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Abstract

When considering the design of electricity-intensive industrial processes, a challenge is that future electricity
prices are highly uncertain. Design decisions made before construction can affect operations decades into
the future. We thus explore whether including electricity price uncertainty into the design process affects
design decisions.

We apply stochastic optimization to the design and operations of a chlor-alkali plant, an electrochemical
process that produces chlorine, caustic soda, and hydrogen. Chlor-alkali production is electricity intensive
and can be operated flexibly based on fluctuating electricity prices. We consider participation in the 5-minute
real time market and consider each day as a scenario in the stochastic program.

We find that flexible plant designs that oversize certain plant components can enhance participation in
electricity markets and increase profits. When electricity-price uncertainty is considered by using stochastic
optimization, the optimal system design includes fuel cell and hydrogen storage capacity, which allow the
plant to hedge against price uncertainty. We furthermore find that scenario reduction techniques in our
example approximate the expected objective function value well, but lead to error in terms of optimal
design decision variables. This error ranges from not building some components (fuel cell and hydrogen
storage capacity) to overestimating their capacities by 50%.

Keywords: Chlor-alkali, Stochastic optimization, Design and operations, Short-term electricity prices,
Planning, Scenario reduction

1. Introduction

The threat of climate change has led many countries to take on ambitious targets for greenhouse gas
(GHG) reductions. Sensible strategies for achieving such targets require replacing conventional power plants
with renewable energy sources, mostly wind and solar power. Wind and solar are variable and intermittent on
timescales ranging from minutes to months. This variability affects the economics of both energy consumers
and electric system operators, and will likely require a suite of complementary solutions including flexible
generation, electricity storage technologies (e.g. batteries), and responsive demand.

To date, significant research has been performed on balancing the electricity grid by integrating different
sources of supply to offset variable renewables. However, shifting the timing of electricity demand – often
called “demand response” – can provide another source of grid flexibility. Industrial facilities in the chemical
and manufacturing sector are large electricity consumers. The six largest electricity consuming industries
account for around 15% of the United States electricity consumption (Mitra et al., 2014a). These industrial
facilities therefore may have potential to balance variability by shifting power demand up and down in
response to renewable power availability.
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The optimization of production scheduling has been subject to extensive research both in the operations
research community since the 1950s and in the process engineering community since the 1970s (Zhang and
Grossmann, 2016b). The first works to include electricity prices in production scheduling were published in
the late 1980s (Daryanian et al., 1989), and these topics have been subject to many studies in the past 10
years.

Many prior studies examine chemical processes in particular (Zhang et al., 2015; Cao et al., 2016b; Kelley
et al., 2018; Schäfer et al., 2018; Otashu and Baldea, 2020; Simkoff and Baldea, 2020). Zhang and Grossmann
(2016a) provide a review of industrial demand side management, which includes demand response (DR).
Zhang et al. mention the factors that favor industrial DR customers compared to residential and commercial
DR. Individual industrial facilities have high energy consumption, metering equipment is already installed,
and unlike residential and commercial costumers, they are not primarily concerned with human comfort.
Furthermore, while electricity storage itself is generally expensive, pseudo-storage in the form of product
inventory may be significantly cheaper. Zhang et al. identify four major challenges for modeling industrial
DR: modeling operational flexibility, integrating production and energy management, multiscale decision-
making, and optimization under uncertainty. In this study, we include demand response into system design.
Often in system design, there is a trade-off between capital expenditures and operating profit. This applies
to investments in demand response, which enhance flexibility and can lead to higher operating profit due to
more active market participation, but can increase capital costs.

Several studies have considered the design of industrial facilities under time-varying electricity prices.
Miller et al. (2008) analyze intermittent operation of air separation units using a process model and three
price tiers. Pattison and Baldea (2014) optimized the design of air separation units that are subject to
constant product demand and a two-tiered electricity pricing structure. Mitra et al. (2014a) developed a
general optimization framework for retrofits of power-intensive continuous processes and apply it to an air
separation unit. They modeled plant operation as operating modes based on industrial data, and used one
representative week per season based on average electricity prices. In this case, investments can be made to
upgrade the existing liquefier, install an additional liquefier, and build storage tanks for all three products.
Two optimization problems are formulated: a classic problem with a deterministic product demand over
the investment horizon, and a two-stage stochastic optimization problem with a stochastic product demand
profile. The study finds that investments in flexibility in the deterministic demand case are only made for
high future product demand predictions, whereas the stochastic optimization favors general investments
in flexibility. In an extension of this work, Mitra et al. (2014b) developed a hybrid bi-level decomposition
scheme to reduce the computational time of the stochastic optimization problem by two orders of magnitude.
Teichgraeber et al. (2017) investigated the optimal design and operations of an oxyfuel gas turbine including
an air separation unit under time-varying electricity prices.

Additionally to academic work, demand response programs that have been implemented in industrial
facilities are promising. For example, Merkert et al. (2015) found cost savings of up to 12% (2-5 million
USD) for eight steel plants. An Alcoa aluminum smelter (Todd et al., 2009) recovered an investment in
flexibility enhancing equipment within four months (Samad and Kiliccote, 2012).

However, industrial demand response is challenging: complex integrated chemical and manufacturing
processes can be quite sensitive to fluctuations in output or scheduling. Furthermore, industrial customers
often have onsite electricity generation, enter bilateral contracts, or bid in multiple electricity markets on
different timescales.

In this work, we investigate the chlor-alkali process: the electrochemical production of chlorine and caustic
soda (Wang et al., 2014). The chlor-alkali electrolyzer, the unit producing these chemicals, is electricity-
intensive and can be operated flexibly due to the electrochemical nature of the process (Hug et al., 1993;
Ulleberg, 2003; Arnold and Echternacht, 2016; Roh et al., 2019; Simkoff and Baldea, 2020). Traditionally,
chemical processes have been designed with constant electricity prices in mind, and have afterwards been
adapted to operate flexibly and take advantage of time-varying electricity prices. It may yield higher profits
for the plant operator to include operations based on time-varying electricity prices in system design in
the first place. This question is defined by a trade-off between upfront capital expenditures and operating
profit, i.e., investments in enhanced flexibility may lead to higher operating profit due to more active market
participation.
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When designing a chlor-alkali process with time-varying electricity prices, the challenge is that future
electricity prices are highly uncertain, both in terms of its magnitude and the shape of the price profile.
The magnitude and shape of electricity price profiles can change on timescales on the order of years into
the future and are unknown at the time the design decisions are made. We thus explore whether including
this uncertainty into the design process affects design decisions, and whether it can lead to better decision
making overall. We use stochastic programming to include electricity price uncertainty in the design and
operations optimization problem formulation. The aims of this work are to (i) propose a way to use historical
electricity price data as a way to represent scenarios of future electricity prices, (ii) understand whether
including uncertainty in system design optimization of electrochemical facilities leads to better decision
making, (iii) to investigate how our perception of the shape and magnitude of future electricity price profiles
impacts system design, and (iv) examine if scenario reduction techniques can appropriately retain uncertainty
relevant to the optimization problem.

This work proceeds as follows. In Section 2 we describe stochastic programming, in Section 3 we present
the plant model and provide the optimization problem formulation, in Section 4 we describe the data sources
we used, in Section 5 we present the results, and in Section 6 we conclude this study.

2. Stochastic programming

Stochastic programming, also referred to as stochastic optimization, is an approach to optimization
problems that involve uncertainty. In this section, we give an overview of stochastic programming and
introduce the terminology used throughout this chapter.

The following elaborations follow the introduction to stochastic programming by Infanger (1994). We
only consider the case of uncertainty realization in the form of discrete scenarios.

Suppose we have a general, deterministic, optimization problem

z = max
x

f(x, s)

s.t. x ∈ C
(1)

where f(x, s) is the objective function with decision variables x and input data that we believe will take
scenario s in the future, and C is the set of feasible solutions defined by the constraints of the optimization
problem. What if there is uncertainty associated with the input data? If we have a set of discrete scenarios
s ∈ S that the input data can take, and we associate probabilities ps with the scenarios, then we have
a probability distribution for future realizations of our input data. For example, in a capacity expansion
planning problem, demand could be uncertain, and this uncertainty could be approximated by discrete
scenarios of high, medium, and low demand. In the following, we review three classical solution approaches
to this general problem: the Here & Now approach (formulation as a stochastic program), the Wait & See
approach (formulation if perfect information was available), the Expected-Value approach (deterministic
formulation).

2.1. Here & Now approach

The Here & Now approach is the formulation as a stochastic program. With many different possible
outcomes s ∈ S, a decision has to be made now, before knowing which of the possible outcomes s realizes.
The value x is chosen based on maximizing the expected value of the objective function:

zHN = max
x

Es∈Sf(x, s)

s.t. x ∈ C = ∩s∈S Cs

(2)

where x has to be feasible for all possible scenarios s. Thus, C is the intersection of all Cs, where Cs is
the feasible region given by the constraints in scenario s. Because we are considering discrete scenarios,
Es∈Sf(x, s) in the objective function (also called the recourse function) can be formulated as the sum over
the probabilities of the scenarios in practice:

∑
s∈S psf(x, s). The optimal decision variables x∗ to this

problem minimize the expected value of the objective function zHN given the probabilities that all scenarios
in set S can occur.
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2.2. Wait & See approach

What if instead of having to make a decision now, before uncertainty about scenarios resolves, we could
wait and see which of the scenarios will become reality? The Wait & See approach assumes that we can
somehow wait to design our system until uncertainty resolves, i.e., that we have perfect information about the
future. Such an approach is obviously not implementable in practice, but answers the question: “how good
could our design be?” It allows us to assess the value of perfect information by providing an upper bound
in case of objective function maximization. The Wait & See approach optimizes each scenario separately
and can for each scenario be formulated as follows:

zs = max
x

f(x, s)

s.t. x ∈ Cs

(3)

For each scenario, we obtain an optimal solution zs with associated design decision variables xs for each
scenario s. These are |S| optimal solutions, assuming perfect information about the future. We obtain zWS ,
the expected value of the optimal cost, through

zWS = Es∈Szs =
∑
s∈S

pszs (4)

2.3. Expected-Value approach

Suppose we wanted to just evaluate one optimization run deterministically, but have many different
scenarios of our data. We can replace the stochastic parameters by their expected values. For the example
of a problem with low, medium, and high demand scenarios, this corresponds to taking the average of the
three scenarios, and optimizing using the average of these scenarios as the singular input to the problem.
The deterministic problem is formulated as follows

ẑ = max
x

f(x, s̄)

s.t. x ∈ Cs̄

(5)

where s̄ = Es∈S =
∑

s∈S pss is the expectation over the set of scenarios. By solving (5), we obtain the
optimal solution of the expected value problem xd with associated objective function ẑ. However, ẑ does
not necessarily correspond to the expected cost incurred by xd on the scenarios s. We can calculate the
expected objective function value of the solution xd to this problem by calculating how xd performs on each
of the scenarios s:

zd = Es∈Sf(xd, s) =
∑
s∈S

psf(xd, s) (6)

where f(xd, s) is an evaluation of variables xd on the deterministic optimization problem (5). We would
like to emphasize the difference to the Here & Now approach: while in the expected-value approach, all
scenarios are averaged prior to optimization, one optimization run is done, and the expected value of the
objective function is calculated using the evaluation of the resulting decision variables on all scenarios, the
Here & Now approach involves one optimization over all scenarios, where the expected value is part of the
objective function of the optimization problem.

Note that xd is not necessarily feasible for all scenarios s, i.e., xd ∈ Cs̄ =⇒ xd ∈ Cs is not necessarily
true. In the case that xd /∈ Cs, one can set zd →∞.

2.4. Two-stage stochastic linear programs

While the above descriptions are true for any optimization problem with discrete scenarios, in this section
we elaborate on the subcategory of so called “two-stage” problems. Capacity expansion in the form that we
consider it in this work falls into this category. While the problem is formulated as a single optimization
problem, two stages refers to the fact that there are two types of decisions: (i) First-stage decisions, made
through first-stage decision variables x, which are made prior to the realization of uncertainty and are shared
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among all scenarios, e.g. design decisions such as capacity investments that are made for a long time into
the future. (ii) Second-stage decisions, made through decision variables y, depend on the realization of
uncertainty, e.g. operating decisions such as how to operate a facility given a certain price profile.

The general Here & Now formulation of a two-stage stochastic linear program is as follows:

max
x,y

cTx+
∑
s∈S

vTs ys

s.t.

Ax = b

−Bsx+Dsys = ds ∀s ∈ S
x, ys ≥ 0 ∀s ∈ S

(7)

where c are the first-stage coefficients and v are the second stage coefficients1. For example, first stage
coefficients can be capital cost per technology, and second stage coefficients can be electricity prices as a
function of time. A and b are the coefficients associated with the first stage. D and d are coefficients
that concern the second-stage together with the transition matrix B, which couples the two periods. The
problem is to find a feasible solution of the first-stage decision variables x among all scenarios s that
minimizes expected costs.

Overall, stochastic programs can become computationally intractable quickly. Each scenario adds vari-
ables and constraints to the problem. Many strategies exist in order to reduce computational time. Among
these strategies are scenario reduction techniques (Heitsch and Roemisch, 2003) and decomposition schemes
such as Benders decomposition (Benders, 1962) and Dantzig-Wolfe decomposition (Dantzig and Wolfe, 1960).
Improving upon these techniques is an active field of research.

2.5. Similarities of stochastic programming and time-series aggregation

Time-series aggregation (TSA) has emerged as a tool to reduce computation time and memory of de-
terministic energy systems optimization problems by around two orders of magnitude, and thus making
these problems computationally tractable Teichgraeber and Brandt (2020). It is used to aggregate detailed
temporal data into representative periods. For example, a model may be solved for five representative days
instead of 365 real days.

While the interpretation of the problem is very different, time-series aggregation (TSA) with repre-
sentative periods for deterministic design and operations optimization problems and two-stage stochastic
programming (SP) are mathematically very similar. The formulations are equivalent if we consider the
equivalencies of representative periods in TSA and scenarios in SP, design decision variables in TSA and
first-stage variables in SP, and operational decision variables in TSA and second-stage variables in SP.

TSA is concerned with aggregating multiple periods to few in order to reduce computational complexity.
The same goal exists in scenario reduction for stochastic programming (Heitsch and Roemisch, 2003; Gröwe-
Kuska et al., 2003; Morales et al., 2009; Pineda and Conejo, 2010; Sumaili et al., 2011; Dvorkin et al., 2014;
Blanco and Morales, 2016; Wang et al., 2017; Cao et al., 2016a; Feng and Ryan, 2013, 2016; Gil et al., 2015;
Munoz et al., 2016; Karuppiah et al., 2010; Li and Floudas, 2014). Thus, many of the methods used in
one field of study may be beneficial to be used in the other, and we see it as a promising avenue of future
research to combine findings from the two disciplines.

3. Modeling and optimization problem formulation

A system overview of the chlor-alkali process is shown in Figure 1. The system consists of an electrolyzer
(producing chlorine, caustic soda, and hydrogen), a chlorine storage tank, a caustic soda storage tank, a

1In the objective function,
∑

s∈S vsys is the discrete implementation of the more general expectation over the uncertainty
that plays a role in the second stage: Es∈S vsys.
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Figure 1: System overview. The system units are linked through mass and energy balances. First stage decision variables
(DVs) are design decision variables that describe the system configuration and size, and second stage decision variables are
operational decision variables that describe the system operations.

hydrogen storage tank, and a fuel cell. System units are coupled by mass and energy balances. Chlorine and
caustic soda are sold (they are base products for further industrial processes that are beyond the scope of
this work), and hydrogen is either sold, or used in a fuel cell to produce electricity, which in turn can be used
to run the electrolyzer at high electricity prices. Design decision variables are the sizes of the electrolyzer,
fuel cell, and storage tanks, and operational decision variables are based on the mass and energy balances.

We design a system that supplies 10 tons of chlorine per day, with constant demand over all 5 minute
intervals. The system is designed for a lifetime of 10 years (Bertuccioli et al., 2014). One may ask why a
chlor-alkali plant operator may opt to participate in real-time markets, instead of using fixed prices that
are procured upfront. The reason is the high variability in prices, which can be exploited by the chlor-
alkali process. Due to the electrochemical nature of the chlor-alkali process, it is flexible, and offering this
flexibility to the electric system operator is financially rewarded by participating in a real-time market. We
assume that the electrolyzer and fuel cell have a constant efficiency over the studied operating range. In
this model, we do not consider ramping limits and other transient behavior. While a full ramping cycle of
a chlorine electrolyzer requires minutes, Roh et al. (2019) elaborate that ramping constraints may increase
computational time significantly, while only having negligible effects on objective function value (in the
case of their study, less than 0.1% difference). We furthermore make simplifying assumptions by neglecting
minimum partial load and minimum off-time. All of the above could be included as constraints in future
models. Due to these simplifications, the flexibility of our system is an upper bound to the flexibility of an
actual system.

In order to understand how uncertainty in the magnitude and shape of electricity price profiles plays a
role in the design process, we take today’s distribution of real time prices over a year, and we assume that
each of the days represents a possible time series for the future, i.e., is a scenario of how future prices may
look. We then ask the question: What if each day in the future was like this day of the current time series?
Some days have more volatile price profiles than other days, and this translates into the assumption that
some predictions of the future have more volatile price profiles than some other predictions of the future.
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Table 1: Overview of the decision variables. Design decision variables are first stage variables, and operational decision variables
are second stage variables of the stochastic program.

Variable Unit Description Design / Operational

ṁcap
EL kg h−1 mass flow rate capacity of the electrolyzer Design

ėcapFC kW power capacity of the fuel cell Design
mcap

Cl2,stor
kg chlorine storage capacity Design

mcap
H2,stor

kg hydrogen storage capacity Design

ṁCl2,sold
t,s kg h−1 chlorine sold Operational

ṁH2,sold
t,s kg h−1 hydrogen sold Operational

ėmarket
t,s kW electricity purchased from the market Operational
ėEL
t,s kW electricity used in the electrolyzer Operational
ėFC
t,s kW electricity produced in the fuel cell Operational

ṁCl2,EL
t,s kg h−1 chlorine produced in the electrolyzer Operational

ṁH2,EL
t,s kg h−1 hydrogen produced in the electrolyzer Operational

ṁH2,FC
t,s kg h−1 hydrogen used in the fuel cell Operational

mCl2,stor
t,s kg chlorine storage tank level Operational

mH2,stor
t,s kg hydrogen storage tank level Operational

Likewise with price averages. Because we do not know exactly how price profiles will look in the future, we
take today’s profile’s and assume that the future will look like one of them. Then, we have 365 different
scenarios of the future, and we want to build a system that is designed for the inherent uncertainty of this
set of prices. This is a two-stage stochastic program, where the first stage represents the design of the system
and the second stage represents the operations. Note that within the operations operations optimization
(i.e., second stage), we assume perfect foresight over the scenario day. Even though there is uncertainty as
to which scenario of electricity prices will realize, the operations optimization of each scenario separately
is deterministic and assume that we can find the optimal operating schedule based on perfect information
over the scenario in question. One could treat imperfect operational price forecasts by using a three-stage
or higher-stage stochastic program where another stage of uncertainty realizes at the time of operations,
however, we leave that for future work.

We now introduce the mathematical formulation of the Here & Now approach. We introduce the following
sets for notation: T is the set of five minute timesteps ∆t (Nt=288 per day). S is the set of scenarios. We
assume that each day is a scenario. Nyears is the set of years that the system is designed for.

Equation 8 introduces the objective function of the Here & Now optimization problem formulation. Table
1 shows an overview of the decision variables, and they are also indicated in Figure 1.

max − cELṁ
cap
EL − cFC ė

cap
FC − cCl2m

cap
Cl2,stor

− cH2
mcap

H2,stor

+
∑
s∈S

ps

( ∑
n∈Nyears

1

(1 + r)n

)
365 ∆t

∑
t∈T

(
ṁCl2,sold

t,s (pCl2 +
ṁCS

ṁCl2

pCS)

+ ṁH2,sold
t,s pH2 − ėmarket

t,s pel,t,s

) (8)

where the first stage decision variables (design decision variables) are the mass flow rate capacity of the
electrolyzer ṁcap

EL, the power capacity of the fuel cell ėcapFC , the chlorine storage capacity mcap
Cl2,stor

, and the

hydrogen storage capacity mcap
H2,stor

. cEL, cFC , cCl2 , and cH2
are the associated capital costs. The expected

value of the recourse function is represented by discrete scenarios. Scenarios are weighted by the associated
probabilities ps. We use net present value of profits, where r is the real discount rate. The second stage
decision variables that appear in the objective function are the chlorine sold ṁCl2,sold

t,s , the hydrogen sold
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ṁH2,sold
t,s , and the electricity purchased from the market ėmarket

t,s . Other second stage decision variables are

the electricity used in the electrolyzer ėEL
t,s , the electricity produced in the fuel cell ėFC

t,s , the chlorine produced

in the electrolyzer ṁCl2,EL
t,s , the hydrogen produced in the electrolyzer ṁH2,EL

t,s , the hydrogen used in the

fuel cell ṁH2,FC
t,s , the chlorine storage tank level mCl2,stor

t,s , and the hydrogen storage tank level mH2,stor
t,s .

pCl2 , pCS , and pH2
are the prices of chlorine, caustic soda, and hydrogen. We model the production and

storage of caustic soda implicitly because chlorine, caustic soda, and hydrogen are produced at a fixed ratio
in the electrolyzer. pel,t,s is the electricity price, which is time dependent and depends on the scenario. The
problem was implemented with the following units: power in kW, flow rates in kg h−1, storage masses in kg,
and energy in kWh.

The objective function is subject to the following constraints:

ṁCl2,EL
t,s ≤ ṁcap

EL ∀ t ∈ T , s ∈ S (9a)

ėFC
t,s ≤ ė

cap
FC ∀ t ∈ T , s ∈ S (9b)

ṁCl2,EL
t,s ≤ ṁcap

EL ∀ t ∈ T , s ∈ S (9c)

ṁCl2,EL
t,s ≤ ṁcap

EL ∀ t ∈ T , s ∈ S (9d)

ṁH2,EL
t,s =

ṁH2

ṁCl2

ṁCl2,EL
t,s ∀ t ∈ T , s ∈ S (9e)

ṁCl2,EL
t,s = ηELė

EL
t,s ∀ t ∈ T , s ∈ S (9f)

ėFC
t,s = ηFCṁ

H2,FC
t,s ∀ t ∈ T , s ∈ S (9g)

ėEL
t,s = ėmarket

t,s + ėFC
t,s ∀ t ∈ T , s ∈ S (9h)

DCl2

T
(1− ε) ≤ ṁCl2,sold

t,s ∆t ≤ DCl2

T
(1 + ε) ∀ t ∈ T , s ∈ S (9i)

mCl2,stor
t,s = (1− lCl2

Nt
)mCl2,stor

t−1,s + ṁCl2,EL
t,s ∆t− ṁCl2,sold

t,s ∆t ∀ t ∈ T , s ∈ S (9j)

mCl2,stor
0,s = mCl2,stor

T,s = 0.5mcap
Cl2,stor

∀ s ∈ S (9k)

mH2,stor
t,s = (1− lH2

Nt
)mH2,stor

t−1,s + ṁH2,EL
t,s ∆t− ṁH2,sold

t,s ∆t− ṁH2,FC
t,s ∆t ∀ t ∈ T , s ∈ S (9l)

mH2,stor
0,s = mH2,stor

T,s = 0.5mcap
H2,stor

∀ s ∈ S (9m)

ṁcap
EL, ė

cap
FC ,m

cap
Cl2,stor

,mcap
H2,stor

≥ 0 (9n)

ṁCl2,sold
t,s , ṁH2,sold

t,s , ėmarket
t,s , ėEL

t,s , ė
FC
t,s , ṁ

Cl2,EL
t,s , ṁH2,EL

t,s , ṁH2,FC
t,s ≥ 0 ∀ t ∈ T , s ∈ S (9o)

mCl2,stor
t,s ,mH2,stor

t,s ≥ 0 ∀ t ∈ T , s ∈ S (9p)

where Equations (9a) to (9d) bound the capacity of the devices, Equation (9e) sets the hydrogen production

at a fixed ratio
ṁH2

ṁCl2
of the chlorine production, Equations (9f) and (9g) link mass and energy flow balances

in the devices by the respective efficiencies ηEL and ηFC , Equation (9h) is a power balance, Equation (9i)
ensures the daily chlorine demand DCl2 is met continuously within a tolerance ±ε, Equations (9j) and (9l)
are the storage mass balances in time with a storage loss lCl2 and lH2

, Equations (9k) and (9m) ensure that
the stored mass is the same at the beginning as it is at the end of a scenario, and Equations (9n) to (9p)
are positivity constraints.

Note that, as described in Section 2, the Wait & See formulation of this problem is to simply solve the
above introduced formulation |S| times, for a single scenario each. The expected-value formulation is to
solve the above introduced formulation with a single scenario, for p̄el,t = 1

|S|
∑

s∈S pel,t,s.
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Figure 2: Daily 5 minute real-time market electricity prices, from CAISO node KNGHTSLD 1 N001 from 2017.

4. Data

The parameters introduced in the previous section describe subsystem costs and subsystem efficiencies.
Table 2 shows the data and data sources used in the optimization problem formulation. Currency conversion
were done with the exchange rate of 2017.

We use electricity prices from the California Independent System Operator’s (CAISO) real time market
from 2017, which operates in five minute intervals. We use prices from node KNGHTSLD 1 N001, a node
in Northern California. Figure 2 shows the daily electricity prices used in this work. We observe high
fluctuations in this price, with strong extrema that lead to interesting tails in the distribution.

5. Results and discussion

In Section 5.1, we explore the case where equal probability is given to each scenario of future price profiles.
In Section 5.2, we then study cases where we assume more knowledge about the shape and magnitude of
future price profiles by giving higher probabilities to either low variability price profiles or high variability
price profiles. In Section 5.3, we investigate the effect of scenario reduction techniques on optimization
outcome.

5.1. Scenarios with equal probabilities

We take each daily price profile as a scenario in our stochastic program. When we optimize with all
365 days having equal probability of occuring, which is the Here & Now approach, i.e. S contains all 365
days, we obtain an objective function value of zHN = 12.8324 million USD. The Wait & See approach,
where we optimize all 365 scenarios separately, i.e. S contains one scenario for each optimization, yields
an expected value of zWS =12.8988 million USD. Note that the Wait & See approach is not implementable
in practice, but rather provides an upper bound on the solution. The expected value approach, where we
optimize over the expected value of the scenarios, yields an expected value of the objective function of zd =
12.8144 million USD. Since we have a maximization problem, zd ≤ zHN ≤ zWS . We obtain a value of
the stochastic solution (zHN − zd) of 0.0186 million USD (0.1% of zHN ) and an expected value of perfect
information (zWS − zHN ) of 0.0659 million USD (0.5% of zHN ).

Figure 3 shows zd, zHN , and zWS . The figure shows the individual outcomes of the Here & Now
approach in yellow, which all share the same system design but operate on different scenarios. Figure 3
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Table 2: Parameter data and sources.

Parameter Description Value Unit Reference

pel,t electricity price Figure 2 $ kWh−1 oasis.caiso.com

pCl2 chlorine price 0.165 e kg−1 Garcia-Herrero et al. (2017)
pCS caustic soda price 0.224 e kg−1 Garcia-Herrero et al. (2017)
pH2

hydrogen price 1.697 e kg−1 Garcia-Herrero et al. (2017)
cEL capital cost electrolyzer 1100 e kW−1 Bertuccioli et al. (2014)
cFC capital cost fuel cell 1100 e kW−1 US OEERE (2017)
cCl2 capital cost chlorine storage 25 e kg−1 assume same as cH2

cH2
capital cost hydrogen storage 25 e kg−1 Reuß et al. (2017)

DCl2 daily chlorine demand 10000 t assumption
ηEL electrolyzer efficiency 0.4167 kgCl2 kWh−1 Moussallem et al. (2008)
ε demand tolerance 0.001 - assumption
ηFC fuel cell efficiency 21.66 kWh kg−1

H2
US OEERE (2017)

mH2

mCl2
hydrogen per chlorine 0.03 kgH2

kg−1
Cl2

chemical reaction
mCS

mCl2
caustic soda per chlorine 1.1 kgCS kg−1

Cl2
chemical reaction

lCl2 Chlorine storage loss per day 0.0003 - Reuß et al. (2017)
lH2

hydrogen storage loss per day 0.0001 - assumption
∆t time step length 0.083333 hours -
r real discount rate 0.07 - assumption

Figure 3: Distribution of objective function values of the individual outcomes of the Here & Now approach and of the Wait
& See approach. The expected objective function value of the Wait & See, Here & Now, and expected value approaches are
indicated as lines.
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(a) (b)

(c) (d)

440.8 kg/h

451.6 kg/h

654.4 kg

948.1 kg

414.5 kW0.0 kW 27.7 kg0.0 kg

Figure 4: Distributions of the optimal capacities of the Wait & See approach of the (a) electrolyzer, (b) chlorine storage, (c)
fuel cell, and (d) hydrogen storage. Note that fuel cell and hydrogen storage are only built in the Here & Now approach in
order to hedge against uncertainty, and no fuel cell and hydrogen storage are built in the Wait & See and Expected Value
approach (Subfigures (c) and (d)).

also shows the individual outcomes of the Wait & See approach in green, which are all based on different
designs based on the assumption of perfect information on scenario outcome. We observe as expected that
the individual Here & Now outcomes are lower or equal to the individual Wait & See outcomes, because the
latter assumes perfect information.

Figure 4 shows the capacity installments (i.e. the first stage decision variables) for the different ap-
proaches. The distributions in blue show the individual results of the Wait & See approach. We observe
that for the electrolyzer and chlorine storage, the distribution of the Wait & See approach is strongly cen-
tered on the left, with a few scenarios that build a vast amount of electrolyzer and chlorine storage. We
build a larger electrolyzer and chlorine storage tank in the expected value approach than in the Here & Now
approach. This is compensated in the Here & Now approach by building fuel cell and hydrogen storage
capacity (Figures 4c and 4d). Interestingly, neither in the expected value approach nor in any single of the
Wait & See solutions do we build fuel cell and hydrogen storage capacity. In the Here & Now solution, such
capacity is built to hedge against uncertainty. This shows a fundamental qualitative difference in decision
sets taken when uncertainty is present.
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Figure 5: Operational profiles of the electrolyzer, chlorine storage tank, fuel cell, and hydrogen storage tank for select scenarios.

Figure 5 shows the operations of three example scenarios. Figure 5a shows the operations of a scenario
with no use of the fuel cell in the Wait & See approach. This is a scenario that has small variance of electricity
prices and thus does not require significant operational flexibility. We observe that the electrolyzer is slightly
oversized over the demand in both the Wait & See and the Here & Now approach. On the other hand,
there are a total of 14 days that make use of flexible system design by using the fuel cell and the hydrogen
storage tank in the Here & Now solution. Two of them are days 88 (Figure 5b) and 240 (Figure 5c). We
observe that the individual Wait & See solution significantly oversizes the electrolyzer and hydrogen storage
tank compared to the Here & Now solution. The Wait & See solution assumes a design based on the fact
that all days in the future will be like the one observed here. In that case, it is more profitable to build a
significantly oversized electrolyzer. On the other hand, the Here & Now solution is built based on equally
weighted 365 scenarios. It takes advantage of large price spikes in the days shown in the figures by using
the fuel cell and hydrogen storage tank, and is thus able to build a smaller electrolyzer than the Wait & See
solution for the specific scenario. This in turn is cheaper overall because the large electrolyzer is not needed
for many other days of the year.
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Figure 6: Capacities built in the Here & Now approach when varying the total probability of the scenarios that we identified
to have high price variability. The probabilities are changed so that these days weight more or less compared to the days with
less price variability. The capacities are normalized by the capacities of the original Here & Now solution.

5.2. Sensitivity analysis to scenario probabilities

Thus far, we have assumed that each of the 365 scenarios has equal probability of occurring. In this
section, we investigate whether changing these probabilities impacts system design, i.e., if assuming higher
probability of future electricity price profiles with high variance will result in different system designs. Figure
6 shows a variation in scenarios where we adjust the probabilities of the scenarios. Previously, we used equal
probabilities (0.274%) for all scenarios. In this figure, we adjust the probabilities of the 14 scenarios that use
the fuel cell and hydrogen storage tank in the Here & Now approach. We call these 14 scenarios high price
variability scenarios. These scenarios have in common that they exhibit high variability in prices: While the
average standard deviation per scenario of the full dataset is 53.0 $/MWh, the average standard deviation
of the high price variability scenarios is 177.7 $/MWh. The base case probability for these scenarios is at 14
× 0.274%, i.e. 3.84%. The y-axis is normalized to the optimal capacities of the base case. The probabilities
are adjusted as follows: The probability of each of the 14 days pFC,used is

pFC,used =
x

14
(10)

where x is the value of the x-axis in the Figure, and the probability of each of the other days pFC,notused

then is

pFC,notused =
1− x
351

. (11)

Each capacity buildup in Figure 6 is a full run of the Here & Now optimization with the new probabilities.
We observe that the fuel cell and hydrogen storage tank are built in cases of medium probabilities of the high
variability scenarios for pFC,used, and that they are not built in either the case of low nor high probabilities
of the high variability scenarios for pFC,used. In the cases of low probability of the high price variability
scenarios, there is no need for additional flexibility, and a slightly oversized electrolyzer and some amount
of chlorine storage is built in order to take advantage of the small price volatility that does exist. In the
cases of high probability of the high price variability scenarios, it is more profitable to further oversize the
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Figure 7: (a) Objective function value and (b) capacities built for different levels of scenario reduction. The objective function
and the capacities are normalized by the respective values of the original Here & Now solution.

electrolyzer and build significantly larger chlorine storage tanks. Because high price variability is likely, the
expected return for a lower utilization rate of the electrolyzer is high enough to justify a larger electrolyzer.
The larger electrolyzer combined with sufficient chlorine storage then allows for shifting of chlorine and
caustic soda production to times of low prices during the day and still maintaining constant output. Only
in cases where both scenarios with high variability and with low variability of the electricity price are likely
to occur does the system build a fuel cell and hydrogen storage.

Overall, the amount of uncertainty that we have about future price scenarios dictates the capacity we
should build. If we are certain about how shape and magnitude of price profiles will develop, building an
electrolyzer alone is the best option. However, if there are multiple scenarios with different characteristics,
it is beneficial to hedge against uncertainty by building a fuel cell and hydrogen storage.

5.3. Impact of scenario reduction

We now investigate how scenario reduction affects optimization outcome. Often, stochastic programs
with a large set of scenarios are computationally intractable. In this paper, the stochastic program has
some of the characteristics of large-scale, computationally intractable programs, yet is simple enough to be
solvable for all scenarios in around 12 hours. This allows for investigation of how scenario reduction affects
the optimization outcome.
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The goal of scenario reduction is to find a few scenarios that represent with high fidelity the full set of
scenarios. We use hierarchical clustering with the centroid as the representation to find reduced scenarios
(Teichgraeber et al., 2019). For an overview of other clustering methods that can be used for scenario
reduction, we refer to Teichgraeber and Brandt (2019); Teichgraeber et al. (2020). The probabilities of the
reduced scenarios are proportional to the number of scenarios from the full set that they represent.

Figure 7a shows the normalized objective function value as a function of the number of scenarios and
Figure 7b shows the normalized capacity of the electrolyzer, chlorine storage tank, hydrogen storage tank,
and fuel cell as a function of the number of scenarios. The capacities are normalized by the capacities of
the solution obtained with all scenarios, i.e., the Here & Now results showed above. Note that reducing the
number of scenarios with the centroid as representation to one scenario is identical to the expected value
approach, and using all scenarios is identical to the original Here & Now approach.

In Figure 7a, we observe that the optimal objective function value of the aggregated version of the
optimization problem is within 2% of the optimal objective function value of the optimization problem with
all scenarios. Furthermore, we observe that the objective function value of the aggregated problem is (i)
an underestimator of the objective function value of the problem with all scenarios, and that the objective
function is (ii) monotonically increasing with the number of scenarios. Because aggregated data occurs in
the parameter vector c, property (i) can be proven by Theorem I in Teichgraeber and Brandt (2019), and
because we use hierarchical clustering, property (ii) can be proven by Theorem III.

Contrary to what objective function value might suggest, we observe in Figure 7 that aggregation to a low
number of scenarios does not capture the uncertainty that is relevant to the optimization problem in terms
of system design. No or little fuel cell capacity and hydrogen storage capacity are built, which we identified
as hedges against uncertainty. Starting from 25 scenarios upward, more of these capacities are built, and, at
a higher number of scenarios, the amount of fuel cell and hydrogen storage capacity needed to hedge against
uncertainty is overestimated by up to 50%. While we do observe general trends, we observe that capacity
investment is nonmonotonic as a function of the number of scenarios. This effect may be explained by the
fact that the error in optimization outcome is a nonlinear function of the error in the statistical domain. A
small change in the aggregation may have a significant impact on optimization outcome, and vice versa.

Furthermore, note that when calculating performance of an obtained design for all scenarios using Equa-
tion (6), the system is always feasible. Feasibility is guaranteed because the demand constraint is the same
for every scenario. Thus, a system will always satisfy that constraint, and the fact that it was designed
with a different scenario in mind may lead to lower profits but not to infeasibilty. Because the obtained
design is always feasible for all scenarios for the optimization problem at hand, the expected value of the
objective function for all scenarios is (similar to the objective function value of the aggregated optimization
problem in Figure 7a) an underestimator of the objective function value of the Here & Now approach. The
expected value of the objective function associated with that calculation is close to zd, which is at 0.1% of
zHN . Any of the reduced scenario sets, even when only using one scenario, is thus a good approximation of
the objective function value of the Here & Now approach.

While scenario reduction does approximate expected objective function value well, there is significant
error in terms of the resulting design decision variables.

6. Conclusion

In this work, we present a stochastic optimization approach to the capacity expansion of the chlor-alkali
process when participating in the 5-minute real time market. We treat each day of current prices from the
historical price distribution as a scenario for future prices. We find that flexible plant designs by oversizing
plant components can enhance participation in electricity markets and increase profits. We also find that
including future electricity price uncertainty in system design optimization of the chlor-alkali process leads to
improved decision making. When uncertainty is considered by using a stochastic optimization formulation,
the optimal system design includes fuel cell and hydrogen storage capacity, which allow to hedge against
the uncertainty of future price scenarios. We further observe that system designs are structurally similar if
uncertainty about the kind of price profile is low in cases where we expect either low or high variability in
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future price profiles. Only in cases where there are significant differences in scenarios, i.e., future price profiles
are highly uncertain, does the system build fuel cell and hydrogen storage capacity. Overall, this shows that
when predictions of future electricity price profiles are highly uncertain, incorporating that uncertainty
into a stochastic optimization framework as presented in this work can enhance decision making. Scenario
reduction estimates the expected objective function value well but has significant error in terms of design
decisions.

Future work could go in multiple directions. One could explore a more detailed physical representation
with integer variables both in the objective function and the constraints to model physical and chemical sys-
tem constraints more realistically. Future work could include different treatment of uncertainty by adjusting
the risk measure in the objective function by using conditional value at risk (CVaR) instead of expected
value. Furthermore, while in this work we only consider the real-time market, future work could include
value stacking by including several market layers at the same time to assess the economic potential of the
joint design and operations in its entirety.
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