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Abstract

This paper addresses the vehicle routing problem with time windows and stochastic demands (VRPTWSD).
The problem is modeled as a two-stage stochastic program with recourse, in which routes are designed
in the first stage and executed in the second. A failure occurs if the load of the vehicle is insufficient to
meet the observed demand of a customer, implying recourse actions to recover feasibility. We consider the
classical recourse policy where reactive trips to the depot are made in case of failures and a fixed rule-based
recourse policy where, in addition, preventive trips are allowed. These recourse actions delay the vehicle
and may cause further failures if the arrival times on the remaining customers of the planned route do not
satisfy their time windows. An additional recourse action is used to service the customers whose time
windows would be violated in the planned routes. We propose an Integer L-shaped algorithm considering
the mentioned recourse actions. To the best of our knowledge, this is the first tailored exact approach for
the VRPTWSD. Computational experiments using 112 benchmark instances evaluate the performance of
this algorithm as well as the quality of the stochastic problem solutions. The results indicate significant
savings in the solutions when using the fixed rule-based policy and round-trip recourse actions instead of
the classical policy. Additionally, the algorithm performed better with the fixed rule-based policy, solving
to optimality all instances with up to 34 customers, and taking less time on instances that were solved to

optimality with both policies.
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1. Introduction

The vehicle routing problem (VRP) entails the design of least-cost routes to meet the demand of a
number of customers spread across a geographic area. These routes must start and end at the depot; each
customer must be visited exactly once; and the vehicle load along each route cannot exceed its capacity.
An extensively studied variant of this problem is the VRP with time windows (VRPTW), which imposes

the additional requirement that the service at each customer starts within its time window (Toth and Vigo,
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2014; Braekers et al., 2016). Most research addressing the VRPTW assumes that the input parameters are
deterministic, i.e., customer demands as well as service and travel times are known a priori from the route
design. A different setting is observed in most real logistics configurations though, as random factors act
directly and indirectly on these parameters, making them stochastic. However, addressing a problem in
its stochastic version typically makes it more difficult to solve than its deterministic counterpart, bringing
additional challenges for the design of efficient methods (Gendreau et al., 2016).

In this paper, we address the VRP with time windows and stochastic demands (VRPTWSD) and assume
that the actual demands are revealed only when the vehicle arrives at the customer location. The problem is
modeled as a two-stage stochastic program with recourse, in which routes are designed in the first stage and
executed in the second. In the execution stage, failures can occur if the load of a vehicle is insufficient to
meet the observed demand of vertices. In such cases, recourse actions are performed to recover the feasibility
of the routes designed in the first stage. To govern the recourse actions, we use a fixed rule-based policy
introduced by Salavati-Khoshghalb et al. (2019c) that allows implementing preventive recourse actions to
avoid possible future failures along the route. We use two recourse actions commonly used in the literature
(Dror et al., 1989; Bertsimas, 1992; Laporte et al., 2002; Mendoza and Villegas, 2013), implemented under
fixed rule-based policy as follows. In the first rule, if the vehicle load is not sufficient to meet the observed
demand of a vertex, the vehicle performs a back-and-forth (BF) trip to the depot, where the vehicle is
replenished and then returns to the same vertex. In the second, if the vehicle load after meeting the demand
of a given vertex of the route falls below a previously fixed threshold value, the vehicle performs a restocking
trip (RT) to the depot for replenishing and then proceeds to the next vertex along its route.

An immediate consequence of applying these recourse actions is the change in the arrival times at the
remaining vertices of the planned route because of the additional time required by the vehicle to return to the
depot and resume its deliveries.We assume that a time window failure occurs if the arrival time in a vertex
is outside its time windows in the planned route. Concerning this new failure event, we use an additional
recourse action given by a special service that generates an extra cost. This special service may represent
different types of strategies for the customers involved in a failure, such as performing separate round trips
to each of them; leaving these customers to the next working day but with higher priority to their service;
or any other strategy within the policy established between the transport company and customers that can
be represented by extra costs. Our recourse action is based on the one introduced by Lei et al. (2011),
consisting of using separate round trips to serve customers whose time windows would be violated in the
planned route, which generates a cost proportional to the length of the corresponding individual round trips
from the depot. Hence, a customer is not serviced in the planned route if the vehicle arrives at this customer
outside its time window. Instead, we assume that this customer is serviced by a round trip performed with
a smaller and faster vehicle that can manage to satisfy the customer’s time window (e.g., using a premium
transportation at the expense of higher costs). Hence, we consider hard time windows in the design of the
first-stage routes as well as in the round trips used in the recourse actions related to time window failures in
the planned routes.

To solve the VRPTWSD with the fixed rule-based policy, we propose an Integer L-shaped algorithm
(Laporte and Louveaux, 1993). The overall performance of the algorithm is improved by using the k-path
inequalities introduced in Kohl et al. (1999), in which the separation for k = 2 uses the labeling algorithm to
exactly solve the traveling salesman problem with time windows (TSPTW), as in Desaulniers et al. (2008,

2016) and De La Vega et al. (2020). Furthermore, we design a procedure to determine a valid lower bound on



the expected recourse cost for general partial routes, which is then used in the generation of lower bounding
functionals (LBF) as in Jabali et al. (2014). These LBF cuts improve the overall efficiency of the algorithm
by tightening the linear relaxation of the subproblem and thus stemming the growth of the search tree. To the
best of our knowledge, this is the first tailored exact method for the VRPTWSD considering the fixed rule-
based policy. Additionally, no other exact approach for the VRPTWSD has resorted to k-path inequalities
and LBF cuts.

The VRPTWSD has only been addressed by Chang (2005) and Lei et al. (2011). Chang (2005) modeled
the problem as a two-stage stochastic program with recourse and proposed an Integer L-shaped algorithm
for its solution in which the optimality cuts correspond to those proposed in Gendreau et al. (1995). In
Lei et al. (2011), the problem was also approached as a two-stage stochastic program with recourse but
solved using an adaptive large neighborhood search heuristic. Our approach differs from the one proposed
by Chang (2005) as we consider hard time windows on vertices and rely on k-path inequalities and LBF
cuts in the Integer L-shaped method. It also differs from Lei et al. (2011) for being an exact method and
for using a backward recursive expression to compute the costs associated with recourse actions of the fixed
rule-based policy.

In summary, the main contributions of this paper are as follows: 1) we propose the first tailored exact
method based on the Integer L-shaped algorithm to effectively solve the VRPTWSD, considering both the
classical and the fixed rule-based recourse policies; 2) we extend the recursive expression described by
Salavati-Khoshghalb et al. (2019¢), which computes the total expected recourse cost, to incorporate the cost
of the special service used in the recourse action related to time window failures in the planned routes; and
3) we develop a procedure to determine a valid lower bound for the expected recourse cost for all solutions
defined in a given partial solution.

The remainder of this paper is organized as follows. Section 2 highlights the characteristics of related
studies that have addressed the VRP variants in their stochastic version. Then, Section 3 presents a formula-
tion for the VRPTWSD based on two-stage stochastic programming with recourse, and Section 4 proposes
an Integer L-shaped algorithm to solve this formulation. The results of the numerical experiments are then

reported in Section 5. Finally, the conclusions and perspectives of future work are presented in Section 6.

2. Related Literature

In this section, we review the main contributions regarding VRP variants with stochastic demands,
focusing on exact solution approaches. Two-stage stochastic programming with recourse has been the most
used paradigm for modeling stochastic VRP variants (Gendreau et al., 2016). In this approach, routes are
designed in the first stage and executed in the second, which is known as the a priori optimization paradigm
in the VRP literature (Bertsimas et al., 1990). The actual demand of a customer is known only when the
vehicle arrives at this customer, and in the classical recourse policy, a return trip to the depot occurs every
time a vehicle load is smaller than or equal to this demand (Dror et al., 1989).

Exact algorithms based on the L-shaped method have been developed for the VRP with stochastic de-
mands (VRPSD) under the classical policy. Laporte et al. (2002) proposed the Integer L-shaped algorithm
to exactly solve this variant, using general lower bounds on the expected recourse cost of solutions. In addi-
tion, the idea of partial routes introduced by Hjorring and Holt (1999) was extended to the multiple vehicle
case, which further improved the computational performance of the proposed solution method. Jabali et al.

(2014) enhanced this Integer L-shaped algorithm by generalizing the concept of partial routes originally
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defined by Hjorring and Holt (1999) and extended by Laporte et al. (2002). Additionally, they proposed
strengthened LBFs based on these generalized partial routes, as well as an exact separation procedure to
detect violated LBF inequalities. Approaches based on the branch-and-price (BP) method have also been
proposed for the VRPSD with the classical policy. The first BP algorithm in this context was proposed by
Christiansen and Lysgaard (2007) and later enhanced by Gauvin et al. (2014), who solved the pricing sub-
problem (column/route generator subproblem) using a bidirectional labeling algorithm and a new aggregate
dominance rule.

Other policies to govern the return trips to the depot, different from the classical policy, have been consid-
ered by Yang et al. (2000), Louveaux and Salazar-Gonzalez (2018), Salavati-Khoshghalb et al. (2019b,a,c),
and (Florio et al., 2020a, 2021). Yang et al. (2000) used an optimal restocking policy that allows preventive
return trips to the depot in addition to the traditional back-and-forth trips due to failures. In this policy intro-
duced by Yee and Golden (1980), a sequential decision rule is applied that optimally determines whether the
vehicle leaving a given customer with a positive residual capacity should either proceed directly to the next
vertex or make a preventive trip to the depot. The resulting problem was solved by means of two heuristic
strategies, namely, route-first-cluster-next and cluster-first-route-second. Louveaux and Salazar-Gonzélez
(2018) and Salavati-Khoshghalb et al. (2019a) also addressed the VRPSD with an optimal restocking policy
and proposed exact methods based on the Integer L-shaped method. In particular, the algorithm developed
in Louveaux and Salazar-Gonzalez (2018) was the first to solve instances of the problem with up to 100
customers. Florio et al. (2020a) and Florio et al. (2021) developed BP algorithms to solve the VRPSD
and a variant considering probabilistic duration constraints, respectively, considering the optimal restocking
policy in both cases. As opposed to previous approaches, these BP algorithms were effective for solving
instances where feasible solutions involve many routes and few vertices per route.

Salavati-Khoshghalb et al. (2019¢) introduced the rule-based recourse policy that resorts to a set of
prefixed operational rules that specify when preventive trips to the depot should be made. Given a route,
these policies are expressed using threshold values associated with each of the customers along the route.
Later, Salavati-Khoshghalb et al. (2019b) proposed a hybrid policy based on the combination of fixed rule-
based policies taking into account distance and risk.

Stochastic VRP variants with time windows have received considerably less attention in the literature.
Chang (2005) addressed the VRP with soft time windows and stochastic demand. They introduced a re-
cursive expression to determine the expected recourse cost, including penalties, when the time windows
of some customers are violated due to returns to the depot. They solved the problem using an L-shaped
algorithm similar to the one proposed by Gendreau et al. (1995) and presented numerical experiments based
on the benchmark instance C101 of Solomon.

Lei et al. (2011) used the classical policy and assumed that the returns to the depot incur additional
times that may make it impossible to serve the remaining customers in the planned route within their time
windows. Thus, they proposed an additional recourse action to address this new type of failure event related
to time windows, consisting of a single separate trip by a different vehicle. To solve the problem, they
proposed an adaptive large neighborhood search heuristic.

As mentioned before, our study differs from Chang (2005) in the use of k-path and LBF cuts in the
Integer L-shaped method, as well as in the consideration of hard time windows. It is also different from Lei
et al. (2011) because we use an exact method to solve the problem and a backward recursive expression to

compute the costs associated with recourse actions defined by the fixed rule-based policy. Additionally, none



of these papers include the possibility of preventive restocking trips to the depot in their recourse policies.

All papers mentioned so far in this section involve recourse actions or wait-and-see decisions, and as-
sume that demands are independent random variables. Nevertheless, other approaches have been developed
as well without considering such assumptions, based on other paradigms, such as robust optimization (RO)
and stochastic programming with chance constraints (SPCC), considering that routes are here-and-now de-
cisions. In the RO paradigm, routes are designed in a way to satisfy vehicle capacity for all demand realiza-
tions within an uncertainty set (Gounaris et al., 2013; Munari et al., 2019; De La Vega et al., 2020; Pessoa
etal., 2021). In SPCC, violations in the vehicle capacity are allowed but with low probability (Beraldi et al.,
2015; Mendoza et al., 2016). Dinh et al. (2018) proposed an approach based on SPCC that does not require
the stochastic demands to be independent. Latorre-Biel et al. (2021) propose simheuristics for a VRPSD
in which demands are correlated and may present a common trend, such as a joint increase on their mean
values. Dynamic models can also be applied to variants of the VRP with stochastic demands (Secomandi
and Margot, 2009; Goodson et al., 2015; Bertazzi and Secomandi, 2018). These models are a good option
to reduce operational costs but they can become computationally prohibitive because the number of states
increases exponentially with the number of vehicles and vertices. For comprehensive reviews on stochastic
vehicle routing, see, e.g., Oyola et al. (2017, 2018) and (Gendreau et al., 2014, 2016).

3. Mathematical Formulation

Let € = (7, 4) be a complete and directed graph, where 7 is the set of vertices and o is the set of
arcs. Set 7 contains the n demand vertices that represent customers and the two vertices 0 and n + 1 that
represent the depot. N represents the set of demand vertices only, i.e., N = 7\ {0,n + 1}. The set of arcs
isdefinedas dd = {(0,/) | j € NYU{G, ) |i,j € Nandi # jU{(i,n+1)|ie€ N}. The travel costs (c;;)
and travel times (z;;), both satisfying the triangle inequality, are associated with the arcs, while the service
times (s;), the time windows ([a;, b;]) and the stochastic demands (&;) are associated with the vertices. In
particular, 59 = s,+1 = 0, ap = ay+1 = 0 and E(&y) = E(&,+1) = 0. We assume a fleet of m identical
vehicles of capacity Q, which depart from the depot at instant 0. Additionally, we assume that if a vehicle
arrives at a customer before the opening of its time window, the vehicle must wait until the beginning of the
time window before starting service. A route is a sequence of vertices that a vehicle can visit, starting from
the initial depot O with a full load, serving the expected demand of each vertex, and finishing at the final
depot n + 1. The VRPTWSD consists of defining a set of routes to visit all vertices and meet their actual
demands while minimizing the operating costs of the planned routes as well as the expected costs related to
the recourse actions due to failure events. The first-stage decision corresponds to the definition of a set of
routes R, such that the service on each of the vertices starts within the time windows. The recourse cost is

determined under the following assumptions:

Al) The demands are independent random variables represented by probability distributions that are dis-
crete and known beforehand. Thus, for each customer i € N, the probability distribution of the
stochastic demand &; is represented by a finite number of o; discrete realizations §l.1 < §l.2 <...< f?’,

where their corresponding probabilities of occurrence are expressed as pl.1 =P = fl.l}, p? =P =

&y, pl =Pl =1

A2) Demand realizations on each customer do not exceed the vehicle capacity Q, i.e., P{&; < O} = 1 for all
ieWN.



A3) The total expected demand of each route does not exceed the vehicle capacity Q. More specifically,
each route r involving n, customers must respect the condition Z?:*l E(£,,) < Q, where v; is the ith

vertex in the route.

A4) At most, one return to the depot can be made on any route. This means that the probability of incurring

more than one failure is 0, or equivalently, }P’{Z?; 16 <201 =1

AS) Vertices whose time windows would be violated in the planned routes are served by separate single
trips, which generate a cost proportional to the distance traveled in a round trip from the depot. These
single trips are performed with smaller and faster vehicles that can manage to visit the customers

inside their windows.

Assumptions A1 and A2 are standard in the literature. To the best of our knowledge, all previous exact
approaches based on the Integer L-shaped algorithm for two-stage stochastic programming variants have
considered these assumptions (see, e.g., Laporte et al. (2002); Jabali et al. (2014); Louveaux and Salazar-
Gonzélez (2018); Salavati-Khoshghalb et al. (2019a,b) and Salavati-Khoshghalb et al. (2019¢)). Assump-
tion A3 is a common, simplifying assumption employed in other works on the VRPSD (Laporte et al.
(2002); Jabali et al. (2014); Louveaux and Salazar-Gonzalez (2018); Salavati-Khoshghalb et al. (2019a,b)
and Salavati-Khoshghalb et al. (2019¢)). Although A3 does not hold in general (e.g., in waste collection, it
is common to observe replenishment trips, as presented by Jaunich et al. (2016)), we employ this assumption
in this first work on exact algorithms for the VRPTWSD. However, our algorithm works reasonably well
even without assuming A3, as suggested by the results of computational experiments presented in Section
5.

Assumptions A4 and AS were introduced in Lei et al. (2011), who were the first to study the VRPTWSD
(using heuristic algorithms for its solution). Assumption A4 helps to plan routes with low risk of failures
related to violation of vertex time windows. If this assumption is relaxed, this risk increases because the new
arrival times at the planned route vertices become larger with each restocking trip to the depot. Finally, in
assumption A5 we consider that the vehicles used to serve vertices with violated time windows are smaller
and faster, reaching very large speeds. However, these vehicles have a high chance of attending the vertices
within their time windows because they start their operation as soon as the failure occurs on the planned

route.

3.1. Problem Formulation

The VRPTWSD can be formulated as a stochastic program with recourse involving the following deci-
sion variables: x;; is a binary variable that takes the value 1 if and only if there is a route that visits vertex
j immediately after visiting vertex i; and w; is a continuous variable that denotes the exact time at which
the vehicle starts its service at vertex i. Let Q(x) be the expected recourse cost. The formulation can be
described as follows:

Min
Z cijxij + Qx) (D

(i.)) esd



S.t.

Z x,‘jzl, YjeWw, 2)
i:(i,j)ed
Z xj=1, VieWN, 3)
J (i, )ed
Z Xoj < m, 4
JjeN
wj 2w+ (s; + t,-j)x,-j - M,'j(l - )Cl'j), Y(@i,j)ed, ®))
a; <w;<b;, YieNU{n+1} 6)
DU x2S, SN, 2<ISIKIN-1, 7
(i,)) €6(8)
x;j €1{0,1}, (1, )) e d. 8)

Model (1)-(8) involves all the first-stage decisions that minimize the travel costs and the expected value
of the costs incurred by the second-stage decisions (recourse actions). Constraints (2)-(3) define the vehicle
flow and enforce that all demand vertices are visited. Constraint (4) ensures that the number of routes
generated does not exceed the total number of vehicles (m) available in the depot. Time constraints are
imposed in (5) and (6). In particular, constraints (6) ensure that services start within the time windows.
Parameter M;; is a sufficiently large number in constraints (5), defined in this paper as max{b; — a;, 0}.

Constraints (7) are known as the k-path inequalities (Kohl et al., 1999; Desaulniers et al., 2008). Given a
set§ ¢ N of demand vertices, the left-hand side of this inequality corresponds to the vehicle flow entering in
set 8, where 6(S) = {(i, Ned:ie Sand je 8}, while £(8) is the minimum number of vehicles required to
service all vertices in § satisfying the time windows, meeting the expected demand of vertices and respecting
assumption A3. The procedure for separating these inequalities is described in Subsection 4.2. Finally, the

binary domain of the vehicle flow variables is imposed by constraints (8).

3.2. Calculating the Expected Recourse Cost

In this section, we show how to determine the expected recourse cost Q(x) for a given solution x. Let &
be the set of routes associated with this solution. We represent each route r € R as a sequence of vertices
(vi =0,v2,..., Vi, Vie1 = n+1), with associated threshold vector (6,,, . .., 6,,). We use the rule-based policy
known as volume-based, in which threshold values can be set to any estimate of customer demands on route
r (Salavati-Khoshghalb et al., 2019c). These threshold values are set as the expected demands, thus one can
easily identify when it is time to perform a preventive trip to the depot. In addition, it allows calculating a
good lower bound on the recourse cost, as presented afterward. Then, each 6,,, fori = 2,.. ., k, is defined as
the expected demand of vertex v, 1), i.e., 6,, = E [gv(,.m]. Given a vertex v;, fori = 2, ..., k, let g be the load
of the vehicle upon arrival at this vertex, such that 6, , < ¢ < Q.

When the vehicle arrives at vertex v; with g units, one of the following three mutually exclusive cases
can be observed (Salavati-Khoshghalb et al., 2019¢):

Case 1) The vehicle load remains greater than or equal to 6,, after servicing v;, i.e., ¢ — &,, > 6,,. In this
case, there is no failure related to the load of the vehicle, and therefore, the vehicle moves directly to

the location of vertex v(;1).

Case 2) The demand realization does not exceed ¢, but it causes the load to fall within the range of 0 <
q — &, < 6,,. In this case, although it does not correspond to a failure, a restocking trip to the depot is

carried out. The cost associated with this recourse action corresponds to the cost of arcs (v;, n+ 1) and
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(0, v(i+1)), minus the cost of arc (v;, v(i+1)) that will no longer be traversed, i.€., ¢y, n+1+ Co.v,1) = Cvivgan -
Observe that, when g — &,, > 0, this preventive restocking trip to the depot can significantly reduce
the total expected recourse cost with respect to a BF trip, as it does not incur the additional cost I'

(assuming that distances satisfy the triangle inequality).

Case 3) The realization of demand for v; is strictly greater than ¢ units, i.e., g — &, < 0. In this case, a
failure occurs and, as a recourse action, a BF trip must be made to the depot immediately after the
delivery of g units to the vertex. The cost associated with this recourse is the total distance traveled
on the BF trip between the vertex location and the depot, i.e., the cost of arcs (v;,n + 1) and (0, v;).
Moreover, an additional cost I is attributed to this recourse, as there is an interruption in the service
at vertex v; (Yang et al., 2000; Salavati-Khoshghalb et al., 2019c).

After applying a recourse action at vertex v;, the planned arrival times at the remaining vertices on the
planned route might be outside their time windows, because of the time required by the vehicle to return
to the depot and resume its deliveries. Let %il_(q, £,) and %3[_(% £))) be the sets of vertices for which time
windows would be violated after a BF and a restocking trip, respectively, assuming that the vehicle arrives
with load g at vertex v; and the observed demand of the vertex is £ (with w = 1,...,0,,). We construct
these sets based on the ideas proposed by Lei et al. (2011). First, we determine the new arrival times at
vertices (Vi, Vi+1,- - -, Vk, Vk+1) due to a trip to the depot in vertex v;. Let Wy, be the time at which the vehicle
arrives at vertex vj; Sy; be the service time of vertex v;; and Wy (Vi) be the new arrival time at vertex v; after

a recourse action at vertex v;. Then, w, (v;) can be computed as follows:

W, if =200
W) =1 4,0, i =it 1, ©)
T, ), =i 2, .k,

where 7,,(v;) is computed as:

7, (v) = max {a"<./—1)’wv<j—1>(vi)} + Svgon g Wy ) <Dy s (10)
! Wy (Vi) + by pyvjo otherwise,
and, for a BF trip, {,,(v;) is determined as:
L) = max {a"u—l)’ WV(/—I)(Vi)} + Sy F gy T ey, EWu )+ frgoy < by (11)
: W Vi) + tugyyw; + fogons otherwise,
with fy; ) =ty m+1) + fov;,,; While for a restocking trip, we use:
é/\/j(vi) = WV(J'_D(VI') + SV(j_l) + tV(j_l)(n+1) + tOvj- (12)

Additionally, we have the initial conditions w,, = t,,,, and w,, = max{a,_,,w,,_,} + Sy, + ty,_, fori =
3,...,k+ 1. Note that, as defined in (9), we have W, (v;) = w,,.

In (9), the arrival times remain the same for vertices v, to v;, and thus, the corresponding time windows
are satisfied. However, after applying a recourse action at v;, the new arrival times at the remaining vertices
in the route may change and cause infeasibility if vertex v; is serviced in the planned route. A BF trip to the

depot immediately after arriving at v; (at exact time w,,) incurs the additional time f,,. Then, as defined in
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(11), if wy, + fi, < by, v; is fully serviced (only after its time window opens) and the vehicle continues to the
next vertex. Otherwise, the vehicle cannot service v; because the time window would be violated, and thus
it goes immediately to vertex v, after arriving in v; from the depot. In this case, there is no service time
in v;. Additionally, the vehicle cannot skip this back-and-forth trip as we assume it gets fully replenished
after a failure at v;. However, if a restocking trip occurs, we resort to (12), which assumes that the vehicle
services vertex v;, returns to the depot for replenishment and then goes directly to vertex v;;;. Finally, we
update the arrival time at vertices v;.» to vg4; using (10), assuming that a vertex is fully serviced only if its
time window is not violated.

Having determined the new arrival times, Proposition 3.1 is then sequentially used to construct sets
%&i(q, &) and 9733i(q, &) for all values of g and &

Proposition 3.1. For a given load q € [6,,_,, Q] and for a demand realization & of vertex v;, the sets
%li(q, &) and 9735[_(51, &) containing the vertices for which time windows would be violated due to a BF and
restocking trip to the depot, respectively, can be determined as follows:

B1(q.£2) = {vi | wy, + fio, > by} U{vj |0y, (v) > by and g - £2 <0, j=i+1,....k+1}, (13)

BL(q.£2) = {vj | Wy, ) > by and 0< g — €2 <0y, j=i+1,.. . k+1}. (14)

Proof. For g — & < 0, the BF trip is realized and expression (9) can be used to determine the new arrival
times ij(vl-), for j = 2,...,k + 1. According to this expression the recourse action only affects vertex v;
and the remaining vertices in the route. Therefore, the set of vertices that would have their time windows
violated due to the BF trip can be constructed by the expression (13). The derivation of (14) is similar, but
the recourse now only affects the vertices after vertex v; (j =i+ 1,...,k, k + 1), thus completing the proof.
(]

Observe that set 93‘1,’, (g, &) can include the vertex v; where the failure occurred, as the vehicle may return
to this vertex after its time window closes, but no service is performed at this vertex using this vehicle. The
vertices after v; are not serviced by the vehicle if the arrival at them is later than the closing times of their
time windows. Assumption AS in Section 3 states that they are serviced by separate individual trips that
satisfy their time windows, generating a cost ® times the cost corresponding to a round trip from the depot
to each of these vertices. More specifically, the recourse action at vertex v; generates a cost ®d,; in which
doy; 1s equal to coy; + ¢y;m+1) for j = i,... k. Additionally, we set doy,,, = 2I', which penalizes the late
arrival at the depot.

We can now determine the expected recourse cost associated with a BF or a restocking trip at vertex v;.
Given a route r, let F|, (¢) be the expected recourse cost at vertex v; when the vehicle arrives at this vertex

with load g. Then, FY (q) can be determined as follows:



Fr (¢q), ifi=1,

V(i+1)
Z Py [T+ Conet + coy, + @ Z doy; + FC(M) (Q +q- f;‘l’)
w=1,...,00;0 Vjeg«?*&i(q,fﬁ;)
q-¢,,<0
r — (0} r
Fv,-(Q) - + Z pvi Cv,-,n+l + COV(,‘H) - CViV(H]) + q) Z dOVj + FV([+1) (Q) (15)
w=1,..0,: vjERBT (a4
0<q-£2<6,
w r ) e
+ Z J 2 [FV(M) (q _fv,-)] Jifi=2,...,k,
cu=1,...,0vl.:
q_‘fﬁgzgw
0, ifi=k+1.

Expression (15) takes into consideration the three previously discussed cases, i.e., the cases in which
there is a BF or restocking trip and in which there is no failure related to the vehicle load. Observe that F,.(q)
accumulates the value of the expected recourse cost of vertex v(;+1). The total expected recourse cost of route
r is given by Fy, (Q), in which the vehicle starts its route from the initial depot with a full capacity (i.e., with
load Q), and is calculated recursively. Finally, the total expected recourse cost of the set of routes R is
determined as Q(x) = Z'rg:ill F, (Q). Note that expression (15) extends the recursive equation introduced
in Salavati-Khoshghalb et al. (2019¢) by including the expected cost of the recourse action performed on
vertices that would have their time windows violated in the planned routes.

It is important to note that for 6,, = 1, fori = 2,...,k, the fixed rule-based policy reduces to the
classical policy that applies return trips to the depot when the load is insufficient to meet demand or is
exactly equal to the demand, as proposed by Lei et al. (2011). To illustrate how the recourse trips to the
depot are governed by both policies and how these recourse trips cause time window violations at vertices,

we present an illustrative example in Appendix A of the e-companion.

4. Solution Method

We develop an Integer L-shaped algorithm to solve the VRPTWSD. This algorithm is similar to apply-
ing Benders decomposition to model (1)-(8) and further relies on specialized valid inequalities to impose
effective lower bounds on the expected recourse cost Q(x). We detail the proposed Integer L.-shaped algo-
rithm in Subsection 4.1 and the procedure for separating the k-path inequalities in Subsection 4.2. Finally,

in Subsection 4.3, we present a procedure for separating the LBF cuts.

4.1. Integer L-shaped Algorithm

The Integer L-shaped algorithm is a BC procedure that starts with the linear programming (LP) relax-
ation of the formulation (1)-(8), in which the explicit evaluation of Q(x) is replaced with the continuous
variable ®. The k-path inequalities (7), which act as subtour elimination constraints and impose vehicle
capacity as well as assumption A3 of Section 3, are initially dropped from the formulation and then gener-
ated dynamically at the end of each node of the search tree. LBF and optimality cuts are also dynamically

generated throughout the search tree. Hence, at iteration 0, the problem is as follows:
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Z C,'jxij-i-@ (16)

(i,)) edt

S.t.

D ox=1, Vjed, (17)

i (i pest
Z xij=1, View, (18)

J i esd
Xoj < m, (19)

0,)) et
wjzw;+ (s; + l‘l‘j)x,‘j - M,'j(l - X,‘j), Y(@i,j)ed, (20)
ai<wi<b;, YieNU{n+1} (21)
0>1L, (22)
xij€[0,11, @) ed, (23)

where L in constraint (22) corresponds to a valid general lower bound on Q(x), i.e., L < miny Q(x). The
algorithm proceeds by adding the mentioned cuts during the BC search until optimality is ensured or until
some stopping criterion is reached. We separate 1-path and 2-path inequalities at the root node only, while

k-path inequalities are separated at every node with an integer solution. The LBF cuts are stated as

L+(@-L)W(x) <0, (24)

where © is a valid lower bound for Q(x") and W(x) is the functional in terms of flow variable x. Their

separation is detailed in Subsection 4.3. Finally, the optimality cut

Dowi< Y-, (25)
(i,j)ed (i,j)ed
X1

is added whenever an integer feasible solution x" is found to avoid revisiting it.
We now outline the main steps of the proposed Integer L-shaped algorithm. This algorithm assumes that

given the integer feasible solution x", the value of Q(x") can be computed.

Step 0: Set the iteration counter v to 0 and the initial upper bound Z to +co. Push the initial current problem
(16)-(23) in the list of pending nodes /istpy.

Step 1: Select a node from listpy. If none exists, stop.

Step 2: Increment v and solve the current problem (CP) to optimality. Let (x¥, ®") be the optimal solution
of CP.

Step 3: If the solution is integer, perform the following substeps:
Step 3.1: Check any violation of inequalities (7). If there are any such violated inequalities, generate

the associated cuts and add them to CP. Return to Step 2.

Step 3.2: Check for a new incumbent integer solution. Compute Q(x") via expression (15) and set
Zi=cex'+Q(x"). If 7V <7, setz :=7".

Step 3.3: Check the optimality cuts. If @ > Q(x"), fathom the current node and return to Step 1.
Otherwise, impose the optimality cut (25) and return to Step 2.

11



Step 4: If the solution is not integer, perform the following substeps:

Step 4.1: Check any violation of inequalities (7). If there are any such violated inequalities, generate
the associated cuts and add them to CP. (2-path cuts are generated at the root node only.) Return
to Step 2.

Step 4.2: Check any violation of inequalities (24). If there are any such violated inequalities, generate

the associated cuts and add them to CP. Return to Step 2.

Step 4.3: Generate the branching subproblems and append to pending list listpy. Return to Step 1.

4.2. Separation of k-path Cuts

The k-path inequalities correspond to an extension of the subtour elimination constraints to VRP variants
defined in directed graphs. For a given solution (x¥,w") of formulation (16)-(23) let €¥ = (7/,€) be the
graph induced by x”, where U is defined as before and € = {(i, Ned: lej > 0}. Additionally, given a
subset § of W, recall that 6(S) is the set of arcs in €" entering §. We define x(8) as the flow entering
S and lAc(S) as a lower bound for the minimum number of vehicles necessary to service the vertices in S,
while respecting time windows and assumptions A3 and A4 (i.e., expected demand scenario and at most one
failure per route, respectively). We separate 1- and 2-path inequalities only. To separate 1-path inequalities,
which coincide with the subtour elimination constraints, we resort to the min-cut problem. The optimal
value of this problem is x(8) and if it is strictly less than 1, then the 1-path inequality is violated. In such
case, we add the corresponding cut to model (16)-(23).

The procedure for separating 2-path inequalities starts with the generation of all the sets § such that
x(8) < 2, using the greedy heuristic proposed by Kohl et al. (1999). Then, for each set §, the parameter
k($) is initially determined as max {[ ¥,es EI£1/01. [ Lies €/20]}. If k(S) 2 2, the 2-path inequality is
violated, and therefore, we add the corresponding cut to the formulation. Otherwise, we solve an instance of
the traveling salesman problem with time windows (TSPTW) as a feasibility problem. First, a constructive
heuristic is used to determine a feasible solution for the TSPTW for vertices in §. This heuristic seeks a
solution that visits customers in ascending order of w, for all i € ¥, in the current solution (x",w"). If
the resulting solution is feasible, the corresponding 2-path inequality is not violated. Otherwise, we use
the labeling algorithm to exactly solve the TSPTW. For this, we represent the TSPTW as a shortest path
problem with resource constraints (SPPRC) in which travel costs ¢;; are conveniently set to -1 for arcs in
AS) = {G, ))ed:ieSU{0}, j € SU {n+1}i+# j}; otherwise, set to 0. Then, the SPPRC between
vertices 0 and n + 1 is solved. Let z* be the optimal value of this SPPRC. If |z*|< |S|+1, then the TSPTW is
infeasible and clearly more than one vehicle is required, implying that the corresponding 2-path inequality
is violated. Thus, we proceed by adding the corresponding cut to the formulation. A similar idea was
used by Desaulniers et al. (2008, 2016) and De La Vega et al. (2020) to exactly separate generalized 2-path
inequalities. Our implementation of the labeling algorithm is adapted from the framework described by
Alvarez and Munari (2017); Munari et al. (2019); De La Vega et al. (2020).

4.3. Separation of LBF Cuts

We now present a three-stage routine to separate the LBF cuts. In the first stage, we detect the partial
routes in the graph 6" induced by the fractional solution x”. In the second, we build the valid functional for

all previously detected partial routes and, finally, in the third stage, we calculate a lower bound of Q(x").
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4.3.1. Detecting partial routes.

A general partial route can be defined as an alternating sequence of sequenced and nonsequenced com-
ponents. In particular, the sequenced components are called chains. One example of a general partial route
is the partial route with topology « defined in Jabali et al. (2014), comprising two chains and one nonse-
quenced component (see Figure 1). Figure 1 shows that the chains correspond to a group of vertices with a
pre-established order, whereas the nonsequenced component is a set of vertices whose visit sequence can be

given by any permutation of these vertices in this component.

(]
Figure 1: General partial route with topology a.
Let Sy, = (s1 =0,52,...,58s,) and I, = (#1,12,..., g, = n + 1) be the sequences of vertices defining
the initial and final chains of a given partial route h, respectively, and Uy, = {u,u2,...,up,} be the set

of vertices defining the nonsequenced component of 4. In particular, the vertices sis, and #; are called
articulation vertices and connect the chains with the nonsequenced component U;,. With the sets Sy, U;, and
I, the partial route £ can be represented as S;-Uj-Jp,. It is important to highlight that s; and #g,| represent
the initial and final depots, respectively.

We propose the heuristic procedure presented in Algorithm 1 to detect partial routes with topology a in
graph €Y, if they exist. This procedure is based on the one proposed by Laporte et al. (2002) to also detect
partial routes following that same topology. Let H be the maximum number of partial routes that can be
identified in the graph, determined as the smallest integer greater than or equal to the sum of the flow leaving
vertex 0. Additionally, let 9, be the set of candidate vertices to induce a partial route. For each iteration
h = 1,...,H, Algorithm 1 creates the set %, which is accepted if its vertices induce a partial route that
satisfies assumptions A3 and A4 (lines 2-12). Set % is initialized using the vertex strongly connected to
the depot, and then all the other vertices strongly connected to the vertices in &, are iteratively added to this
set. Each time a vertex is inserted into 9%, the flow leaving the vertices in %, is updated (lines 7-11) and
then used as a stopping criterion (line 12) for the construction of this set. Finally, the algorithm creates the
chains 8y, and J, (lines 15-20 and 21-26, respectively) and the nonsequenced component Uy, (line 27).

This algorithm also detects four different types of partial routes, which are special cases of the partial
route with topology a. Figure 2 illustrates these four types. We classify the topology of the partial routes in
this figure as a1, a3, @3, and a4, respectively. The first type is the only one that does not have a nonsequenced
component and, thus, it coincides with a full route. The other types of partial routes differ in the number of
vertices in the chains. For instance, each chain in the second type has only one vertex, which is the initial

depot in the first chain and the final depot in the second.

4.3.2. Building the functional
Let H be the number of partial routes detected by Algorithm 1 in graph €" for a given fractional solution
x”. In addition, for each partial route A, with h = 1, ..., H, we define W(x) as its functional and @h as its

lower bound on the expected recourse cost. The functional Wy(x) is an expression in terms of flow variables
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Algorithm 1: Partial route generation algorithm

1 forh=1,...,Hdo

2

3
4

e e N

11

12
13
14
15
16
17

18
19

20
21
22

23

24
25

26
27

Determine u = argmax { x, + max {x‘.’.} ;
i ; ij
ieN jeN

Set P, ={u}and N = N — {u};

do
Determine u = argmax {Z (xl‘] + xflfi)};

jen i€P,
Set P, =P, U{uyand N = N — {u};
foreach i € &%), do
flow; = 0;
foreach j € %), do
L flow; = flow; + lej;
flow; = flow; + x,

i(n+1)’
while 3., flow; # |P4l;
if 3 jeon, X<V)j =1 and Ve, X,Y(,H_l) =1 then

Set S, =8, U {0} and a = 0;
do

JEP
if x}, = 1 then

while x), = 1;
SetT, =9, U{n+1}andu=n+1,
do

i€Py,
if x, = 1 then

while x"

aw = 1;

Set Uy, = Py,

if Yicp, E[&i] < Q and ¥icq, & < 20 then

ine u = x".tand seta’ = a;
Determine argmax ‘aj

| Set S8y =8y U {u), Py =Py — (u}and a = u;

Determine a = argmax {x}u} and set 1’ = u;

L SetJ, =9,Ula}, P, =P, —{a} and u = a;

x;j associated with the arcs of the sequenced components (chains) and arcs that can be in the nonsequenced

components of partial route 4.

defined below. This functional can also be extended to consider partial routes with two or more nonse-
quenced components. Sequences S, and J; and set U, are defined as before. To build the functional, we
follow the same idea as in Jabali et al. (2014) of multiplying by 3 the flow on arcs (i, j) when i # 0 and
J # n+ 1. For simplicity, we write (s;,s;) € S if s; and s; are consecutive vertices in S, and we use a
similar reasoning for (#;,7;) € J. In all the addressed topologies, we have at least one vertex in S, but Jj,
and U, can be empty in some of them. For example, for topology «a; (a full route) all vertices are in the
chain §;, including 0 and n + 1, and thus |Jj|= |U|= 0. Note that we have |U|= 0 if, and only if, |S;|> 1.

0,

whx) = Xom+ D Bxyy = (1+3(84-2)),  otherwise.

(5i,8)€S:
S[#O,S_,‘-f-n+1

To build the functional W,(x) for any of the addressed topologies, we resort to functions w}l (x) to wfl (x)

Given a partial route 4 and its corresponding chain &, we define:
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Figure 2: Partial routes with topologies «, @z, @3 and a4, respectively.

This definition implies that for solution x” we have w}l(xv) = 0, for any of the addressed topologies. Simi-

larly, for chain 9, we define:

0, if [Fpl< 1,

Wi(x) = Z 3xl,‘tj + xl‘(|§7h|_])(n+l) - (3(|O‘Th|_2) + 1)’ OtherWise’ (27)
(ti,1))€T:
l‘j7ﬁn+1

and thus we have wi(xv) = 0 for the addressed topologies. For component U, we define:

0, if (U< 1,
W]?;(x) = Z 3xuiuj - 3(|Cuh|—1), otherwise. (28)
u;,u;E%h
uiFu;

Finally, for the articulation vertices between §;, and U, and between Uy, and Ty, we have the following

definitions, respectively:

xs(|gh|,1)n+1 - 1’ if |62’[/h|= 09
. Do -1 ifIS=1,
w,(X) =1 uieu, (29)
Z 3xs‘8h|uj — 3, otherwise.
uje%h
0, if |U|= 0,
; D Xy =1, i IF= 1,
wy(x) = uiely (30)
Z 3xu, — 3, otherwise.
u,‘GCLLh

15



Having defined functions w}l(x) to wfl(x), we build the functional Wy(x) as follows:

Wi(x) =

5
wh(x) + L. (31)

k=1

Proposition 4.1. Let x” be a solution satisfying constraints (17)—(21). Constraint (24) with

H H
6= Z@h and W(x') = th(x’) —H+1
h=1 h=1

is a valid inequality for the VRPTWSD.

Proof. Let X;; be the set of solutions inducing a given partial route & of x’. Moreover, let x”’ ¢ X be a
feasible solution regarding (17)-(21) and consider a partial route 4" induced by this solution. Since x” ¢ Xy,
there exists at least one arc in 4" that is not in 2 and hence Wj,(x"’) < 0. Therefore, Wy(x) = 1 if x € X,
and Wy(x) < 0 otherwise. Then, W;(x) < 1 and the expression Zthl Wi(x) — H + 1 assumes at most the
value 1, which is reached when W,(x) = 1 forall 2 = 1, ..., H. In this case, constraint (24) becomes ® > e.

Otherwise, constraint (24) is redundant. [J

4.4. Bounding the Recourse Cost

We now describe a procedure to determine a lower bound on the expected recourse cost for a partial
route following topology @. The procedure is also valid for the other topologies of partial routes, including
partial routes with two or more nonsequenced components. Let /& be a partial route represented as (s; =
0,52,...,88, Un, t1,t2, ..., g, = n + 1), and p be the number of vertices in nonsequenced component Uy,

(i.e., p = |Uyl). Thus, another possible representation of partial route # is:

h= (Sl = 0,850, SGop)s WUG—pr1)s UG=pa2)s - s UL Ej1)s E(j42)s - -5 Bhr ) = R+ 1)- (32)

where k + 1 = |S;|+|Up|+|T|= |%94| and the articulation vertices s;s,| and #; are now denoted by s(;_,) and
1(j+1) respectively. Since the actual vertices in positions j — p + 1, j— p +2,..., j of the partial route are

unknown, we define an artificial partial route % as follows:

h= (Sl = 0,52, .5 8G-p)> Uj=prty s Ugjmps2y > - - 5 s 2G40y BGiw2)s -+ Egr1) = 1+ 1), (33)

where [](;_p+1)>[(j-p+2),---»[]; represent any permutation of the vertices in Uy, such that the resulting
sequence is feasible regarding the time windows. In what follows, we use ¢ to denote the {th position of
artificial partial route s. Given a solution x”, the procedure for computing a valid lower bound for Q(x")
starts by estimating the lower bounds on time-related parameters, i.e., arrival times W, and service times §,
as well as estimated time windows [ay, 135] for each position ¢ of h. Moreover, it also determines the lower

bounds for the travel times in the arcs traversed in /.

4.4.1. Building lower bounds on time-related parameters

The estimated time windows for the positions of the previously sequenced portions of % are the actual
time windows of the vertices corresponding to those positions. To determine the new time windows of the
positions of the nonsequenced portion of 7, we first proceed to determine lower bounds for their opening

times and then upper bounds for their closing times. Let (ajy}, ap2), . . . , afp)) be the opening times of the time
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windows of the vertices in U, sorted in nondescending order. We attribute the value gy to the (j— p +1)-th
position, ap) to the (j — p + 2)-th position and so on, until reaching the last nonsequenced position j. The
closing time of the estimated time window is overestimated for these positions as b jeptl) = lA)(‘,-_ pr2) = ... =
b; = max{b,}.
j=1 %h{ ul
Due to the estimated time windows, some vertices in U, cannot be allocated in certain positions of the

nonsequenced portion. Let 6,(£) be the set containing the vertices that can be allocated to position £ of 7,

for £ =1,...,k+ 1. These sets, for each position ¢, can be found as follows:
{s¢}, ifé=1,...,j—p.
Gr(l)=4q {ue Up:b,>ae}, fl=j-—p+1,...,] (34)
{t}, if€=j+1,....k+1.

Note from expression (34) that, for £ = j—p+1,..., j, vertex u € Uy, belongs to set B, (¢) if and only
if inequality b, > a, holds. In the other positions, sets 6, (£) are of unit cardinality, whose only element is
associated with the vertex (customer or depot) allocated in the corresponding position. Using sets 6;,(¢), we
can now estimate a lower bound for the travel time in each arc of the artificial partial route / as follows:

{tw} forf=1,... k

A min
Lee+1) = ueB(0), ' € Gu(C+1) (35)

u#u’

A lower bound for the service time in each of the positions of h is determined as §; = I%ir(l[) {s,}. Finally,
uety,

lower bounds for the arrival times are calculated as follows:

a, if (=j—p+1,...,J
We:{af ifl=j-p+ J 36)

max {&(5_1), W(g_1)} + §(g_1) + tA(g_1),[, otherwise.
for £ =2,...,k+ 1, with the initial condition w; = 0.

4.4.2. Building the lower bound on recourse cost

After applying a recourse action in the (th position of the artificial partial route A, it is necessary to
identify the positions ¢,€ + 1,...,k + 1 in which the estimated time windows are violated. Similar to the
definitions introduced in Section 3.2, let @t], (g, EDNe—y and @?(q, &) ¢y be the sets of positions of vertices
with estimated time windows that are violated after a BF and restocking trip, respectively. In both sets,
we assume that the vehicle arrives with load ¢ at a vertex u in 6,(£) allocated in the £th position of h.
Additionally, note that the components in these sets are positions at the artificial partial route %, instead of
vertex indices. Propositions 4.2 and 4.3 show how to determine new lower bounds for the arrival times and

how to construct these sets.

Proposition 4.2. Let W, be a lower bound for the exact time at which the vehicle arrives in the vertex in the
mth position of artificial partial route h, with an estimated time window [ay,, by). Let $,, be a lower bound
for the service time and W, (¢ — u) be a lower bound for the new arrival time in this same vertex after
applying the recourse action at vertex u € G (€) in the {th position. Then, w,,({ — u) can be computed as
follows:

Wi, ifm=2,...,¢
Wl = u) =9 Lu(0), ifm=C+1. (37)
Tu(0), ifm=0+2,... k+1.
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with initial conditions W,, given by (36). Z:’m(f) can be determined as:

2 _ ) max {&(m—l), w(m—l)(f - u)} + Sy + fum + Jfus ifw(m—l)(f = u)+ fu < by,
m(0) =1 - s ; (38)
Wn-1)(€ = u) + by + fu, otherwise,
for a BF trip, where t,,, = nclér(l ){tuu/} and fy = tyn+1) + tow, whereas for a restocking trip, we have:
u'e m
u#Z’
&n([) = w(m—l)(f —u)+ s, + Lutn+1) + me, (39)
where fy, = min {fy,}. Finally,
u' € Gy (m)
#.(0) = max {An-1y, Wn-1)(€ = 0} +Son1) + fn-tym>  if Wn-1y(€ = 1) < b1y, 40)
" Wn-1)(€ = u) + f(m—l)ma otherwise.

Proof. See Appendix B of the e-companion.

Proposition 4.3. For a given load q € [0, Q), sets @}(q, ENe—y and @?(q, ,E) ey containing positions
of vertices with estimated time windows that would be violated after a BF and restocking trip, respectively,
can be constructed as follows:

BHGENesu= {m | Wn(€ > u) > by and q—£2 <0, m=L,0+1,... k+1}, 41)
B2 EDeu= {m | (€ > u) > by and 0 < q—£2 <6,y m=C+1,... k+1}, (42)
where Q(t’+1) is the minimum value of the fixed rule-based policy of the vertices in 6,(€ + 1), i.e., Q(“l) =
min {6,}.
u'eGy(l+1)

Proof. See Appendix C of the e-companion.

With the presented definitions, we can now determine F(g), a lower bound on the expected recourse
cost at the £th position of /2 given that the vehicle arrives at this position with load g, such that 5(5_ n<g=sQ

and 5(5_]) = uer{aaz)& y {E[£,]}. Additionally, F ¢(@)le—y 1s a lower bound on the expected recourse cost for the

specific vertex u in 6;,(£) assigned to the £th position of 7, given that the vehicle arrives at this position with

load gq. F o(q)l¢—u is determined in terms of F/(q) as follows:

FZH((]), ]ff: 19
Z P2 (T + 2¢co, + @ Z dom + Fer1)(Q + g — €D |+

w;_lé;{w--;g: meB} (&) e—u

Fo(@lesu= Z Py |Cu+ @ Z dom + Fer1)(Q) | + (43)

=1,...,04: : w

(;(;q—‘f;’ZQ[ mE%?(q’é‘:u )lfﬁu
Z pﬁ;[ﬁ(@])(q—fﬁ))], if€=2,...,k,

w=1,..., Oy’

q-&,26¢

0, if¢=k+1,

where

dom =2 if m=k+1and dy,, = min {cow + cwn+1)} otherwise,
u’' € Gy (m)
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= 1 ;- ’ H = i E , N d 5 = E ’ .
fu= min oot co =), 6= min | (E[&, [}, and 8= max (B ]

From (43), we have that Fg(q)|[_>uﬁ F,(q) for all g, because Fg(q)lf_m is determined in terms of the
lower bound F(g), while F,(q) is the exact recourse cost given by (15). For each position of h, F ¢(q) can

be determined as follows. In the sequenced portion of h given by the vertices in J, F ¢(q) coincides with the

exact recourse cost given by (15), for £ = j+ 1, j+2,...,k + 1. Then, for position j of &, we have:
Fi(g) = uglgi,,r(lj) Fi@lj-u VYqe [9(]‘71), Q], (44)

where Fj(q)|j-y is computed by allocating vertex u € 6,(j) at position j and then applying the exact
recourse function (15). Finally, we use function £(q)l¢—. in (43) inside expression (44) to compute F¢(g)

for positions 2, ..., j — 1. Thus, function F ¢(q) for £ = j—1,...,2 can now be stated as follows:
Eo(q) = in Fo(@lesu Yq € |61y, 0.
Fi(g) = in (Dle—u Vg [ (t-1) Q] (45)

Expression (45) is first used to determine F (j-1(q) and then is sequentially used for the remaining
positions £ = j—2,...,2. Observe that (45) is also used to find a lower bound for the sequenced positions
referring to the vertices of 8. This is because for the positions £ = 2,...,j — p, we must compute the
cost related to the penalties due to a time window failure at vertex s,. Given that there are nonsequenced
positions with unknown vertices, this cost must be estimated. Finally, @h = F1(Q) can be used as a valid
lower bound on the expected recourse cost of the artificial route /. If H partial routes are detected in the

current solution, then ® = ZZI: | 0y, corresponds to a lower bound of Q(x").

5. Computational Results

In this section, we report the results of computational experiments performed with the following ob-
jectives: 1) analyze the computational performance of the proposed Integer L-shaped algorithm and verify
the impact of k-path and LBF inequalities; and 2) quantify the savings in the total operating cost brought
about by the explicit consideration of stochastic demands and fixed rule-based policy in relation to the ex-
pected value strategy and the classical recourse policy. The experiments were performed using the modified
instances introduced by Lei et al. (2011), which were based on the instance classes 1 and 2 proposed by
Solomon (1987). Class 1 consists of subclasses R1, C1 and RC1, while class 2 consists of subclasses R2,
C2 and RC2. The geographic distribution of customers in Solomon’s instances varies according to the in-
stance subclass: a clustered distribution (subclasses C1 and C2), a random distribution (subclasses R1 and
R2), and a combination of clustered and random distribution (subclasses RC1 and RC2). The following
values were used as vehicle capacities: 80 in subclasses C1 and C2, 50 in subclasses R1 and R2, and 100
in subclasses RC1 and RC2. The numbers of vehicles and customers varied from one instance to another,
as shown in Tables 1 and 2. The parameters related to the transport cost ¢;; and to the travel time #;; for
each arc (i, j) € o correspond to the Euclidean distance, determined in terms of the coordinates given in the
instances.

We assumed that customer demands follow a triangular probability distribution with the same number of
realizations S (i.e., s; = so = ... = s, = §) and expected values equal to the demands defined in Solomon’s
instances. As in Louveaux and Salazar-Gonzalez (2018), we used S = 3 and S = 9, and the value of the

sth realization of the random demand &; was determined as &7 = E[&] - [S/2] +s— 1, fors = 1,...,S.

19



Cl1 R1 RC1
01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09 10 11 12 01 02 03 04 05 06 07 08
n 1924 172229 15112134 24291914 11351521 19314449 21 30 16 19 22 39 9 14
m8 9 6 9126 5 912 9117 5 5135 8 8111416 8 11 6 7 8 13 4 5
Q75757575 7575757575 50 50 50 50 50 50 50 50 50 50 50 50 100 100 100 100 100 100 100 100

Table 1: Values of parameters n, m and Q for each of the instances in class 1.

Cc2 R2 RC2
01 02 03 04 05 06 07 08 01 02 03 04 05 06 07 08 09 10 11 01 02 03 04 05 06 07 08
n 192117243014 1039 2924 16 11 32 152319314149 16 12 20 24 10 11 34 44
m8 8 6 9116 513 119 6 5126 8 7111317 6 5 8 9 5 5 11 14
Q757575757575 7575 50 50 50 50 50 50 50 50 50 50 50 100 100 100 100 100 100 100 100

Table 2: Values of parameters n, m and Q for each of the instances in class 2.

If s < [§/2], the probability of occurrence is p; = P[&; = &1 = s/[S /21%; otherwise, this probability is
pi =PE=&1=(S —-s+D/[S /272, Additionally, we set ® = 2 (penalty that incurs in single-customer
trips) and I = ) ;c 4 coi/n (penalty for interruptions in the service of a customer vertex due to a BF trip). The
general lower bound on the expected recourse cost L was set to 0. In total, 112 instances were used in the
experiments. For each value of S, we have 9 instances in subclass C1, 12 in R1, 8 in RC1, C2, and RC2,
and 11 in R2.

When Algorithm 1 identifies a partial route coinciding with a full route and its number of demand
vertices is four or more, the route is transformed into a partial route with topology a, considering &, as the
[0.25 = (|%]—2)] + 1 first vertices of |ZP,|, Uy as the next [0.5 = (|%P,|—2)] vertices of || and T}, as the last
|P|—|Sh|—|Up| vertices of &Py,. This is because preliminary computational experiments have shown a better
performance of the algorithm if partial routes with topology « are used instead of full routes.

The Integer L-shaped algorithm was coded in C++ using the Concert library of the IBM CPLEX Opti-
mization Studio v.12.8. For separating k-path inequalities, we used the push-relabel flow algorithm (Gold-
berg and Tarjan, 1988) available in the Concorde library (Cook, 2015). The experiments were performed
on a Linux PC with 16 GB of RAM and an Intel Core 17-4790 3.6 GHz CPU. The stopping criteria for the
Integer L-shaped algorithm were reaching a relative optimality gap below 0.01% or a time limit of 18,000
seconds (five hours). An integer feasible solution with a relative optimality gap less than 0.01% is assumed

optimal.

5.1. Computational performance and impact of k-path and LBF Cuts

In this subsection, we analyze the performance of the proposed Integer L-shaped method and the impact
of incorporating k-path and LBF cuts into the method. The instances were solved by three variants of the
method: without k-path and LBF cuts (LS1), with k-path cuts only (LLS2) and with both k-path and LBF
cuts (LS3).

To compare the quality of the solutions obtained by the three approaches, we used the performance
profiles introduced by Dolan and More (2002). Generally, a performance profile of a method can be defined
as the cumulative distribution function for a given performance metric. We used the objective function value
as metric and hence, for each method, the performance profile shows the percentage of instances for which
the objective value of the solution obtained by this method is within 27 times (v > 0) the best objective

value obtained by the three methods. Figure 3 shows the performance profiles of LS1 to LS3. For a method
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t € {LS1,LS2,LS3} and an instance p in the set of instances, let Obj,, be the objective value obtained by
method ¢ for instance p. The performance profile of ¢ is then the percentage of instances p in the set such that
Obj, < 2" xmingx{Obj,y} for a given 7. If a method did not find a feasible solution for an instance within
the time limit, it is said that this method failed to solve this instance. Extreme values of the performance
profiles for each method are shown in Table 3, where ry, is the extreme value of the abscissa axis in Figure
3 (see Dolan and More (2002) for a detailed explanation of the performance profiles).

From the performance profiles, we observe that LS3 obtained the best performance in relation to the
other algorithms in 90% of the instances (t = 0) (see also Table 3). Since the curve associated with LS3
is above the others throughout interval [0, rj/], this method dominates the others, in the sense that it solved
more problems within a factor 27 of the performance of any other algorithm. Similarly, LS2 clearly dom-
inates LS1. Therefore, even though none of the methods found feasible solutions to all instances (their
curves did not reach the value 1 for 7 € [0, r3/]), LS3 is the most likely to succeed, as it obtained the highest

performance profile value (96%) at T — ry, in addition to having achieved the best overall performance.
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Figure 3: Performance profile on the 112 instances of the three solution algorithms in relation to the objective function value metric.

Algorithm 7=0 7-ory
LS1 0.55 0.80
LS2 0.71 0.89
LS3 0.90 0.96

Table 3: Extreme values of the performance profiles for each algorithm based on the objective function value metric.

Figure 4 shows bar charts that summarize the main results of methods L.S1 to LS3, regarding the number
of instances solved to optimality (Nopt); the average computing time in seconds (Time) considering only
instances solved to optimality by the three methods; and the number of instances in which the corresponding
method failed to find a feasible solution within the time limit (Nfail). According to these graphs, LS3 was
the method with most instances solved to optimality (74 out of 112), representing approximately 66% of
the total number of instances. This algorithm was also the fastest, on average, taking less than 40 seconds
to solve to optimality the instances that were solved by the three methods. Compared to the average time
of the other methods, LS3 was 31 times faster than LS1 and 11 times faster than LS2. Moreover, it failed
to find feasible solutions in four instances only, two of subclass R1 and two of subclass R2, while L.S1 and
LS2 failed in 19 and 12, respectively. LS2 outperformed LS1, as it solved to optimality 9 more instances
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than LS1. Additionally, it took less time on average, being three times faster than LS1 to prove optimality.
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Figure 4: Bar charts summarizing the main results of the three algorithms.

Therefore, the results summarized in Figures 3 and 4 reveal that for the considered instances, LS3
obtained the best performance regarding both solution quality and computing time, showing the importance

of incorporating k-path and LBF cuts in the L-shaped algorithm.

5.2. Comparison of Deterministic and Stochastic Solutions

In this subsection, we compare the solutions of the deterministic and stochastic problems in terms of total
expected cost and computing time, considering the fixed rule-based and classical policies. The stochastic
problem was solved using L.S3 for both policies, and the expected recourse cost for the classical policy
was computed via function (15) with 6; = 1, for all i € . The deterministic problem was solved by a
variant of the proposed L-shaped method that does not resort to LBF inequalities (24) and optimality cuts
(25), referred to as LS0. It is worth mentioning that we also tested a straightforward approach for solving
the deterministic problem, which consists of using the general-purpose branch-and-cut (BC) method of
CPLEX to solve an equivalent flow formulation defined using Miller-Tucker-Zemlin (MTZ) constraints to
impose time windows, vehicle capacity and assumption A3. Compared to the CPLEX BC approach, the L.S0
algorithm increased the number of instances solved to optimality from 25 to 45. In addition, for instances
solved to optimality by both LS0 and CPLEX BC, the former was = 2.6 times faster. These results revealed
the superiority in both solution quality and computational effort of the LSO algorithm over the CPLEX BC
algorithm to solve the deterministic problem, and for this reason, we report the results obtained by LS0 only.

Table 4 presents the average results obtained for the following problems: deterministic, stochastic with
fixed rule-based policy, and stochastic with classical policy. These results are grouped by instance subclass
and number of demand realizations (S), as specified in the first two columns of the table, and the averages
include only instances that were solved to optimality for the three problems. For the deterministic prob-
lem, C denotes the cost of the optimal routes obtained by LS0. Then, for these routes, we computed the
expected recourse cost related to the fixed rule-based and classical policies, denoted in the table as Q¢ and
@¢, respectively. The table also shows the expected total cost for these two policies, denoted as Z¢ and
Z9, respectively. For the stochastic approaches, C denotes the cost of the first-stage routes, and the table
also presents the expected recourse cost and expected total cost of the corresponding recourse policy, using

similar headers as in the deterministic approach but with the superscript s. Finally, the last four columns
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present comparisons between the approaches based on savings computed as follows:

Savi = (Z¢/Z;—1) 100,
Sav, = (Z9/Z5-1) =100,
Savs = (Z)/Z7-1) 100,
Sav, = (Z9/Z¢-1)+100,

considering only instances that were solved to optimality for the three problems. Hence, these savings
represent the relative reductions in the expected total cost given by solving the stochastic problem with fixed
rule-based policy instead of applying the fixed rule-based policy in the deterministic solution (Sav;), solving
the stochastic problem with classical policy instead of applying the classical policy in the deterministic
solution (Sav;), solving the stochastic problem with fixed rule-based policy instead of the stochastic problem
with the classical policy (Savs), and applying the fixed rule-based policy in the deterministic solution instead
of applying the classical policy in the deterministic solution (Sav4). As already mentioned, the results in
Table 4 are grouped by instance subclasses and S and include only instances that were solved to optimality
with the three problems. For detailed results regarding each instance, see Tables D.15-D.18 in Appendix D

of the e-companion.

Deterministic Stochastic Stochastic
Fixed rule-based policy Classical policy

Sav; Sav, Savsy Savy
Subclass S € Q' Z¢ @ Z¢ C @ zZ C & Z2 (B B (%) (%)

C1 3 3079 0.0 3079 0.0 3079 3079 0.0 307.9 307.9 0.0 307.9 0.00 0.00 0.00 0.00
R1 3 435.0 11.4 4463 45.0 480.0 437.7 3.6 441.3 443.1 1.5 4446 1.01 7.19 0.77 6.92
RC1 3 324.1 22.0 346.1 131.8 4559 3253 11.2 3365 345.0 0.0 345.0 3.27 34.87 2.82 34.41
C2 3 3247 0.0 3247 0.0 3247 3247 0.0 324.7 324.7 0.0 324.7 0.00 0.00 0.00 0.00
R2 3 432.6 10.6 443.3 33.8 4664 433.1 7.8 440.8 4425 3.0 4455 473 4.41 094 4.73
RC2 3 2687 3.5 2722 20.4 289.1 269.3 1.5 270.8 277.8 0.0 277.8 6.62 471 2.57 6.62
Cl1 9 2477 154 263.1 25.6 273.3 2504 9.8 260.2 2539 11.3 2652 1.19 3.34 1.55 3.76
R1 9 4055 21.0 426.5 66.2 471.7 406.6 13.7 4204 4157 11.5 427.2 1.02 8.84 1.58 9.43
RC1 9 324.1 26.0 350.1 158.0 482.1 3255 13.7 339.2 3459 2.8 3487 3.63 42.13 2.85 41.12
C2 9 3247 9.1 333.8 15.1 339.8 3253 6.9 332.2 3269 9.2 336.1 0.39 0.87 1.19 1.67
R2 9 3227 13.4 336.1 383 361.1 3250 8.3 333.3 3349 5.2 340.2 094 7.01 1.88 7.90
RC2 9 268.7 42 2729 247 2935 2693 19 271.2 277.8 0.4 2782 0.70 6.18 2.54 8.00

Average 332.2 11.4 343.6 46.6 378.8 333.3 6.5 339.9 341.3 3.7 3451 1.12 9.96 1.56 10.38

Table 4: Summary of the results of the deterministic and stochastic solutions.
The results reported in Table 4 indicate the following:

o The values in columns Sav; and Sav, suggest that significant savings can be achieved by solving
the stochastic problem instead of the deterministic problem. For instances in class 1, the average
savings were 2.1% for the fixed rule-based policy and 16.1% for the classical one, while for class 2,
the average savings were 1.1% for the fixed rule-based policy and 3.9% for the classical policy. This
result suggests that the use of the fixed rule-based policy instead of the classical one brings benefit
to govern the recourse actions, particularly when the solution of the deterministic problem is used.

We observe larger average savings Sav; and Sav; in class 1 because the instances in this class have
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a shorter planning horizon and shorter routes than instances in class 2; hence, class 1 instances were

more sensitive to demand variations.

e The values in columns Savs and Sav, indicate that allowing preventive restocking trips to the depot (as
defined in the fixed rule-based policy) in addition to reactive trips (as defined in the classical policy)
reduces the total expected recourse cost. These results were expected since preventive restocking trips
avoid visiting the same vertex twice, avoiding the extra cost I', in addition to reducing travel costs.
Yet, the average savings reported are significant, on average 1.56% and 10.38% for Savs and Savy,

respectively, giving evidence of the importance of resorting to preventive restocking trips.

For the three approaches, we show in Table 5 the corresponding relative optimality gap (Gap) in percent-
age, computed using the best upper and lower bounds found by the approach; the average computing time
in seconds (Time) considering only instances solved to optimality by the approach; number of instances
solved to optimality (Nopt); and number of instances in which no feasible solution was found within the
time limit (Nfail). We also report the average computing time in seconds (Time?) considering only instances
that were solved to optimality for both policies. Detailed results regarding each instance are presented in

Tables D.15-D.18 in Appendix D of the e-companion.

Deterministic Stochastic Stochastic
Fixed rule-based policy Classical policy
Gap Time Gap Time Time’ Gap Time Time?

Subclass S (%) (sec.) Nopt Nfail (%) (sec.) (sec.) Nopt Nfail (%) (sec.) (sec.) Nopt Nfail

Cl1 3 084 2255 8 0 0.66 1346.8 1346.8 8 0 0.01 15894 15894 8 1
R1 3 3.09 1066 9 0 448 8.0 8.0 8 1 593 440.1 440.1 8 1
RC1 3 0.07 457 7 0 1.66 1840.8 1.5 5 0 3.86  36.1 36.1 3 0
C2 3 67822176 6 0 520 270 270 5 0 248  40.2 402 5 1
R2 3 74113722 9 0 263 779 7719 17 1 2.15 750.1 7501 7 2
RC2 3 1.05 0.0 6 0 183 24 0.1 5 0 5.13  2832.1 2832.1 4 0
Cl1 9 084 2255 8 0 1.64 32444 73 7 0 3.09 1124 1124 4 1
R1 9 309 1066 9 0 658 623 183 7 1 11.84 33.1 331 6 1
RC1 9 0.07 457 7 0 206 3921.0 35 5 0 430 2302 2302 3 0
C2 9 6.78 22176 6 0 752 531 531 5 0 371 1758 1758 5 2
R2 9 74113722 9 0 488 15430 1.1 7 1 11.28  12.2 122 3 1
RC2 9 1.05 0.0 6 0 184 42 0.1 5 0 6.20 2259.8 2259.8 4 0

Average 9.62 661.2 342 1017.3 135.1 5.00 709.3 709.3

Total 99 O 74 4 60 10

Table 5: Summary of the results of the deterministic and stochastic solutions.

For the deterministic problem, 45 out of 56 instances were solved to optimality, with an average time
of less than 670 seconds. As expected, solving the stochastic problem required more time, on average, than
the deterministic problem. For the fixed rule-based policy, proven optimal solutions were obtained for 38
instances with S = 3, within 564 seconds on average, and for 36 instances with § = 9, within 1472 seconds
on average. This also reveals that the difficulty of solving the stochastic problem increased as the number
of realizations § increased. For instances R112 and R211, with § = 3 and § = 9, the stochastic problem
became so challenging that the method failed to determine a feasible solution within the time limit (5 hours).

The LS3 algorithm performed better on the VRPTWSD with fixed rule-based policy than with the

classical policy. It solved to optimality 74 instances considering the former policy, while for the latter, it
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solved 60. Moreover, the method took less time on average on instances that were solved to optimality
with both policies (135.1 seconds for the fixed rule-based policy and 709.3 seconds for the classical one).
Note that the optimality gaps of the remaining instances were smaller on average for the fixed rule-based
policy. Finally, the number of failures of the LS3 algorithm increased from 4 to 10 when solving the
VRPTWSD with classical policy. These results reveal the weaknesses of the classical policy: in addition to
generating solutions with larger expected total costs, it adversely affected the computational performance of
the proposed Integer L-shaped algorithm.

To provide further information regarding the benefits of using the stochastic approach, we ran additional
experiments in which we reduced the vehicle capacity of the instances to 80%, 85%, 90% and 95% of
the original capacity and solved these modified instances using LSO and a constructive heuristic based on
Solomon’s heuristic I1 (HI1) (Solomon, 1987; Braysy and Gendreau, 2005). This allows us to verify if a
simpler approach, based on reducing vehicle capacities, would lead to similar or even superior results than
LS3 (using the original vehicle capacity Q).

The proposed HI1 selects the first vertex of the route using the farthest vertex rule. Next, the route
is extended until no more feasible vertex insertions are possible. Then, a new route is started if there are
vertices not visited yet. The heuristic ends when all vertices have been visited. One of the differences to
the original version of the heuristic is that we consider Assumption A4 (at most one failure per route) in
the extensions. Thus, we calculate the maximum sum of demand realizations of the route vertices and use a
vehicle capacity equal to 2Q. Unlike the LS0 method, the solutions obtained by HI1 are always feasible for
the VRPTWSD, as it verifies time window violations due to recourse actions in the route extensions, using
the recursive equation (15). Note, however, that the heuristic may fail to find a solution, as we have a limited
number of vehicles in the instances. Hence, given an instance, we apply the heuristic several times, using
different combinations of parameters a1, a2, i, and A, and then we choose the feasible solution with the best
expected total cost. Let R be the set of routes in this best solution and let ¢, @, and z be the corresponding
first-stage cost, recourse cost, and expected total cost, respectively. The application of the heuristic in a

given instance is summarized as follows:
Step 0: Set the expected total cost z to +0o0;
Step 1: For all aq,u, A €{0.00,0.01,0.02,...,1.00} do

Step 1.1: Run the HI1 for the current capacity value and with parameters aj,a» = 1 — a1, 4, and 4;
Step 1.2: Let R be the set of routes obtained by HI1 and ¢ the corresponding first-stage cost;
Step 1.3: Determine the recourse cost Q of the routes in % using (15) and set 7 := ¢ + Q;

Step 1.4: 1fZ < z, then R := R,c:=¢,Q:=Qandz:=73.

We apply this heuristic also to the VRPTWSD with classical policy, but in Step 1.3 we use 6; = 1, for all
i € N, when applying the recursive equation (15). For further details on HI1, see e.g. Solomon (1987);
Braysy and Gendreau (2005) and De La Vega et al. (2019).

Table 6 reports the average results of HI1 and LSO grouped by instance subclass and by five different
values of vehicle capacity O = |yQ], with y = 0.8,0.85,0.9,0.95 and 1. Different from Table 4, this
table considers the solutions of all instances, including those in which optimality was not proven. Columns
ZHI and ZISY are the total expected costs of the solutions obtained by HI1 and LSO, respectively, with

the expected recourse cost computed under the rule-based policy. Similarly, ZH™ and ZLS° are the total
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expected costs under the classical policy. Columns Savy, Sav, and Sav4 have a similar meaning as those in
Table 4, but we use the total expected cost of the solution obtained by the corresponding approach (e.g., for
HI1 we use Z‘rl = me, while for LSO we use Zjl = Z%SO). Values Z} and Z? are the same used in Table
4 and correspond to the total expected cost of the solution obtained by L.S3 (using the original capacity
Q). Columns Time, nFail and nOpt report the average computing time in seconds, the number of instances
in which HI1 failed to find a feasible solution and the number of instances solved to optimality by LSO,

respectively. We also report in this table two additional savings computed as follows:

Savs = (ZH1/ZLSO _ 1)« 100,
(ZH ) ZS0 _ 1y« 100,

Savg

which quantify the savings obtained in the expected total cost of the solution obtained by HI1 with respect to
the solution obtained by LS0 under rule-based and classical policies, respectively. Negative values of these
metrics mean that the HI1 solution has a lower expected total cost than the solution with the LSO method.
Such negative values are possible since the LSO method solves the deterministic problem.

The results in columns Sav; and Sav; of Table 6 indicate that we can achieve significant savings by using
the stochastic approach (LS3) instead of HI1 and LSO with reduced vehicle capacity values. The more we
reduce the vehicle capacity, the more advantageous the stochastic approach tends to be with respect to
solution cost. Average savings are 17.3% and 12.8% for the rule-based policy and 30.9% and 28.6% for the
classical one. Additionally, the results in column Sav4 show large savings by using the rule-based instead of
the classical policy. The average savings of the rule-based policy over the classical is 15.1% and 17.3% for
HI1 and LSO, respectively. These results emphasize the importance of resorting to the stochastic approach
to find good-quality solutions of the VRPTWSD. Additionally, they confirm the benefits of resorting to
restocking trips to the depot, given the superior results of the rule-based policy with respect to the classical
policy.

The cost of the solutions obtained by LSO was less than the cost of the solutions obtained by HI1, in
most instances. Only in very few cases, we observed the opposite (given by the negative values in columns
Savs and Savg). Another issue is that HI1 failed to find a solution in 11 instances, given the limited number
of vehicles. On the other hand, LSO required more computing time than HI1, as expected. On average, LS0
took around 750 seconds, while HI1 ran for 1.1 seconds. Considering all the 280 instances, LSO solved 237

(out of 280) instances to optimality, which corresponds to almost 85%.

5.3. Effect of time windows

The results presented in column Savs of Table 4 indicate average savings of 1.56 for the cost of so-
lutions obtained under the rule-based policy with respect to solutions obtained under the classical policy.
This is in accordance with results reported for the VRPSD in the literature, suggesting that the inclusion of
recourse actions related to time window violations keeps the rule-based policy advantageous. For example,
Salavati-Khoshghalb et al. (2019c) report average savings that range from 0.18 to 1.29 when comparing the
rule-based and the classical policies for the VRPSD instances considered in their experiments. Regarding
the savings we obtained for the VRPTWSD related to the comparison of stochastic and deterministic solu-
tions under both policies, namely Sav; and Sav,, we observe that they follow a similar behavior as reported
for the VRPSD in the literature. As mentioned by Florio et al. (2020a), even with an optimal restocking
policy, the cost of the optimal stochastic solutions is less than 1% better than the cost of the determinis-
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HI1 LSO

Subclass O Z?H Z{.ﬂl Time nFail Sav; Sav, Savy Z}SO .Z{.‘SO Time nOpt Sav; Sav, Savs Savs Savg
(sec.) P P %D (sec.) % % % % %

60 4175 566.6 0.7 0 27.5 68.6 355 413.0 571.3 1534 8 264 70.6 38.0 1.0 -0.6

63 399.1 4358 0.7 0 239 322 9.3 393.6 432.7 2809 7 224 315 10.1 13 0.6

C1 67 3703 3719 0.7 0 15.1 12.8 0.5 361.9 363.7 1837.8 7 127 106 0.6 22 2.0
71 3434 4344 0.7 0 79 333 266 342.1 447.0 4.7 7 73 353 29.1 06 -09

75 3223 336.1 07 O 15 34 44 320.1 3326 61.1 7 07 21 38 07 13

40 442.8 556.6 0.6 0 18.2 45.6 24.8 432.1 5440 6405 6 152 41.1 23.8 2.6 3.7

42 435.1 467.1 06 0 163 232 7.3 4247 4532 6208 6 134 190 63 2.6 3.7

R1 45 414.1 416.6 0.7 O 11.1 104 0.6 403.8 4052 12265 6 83 73 04 26 29
47 405.0 4723 0.7 0 10.1 254 154 3854 4494 6104 6 3.6 178 151 64 6.7

50 3913 4015 07 O 68 81 25 3724 3787 6296 6 03 06 16 65 74

80 695.0 8719 1.0 3 269 51.0 23.0 674.1 832.3 5409 7 23.0 433 202 32 6.2

85 609.6 678.7 0.8 3 214 31.3 11.7 5944 684.1 4225 9 19.0 320 140 24 14

RC1 90 611.0 7182 1.0 1 16.8 29.8 14.7 5694 6729 4248 10 94 232 164 6.8 53
95 6449 7592 1.5 1 127 23.3 142 623.9 746.5 10059 11 8.0 21.8 17.7 44 1.5

100 5654 6422 1.0 0 92 192 127 5262 6138 677.0 10 12 11.8 142 79 7.0

60 604.5 6819 0.7 1 229 332 12.0 592.7 670.9 294.1 7 193 29.8 125 3.7 3.3

63 586.7 6337 0.7 2 183 229 8.0 5653 634.0 9139 8 145 232 11.8 33 -0.1

C2 67 602.0 6685 09 0 17.023.7 102 5564 618.5 8022 9 81 138 96 82 89
71 626.0 697.5 13 0 124 17.8 10.6 607.3 691.6 1129.6 10 7.0 13.8 12.3 53 4.0

75 5974 6586 14 0 7.5 12.0 99 569.0 633.8 8058 10 14 7.0 11.3 6.0 4.7

40 6974 10477 1.3 0 36.7 88.8 41.2 669.0 1048.7 963.0 8 34.1 101.2 53.7 2.0 -5.6

42 6524 6954 13 0 293 33.0 57 6263 6779 22066 8 26.1 323 7.8 2.7 0.7

R2 45 591.8 808.8 1.3 0 16.7 52.7 344 596.0 981.4 4570 8 18.3 81.8 57.3 -1.4 -149
47 565.5 5962 13 0 11.8 139 4.7 550.5 599.0 901.6 8 10.1 151 76 1.6 -1.0

50 5579 7439 14 0 92 39.0 30.7 5239 768.6 5833 8 49 50.8 472 43 -50

80 632.8 790.5 1.6 0 345 547 21.0 603.6 764.7 9640 8 30.1 53.1 235 35 1.8

85 6139 6359 1.6 0 312 28.6 3.0 5850 602.6 1381.1 8 265 23.8 2.8 3.8 4.0

RC2 90 556.6 698.9 1.7 0 16.8 37.7 23.7 520.1 669.7 473.1 8 10.6 322 258 57 4.1
95 540.0 563.2 1.8 0 13.6 11.7 34 501.0 5205 4923 8 68 47 3.1 63 6.7

100 546.1 716.6 1.8 0 17.0 41.3 26.7 4724 55477 9000 8 1.2 102 14.6 15.5 28.6
Average 545.7 6389 1.1 11 17.3 309 15.1 522.6 625.1 755.6 237 12.8 28.6 173 4.2 3.0

Table 6: Summary of the results obtained by LS0 and HI1.

tic equivalent solution, for the VRPSD instances introduced by Louveaux and Salazar-Gonzélez (2018),

which are characterized by routes with many customers in an optimal solution. For instances with many

vehicles and few customers per route, the authors reported higher gains of the stochastic approach over the

deterministic. Again, this is confirmed in our results, as the average Sav; and Sav, values for instances in

class 1 (characterized by short routes) were 2.1% and 16.1%, respectively; while for instances in class 2

(characterized by long routes), these values were 1.1% and 3.9%, respectively.

To analyze the impact of the length of time windows on the performance of our best stochastic approach

(ILS3), we ran one additional experiment using instances in subclass RC2, but with the start and end times

of the time window of each vertex i € 7" modified as in Lei et al. (2011) and given by:

= max {wg, w! + wf-’)/2 —/\((wf-’ - W?)/2}, (46)
min {wg, (wi + wib)/2 +X(wf.’ - wf)/2} , (47)
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where [wf, wf ] is the original time window of vertex i and y is a parameter to control the length of the
new time window [wY, W?]. Note that for y = 1, we obtain the original time windows of the instance. The
larger the value of y, the wider the new time windows become. Thus, for y — oo, the VRPTWSD becomes
a VRPSD, meaning that the time windows are disregarded. Table 7 reports the total expected costs and
computing times in seconds for § = 9 and y = 0.5,1,2,3 and co. The symbol ’>’ in the column Time
indicates that the L.S3 algorithm reached the time limit of 3600 seconds. These results indicate that as
the parameter y increases, the expected total cost decreases but the runtime of LS3 increases. The behavior
observed in the costs when increasing y is expected, as the wider the time windows, the lower the probability
of not satisfying them in the planned routes. Hence, it reduces the recourse cost associated with using the
special service. On the other hand, by increasing y, the space of feasible solutions is likely to increase, thus
resulting in a larger search tree in the L-shaped method. This often leads to more calls to the routine that

separates LBF cuts, causing the total time of the solution method to increase as well.

x =05 x =10 x =20 x =30 X —
Inst. Z; Time Z; Time Z; Time Z; Time Z; Time
(sec.) (sec.) (sec.) (sec.) (sec.)

RC201 339.6 0.0 3348 0.0 327.7 0.0 3253 0.5 3250 14
RC202 2755 0.7 2755 0.7 2725 1.2 2725 35 2725 3.7
RC203 438.7 81.0 432.8 250.8  432.8 1349.6 4295 1911.6 4258 2387.4
RC204 520.9 > 5144 > 516.2 > 514.2 > 515.5 >
RC205 237.0 0.0 2353 0.0 2353 0.0 2353 0.1 2353 0.1
RC206 2423 0.0 2393 0.0 2380 0.0 237.8 0.1 237.8 0.1
RC207 767.4 > 758.8 > 752.1 > 756.5 > 758.9 >
RC208 977.1 > 956.0 > 949.7 > 951.6 > 946.3 >
Average 474.8 1360.1 468.4 1381.3 4655 1518.7 4653 1589.4 464.6 1649.0

Table 7: Expected total costs and computing times for instances in subclass RC2 with § = 9 and considering modified
time windows.

5.4. Effect of variability and stochasticity

In our experiments, we assume that &; follows a triangular distribution with finite support S and most
likely realization equal to its expected value E[&;]. Each realization s, for s = 1,...,S, is determined as
& = E[&]-0=(LS/2]— s+ 1) where 6 is the step size between each consecutive realization of the support of
&;. All results presented so far assume 6 = 1, which leads to small variability and stochasticity in the demand
realizations. To verify whether the variability of the demand distribution support impacts the performance
of LS3 algorithm, we performed another experiment in which we vary ¢ from 1 to 5 for instances in subclass
RC2 with § = 5. Table 8 shows the results of this experiment. As expected, the total cost increases as the
demand distribution support variability increases. High variability means that the values in the realizations
can be significantly greater than the expected value, which increases the route failure probability. Moreover,
the problem becomes more difficult for LS3 as the variability increases. Supports with high variability make
the estimate of ¢, very low and that of 6, very high for each position £ of a partial route. The smaller the
value of 6, is (and the larger the value of 6 is), the smaller is the lower bound on recourse cost and, therefore,
the less effective the LBF cuts are.
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6=1 6=2 6=73 6=4 6=5
Time Time Time Time Time
Inst. Z;  (sec) Z;  (sec) Z;  (sec) Z;  (sec) Z;  (sec)
RC201 3344 0.0 3352 0.0 341.8 0.1 348.7 09 3514 14
RC202 2752 0.8 2755 09 282.1 5.2 287.9 31.8 288.4 33.0
RC203 432.0 67.5 4333 103.8 4432 > 448.3 > 4495 >
RC204 5164 > 5184 > 529.8 > 536.3 > 539.8 >
RC205 235.0 0.0 235.6 0.0 239.0 0.1 2419 03 2430 0.5
RC206 239.0 0.0 239.7 0.0 2459 0.1 252.0 0.1 2532 0.2
RC207 7522 > 756.6 > 77144 > 797.5 > 8056 >
RC208 9443 > 9479 > 9763 > 10322 > 1018.5 >

Table 8: Expected total cost and computing time for instances in subclass RC2 with S = 5 and different values of ¢.

5.5. Effect of T

Recall that our recourse actions apply the additional cost I' related to customer inconvenience because
of partial delivery. In certain situations, however, there is no such inconvenience (e.g., in waste collection),
thus we would have I = 0. To verify the performance of the proposed approach in situations like this, Table
9 presents the expected total costs of the deterministic problem solutions evaluated under rule-based and
classical policies, considering stochastic problem solutions under the same policies for two different choices
of I', namely I'y = 0 and ['; = };c v coi/n. This table also reports the savings and the ratio of the stochastic
problem costs under both policies for each choice of I'.

The results in Table 9 show that, for both stochastic problems, the expected total cost is higher for I'5,
which is expected because of the additional cost of partial deliveries. Regardless of the value of T, it is
cheaper (see the values reported in columns Sav; and Sav,) to solve the stochastic problem rather than
to solve the deterministic problem evaluated under both recourse policies. In addition, the values in the
columns Savs indicate that it is possible to have greater savings by solving the stochastic problem under
the rule-based policy instead of the classical policy. These savings are even greater in applications where
partial delivery is undesirable. Finally, the ratio for each value of I" highlights the fact that the expected total
cost of the stochastic problem under the classical policy is no worse than twice the expected total cost of
the stochastic problem under the rule-based policy. These empirical results are aligned with the theoretical
results in Bertazzi and Secomandi (2020) who conducted a worst-case analysis finding that the expected
cost under the classical policy of each feasible route is at most twice its expected cost under the preventive
policy.

5.6. Effect of © on the expected total cost of solutions

We have conducted experiments varying parameter @ from O to 10 with step size 2 to assess its impact
on the expected total cost of solutions. Table 10 reports the expected total cost and number of routes (NR)
obtained for instances of the subclass R1. As expected, increasing this parameter also increases the expected
total cost. For certain values of @, we observe an increase in the number of planned routes in the solutions,

which prevent the high costs of special services associated to customers with time window failures.

5.7. Expected Value of Perfect Information

We ran numerical experiments using 6 instances with 5 customers and 1 vehicle to calculate the expected

value of perfect information (EVPI), defined as the maximum value a decision maker would be willing to
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Deterministic z z: Savings for I'y Savings for I’ Ratio

Sav; Sav, Savz Sav; Sav, Savj
nst. Z¢ Z¢ I b I T (% (R (R (%) (% (%) I I
RC201 334.8 334.8 334.6 334.8 3347 3348 0.03 0.00 0.01 0.00 0.00 0.01 1.00 1.00
RC202 276.0 315.8 273.2 2755 2986 313.6 1.01 0.72 929 0.19 0.72 13.84 1.05 1.14
RC203 438.2 517.0 430.3 4328 4554 4717 1.85 9.60 585 126 9.60 9.00 1.04 1.09
RC204 5243 653.4 511.3 5144 540.7 5574 2.54 17.23 574 191 17.23 835 1.03 1.08
RC205 241.5 283.8 235.2 2353 2352 2354 2.67 20.60 0.01 2.63 20.60 0.01 1.00 1.00
RC206 239.3 2394 239.2 239.3 2393 2394 0.05 0.00 0.01 0.00 0.00 0.01 1.00 1.00
RC207 769.1 912.3 7547 7552 7809 800.5 191 13.97 347 1.84 13.97 599 1.03 1.06
RC208 967.7 1273.5 941.3 957.3 1048.7 11774 280 8.16 11.41 1.08 8.16 2298 1.12 1.23

Table 9: Results of the deterministic and stochastic problems under both policies for instances in RC2 with § = 5 and
¢ = 1, using different choices for I".

D=0 D=2 D=4 D=6 D=8 @ =10
Inst. Z° NR Z° NR Z° NR Z° NR Z° NR Z° NR
RIOI 6343 9 6490 9 6576 9 6628 9 6681 9 6733 9
RI02 6472 10 6717 10 6817 10 6924 11 6977 11  699.5 11

R103 433.1 6 446.8 7 450.7 7 4553 7 4595 7 463.7 7
R104 3364 5 3364 5 3364 5 3364 5 3364 5 3364 5
R105 2927 4 292.7 4 2928 4 292.8 4 2928 4 292.8 4
R107 3603 5 3604 5 360.6 5 360.7 5 360.8 5 361.0 5
R108 4485 6 4485 6 4485 6 4485 6 4485 6 4485 6
R109 4327 6 4418 6 4462 6 4462 6 4462 6 4462 6

Table 10: Results of the stochastic problems for instances in R1 with S = 5 and 6 = 1, using different values of ®.

pay for complete and accurate information about the future. This concept also expresses how much can be
saved by having perfect information. The EVPI is determined as follows: (i) solve the deterministic prob-
lems (wait-and-see problems) associated with each scenario w and define WS (w) to be their corresponding
optimal values; (ii) determine the expected value of the wait-and-see solutions using WS = )’ 7(w)WS (w)
where 7(w) is the probability of occurrence of scenario w (we assume the scenarios are equiprobable); and
(iii) determine the EVPI as the difference between the value of the here-and-now (HN) solutions and the
value of the wait-and-see (WS) solutions, i.e., EVPI = HN - WS, where the HN value is the optimal value
of the stochastic problem. The higher the EVPI value, the greater the impact of uncertainty in the problem.

The HN problem for each instance involves a demand distribution support with 6 = 3 and § = 5. For
each instance, we generate 300 WS problems corresponding to 300 different demand profiles. Each demand
profile or scenario has five realizations, one for each customer of the five considered in each instance. The
demand realization of each customer in each of the scenarios is randomly generated between the minimum
and maximum values of the demand distribution support. The LS3 algorithm is used to solve both WS and
HN problems. It is important to note that the demand distribution support in the WS problems have a single
realization only (equal to the realization in the corresponding scenario) with probability of occurrence equal
to 1. For these experiments, we set ® = 1 and Q = 50.

Table 11 presents the HN, WS and EVPI values for the selected instances. Additionally, the last column
in this table shows the percentage of the EVPI value with respect to the HN value. All the HN and WS
problems were solved to optimality by the LS3 algorithm in less than 1 second. The EVPI results indicate

that it would be possible to achieve significant cost savings (22.07%, on average) if perfect information
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about the stochastic parameters were known when the problem is solved.

Inst. WS HN EVPI EVPI(%)
Cl101 428 575 147 25.6

C201 75.8 90.5 14.8 16.3
R101 126.7 1362 9.6 7.0
R201 1269 1362 93 6.8

RC101 1029 1649 61.9 37.6
RC201 1004 1649 64.5 39.1

Table 11: HN, WS and EVPI values of the solutions obtained for instances with 5 customers and 1 vehicle.

5.8. Load factors smaller and larger than one

Finally, we ran additional computational experiments to study the performance of the LS3 algorithm
progressively relaxing assumption A3 by multiplying Q by 5, where 7 is the load factor varying in the set
{0.80, 1.00, 1.20, 1.35, 1.75, +o0}. Note that we do not change the vehicle capacity of the instance; we only
change the way assumption A3 is checked by using 7 X Q instead of Q when designing the first-stage routes.
These experiments were conducted using the RC2 class instances with S = 5,6 = 2 and ® = 10. They also
include the scenario in which assumption A3 is fully relaxed, represented by = +o0. Table 12 reports the
results, presenting for each instance and value of 7, the first stage cost, the recourse cost, the ratio between
the previous costs, and the execution time in seconds. Additionally, the table shows the risk associated
to the solution, estimated via Monte-Carlo simulation using 10,000 demand profiles generated within the
support of each demand vertex. The risk is calculated as the ratio between the number of times the vehicle
capacity was violated and 10,000. As in previous tables, the symbol *>’ in column Time indicates that the
LS3 algorithm reached the time limit of 3600 seconds.

There are several results related to those found in Florio et al. (2020a) and Florio et al. (2020b) for the

optimal solutions of Table 12 that deserve special attention as the load factor increases:

o The total expected cost decreases because the first stage cost becomes less relevant as the number of

routes also decreases.

o The risk of failure increases. This behavior is expected since the solutions have a greater number of
customers per route; thus, they are more exposed to failures when implemented. This indicates the
practical importance of assuming A3 to generate first stage routes, as the risk significantly increases

even for n = 1.2.

e The ratio between the recourse cost and the first stage cost increases because the recourse cost be-

comes more relevant as the solutions have a greater number of customers per route.

o The difficulty for solving the problem by LS3 algorithm increases. For large values of 7, the genera-
tion of 2-path cuts is significantly reduced, and they are important to tighten the linear programming
relaxation. However, the method is still effective to find feasible solutions in scenarios where assump-
tion A3 is progressively relaxed because for these cases the solutions have more customers per route.
Hence, the LBF cuts become more effective as the recourse cost becomes more relevant and its lower

bound stronger.

31



n=0.8 n=1.00 n=12
Time Time Time

Inst. C & Z rationr (sec) risk C @ ) rationr (sec) risk C Q@  Zj ratio nr (sec) risk
RC201 4269 0.0 4269 00 5 02 0.2 3344 08 3352 02 4 00 03 3119 164 3282 53 3 102 038
RC202 3364 0.0 3364 0.0 4 0.1 02 268.8 6.7 2755 25 3 10 04 2432 09 2441 04 3 0.1 0.6
RC203 5184 0.0 5184 0.0 6 252 0.2 4254 79 4333 19 5 599 0.5 4046 87 4134 22 4 > 09
RC204 6044 0.0 6044 0.0 7 9409 03 511.5 79 5194 16 6 > 0.6 4695 3.6 4732 08 5 2389.50.9
RC205 270.8 0.0 270.8 0.0 3 0.8 0.1 2350 0.6 2356 03 3 00 0.2 2163 14 2177 06 2 05 0.6
RC206 3374 0.0 3374 00 4 04 0.1 239.0 0.8 239.7 03 3 00 0.2 2390 0.8 239.7 03 3 0.0 02
RC207 890.8 0.0 890.8 00 9 > 04 7482 92 757412 8 > 0.6 7360286 7647 39 & > 08
RC208 1142.0 0.0 1142.0 0.0 12 > 0.5 9143 394 953.7 43 10 > 0.8 937.9136.510745146 9 > 1.0
Average 565.9 0.0 565.9 0.0 6.31020.9 0.3 459.6 9.2 468.7 1.5 5.31357.4 0.5 444.8 24.6 469.4 3.5 4.61649.8 0.7

n=13 n=17 n =00

Time Time Time
Inst. C @ Z rationr (sec) risk C @ ZJ rationr (sec) risk C QF Z} rationr (sec) risk
RC201 309.7 12.8 3224 41 3 55 0.8 2247 504 275.1224 2 1.5 1.0 2247 504 275.1 224 2 6.0 1.0
RC202 2432 09 2441 04 0.1 0.6 1824 23 1847 1.3 2 1.0 09 1824 23 1847 13 2 299 09
RC203 403.1 4.5 407.6 1.1 > 09 337.8 19 339.7 0.6 3 8032 1.0 2786 35 2822 13 2 > 1.0
RC204 467.8 18.0 485.7 3.8 > 09 3694 53 3747 14 4 > 10 296.7 73 3040 25 2 > 1.0
RC205 2113 3.0 2143 14 02 0.6 2090 2.0 2110 1.0 2 7.8 0.7 2090 2.0 2110 1.0 2 140 07
1.3 1
3
5

RC206 239.0 0.8 239.7 03 3 02 1855 39.0 224621.0 2 33 09 1947 1.5 1962 0.8 09 1.0
RC207 736.2 24.5 760.6 3.3 > 0.9 575.1172.0747.1299 5 > 1.0 551.8 23.0 574.7 4.2 > 1.0
RC208 9309 110.61041.5 119 10 > 1.0 692.6195.8888.4283 6 > 1.0 544.6208.6 753.2 38.3 > 1.0
Average 442.6 21.9 464.5 3.3 4.61800.6 0.7 347.1 58.6 405.7 13.2 3.31451.9 0.9 310.3 37.3 347.6 9.0 2.41806.2 1.0

~N WD N R W

Table 12: Results of the stochastic problems for instances in RC2 with § = 5, ® = 10 and § = 2, using different values
of n.

6. Conclusions

In this paper, we studied the vehicle routing problem with time windows and stochastic demands
(VRPTWSD). Two-stage stochastic programming with recourse was used as the approach to address de-
mand uncertainties, where in the first stage the routes are defined and in the second stage they are executed.
We considered a fixed rule-based recourse policy that is combined with additional actions to recover from
violated time windows. The problem was formulated using a vehicle flow-based model, for which we devel-
oped an Integer L-shaped algorithm that was enhanced by a few additional components. Namely, it resorts
to LBF cuts based on general partial routes as well as k-path inequalities, which help to improve the lower
bound provided by the linear programming relaxation and thus promote a better overall performance. This is
the first exact method proposed for the VRPTWSD with the fixed rule-based policy. We additionally showed
how to effectively compute the expected recourse cost for the proposed recourse policy as well as how to
separate the valid inequalities based on this policy. Computational experiments carried out with benchmark
instances from the literature showed that the incorporation of LBF and k-path cuts improved the computa-
tional performance of the proposed L-shaped method. These components resulted in more instances solved
to optimality and accelerated the convergence of the method. Moreover, the results indicated significant
savings in the expected recourse cost for solutions of the stochastic problem with respect to solutions of
deterministic approaches based on the expected value. Furthermore, the fixed rule-based policy resulted in
an attractive alternative to the classical policy, as it reduces the expected total cost and promotes a better
computational performance of the proposed Integer L-shaped algorithm.

There are several interesting perspectives for future research, and some of the most promising are as

follows: 1) develop procedures to determine a general lower bound on the expected recourse cost to further
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improve the global performance of the proposed Integer L-shaped algorithm; 2) develop exact methods
based on branch-price-and-cut for the VRPTWSD; and 3) extend and adapt the solution approach developed
here for other VRP variants, such as the variant that also involves deliverymen allocation decisions on
each route, as well as the routing and scheduling decisions (Pureza et al., 2012; De La Vega et al., 2019).
In addition, extending our methodology to consider the dependence of the stochastic demands or using
other methodologies to treat this dependence are interesting topics to be studied in future works. Another
interesting topic for future work is to use other policies to govern restocking trips to the depot, such as the
optimal restocking policy. Building a procedure to bound the recourse cost is challenging for this policy,
especially in the presence of customer time windows. The performance of LS3 algorithm is likely to be
negatively affected if we relax assumptions A3 and A4. By relaxing these assumptions, the 2-path cuts
become weaker because they would be added to the model only if one vehicle was not enough to serve all
the vertices in § within their time windows. Additionally, there would be an increase in the number of calls
to the separation procedures of the optimality, feasibility and LBF cuts because the solution space of the
problem would grow, causing the global time of LS3 algorithm to increase. For this reason, adjusting our
method LS3 to allow the total expected demand of a route to exceed the vehicle capacity and more than one
failure per route is another topic for further research. Finally, another topic for future research is to extend
our approach to consider other recourse actions that represent methods to meet customer time windows that

cannot be satisfied in the planned routes.
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Appendix A. An illustrative example

We present an example to illustrate the proposed rule-based policy with additional actions for time win-
dow violations. The example is based on instance RC107 (arbitrarily taken from the benchmark instances
used in Section 5), which involves 9 demand vertices and 4 identical vehicles available in the depot with
capacity 100. Figure A.5 presents two sets of optimal routes for this instance: one for the deterministic
problem (on the left) and another for the stochastic problem with fixed rule-based policy and S = 9 (on the
right). For a given vertex demand profile, we use these routes to illustrate how the depot returns are gov-
erned by fixed rule-based and classical policies, and what these returns imply in the violation of the vertex
time windows. The demand profile we use is (0, 18, 34,13, 38,24, 17,22, 14,20, 0), in which the first and
last realizations are the demand of vertices 0 and n + 1. The first-stage cost is 202.9 for the routes in the

solution of the deterministic problem and 203.6 for the routes in the stochastic problem.
531 531
o
4
6
7

2

DEPOT DEPOT

Figure A.5: Optimal routes of instance RC17 for the deterministic problem (on the left) and for the stochastic problem with § = 9
(on the right).

Tables A.13 and A.14 summarize the results obtained after applying the recourse actions under clas-
sical and fixed rule-based policies in route (0,4, 8,5,3,1,n + 1) of the deterministic solution and in route
0,2,6,8,7,9,n + 1) of the stochastic solution, respectively. The first four columns present the vertex index
(Vertex); the expected value of the vertex demand ([E(¢)); the realization of the vertex demand within the
considered profile (Profile); and the closing time of the vertex time window (b). Then, for both recourse
policies, the tables show the vehicle arrival time at the vertex (f) and the corresponding vehicle load at this
time (q). For the fixed rule-based policy, they also report the residual vehicle load (§) after serving the vertex
as well as the threshold value (6) used to decide whether a vehicle, after serving a demand vertex, makes a
restocking trip to the depot or proceeds directly to the next vertex of the route. We do not apply the recourse
policies on the other routes in the solution since the used demand profile does not incur a recourse cost.

For the classical policy, Table A.13 shows that the vehicle arrives at the first vertex (4) in the route with
a full load (100 units). After serving this vertex, the vehicle continues its route and visits vertices 8, 5 and 3,
arriving at them with 62, 48 and 24 units, respectively. Then, after serving vertex 3, the vehicle continues its
route and goes to vertex 1, where it arrives with insufficient load (11) to meet the vertex demand (18). Thus,
the vehicle makes a round trip to the depot, returning to vertex 1 at instant 240.2, implying the violation of
the vertex time window. In this way, the vehicle does not serve the remaining vertex demand and proceeds

directly to vertex n + 1 where it arrives at instant 242.3, violating the depot time window. The route recourse
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Fixed based-rule policy Classical policy

Vertex [E(£) Profile b t q q % t q
0 0 0 240 0.0 100 100 - 0.0 100
4 40 38 193 36.1 100 62 10 36.1 100
8 10 14 155 86.0 62 48 20 86.0 62
5 20 24 113 103.1 48 24 10 103.1 48
3 10 13 146 1151 24 11 20 115.1 24
1 20 18 191 2025 100 100 O 240.2 11

n+1 0 0 230 240.6 100 - - 242.3 100

Table A.13: Application of recourse policies to route (0,4,8,5,3,1,n + 1) of the deterministic solution.

Fixed based-rule policy Classical policy

Vertex [E(¢) Profile b t q q % t q

0 0 0 240 0.0 100 100 O 0.0 100

2 30 34 97 30.8 100 66 20 30.8 100

6 20 17 164 46.0 66 49 10 46.0 66

8 10 14 155 70.8 49 35 20 70.8 49

7 20 22 118 85.8 35 13 20 85.8 35

9 20 20 160 1647 13 100 O 203.2 13
n+1 0 0 230 198.3 100 - - 236.8 100

Table A.14: Application of recourse policies to route (0,2,6,8,7,9,n + 1) of the stochastic solution.

cost for the demand profile used is 371.4 (36.2 for interrupting service at vertex 1, 76.2 for returning to the
depot, and 259.0 for violating the time windows of vertices 1 and n + 1). The total cost is 574.3, of which
202.9 are from the first stage and 371.4 are from the recourse cost or second stage.

Regarding the fixed rule-based policy, the vehicle arrives at vertex 3 with load 24 and leaves with load
11 after serving its demand of 13. As the residual vehicle load at this vertex is lower than the threshold
value, the vehicle performs a restocking trip to the depot starting from vertex 3 and returning to vertex 1.
The vehicle arrival time at vertex 1 is 202.5, implying the violation of its time window. Hence, the vehicle
does not serve this vertex and proceeds directly to final depot n + 1, where its time window is also violated
since the vehicle arrives at 240.6. The recourse cost under the fixed rule-based policy of the route is 336.5
(77.5 for the restocking trip and 259 for violating the time windows of vertices 1 and n + 1). The total cost
is 539.4, 34.9 units smaller than the total cost under the classical policy. Note that on the restocking trip,
the cost I' for interrupting the service at the vertices is saved, which reduces the total cost when compared
to the total cost under the classical policy.

When uncertainties are incorporated, the optimal routes of the stochastic problem with fixed rule-based
policy change when compared to the optimal routes of the deterministic problem. When applying the re-
course actions under classical and fixed rule-based policies to route (0,2,6,8,7,9,n + 1) of the stochastic
problem (see Table A.14), the total cost is smaller when compared to the total cost of the deterministic solu-
tion route, changing from 574.3 to 441.1 under the classical policy and from 539.4 to 406.7 under the fixed
rule-based policy. This shows the savings that can be achieved if the uncertainties in the vertex demand are
incorporated into the problem instead of seeking alternatives such as the expected value to abolish them.
The results also show that it is possible to have an additional reduction in the total cost when the fixed rule-
based policy is used to govern recourse actions rather than the classical policy, as that policy can reduce the
number of failures related to the time window violation. Table A.14, for instance, reports that depot time

window n + 1 is violated under the classical policy but not under the fixed rule-based policy.
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Appendix B. Proof of Proposition 4.2
Consider the following 3 cases:

1. Until position ¢ of the artificial route 7, the arrival times are not affected by the failure in vertex u
allocated in position €. Hence, W,,,({ — u) coincides with the lower bound of the arrival time W,,, for
m=2,...,¢

2. Concerning the position £ + 1, if a BF trip is carried out and w/(¢ — u)+ f, < b,, then the vehicle does
not violate the time window at vertex u allocated in position €. Therefore, We.1)({ — u) is equal to
max{a,, we({ — u)}, plus the service time of u allocated in the £th position (s,), the travel time from
vertex u to the vertex allocated in position £ + 1 of / and the additional time incurred by the return trip
from vertex u to the final depot n + 1 (f,,) . As the actual vertex in position £ + 1 can be unknown, we
use a lower bound for the travel time at arc (¢, £ + 1) of h, determined as Tue+1y = u'e%i(%n){tm’,}'

utu’
However, if we({ — u) + f, > b, after a BF trip, the vehicle will not attend vertex u allocated in
position ¢; therefore, it proceeds directly to the vertex in the (£ + 1)-th position. Thus, We41)(€ — u)
is equal to Ww,({ — u) plus the travel time between u and the vertex at position £ + 1 of / and the
additional time incurred by return trip from u, to the final depot n + 1 (f;,). As before, the possibility
of not knowing the actual vertex in position £ + 1 means that we use the lower bound 7,41 for the

travel time between vertices in positions £ and € + 1.

If a restocking trip is carried out, the vehicle returns to the depot after visiting vertex u in position £ of
h and then proceeds directly to the vertex in position £ + 1. Then, W4 1)(€ — u) is equal to We( — u),
plus the service time of u (s,), the travel time between u and the final depot n + 1 (#,(4+1)) and the
travel time from the initial depot O to the vertex in position £ + 1 of h. Again, the actual vertex in

position ¢ + 1 may be unknown; therefore, we use a lower bound for the travel time from the initial

depot O to the vertex in position ¢ + 1, determined as fyie+1y = min  {fo,}.
u'eGy(l+1)
3. Concerning the positions after £ + 1, if W—1)(€ — u) < B(m_ 1), form=¢+2,...,k+ 1, the vehicle

can visit the vertices in these positions inside their estimated time windows. Thus, W, (€ — u) is
equal to max{agn—1), Wm—-1)({ — u)}, plus the service time of the vertex in position (m — 1) and the
travel time between vertices v(,,—1) and v,,, respectively. For this case, the actual vertices at positions
(m — 1) and m of artificial partial route 7 may also be unknown. Therefore, we use the previously
defined lower bounds for the opening time window at position m — 1 (d¢,-1)), for the service time at
position m — 1 (§(,-1)) and fort the travel time of the arc associated with positions m — 1 and m of i
(Fm=1ym)- I Win—1)(€ = u,) > l;(m_l), form={¢+2,...,k+ 1, the vehicle does not attend the vertex at
(m — 1), and hence, W) (€ — u) is equal to W(,,—1)(£ — u) plus the travel time between vertices v(,,_1)
and v,, of h. Once more, we use the lower bound for the travel time at arc (m — 1, m) of & because of

possibly not knowing the actual vertex in those positions. Considering this, the proof is completed. []

Appendix C. Proof of Proposition 4.3

For a given value of g such that g — &, < 0O (i.e., an RF trip is carried out), Proposition 2 can be applied
to determine the new lower bounds for the arrival times w,,({ — u), form = 2,...,k + 1. According to
the same proposition, the recourse action only affects vertex u in position £ and the vertices in the positions
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after £. Therefore, the set of positions of the artificial partial route 7z whose estimated time windows were
violated due to the BF trip can be constructed by formula (41). The derivation of (42) is similar, but the

recourse now affects the positions after the ¢th position (m = £+ 1, ...,k + 1), thus completing the proof. [J

Appendix D. Results of the deterministic and stochastic problems

Tables D.15-D.18 report detailed results for all instances and S equal to 3 and 9. Most columns in these
tables have the same meaning as in Tables 4 and 5 presented in Section 5.2, except for n, m and Q that define
the number of demand vertices, number of vehicles and vehicle capacity, respectively. The symbol “-” in
these tables indicates that the corresponding algorithm did not find a feasible solution within the time limit
(5 hours). The negative values in the Sav; and Sav, columns are because the solutions of the deterministic
and stochastic problems are not necessarily optimal. Therefore, the total expected cost of a feasible solution
of the expected value problem may be less than the expected cost of a feasible solution of the stochastic

problem.
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Table D.15: Results of the instances in Class 1 with § = 3.

Deterministic

Stochastic with fixed rule-based policy

Stochastic with classical policy

Gap  Time Gap Time Gap Time Sav; Sav, Savy Savy

Inst. n m Q C Q Zy Q. Z. (%) (sec.) C Q, Zp (%) (sec.) C Q. Z (%) (sec.) (%) (%) (%) (%)

Cc101 19 8 75 3260 0.0 3260 0.0 3260 0.00 0.2 3260 0.0 3260 0.00 0.5 3260 0.0 326.0 0.00 0.8 0.0 0.00 0.00 0.00
Cl102 24 9 75 3613 00 3613 0.0 361.3 001 55 361.3 0.0 361.3 0.01 16.5 361.3 0.0 361.3 0.01 3885 0.0 0.00 0.00 0.00
C103 17 6 75 307.5 0.0 3075 0.0 307.5 0.00 1.7 307.5 0.0 307.5 0.00 1.6 307.5 0.0 307.5 0.01 2.8 0.0 0.00 0.00 0.00
Cl04 22 9 75 3462 0.0 3462 0.0 3462 0.01 1487.1 3462 0.0 3462 0.01 10050.0 3462 0.0 3462 0.01 11341.8 0.0 0.00 0.00 0.00
Cl105 29 12 75 4222 0.0 4222 0.0 4222 0.01 3032 4222 0.0 4222 001 688.0 4222 0.0 4222 001 9577 0.0 000 0.00 0.00
Cl06 15 6 75 2337 0.0 2337 0.0 2337 0.00 0.2 2337 0.0 2337 0.00 04 2337 0.0 233.7 0.00 0.2 0.0 0.00 0.00 0.00
C107 11 75 1235 00 1235 0.0 1235 0.00 0.0 1235 0.0 1235 0.00 0.0 1235 0.0 1235 0.00 0.0 0.0 000 0.00 0.00
Cl108 21 9 75 3429 0.0 3429 0.0 3429 001 6.1 3429 0.0 3429 0.01 17.4 3429 0.0 3429 0.01 233 0.0 000 0.00 0.00
Cl109 34 12 75 549.1 0 549.1 0 549.1 7.56 18000.2 548.1 0.0 548.1 590 13649.5 - - - - - 0.2 - - 0.00
R10I 24 9 50 617.7 168 6345 614 6792 0.00 14 6233 0.0 6233 0.00 1.6 6233 0.0 6233 0.00 0.5 1.8 89 000 7.04
R102 29 11 50 625.0 150 6399 656 690.6 0.00 454 629.5 1.2 6307 0.01 629.8 629.5 19 631.3 0.01 4649 1.5 938 0.10 7.92
R103 19 7 50 4182 137 4319 63.7 4819 0.00 0.6 4250 0.0 425.0 0.01 6.6 4250 0.0 4250 0.01 9.5 1.6 1339 0.00 11.58
R104 14 5 50 3320 4.0 336.1 14.8 346.8 0.00 0.3 3335 0.8 3343 0.01 1.3 3335 0.8 3343 0.01 1.5 0.5 374 0.00 3.20
R105 11 5 50 2916 00 291.6 0.0 291.6 0.00 0.0 291.6 0.0 291.6 0.00 0.0 291.6 0.0 291.6 0.00 0.0 0.0 0.00 0.00 0.00
R106 35 13 50 746.0 52.0 7979 1863 9322 0.00 910.8 779.2 47 7839 641 18000.0 7915 59 7974 9.78 18000.0 1.8 1691 1.72 16.83
R107 15 5 50 3542 08 3550 0.8 355.0 0.00 0.1 3542 0.8 355.0 0.00 0.2 3542 0.8 355.0 0.00 0.1 0.0 0.00 0.00 0.00
R108 21 8 50 4222 165 438.7 55.1 4774 0.00 0.5 4238 12.2 436.0 0.01 39.3 4409 84 4493 0.01 30289 06 625 3.05 8.80
R109 19 8 50 4189 24.1 443.0 98.7 5177 0.00 0.2 420.5 13.7 4342 0.01 1.2 4472 0.0 4472 0.01 15.2 20 1577 298 16.84
R110 31 11 50 657.0 30.5 687.5 489 7239 8.01 18001.2 666.5 3.5 6700 8.61 18003.5 689.3 55 694.8 17.46 18194.8 26 419 370 5.29
RI111 44 14 50 949.0 449 9940 1145 1063.5 11.78 18001.1  1080.2 36.5 1116.7 3426 18001.2 10853 68.3 1153.7 37.99 180000 -11.0 -7.82 331 6.99
R112 49 16 50 1102.3 87.2 1189.5 983 1200.6 17.25 18001.2 - - - - - - - - - - - - - 0.93
RC101 21 8 100 441.8 25.0 466.8 1574 599.2 0.00 2.4 4435 17.6 461.1 0.01 35 4742 0.0 4742 001 101.6 1.2 2634 285 28.36
RC102 30 11 100 745.1 409 786.0 257.2 1002.3 0.01  309.2 762.1 8.0 770.1 3.99 18001.3 787.0 0.0 787.0 6.55 18000.0 2.1 2736 219 2752
RC103 16 100 327.6 144 3420 905 418.1 0.00 0.1 3287 0.0 328.7 0.00 0.3 3287 0.0 328.7 0.00 0.1 40 27.19 0.00 22.26
RC104 19 7 100 4182 41.1 459.2 258.6 676.7 0.00 0.1 4273 7.7 4350 0.01 7675.6 4512 0.0 451.2 490 18000.0 5.6 4998 374 47.36
RC105 22 8 100 5069 258 532.7 1625 669.4 0.01 8.1 509.1 154 5245 0.01 15239 5349 0.0 5349 246 18000.0 1.6 25.15 198 25.66
RC106 39 13 100 876.5 121.3 9979 683.9 1560.5 0.56 18000.4 8954 8.1 9035 585 18000.1 889.2 377 9269 8.86 18000.0 104 6835 2.59 56.38
RC107 9 4 100 2029 26.8 229.6 147.5 3504 0.00 0.0 203.6 160 219.6 0.01 0.6 2319 0.0 2319 0.00 6.4 46 51.08 561 52.60
RC108 14 5 100 2740 70.5 3445 364.0 638.0 0.00 0.1 282.1 222 3043 3.41 18001.6 3159 0.0 3159 8.13 18000.0 132 10195 3.81 85.19
Average 473.8 23.1 4969 101.0 5754 1.56 3209.9 4604 6.0 4664 245 5082.7 466.2 4.8 471.0 3.56 59459 1.58 16.60 1.39 14.85
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Table D.16: Results of the instances in Class 2 with S = 3.

Deterministic Stochastic with fixed rule-based policy ~ Stochastic with classical policy

Gap Time Gap Time Gap Time Sav; Sav, Saviy Savy

Instt. n m Q C Q, Z Q. Z. (%) (sec.) C Q Z, (%) (sec.) C Q. Z. (%) (sec.) %) (%) (P) (%)
Cc201 19 8 75 4044 0.0 4044 00 4044 001 6.6 4044 0.0 4044 0.01 10.7 4044 0.0 4044 o0.01 13.9 0.00 0.00 0.00 0.00
Cc202 21 8 75 4126 0.0 4126 0.0 4126 0.01 31.0 412.6 0.0 412.6 0.01 104.0 4126 0.0 4126 0.01 152.6 0.00 0.00 0.00 0.00
C203 17 6 175 3682 0.0 3682 0.0 3682 0.01 11.8 3682 0.0 3682 001 20.0 3682 0.0 3682 0.01 342 0.00 0.00 0.00 0.00
C204 24 9 75 4329 0.0 4329 00 4329 001 132559 4333 0.0 4333 157 18000.0 4333 0.0 4333 437 18000.0 -0.08 -0.08 0.00 0.00
C205 30 11 75 543.0 0.0 5430 0.0 543.0 11.21 18001.0 5445 0.0 5445 13.28 18000.1 5449 0.0 5449 1298 18000.0 -0.29 -0.36 0.07 0.00
C206 14 6 75 2546 0.0 2546 0.0 254.6 0.00 0.2 2546 0.0 2546 0.00 0.5 2546 0.0 254.6 0.00 0.2 0.00 0.00 0.00 0.00
C207 10 5 75 183.8 0.0 183.8 0.0 1838 0.00 0.0 183.8 0.0 183.8 0.00 0.0 183.8 0.0 183.8 0.00 0.0 0.00 0.00 0.00 0.00
C208 39 13 75 908.7 0.0 9087 0.0 908.7 43.01 18001.2 810.2 0.0 810.2 26.75 148239 - - - - - 12.16 - - 0.00
R201 29 11 50 6249 18.0 6429 637 688.6 0.01 14.4 6253 10.0 6353 0.01 440.4 6362 27 6389 0.01 681.28 120 7.77 057 7.10
R202 24 9 50 5282 159 5441 579 5861 0.01 1.2 5282 159 544.1 0.01 36.0 5519 0.2 5521 0.01 241.4 0.00 6.16 148 7.73
R203 16 6 50 365.1 4.1 3692 62 3713 001 0.1 365.1 3.6 368.7 0.00 0.2 365.1 5.6 370.8 0.00 0.5 0.14 0.14 056 0.56
R204 11 5 50 258.8 83 267.1 205 2793 0.00 0.1 259.8 1.3 261.1 0.00 0.1 2598 13 261.1 0.00 0.1 229 696 0.00 4.56
R205 32 12 50 693.2 187 7119 789 7721 0.01 26335 699.1 7.0 706.1 3.06 18000.0 711.1 57 7168 6.68 19619.3 083 7.71 152 845
R206 15 6 50 3443 27 3470 27 347.0 0.00 0.1 3443 2.7 347.0 0.00 0.1 3443 27 347.0 0.00 0.1 0.00 0.00 0.00 0.00
R207 23 8 50 4979 140 511.8 387 5366 0.01 L5 4979 133 S511.1 0.01 60.5 5150 85 5235 0.01 3956.8 0.14 250 242 484
R208 19 7 50 4094 115 4209 467 456.0 0.00 0.3 4109 7.7 418.6 0.01 8.2 4250 0.0 4250 0.01 370.5 056 731 153 835
R209 31 11 50 6412 17.8 659.0 756 7168 0.01 9699.2 6412 17.8 659.0 7.65 18001.2 679.6 0.0 679.6 12.61 18000.0 0.00 548 3.12 877
R210 41 13 50 1019.0 18.3 1037.3 45.8 1064.8 29.45 18002.1 8989 26.1 925.0 15.58 18000.8 - - - - - 12.14 - - 2.65
R211 49 17 50 10929 60.3 11532 86.9 1179.8 52.02 18001.2 - - - - - - - - - - - - - 2.31
RC201 16 6 100 3344 0.0 3344 0.0 3344 0.00 0.0 3344 0.0 3344 0.00 0.0 3344 0.0 3344 0.00 0.1 0.00 0.00 0.00 0.00
RC202 12 5 100 2677 72 2749 395 3072 0.00 0.0 268.8 6.0 274.7 0.00 0.4 3029 0.0 3029 0.01 11328.10 0.05 141 1026 11.75
RC203 20 8 100 4242 124 4366 781 5023 0.00 0.1 4254 6.1 4315 0.01 11.7 4572 0.0 4572 543 18000.0 1.19 9.87 595 15.04
RC204 24 9 100  498.1 23.6 521.8 132.6 630.7 0.00 0.1 5054 69 5123 0.68 18000.6 537.1 0.0 537.1 6.02 18000.0 1.86 17.44 4.84 20.88
RC205 10 5 100 2339 6.7 2405 421 2759 0.00 0.0 2350 0.0 2350 0.00 0.0 2350 0.0 2350 0.01 0.0 236 17.41 0.00 14.71
RC206 11 5 100 239.0 0.0 2390 0.0 2390 0.00 0.0 239.0 0.0 239.0 0.00 0.0 239.0 0.0 239.0 0.00 0.0 0.00 0.00 0.00 0.00
RC207 34 11 100 7404 227 763.1 143.0 8834 4.08 18001.3 742.1 6.6 748.7 5.49 18002.8 773.6 0.0 773.6 9.21 18000.0 1.93 14.19 333 15.76
RC208 44 14 100 908.3 485 956.8 304.6 12129 431 18001.7 921.7 21.6 9432 8.44 18000.2 919.0 128.1 1047.1 20.34 18000.0 1.44 15.83 11.01 26.77
Average 504.8 11.5 5163 46.8 551.6 0.1 4950.5 475.1 5.9 481.0 3.18 61355 453.7 6.5 460.1 324 6766.6 146 499 194 593
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Table D.17: Results of the instances in Class 1 with § = 9.

Deterministic Stochastic with fixed rule-based policy Stochastic with classical policy
Gap Time Gap Time Gap Time Sav; Savp, Savi; Savy
Inst. n m Q C Q, Z, Q. Z. (%)  (sec.) C Q, Z, (%)  (sec.) C Q. Zc (%)  (sec.) (%) (%) (%) (%)
cior 19 8 75 326.0 28.6 3546 456 3715 0.00 0.2 3285 248 3533 0.01 18.7 3372 292 3664 0.01 394.0 036 139 373 479
C102 24 9 75 361.3 235 384.8 402 4015 0.01 55 366.8 16.0 382.7 0.01 4409.8 3684 30.0 3984 699 18592.6 0.55 078 4.09 432
Cl03 17 6 75 307.5 152 3227 252 3327 0.00 1.7 3106 6.8 3174 0.01 94 3124 87 321.1 0.01 53.6 1.65 361 1.17 3.1
Cl04 22 9 75 3462 155 361.7 266 3728 0.01 1487.1 3462 152 3614 230 18001.5 346.2 26,5 3727 10.15 18000.0 0.07 002 3.11 3.07
C105 29 12 75 4222 19.8 4420 363 4585 0.01 3032 4237 18.0 441.7 0.00 18000.0 4295 260 4556 7.19 18000.0 0.07 0.65 3.14 3.73
Cl06 15 6 75 2337 155 2492 257 2594 0.00 0.2 2382 7.6 2458 0.00 1.1 2417 74 2490 0.00 1.8 137 416 130 4.09
C107 11 75 1235 25 1260 6.0 129.5 0.00 0.0 1243 0.0 1243 0.00 0.1 1243 00 1243 0.00 0.0 1.39 421 0.00 277
clo8 21 9 75 3429 190 3619 336 3764 0.01 6.1 3429 19.0 3619 0.01 2718 349.0 26.1 375.1 0.42 18000.3 0.00 036 3.65 4.02
Cl109 34 12 75 549.1 27.1 5762 38.6 5877 7.56 18002.1 553.0 246 577.6 1244 18001.3 - - - - - 2.00
R101 24 9 50 617.7 609 678.7 136.7 7545 0.00 1.4 623.3 25.6 649.0 0.00 2.5 6233 333 656.7 0.00 1.0 457 1490 1.19 11.17
R102 29 11 50 625.0 428 667.8 131.3 7563 0.01 454 625.2 40.0 6659 1.15 18001.7 654.8 36.1 690.8 7.93 18000.0 029 948 3.74 1325
R103 19 50 4182 237 4419 95.1 5132 0.01 0.6 4182 237 4419 0.01 1005 439.0 10.6 449.6 001 168.6 0.00 14.15 1.76 16.15
RI104 14 5 50 3320 44 3365 192 3512 0.00 0.3 3320 44 3364 0.01 3.0 338.1 29 341.0 0.01 7.2 002 298 137 437
RIO5 11 5 50 291.6 1.1 2927 1.6 2932 0.00 0.0 291.6 1.1 2927 0.00 0.0 2916 1.6 2932 0.01 0.0 0.00 000 0.16 0.16
R106 35 13 50 746.0 1009 846.8 353.0 10989 0.01 910.8 7773 55.1 8323 13.89 18001.5 815.6 69.8 885.5 22.54 18000.0 1.75 2411 639 29.77
R107 15 50 3542 62 3604 141 3683 0.00 0.1 3542 6.2 3604 0.01 0.5 3542 141 368.3 0.00 1.8 0.00 000 2.18 2.18
R108 21 8 50 4222 30.0 4522 102.0 5242 0.01 0.5 4237 248 4485 001 3265 4519 369 488.8 10.90 18000.0 083 725 898 1591
R109 19 8 50 4189 29.7 4487 130.8 549.7 0.00 0.2 420.5 21.3 441.8 0.01 34 4480 6.2 4542 001 20.0 1.56 21.02 2.81 2252
R110 31 11 50 657.0 71.7 7287 197.2 8542 8.01 18002.1 661.4 504 7119 17.03 9795.0 726.8 21.1 7479 25.41 18000.0 236 1422 505 17.22
RI11 44 14 50 949.0 110.2 1059.2 330.6 1279.6 11.78 18001.1 1085.5 84.2 1169.7 40.23 18016.2 11325 2279 13604 63.44 18000.0 -9.45 -594 1630 20.80
R112 49 16 50 1102.3 131.1 12334 2135 1315.8 17.25 18002.3 - - - - - - - - - - 6.68
RC101 21 8 100 4418 31.6 4734 187.1 6289 0.00 24 4437 225 466.2 0.01 9.2 4759 81 4839 001 6829 1.55 2996 3.80 32.84
RC102 30 11 100 745.1 50.6 795.8 307.6 1052.7 0.01 309.2 762.1 149 7770 490 18001.4 7822 9.0 7912 7.20 18000.0 241 33.06 1.82 3229
RC103 16 6 100 327.6  16.0 343.6 107.6 4352 0.00 0.1 3293 0.3 3295 0.01 0.2 3293 03 3295 0.00 0.2 427 3206 0.00 26.65
RC104 19 7 100 4182 48.5 466.7 307.0 725.1 0.00 0.1 428.8 84 4372 0.01 124453 4520 0.2 4522 4.68 18000.0 6.75 6036 343 5537
RC105 22 8 100 5069 30.7 537.6 193.9 700.8 0.0l 8.1 509.1 19.0 528.0 0.01 7149.1 5349 3.1 538.0 254 18000.0 1.81 3027 1.88 30.36
RC106 39 13 100 876.5 1463 1022.8 828.1 17047 0.56 18000.4 886.6 28.0 9146 7.05 18000.0 8948 59.0 953.8 12.09 18000.0 11.83 78.72 429 66.66
RC107 9 4 100 2029 304 2332 1793 3822 0.00 0.0 203.6 18.3 222.0 0.01 1.0 2325 0.0 2325 0.00 7.5 5.08 6436 4.76 63.86
RC108 14 100 2740 77.6 351.6 4447 7187 0.00 0.1 282.1 24.6 306.7 4.49 18002.0 3159 04 3163 791 18000.0 14.64 127.23 3.11 104.38
Average 473.8 418 5155 1572 6309 1.56 3210.0 4604 21.6 482.1 3.70 7020.5 474.1 257 4999 7.02 94049 2.06 21.23 345 20.85
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Table D.18: Results of the instances in Class 2 with S = 9.

Deterministic Stochastic with fixed rule-based policy  Stochastic with classical policy

Gap  Time Gap Time Gap Time Sav; Sav, Savs Savy

Inst. n m Q C Q, Z, Q. Z. (%) (sec.) C Q Z, (sec.) C Q. Z. (%) (sec.) ) () () (%)
Cc201 19 8 75 4044 168 4212 286 433.0 0.01 6.6 405.7 104 416.1 0.01 16.6 408.8 122 421.0 0.01 36.9 1.23 285 117 279
Cc202 21 8 75 412.6 132 4257 209 4335 0.01 31.0 412.7 103 4229 0.01 163.8 4157 12.0 427.7 0.01 566.1 067 135 1.14 1.82
C203 17 6 75 3682 84 3766 12.0 3802 0.01 11.8 3699 63 3763 0.01 84.2 3715 81 3795 000 2754 0.08 0.17 0.87 0.96
C204 24 9 75 4329 187 4516 340 4669 001 132559 4333 17.7 451.1 6.19 18001.8 - - - - - 0.11 - 3.39
C205 30 11 75 543.0 152 558.1 247 5677 11.21 18001.0 5479 185 5664 15.83 18000.9 560.8 16.0 576.8 22.24 18000.1 -146 -1.58 1.84 1.71
C206 14 6 75 2546 53 2599 100 264.7 0.00 0.2 2546 53 2599 0.01 0.6 2546 100 2647 0.00 0.6 0.00 0.00 1.82 1.82
C207 10 5 75 1838 20 1858 3.7 1875 0.00 0.0 183.8 2.0 1858 0.00 0.0 183.8 3.7 1875 0.00 0.0 0.00 0.00 095 0.95
C208 39 13 75 908.7 27.0 9358 463 9550 43.01 18001.2 870.1 14.0 884.1 38.13 6114.2 - - - - - - 2.05
R201 29 11 50 6249 558 680.7 1582 783.1 0.01 14.4 633.5 23.0 656.6 0.01 87303 6539 164 6703 453 1800620 3.68 16.83 2.09 15.04
R202 24 9 50 5282 328 561.0 1109 639.1 0.01 12 5282 325 560.7 0.01 367.0 5519 335 5854 349 18000.0 0.04 9.17 440 13.92
R203 16 6 50 365.1 20.5 3856 50.1 4152 0.01 0.1 365.1 17.0 382.1 0.01 3.0 3950 0.0 3950 0.01 34.9 090 512 337 7.69
R204 11 5 50 2588 12.7 2715 504 309.1 0.00 0.1 265.5 09 2664 0.00 0.1 2655 1.1 2667 0.00 0.3 191 1592 0.10 13.86
R205 32 12 50 6932 41.0 7342 1384 831.6 0.01 26335 701.7 34.6 7364 10.38 18001.6 7280 534 7815 20.39 18000.0 -029 641 6.13 13.26
R206 15 6 50 3443 69 3512 145 3588 0.00 0.1 3443 69 351.2 0.00 0.2 3443 145 358.8 0.01 1.3 0.00 0.00 2.16 2.16
R207 23 50 4979 349 532.8 101.5 599.3 0.01 1.5 4979 33.1 531.0 0.01 1651.1 5425 29.8 5723 10.83 18000.0 034 472 778 1249
R208 19 7 50 4094 193 4286 67.7 477.0 0.00 0.3 410.8 149 4257 0.01 49.5 4444 48 449.1 1.13  18000.0 0.68 621 549 11.29
R209 31 11 50 6412 445 6857 1452 7865 0.01 9699.2 641.2 459 687.1 13.18 18003.3 684.8 50.5 7353 2294 18000.0 -020 695 7.01 14.69
R210 41 13 50 1019.0 55.7 1074.7 783 1097.3 29.45 18001.1 9252 73.5 998.7 25.17 18001.2 1058.2 123.1 1181.4 49.43 18000.0 7.61 -7.12 1829 2.10
R211 49 17 50 10929 1225 12154 1759 1268.8 52.02 18002.3 - - - - - - - - - - - 4.39
RC201 16 6 100 3344 04 3348 04 3348 0.00 0.0 3344 04 3348 0.00 0.0 3344 04 3348 0.00 0.0 0.00 0.00 0.01 0.01
RC202 12 5 100 267.7 82 2760 481 3158 0.00 0.0 268.8 6.7 2755 0.01 0.5 3029 04 3033 001 9039.07 0.19 4.13 10.11 14.44
RC203 20 8 100 4242 140 4382 928 517.0 0.00 0.1 4254 74 4328 0.01 20.3 4576 0.7 4584 537 18000.0 1.26 1279 591 17.97
RC204 24 9 100  498.1 270 5252 159.7 657.8 0.00 0.1 5054 8.8 514.1 0.71 18000.2 5405 14 5419 6.86 18000.1 2.15 2139 540 2526
RC205 10 5 100 2339 7.7 2415 500 2838 0.00 0.0 2350 03 2353 0.00 0.0 2350 03 2354 0.00 0.0 2.63 20.60 0.01 17.52
RC206 11 5 100 239.0 04 2393 04 2394 0.00 0.0 239.0 04 2393 0.00 0.0 2390 04 2394 0.00 0.0 0.00 0.00 0.01 0.01
RC207 34 11 100 7404 28.8 769.1 172.0 9123 4.08 18001.3 742.1 94 7514 581 18001.3 773.6 52 7788 9.97 18000.0 236 17.14 3.65 18.62
RC208 44 14 100 9083 58.8 967.1 362.3 1270.7 431 18001.7 9159 25.6 941.6 821 18000.1 955.7 1504 1106.1 27.37 18000.0 271 14.88 17.47 31.38
Average 504.8 259 530.7 799 5847 534 49505 479.1 164 4955 476  6200.5 487.6 229 5105 7.69 9415.0 1.06 6.58 447 9.32
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