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Abstract

We study assortment problems under the Marginal Exponential Model (MEM) with deterministic de-
mand. We show that optimal solutions to such assortment problems can be efficiently determined under
some mild conditions, and provide a simple approach that finds near optimal solutions when these con-
ditions fail. Furthermore, we improve the existing MEM parameter estimation method given by Mishra
et al. (2014). Our numerical studies show that using MEM to capture choice behavior in assortment op-
timization leads to better results than using heteroscedastic exponomial choice (HEC) model, a model
recently introduced by Alptekinoglu and Semple (2018) to capture heteroscedasticity.
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1 Introduction

In a product assortment problem, a retailer maximizes her profit by determining a subset to assort from a given set of
products with known attributes. Clearly, a good assortment would lead to a significant gain on the sales and profits.
Hence, over the past decades, the product assortment problem has been one of the popular research problems in
operations and revenue management field.

To find the optimal assortment, one first need to understand the customer choice behavior and be able to deter-
mine the demand for each product in an assortment. This is usually captured by choice models. Finding a suitable
choice model plays an important role in analyzing the choice behavior as there exist many choice models and each
of them has its own advantages and drawbacks. Once the choice model is chosen, its parameters are estimated based
on historical data. The choice probabilities that determine the distribution of the demand over assorted products
can then be calculated from the choice model whose parameters are estimated, and hence the total profit of each
assortment is determined.

In statistics, a collection of random variables is called heteroscedastic if some of them have different variabilities
compared to others. It is important to be aware of the heteroscedasticity of data in choice modelling. For example,
we observe that young people have more variabilities in their decisions regarding cloths than the elderly who usu-
ally pay more attention to comfort than the latest trends in fashion. Analyzing choice behaviour in such a market
using choice models that do not capture heteroscedasticity, may lead to poor results. However, studying data with
heteroscedasticity is generally harder compared to studying homoscedastic data.

The following three choice models were developed to capture heteroscedasticity. First, the Heteroscedastic Ex-
treme Value (HEV) choice model, introduced by Bhat (1995), is a generalization of the Multinomial Logit (MNL)
model and assumes that the random error terms follow independent but not necessarily identical Gumbel distribu-
tions. Second, the Marginal Exponential Model (MEM) introduced by Mishra et al. (2014) assumes that the utility
marginals are distributed exponentially with different parameters. Unlike most of the popular choice models, such as
the Multinomial Logit Model (MNL) or the other two models discussed here, the MEM does not require full knowl-
edge of the joint distribution of the utility error terms, neither assumes independence of the marginals. Third, the
Heteroscedastic Exponomial Choice (HEC) model introduced by Alptekinoglu and Semple (2018) assumes that the
error terms follow independent exponential distributions with different scale parameters.
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Both the HEV and MEM models do not have algebraic expressions for the choice probabilities. Although the HEC
model has closed-form expressions, these expressions involve the ranking of the deterministic utilities of products.
Neither of these choice models have been studied in detail in the assortment literature. This probably can be explained
by the lack of closed form formulae for the first two; while the third one is very recent. In this paper, we study a single-
period product assortment problem with deterministic demand and show that using the MEM to model customers’
choice behavior has several advantages in assortment planning, especially when the data is heteroscedastic.

The main contributions of the paper are given as follows. Under the MEM choice model and deterministic de-
mand:

1. It is always optimal to include the most profitable product in the assortment (see Lemma 2).

2. The optimal solutions to assortment problems can be efficiently determined under some mild conditions on
the parameters of the choice model (see Theorem 5). To the best of our knowledge, this is the first result
that shows that there are optimal solutions with a simple structure for product assortment problems with het-
eroscedasticity.

3. There is a simple approach that approximates solutions in general cases without conditions given by Theorem
5. This approach demonstrates exceptional performance in practice.

4. The estimation of the MEM parameters can be improved by a simple modification of the existing method given
by Mishra et al. (2014).

Organization: The rest of the paper is structured as follows: in Section 2, we provide the literature review on
related choice models and product assortment problems under these models; in Section 3, we formulate the product
assortment problem under the MEM and show that the problem is polynomially solvable under some conditions on
the MEM parameters; in Section 4, we provide an approximation algorithm to tackle the problem in general; in Section
5, we provide the new MEM estimation approach; in Section 6, we conduct numerical experiments to compare the
performance of our MEM estimation approach to existing methods, compare assortment optimization under the
MEM and HEC models, and demonstrate the performance of the approximation algorithm given in Section 4; and
conclusion is drawn in Section 7.

2 Literature Review

2.1 Choice Models

We denote the product set by Q, which is indexed from 1 to |Q|. We denote the choice probability of product j by
y j . The outside market option is represented by a dummy product which is indexed by 0. The traditional way of
modelling the utilities of products is the random utility model (RUM), which uses additive error terms to model the
random utilities. Under RUM, the random utilities, denoted as Ũ j s, are given by:

Ũ j = v j + ε̃ j , ∀ j ∈Q ∪ {0},

where v j represents the deterministic utility component of product j and ε̃ j represents the stochastic error term.
Without loss of generality, we let v0 = 0.

In the multinomial logit (MNL) model, which has been the most popular RUM in the literature, the stochastic
terms, ε̃ j ’s, are assumed to follow i.i.d. Gumbel distributions. Anderson et al. (1992) has shown that in MNL, the
choice probability of each product can be expressed in closed form shown below:

y j = ev j

1+∑
k∈Q evk

, ∀ j ∈Q ∪ {0}.

Thanks to the convenience of calculating the choice probabilities, the MNL model has been popular. The major
drawback of this model is its Independence of Irrelevant Alternatives (IIA) property, which assumes that the ratio of the
choice probabilities of two products is only related to the attributes of these two products, and therefore, remains the
same no matter how the attributes of other products change. The HEV model introduced by Bhat (1995) is not limited
by the IIA property. Different from MNL, HEV assumes that ε̃ j ’s follow independent (but not necessarily identical)
Gumbel distributions. Hence, HEV is able to capture the heteroscedasticity in the error terms. However, both models
require the joint probability distribution for stochastic terms to be known and the marginal terms to be independent
from each other. In general, utility marginals may not be independent, and moreover, we may not even have enough
information on the joint distribution to make such assumptions on it.

To address this issue, Natarajan et al. (2009) introduced the Marginal Distribution Model (MDM), which only
requires the knowledge of the marginal distributions of the error terms. The MDM doesn’t obey the IIA property. Let

2



F j (·) denote the j th marginal c.d.f. of the multivariate error term. Then, under the MDM, the choice probabilities are
obtained by solving

max

{ ∑
j∈Q∪{0}

(
v j y j +

∫ 1

1−y j

F−1
j (t )d t

)
:

∑
j∈Q∪{0}

y j = 1, y j ≥ 0,∀ j ∈Q ∪ {0}

}
,

where v j is the deterministic utility corresponding to product j , y j is the choice probability of product j , F j (·)s are
continuous and strictly increasing on an infinite or a semi-finite support. The optimality conditions yield the following
choice probabilities:

y j = 1−F j (λ∗− v j ),

where the Lagrange multiplier λ∗ is the solution of the following equation:∑
j∈Q∪{0}

(1−F j (λ∗− v j )) = 1. (1)

Notice that y j > 0,∀ j ∈Q ∪ {0}, and we again assume that v0 = 0 w.l.o.g..
Based on the MDM, Mishra et al. (2014) introduced the MEM by letting utility marginals follow (possibly non-

identical) exponential distributions, namely, F j (·) is the c.d.f. of the exponential distribution with scale parameter α j ,
∀ j ∈Q ∪ {0}. The MEM choice probability of product j , y j ,∀ j ∈Q and outside market choice probability y0, are given
by the following equation: ∑

j∈Q
y j (y0)+ y0 = 1, (2)

where y j (y0) = eα j v j (y0)
α j
α0 and v j is the deterministic utility of product j . The MEM reduces to the MNL model when

all marginal distributions are identical. Similar to the HEV model, the MEM is able to capture heteroscedasticity in
error terms. Unfortunately, both the MEM and the HEV model do not have algebraic forms for the choice probabilities.
However, although it is hard to compute the choice probabilities theoretically for both, it is easy to find the MEM
choice probabilities numerically, noting that finding values of y j ’s and y0 in equation (2) can be done by a simple
line search on variable y0 in the interval [0,1]. Furthermore, for some specific values of α j ’s and α0, there exists an
algebraic form for MEM choice probabilities. For example, whenα j = 2,∀ j ∈Q andα0 = 1, we have the outside market

choice probability y0 =
√

4
∑

j∈Q e
α j v j +1−1

2
∑

j∈Q e
α j v j and the choice probability of product j , y j = eα j v j

(√
4
∑

j∈Q e
α j v j +1−1

2
∑

j∈Q e
α j v j

)2
.

Recently, Alptekinoglu and Semple (2018) introduced the HEC model, which assumes that the error terms follow
independent exponential distributions with different scale parameters, r j ’s. The choice probabilities are given by

y j =
r j

L j
e
−∑|Q|

i= j ri (vi−v j ) −
j−1∑
k=1

r j rk

Lk Lk+1
e−

∑|Q|
i=k ri (vi−vk ), (3)

where L j = ∑|Q|
i= j ri , for j = 1, ..., |Q|. Unlike HEV or MEM, HEC provides closed algebraic form expressions for choice

probabilities despite the fact that ordering of the deterministic utilities is included in these expressions.

2.2 Product Assortment Problems

There are many works related to assortment problems under the MNL. The first polynomially solvable assortment
problem was identified by van Ryzin and Mahajan (1999). They formulate an assortment problem by using the
newsvendor model to determine the optimal order quantities and choosing the MNL to capture the customers’ choice
behaviour. They impose that the unit prices and costs are identical for all products; demand of each product is nor-
mally distributed and the standard deviation of demand is a power function of the mean of demand. They define
assortments {1,2, ...,m} for some m ∈ Q to be utility-nested sets, where v1 ≥ v2 ≥ ... ≥ v|Q|, and find that there exits an
optimal assortment which is a utility-nested set. Recently, Ahipasaoglu et al. (2020a) show that van Ryzin and Mahajan
(1999)’s nested result holds for other demand distributions as well, in particular, for the exponential, logistic, uniform
distributions and the Pareto distribution with a fixed shape parameter. Allowing products to be offered with different
prices, denoted as p j s below, Liu and van Ryzin (2008) assume that the demand is deterministic, which implies that
the expected profit corresponding to a product is linear to its demand given the unit profit for each product is fixed
and known. They show that there exists a profit-nested optimal solution, which is a subset {1,2, ...,m} for some m ∈Q,
where p1 ≥ p2 ≥ ... ≥ p|Q|. Inspired by Liu and van Ryzin (2008), Rusmevichientong et al. (2010) study a similar prob-
lem with additional constraints. They show that Liu and van Ryzin (2008)’s result does not hold for the constrained
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version of the assortment problem, nevertheless, they provide a tractable algorithm to solve the constrained problem.
Instead of assuming that the standard deviation is a power function of the mean of the demand distribution of each
product (as in van Ryzin and Mahajan (1999)), Li (2009) assumes that the demand of each product is proportional
to the total demand per period and shows that the problem is polynomially solvable when the demand distribution is
continuous and provides a heuristic to approximate the solution when the demand distribution is discrete.

Beyond the MNL, Davis et al. (2014) shows that the assortment problem with deterministic demand under the
Nested Logit (NL) choice model with dissimilarity parameter in (0,1] and no no-buy options within nests is polyno-
mially solvable and breaking any of these conditions makes the problem NP-hard. Gallego and Topaloglu (2014)
study the problem under the tractable NL model with a capacity constraint in each nest and show that the problem is
equivalent to a linear problem if the additional constraint is a cardinality constraint. Feldman and Topaloglu (2015)
show that the problem is also polynomially solvable if there is a capacity constraint on the entire assortment instead
of within each nest. Zhang et al. (2017) show that assortment problems with deterministic demand under the Paired
Combinatorial Logit (PCL) model for both constrained and unconstrained versions are NP-hard. Ahipasaoglu et al.
(2020a) show that assortment problems with deterministic demand under the MDM is NP-hard in general and charac-
terize a special case in which the optimal solution has a simple structure. Ahipasaoglu et al. (2020b) provide a pseudo
polynomial time algorithm to approximate the solution to assortment problems with stochastic demand under the
MDM in general.

Recently, Cao et al. (2020) study product assortment problems with deterministic demand under a mixture of
two choice models. They assume that a subset of customers make choices based on the MNL model and the rest
of the customers follow the independent choice model, where each customer arrives with an ideal product in mind
and does not purchase any product if her ideal product is unavailable. They show that the unconstrained problem is
polynomially solvable and the constrained version is NP-hard.

3 Model Formulation and Solution

Assume that the total demand is deterministic and let p j > 0 be the unit profit of product j . Recall that the MEM
requires that all marginal distributions of utility error terms are exponential distributions. Based on Model (P3) in
Ahipasaoglu et al. (2020b) and Equation (2) above, we can formulate product assortment problems with deterministic
demand under the MEM as follows:

max
S⊆Q,y0

∑
j∈S

p j y j (y0)

s.t.
∑
j∈S

y j (y0)+ y0 = 1,

 (P1)

where y j (y0) = eα j v j (y0)
α j
α0 .

We will next show that product assortment problems with deterministic demand and choice behaviour captured
by the MEM under certain conditions are polynomially solvable. More specifically, let products be sorted based on
their unit profits such that p1 ≥ p2 ≥ ... ≥ p|Q|, we will show that there exists an optimal solution for (P1) which is a
profit-nested set, i.e., we will show that one of

{
{1}, {1,2}, ..., {1,2, ..., |Q|}} is optimal. Before we prove our result, let us

demonstrate that product assortment problems with deterministic demand under the MEM in general do not always
have a profit-nested optimal solution by the following counter example.

Consider a product assortment model with deterministic demand and MEM choice model. Denote the expected
profit of an assortment S in this model by Π(S). Let |Q| = 5, α0 = 1, v0 = 0, {α1,α2,α3,α4,α5} = {0.2,0.2,1.5,1.5,1.1},
{p1, p2, p3, p4, p5} = {27.5,14.5,14,10,9}, and {v1, v2, v3, v4, v5} = {−0.7,2.2,1.8,−1.5,−0.7}. The expected profit corre-
sponding to the five profit-nested assortments and another assortment that is not profit-nested are given in Table
1:
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Assortment E(Profit) Choice Probabilities

1 2 3 4 5 no-buy
{1} 18.9332 0.6885 0 0 0 0 0.3115

{1,2} 18.9489 0.3549 0.6338 0 0 0 0.0113
{1,2,3} 18.8824 0.3494 0.6241 0.0160 0 0 0.0105

{1,2,3,4} 18.8815 0.3494 0.6240 0.0160 0.0001 0 0.0105
{1,2,3,4,5} 18.8550 0.3485 0.6224 0.0157 0.0001 0.0030 0.0103

{1,3} 19.9830 0.5332 0 0.3801 0 0 0.0867

Table 1: A Simple Example

We observe that the expected profit corresponding to assortment {1,3} is more than any one of the profit-nested as-
sortments. Hence, there is no profit-nested assortment which is optimal.

3.1 Exact Solution

Before we show that under certain conditions product assortment problems with deterministic demand and choice
behaviour captured by the MEM under certain conditions have an optimal solution that is profit-nested, we will need
to prove the following four lemmas.

Lemma 1. For assortment problems with deterministic demand and choice behavior captured by the MEM, given any
assortment S, which does not include all products, adding one more product into S leads to a decrease of the outside
market share.

Proof. This is a corollary to Lemma 5 of Ahipasaoglu et al. (2020a), since the MEM is a special case of the MDM.

Lemma 2. For assortment problems with deterministic demand and choice behavior captured by the MEM, there always
exists an optimal solution, which includes the most expensive product.

Proof. For simplicity, we let w j = eα j v j ,∀ j ∈ Q, throughout this proof. First of all, since p j > 0,∀ j ∈ Q, an empty
assortment is never optimal. For an arbitrary assortment S 6= ;, which does not include product 1 (recall that we
assume p1 ≥ p2 ≥ . . . ), let y#

0 be the outside market share corresponding to S, and y∗
0 be the outside market share

corresponding to S ∪ {1}. Lemma 1 gives that 0 ≥ y∗
0 − y#

0 . Thus, we can write the following inequalities

p1w1(y∗
0 )

α1
α0 ≥ p1

[
(y∗

0 − y#
0 )+w1(y∗

0 )
α1
α0

]
= p1

[
(1− y#

0 )− (1− y∗
0 −w1(y∗

0 )
α1
α0 )

]
. (4)

Notice that
∑

j∈S w j (y#
0 )

α j
α0 = 1− y#

0 and
∑

j∈S w j (y∗
0 )

α j
α0 = 1− y∗

0 −w1(y∗
0 )

α1
α0 . Substituting them into Inequality (4), we

obtain

p1w1(y∗
0 )

α1
α0 ≥ ∑

j∈S
p1w j [(y#

0 )
α j
α0 − (y∗

0 )
α j
α0 ].

Recall that 1 > y#
0 ≥ y∗

0 > 0, since p1 ≥ p j ,∀ j ∈ S, the following inequality holds

p1w1(y∗
0 )

α1
α0 ≥ ∑

j∈S
p j w j [(y#

0 )
α j
α0 − (y∗

0 )
α j
α0 ].

Rearranging the terms, we obtain

p1w1(y∗
0 )

α1
α0 + ∑

j∈S
p j w j (y∗

0 )
α j
α0 ≥ ∑

j∈S
p j w j (y#

0 )
α j
α0 ,

which gives

Π(S ∪ {1}) ≥Π(S).

Thus, for any assortment S, which excludes product 1, S∪{1} is never worse off. Hence, there exists an optimal solution,
which includes product 1.
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Lemma 3. Let V = aβ−bβ

aγ−bγ − bβ−cβ

bγ−cγ , then V ≥ 0 if β
γ ≥ 1 and V ≤ 0 if β

γ ≤ 1, where a ≥ b ≥ c ≥ 0 and β,γ> 0.

Proof of Lemma 3 is provided in the appendix. For an arbitrary assortment S, where {1} ⊆ S, let i denote the index
of the product with the maximum profit in Q \ S, hence, {1,2, ..., i −1} ⊂ S.

Lemma 4. Given α1
α0

≥ 1 and
α j

α1
≥ 1,∀ j ∈Q \ {1}, if Π(S ∪ {i }) ≤Π(S), then Π

(
{1,2, ..., i −1}

)≥Π(S).

Proof of Lemma 4 is provided in the appendix.

Theorem 5. For assortment problems with deterministic demand and choice behavior captured by the MEM, where
α1
α0

≥ 1 and
α j

α1
≥ 1,∀ j ∈Q \ {1}, there exists an optimal assortment, which is a profit-nested set.

Proof. We prove this result by contradiction. Suppose none of the optimal solutions are profit-nested sets. Based on
Lemma 2, let us choose an optimal assortment which contains product 1, denoted as S. Let i denote the index of the
product with the maximum profit in Q \ S. Since S is optimal, we have

Π(S ∪ {i }) ≤Π(S).

Then, Lemma 4 gives that

Π
(
{1,2,3, ..., i −1}

)≥Π(S),

which implies that the assortment {1,2,3, ..., i − 1} is also optimal. Since {1,2,3, ..., i − 1} is a profit-nested set, this
contradicts our assumption.

The assumptions in Theorem 5 are consistent with certain economic phenomena. In general, an outside market
option can be viewed as that customers purchase similar products from competitors (or simply do not purchase)
instead of making a purchase from a certain retailer. Since it is normal to have many competitors and many different
kinds of competitive products in a healthy market (e.g. non-monopolistic market), we would expect that the marginal
distribution of the utility error term corresponding to the outside market option has the largest variance compared to
the marginal distributions of the utility error terms corresponding to the products in Q. Noting that for the exponential
distribution, a smaller parameter leads to a larger variance, it is practical to assume that α0 ≤ α j ,∀ j ∈ Q. Moreover,
in economics, a product whose demand increases with a rate faster than the rate of the income of the customers is
considered a luxury product. In other words, the utility of a luxury product to a customer varies more significantly than
the utility of a normal product. We expect a luxury product to have a higher price and higher profit compared to other
products. As a result, we expect that the variance of the marginal distribution of the utility error term corresponding
to the product with the highest profit to be higher than other products. Hence, if there is a luxury item in Q, it may be
practical to assume that α1 ≤α j ,∀ j ∈Q \ {1}.

4 Approximated Solution

We have shown that there is an exact solution to the assortment problem with the MEM and deterministic demand
under some mild conditions. Next, we will provide a simple approach that can be used to approximate the solutions
to these problems when conditions of Theorem 5 fail. Our approach is simple: we find the best assortment among all
profit-nested sets. We name this approach as Profit-Nested Approximation.

Before we present the approximation bound of this approach, let us first introduce the following two definitions
and two lemmas.

Definition 4.1. For a given assortment, we say that there is an interval if the indexes of two adjacent products are not
consecutive. The interval is the set of the missing products.

For example, in assortment {1,2,4,5,8}, there are 2 intervals which are {3} and {6,7}.

Definition 4.2. An assortment is called a truncated profit-nested set if there is no interval in that assortment.

For example, assortments {1,2,3}, {2,3,4}, {8,9} are truncated profit-nested sets.

Lemma 6. For assortment problems with deterministic demand and choice behavior captured by the MEM, for any
truncated profit-nested set, there is always a profit-nested set whose profit is no less than that of the truncated profit-
nested set.
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Proof. The proof is trivial when the truncated profit-nested set is a profit-nested set. Now, we consider the truncated
profit-nested set which is not a profit-nested set. Let us denote the truncated profit-nested set to be T := {T1,T2, ...,Tm}
where Tl is the index of the l th product in T and T1 < T2 < ·· · < Tm . We define the following profit-nested set, Y :=
{1,2, ...,Tm}. We let y t

j and yn
j to be the choice probabilities of product j given T and Y , respectively. Since

∑
j∈Y yn

j >∑
j∈T y t

j (implied by Lemma 1) and p j ≥ pi ,∀ j ∈ Y \ T, i ∈ T , we can write the following inequalities,

Π(Y ) = ∑
j∈Y \T

p j yn
j +

∑
j∈T

p j yn
j > ∑

j∈T
p j y t

j =Π(T ).

Lemma 7. For assortment problems with deterministic demand and choice behavior captured by the MEM, the profit
of the full assortment is no worse than

p|Q|
p1

of the optimal solution.

Proof. Let us denote the optimal solution to be S∗ with the corresponding outside market share y∗
0 and the full as-

sortment Q has the corresponding outside market share yQ
0 . Lemma 1 implies that y∗

0 ≥ yQ
0 . We have the following

two inequalities,

Π(S∗) = ∑
j∈S∗

p j y∗
j ≤ p1

∑
j∈S∗

y∗
j = p1(1− y∗

0 ) ≤ p1(1− yQ
0 ),

Π(Q) = ∑
j∈Q

p j yQ
j ≥ p|Q|

∑
j∈Q

yQ
j = p|Q|(1− yQ

0 ).

Hence, we have Π(Q)
Π(S∗) ≥

p|Q|
p1

.

Theorem 8. For assortment problems with |Q| products, deterministic demand and choice behavior captured by the

MEM, Profit-Nested Approximation finds a solution which is no worse than max

{
1⌊ |Q|−1

2

⌋
+1

,
p|Q|
p1

}
of the optimal solution.

Proof. The profit of the best profit-nested set being no worse than
p|Q|
p1

of the optimal solution is a direct result from

Lemma 7. We focus on proving that it is no worse than 1⌊ |Q|−1
2

⌋
+1

of the optimal solution. For an assortment problem

with |Q| products, the maximum number of intervals of a feasible assortment is
⌊ |Q|−1

2

⌋
. Suppose the optimal solution

has m intervals, denoted as S∗. Then this optimal solution is the union of m +1 disjoint truncated profit-nested sets.
Let us denote these sets to be S1,S2, ...,Sm+1. Then, Lemma 6 implies that there exists a profit-nested set, denoted as
Y , such that Π(Y ) ≥ max{Π(S1),Π(S2), ...,Π(Sm+1)}. Since Π(S j ) > 0,∀ j ∈ {1,2, ...,m +1}, we have Π(Y ) ≥ 1

m+1Π(S∗) ≥
1⌊ |Q|−1

2

⌋
+1
Π(S∗).

Remark 1. Note that when proving the results given in this section we have only used the fact that MEM is a spe-
cial case of the MDM. Therefore, Theorem 8 is also valid for assortment problems with the MDM choice model and
deterministic demand.

For assortment problems with small |Q|, 1⌊ |Q|−1
2

⌋
+1

is relatively large so is the approximation bound. When |Q| is

large, if all products have similar unit profits,
p|Q|
p1

is close to 1, which also leads to a good approximation ratio. The-
oretically, Profit-Nested Approximation may provide bad solutions when the assortment problem has a large number
of products and at the same time the unit profits of products differ greatly. However, our numerical results in Section
6.3 show that Profit-Nested Approximation has a phenomenal performance in all situations.

5 Estimation of MEM Model Parameters

In this section, we discuss how to estimate the model parameters of the MEM choice model. An optimization for-
mulation for the parameter estimation problem is already provided by Mishra et al. (2014). We will first present this
formulation, and then show that one of its major drawbacks can be addressed by an adaptive version of the model.
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5.1 Existing Approach

We assume that the deterministic component of the utility of a product is a linear function of its characteristics and
taste parameters. The MEM estimation method introduced by Mishra et al. (2014) is equivalent to solving the follow-
ing optimization problem

max
β,α,λ

∑
i∈I

∑
j∈Q

zi jα j (β′Ai j −λi )+∑
i∈I

zi 0(−λi )

s.t.
∑
j∈Q

eα j (β′Ai j −λi ) +e−λi = 1,∀i ∈ I

ψ≤α j ≤Ψ,∀ j ∈Q,


(P2)

where β is the taste vector, α is a vector containing scale parameters of the marginal p.d.f. of the utility multivariate
error term (recall that in the MEM, all marginals follow exponential distribution), I indicates the set of customers, z
is a binary matrix where zi j indicates whether product j is selected by the i th customer, Ai j is the attribute vector of
the j th product to the i th customer, the vector product β′Ai j represents the deterministic component of the utility of
product j corresponding to customer i , and ψ and Ψ are the lower and upper bounds on α j ,∀ j ∈Q, respectively.

This formulation is not convex and the existing solvers (such as the LOQO solver used in Mishra et al. 2014) can
only guarantee to find local solutions. One of the major limitations of the model, which seems to affect the quality of
the local solutions is the assumption that the range of the model parameters [ψ,Ψ] is known. In practice, one does
not have such information prior to the estimation process.

5.2 New Approach

To address this issue, we propose Algorithm 1, which determines a good range for each α j adaptively. First of all,

Algorithm 1 Adaptive MEM estimation algorithm (AME)

Input Q, ψ, Ψ0, ξ, T , z and Ai j ,∀i ∈ I , j ∈Q .Ψ0, ψ ,ξ and T are chosen parameters
Output α, β

1: M ←Q
2: Ψ←Ψ0 .Ψ j represents j th element inΨ
3: τ← 1×|Q| zero vector . τ j represents j th element in τ
4: Solve

max
β,α,λ

∑
i∈I

∑
j∈Q

zi jα j (β′Ai j −λi )+∑
i∈I

zi 0(−λi )

s.t.
∑
j∈Q

eα j (β′Ai j−λi ) +e−λi = 1,∀i ∈ I

ψ j ≤α j ≤Ψ j ,∀ j ∈ S,


(P3)

5: if M is empty then go to Step 13.
6: else if α j <Ψ j ,∀ j ∈ M then go to Step 13.
7: else
8: for j ∈ M do
9: if α j =Ψ j then Ψ j ←Ψ j +2τ j ξ

10: if τ j = T then remove j from M
11: else τ j ← τ j +1

12: Go to Step 4.

13: return α and β

instead of using the same ψ and Ψ for all α j ’s, we use ψ j and Ψ j for the j th constraint corresponding to the range
of the parameter α j so that these bounds vary for different parameters. The idea of the algorithm is simple. We
start with a set of small values ofΨ j ’s (which is an input vector,Ψ0, in Algorithm 1) and estimate the parameters. If all
estimatedα j <Ψ j ,∀ j ∈Q, then we return the estimatedα andβ. Otherwise, ifα j =Ψ j , we changeΨ j to a larger value
and estimate the parameters again. In Algorithm 1, every time when α j =Ψ j , we increase Ψ j through an updating
function,Ψ j ←Ψ j +2τ j ξ, where τ j > 0 is the number of rounds thatΨ j is updated. This function is chosen so thatΨ j

increases slowly in early steps and grows quickly when the number of steps becomes large. Other updating functions
with similar behavior are also possible. The parameter T in Algorithm 1 represents the maximum number of updating
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steps allowed. For each j ∈Q, if τ j = T , the algorithm stops updating the values of j th parameter, α j . Notice that we
constantly update values ofΨ j to find a better upper bound for α j , however, we do not update values for ψ. One may
wonder why we do not try to find better lower bounds, ψ j ’s, like we do for Ψ j ’s. The reason is mainly because (P3)
involves exponential functions, hence estimation may become inaccurate when α j is too close to 0. We keep α j away
from zero to avoid any numerical issues, which may lead to poor results. In the numerical studies in the next section,
we solve (P3) using Matlab 2017b with Matlab AMPL API 1.2.2 and the open-source solver ‘ipopt’ with default settings.

6 Numerical Study

Numerical results are provided in this section. In Section 6.1, we compare the performance of Algorithm 1 (our esti-
mation method) to Mishra et al. (2014)’s original formulation (later referred to as ME) in determining the parameters
of the assortment problems. In Section 6.2, we compare the results of assortment optimization under the MEM and
HEC models. In Section 6.3, we test the performance of Profit-Nested Approximation based on numerical data. In all
Sections 6.1, 6.2 and 6.3, we consider product assortment problems with deterministic demand. More specifically,
the expected profit corresponding to product j is Π j = d j p j , where d j is the demand of product j and p j is its unit
profit. This is equivalent to the problem where we assume all products have unit demand with corresponding unit
profit d j p j .

6.1 Algorithm 1 v.s. ME

In each experiment, we generate a simulated choice dataset from a utility model with known parameters; then using
this dataset, we use Algorithm 1 and ME (with 3 different upper bounds) to estimate the model parameters of the
MEM. These parameters are then used to determine the best assortment (one for each method) using brute force. At
last, true profits corresponding to these assortments are compared by evaluating them using the original utility model.
I.e., for each assortment, we generate the utility of each product from the same utility model used to generate the data
to determine the choices of all customers for the given assortment and calculate market shares and hence the profits
of all products. We generate 1000 customers (number of data points used in estimation) in each experiment.

We use the following utility function introduced by Bhat (1995):

Ũi j =β′Ai j + ε̃i j , (5)

where Ũi j is the random utility of product j for customer i , ε̃i j follows Gumbel distribution with c.d.f. F j (x) = e−e
−κ j x

with a known constant κ j . Total number of products, |Q|, is set to be 5. Unit profit p j of product j is randomly
generated from the interval (0,4). The number of attributes of each product is 3. For product j , each element in the
vector of attributes A j = [A j 1, A j 2, A j 3] is randomly generated from the interval [−1,1] and A0 is set to be [0,0,0]. Each
element in β = [β1,β2,β3], the real taste parameter vector, is randomly generated from the set [−1,−0.5]∪ [0.5,1].
Since we are interested in generating heteroscedastic data, we set κ j s in a particular way that allows us control the
heteroscedasticy. More specifically, we let κ= [κ1,κ2,κ3,κ4,κ5,κ0] = [

(0.1+0.09κ∗), (0.1+0.09κ∗), (0.1+0.08κ∗), (0.1+
0.05κ∗),0.1,0.1

]
. Notice that when κ∗ is large, we create an experiment with heteroscedastic data and when κ∗ = 0, we

create an experiment with homoscedastic data. By changing values of κ∗, we actually change the heteroscedasticity
of the data. For each chosen κ∗, we conduct 500 independent rounds and record the results.

We solve MEs with 3 differentΨ’s and compare the result with Algorithm 1. More specifically, for MEs, we setψ= 1
for all three problems andΨ= 1.2,1.6,10, respectively. For our method, we setψ= 1,Ψ0 = [1.2,1.2,1.2,1.2,1.2], ξ= 0.3
and T = 5. For each round, if the expected profit generated by ME is less than the expected profit from our method, we
say that it is a win round. Similarly, if the expected profit generated by ME is more than the expected profit from our
method, we call it a loss round. If ME and our method provide the same assortment or the expected profit generated
from the assortments provided by ME and our method are the same, we call it a draw round. For each κ∗, we use R= to
represent the ratio between the number of draw rounds and the number of total rounds; Rd to represent the difference
between the ratio of win rounds and the ratio of loss rounds. For example, for a set of instances, Rd > 0 implies that
our method performs better than ME. The results are summarized in Figure 1.

Part 1 in Figure 1 illustrates the ratios of the draw rounds. We see that the plot corresponding to ME with Ψ= 10
is almost 100% for all values of κ∗. It is because both this variant of ME and our algorithm are able to capture the
heteroscedasticity of data even when the value of κ∗ is large. On the contrary, we observe that the ratio drops for plots
corresponding to MEs with Ψ = 1.2 and 1.6 when the value of κ increases. Part 2 in Figure 1 shows that our method
performs better than MEs with any of these three parameters of Ψ given almost any values of κ∗. Compared to MEs
with small values of Ψ, our method performs significantly better when κ∗ is large. Compared to ME with Ψ= 10, our
method is always slightly better than ME since Rd ’s are always strictly above 0. This is because our method assigns
different values of the upper bounds for different α j ’s, while ME assigns the same value for all bounds. For instance,
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Figure 1: Results of Adaptive MEM Estimation Algorithm

Ψ= 1.2 Ψ= 1.6 Ψ= 10

κ mean max min mean max min mean max min
0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 1.0070 0.9501
0.2 1.0000 1.0162 0.9814 1.0000 1.0000 0.9978 0.9972 1.0000 0.7272
0.4 0.9996 1.0449 0.9533 1.0000 1.0000 1.0000 0.9990 1.0189 0.7774
0.6 0.9981 1.0921 0.9233 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.8 0.9976 1.0278 0.9019 0.9999 1.0266 0.9548 0.9981 1.0000 0.7453
1.0 0.9954 1.0173 0.8598 0.9996 1.0126 0.9513 0.9940 1.0805 0.5019
1.2 0.9948 1.0388 0.8792 0.9982 1.0031 0.8857 0.9939 1.0000 0.6671
1.4 0.9933 1.0910 0.8608 0.9976 1.0151 0.8500 0.9957 1.0000 0.7035
1.6 0.9921 1.0327 0.8203 0.9973 1.0155 0.8389 0.9947 1.0361 0.6357
1.8 0.9901 1.0123 0.8116 0.9958 1.0149 0.8503 0.9946 1.0274 0.4556
2.0 0.9883 1.0489 0.8038 0.9956 1.0078 0.8476 0.9933 1.1117 0.5633
2.2 0.9897 1.0165 0.8087 0.9913 1.0121 0.7911 0.9944 1.1167 0.6495
2.4 0.9881 1.0190 0.7880 0.9934 1.0552 0.8174 0.9933 1.0352 0.5522
2.6 0.9883 1.0291 0.7920 0.9913 1.0557 0.7668 0.9948 1.1221 0.4389
2.8 0.9832 1.0324 0.7681 0.9910 1.0069 0.8173 0.9931 1.0187 0.5283
3.0 0.9833 1.0338 0.7859 0.9884 1.0158 0.7247 0.9989 1.0815 0.4454

Table 2: Profit Ratios
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when κ∗ is large, we would expect the value of one particular α j is large but the rest are relatively small. Notice
that having a large upper bound is equivalent to having a large search space. Since MEM estimation is not a convex
problem (Mishra et al. (2014)), a larger search space is more likely to cause a larger estimation error for the α j ’s with
small values.

Table 2 presents the mean, maximum and minimum of ratios of the expected profit provided by MEs and our
method for different values of κ∗. We observe that the mean ratios are always less than or equal to 1, which implies
that our method provides a better assortment on average. Moreover, we see that even in the worst case of all instances,
the expected profit given by ME is no more than 115% of the expected profit provided by our method. On the contrary,
in some cases, the expected profit generated by our method is more than twice the expected profit given by ME. This
shows that our adaptive algorithm is significantly more robust than the original formulation.

In summary, it is hard to assign a good value for the upper bound parameter Ψ in ME without any further infor-
mation on the data. The original formulation in ME with a small value of the upper bound may not be able to capture
the heteroscedasticity of the data while a large value may lead to an inaccurate estimation due to the non-convexity
of the MEM parameter estimation problem. By adaptively updating values of the upper bounds, our method smartly
assigns appropriate values to Ψ j ’s, and therefore manages to capture heteroscedasticity without suffering from inac-
curate estimation due to incorrect bounds.

6.2 Assortment Optimization under HEC v.s. MEM

We compare the performance of using the HEC and the MEM choice models on assortment optimization in this sec-
tion following a similar experimental setup as in Section 6.1. We first generate a choice dataset using a known utility
function; then estimate the model parameters for the MEM (using Algorithm 1) and the HEC model (using the Log-
likelihood Maximization Method introduced by Alptekinoglu and Semple (2018)); next, we determine the optimal
assortments for both choice models; and at last, compare the true profits generated by the HEC model and the MEM.

Recall that β is the taste vector, I indicates the set of customers, z is a binary matrix where zi j indicates whether
product j is selected by the i th customer, and Ai j is the attribute vector of the j th product specific to the i th customer
and r j is the scale parameter of the distribution corresponding to the utility error term of product j in HEC. Let R be a
vector of r j ’s for all j ∈Q ∪ {0}. Under the HEC model, the loglikelihood function is given by Alptekinoglu and Semple
(2018) as:

``(R,β) =
I∑

i=1

∑
j∈Q

zi j log(yi j (R,β)),

where yi j (R,β) = r j

L j
e
−∑|Q|

m= j rm (β′Ai m−β′Ai j ) −∑ j−1
k=1

r j rk

Lk Lk+1
e−

∑|Q|
m=k rm (β′Ai m−β′Ai k ) and L j =∑|Q|

m= j rm , for j = 1, ..., |Q|.
In the following experiments, we generate choice data using utility function (5). The experiment parameters,

such as |Q|, p j , A j , A0, β, and the number of attributes of each product are set exactly as described in Section 6.1.
We set κ = [

0.19,0.19,0.18,0.15,0.1,0.1
]
. We compare the performance of assortment models under the HEC model

and the MEM for different number of customers, in partcilar we generate data sets with 10, 15, 20, 25, 30, 35, 40,
500, 600, 700, 800, 900, 1000, 2000 and 3000 customers. For each number of customers, we conduct 500 independent
rounds of the experiment and record the results. To estimate the MEM parameters, we use Algorithm 1 with ψ =
1, Ψ0 = [1.2,1.2,1.2,1.2,1.2], ξ = 0.3 and T = 5. We estimate the HEC parameters by maximizing the loglikelihood
function given above using Matlab 2017b with the build-in optimization toolbox with default settings as suggested by
Alptekinoglu and Semple (2018).

For each set of experiments corresponding to a given number of customers, if the expected profit generated by
HEC is less than the expected profit from the MEM, we say that it is an MEM-win round. Similarly, if the expected
profit generated by the HEC model is more than the expected profit from the MEM, we call it an HEC-win round. If
HEC and MEM provide the same assortment or the expected profits generated from the assortment provided by the
HEC model and the MEM are the same, we name it as a draw round. We use RM to represent the ratio of the number
of MEM-win rounds over the total number of rounds; RH to represent the ratio of the number of HEC-win rounds
over the total number of rounds; and R= to represent the ratio of the number of draw rounds over the total number of
rounds. We let Rd = RM −RH . For each number of data points, we also record the mean, maximum and minimum of
ratios of the expected profit provided by the HEC model and the MEM. The results are summarized in Table 3.

Table 3 shows the performance of the HEC model and the MEM with from a limited number of data points (10
choices) to a large number of data points (3000 choices). The number of estimators in both choice models are similar,
more specifically, 8 (3 taste parameters and 5 marginal distribution parameters) in the MEM and 9 (3 taste parameters
and 6 exponential distribution parameters) in the HEC model (the HEC model has 1 more estimator because it treats
the outside market option parameter as a free variable as in Alptekinoglu and Semple (2018) while this parameter in
the MEM is fixed as in Mishra et al. (2014)). Hence, we would expect both choice models perform similarly given
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# of data points R= RH RM Rd mean max min

10 11.0% 9.8% 79.2% 69.4% 0.7349 1.2542 0.0451
15 23.2% 12.8% 64.0% 51.2% 0.8482 1.7532 0.0281
20 32.2% 14.8% 53.0% 38.2% 0.8955 1.5286 0.0173
25 41.6% 12.6% 45.8% 33.2% 0.9411 1.2909 0.0427
30 46.0% 13.8% 40.2% 26.4% 0.9312 1.3251 0.0676
35 47.0% 10.8% 42.2% 31.4% 0.9609 1.2223 0.0881
40 50.8% 9.0% 40.2% 31.2% 0.9643 1.1349 0.1817

500 66.4% 2.4% 31.2% 28.8% 0.9854 1.0337 0.8281
600 64.8% 3.0% 32.2% 29.2% 0.9828 1.0329 0.7500
700 65.6% 2.0% 32.4% 30.4% 0.9828 1.0433 0.7898
800 64,2% 1.8% 24.0% 32.2% 0.9817 1.0251 0.7302
900 66.2% 1.2% 32.6% 31.4% 0.9842 1.0193 0.7980

1000 65.4% 2.2% 32.4% 30.2% 0.9818 1.0121 0.7751
2000 70.0% 2.6% 27.4% 24.8% 0.9856 1.0295 0.7502
3000 68.0% 0.6% 31.4% 30.8% 0.9831 1.0261 0.7416

Table 3: Profit Ratios

the same amount of choice data. However, the two models behave very different especially when the data used in
estimation is limited. As can been seen in Table 3, with limited number of data points, for example, with only 10
data points, RM is around 80% while RH is less than 10%. Furthermore, the maximum ratio is less than 1.3 while the
minimum ratio is less than 0.05. These numbers indicate that using the MEM in this assortment model is significantly
better choice than using the HEC model . As the number of data points increases the performance of the HEC gets
better. When given 40 data points, we see that in more than half of the cases the HEC and MEMs provide the same
assortments and Rd decreases to 31.2% (from 69.4% given 10 data points). Even though, the minimum ratio is still less
than 0.2, which implies that HEC may lead to a very bad result in the worst case. When we have enough data points
for estimating the model parameters of both choice models (500-3000 data points), we see that the means of the profit
ratios between the HEC model and the MEM are around 0.98, which implies that MEM performs slightly better than
HEC on average. Moreover, we find that the maximum ratios are capped by 1.09 while the minimum ratios are less
than 0.83. This indicates that the MEM is more reliable than the HEC model in the worst-case. What is more, we see
that Rd is above 20% in all cases, which again shows that MEM is a better choice model compared to the HEC model.
One may notice that R= is high in all cases (> 60%), this is expected as we are considering assortment problems with a
small number of items (|Q| = 5, so there are only 6 alternatives including the outside market option). For these small-
sized assortment problems, it is likely for different approaches to provide the same solution. We believe that R= would
decrease as |Q| rises.

6.3 Profit-Nested Approximation on Assortment Optimization under MEM

In this section, we will see how the profit-nested approximation given in Section 4 performs in numerical tests. In the
following experiment, we consider assortment problems with |Q| = 5,6,7,8,9,10. The unit profit p j of product j , the
deterministic utility of product j and the exponential scale parameter of j th marginal distribution, α j , are randomly
generated from (2,32), (−3,3) and (0.2,2), respectively. There are 10000 rounds in total. For each round, we first find
an approximation solution from profit-nested approximation, then compare it to the optimal solution calculated by
the brute force method and record the ratio of profits given by profit-nested approximation and the optimal solution,
denoted as r . The result is summarized in Table 4.

In Table 4, the optimal_ratio is the percentage of the number of instances solved optimally by the profit-nested
approximation. This is greater than 99.00% for all cases, which indicates that profit-nested approximation is able to
provide the optimal solution in most of the cases. We denote the average (maximum and minimum) ratio of the
profits obtained by the approximation algorithm over the optimal profits with mean(r ) (max(r ) and min(r ), respec-
tively). Hence, mean(r ) = 0.9999 implies that profit-nested approximation has a good performance on average; more-
over, even in the worst case, profit-nested approximation provides an approximation solution which is near-optimal
(min(r ) = 0.9518 when |Q| = 8). These results show that profit-nested approximation performs extremely well in nu-
merical tests.

12



|Q| optimal_ratio mean(r ) max(r ) min(r )
5 99.75% 0.9999 1.0000 0.9762
6 99.70% 0.9999 1.0000 0.9612
7 99.68% 0.9999 1.0000 0.9693
8 99.54% 0.9999 1.0000 0.9518
9 99.74% 0.9999 1.0000 0.9923

10 99.58% 0.9999 1.0000 0.9851

Table 4: Performance of Profit-Nested Approximation

7 Conclusion

We study a single-period product assortment problem with deterministic demand where the choice model is the
MEM. We show that the optimal assortment has a simple structure and can be found efficiently for certain MEM
model parameters. We also provide an approximation algorithm to tackle this problem in more general cases without
further conditions. Furthermore, we propose a modified MEM estimation method, which gives better and more ro-
bust predictions compared to the existing method from Mishra et al. (2014) numerically. Although we have focused
on problems with deterministic demand, our results also hold for some problems with stochastic demand where the
order quantities are determined by the newsvendor model. Interested readers can refer to Ahipasaoglu et al. (2020a)
for the necessary additional assumptions on demand distributions.

Appendix

7.1 Proof of Lemma 3.

Let A = aγ,B = bγ,C = cγ, p = β
γ . Then, A ≥ B ≥C ≥ 0 and p > 0.

Recall that f (t ) = f (u)+ f ′(u)(t−u)+ f ′′(k)
2 (t−u)2, where f (·) is a twice differentiable function, t , u are two arbitrary

real numbers in the domain of f (·) and k is a real number between t and u. Now, let f (x) = xp , we can write

f (A) = Ap = B p +pB p−1(A−B)+ p(p −1)

2
W p−2

1 (A−B)2,

where W1 is a value between A and B . Rearrange terms and we obtain

Ap −B p

A−B
= B p +pB p−1 + p(p −1)

2
W p−2

1 (A−B).

Similarly, we have

C p −B p

C −B
= B p +pB p−1 + p(p −1)

2
W p−2

2 (C −B),

where W2 is a value between C and B . Then, the difference of the above two quantities is

Ap −B p

A−B
− C p −B p

C −B
= Ap −B p

A−B
− B p −C p

B −C
= aβ−bβ

ay −by − bβ− cβ

bγ− cγ
= p(p −1)

2
[W p−2

1 (A−B)−W p−2
2 (C −B)].

Thus,
(

aβ−bβ

aγ−bγ − bβ−cβ

bγ−cγ

)
is non-negative when p ≥ 1 and non-positive when 0 < p ≤ 1.

7.2 Proof of Lemma 4.

For simplicity, we let w j = eα j v j ,∀ j ∈ Q, throughout this proof. We use y#
0 , y∗

0 and y∆ denote the outside market
shares corresponding to assortments {1,2, ..., i − 1}, S and S ∪ {i }, respectively. Hence, 1 > y#

0 ≥ y∗
0 ≥ y∆ > 0. From

Π(S ∪ {i }) ≤Π(S), we can write

p1w1(y∆0 )
α1
α0 + ∑

j∈{2,3,...,i−1}
p j w j (y∆0 )

α j
α0 + ∑

j∈S\{1,2,...,i−1}
p j w j (y∆0 )

α j
α0 +pi wi (y∆0 )

αi
α0

≤ p1w1(y∗
0 )

α1
α0 + ∑

j∈{2,3,...,i−1}
p j w j (y∗

0 )
α j
α0 + ∑

j∈S\{1,2,...,i−1}
p j w j (y∗

0 )
α j
α0 .

13



Rearrange terms and we have

p1w1
[
(y∗

0 )
α1
α0 − (y∆0 )

α1
α0

]≥ ∑
j∈S\{1,2,3,...,i−1}

p j w j
[
(y∆0 )

α j
α0 − (y∗

0 )
α j
α0

]+pi wi (y∆0 )
αi
α0 + ∑

j∈{2,3,...,i−1}
p j w j

[
(y∆0 )

α j
α0 − (y∗

0 )
α j
α0

]
.

Since 1 > y∗
0 ≥ y∆0 > 0 and pi ≥ p j ,∀ j ∈ S \ {1,2,3, ..., i −1}, the following inequality holds

p1w1
[
(y∗

0 )
α1
α0 − (y∆0 )

α1
α0

]≥ pi

( ∑
j∈S\{1,2,3,...,i−1}

w j
[
(y∆0 )

α j
α0 − (y∗

0 )
α j
α0

])+pi wi (y∆0 )
αi
α0 + ∑

j∈{2,3,...,i−1}
p j w j

[
(y∆0 )

α j
α0 − (y∗

0 )
α j
α0

]
.

(6)

Notice that
∑

j∈S\{1,2,3,...,i−1} w j (y∆0 )
α j
α0 = 1− y∆0 −w1(y∆0 )

α1
α0 −∑

j∈{2,3,...,i−1} w j (y∆0 )
α j
α0 −wi (y∆0 )

αi
α0 and∑

j∈S\{1,2,3,...,i−1} w j (y∗
0 )

α j
α0 = 1−y∗

0 −w1(y∗
0 )

α1
α0 −∑

j∈{2,3,...,i−1} w j (y∗
0 )

α j
α0 . Substituting these two identities into Inequality

(6) and rearranging the terms, we obtain

p1 −pi ≥ pi

w1

[ y∗
0 − y∆0

(y∗
0 )

α1
α0 − (y∆0 )

α1
α0

]
+ ∑

j∈{2,3,...,i−1}
(pi −p j )

w j

w1

[ (y∗
0 )

α j
α0 − (y∆0 )

α1
α0

(y∗
0 )

α1
α0 − (y∆0 )

α1
α0

]
.

Recall that 1 > y#
0 ≥ y∗

0 ≥ y∆0 > 0, since α1
α0

≥ 1 and
α j

α1
≥ 1,∀ j ∈Q \ {1}, Lemma 3 implies that

p1 −pi ≥ pi

w1

[ y#
0 − y∗

0

(y#
0 )

α1
α0 − (y∗

0 )
α1
α0

]
+ ∑

j∈{2,3,...,i−1}
(pi −p j )

w j

w1

[ (y#
0 )

α j
α0 − (y∗

0 )
α j
α0

(y#
0 )

α1
α0 − (y∗

0 )
α1
α0

]
.

Rearranging terms, we have

p1w1

[
(y#

0 )
α1
α0 − (y∗

0 )
α1
α0

]
+ ∑

j∈{2,3,...,i−1}
p j w j

[
(y#

0 )
α j
α0 − (y∗

0 )
α j
α0

]
≥ pi

[
(y#

0 − y∗
0 )+ ∑

j∈{2,3,...,i−1}
w j

[
(y#

0 )
α j
α0 − (y∗

0 )
α j
α0

]
+w1

[
(y#

0 )
α1
α0 − (y∗

0 )
α1
α0

]]
.

(7)

Notice that w1(y#
0 )

α1
α0 = 1− y#

0 −
∑

j∈{2,3,...,i−1} w j (y#
0 )

α j
α0 . Substitute it into inequality (7) and we obtain

∑
j∈{1,2,3,...,i−1}

p j w j

[
(y#

0 )
α j
α0 − (y∗

0 )
α j
α0

]
≥ pi

[
(y#

0 − y∗
0 )+ ∑

j∈{2,3,...,i−1}
w j (y#

0 )
α j
α0 − ∑

j∈{2,3,...,i−1}
w j (y∗

0 )
α j
α0

+ (
1− y#

0 −
∑

j∈{2,3,...,i−1}
w j (y#

0 )
α j
α0

)−w1(y∗
0 )

α1
α0

]
≥ pi

[ ∑
j∈S\{1,2,3,...,i−1}

w j (y∗
0 )

α j
α0

]
.

Since w j (y∗
0 )

α j
α0 ≥ 0,∀ j ∈Q and pi ≥ p j ,∀ j ∈ S \ {1,2,3, ..., i −1}, the following inequality holds

∑
j∈{1,2,3,...,i−1}

p j w j

[
(y#

0 )
α j
α0 − (y∗

0 )
α j
α0

]
≥ ∑

j∈S\{1,2,3,...,i−1}
p j w j (y∗

0 )
α j
α0 .

Rearrange terms and we have

∑
j∈{1,2,3,...,i−1}

p j w j (y#
0 )

α j
α0 ≥ ∑

j∈S
p j w j (y∗

0 )
α j
α0 ,

which is

Π
(
{1,2,3, ..., i −1}

)≥Π(S).
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