξ̃
j)− hξ−j (ξ̂

j)| ≤
∫

(IRk)⊗(N−1)

∣∣∣ψ(ξ−j , ξ̃j)− ψ(ξ−j , ξ̂j)
∣∣∣P−j(dξ−j)

≤
∫

(IRk)⊗(N−1)

1

N
cp(ξ̃

j , ξ̂j)‖ξ̃j − ξ̂j‖P−j(dξ−j) ≤
1

N
cp(ξ̃

j , ξ̂j)‖ξ̃j − ξ̂j‖.

Let H denote the set of functions hξ−j (ξ
j) generated by ψ ∈ Ψ. By the definition of dlΨ and the

p-th order Forter-Mourier metric,

dlΨ(P−j × P̃j , P−j × P̂j) = sup
ψ∈Ψ

∣∣∣∣∣
∫

IRk

∫
(IRk)⊗(N−1)

ψ(ξ−j , ξj)P−j(dξ
−j)P̃j(dξ

j)

−
∫

IRk

∫
(IRk)⊗(N−1)

ψ(ξ−j , ξj)P−j(dξ
−j)P̂j(dξ

j)

∣∣∣∣∣
= sup

h
ξ−j∈H

∣∣∣∣∫
IRk

hξ−j (ξ
j)P̃j(dξ

j)−
∫

IRk
hξ−j (ξ

j)P̂j(dξ
j)

∣∣∣∣ ≤ 1

N
ζp(P̃j , P̂j),

where the inequality is due to Nhξ−j (ξ
j) ∈ Fp(IRk) and the definition of ζp(P,Q). Finally, by

the triangle inequality of the pseudo-metric, we have

dlΨ
(
P⊗N , Q⊗N

)
≤ dlΨ

(
P⊗N , P⊗(N−1) ×Q

)
+ dlΨ

(
P⊗(N−1) ×Q,P⊗(N−2) ×Q⊗2

)
+ · · ·+ dlΨ

(
P ×Q⊗(N−1), Q⊗N

)
≤ 1

N
ζp(P,Q)×N = ζp(P,Q).

The proof is complete.

With the lemma, we are able to derive the desired quantitative statistical robustness for ϑN .

Theorem 5.2 (Quantitative statistical robustness) Let the assumptions of Proposition 5.1

be satisfied. If in addition f is locally Lipscthitz continuous function that increases with p in ξ,

i.e.,

|f(z, ξ)− f(z, ξ′)| ≤ cp(ξ, ξ′)‖ξ − ξ′‖,∀ξ, ξ′ ∈ IRk, z ∈ Z,
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where cp(ξ, ξ
′) := (max{1, ‖ξ‖, ‖ξ′‖})p−1. Then for any N ∈ N and any P,Q ∈Mνp

k

dlK,1
(
P⊗N ◦ ϑ(PN )−1, Q⊗N ◦ ϑ(QN )−1

)
≤ LNζp(P,Q), (5.8)

where LN := N supσ∈A
∫ 1
N−1
N

σ(t)dt.

Theorem 5.2 says that if Q is perturbed from P within setMνp
k , then ϑ(QN ) is close to ϑ(PN )

(in the sense of their respective push-forward distributions under the Kantorovich metric) for

all Q close to P (under the Fortet-Mourier metric), and (5.8) gives a bound on the propagation

of the error to the optimal values. In the case when all risk spectra in A are uniformly bounded

by a positive constant C, we have LN ≤ C, which means the error bound holds uniformly for

all N .

In practice, since P is unknown, it is difficult to identify the distance between P and Q.

The usefulness of the theorem may therefore be understood as that it provides some theoretical

guidance: if the perceived empirical data is generated by some probability distribution Q (this

may be predicted using standard statistical methods such as histograms) which is close to P

(this is the true which the decision maker has in mind or under conjecture) and Q satisfies the

moment condition
∫
t∈IRk |t|

νpQ(dt) < ∞,∀Q ∈ Mνp
k (which can be verified through empirical

data), then we may believe that the optimal value computed with perceived data is close to the

one with ideal data (without noise).

Since Mνp is affected by p as we commented right after Theorem 5.1, a smaller p leads to a

largerMνp. So we can roughly say that if a decision maker puts more weights on the tail losses

(q is larger), then ϑ(QN ) is more likely to be statistically robust.

Proof. Let ξ := (ξ1, · · · , ξN ) ∈ (IRk)⊗N . Notice that both ϑ(PN ) and ϑ(QN ) are essentially

functions of iid samples ξ and ξ̃ that PN and QN are based on respectively. Let G be the set of

all Lipschitz continuous functions on IR with modulus bounded by 1. By definition

dlK,1
(
P⊗N ◦ ϑ(PN )−1, Q⊗N ◦ ϑ(QN )−1

)
= sup

g∈G

∣∣∣∣∫
IR
g(t)P⊗N ◦ ϑ(P−1

N )(dt)−
∫

IR
g(t)Q⊗N ◦ ϑ(Q−1

N )(dt)

∣∣∣∣
= sup

g∈G

∣∣∣∣∣
∫

(IRk)⊗N
g(ϑ(ξ))P⊗N (dξ)−

∫
(IRk)⊗N

g(ϑ(ξ̃))Q⊗N (dξ̃)

∣∣∣∣∣ . (5.9)

Next, we use Lemma 5.2 to estimate the right hand side of (5.9). Let µNz := PN ◦ f−1(z, ·) and

µ̃Nz := QN ◦ f−1(z, ·). By Proposition 5.1, ϑ(µNz ) is well defined. Moreover, by (5.2)∣∣∣g(ϑ(ξ))− g(ϑ(ξ̃))
∣∣∣ ≤ ∣∣∣ϑ(ξ)− ϑ(ξ̃)

∣∣∣ =

∣∣∣∣min
z∈Z

sup
σ∈A

ρσ(µNz )−min
z∈Z

sup
σ∈A

ρσ(µ̃Nz )

∣∣∣∣
≤ sup

z∈Z
sup
σ∈A

∣∣∣∣∫ 1

0
T←µNz

(t)σ(t)dt−
∫ 1

0
T←µ̃Nz

(t)σ(t)dt

∣∣∣∣ ≤ sup
z∈Z

sup
σ∈A

N∑
k=1

∫ k
N

k−1
N

σ(t)
∣∣∣T←µNz (t)− T←µ̃Nz (t)

∣∣∣ dt
≤ sup

σ∈A

∫ 1

N−1
N

σ(t)dt sup
z∈Z

N∑
k=1

∫ k
N

k−1
N

∣∣∣T←µNz (t)− T←µ̃Nz (t)
∣∣∣ dt.
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For any fixed z ∈ Z, let f(z, ξi1) ≤ · · · ≤ f(z, ξiN ) and f(z, ξ̃j1) ≤ · · · ≤ f(z, ξ̃jN ) denote the

order of sequences {f(z, ξk)}Nk=1 and {f(z, ξ̃k)}Nk=1 respectively. Then

N∑
k=1

∫ k
N

k−1
N

∣∣∣T←µNz (t)− T←µ̃Nz (t)
∣∣∣ dt =

N∑
k=1

∣∣∣f(z, ξik)− f(z, ξ̃jk)
∣∣∣ ≤ N∑

k=1

∣∣∣f(z, ξk)− f(z, ξ̃k)
∣∣∣ .

The last inequality holds due to the fact that if {ai}Ni=1 and {bi}Ni=1 are two non-decreasing

sequences, then for any permutation {k1, k2, . . . , kN} of {1, 2, . . . , N}, we have
∑N

i=1 |ai − bi| ≤∑N
i=1 |ai − bki |. This result can be easily proved by induction, we omit the details. Therefore,

we have∣∣∣g(ϑ(ξ))− g(ϑ(ξ̃))
∣∣∣ ≤ sup

σ∈A

∫ 1

N−1
N

σ(t)dt sup
z∈Z

N∑
k=1

∣∣∣f(z, ξk)− f(z, ξ̃k)
∣∣∣

≤ sup
σ∈A

∫ 1

N−1
N

σ(t)dt

N∑
k=1

cp(ξ
k, ξ̃k)‖ξk − ξ̃k‖ = N sup

σ∈A

∫ 1

N−1
N

σ(t)dt× 1

N

N∑
k=1

cp(ξ
k, ξ̃k)‖ξk − ξ̃k‖,

where we exploit noncreasing property of σ to establish the second inequality. By setting LN :=

N supσ∈A
∫ 1
N−1
N

σ(t)dt, we arrive at

∣∣∣g(ϑ(ξ))− g(ϑ(ξ̃))
∣∣∣ ≤ LN

N

N∑
k=1

cp(ξ
k, ξ̃k)‖ξk − ξ̃k‖,∀g ∈ G , ξ, ξ̃ ∈ (IRk)⊗N .

Let Ψ := 1
LN
{g(ϑ(·)) : (IRk)⊗N → IR : g ∈ G }. By applying Lemma 5.2 to this context, we

obtain

sup
g∈G

∣∣∣∣∣
∫

(IRk)⊗N
g(ϑ(ξ))P⊗N (dξ)−

∫
(IRk)⊗N

g(ϑ(ξ̃))Q⊗N (dξ̃)

∣∣∣∣∣ ≤ LNζp(P,Q),

The proof is complete.

6 Numerical tests

We have carried out some numerical tests to validate the theoretical results of this paper in the

context of a stylized portfolio selection problem. The subsequent simulation experiments are

designed to provide additional insights into the performance of the proposed robust spectral risk

measure based optimization scheme (RSRM-Opt). Specifically, the portfolio selection problem

under our optimization scheme is as follows.

Consider a capital market consisting of m assets whose yearly returns are captured by the

random vector ξ = (ξ1, . . . , ξm)T. If short-selling is forbidden, a portfolio is encoded by a vector

of percentage weights z = (z1, . . . , zm)T ranging over the simplex Z = {z ∈ IRm
+ :

∑m
i=1 zi = 1}.

As portfolio z invests a percentage zi of the available capital in asset i for each i = 1, . . . ,m, its

return amounts to zTξ. In the remainder we aim to solve the following single-stage stochastic

programming problem

min
z∈Z

max
σ∈B(σ0,r)

Mσ(−zTξ), (6.1)
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which minimizes the robust spectral risk measure of the portfolio loss −zTξ. We use Algorithm

3.1 to solve the problem via the step-like approximation scheme (Appr-RSRM-Opt’) in Section

3.2.

Our experiments are based on a market with m = 10 assets considered by Esfahani and

Kuhn in [25]. In view of the capital asset pricing model we may assume that the return ξi is

decomposable into a systematic risk factor ϕ ∼ N (0, 2%) common to all assets and an unsys-

tematic or idiosyncratic risk factor ζi ∼ N (i × 3%, i × 2.5%) specific to asset i. Thus, we set

ξi = ϕ + ζi, where ϕ and the idiosyncratic risk factors ζi, i = 1, . . . ,m, constitute indepen-

dent normal random variables. By construction, assets with higher indices promise higher mean

returns at a higher risk. We use ξ := (ξ1, . . . , ξ10)T to generate K iid samples and select the

break points t1, . . . , tM from
{

1
K ,

2
K , . . . ,

K−1
K

}
so that the integral

∫ πk+1

πk
1[ti,ti+1)(t)dt in (3.14a)

is equal to πk+1 − πk = pk. In the following two experiments, we set ψ(t) = t in the definition

of the pseudo-metric dlψ and the nominal spectral function σ0(t) = 1
2(1 − t)−

1
2 . For simplicity,

we choose the projection of σ0 onto the space SM is

σ0
M (τ) :=

{
σ0(ti), for τ ∈ [ti, ti+1), i = 0, 1, . . . ,M − 1,

M + 1−
∑M−1

i=0 σ0(ti), for τ ∈ [tM , tM+1).
(6.2)

We implement our experiments on Matlab 2018a installed in a desktop with Windows 10 oper-

ating system (i5-6600 CPU, 3.30GHz, 8GB memory (RAM)). We use the proposed alternating

iterative algorithm, i.e., Algorithm 3.1, to solve (Appr-RSRM-Opt’). Specifically, we use the

add-on Optimation Toolbox in Matlab to solve program (3.14) directly and use the classical

cutting plane method to solve program (3.15), where for each step, we also use the add-on

Optimization Toolbox to solve the corresponding program.

6.1 Impact of the radius of ambiguity set

In the first experiment we investigate the impact of the ambiguity set radius r on the optimal

robust portfolios and the optimal value of robust portfolios. We solve problem (6.1) via Algo-

rithm 3.1 using training datasets of cardinality K ∈ {30, 300, 3000}, the number of breakpoints

M = 5 with ti = i
M+1 for i = 0, 1, . . . ,M and the radius of ambiguity set r ∈ [0.01, 100]. Figure

1 and Figure 2 visualize the corresponding optimal portfolio weights z(r) and the corresponding

optimal value as a function of r, averaged over 100 independent simulation runs separately. Our

numerical results show that as the radius of the ambiguity set increases, the optimal portfolio

weights shift to the first seven assets and they are pretty evenly spread. Differing from Esfahani

and Kuhn in [25], the spread is not even over the ten assets. We are unable to explain the

phenomena exactly but our conjecture is that it has to do with the difference of spaces that

the balls of ambiguity are defined albeit there is some connection via (2.4). In other words,

expansion of the ball of risk spectra does not necessarily match expansion of the Wasserstein

ball in the same structure.

6.2 Impact of the number of breakpoints M and CPU time

In the second experiment we investigate the impact of step-like approximation BM (σ0
M , r) to

B(σ0, r) on the optimal robust portfolios and the corresponding optimal values. We solve prob-
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(a) (b) (c)

Figure 1: Optimal portfolio composition as a function of the ambiguity set radius r averaged over 100

simulations for M = 5 breakpoints; the portfolio weights are depicted in ascending order, i.e., the weight

of asset 10 at the top (brick red area) and that of asset 9 at the second top (red area), and so on. (a)

K = 30 training samples. (b) K = 300 training samples. (c) K = 3000 training samples.

(a) (b) (c)

Figure 2: Optimal value of robust portfolios as a function of the ambiguity set radius r averaged over

100 simulations for M = 5 breakpoints. (a) K = 30 training samples. (b) K = 300 training samples.

(c) K = 3000 training samples.
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lem (6.1) through Algorithm 3.1 using training datasets of cardinality K = 300, radius of am-

biguity set r = 0.01 and breakpoints M = 1, 2, 3, 4, 5, 9, 11, 14, 19, 24, 29, 49, 59, 74, 99, 149, 299

such that M+1 is the divisor of K and then ti = i
M+1 for i = 1, . . . ,M . It is difficult to calculate

the precise optimal value ϑ∗ of (RSRM-Opt’) since the inner maximization problem is infinite

dimensional. In this experiment, we use M = 10000 to solve the problem (Appr-RSRM-Opt’)

and regard its optimal value ϑ∗10000 = −0.1828 as the true optimal value ϑ∗ of the problem

(RSRM-Opt’). Figure 3(a) and Figure 3(b) visualize the change of the optimal portfolio weights

z and the optimal value as the number of breakpoints M increases. The results are averaged

over 100 independent simulation runs. From Figure 3(b), we can see that the optimal value ϑ∗M
of (Appr-RSRM-Opt’) converges to −0.1828 as M increases. This is because the projection of

the nominal risk spectrum function, σ0
M , converges to σ0 as M increases and hence the ambi-

guity set BM (σ0
M , r) converges to B(σ0, r). In this experiment, we also consider the CPU time

of Algorithm 3.1 to solve problem (6.1). Figure 3(c) visualizes the CPU time as the number

of breakpoints M increases, averaged over 100 independent simulation runs, for K = 300 and

K = 600. From Figure 3(c), we can roughly state that the average CPU time grows slowly as

M increases and the sample size has small impact on the average CPU time.

(a) (b) (c)

Figure 3: (a) Optimal solution of robust portfolios as M increases averaged over 100 simulations. (b)

Optimal value of robust portfolios as M increases averaged over 100 simulations. (c) CPU time as M

increases averaged over 100 simulations.
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