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Abstract

Utility preference robust optimization (PRO) concerns decision making problems where
information on decision maker’s utility preference is incomplete and has to be elicited through
partial information and the optimal decision is based on the worst case utility function
elicited. A key assumption in the PRO models is that the true probability distribution is
either known or can be recovered by real data generated by the true distribution. In data-
driven optimization, this assumption may not be satisfied when perceived data differ from
real data and consequently it raises a question as to whether statistical estimators of the PRO
models based on perceived data are reliable. In this paper, we investigate the issue which is
also known as qualitative robustness in the literature of statistics [26] and risk management
[30]. By utilizing the framework proposed by Krétschmer et al. [30], we derive moderate
sufficient conditions under which the optimal value and optimal solution of the PRO models
are robust against perturbation of the exogenous uncertainty data, and examine how the
tail behaviour of utility functions affects the robustness. Moreover, under some additional
conditions on the Lipschitz continuity of the underlying functions with respect to random
data, we establish quantitative robustness of the statistical estimators under the Kantorovich
metric. Finally, we investigate uniform consistency of the optimal value and optimal solution
of the PRO models. The results cover utility selection problems and stochastic optimization
problems as special cases.

Keywords. PRO, qualitative statistical robustness, quantitative statistical robustness,
uniform consistency

1 Introduction

We consider the following one-stage expected utility maximization problem

max Eplu(f(z,£))], (1.1)
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where u : IR — IR is a real-valued increasing utility function and f : R"™ x R 5> R is a
continuous function, x is a decision vector which is restricted to taking values over a specified
compact feasible set X ¢ IR™, ¢ : Q — IR” is a vector of random variables defined over probability
space (Q, F,P), P:=Po ¢! is the probability measure on IR induced by €.

In practice, f may represent a financial position or the performance of an engineering de-
sign. In the well-established theory of expected utility which provides a dominant normative
and descriptive model in decision making, Von Neumann and Morgenstern [45] show that any
set of preferences that a decision maker may have among uncertain/risky prospects can be char-
acterized by an expected utility function if the preferences satisfy certain reasonable axioms
(i.e. completeness, transitivity, continuity and independence). Specifically, there exists a utility
function u : IR — IR such that the decision maker prefers prospect A to prospect B if and only if
E[u(A)] > E[u(B)]. A convex utility function means the decision maker is risk taking whereas a
concave utility function means risk averse and an affine utility function represents risk neutral.

In the theory of expected utility, the utility function w represents the decision maker’s risk
attitudes or taste, P is regarded as the belief on the states of the world that the decision
maker holds. The latter corresponds to the terminology of subjective judgement of probability
distribution in the literature of stochastic programming. In the absence of complete information,
taste and belief are often subjective in which case they may interact. The classical expected
utility model of Von Neumann and Morgenstern assumes that there is no ambiguity /uncertainty
in both the brief and the taste. Gilboa and Schmeidler [I6] consider a situation where the decision
maker’s brief is uncertain and consequently propose a distributionally robust expected utility
model where the preference is characterized through the most conservative belief (the worst case
probability), see Maccheroni et al. [34], Marinacci [35] and Gilboa and Marinacci [I7] for more
recent development in this regard.

There is another important stream of research which focuses on the ambiguity of decision
maker’s taste, that is, the true utility function in model . Such ambiguity may arise from a
lack of accurate description of human behaviour (Thurstone [43]), conginitive difficulty or incom-
plete information (Karmarkar [29] and Weber [46]). It could also be the case where the decision
making problem involves several stakeholders who fail to reach a consensus. Parametric and
non-parametric approaches have subsequently been proposed to assess the true utility function,
these include discrete choice models (Train [44]), standard and paired gambling approaches for
preference comparisons and certainty equivalence (Farquhar [13]), we refer readers to Hu et al.
[23] for an excellent overview on this.

The focus of utility preference robust optimization (PRO in short) is on the situation where
a decision maker is confronted with ambiguity in taste instead of brief, but it is possible to use
partial information to elicit/construct an ambiguity set of utility functions denoted by U such
that the true utility function which reflects precisely the decision maker’s preference lies in U
with high likelihood. Instead of attempting to obtain an estimate of the true utility function
from the set, the PRO approach considers a maximin formulation

(PRO)  9(P) = max inf Eplu(f(z,6))], (1.2)

where the optimal decision x is based on the worst u from the ambiguity set. For each fixed



z € X, we highlight the inner minimization problem
v(z, P) := inf Eplu(f(z,£))], (1.3)
uel

which is an optimal (worst case in this setup) utility selection problem in economics. The robust
model aims to mitigate the risk arising from ambiguity of the true utility function albeit it could
be over conservative if the ambiguity set is large.

Two main challenges have to be tackled before the model can be effectively used in decision
making under uncertainty. One is construction of the ambiguity set & and the other is compu-
tational solvability of the model as the inner minimization problem is often infinite dimensional.
Greco et al. [I8] propose a framework for eliciting utility functions representing the decision
maker’s preferences via pairwise comparison in multiple criteria ranking even when some of the
preferences are inconsistent. The elicited set of utility functions is then used to define preference
relationship in ranking which is essentially about solving a utility maximization problem similar
to . Hu and Stepanyan [25] propose a so-called reference-based almost stochastic dominance
method for constructing a set of utility functions near a reference utility which satisfy certain
stochastic dominance relationship and use the set to characterize decision maker’s preference.

Armbruster and Delage [2] address the challenges by adopting a number of strategies includ-
ing pairwise comparison of lotteries and certainty equivalent for constructing the ambiguity set
and subsequently deriving tractable formulations for the PRO models by reformulating them
as linear programming problems. In their PRO models, they require utility functions in the
ambiguity set to satisfy all of the decision maker’s preferences elicited. Delage and Li [11] ex-
tend the research to risk management problem where the objective is a convex risk measure
and the ambiguity set arises from decision maker’s risk attitude. In the case when the range
of f(z,€) is bounded, Hu and Mehortra [24] consider a PRO model where the true unknown
utility function is defined over a compact interval of IR and takes values over [0, 1] after some
appropriate scaling. By viewing the utility function as a cumulative distribution function (cdf)
of some random variable, they introduce moment-type conditions to define the ambiguity set U
which cover a wide range of approaches such as pairwise comparison, certainty equivalent and
stochastic dominance. A key condition for tractable formulation of the PRO model is that the
utility function is concave. In the absence of concavity, one may reformulate the PRO model as
a mixed integer programming problem, see [19] 22] for recent development in this regard.

In all these PRO models, the true probability distribution is assumed to be either known
or can be recovered via real data generated by the unknown true probability distribution. In
practice, this assumption may not be fulfilled either because the true probability distribution
is unknown and the decision maker has to make a subjective judgement on brief or the per-
ceived sample data are contaminated in a data-driven environment. In the absence of complete
information on the taste and the belief, one may construct a robust model which bases optimal
decision on the worst case utility and probability, see Haskell et al. [2I]. Our research here is not
about how to develop a robust mechanism to contain the risk arising from contaminated data
in the PRO model, rather we study statistical impact of the potentially contaminated perceived
data on the performance of the PRO model, specifically, we investigate whether a statistical
estimator such as the optimal value of the PRO model based on perceived data with noise is
reliable. The issue is essentially about statistical robustness in the literature of robust statistics



[26] and we believe the research is timely given that PRO models are mostly data-driven. The
concept of statistical robustness may be traced back to Hampel’s seminal work [20]. It has been
popularized over the past few decades particularly with monographs [26] 27].

Cont et al. [8] use Hampel’s classical concept to introduce a notion of qualitative robustnessﬂ
of certain risk estimator and use the latter to examine the robustness of various risk estimators
derived from empirical data. Using the definition, they demonstrate that statistical estimator
of any spectral risk measure including conditional value at risk is not robust. Kratschmer et al.
[30] argue that this definition of statistical robustness is in favour of value at risk and against
coherent risk measures (including conditional value at risk), and consequently introduce a new
concept of statistical robustness which captures tail losses to some degree in a refined topological
space.

In this paper, we extend this stream of research on statistics and risk measurement to
PRO models because these optimization problems are typically data driven and there is no
guarantee that available perceived data do not contain noise. Our primary concern is that
statistical estimators such as optimal values and optimal solutions obtained from solving the
PRO models with perceived data may perform differently from those based on real data. This
kind of analysis should be distinguished from the distributionally robust approach (Gilboa and
Schmeidler [I6]) in that we are not going to use the perceived data to construct an ambiguity
set of the decision maker’s belief in exogenous uncertainty. It also differs from standard stability
analysis in stochastic programming from purposes to methodology and conclusions, we will
come back to these later on in the relevant contexts. To the best of our knowledge, there is
no statistical robustness analysis on optimization problems even in the literature of stochastic
programming.

We plan to fill out this important gap by presenting a comprehensive research on statistical
robustness of PRO models. Specifically, by utilizing the framework of statistical robustness in
[30, 32], we derive moderate sufficient conditions under which the optimal value and optimal
solution of PRO models are robust against perturbation of the exogenous uncertainty data
and examine how the tail behaviour of utility functions affects such robustness. Note that
Claus, Kratchmer and Schultz [7] derive similar results for a general class of risk optimization
problems and apply them to two-stage mean-risk models. Whilst our analysis follows broadly
the framework of analysis in [7, 30}, 32], it requires more sophisticated additional mathematical
treatment because PRO models involve maximin operations with respect to (w.r.t.) z and u
and the utility functions are not necessarily concave. In order for us to concentrate on the
fundamental issues concerning statistical robustness and broaden the coverage of our theoretical
results, we undertake the analysis with abstract form of the ambiguity set U of increasing and
continuous utility functions and refer readers to [2), [19] 24 25] for various specifically structured
ambiguity sets.

The main contributions of the paper can be summarized as follows.

e Under some growth condition of f and equi-continuity condition of utility functions in the

!Throughout this paper, we use terminology statistical robustness to avoid confusion with other notions of
robustness.



ambiguity set U, we show continuity of the optimal value function ¥(-) near P (Theorem
when P is perturbed under some specified topology associated with the growth order of
f and the utility functions in &/. This result essentially coincides with the weak continuity
of risk functionals established by Claus et al. in [, Theorem 2.2 and Corollary 2.4]
when the utility functions are increasing and concave, and controlled by a gauge function
with specific polynomial growth.  The novelty of this result is that it covers general
utility functions which are not necessarily concave such as S-shaped utility and identifies
interactions between the tail behaviours of P and u € U through the topology under which
the continuity is established.

e By exploiting Hampel’s theorem [32, Theorem 2.4], we establish qualitative statistical
robustness of estimators of the optimal value and optimal solutions when perceived data are
generated by some distributions close to the true distribution P in a specified topological
space (Theorem [4.1). The result covers two important specific cases: a utility selection
problem (Corollary and a stochastic programming problem (Corollary albeit the
latter can be derived straightforwardly from [7, Corollary 2.4] and Hampel’s theorem. One
of the interesting findings is that concavity (convexity) of the utility functions at the right
(left) tail may make the PRO models more likely to be statistically robust (Example .
Examples are given to illustrate how the analytical results can be applied to the existing
PRO models, machine learning and utility-based shortfall risk optimization. Moreover,
during the revision of the paper, we take one step further by deriving quantitative statistical
robustness which allows one to explicitly derive an error bound for the discrepancy of two
statistical estimators under the Kantorovich metric (Theorem and apply the new
result to utility selection problem (Corollary and stochastic programming problem
(Corollary as special cases.

e We identify some verifiable sufficient conditions under which the statistical estimators of
the optimal value and optimal solution are uniformly consistent (Theorem , which
provides theoretical grounding for discrete approximation in the PRO models where the
true distribution is continuously distributed. Note that discretization is vital for developing
tractable numerical schemes for solving the PRO models [2], 19, 23, 24] 25].

The rest of the paper is organized as follows. Section 2 sets up the models for analysis.
Section 3 discusses continuity of the optimal value function which paves the way for the analysis
of qualitative and quantitative statistical robustness in Section 4. Section 5 gives some examples
to illustrate the theoretical results, and Section 6 takes a step further to investigate uniform
consistency of some statistical quantities in the PRO models.

2 Problem setup

In the (PRO) model E|7 the true probability distribution P is either known or can be recovered
from empirical data. In the latter case, the perceived empirical data may contain noise and

2 Here and later on (PRO) model refers specifically to the maximin problem defined in (1.2) and this should
be distinguished from acronym PRO for general preference robust optimization models/problems.



hence differ from real data generated by P. The discrepancy will inevitably affect the quality of
statistical estimators such as the optimal value and the optimal solution obtained from solving
the (PRO) model with perceived data. It is therefore vital to investigate certain insensitivity of
the statistical estimators of the model to the deviation of empirical distributions from the true.

For simplicity of exposition, we assume the probability space (2, F,PP) is atomless. The
assumption is common in the literature of finance and statistical robustness, see [15, Chapter
4] and [30]. Throughout this paper, we will use Z(IR¥) to denote the set of all probability
measures on IR

We start by representing v(z, P) in (1.3]) as a composition of a real-valued function g defined
over Z(IR) and a probability measure P o f(x,-)~! € Z(IR) induced by f(z,-), see the next
proposition.

Proposition 2.1 Let v(x, P) be defined as in . Then there exists a unique function o :
Z(R) = R such that

of0) = inf /]R w(t)o(dt), Yo € P(R), (2.4)
and
v(z, P) = o(Po f(z,)7!),Vz € X and P € Z(IR¥). (2.5)

Proof. The result is well known in the case when v(z,-) is a law invariant risk measure, see
for instance discussions in [0, Section 2.1], [30}, page 274] and [10, Proposition 1]. We include a
similar proof for completeness as v has a different structure here.

Observe that P =P o &1 is a probability measure on IR* induced by random vector ¢ and
Po f(z,-)~! is a probability measure on IR induced by f(z,&). Hence

Ep[U(f(%f))]Z/]RU(t)POf(xw)_l(dt)- (2.6)

Let o be defined as in (2.4]). Since p is law invariant, this means that such a p is unique.
Moreover, it holds that

v(z, P) = inf Ep[u(f(z,§))] = inf / u(t)P o f(z, )7 (dt) = o(Po f(z,)7").
u€eU ueU R
The proof is complete. n
Let u(x, P) := Po f(z,-)~!. Using Proposition we can reformulate v(z, P) as o(p(z, P))
and consequently recast problem (|1.2)) as

sup o(u(z, P)). (2.7)
zeX

If we interpret ((1.2) as a robust expected utility optimization model defined over prospect space
{f(z,€) : = € X} (also known as space of acts), then (2.7)) is a robust model defined over the



space of probability measures {u(xz, P) : © € X} (also known as space of lotteries). In the
forthcoming discussions, we will use the latter formulation for analysis and let

S(P) = arg Sup o(u(z, P)) (2.8)

denote the set of optimal solutions. For any P,Q € Z2(IR¥), let &!,--- ¢V and &l &N be
independent and identically distributed (iid) samples generated by P and @ respectively. Let

1Y 1 &
Py = N ;68' and @y := N ;5@ (2.9)

be the respective empirical distributions, where 55 denotes the Dirac measure at é . We refer to
P as the true probability distribution and @ its perturbation. In practice, samples are often
obtained from perceived empirical data which contain some noise. This means the samples are
not generated by P, rather they are generated by some @ (a perturbation of P). So in this
setup, the samples of P are not obtainable, we define Py only for theoretical analysis.

With perceived empirical data, we consider the PRO model ([1.2))

(PRO-Qn)  d(QN) := may inf Egy [u(f(z,8))] (2.10)

and examine the discrepancy between J(Qy) and 9(Py) under some appropriate metric. Anal-

ogous to (2.7]), we can also reformulate (2.10|) as

sup o(u(z, Qn)) (2.11)
zeX
and let
S(Qn) = arg sup o(u(z, Qn)). (2.12)
zeX
denote the corresponding set of optimal solutions. Note that we may write ) N(f ... ,EN ) and

S N(é N ) for ¥(Qn) and S(Qn) respectively to indicate their dependence on the samples
and the product probability measures for convergence analysis in the forthcoming discussions.

To explain the idea of statistical robustness, let (IR¥)®N denote the Cartesian product IRF x
.- x IR¥ and B(IR¥)®V its Borel sigma algebra. Let P®Y denote the probability measure on the
measurable space ((IR¥)®Y, B(IR*)®N) with marginal P on each (IR*, B(IR¥)) and Q®V with
marginal Q. Consider a statistical functional T'(-) mapping from a subset of M C Z(IR¥) to
IR. For each N € N, we write Ty (£, - -+ ,&N) for T(Py). Notice that T maps from (IR¥)®V to
R and provides an estimator for T'(P). Our interest is whether T'(Q ) is close to T'(Py) under
some appropriate metric for all N sufficiently large. Here T'(Py) should be understood as the
corresponding statistical estimator when the noise in the samples is detached. If T'(Qy) is close
to T'(Py), then it is safe to use T(Qx) as an estimate of T'(P) (because we are unable to obtain
T(Py) in practice).



Remark 2.1 At this point, we mention that statistical robustness should be distinguished from
traditional stability analysis in stochastic programming where the later focuses on either the con-
vergence (asymptotic consistency) of T(Pyn) to T(P) or continuity of T(-) near P. Statistical
robustness focuses on the variations between T(Qn) and T(Py) in terms of their distributions
uniformly for all Q near P, it requires not only continuity T(-) near P but also uniform con-
vergence of T(Qn) to T(Q) for all Q near P. Figure|l| explains roughly their relationships. By
Hampel’s theorem [32, Theorem 2.4], the continuity of T(-) near P and the uniform Glivenko-
Cantelli property of the probability space imply statistical robustness. The continuity has been
well investigated by Claus et al. (see [1, Theorem 2.2]) when T(-) is a class of convexr risk
functionals. Because of the difference in the focuses, statistical robustness requires a different
topological structure for analysis, we will come back to this in Section 4. Note that such analysis
also differs from distributionally robust optimization (DRO) approach as we don’t aim to derive
a robust mechanism to contain the risk arising from potential contamination of perceived data.

consistency
T(P) «+—————— T(P,)

statistical

continuit;
y robustness

uniform consistency
TQ) «—T(Qy)

Figure 1: Relationship between stability analysis and statistical robustness

3 Continuity of the optimal value function J(P)

A key step to establish statistical robustness of the statistical estimator of the optimal value and
optimal solutions is to show their continuity w.r.t. a small perturbation of the true probability
P. This section aims to address this.

3.1 ¢-weak topology
We start by recalling some basic definitions and results about ¢-weak topology which are needed
in the forthcoming discussions. The materials are mainly extracted from Claus [6] which gives

an excellent overview on the subject, we refer readers to [6, Chapter 2], Claus et al. [7] and
Follmer and Schied [15] for more comprehensive discussions.

Definition 3.1 Let ¢ : R* — [0,00) be a continuous function and
M = {P’ e Z(RF): . ()P (dt) < oo} .
R

In the particular case when ¢(-) := || - ||, where || - || denotes the Fuclidean norm in R* and p
s a positive number, write Mi for MIL.Hp'



Note that Mﬁ defines a subset of probability measures in #(IR¥) which satisfies the gener-
alized moment condition of ¢. From the definition, we can see that ./\/li2 C Mil for any positive
numbers p1, pe with p; < ps.

Remark 3.1 It is possible to characterize the set Mi in the case when k =1 using the concept
of tail-index [1]. Let & : (2, F,P) — IR be a continuous random variable with cdf F(t). The
right tail index of € is a real-valued number ly such that (1 — F(t))t' goes to either zero or
infinity respectively when [ is below or above ly as t — oo. Likewise, the left tail index can be
defined as ly such that F(t)(—t)! goes to either zero or infinity when [ is below or above ly as
t — —oo. Suppose that ¢(t) is order |t|P when |t| goes to infinity. Then ly > p in order for
P=Po¢ e M‘f In other words, M‘f defines a set of distributions with tail index greater
than p.

Definition 3.2 (¢-weak topology) Let ¢ : IRF — [0,00) be a gauge function, that is, ¢ is
continuous and ¢ > 1 holds outside a compact set. Define C,(f the linear space of all continuous
functions h : RF — R for which there exists a positive constant ¢ such that

\h(t)] < c(é(t) +1),Vt € RF. (3.13)

The ¢-weak topology, denoted by T4, is the coarsest topology on Mi for which the mapping
gn Mﬁ — IR defined by

gn(P) = /}Rk h(t)P'(dt), h € C}]

is continuous. A sequence {P,} C ./\/lﬁ 1s said to converge ¢-weakly to P € ./\/lg written P, S p
if it converges w.r.t. T.

It is well known (see [32, Lemma 3.4]) that ¢-weak convergence is equivalent to weak con-
vergence, denoted by P, = P, together with

LGOR) [ o)
R R

Moreover, it follows by [30, 32] that the ¢-weak topology on ./\/lf is generated by the metric
dly : MY x M — R defined by

46(P.Q) = dpyeg(P. Q)+ | [ stoptan - [ o] (3.14)
for P,Q € ./\/lf, where dip,.. P(RF) x 2(IRF) — R, is the Prokhorov metric:
dip,ok (P, Q) == inf{e > 0: P(A) < Q(A) +¢,VA € B(IR")}, (3.15)

where A := A + B(0) denotes the Minkowski sum of A and the open ball centred at 0 (w.r.t.
Euclidean norm). Let

apr.Q)=| [ owrin - [ o), (3.16)

9



We can see that dlgL(P, () measures the discrepancy between P and @ in terms of their mo-
ment w.r.t. ¢. When ¢ = 1, the second term in disappears and consequently
diy(P,Q) = dip,ok (P, Q). In that case, the ¢-weak topology reduces to the usual topology
of weak convergence (defined through bounded continuous functions). Equivalence between the
two topologies may be established over a set which satisfies some uniform integration conditions,
see [47, Lemma 3.4] or [31, Theorem 2.3].

Remark 3.2 It is important to note that ¢p-weak convergence should be distinguished from con-
vergence under some pseudo-metric. In the latter case, one often considers a class of functions

H satisfying and then defines a pseudo-metric by

din(P, Q) := sup [Ep[h(£)] — Eqlh(£)]], VP, Q € Z(IR¥).

Convergence of P, to P under dlyy implies uniform convergence

sup ‘/ h(t)P,(dt) — h(t)P(dt)’ — 0, (3.17)
heH | JIR* RF

but it does not indicate under which topology P, converges to P. Conversely convergence under
o-weak topology gives a clear topological structure of how P, converges to P but it does not
guarantee the uniform convergence .

Using the notion of ¢-weak topology, we are able to establish the continuity of ¢ defined as

in .
Proposition 3.1 Let o be defined as in . Assume: (a) there is a gauge function ¥ : IR —
[0,4+00) such that
lu(s)| < 9P(s),Yuel,s € IR, (3.18)

and (b) for any constant M > 0,

U v = {u—nr,a (s) := max{min{u(s), M}, —M} for s € R,u € U} (3.19)
is equi-continuous over IR, i.e., for any € > 0, there exists § > 0 such that for any u € U,

[ui—nran (1) — ui—n ) (82)| < €,Vs1, 82 € Rwith [s; — 52| < 0.

Then o : /\/llf — IR is continuous and the infimum in can be achieved when U is a compact

set under some topology.

Proof. We first show continuity of o(-). Since (MY, 7) is a Polish space, by [6, Theorem 2.59],
it suffices to show that for each fixed o € ./\/llf, o(o;) — o(o) for any sequence {0y} C sz
converging to o under -weak topology.

Let oy Y g By [0, Lemma 2.61], for any ¢ > 0, there exist M > 0 and [y € N, where N
denotes the set of all positive integers, such that

/ P(8)L(a1,00) (¥ (5))o(ds) < € and / P(8)L(a1,00) (¢ (s))o1(ds) <, (3.20)
R R

10



for all [ > ly. Thus

lo(o1) = e(0)] <

1116121;/]Ru(s)al(ds)—1iL1€11f4/]Ru(s)o(ds)

< sup /]R w (s) oy(ds) — /IR w (s) o(ds)
< sup /}RU(S)Uz(CiS)—/]R“[M,M] (s) ou(ds)
+sup /m wi_asa (5) o(ds) — /IR wiara () o(ds)
+sup /]R ui_aran (s) o(ds) — /}R u(s) o(ds) . (3.21)

Let Ry, Ra, R3 denote respectively the three terms at the right hand side of the last inequality.
We will show in the next that they tend to zero as [ goes to infinity. First, under condition

(3.18)), we obtain from ([3.20) that

Ri < sup [ (o) Lo (u(s) on(ds) (3.22)

st/wﬂm@(ﬂﬂwge

ueU

for all [ > Iy, and

zﬁgsw/wemm@wwww>

ueld JIR

< sup [ 0l9) L ((s))olds) < (3.23)

ueld JIR

where 1700\ (t) = 1if t € (M, 00) otherwise 0. To complete the proof, we are now left to show
Ry — 0 as | — oo. This is essentially about weak convergence uniformly for u € U_ps pp), that

| uatis = [ ot

for all [ > Iy and we find that [39, Theorem 3.2] aims to address this kind of convergence.

is,

Ry = sup <e (3.24)

uEU[,M’M]

The only condition that we need to verify for this effect is the equi-continuity of the integrand
functions but this has been explicitly assumed in condition (b). Combining (3.21)-(3.24), we
have |o(0;) — 0(0)| < 3e. The conclusion follows as € can be arbitrarily small.

To see how the infimum in can be achieved, let w(u, o) := [ u( . For each fixed
o, we can show w(u, o) is continuous w.r.t. u in the sense of weak convergence under condition
(a). The rest follows with the compactness of U. [ |

Condition (a) plays an important role in the proposition. let us make a few comments about
this. The condition effectively sets a bound on the growth of utility function u(s) as s varies.
The shape of the utility function is determined by the decision maker’s preference towards gains
and losses. In the well-established expected utility theory in economics, individuals are assumed

11



to be risk averse, i.e., prefer a certain gain to any risky gains with equal expected value. Under
these circumstances, the associated utility function is concave. Likewise a convex utility function
may be used if individuals are risk taking. However, the results generated by experimentalists
in psychology and economics find that most individuals are more risk averse in the case of gains
and risk taking in the case of losses [5 [38]. S-shaped utility functions are subsequently proposed
to describe this kind of phenomena, see [14] 2§].

Condition (b) is equivalent to the equi-continuity of U over any compact set in IR when
defined as in is coercive (1(s) — oo as s — oo). The latter is satisfied by many utility
functions which are uniformly locally Lipschitz continuous. For instance, if & consists of a class
of increasing and concave utility functions majorized by 1 (t) = |t|P for some p > 1, then the
functions in U are equi-continuous over any compact interval of IR. Note that equi-continuity
reduces to normal continuity when ¢/ is a singleton.

In this paper, the utility functions in the ambiguity set & are defined over IR and we assume
that the nature of the utility functions such as concave, convex or S-shaped are known although
specific structure of the ambiguity set is not given. Under these circumstances, one may be able
to identify the gauge function 1. Let us use a simple example to illustrate. Consider the case
that U is a class of S-shaped utility functions with

() = (1—e ) /a fort >0,
W= AePt—1)/B fort <0,

where A > 1 and «, 8 € [1, 5] are parameters. Then

1—et fort >0
t — - )
v { et —1)/5 fort <0.

In the case when U is compact, we may use the well-known Berge’s maximum theorem (see
Theorem in the Appendix) to prove the continuity of o(-). The compactness of U depends
on the topological structure in the space of utility functions. For instance, if U is a class of
nondecreasing utility functions normalized with lim;, o u(t) = 0 and lim;_, u(t) = 1, then
each utility function may be treated a cdf of some random variable. In that case, the well-known
Prokhorov theorem [37] can be exploited to guarantee that U is compact under usual topology
of weak convergence if and only if it is closed and tight, where the tightness means for any ¢ > 0,
there exist numbers M; < Mj such that max{u(M;),1 — u(Maz)} < € for all u € U. Since u is
bounded, o(-) is continuous under topology of weak convergence.

3.2 Continuity of J(P)

We start by deriving a gauge function which majorizes u(f(x,t)) for all w € U and = € X. To
this effect, we make some appropriate assumptions on f and U.

Assumption 3.1 (Growth condition) Let f be defined as in the (PRO) model. There are
an exponent v > 0 and a continuous function n: IR"™ — IR such that

|f(z, )| < n(@)(|t]” +1),V(z,t) € X x RF. (3.25)
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The assumption is known as a growth condition where the right hand side of controls
the growth of | f(x,t)| w.r.t. the variation of the second argument. Let C' := sup,x n(x). Since
X is assumed to be a compact set throughout the paper, then C' < co. We assume without loss
of generality that C' > 1. Let

¢@)r—me(igu«XHW”+1Df25—ub%ﬂﬂW”+1D>, (3.26)

where U is defined as in the PRO model (1.2). Then the growth condition and monotonic
increasing property of u imply that for all (z,t) € X x IR* and u € U,

u(f(z,t)) < u(C([lt]” + 1)) < ¢(t) for f(z,t) =0,
—u(f(z,t)) < —u(=C(|lt[|" + 1)) < ¢(t) for f(z,t) <0,
which means
lu(f(z,t)| < o(t),¥(z,t) € X x RF,u e U. (3.27)
Note that we assume in Proposition that there exists a gauge function ¥ such that
lu(s)| < (s) for all w € U and s € IR. By letting
¥(s) = sup |u(s)], (3.28)
uel

then inequality (3.27)) can be rewritten equivalently as

U(f(2,1) < (), V(z, 1) € X x RF. (3.29)
We make a blanket assumption on 1) as follows.
Assumption 3.2 The set U is chosen so that ¢(s) defined as s a gauge function.

Remark 3.3 Assumption 18 satisfied when U consists of an increasing continuous utility
function such that u(a) < 1 and u(b) > 1 for some numbers a,b with a < b. Many convez,
concave and S-shaped utility functions satisfy this kind of property. Under Assumption[3.3, ¢

is also a gauge function. Moreover, if P’ 2 P, ie.,
P’ % P and / S(1)P'(dt) — / (1) P(dt),
RF R*
then by , we have
- (f(z,t))P'(dt) — | d(f(z,t))P(dt),

IRk

which is equivalent to

/wwpwa%M%/¢®%ﬂwYWﬂ
R R

w

Together with P’ — P and the continuity of f, we obtain

P o f(xz,)! 2, Po f(z,) !, Vo € X.
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We are now ready to state the main technical result of this subsection which describes
continuity of o(u(x, P)) w.r.t. perturbation of P and x.

Theorem 3.1 (Continuity) Let ¢ and f be defined as in Proposition and ¢ and v be
defined as in and respectively. Under Assumptions and the following

assertions hold.

(i) For each (z,P) € IR™ x ./\/li, w(z,P) = Po f(x,")"! € /\/llf, w: R™ X ./\/li — /\/llf is
continuous at (x, P) w.r.t. Trn ® T4 and Ty. Moreover, under condition (b) of Proposition
o(u(x, P)) is continuous at (x, P) w.r.t. Tpr ® 74 and TR, i.e.,

lm  o(u(x', P')) = olu(x, P)). (3.30)
x’%x,P’&P
(i1) 9(-) is continuous over ./\/li, i.e.,
lim 9(P') = 9(P). (3.31)

P/i)P

(iii) Any cluster point of the sequence {z(P')} € S(P’) as P’ %, P is contained in S(P), where
S(P) is defined as in (2.5).

Proof. Part (i). Since ¢ is assumed to be a gauge function, by [, Theorem 2.59], (M, T4) is a
Polish space. Thus it suffices to show that for any sequence {(z;, )} C IR" x Mﬁ converging
to (z, P) w.r.t. Trr ® Ty, p(xy, P) converges to p(x, P) w.r.t. 7.

Since x; — = and P 2 P, then &, % 6, and P, % P. By [4, Theorem 2.8], the latter
implies 6., ® P 2 5, ® P. Under the continuity of f, it follows from the continuous mapping
theorem [4, Theorem 2.7] that

(6n, @ P)o f' 5 (s, @ P)of L. (3.32)

On the other hand,

lim sup / (5)(8, ® P1) o £ (ds)
{s:p(s)>r}

T—00 l1eN

= lim sup/
00 1EN J{(a,t):(f(x,t))>r}

< Jmsw [ smn@) -0
{t:p(t)>r}

T—00 1eN

(f (1)) (02, @ Pr)(d(x, 1))

where the last inequality holds because P, g P. Together with (3.32]), we have from [6, Lemma
2.61] that (6, @ P)o f~! LR (0 ® P) o f~1 that is, u(x, P)) Y, w(z, P). By combining the
continuity of ¢ in Proposition we obtain ([3.30)).

Parts (ii) and (iii). Since ¥(P) = sup,cx o(p(z, P)), X is compact and o(u(-,-)) is contin-

uous, then we can use Berge’s maximum theorem (see Theorem in the Appendix) to claim
the continuity of ¥(-) and upper semi-continuity of S(-). |
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Remark 3.4 Part (i) of the theorem gives pointwise continuity of u(x, P) and (o o p)(z, P)
w.r.t. variation of (x, P) in some appropriate topological space.

Claus et al. [7] investigate ¢p-weak continuity of a class of risk functionals and derive a
stmilar result to Theorem see [7, Theorem 2.2 and Corollary 2.4], and also [0, Theorem
2.82]. It is natural to ask the relationship between the two results. Let

Y(P) = maxv(z, P),
rzeX

where v(x, P) = R((6; x P) o f~1). The continuity of 9 is down to derive the continuity of
the composite function v(x, P). In [7], the authors assume that R is a risk functional of a law
invariant convex risk measure defined on LP(Q, F,P), which ensures continuity of R w.r.t. the
| - |P-weak topology. Hence their main task is to derive the continuity of (0, x P) o f~% under
the growth condition of f and verify this growth condition in two-stage mean-risk models as an
application.

In comparison with [7], our task here is to establish the continuity of R when R(o) = (o) :=
inf,cy fIR u(t)o(dt), see Proposition . To this end, we need the equi-continuity of U and the
existence of a gauge function v, and then derive the continuity of R w.r.t. -weak topology. In
the case that the utility functions in U are all increasing concave and majorized by a specified
growth order |t|P (p > 1), i.e., P(t) = |t|P, R is continuous w.r.t. the |- |P-weak topology. In that
specific case, Theorem is essentially covered by [7, Theorem 2.2 and Corollary 2.4].

In this paper, our interest is to consider general utility functions which are not necessarily
concave such as S-shaped utilities, consequently the continuity of R in our context differs from
that of [7, Theorem 2.2].

The continuity result implies continuity of v(z, P) (see ) and consequently we may use
the latter to show robustness of objective functional v in the sense of Embrechts, Schied and
Wang [12]. To explain this, let Q € /\/lﬁ denote some perceived data. For the fived @), we
obtain an optimal policy x(Q) by solving (PRO), i.e., x(Q) € arg max,cx v(z, Q) or equivalently
v(2(Q), Q) = ¥Q). For fired x(Q), consider a small perturbation of data Q' from the perceived
data. If v(z(Q), Q") is close to v(z(Q),Q), then v is said to be robust at Q, see [12, Definition
1]. Using the continuity result established in Part (i), we can see that v is robust at QQ provided
that the perturbation Q' is restricted to Mﬁ

Note also that in the case when U is a singleton {u} and u(t) = t, the stability results of
Theorem collapse to those in stochastic programming, see i.e. Claus [6] in the context of
stochastic bilevel programming.

To see how the theorem works, let us consider an example.

Example 3.1 Consider (PRO) model with f(x,&) = z¢, X =[1,2], £ : IR — IR, u is a S-shaped

utility function:

e ift>0
. >0, 3.33
u(t) { —(—t)? otherwise, ( |
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parameterized by o and 5. Let
U = {u : uis defined as in (3.33) witha € [1/4,1/2],8 € [1/3,1/2]}.

Let 1(t) and ¢(t) be defined as in and respectively. In this context,

t1/2 ift>1,
174 ifo<t<1
t) = )| = - ’

()2 ift < —1,

and ¢(t) = (2|t| +2)V2. Let {P} € P(R) be a sequence of probability measures such that
P i) P. By Deﬁm’tion and the follow-up remarks, we have P, — P and

Tim [ (2lt] +2)"2Pi(d) = / (21¢] + 2)/2P(dt). (3.34)
R

*)OO]R

Consider a specific case that P, = IL% and P =1y. Then

9 1/2
llggo/gs %dt—llm¢<l>:llirgo(l+2> =2 =¢(0 /qb Yo(dt).

Together with P, = P, we have P, 3) P. Let {x;} be a sequence in X such that x; — xo. Then

(i) Jim o(p(ar, P)) = lim inf /IR (fF(@€)Ly (dt) = lim infu () =0 = o(u(wo, Po)).

l—o0 ueld l—o0 ueld

l—o0 z€X l—o0 x€X ueld l—00

1/4
(ii) hm Y(P) = lim max o(p(x, F;)) = lim max inf u (%) = lim <l> =0=9(P),

(i11) for eachl, S(P;) = argmz?((ﬁ(Pl) ={2} C[1,2] = S(Py) = arg ma):émﬂ(PO).
Te S

To see how the utility function affects the continuity, let us consider the case when u(t) = t.
Consequently ¢(t) = 2|t| + 2 and the convergence of P, to P w.r.t. T4 implies

/(2|t|+2)Pl(dt)—>/ (21| +2)P(dt). (3.35)
R R

Comparing the convergence of sequence { P} in with that in , we can see easily that
the former is implied by the latter in the sense that P, satisfying must satisfy but
not conversely. This is because u(z€) goes to infinity at a slower rate than x& as & goes to infinity
in both directions. In other words, ¥(P) is more likely to be continuous with the composition
of the S-shaped utility function when P is perturbed locally in the space of probability measures
Z(R) when u is convex at the left tail and concave at the right tail. In the extreme case when

u is a constant, 9(P) is continuous over Z(IR).
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4 Statistical robustness

4.1 Qualitative statistical robustness

We now move on to discuss statistical robustness of the (PRO) model. Let’s start with a formal
definition of a statistical estimator 7'(-), which is based on Kratschmer et al. [30, Definition
2.11].

Definition 4.1 (Statistical robustness) Let M C Z(IRF) be a set of probability measures
and dig be defined as in for some gauge function ¢ : R*F — R. A statistical estimator T
is said to be statistically robust on M with respect to dly and dip,qy if for all P € M and € > 0,
there exist 6 > 0 and Ny € N such that

Qe M,diy(P,Q)<d§=d PON o TS QBN o T51) <e, for N > Ny,
¢ Prok N N

where T, PPN and Q%N are defined in Section 2.

The definition is based on Hampel’s classical concept of statistical robustness [20] of an
estimator which requires that a small change in the law of the data results in only a small change
of law of the estimator. The analysis here is carried out not only for all @) in a neighborhood of P
but also for all P in the set M. To this effect, we need the following Uniform Glivenko-Cantelli

property.

Definition 4.2 (Uniform Glivenko-Cantelli property) Let M be a subset of Z(IRF). We
say the metric space (M,dl) has the Uniform Glivenko-Cantelli (UGC) property if for every
€ >0 and § > 0, there exists Ny € N such that for all P € M and N > Ny

PON (gt [N 1 di(P, Py) > 0] <. (4.36)

The UGC property states that for every empirical probability measure Py generated by

P € M, Py is close to P under the metric d when N is sufficiently large. The concept is a
step further from weak convergence on two-fold: (a) the convergence is in the sense of dl, (b)

the convergence is uniform for all P € M. Now we turn to establish the statistical robustness
of the optimal value and the optimal solutions.

Theorem 4.1 (Statistical robustness of (PRO)) Let ¢(t) be defined as in and

M = {P e PRF) | o7 P(n) < H} (4.37)

K

for some fixed p > 1 and k > 0, let M C prﬁ be a subset. Under Assumptions and
and condition (b) of Proposition the following assertions hold.

(i) For any P € M and € > 0, there exist positive numbers § > 0 and Ny € N such that
Q € M,diy(P,Q) < 6 = dip)c <P®N o i3, Q%N o ﬁ;vl) <e (4.38)

for all N > Nj.
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(ii) If, in addition, for each Q € M, S(Qn) and S(Q) are singletons, then for any small
number € > 0, there exist positive numbers § > 0 and Ny € N such that for all N > Ny

Q € M diy(P,Q) < 8 = dipygi (P*V 0 851,QV 0 §31) <,

where S(Qn) is defined as in (2.19).

The results follow straightforwardly from Theorem 3.1 (ii) and [32, Theorem 2.4]. We include
a proof in the appendix for self-containing.

We make a few comments about the conditions and results of this theorem.

First, the set prﬁ differs from pr (see Definition D in that the former imposes a
bound for the moment value uniformly for all P € ./\/lf: whereas the latter does not have such

uniformity. This is because we need the UGC property of (Mﬁ:,dllﬁ) in order for us to apply
[32, Theorem 2.4].

Second, by combining ([6.87) and (6.88]) in Appendix, we can obtain for any € > 0, there
exist constants 4 > 0 and Ny € N such that

Q€ M, diy(P.Q) <6 = Q%N [E € RNV : Q) —v(@n)| < 5| 21—

for N > Ny. This implies uniform convergence of ¥(Qn) to ¥(Q) for all @ near P as opposed
to pointwise convergence (for each fixed @)) in stochastic programming. The uniformity does
not come out for free: it restricts both P and @ to the ¢-weak topological space of probability
measures.

Third, the left hand side of restricts the perturbation of probability to the set M. Cont,
Deguest and Scandolo [8] seem to be the first to consider this kind of restriction in their study
of statistical robustness whereby in the place of dly and dip,,) they use Lévy distance/metric
and M is some plausible set of distributions that the underlying random variable may take.
When any perturbation of the distribution is allowed, the statistical robustness corresponds to
the notion of qualitative robustness (also called asymptotic robustness) as outlined by Huber in
[26]. This case is not generally interesting in econometric or financial applications since requiring
robustness against all perturbations of the model is quite restrictive and excludes even estimators
such as the sample mean, see Cont, Deguest and Scandolo [8]. Kratschmer et al. [32] observe
that this kind of robustness depends heavily on the topology of the space of probability measures
that perturbation is considered and propose the current version of statistical robustness. Our
result in this theorem is a direct application of their notion to PRO models.

Fourth, In practice, since P is unknown, it is difficult to identify § for a specified €. The
usefulness of should be understood as that it provides a theoretical guarantee: if the
perceived data is generated by some probability distribution @) which is close to the true distri-
bution P, and @ satisfies moment condition (4.37)) (which may be examined through empirical
data), then the optimal value obtained with the perceived data is close to the one with real data.
There are potentially two ways to move forward the research. One is to derive quantitative sta-
tistical robustness under some additional conditions in which case the relationship between e
and d may be explicitly established, we will come back to this in Section 4.2. The other is to use
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the perceived data to construct an ambiguity set of probability distributions and use the latter
to develop a model which is robust both in preference and in brief. This will effectively create a
robust mechanism to mitigate the risk arising from noise in perceived data, this kind of model
is similar to Haskell et al. [2I] which combines PRO with DRO if we restrict the ambiguity set
of probability distributions in the latter to those within the ¢-weak topology.

Fifth, Kratschmer et al. [32] introduce an index to measure the degree of statistical robust-
ness of a statistical functional T. If the gauge function ¢y(t) = (14 || - ||?)* for A > 0 and v
being taken from Assumption then the index is defined as

iqr(7T) := (inf{\y € [0,00) : T is qualitatively robust w.r.t. dlg)A})*l, (4.39)

where “iqr” is the acronym of “index of qualitative robustness”. A higher index reflects a higher
degree of robustness. The following examples explain this.

Example 4.1 Consider Example where U is a set of S-shaped utility functions defined as
in and ¢(t) = (2|t| + 2)Y/2. It follows from Theorem that

iqr(v) = (inf {p/2 € [0,00) : ¥ is qualitatively robust w.r.t. dl 5y 2 })

Likewise, if u takes a linear form, then the corresponding index for ¥ is 1. Therefore, ¥ in the
former case is more robust than that in the latter.

Example 4.2 Consider the case where the ambiguity set U is defined by a linear system of
inequalities

U = {u : /ij(t)du(t) <ejforj—1,. .- m} (4.40)

where ¢¥; : IR — IR, j = 1,--- ,m are a class of u-integrable functions and c;,j = 1,--- ,m
are some given constants. Hu and Mehrotra [2])] consider this kind of conditions to characterize
ambiguity set of utility functions defined over a finite interval and scaled to [0, 1] and demonstrate
that it covers a wide range of ambiguity sets elicited in practice including pairwise comparisons
considered by Armbruster and Delage [2], certainty equivalent and ball under some metrics [25]
or pseudo-metrics. Here we consider the case that u is defined over IR and investigate how the
tail behaviour of 1; affects the tails of u. Note that if elicitation is a lottery with two outcomes,
then the corresponding 1; is a step function in which case v; does not have a tail. Our focus here
is on the case that 1; has a tail, which may result from pairwise comparison Elu(X)] > E[u(Y)]
where X and Y are continuously distributed with unbounded ranges.

Suppose that u is differentiable and the growth order of its derivative function u' is pg.
Assume also that 1p; has the growth order l; for j = 1,--- ,m. Then the inequalities in
imply that 1/po+1/1; > 1, i.e., po < l]l%l forj=1,--- ,m. Letl := min{ljl%l,j =1,---,m}+1.

Assuming the ambiguity set U defined as in is used in the (PRO) model. We now
examine how 1 is related to the statistical robustness of the optimal value. To this end, we go
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back to to identify the gauge function ¢(t). Under the growth condition of f, ¢(t) can
be chosen as (t) = [C(1 + ||t]|")])}. With the gauge function, we can use the moment condition
4.40) to identify the set /\/lfpﬂ, i.e., all P € 2(RF) satisfying

/ C(L+ [P P(dE) < &
IRk

for some p > 1 and k > 0, and the index for ¥ is 1/(yl). The discussions above indicate that a
lower growth order of the gauge function ¢ would imply that the proposed (PRO) model (to be
used by the investor) is more likely to be statistically robust.

An interesting question is whether PRO models considered in Armbruster and Delage [2] and
Hu and Mehrotra [24)] are statistically robust assuming the underlying uncertainty is continuously
distributed (they focus on discrete distribution case in order to derive tractable formulations of
their PRO models). The answer is yes in Hu and Mehrotra’s model in that the utility functions
in the ambiguity set are equi-continuous under the boundedness conditions of their values and
derivatives. Moreover, since the range of random outcomes is bounded, Mﬁ; coincides with
@(]Rk) The answer is not straightforward about Armbruster and Delage’s model in that we
can easily construct a counter example such that the ambiguity set of concave utility functions
satisfying their normalization condition are not equi-continuous, which means condition (b) in
Proposition |3.1] is not satisfied. Howewver, since their worst case utility function s identified
through upper envelope of linear functions, it does not affect their results if we impose a bound
on the Lipschitz modulus of their utility functions, which means that our statistically robust
analysis can be readily applied to their models by artificially imposing a Lipschitz boundedness
condition.

In summary, statistical robustness depends on the locally Lipschitz continuity of the utility
functions. When the utility functions are increasing concave and controlled by a gauge function
with some specified polynomial growth, the condition is satisfied, see Remark [3.]} In general
non-concave utility case, we believe decision maker’s marginal utility does not change sharply at
any fixed point in many practical problems, we leave a more thorough exploration on the topic
for future research.

4.2 Quantitative statistical robustness

The statistical robustness in the preceding subsection is qualitative in that there is no explicit
quantitative relationship between e and ¢ in Theorem It might be interesting to ask whether
we will be able to derive some kind of quantitative relationship between these two quantities in
which case we will obtain a quantitative description of the statistical robustness.

To this end, we introduce some metrics differing from the Prokhorov metric in the space
2(IR) to measure the difference between P&V 019]_\,1 and Q®N 019]_\,1. Let ¢ be a set of measurable
functions defined over IR®. For any two probability measures Py, P, € Z(IR®), define the pseudo-
metric between P} and P, by

dly (P1, ) := sup [Ep [g(¢)] — Ep, [g(¢)]]- (4.41)

geYy
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The pseudo-metric is widely adopted in the literature of stochastic programming (see Romisch
[41]). To simplify the discussion, let us consider the case that ¢ consists of all Lipschitz continu-
ous functions g : IR® — IR with modulus being bounded by 1. In that case dlg(P;, P;) reduces to

the Kantorovich metric dig s(P;, P2), where the subscript K, s indicates the Kantorovich metric
in Z(IR?).

Let P,Q € P(IR¥) be any two probability measures and PN, Q®N ¢ 2((RF)®N), i.e., the
two probability measures on (IRk)®N with marginal probabilities P and Q on IR* respectively.
The following lemma establishes a bound of dly (P®Y, Q®N) in terms of dl K.k(P,Q) when ¥ is
a specific class of Lipschitz continuous functions on (IR¥)®N

Lemma 4.1 Let t := (t',--- V) € (RF)®N and ¢ : (RF)®N — R be a Lipschitz continuous
function with modulus being bounded by L/N for a fized constant L > 0. Let ¥ denote the set
of all these functions, i.e.,

L N
L . k ®N vk
\p._{zp.(m) D(E) — (D) N;: tH}.
Then dig (P#N,Q®N) < Ldik x(P, Q).

Proof. Let 5_] = {Sla' T 7§j_1a€j+17"' afN}v gj = {615"' 7£j} and g_] = {€j+1a"' )gN}
For any Py,---,Py € Z(IR¥) and any j € {1,---, N}, denote

P_j(de™7) := P(dg") - Py (d&7 ") Py (dg7T) - Py (d€N)

and hg ](fj) fIRk)®(N n Y€ J 5]) ( § ) Then

(E79,80) — (e, 8)| P_j(dg)

he i (E1) — hes (E1)] <
IW)MM<@WH
:j o Loa
: /(Rk>®<w 1>N”5J &NP-j(de™) < Sl =&l

Let H denote the set of functions h—; (¢7) generated by 1) € . By the definition of dig and the
Kantorovich metric,

du(Py By Py By = sl ] e )P Py

/mk/mw | VET ENP(dg T Py ()

— e ’/ he () Py(de?) — / he-s(€9) Py (de?)

hgfj c€H

IA

L ~ A
k(P By). (4.42)
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By the triangle inequality

dly (P®N, Q®N)

— / B(EN)PEN (4EN) / BEN)QEN (V)
(IRF)®N (RF)®N

pew

N-—1
> s
oo vev

IN

/(IRk)®(j) /(]Rk)®(Nj) ¢(5N)P®(N_]) (déN_])Q@)(]) (dg—(N_j))

HEN)PENTID (@EN I QR (g (Nimh)

(RF)®G+1) /([M)@(N—j—l)
-1

=2

2| &

<
j=

dIK,k(Pv Q) = LdIK,k(Pa Q)

[e=]

The last inequality is due to the fact that
/ / D(EN)PEN =) (gEN-1) Q2 0) (g~ (N=1))
(IRk)®(j) (]Rk)®(ij>

/ - /  P(EN)PEN I (gEN I QR (g (NI )
(RF)®G+1) J(RF)®(N=i=1)

_ / / / P(EN)PEN=I-1) (ggN=i-1) | p(dg?)
(R*)®0) RF (RF)®(N—j-1)

_/(Rk)®(j) [/}Rk (/(]Rk)@w_j_l) w(fw)Peb(le)(d{le)) Q(dﬁj)] Q®U) (ag~(N=9)y

and application of inequality 1} with ]5] = P and ]5J = Q. The proof is complete. [ ]

QP (dg~N=1))

With the lemma, we are ready to present our main result of this subsection.

Theorem 4.2 (Quantitative statistical robustness) Let ¢(t) be defined as in and
./\/lf be defined as in Definition . Assume: (a) u(f(z,£)) is uniformly Lipschitz continuous
in &, i.e., there exists a positive constant L > 0 such that

u(f(z,€)) —u(f(z,&)) < LII§ - €|,z € X,u e U;
b) Assumptions|3.1| and|3.2 hold. Then for any N € N and any P,Q € M?
k

dicr (PPN 0y, @7V 0 031) < Ll (P.Q). (4.43)

Proof. By definition
dig 1 (P®N o 191_\,1,Q®N 0191_\,1)

[ spe oigian - [ g0 o @z—v%dt)\

= sup
geYy

= sup
ge¥y

/ g(D(E)) PN (d€N) — / gDEVNQEN(@EY)|,  (4.44)
(RF)®N

(RF)&N
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where we write £V for (€', ,€eN) and 19(5‘7\1) for Jy to indicate its dependence on &1, -+, &N,
To see the well-definiteness of the pseudo-metric, we note that for each g € ¥4,

lg@EMNI < lg(IE)] +1D(EY) = D&, (4.45)

where £ € (IRF)®N is fixed. By the definition of J(¢V), we have

Mz

f(a,€")

H
WE
/@\

max inf —
zeX ueld

BE) = <>

k=1 k=1

Moreover

N
3NN DON [ 1EN 1 kypON (qeN
/(]Rk)m 1D(EN ) PEN (dN) < /(WNNZ(?({ )PEN (de™)
_ / $(6)P(dE) < 00,VP € M, (4.46)

where the last equality holds due to the fact that ¢',--- &V are independent and identically

distributed. Combining (4.45)) and (4.46)), we deduce that

/ g(D(EV)PEN (dEY) < o0, VP € MY,
(IR¥)

The same argument can be made on f(]Rk)Qw g(B(EVNQEN (dEN) for Q € MZ

Next, we show (4.43). We do so by applying Lemma {4.1| to the right hand side of (4.44]). To
this end, we need to verify the condition of the lemma. Since u(f(z,&)) is uniformly Lipschitz
continuous in £ and g is also Lipschitz continuous with modulus bounded by 1, we have

| X N LN .
< =3 s (u(f(,€) — u(f(z,%))] fEIHS’“—f’“H,
k=1

1 zeX,ueld

2

which means that g({(-)) is Lipschitz continuous over (IR¥)®N with Lipschitz modulus bounded
by L/N. The rest follows from Lemma by setting ¥(€1, -+, &N) = g(v(£L,--- ,€N)) in the
lemma. |

Theorem [£.2] is a significant step forward from Theorem [4.]] in that it gives a more ex-
plicit relationship between dlg ; (P®N o 19;,1,Q®N o 1917\,1) and dig (P, Q) when P and Q are

restricted to Mi This comes out with additional condition on the uniform Lipschitz continuity
of u(f(z,€)) in £&. It might be interesting to weaken the condition by adopting other metrics
such as Fortet-Mourier metric, we leave this for new research as it requires more sophisticated
technical treatment. Note also that it is possible to use some standard results in parametric
programming [33, [40] to derive quantitative statistical robustness of the optimal solutions under
some more conditions such as second order growth conditions, we leave this for interested readers
to explore because from theoretical point of view such results do no have any additional novelty
and indeed these conditions may incur further questions for justifications.
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4.3 Special cases

In a particular case when X is a singleton {z¢}, the PRO model (|1.2)) collapses to problem (|1.3)
for £ = x¢. In principal, Theorem also covers the statistical robustness of the estimator of
v(zo, P) = o(P o f(x0,-)~!). We describe this in the next corollary.

Corollary 4.1 (Statistical robustness of worst case utility problem ((1.3])) Let X = {z¢}

and ¢ be defined as in (3.26). Assume: (a) Assumptions|[3.1] and|[3.9 are fulfilled, (b) condition
(b) of Proposition is satisfied. Let M C Mﬁpﬁ be a subset for some fixed p > 1 and k > 0,
The following assertions hold.

(i) For any P € M and € > 0, there ezist positive numbers § > 0 and Ny € N such that
Q € M,dly(P,Q) <6 = dlp,o (PN o (82)1,Q%N o (8)7) < ¢
for all N > Ny, where o (¢, ,&N) :=v(xo, Pn).

(i1) If, in addition, u(f(xo,§)) is uniformly Lipschitz continuous in &, i.e., there exists a posi-
tive constant L > 0 such that

lu(f(20,€)) — u(f(0,&"))| < LIIE =€l Vu €U,
then for any N € N and any P,Q € ./\/lf

dicy (PN o, Q%N 0 03!) < Ldlic(P, Q).

Another important case is that U is a singleton with u(¢) = ¢ for ¢ € IR. In this case, the
(PRO) model collapses to an ordinary stochastic programming problem

(SP)  max Ep[f(z,6)]. (4.47)

zeX

The next corollary describes statistical robustness of the optimal value and optimal solution of

(SP).

Corollary 4.2 (Statistical robustness of (SP)) Let Assumption[3.1hold and ¢(t) = C(||t|"+

1). Let M C Mﬁ: be a subset for some fired p > 1 and k > 0. Then the following assertions
hold.

(i) For any P € P and € > 0, there exist positive numbers 6 > 0 and No € N such that
Q € M,dig(P,Q) <6 = dip,ox (p@N 0931, Q%N o 197&) <

for all N > Ny. If for each Q € M, the set of optimal solutions S(Qn) and S(Q) are
singletons, then for any P € P and € > 0, there exist positive numbers 6 > 0 and Ny € N
such that for all N > Ny

Q € M, diy(P,Q) < 6 = dipy (P®N 0 Sy Q%N o S';Vl) <e
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(i1) If, in addition, f(x,&) is uniformly Lipschitz continuous in &, i.e., there exists a positive
constant L > 0 such that

|f(.%',§) - f(xagl)‘ < LH& - §,||,V.%' € X>
then for any N € N and any P,Q € ./\/lf

dixcs (P®N o O3, Q%N o é;vl) < Ldig (P, Q).

Proof. Since |f(xz,t)| < C(||t]|” + 1) = ¢(t) under Assumption then the result follows from
Theorems 1] and E.2] [ |

Note that Part (i) of the corollary can be derived straightforwardly from [7, Corollary 2.4]
and Hampel’s theorem [32, Theorem 2.4].

5 Applications

In this section, we take the opportunity to look into statistical robustness of a simple machine
learning model due to its structural similarity to the (PRO) model, and we also include an
application of statistically robust analysis in robust utility-based shortfall risk measure and
associated optimization problem recently considered by Delage et al. [9].

5.1 Machine learning

Let © C IR" be the input space and = C IR the output space. The relation between an input
6 € © and an output £ € E is described by a probability distribution P(6,&). Let Z C IR™ x R
denote the product space © x Z. For each input § € ©, output £ € E and z = (6,&), let c(z, f(0))
denote the loss caused by the use of f as a model for the unknown process producing & from 6.
If P is known, then the problem is down to solve

(P) = minEp|c(z, f(0))] := /ZC(Z,f(9))P(dZ)a (5.48)

feF
where F denotes the set of feasible models.

In practice, the true probability distribution P is unknown but it is possible to obtain iid

samples 2! = (Qi ¢ for i = 1,--- , N generated by P, which is known as training data. Given
the sample {2/} i1, the goal of machine learning is to find a function f, : © — Z such that f,
solves
| N
Y(Pn) = %IEEPN{ c(z, = ;c (5.49)

where Py := % Zf\i 10, denotes the empirical probability distribution. For each N € N,
denote by ¥(z1,---,2n) = U(Pn). Let fn(Pn) denote an optimal solution of the sample
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average approximation problem (5.49)). Then fy(Py) is called an estimator and the framework
generating fy is called a learning algorithm.

The nature of functions f and fy in ((5.48) and ([5.49) need to be specified. Let H(©) denote
a class of functions f : © — =. H(O) is called hypotheses space if F is restricted to #(©). This
is because the choice of H(O) is based on hypotheses of the structure of these functions.

Let H(©) be a Hilbert space of functions with inner product (-,-) and K(-,-) : © x © — R
be a kernel. H(O) is said to be a reproducing kernel Hilbert space (RKHS for short) if there
is a kernel function K(-,-) : © — IR such that: (a) K(-,0) € H(O) for all § € © and (b)
f(0)=(f,K(-,0)) for all f € H(O) and 0 € O.

The goal of learning theory is to find an approximation fn of an unknown target function
f*:© — = through a set of samples {(¢%,¢")}¥, generated by the unknown true probability
distribution P on © x =. In practice, the perceived sample data may be contaminated which
means that they are not real data generated by P, rather they are generated by some proba-
bility distribution @) which is a perturbation of P. This motivates us to investigate statistical
robustness of model . To faciliate the discussion, we focus on the least square model,
ie., c(z, f(0)) = |€ — f(0)|%. Tt remains to explain the connection between the machine learning
model and the (PRO) model that we consider in . To this end, let us fix = in the
PRO model . Then the maximin problem reduces to

O(P) := inf Ep[u(f(zo,¢))].

ueU

Let g(u, &) := u(f(x0,§)). Then we can recast the problem above as
9(P) := inf Eplg(u,&)]. (5.50)

It is evident that (5.50]) is in a similar form to the machine learning problem (5.48]). In the rest
of the section, we derive conditions under which ¥(Py) is statistically robust. To this effect, we
first establish continuity of ¥(-) near P.

Proposition 5.1 Assume: (a) there is a gauge function ¢(z) such that

€= F(O)) < ¢(2),Vz€ Zand f € F, (5.51)

where ¢(z) — oo as ||z|| — oo; (b) there is a positive constant B such that ||f||x < S for
all f € F, where || - |k is a norm in H(O) induced by the inner product; (c¢) K(-,0) is equi-
continuous, that is, for any € > 0, there exists a § > 0 such that

1K (- 0) = K(.0)llx < V[0 = 0]l <,

where || - || is the Euclidean norm; (d) Z is a convez set. Then
lim 9(P") =dJ(P). (5.52)
PSP

Proof. Let 4 := {g: g(2) := |¢ — f(0)|? for f € F} and

G = {gn : gm(2) :=min{g(z), M} for g € 4}.

26



We first prove that ¥, is equi-continuous over Z for any fixed constant M > 0. By the
reproducing property of the kernel K(-,-), i.e., f(0) = (f, K(+,0)), we have

[(F K 00) = (KGO < NFIIEC0) = K, 0)llk
BIE(0) = K(,0)| k- (5.53)

|£(0") = £(0)]

IA

Let z, 2" € Z be such that gp(z) = g(z) and gar(2') = g(2’). Then

lgn(2) —gm (2] = g(2) — g(&)|
< &= FO)+E=FONE =+ 1) = F(O))
< VM(|E =&+ BIK(,0) — K(,0)| k). (5.54)

In the case that g(z) goes above M at one of the two points, i.e., at 2/, we can find a new
point Z on the line segment connecting z, 2’ such that 2 € Z (due to convex structure of Z),
lz—2|| < ||z = Z| and gar(2) = g(2). Consequently, we have from (5.54))

lgar(2) — g ()] = 1g(2) — g(2)|
< 2VM(I€— ¢+ BIK(-0) — K (- 0)|k). (5.55)

When g(z) goes above M at both z and 2/, |ga(2) — ga(2')] = 0. Combining (5.53)-(5.55)),
we can see that the equi-continuity of K (-,6) implies the equi-continuity of ¥y over Z for each

fixed M.
Next, we show ([5.52). The proof is similar to that of Proposition We include a sketch.

Since (./\/lﬁ 41, Te) is a Polish space, then it suffices to show |i for any sequence {P;} C
Mﬁﬂ ={P e PR""): [gn+1 ¢(2)P(dz) < oo} such that P % pe MﬁH. Since

[9(P) —9(P)] < sup

/ €~ F(6)2P(dz) - / €~ £(6)]*P(dz)
A 7

fer
= 2161}; /Zg(Z)Pl(dZ)—/Zg(z)P(dz) s

we only need to show that

= 0. (5.56)

lim sup

/Z g(=)P(d2) - /Z 9(=)P(d2)

Since P kN P, then P, % P and limy_, [, #(2)Pi(dz) = [, ¢(z)P(dz). Moreover, it follows by
[0, Lemma 2.61],

Jim [ 6110 (61 P(2) = 0 (5.57)
Jim sup [ 91010 (92D P(d2) = 0. (559)
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Under the growth condition ((5.51)), (5.57) and (5.58]) imply

lim [ g(2)1(a1,00)(9(2)) P(d2)

M—o0

Z
< Jim [ 06 (@) () =0 (5.59)

M—o0

and

Jim sup/g(Z)ﬂ(M,oo)(g(Z))B(dz)
—® jeN JZ

S /Z B(2)1 (31,00) (6(2)) Pi(d2) = 0. (5.60)

On the other hand, since ¥ is equi-continuous over Z and (5.51)) holds, then by [39, Theorem
3.2],

lim sup / gm(2)P(dz) — / gm(2)P(dz)| = 0. (5.61)
l=o00geq | )z Z
Combing (5.59)-(5.61]), we obtain ([5.56)) as desired. The proof is complete. [ |

Note that Proposition [5.1] is parallel to Theorem We provide a separate proof for two
reasons: (a) the settings are different, here problem is no longer a maximin problem; (b)
F is in general not a compact set and hence we cannot apply the Berge’s maximum theorem as
in the proof of Theorem [3.1]

With Proposition [5.1], we are ready to address statistical robustness of the machine learning
model.

Corollary 5.1 (Statistical robustness) Let

M= {P e Z(R") /

Rn+1

?(2)PP(dz) < /{}

for some fixed positive numbers p > 1 and k > 0, where ¢(z) is defined as in . Sup-
pose conditions of Proposition hold. Then for any P € Mﬁilﬂ and € > 0, there ex-

ist positive numbers § > 0 and Ny € N such that when QQ € Mﬁil’ﬁ with dlg(P,Q) < 6,
dipyok <P®N oI, Q%N o ﬁjvl) < e for all N > Ny.

We omit the proof as it is in the same spirit of Corollary [£.1]

5.2 Utility-based shortfall risk optimization

Delage et al. [9] consider a robust version of the well-known utility-based shortfall risk measure
to address a situation where the decision maker is ambiguous about their risk preference, that

is,

(PRSR) SRP(Z) := inf {t csupEpll(—Z —t)] = 1(0) < o} ,
leL
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where Z represents a financial position, and L is an ambiguity set of loss functions [ : R — IR
which are convex and non-decreasing. They apply the proposed robust risk measure to an
optimal decision making problem

I(P) = mi)lg tinnf% t
e S
(PRSR-Opt) sit. supEp[l(—c(z,&) —t)] —1(0) <0, (5.62)
leL

where ¢(z,£) : R" x R¥ — IR is a continuous function representing a financial gain, £ is a
random vector mapping from (2, F,P) to = C IR* and P :=Po ¢! is the probability measure
on IR” induced by £. Here we investigate statistical robustness of (PRSR-Opt). To this end, we
write the inner minimization problem equivalently as

(PRSR-inner) iItlf sup {t + A [Sup Epli(—c(z,&) —t)] — l(O)] } . (5.63)
A>0 leL

The Lagrangian dual of (5.63)) is

(PRSR-inner-Dual)  supinf {t + A [sup Ep[l(—c(z,§) —t)] — Z(O)] } . (5.64)
A>0 1t leL
Assume that ¢(x, ) is concave in x for almost every £ and the inequality in (5.62)) satisfies the
well-known Slater condition, i.e., for each fixed x € X, there exists ty such that
supEp[l(—c(x, &) —to)] — 1(0) < 0.
leL
Then (PRSR-inner) and (PRSR-inner-Dual) are equivalent, and the set of the Lagrange multi-
pliers at the optimum is bounded. The latter means that we can restrict A to take values from

an interval [0, K] for some sufficiently large K > 0. On the other hand, since (PRSR-inner) can
be written as

irtlf sup {t + A[Ep[l(—c(z,§) — )] = 1(0)]},
A>0,l€L

we can then reformulate (PRSR-Opt) as

m}? sup {t+ A[Ep[l(—c(z,&) —t)] —1(0)]}. (5.65)
zeX,t A\>0,lcL

Moreover, under the Slater condition, the optimum in ¢ is finite-valued and therefore we can
restrict ¢ to a compact interval [—T, T for some sufficiently large T' > 0, see [9, Section 5] for
the argument. Note that x is restricted to a compact set X by assumption. Let

p(z,t,P):= sup {t+ A[Ep[l(—c(z,§) —1)] = 1(0)]}. (5.66)
A€[0,K],leL

Based on the above above, we can reformulate (5.65)) as

9(P) := ‘ t. P). 5.67
(P) xex,rfélfinmp(x” ) (5.67)

In what follows, we establish the continuity of ¥ under some topology. To this effect, we make
the following assumptions.
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Assumption 5.1 Problem satisfies the following conditions: (a) There are an exponent
v > 0 and a continuous function n : IR™ — IR such that

le(z, 2)| < n(z)(||z]]” +1),¥(z, 2) € R" x R (5.68)
(b) For any constant M > 0,
Li_aan = {l-ar i (s) := max{min{l(s), M}, M} : s € R,l € L} (5.69)

is equi-continuous over IR. (c¢) Let 1(s) := sup;cy, |I(s)|. The set L is chosen so that ¢ (s) is a
gauge function.

Note that condition (a) in Assumptioncorresponds to the growth condition in Assumption
and condition (b) is similar to equi-continuity condition (b) in Proposition which is
explicitly considered in Delage et al. [9], Section 5.3], condition (c) corresponds to the existence
of gauge function in Assumption In [9], Delage et al. consider a class of loss functions L
where each [ € L is assumed to be non-constant increasing convex function with {(—1) = —1,
obviously such loss functions fulfil condition (c).

Proposition 5.2 Under Assumptionm (+) is continuous over Mi, i.e.,

lim 9(P') = 9(P), (5.70)
PSP

where ¢(z) := max (sup;er, [((C + T)(||z]]” + 1)), sup;cr, —I(—(C + T)(||z]|Y + 1))) for some pos-
itive constants C and T.

The thrust of the proof is to show that p(x,t, P) is continuous in (z,t, P) which is down to
the continuity of sup;c; Ep[l(—c(x,&) — t)]. The latter can be proved by writing the term as
Q(P o f('f, t, ')_1) where f($,t,§) = —C(.T,g) —t and

o(o) :== sup/ l(s)o(ds),Vo € Z(RR).
leL JR

The rest follows from a similar analysis to the proof of Theorem we omit these details.

Following a similar analysis to that of Theorem 4.1] we can establish the statistical robustness
of the estimator Iy (€1, -+ ,&N) of 9(Py) defined as in (5.67).

Corollary 5.2 Let ¢(t) defined as in Proposition be a gauge function and

MG = {P e 2(RF): (P P(dt) < ,{}

¢
Rk

for some fixedp > 1 and k > 0, let M C Mipn be a subset. Under Assumption the following
assertions hold.
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(i) For any P € M and € > 0, there exist positive numbers § > 0 and Ny € N such that
Q € M diy(P,Q) <8 = dipyy (P*V 0 031, Q%Y 0 i) < e
for all N > Nj.

(it) If, in addition, for each Q € M, S(Qn) and S(Q) are singletons, then for any P € M
and € > 0, there exist positive numbers § > 0 and Ny € N such that for all N > Ny

Q € M diy(P,Q) < 8 = dipyy (PP 0 851,V 0 §31) <,

where S(Q) is the optimal value of (PRSR-Opt) when P is replaced by Q and Sy (-, &N
for S(Qn) -

Note that following an analysis analogous to Section 4.2, in the case when I(—c(z,§) — t) is
uniformly Lipschitz continuous in &, we can derive the quantitative statistical robustness of the
estimator, we leave this for readers as an exercise.

6 Uniform consistency

In Section 4, we introduce the UGC property on a set of probability measures in the metric space
P (IR¥) and use it to derive statistical robustness of ¥(P) and associated optimal solutions. In
this section, we investigate the uniform consistency of o(p(z, Py)) to o(u(z, P)) for all P in a
subset of Z(IR¥), and its uniformity w.r.t. z, the latter leads to uniform consistency of ¥(Py)
to ¥(P). The convergence result is important because in the literature of PRO models, all
tractable formulations rely heavily on discrete approximation of P by Py when P is continuously
distributed and convergence of such approximation has not been explicitly covered by the results
in the preceding sections.

To establish the uniform consistency results, we need the following technical assumption.

Assumption 6.1 Let G := {g(-) := u(f(z,-)) : R* - R|z € X,u €U} and

G-y = {9 man(t) = upran (f (2, 1) |2 € X, uparan € Uaran}
where U_pr 0y 1s defined as in for any fixed constant M > 0. For any sequence {P;} C
P(RF) with P, % P,

lim sup
=00 g1 pr ) €91 a0

| ocman@Rian = [ g san@Pan| =o (6.71)
R R

The following proposition states some sufficient conditions for the assumption.

Proposition 6.1 Assume: (a) U|_p ) is equi-continuous over IR for any M > 0; (b) f(z,t)
is continuous in t uniformly w.r.t. x € X. Then Assumption[6.1] is satisfied.
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Proof. Under conditions (a)-(b), we can show that G;_y; 5] is equi-continuous on any IR”, that
is, for any € > 0, there exists a § > 0 such that for every gi_ara € Gi—ar,m)s 19/—ar,00(F) —
g—nm,m)(t")] < e for all ¢, 1" € RF with ||t — "|| < 6. Moreover |91—ar,00) ()] < M for all £ € R.
By [39, Theorem 3.2], holds for any sequence { P} € Z(IRF) with P, % P. [

We are now ready to present the main result of this section.

Theorem 6.1 (Uniform consistency) Let ¢(t) be a continuous gauge function defined as in
3.26|) and prﬁ be defined as in (4.37) for some fized p > 1 and k > 0, let M be a compact

subset of ./\/lfpﬁ. Under Assumptions |ﬂ| and the following assertions hold.

(i) For each P C /\/li,

lim sup/ g(t)P'(dt)—/ g(t)P(dt)‘ =0, (6.72)
P1$Pg€g RF R*
and moreover
lim sup |o(u(z, P')) — o(u(z, P))| = 0. (6.73)
P/i>Px€X

(it) For every e > 0 and § > 0, there exists No € N such that

PEN (g e sup lo(p(z, Py)) — o(p(z, P))| > 6| < e,YP € M

(6.74)
and hence
PEN (gl eNY L J0(Py) — 9(P)| > 6] < ¢,YP e M (6.75)
for all N > Ny.

(11i) If, in addition, o(u(x, P)) satisfies the second order growth condition at S(P), i.e., there
exists a positive constant B such that

max o(u(z, P)) > o(u(x, P)) + Bd(x,S(P))*,Vz € X,P € M, (6.76)
then
peN [(51, L EV) L D(S(Py), S(P)) > \/35/5] < e, VP eM (6.77)

for all N > Ny, where S(P) is defined as in with P, d(x,S) := mingeg ||z — 2|,
and D(S’, S) :=supycg d(2’, S).

Proof. Part (i). Since

sup |o(u(z, P')) — o(u(z, P))| < sup
zeX 9€G

| soPa = [ awpa

]PLk
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we only need to prove 1) Since (./\/lﬁ, dly) is a Polish space, thus it suffices to show that for
any sequence {P;} C Mz with P % pe Mi,

lim sup
l—00 geg

[ aonia - [ atpan| =o (6.78)
RF RF

From the definition of the set G and the gauge function ¢,

g(t) < ¢(t),Vt € RF g € G.

Then by P, % pe Mf and [6, Lemma 2.61], for any € > 0 we may set M large enough so that

sup [ 1900 (9O P() < [ | 60 La100) (000 Pd1) < e (6.79)
R R

geg

and

supsup [ |g(0lLasoo (90D < sup [ 008100 (@) Plde)
R R

g€eg leN leN
< e (6.80)
Moreover, by Assumption [6.1
sw | [ aanan@nn - [ acuanopn] <o (6.51)
91— M, M]€G[—m, 0 |/ RE RF

for [ sufficiently large. Combining ([6.79)), (6.80) and (6.81)), we obtain

sup
geg

| aorian - [ swp)

IN

sup
geg

/]ng(t)Pl(dt)_/]Rk g[_M,M](t)Pl(dt)‘

+ sup
geg

[ sewan@RGan - [ o suanwrn)
R R

+ sup
geg

[ acsan@rtn - [ awpin| <3 (6:52)
R R

Hence the continuity result (6.78) holds as e can be arbitrarily small.

Part (ii). We only prove inequality (6.74]) as inequality (6.75]) follows straightforwardly from
the former. For fixed P, by the continuity result (6.73)) in Part (i), for any § > 0, there exists a
positive constant n; > 0 such that

sup lo(p(z,Q)) — olu(z, P))| <6, (6.83)

for each @ satisfying dy(Q, P) < n1. It follows by [32, Corollary 3.5] that (Mﬁp,dlw has the
UGC property for all p > 1 and x > 0, then for any € > 0, there exists Ny € N such that

PN [diy(Py, P) > m] < e, YP € M%’
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for all N > Ny. Thus, by (6.83) for any € > 0 and 0 > 0, there exists Ny such that

paN sup |o(u(z, Pr)) = o(p(x, P))| = 6| < PN [dig(Py, P) > m] <e
Te

for all N > Ny. Therefore, (6.74) holds when P is fixed at P.

Now we show (6.74)) holds for all P € M. Assume for the sake of a contradiction that there
exist some positive numbers €y and Jy such that for any s € N, there exist s’ > s, Py € M and
some Ng > s such that

N
P sup |lo(u(z, Px,)) — o(u(x, Py))| > 8| > eo. (6.84)
xre

Let s increase. Then we obtain a sequence of { Py} which satisfies (6.84). Since M is compact
under the ¢-weak topology, then { Py} has a converging subsequence. Assume without loss of

generality that Py g P, € M. Since (6.73)) holds for P, then there exists 7o > 0 such that

sup lo(u(x, Q) — o(u(x, Pr))| < do/2 (6.85)

for P satisfying dig(Q, Ps) < m2. Since Py N P,, there exists s{, such that dly(Py, Ps) < 12/2 for
s' > sp, and then sup,cy |o(p(z, Py)) — o(p(z, Py))| < do/2. On the other hand, by the UGC

property

PEN(dig(Py,, Py) + dig(Py, Py) > 12)
=PIV (dg(Py,, Py) > 11 — dig(Py, P.))
< PN (dlg(Py,, Po) > 112/2) < €0

PEN(dlg(Py,, Pu) > n2)

IN

for sufficiently large Ny . Therefore, by (6.85))

P sup latute Py ) - ot P)| 2 2] < o

rzeX
and then
P [sup olpe, Py ) ~ ol Pa)] 2 o)
< PV _Eg)g |o(u(x, Pn,)) — o(p(z, Py))| + sup lo(yu(z, Py)) = olp(z, P.))| 2 do
< PP [sup otute. Py)) - olute P)| 2 00/2) < o

which leads to a contradiction with (6.84)) as desired.

Part (iii). Under the second-order growth condition (6.76)), it follows from [33] Lemma 3.8]
that

D(S(Py),S(P)) < \/Z Sup lo(p(z, Py)) — o(p(z, P))|,
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and hence (6.77) is deduced from ((6.74). The proof is complete. [ |

Theorem states asymptotic consistency of o(u(z, Py)) to o(u(x, P)) uniformly w.r.t.
x € X and P € M and subsequently asymptotic consistency of J(Py) to ¥(P) uniformly
w.r.t. P € M. The uniform consistency and the continuity of ¥(-) established in Theorem
imply statistical robustness. In other words, Theorem [4.1] can be derived from Theorems [3.1
and However, the former can be established under weaker conditions and this is why it is
presented in Section 4. As we commented at the beginning of this section, uniform consistency
is of independent interest which goes beyond statistical robustness. The second order growth
condition is widely used in parametric programming for deriving stability of optimal solutions,
see [40] for a slightly more general form.

Remark 6.1 In the case when the support of & is compact, Mﬁ: = P(R*). Consequently
the uniform convergence in holds for oll P € 3”(]Rk) Note also that the convergence
results should be distinguished from similar convergence results in the literature of sample average
approrimation where a single P rather than a set M in is considered, see [42, Chapter
7] and [9, Section 5] in the context of preference robust shortfall optimization. Moreover, our
convergence is qualitative rather than quantitative in that Theorem[6.1] does not indicate the rate
of convergence. It is possible to strengthen the convergence but this is beyond the main focus of
this paper.
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Appendix

Theorem 6.2 (Berge’s maximum theorem, Page 116 [3]) Let ¢ be a continuous numer-
ical function in a topological space X XY and T’ be a continuous mapping of X into Y such that
for each z, T'(x) # 0, then the numerical function M defined by M (x) := max{¢(z,y) : y € T'(z)}
is continuous in X and the mapping ® defined by ®(x) := {y|ly € I'(x), ¢p(y) = M(z)} is a upper
semicontinuous mapping of X into Y.

Proof of Theorem Part (i). It follows from Theorem (ii) that ¢ is continuous at P
w.r.t. ¢-weak topology, that is, [J(P') — J(P)| — 0 as dl4(P’, P) — 0. Together with the UGC
property of (Mi:, dlg) (see [32, Corallary 3.5]), we can obtain the conclusion by applying [32]
Theorem 2.4]. Here we include a sketch of proof for completeness. By triangle inequality

N _ 5-1 N _ §-1 N 9-1
diprok (PP 003, QN 0 d03!) < dipyor (PPY 003 dn(r))
+dipyok (Som) Q7N 0 03 )

it suffice to show that for any small number € > 0 there exist positive numbers § > 0 and Ny € N
such that for all N > N

N o971 € N _3-1 €

when dig(P,Q) < 6. By the Strassen’s theorem [27, Theorem 2.13], the above two inequalities
are guaranteed respectively by

PEN g € RNV : [9(P) = 9(Py)| < 5| 21—, (6.86)
and
QN [€e RYY - [9(P) —v(@Qu) < 5] 21~ 5, (6.87)
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where Py and Qn are defined in (2.9). Since ¥ is continuous at P by Theorem for any
€ > 0, there exists a constant § > 0 such that

dig(P, P') <26 = |9(P) — 9(P")| < ¢/2 (6.88)
By plugging Py into the position of P’, we obtain
poN [g e (RF)N : diy(P, Py) < 25} < poN [g e (REYY - [9(P) — 9(Py)| < g] .
Moreover, by the UGC property of (Mi;, dlg), there exists Ny € N such that
peN [g € (RM)N : diy(P, Py) < 5} >1—¢/2

for N > Ny, a combination of the two inequalities gives rise to (6.86]). Next, we prove (6.87)).
For any fixed @ satisfying dlg(P, Q) < 6, we have dig(P,Qn) < dig(P, Q) + diy(Q, Qn), By the
UGC property

—_
|
[
IN

Q™ [ € (RHY : diy(Q. Qw) < 9|
W dig (P, Q) < dig(P, Q) + 5}
Q%N [ € MY : diy(P, Q) < 25}
)

IN

Q&N g c (]Rk

IN

IN

QN [€ e RYY : |9(P) — 9(Qw)] < 3] -

which implies (6.87)).

Part (ii). If for each @ € M, S(Q) and S(Qn) are singletons, it follows from Theorem
(iii) that S(-) is continuous at P w.r.t. ¢-weak topology. The rest holds based on similar
analysis in Part (i). [
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