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Abstract

Sequential quadratic optimization algorithms are proposed for solving smooth nonlinear optimization
problems with equality constraints. The main focus is an algorithm proposed for the case when the
constraint functions are deterministic, and constraint function and derivative values can be computed
explicitly, but the objective function is stochastic. It is assumed in this setting that it is intractable to
compute objective function and derivative values explicitly, although one can compute stochastic func-
tion and gradient estimates. As a starting point for this stochastic setting, an algorithm is proposed for
the deterministic setting that is modeled after a state-of-the-art line-search SQP algorithm, but uses a
stepsize selection scheme based on Lipschitz constants (or adaptively estimated Lipschitz constants) in
place of the line search. This sets the stage for the proposed algorithm for the stochastic setting, for
which it is assumed that line searches would be intractable. Under reasonable assumptions, convergence
(resp., convergence in expectation) from remote starting points is proved for the proposed deterministic
(resp., stochastic) algorithm. The results of numerical experiments demonstrate the practical perfor-
mance of our proposed techniques.

1 Introduction

We consider the design of algorithms for solving smooth nonlinear optimization problems with equality
constraints. Such problems arise in various important applications throughout science and engineering.
Numerous algorithms have been proposed for solving deterministic equality constrained optimization
problems. Penalty methods [9, 12], including augmented Lagrangian methods [8, 17, 25], attempt to
solve such problems by penalizing constraint violation through an objective term—weighted by a penalty
parameter—and employing unconstrained optimization techniques for solving (approximately) a correspond-
ing sequence of penalty subproblems. Such algorithms can behave poorly due to ill-conditioning and/or
nonsmoothness of the penalty subproblems, depending on the type of penalty function employed. Their
performance also often suffers due to sensitivity to the scheme for updating the penalty parameter.
Algorithms that consistently outperform penalty methods are those based on sequential quadratic opti-
mization (commonly known as SQP), which in this setting of equality constrained optimization is intimately
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connected to the idea of applying Newton’s method to stationarity conditions of the problem [32]. In par-
ticular, it is commonly accepted that one of the state-of-the-art algorithms for solving equality constrained
optimization problems is such an SQP method that chooses stepsizes based on a line search applied to an
exact penalty function [T4, [I5], [26]. In such a method, the penalty function acts as a merit function only. It
does not influence the computed search direction; it only influences the computed stepsize.

Significantly fewer algorithms have been proposed for solving stochastic equality constrained optimiza-
tion problems. In particular, in this paper, we focus on such problems with constraint functions that are
deterministic, but objective functions that are stochastic, in the sense that the objective is an expectation
of a function defined with respect to a random variable with unknown distribution. (Various modeling
paradigms have been proposed for solving problems involving stochastic constraints. These are out of our
scope; we refer the reader to [29].) We assume that it is intractable to compute objective function and
gradient values, although one is able to compute (unbiased) stochastic gradient estimates. A few algorithms
have been proposed that may be employed in this setting [7, I8 2] [27], although these are based on penalty
methodologies, so do not benefit from advantages of SQP techniques. Let us also mention various proposed
stochastic Frank-Wolfe algorithms [I3], [16] 19, 20, 22], 28], 33] for (non)convex stochastic optimization with
convex constraints, although these are not applicable for our setting of having general nonlinear equality
constraints.

1.1 Contributions

In this paper, we propose two algorithms modeled after the aforementioned line-search SQP methodology.
Our primary focus is an algorithm for the aforementioned setting of a problem with deterministic constraint
functions, but a stochastic objective function. However, as a first step for considering this setting, we begin
by proposing an algorithm for the deterministic setting that employs an adaptive stepsize selection scheme
that makes use of Lipschitz constants (or adaptively updated Lipschitz constant estimates) rather than a line
search. Based on this algorithm for the deterministic setting, we propose our algorithm for the stochastic
setting that also uses Lipschitz constants (or, in practice, estimates of them) for stepsize selection.

We prove under common assumptions that our deterministic algorithm has convergence guarantees that
match those of a state-of-the-art line-search SQP method. In addition, we prove under loose assumptions that
our stochastic algorithm offers convergence guarantees that can match those of our deterministic algorithm
in expectation. In particular, the results that we prove for our stochastic algorithm are of the type offered
by stochastic gradient schemes for unconstrained optimization [2]. An additional challenge for constrained
stochastic optimization is potentially poor behavior of an adaptive merit function parameter that balances
emphasis between minimizing constraint violation and reducing the objective function. To address this, in
addition to our aforementioned convergence analysis, which considers the behavior of the algorithm under
good behavior of this adaptive parameter, we prove under pragmatic assumptions that certain poor behavior
either cannot occur or only occurs in extreme circumstances, and other poor behavior occurs with probability
Z€ro.

The results of numerical experiments show that our deterministic algorithm is as reliable as a state-of-the-
art line-search SQP method, although, as should be expected, it is sometimes less efficient than such a method
that performs line searches. Our experiments with our stochastic algorithm show that it consistently and
significantly outperforms an approach that attempts to solve constrained problems by applying a stochastic
(sub)gradient scheme to minimize an exact penalty function.

1.2 Notation

Let R denote the set of real numbers (i.e., scalars), let R., . (resp., R.,) denote the set of real numbers
greater than or equal to (resp., greater than) r € R, let R™ denote the set of n-dimensional real vectors, let
R™*™ denote the set of m-by-n-dimensional real matrices, and let S™ denote the set of n-by-n-dimensional
symmetric matrices. The set of natural numbers is denoted as N := {0,1,2,...}. For any m € N, let [m)]
denote the set of integers {1,...,m}.



Each of our algorithms is iterative, generating a sequence of iterates {z;} with z; € R™ for all £ € N.
The iteration number is also appended as a subscript to other quantities corresponding to each iteration;
e.g., fr:= f(xy) for all k € N.

1.3 Organization

Our algorithm for the deterministic setting is proposed and analyzed in §2] We present our analysis alongside
that of a line-search SQP method for ease of comparison with this state-of-the-art strategy. Our algorithm
for the stochastic setting is proposed and analyzed in The results of numerical experiments are provided
in §4 and concluding remarks are offered in

2 Deterministic Setting

Given an objective function f : R™ — R and a constraint function ¢ : R — R™, consider the optimization
problem
i 1. =0. 1
min f(z) st. c(z) (1)
We make the following assumption about the optimization problem and the algorithms that we propose,
each of which generates an iterate sequence {z;} C R™, search direction sequence {dr} C R"™, and trial
stepsize sequence {ay ;j} C Ryg.

Assumption 1. Let X C R"™ be an open convex set containing the iterates {xy} and trial points {xi+ay jdi}.
The objective function f : R™ — R is continuously differentiable and bounded below over X, and its gradient
Vf : R* — R" is Lipschitz continuous with constant L and bounded over X. The constraint function
c: R* = R™ and its Jacobian Vc'' : R® — R™*™ are bounded over X, each gradient Vc; : R* — R®
is Lipschitz continuous with constant v; over X for all i € {1,...,m}, and the singular values of Vel are
bounded away from zero over X.

Most of the statements in Assumption [I| are standard smoothness assumptions for the objective and
constraint functions. We remark that we do not assume that the set X is bounded. The assumption that
the singular values of Ve are bounded away from zero is equivalent to the linear independence constraint
qualification (LICQ). The LICQ is a relatively strong assumption in the modern literature on algorithms for
solving constrained optimization problems, but it is a reasonable one in our context due to the significant
challenges that arise in the stochastic setting in

Defining the Lagrangian £ : R” x R™ — R corresponding to by l(x,y) = f(x) + c(x)Ty, first-order
stationarity conditions for —which are necessary due to the inclusion of the LICQ in Assumption are
given by

0= |:Vx£(l‘, y):| _ |:Vf($) + Vc(:z:)y] (2)
= |V tay) = () |

A consequence of Lipschitz continuity of the constraint functions is the following. Since this fact is well

known and easily proved, we present it without proof.

Lemma 2. Under Assumption it follows for any x € R*, oo € Ry, and d € R™ such that (x,z + ad) €
X X X that
lei(z + ad)| < |c;(z) + aVei(z)Td] + 2v0?|d||5 for all i€ [m]
and |le(z + ad)|1 < |lc(z) + aVe(x)'d|: + iTa?||d|3 with T = Z Vi-
1€[m]



2.1 Merit Function

As is common in SQP techniques, our algorithms use as a merit function the ¢;-norm penalty function
¢ :R" x R,y — R defined by

oz, 7) = 7f(x) + [le(@)]1- 3)

Here, 7 € Ry is a merit parameter, the value of which is chosen in the algorithm according to a positive
sequence {71} that is set adaptively. We make use of a local model of the merit function ¢ : R™ x R4 X
R™ x S™ x R™ — R defined by

q(z, 7, Vf(x),H,d) =7(f(x) + Vf(x)"d + %max{dTHd, 0}) + |le(z) + Ve(z) T d||;.

A critical quantity in our algorithms is the reduction in this model for a given d € R" with c(z)+Ve(z)Td = 0,
ie, Ag:R" xRy x R® x §* x R" = R defined by

Aq(z, 7,V f(z),H,d) = q(z, 7,V f(z),H,0) — q(z, 7,V f(x), H,d) @
= — T(Vf(x)Td + % max{dTHd, 0}) + |le(x)]|1-
The following lemma shows an important relationship between the directional derivative of the merit function
and this model reduction function.
Lemma 3. Given (z,7,H,d) € R" x Ry x S" x R™ with ¢(x) + Ve(z)Td =0,
¢ (x,7,d) =7V f(x)Td - ||c(z)|1 < —Aq(z, 7,V f(z),H, d). (5)
where ¢' : R™ x Ry x R™ — R is the directional derivative of ¢ at (x,T) for d.

Proof. The first equation in is well known; see, e.g., [24, Theorem 18.2]. On the other hand, from the
definition one finds that

Aq(x, 7,V f(x), H,d) = —¢'(z,7,d) — 37 max{d" Hd,0} < —¢'(z,7,d),

which shows the inequality in . O

2.2 Algorithm Preliminaries

The algorithms that we discuss for solving are based on an SQP paradigm. Specifically, at xj for all
k € N, a search direction di € R™ is computed by solving a quadratic optimization subproblem based on
a local quadratic model of f and a local affine model of ¢ about xg. Letting fr := f(xx), gx := Vf(xg),
cx = c(xy), and Jy, := Ve(zg)T for all k € N and given a sequence {Hy} satisfying Assumption 4| below (a
standard type of sufficiency condition for equality constrained optimization), this subproblem is given by

min fi+gid+3d Hyd st cp+ Jpd = 0.
ern

The optimal solution dj of this subproblem, and an associated Langrange multiplier y, € R™, can be
obtained by solving the linear system of equations

T
He T | |de| _ _ |9%| (6)
Je 0] [k Ck
Assumption 4. The sequence {H}} is bounded in norm by kg € Ry . In addition, there exists a constant

¢ € Ry such that, for all k € N, the matriz Hy, has the property that u” Hyu > C||ul|3 for all u € R™ such
that Jyu = 0.



We stress that our algorithms and analysis do not assume that Hy, is equal to the Hessian of the Lagrangian
at xy, for some multiplier yy, although choosing { Hx} in this manner would be appropriate in order to ensure
fast local convergence guarantees. Since our focus is only on achieving convergence to stationarity from
remote starting points, we merely assume that {Hj} satisfies Assumption

Under Assumptions [I] and [4] the following results are well known in the literature.

Lemma 5. For all k € N, the linear system @ has a unique solution.

Lemma 6. For any k € N, the solution (dy,yx) obtained by solving @ has di, = 0 if and only if the pair
(z1,yk) satisfies ().

2.3 Algorithms

In this section, we present two algorithms for solving problem . The first algorithm chooses stepsizes
based on a rule using Lipschitz constant estimates, which can be set adaptively. This algorithm is new to
the literature and establishes a foundation upon which our method for the stochastic setting will be built.
The second algorithm, by contrast, employs a standard type of backtracking line search. This algorithm
is standard in the literature. We prove a convergence theory for it alongside that for our newly proposed
algorithm for illustrative purposes.

In both algorithms, after dj is computed, the merit parameter 73 is set. This is done by first setting, for
some o € (0,1), a trial value 7} € R_ U {oco} by

(7)

(A=) llekllr

T+ max{dl Hydr 0] otherwise.

irial {oo if g7'dy, + max{d} Hpd,0} <0
T

cx = 0, then it follows from (6] and Assumption a wdr > 0 and gldy + xdr = 0, meaning
If ¢, = 0, then it follows £ d Assumption [ that d7 Hydy > 0 and ¢7dy + d¥ Hydy = 0 i
ririal « oo, Hence, 744 < oo requires [|cgx|l1 > 0, in which case 757! > 0.) Then, the merit parameter 74
is set, for some € € (0,1), by

trial

o Th—1 if e <1y ()
, (1 —e)ririal  otherwise.

This ensures that 7, < T,ﬁ”“l. Regardless of the case in , it follows that
Aq(zy, Ty G Hio diy) > 273, max{d] Hydk, 0} + o||ck 1 9)

This inequality will be central in our analysis of both algorithms. In particular, it will be useful when
combined with the fact that each algorithm ensures that, for all k¥ € N, the stepsize a;, € Ry is selected
such that for n € (0,1) one finds

d(xr + ondi, ) < O(zk, Ti) — N Aq(zk, T, gie, Hie, dic). (10)

Remark 7. An alternative approach for setting the merit function parameter, which is commonly found
in textbooks on nonlinear constrained optimization, is to set it based on the computed Lagrange multiplier
estimate yy. For example, in the context of our ¢1-norm exact penalty function ¢(z,-), one can ensure
that the computed search direction dy is a direction of descent for ¢(-, 1) from xy if T < ||lyrlt; see, e.g.,
[Z4]. However, it has been recognized that it is often better in practice to set it based on ensuring sufficient
reduction in a model of the merit function (see, e.g., [0, [3]), which is our motivation for using the rule

defined by @ f .

Our first algorithm is stated as Algorithm A signifying feature of it is the manner in which it can
adapt Lipschitz constant estimates, which are used in the stepsize selection scheme. For any (k,j) € N x N,
if the estimates Ly ; and {vy,,;}/, satisfy Ly ; > L and 7y, ; > v; for all ¢ € [m], then it follows (see [23]
and Lemma [2) that for ay ; € Ry yielding xj, + g jdj, € X (recall Assumption [1)) one has

far + an jdi) < fr + o 97 di + 5 L jai ;|| di3 (11a)



and |ci(zx + o jdi)| < lei(an) + an; Vei(@r) dil + 37k0500 ;| dill3 (11b)

for all ¢ € [m]. If one knows Lipschitz constants for Vf and {V¢;}[2,, then one could simply set Ly ¢ and
Vi,i,0 for all ¢ € [m] to these values for all k¥ € N, in which case the inner for loop would terminate in
iteration j = 0 for all kK € N. However, if such Lipschitz constants are unknown, as is often the case, then
the adaptive procedure in Algorithm [l| ensures that convergence can be guaranteed, as shown in the next
subsection. For now, we simply prove the following lemma showing that the inner loop of the algorithm is
well-posed. (One could choose a different increase factor p € Ry for each Lipschitz constant estimate; we
use a common value of p for simplicity.)

Lemma 8. Under Assumption[d] the inner for loop in Algorithm[1] is well-posed in that for any k € N, it
terminates finitely. In addition, for all k € N,

Ly < Loy :=max{L_1, pL}

12
and Yi,i < Ymax,i = max{y_1,pvi} for all i€ m]. (12)

Proof. To derive a contradiction, suppose that for some k£ € N the inner for loop does not terminate. This
means that for each iteration of the for loop at least one inequality in does not hold. In such a case,
the for loop sets Ly j+1 (resp., Yi,i,j+1 for some i € [m]) as p > 1 times Ly ; (resp., Yx,;,; for some ¢ € [m]).
This leads to a contradiction to the fact that if Ly ; > L and vx,; > v for all i € [m], then holds.
Finally, follows from the initialization of the Lipschitz constant estimates; the fact that if any of these
values is ever increased in the for loop, then this occurs by the value being multiplied by p > 1; and the fact
that for all k¥ € N the algorithm initializes Ly o € (0, Ly—1] and ;0 € (0,7%—1,] for all i € [m]. O

The intuition behind the stepsize selection scheme in Algorithm|[I]is that the stepsize is chosen to minimize
an upper bound on the change in the merit function. This upper bounding function is revealed in Lemma
later on. Due to the nonsmoothness of the merit function, which creates a kink at a unit stepsize, there
are three cases for the minimizer: It can occur before, at, or after the kink. An illustration of these cases is
shown in Figure[l] Certain situations that lead to each of the three cases is as follows. (There are additional
situations that one may consider since the upper bounding function involves a combination of many terms,
but the following are a few example situations to provide some intuition.) If the Lipschitz constant estimates
are large enough, indicating high nonlinearity of the problem functions, then the minimizer may be at a
stepsize less than 1. On the other hand, if the Lipschitz constant estimates are not too large and derivative
information of the objective function suggests that the merit function improves beyond a unit stepsize, then
the minimizer is at a stepsize greater than 1. Otherwise, the minimizer occurs at a unit stepsize since at
least this corresponds to a step toward linearized feasibility.

Figure 1: Ilustration of three cases for an upper bounding function of the merit function (see Lemma
motivating the three cases in the stepsize selection scheme in Algorithm [I} Each graph shows the value of
the upper bound on the change in the merit function as a function of «y.

The second algorithm is stated as Algorithm [2| In each iteration, it employs a traditional backtracking
line search scheme until the reduction in the merit function is sufficiently large compared to the reduction



Algorithm 1 SQP Algorithm with Adaptive Lipschitz Constant Estimates
Require: zg € R"; 71 € R ;e € (0,1); 0 € (0,1); n € (0,1); p€ Roy; Ly € Ryy; -1, € Ry for all
i € [m)]
1: for all k € N do

2: Compute (dg, yx) as the solution of @

3: if (x,yr) satisfies then return (zy,yx)

4: Set ririal by and 75, by

5: Initialize Ly, € (0, Ly—1] and vi;,0 < (0,751, for all ¢ € [m]

6: for all j € N do

7: Set 2(1—m) Al Had)
~ M)A Tk, Tk 9k, K,k
A (6 Lo, 5+ ey Vivini) i[5 and
~ ~ 4llcklls
Qg j < Qg (T Lk, +2 e my Ve.id) 1 dell3

8 Set

a;w- if ak’j <1
A j < 1 if &k,j <1< &;w»
&k,j if &k,j >1

9: if or holds then

10: Set Ly + Lk,j and Vi < Vhi,j for all 7 € [m]

11: Set ap < ag,; and g1 < Tk + axdy and break (loop over j € N)
12: else

13: if (resp., for some i € [m]) is not satisfied

14: Set Lk,j+1 — ka,j (resp., Vieyi,j+1 < p’}%,i,j)

15: else

16: Set Lk,j+1 — Lk7j (resp., Vkij+1 < 'Yk,i,j)

17: end for

18: end for

in the model of the merit function. This is sufficient for showing a convergence result, as shown in the next
subsection.

2.4 Convergence Analysis

We prove in this section that, from any initial iterate, each of Algorithm [1] and Algorithm [2| generates a
sequence of iterates over which a first-order measure of primal-dual stationarity for (recall ) vanishes.
We assume throughout this section that both Assumptions [I] and [4] hold; for brevity, we do not remind
the reader of this fact within the statement of each result. We also remark that if an algorithm terminates
finitely, then it does so with (zy,yx) satisfying (2), meaning primal-dual stationarity has been achieved.
Hence, we may assume without loss of generality in this section that neither algorithm terminates finitely,
meaning that {z} is infinite and dj, # 0 for all k € N (recall Lemma [6).

In all of the results of this section, the statements are proved to hold with respect to both Algorithms
and 2] There are only a few differences in the results for the two algorithms; when a result differs, we say so
explicitly. Much of our analysis, at least prior to Lemma [T4] follows standard analysis for line-search SQP
methods; see, e.g., [4, B]. Nonetheless, we provide proofs of the results for completeness.

Our analysis uses the orthogonal decomposition of the search directions given by

di = up, + v, where uy € Null(J) and v € Range(J,z) for all k€ N.

We emphasize that the components uy, and vy, do not need to be computed explicitly for any k € N. They are
merely tools for our analysis. As is common in the literature, we refer to uj as the tangential component



Algorithm 2 SQP Algorithm with Backtracking Line Search
Require: 29 € R™; 71 € Ry; e € (0,1); 0 € (0,1); n € (0,1); v € (0,1); a € Ry
1: for all £ € N do
Compute (dy,yx) as the solution of ()
if (zg,yr) satisfies (2)) then return (zy,yx)
Set ririal by (7)) and 73 by
for all j € N do
Set ay ; +
if holds then
Set oy < ag ;j and 41 Tk + ardy and break (loop over j € N)
end if
10: end for
11: end for

© P PR

and vy as the normal component of dj.
We first show an upper bound on the normal components of the search directions.

Lemma 9. There ezists k, € Ry such that, for all k € N, the normal component vy, satisfies max{||vy |2, [|vk |3} <
Follckll2-

Proof. Let k € N be arbitrary. From Jipdy = Ji(ug + vi) = —ck, up € Null(Jy), and vi, € Range(Jg), one
has v, = —Jg(JkaT)_lck; hence, by Cauchy-Schwarz,
okl < I (Tedid) "l llenll2
= ol < (5D zllerll2)® = (T e dD) ™ 3 lerll2) lexl2-

Hence, the desired conclusion follows under Assumption O

Our next result reveals that there exists a critical threshold between the norms of the tangential and
normal components of the search directions, and in any iteration £ € N in which the search direction dj, is
dominated by the tangential component uy, the curvature of Hy along di has a useful lower bound defined
with Ug, -

Lemma 10. There exists ku, € Ryg such that, for any k € N, if |upl|3 > kuollvwl3, then Ldf Hydy, >
1Clluwll3, where ¢ € Ry is defined in Assumption .

Proof. Assumption [4] implies for any ry, € R that [[ugl|3 > fuy|ve3 means

14T 1, T T 1, T
§dk Hd, = SUL Hiug + up, Hiv, + 5Vk Hyvp,

> 5Clunl3 — lurll2ll Hellzllvrllz — 51 Hll2llox 3
> (§ - 2 — ) funl3.
Thus, under Assumption the results holds for k., € Ry, with ;TL + 2’;’1 < %. O]
For the constant k., € Ry defined in Lemma let us define
_ {nukn% llenlle i lupl > wulonll
Ilex |2 otherwise,

along with the related index sets (that partition N)
Ku = {k € N: |lugll3 > wuollvil3} and Ky = {k € N: ug|l3 < fuollvell3}-

Our next result shows that the squared norms of the search directions and the constraint violations are
bounded above by this critical quantity in all iterations.



Lemma 11. There exists a constant ky € Ry such that, for all k € N,
ldill3 < re®y and [[di]l3 + llexll2 < (ko + 1)y
Proof. For all k € Iy, it follows that
i3 = lluells + llowl3 < (1 + mg) el < (14w (luell3 + ller]l2)-
For all k € K,, one finds from Lemma [J] that
i3 = llurlls + lvkll3 < (Ruo + Dllorll3 < (kuo + Drollexll2-

Combining the results from the two cases implies the first desired result. To establish the second result, note
that the definition of Uy, yields ||cg|l2 < Uy for all k € N. O

As revealed by our next lemma, the reduction in the model of the merit function is bounded below with
respect to the same critical quantity.

Lemma 12. There exists a constant kg € Ry such that, for all k € N,
Aq(k, Th, g, Hig, dig) > £qTi Vs

Proof. Combining (9) and Lemma it follows that Aq(x, 7, gk, He, di) > 2meCl|ug||3+ o ||ex||1 for k € KC,,.
Similarly, (9) implies that Aq(2k, Tk, g, Hi, di) > o||cg||1 for all k € K. Combining the two cases, | - [|1 >
| - ll2, and the fact that {7} is monotonically nonincreasing, the result holds for r, := min{3(,0/7_1} €
R.,. O

Our next lemma shows an upper bound on the change in the merit function when the inner for loop of
Algorithm [I] terminates with large Lipschitz constant estimates.

Lemma 13. For all k € N, if the inner for loop of Algorithm (1| terminates since holds, then with
Ty = Zie[m] Vi € Ry it follows that
O(k + ondi, Tk) — B, ) < arTrgh die + |1 — arlllerlls = llerlls + 5 (TeLr + Ti)ai || di|3-
Proof. For such k € N it follows from and Lemma that
o(xr + andy, ) — ¢(wk, i)
T f (@) + ardi) — 7o f (2k) + [le(zr + ardi) I — [lexllx
arTigy, di, + |lex + anJidilly = llexlly + 5 (e Li + Tr) o] di 13

orTrgh die + |1 = aglllerlly — llexlls + 3 (7eLi + Tr)ail|de |3,

IN

as desired. O

Next, we show lower bounds for the reduction in the merit function in each iteration of each algorithm.
For concision, let us define for all k¥ € N the values

T = 2(1—n)Aq(@r, Tk, 9k Hi i)
(Te L4325 ¢ () 70) 113

4llckllx
(T L2 ey Y i 13

and fig = i —

For a given k € N, one should notice the similarity between these values and the pair (ay ;, &, ;) defined for
all j € N in Algorithm [1} except that the pair (jix, fix) are defined with respect to L and ~; for all i € [m)]
defined in Assumption

Lemma 14. For all k € N, the inequality holds, where in the case of Algorithm@ this occurs with the
stepsize satisfying oy > v min{fig, max{1, ix}} > 0.

10



Proof. Let k € N be given. First, consider Algorithm [I] If the inner for loop terminates since the stepsize
yields ([10), then there is nothing left to prove. Hence, we may proceed by supposing that the loop terminates
since holds, which we shall now proceed to show means that holds as well. Consider three cases,
where as in Lemma [13|let us define I';, := Zie[m] Vi € Rog.

Case 1: Suppose that in the last iteration of the inner for loop one finds & ; < 1, in which case the

algorithm yields oy = 2(177(7;%1;?1;:;“9[12 "g’“’dk) < 1. Combining this fact with Lemmas [3[ and it follows
g 2
that

(zk + ardy, k) — d(Tk, 1)

ar(migi di = llellh) + 3 (meLi + Tr)ag || dell3

— ok Aq(g, Ty Gy Hiy dic) 4+ 5 (Ti L + D)ot ||di||3
— ar Aq(wk, T, gr, Hi, dy)

2(1—n)A Tk Gk, Hr ,d
+ Jon(rily + Ty) (H=papm st ) g, |3

= — o Aq(Tk, T, G Hi, d).

ININA

Case 2: Suppose that in the last iteration of the inner for loop one finds @y ,; > 1 and a;; < 1, in
which case the algorithm yields ey = 1. Combining this fact, the fact that & ; > 1 in the last iteration of
the loop, Lemma [3] and Lemma [13] yields the same string of relationships as in Case 1, except that since
Q,; > 1 the first equation holds not as an equation, but as an “<” inequality.

Case 3: Suppose that in the last iteration of the inner for loop one finds &y ; > 1, in which case the
algorithm yields oy, = 2(1_")A(J((Ti’z:’igisﬁs;cll‘%)_4HC’“Hl > 1. Combining this fact with Lemmas |3| and it
follows that

d(xk + andi, 1) — O(Tk, Th)

apTrgy i, + (= Dllerlln = llenll + 5 (e Ly + Tr)ailldi |13
ar(rgi d — llex 1) + 2(cn — Dllerlls + § (L + Tr)aqldi |13
— arAq(xy, Th, g, Hiy di) + 20 |[eilly + 5 (e Lk + Tk )i || dic |13
— arAq(xr, Tr, Gy Hie, di) + 20| cr ||y

1 2(0—n)Ag(xg,Tr, g5, Hi o di ) —4ll ek |1 2
+ 2ak(TkLk + Fk) ( (. Le+T) | de I3 ”dkHQ

I IA

IN

= —noAq(xk, T, gr, Hi, di).

Combining the three cases shows the desired result for Algorithm

Now consider Algorithm [2] One finds that one of three cases occurs, which mimic those for Algorithm [I]
In particular, if x < 1, then an analysis similar to that for Case 1 above shows that for j € N with
ag,j/v > L and ag; < [, the backtracking line search will terminate by iteration j € N, from which it
follows that oy > vjig. If fix > 1 and g < 1, or if f1p; > 1, then a similar argument combined with Case 2
or Case 3, respectively, completes the proof. O

Next, we show that the tangential components of the directions are bounded.
Lemma 15. The tangential component sequence {uy} is bounded.

Proof. The first block of @, premultiplied by u}, yields u} Hy(ur+vi) = —ul gr. Hence, under Assumption
[ one finds that

Cllurll3 < ui Hyur = —gi ur — o, Heur < (lgxll2 + £ l|okll2) [l -
Therefore, the result follows from Assumption [I] and Lemma [9] O

We now show that the merit parameter sequence is bounded, and that it remains fixed at a value for all
sufficiently large k € N.
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Lemma 16. There exists k- € N and Tmin € Ry such that 7, = Tmin for k > k;.

Proof. Recall that 7, < 7,1 if and only if both g{ dj, + max{d} Hydy,0} > 0 and
Tk—l(g]zdk + max{dngdk, O}) > (1 — 0)Hck||1. (13)
According to the first block equation of @ (premultiplied by uf)7 one has

ggvk + UngUk + U]{Hkvk if dszdk >0

T T
di, + max{d;, Hypdy,0} =
9 die {di Hrdy,0} {ggvk—fokuk —u} Hyuy,  otherwise.

The result follows from our ability to bound the left-hand side of this expression with respect to the constraint
reduction. We consider two cases. First, if d{dek > 0, then under Assumptions [1| and [4] it follows with
Lemmas [9) and [I5and || - [y > || - ||2 that there exists a constant r; € R, such that

9k v + vk Heug 4+ 03 Heve < (Igell2 + callunll2) lvkllz + e lvell3 < ceallerl

Second, if df Hydy, < 0, then under Assumptions (1| and 4] it follows from Lemmas |§| and|15/and || - |l1 > || - |l2
that there exists a constant k,2 € Ry, such that

gk vk — v Hiew, — uig Hyur, < (lgrll2 + s lluell2) o ll2 < kir2lexllr.

Together, these imply g} dj, +max{d} Hydy,0} < max{f, 1, %2}/ ck|1, from which it follows that in order to
have both g7 dj, + max{d} Hydy,0} > 0 and , one must have 7,1 > (1 — o)/ max{k, 1, k- 2}. Therefore,
if this inequality is not satisfied for k = k, for some k, € R, then it remains unsatisfied for all k£ > k. This,
along with the fact that whenever Algorithm [I] or [2| decreases the merit parameter it does so by at least a
constant factor, proves the result. O

We now prove that there is a positive lower bound for the stepsizes.
Lemma 17. There exists amin € Ry such that ay > oumin for all k € N.

Proof. Let k € N be given. With respect to Algorithm [I} one has that aj > 1 unless the inner for loop
terminates in iteration j € N with a,; < 1. In such cases, it follows from monotonicity of {7} and

Lemmas and [T2] that

«

— 20=n)Aq(zk,Tk,gk, Hr,di) 2(1—7)KqTmin =0
b T i T ie ) Vet ) NkIE = (Tt Dinax T 22 1 ) Ymax,1) A% :

Similarly, for Algorithm [2) Lemma [14] implies ax, > 1 unless fir, < 1. In such cases, it follows from mono-

tonicity of {7} and Lemmas and [12] that

2v(1—n)Ag(zk, Tk, gk Hi,di) 2v(1—1)KqTmin
S Co 5 s e 7% S coury 7= ST gl
Overall, a positive lower bound has been proved for both algorithms. O

We now present our main convergence theorem for Algorithms [I] and

Theorem 18. Algorithms[1] and[g yield
lim [|dgll2 =0, lim |exllz =0, and lm |gx + Jg yxll2 = 0.
k—o0 k—o0 k—o0

Proof. For all k € N, it follows from Lemmas and [17] that

¢(xk77—k) - ¢(xk+177-k) Z UOékAQ(xka Tk, Gk, Hkydk) Z namianTmin\I/k-

12



Combining this with Lemmas [T1] and [L6] shows for k € N with k > k. that

(b(xk.,. ) 7—min) - d)(xlm 7—min)

k—1
= > (@), Tmin) — H(Tj41, Tanin))
j=ks
k—1 k—1
> NOminkgTmin Y U; > Tommtaimin N = (||| + ||cj]|2).
J=kx j=k-

Since, under Assumption (I} &(-, Tmin) is bounded below over the iterates, the above implies the first two
desired limits. Note now that @ implies

gk + T yello = [|Hydll2 < [|Hyll2l|dill2 < wrrlldil|2- (14)
Hence, by Assumption 4| and {dy} — 0, the result follows. O

3 Stochastic Setting

Now consider the optimization problem

znel]iRI}% f(z) st. c(z) =0, with f(r)=E[F(z,w)], (15)

where f : R® — R, ¢ : R" — R™, w is a random variable with associated probability space (92, F, P),
F:R" x Q — R, and E[] represents expectation taken with respect to P. We presume that one has access
to values of the constraint function and its derivatives, but that it is intractable to evaluate the objective
and/or its derivatives. That said, we presume that at a given iterate xj, one can evaluate a stochastic
gradient estimate g, € R™ satisfying the following assumption.

Assumption 19. For all k € N, the stochastic gradient estimate g,, € R™ is an unbiased estimator of the
gradient of f at xy, i.e.,
Ex[gr] = gk,
where Ei[-] denotes expectation taken with respect to the distribution of w conditioned on the event that the
algorithm has reached x, € R™ in iteration k € N. In addition, there exists a constant M € Ry, such that,
for all k € N, one has
E[llgy, — gxll3] < M.

3.1 Algorithm

Similar to the deterministic setting, in order to solve , we consider a stochastic algorithm that computes
a search direction dj € R™ and Lagrange multiplier vector 7, € R™ in iteration k € N by solving the linear

system
Hy  J [de 9k
= — 16
IR o

where {H} } satisfies Assumption Generally, we use a “bar” over a quantity whose value in iteration k € N
depends on g,. Hence, as they are independent of g, conditioned on the event that the algorithm reaches
xy as its kth iterate, we write the constraint value, constraint Jacobian, and (1,1)-block matrix as cg, Jk,
and Hy, respectively, but we write the solution of as (dg,7,) due to its dependence on g,.

The algorithm that we propose is stated as Algorithm [3] Paralleling Algorithm [I] the merit parameter
is set based on the computation of a trial value

%0 if g7 dy + max{d,, Hydy, 0} <0
— (1—0o)llckllr
§;€&k -‘rmaX{Eszak ,0}

7—_]?"2(1[

(17)

otherwise,
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followed by the rule

=trial

_ o
7 {T’“ ! BTk = T (18)

(1 —e)7frial  otherwise,

which ensures 7, < 77 and, similarly as for our deterministic algorithm (see @[)),

_ = _ =T =
Aq(xk, T, G, Hio, dic) > 575 max{dy, Hidi, 0} + ol|ckl)1. (19)

A unique feature of our algorithm for this stochastic setting is that it adaptively estimates a lower bound
for the ratio between the reduction in the model of the merit function and the merit parameter times the
squared norm of a search direction. This is used to determine an interval into which the stepsize will be
projected; control of this parameter is paramount to ensure convergence in expectation. We set

~trial AQ(Ik7?k7§k7Hkvak)
- Gy Hyd) 20
3 Trlldr I3 ’ (20)

then apply the rule (which ensures &, < 7};”“1 for all k € N)
_ ¢ -~ if e < ctrial
{fk‘ 1 1 é-k 1> gk; (21)

— o
S (1 —e)éfrial  otherwise.

It will be shown in our analysis that {£.} is bounded away from zero deterministically.

For generality, Algorithm [3|is stated with Lipschitz constant estimates {L;} and {T';} given as inputs
(with the idea that Ty := Zie[m] vk, for all k& € N). Our analysis in the next subsection presumes that
Lipschitz constants are known, although in practice these can be estimated using standard techniques (see,
e.g., [10]) in an attempt to ensure that the same convergence results hold as for the case when the constants
are known. The sequence {8} is introduced to control the stepsizes. As in standard analysis for stochastic
(sub)gradient-type methods, our analysis in the next subsection considers the case when {8} is constant
asymptotically, and when it diminishes at an appropriate rate to ensure convergence in expectation.

3.2 Convergence Analysis

In this section, we prove that Algorithm [3] has convergence properties that match those from the determin-
istic setting in expectation, with some caveats that we explain and justify. Our algorithm uses only the
stochastic gradient estimates {gj,}, computes {(dy,%,)} by (L6), sets merit parameter-related sequences {7}
and {7/} and also sets steplength-related sequences {&} and {£"%%'}, but our analysis also references
the gradients {gx} corresponding to {zx} as well as the corresponding sequence of solutions of @, namely,
{(dk,yx)}, and trial merit parameter values {7}"%!}. In other words, for all k € N, conditioned on the event
that the algorithm reaches xy, we define (dj,yx) and T,ﬁ”"‘l as they would be computed if the algorithm
reached x; as the kth iterate in Algorithm [I} Throughout this section, we assume that Assumptions
and [19| hold—where {Hy} is a deterministic sequence chosen independently from {g, }-—and for the sake of
brevity we do not state this fact within each result. In this section, we assume that Lipschitz constants for
the objective and constraints, in particular, L and I' := Zie[m] v;, are known.

Remark 20. Our analysis makes Assumption [1, which means that it assumes that the iterates remain
i an open convex set over which the objective and constraint function and derivative values are bounded.
This is admittedly not ideal in a stochastic setting. For example, in the case of applying a stochastic gradient
method (SG) in an unconstrained stochastic setting, it is not ideal to assume that the gradients at the iterates
remain bounded in norm, since—as SG is not a descent method—it is unreasonable to assume that the iterates
remain in a sublevel set of the objective function. However, we believe this assumption is more reasonable
in a constrained setting, since the iterates are being driven to the deterministic feasible region. Further, we
claim that Assumption[]] could be loosened if our algorithm were to choose a predetermined stepsize sequence,
rather than one that mimicks the stepsize scheme from Algorithm[1. We discuss this issue further in {5
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Algorithm 3 Stochastic SQP Algorithm
Require: 79 € R"; 71 € Rog; e € (0,1); 0 € (0,1); £-1 € Rog; {Br} C (0,1]; 0 € Ry {Lk} C Rogs

{Fk} C R>0
1: for all £ € N do

2: Compute (dy,7;) as the solution of
3: if d, = 0 then continue (to iteration k + 1)
4 Set 7frie! by (I7) and 7, by (I8)
5 Set &l by (20) and & by (21)
6: Set _
=~ B Aq(Z ks Th s G Hie s k)
Qinit = =G L 20d
s Ao — o Aewlls
Vhinit  Qhinit = ETT) [
7: Set aj Projk(c;xmnit) and oy, + Projk(amnit) where
. _ . &7 LT 2
proi,() = Prof (| 2585, 282k +051
8: Set B _
ak if &k <1
a1 ifa, <1<ay
Ek if ak > 1
9: Set g1 ¢ xx + O_tk(ik
10: end for

Since if d, = 0, then the algorithm simply skips to iteration k + 1, we may assume without loss of
generality in our analysis that dj, # 0 for all k € N.

As in the deterministic setting, our analysis makes use of the orthogonal decomposition of the (stochastic)
search directions given by

dp = Uy, +vr where iy € Null(Jg) and vy € Range(Jg) for all k€ N.

Let us emphasize that, conditioned on the event that the algorithm reaches xj as its kth iterate, the normal
component is deterministic, depending only on the constraint value ¢, and Jacobian Ji; hence, we write vy,
rather than v in the expression above. For all £ € N, let Z; be an orthogonal basis for the null space of Jy,
which under Assumption [1}is a matrix in R”*("=7) Tt follows that, for all k € N,

Up = Zrwy, and ug = Zrwy for some (Wg,wy) € R"™™ x R"™™,

Under Assumption |4} the reduced Hessian satisfies Z,CTH 2y = CI.

For our first lemma, we carry over properties of algorithmic quantities that hold in the same manner as
in the deterministic case, conditioned on the event that the algorithm has reached xj as the kth iterate. As
in our analysis in the deterministic setting, for the constant x,, € Ry, defined in the lemma, we define

3. o Nl lleella i 1@]3 > ruolloxl13
llckll2 otherwise.

Lemma 21. Forallk € N, has a unique solution. In addition, for the same constants (Ky, Ky, K, Kq) €
Rog xRy g xRy o x Ry that appear in Lemmas[9 and[13 the following statements hold true for all
ke N.

(a) The normal component satisfies max{||vg||2, |v]l3} < Kollck|l2-
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(6) If [} > wunllonl3, then Sdy Hydy > L¢||m 3.
(c) The search direction satisfies ||di||2 < koW and ||di||? + |lckllz < (ky + 1)Vg.
(d) The model reduction satisfies Aq(T, Tr, Grs Hr, dg) > KTk Vg
Finally, for all k € N, it follows that
S(ay + ardy, T) — d(xx, ) < arTrgy die + 1 — alllerlls — llexlls + 3 (FeL + D)ag|di 13-

Proof. That has a unique solution for all k& € N follows for the same reason that Lemma |5 holds. The
proofs of parts (a)—(d) follow in the same manner as the proofs of Lemmas [0} and respectively,
with the stochastic quantities {gy, dx, @k, Tx} in place of the deterministic quantities {gg, d, ug, 7%}, where
it is important to recognize that the conclusions follow with the same constants, namely, (Ky, Kuv, K, Kq),

as in the deterministic setting. The proof of the last conclusion follows in the same manner as that of
Lemma [131 O

In the next lemma, we prove that the sequence {{} is bounded deterministically.

Lemma 22. In any run of the algorithm, there exists ke € N and &pin € Ry such that & = Emin for all
k> ke, where Emin € [Emin, E—1] With &min 1= €Kq/Kw.

Proof. 1f Line of the algorithm ever sets &, < £;_1, then it ensures that & < €£,_1. This means that {&,}
is constant for sufficiently large k or it vanishes. On the other hand, by Lemma |21)(c) and (d), it follows that

AG(@k, Tre G s s Hre 1) > KT Wh _ Kq

ﬂg”gkl‘% — koTk Yk Ky’

meaning that Line [5| will never set & less than €kq/ky for any k € N. Therefore, {&} is constant for
sufficiently large k in the manner stated. O

Next, we present the following obvious, but important consequence of our stepsize selection scheme.
In particular, the result shows that, even though the algorithm sets the stepsize adaptively, the difference
between the largest and smallest possible stepsizes in a given iteration is O(83), so this difference is controlled
by the algorithm.

Lemma 23. For any k € N, the stepsize satisfies

_ _ _ L €1 T £ Th 2
ik € [@hmin Brman] = | 2578, 2687 4 057

which is an interval with length & max — Ok min = Hﬁ,%.

Proof. The proof follows directly from the projections of @y, and &y, in Line[7]and the formula for the stepsize
ay, in Line [§ O

Our next result is a cornerstone of our analysis. It builds on the last conclusion in Lemma [21] to specify
a useful upper bound for the merit function value after a step. Central to the proof is our specific stepsize
selection strategy.

Lemma 24. Suppose that {B} is chosen such that BT/ (7L +T) € (0,1] for all k € N. Then, for all
k € N, it follows that

¢(k + ardy, T) — Ak, Tr)
< — awAq(@k, T, Gy Hiy die) + 200 BeDq(@, Ty G Hie, die) + QTrgp (di — dic).

16



Proof. Let k € N be arbitrary. We consider three cases, with a few subcases, depending on how the stepsize
is set in Lines [7] and [§] of the algorlthm
Case 1: Suppose in Line [§ I that &) < 1, meaning that @y < @j. From Lemma [21] and Lemma [3] it
follows that _
(xk + apdy, T) — STk, Tr)
ar(Tugi, di, — llexll) + 5 (L + T)ail|di 13
= ar(Tigi di — llewll) + 5 (7oL + D)ag | dell3 + ar7rgi (di — di)
< — e Aq(Tk, Ty G Hiy di) + 5(Te L+ D)ag||dl|3 + anmrgr (di — di).

IN

Using this inequality, let us now consider two subcases. (For all k¥ € N, since ensures &, < glriel =

Aq(zk, T G Hr,dk) BrAq(zr, Pk, G, He,di) BT
—_— lt fOHOWS that A > L .
x|l dy ||2 (Tx L+T)||dy ||2 = 7L+l )

/Bk:AQ(Ik;Tk,glekvdk)
Case la: If a;, AL , then

d(xi + awdi, ) — ¢(k, Th)
< —arAq(xk, Tr, 9k, Hi, di)

- Aq(@ kT, T Hiod = - T3
+ Yan(rel +T) (AL B ) G, 12 + Gy g (d, — d)

= — apAq(wk, T, g, Hy di) + SanBrAq(zy, T, Gy Hie, di) + arigid (di — di).

. =~ Br€rTr 2 BrAq(wr, Tk, Ty He di)
Case 1b: If oy = 2557 + 006, < ENFSSITAE , then

ok + ardy, T) — STk, T)
< —apAq(xy, Tr, gr, Hi, di)

+ Jap(mL+T) (f,’:i’fﬁ + 951?) Idill3 + cwTrgi (dr — dy)

< — apAq(Th, Ths Gy Hios di) + 300 BuAG(k, Ty T Hio, die) + dTrgp (di — di).

Case 2: Suppose in Line [§] that ap < 1 < ay, meaning that @ < 1. From Lemma Lemma |3} and

. BrAq(T ke, T, Gy Hie 1 die) —
since ENESIEAE > 1 = ay, it follows that

¢(xk + ardi, Tr) — P(xk, Tr)

ar(Trgi i — llekll) + 3 (FuL + T)aglldy 13

= ax(Thgi di — llexlh) + 5 (Tl + D)ag | dil3 + arTrgi, (di — di)

< — RAq(Thy Ths Ghy Hiy die) + 5 (FoL + D)o || di |13 + arTegy (dy — dy)

IN

< — arAq(zk, T, G Hio di) + 20w B Aq(h, T, G Hio dis) + QnTrgp (di — di).

Case 3: Suppose in Line [§] that &j > 1, meaning that @& < &;. From Lemma and Lemma [3] it
follows that

O(xp + andy, 7)) — (@k, T)

arTrgh di + (@ — Dllexlls = llexlh + 3 (7L + T)ai || dell3

= ax(Trgi di — llerll) +2(an — Dllerlly + 5 (7L + T)ai || dil3

ap(Trgi di — llewllr) + 2allexlls + 3 (T L + D)ailldy |3 + axrgy (di — di)

— akAq(xr, Ty Gy Hi, di) + 20k |cklly + 5 (7L + D)ai | di |3 + arTugr (di — di)-

IN

INIA

Using this inequality, let us now consider two subcases. (Since the lemma requires 1 > %7’“_:1’: for all k € N,
_ ﬁkfk‘rk

it is not possible that &y = in this case.)
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_ Aq(@g,Th, G Hpe i) —4
If &y, = BrAq(@k, T Gy Hi i) Hckl‘l’ then

Case 3a: =
(T L4T)[|dx |13

¢k + apdy, ) — Gk, T)
< — arAq(wk, T, g, Hi, di) + 20|k |1

_ A TG Hy,dr ) —4 = - 5
AR 1) (AL - el

= — apAq(@k, T, g, Hi, di) + 2anBrAq(zy, T, g Hi, di) + arigy (di — di).

. =~ _ BrleTw 2 BrAq(wk Tk Ty Hr,di) =4l cie |1
Case 3b: If o, = Eyn 08; < ENASSTENT: , then

(g + andy, 7)) — ¢k, Tr)

< — arAq(xk, Tr, g, Hi, di) + 26| cr |1
+ Sap(mL +T) (f}‘:i’f@ + 06,3) \|di||3 + a7l (di — di)
< — apAq(wk, T, g, Hi, di) + 200 ek |1

+ 30 B (Aq(r, T, T Hiy die) — 4llerll1/Br) + anTrgi (die — di)
< — aAq(@k, T, Gy Hi, die) + 200 BeDq(@, Ty Gy Hi, dic) + GTrgp (di — dic).

The result follows by combining the conclusions of all cases and subcases. O

Our next two lemmas provide useful relationships between deterministic (i.e., dependent on gx) and
stochastic (i.e., dependent on g, ) quantities conditioned on the event that the algorithm has reached xj, as
the kth iterate.

Lemma 25. For all k € N, Ex[dy] = dy, Ex[tur] = u, and E[y,] = yx. Moreover, there exists kg € Ry,
independent of k and any run of the algorithm, with

Ex[l|dr — dill2] < kaV M.

Proof. The first statement follows from the fact that, conditioned on the kth iterate being x, the matrix on
the left-hand side of is deterministic and, under Assumption [1], it is invertible, along with the fact that
expectation is a linear operator. For the second statement, notice that for any realization of g, it follows

that B )
dp — dp, Hy Jg]_ {gk—gk] = _
_ = — — d — d < — R
[yk B yk] |:=]k 0 0 ldr — dill2 < kallgr — gxll2

where rqg € R is an upper bound on the norm of the matrix shown above, the existence of which, and
independence from k, follows under Assumption [I] It also follows from Jensen’s inequality, concavity of the
square root, and Assumption [19| that

Eelllge — gull2] < \/Exlllg, — gxl3] < VM.

Combined with the displayed inequality above, the desired conclusion follows. O

Relationships between inner products involving deterministic and stochastic quantities are the subject of
the next lemma.

Lemma 26. For all k € N, it follows that

_T5 _ =T =
grdy > Bplglde] > gldp — M and d} Hydy < By[dy, Hydy).
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Proof. From the first block equation in , it follows that
Hy(ZxWy + vi) + I Uy, = =7y,
— Zr .z, w, = —ZF (g, + Hyw)
= Zywy, = —Zp(Z He Z1,) Z1E (), + Hyor),
from which it follows that
Gk U = g1, ZxWx = =gy Zr(Z§ HiZk) " Z{ (G + Hivg).
Following the same line of argument for @, it follows that
giur = —gi, Ze(Zi HeZy,) ™' Z3} (g + Hyop).
At the same time, under Assumptions [4 and one finds that
CTM > B2 (g — gk)H?ngkzk)—l] > 0.
One finds that the middle term in this expression can be written as
Ex[l1ZE (g, — gk)”?szszk)—l]
— Bl 2827 1y 1)) — 2EalTE 22T H22) " 2 i) + 12 0, 1)
= Bl 2L 510, 20y ) — 12 9610, 201
Hence, combining (22)), ([23)), (24), and the fact that E;[g,] = gx one finds
9w — Er[gx w) = —gi Z(Z;, Hi Zi) ™' Zig (g5 + Hyoy,)
+ Ex[gi Z1(Z HiZk) ™ Z1 (Gx + Hior))
— 2 el s -1 + BRI ZE Gl g, 2y -1] € 10,C7 M
The first desired result follows from this fact, Ex (g7 vk] = g7 vk, and
9r dx — Ex[gi di] = gi wr + gi o — Ex[gx ax + Gi o] = gi ur — Ex[g G-
Now let us prove the second desired conclusion. From , it follows that
Hy (g +vk) = =gy, — i
= (T +vi)T Hy (@, +vi) = =75, (@ +vi) — 73 Jrds,
= —g}, (W + vi) + Jf, k-
Following the same argument for @, it follows that
(ur, + o) " Hi(ug, + vi) = —g3; (up, + vi) + i c.
Combining these facts, it follows that
ﬂ{Hkﬂk + QEszvk — unguk — QUEHkvk
= — gi, (@ +vk) + g (wk + o) + (T, — ye) " cns
which after taking conditional expectation and using Lemma [25| yields
Erlaf Hytg| — uf Hyup = —Eg[g} @] + g7 ug.
The desired conclusion now follows since
By [dy, Hydy) — dF Hydy, = By [(k + vi)” Hye (5 + k)] — (ug + )T Hi (ug, + vp)
= By lal Hytiy] — ul Hyuy,

where again we have used the result of Lemma
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In the remainder of our convergence analysis, we consider three cases depending on the behavior of
the sequence {7} in a run of the algorithm. In the deterministic setting, it was proved that the merit
parameter sequence eventually remains constant at a value that is sufficiently small to ensure that a primal-
dual stationarity measure vanishes (see Lemma . However, under only Assumption it is not possible
to prove that such behavior is guaranteed for any possible run of Algorithm Our analysis considers
three mutually exclusive and exhaustive events: event E; ¢, that the merit parameter sequence eventually
remains constant at a sufficiently small positive value; event E; o that the merit parameter sequence vanishes;
and event F. p;, that the merit parameter sequence eventually remains constant, but at a value that is not
sufficiently small. Under modest assumptions, we prove that E; p;, occurs with probability zero, and under
slightly stronger, but reasonably pragmatic assumptions, we prove that event £ o either does not occur or
only occurs in extreme circumstances (e.g., divergence in norm of a subsequence of the stochastic gradient
estimates). This leaves event E; gnqu, which we consider first and show that, conditioned on this event,
convergence comparable to the deterministic setting is achieved in expectation.

3.2.1 Constant, Sufficiently Small Merit Parameter

Let us first consider the behavior of the algorithm conditioned on the event that the merit parameter sequence
eventually remains constant at a sufficiently small value. In particular, recalling Lemma[22] let us now make
the following assumption.

Assumption 27. Event E. spmqu occurs in the sense that there exists an iteration number ET,g € N and a
merit parameter value Tmin € Ry such that

Tk = Tmin < T4 and G = Emin for all k> Fog. (25)

In addition, the stochastic gradient sequence {gk}l@ET . satisfies

Ek,T,small[gk] = gk and Ek;r,small[”§k - ng%} <M,

where Ei -+ smau denotes expectation with respect to the distribution of w conditioned on the event that E. smau
occurs and the algorithm has reached xy, in iteration k € N.

The inequality 75, < 77! in ([25]) is critical since it ensures that the model reduction value Aq(z, Tmin, 9k, Hk, di.)
satisfies the result of Lemma r all £ > ET{ with Ty, in place of 7. In other words, it means that
the merit parameter has become small enough such that, if one were to compute the deterministic search
direction dj using the true gradient g at xy, then one would find that it is a direction of sufficient descent
for the merit function ¢(+, Tmin) at ;. The importance of this becomes clear in our final results at the end of
this part of our analysis. The latter part of the assumption reaffirms the properties of the stochastic gradient
estimates stated in Assumption @ now conditioned on the occurrence of E; smqn. With this assumption,
the results of Lemma and continue to hold. For the sake of brevity, for the rest of this part of our
analysis (, let us redefine Ey[ - | = Eg r smaut] - |-

To derive our main result for this case, our goal is to prove upper bounds in expectation for the positive
terms on the right-hand side of the conclusion of Lemma Let us first consider the last term, which is
addressed in our next lemma.

Lemma 28. Suppose that Assumption holds. Let 4 € R be an upper bound for {||gx||2}, the existence
of which follows under Assumption . 1t follows, with kq € Ry from Lemma and any k > k. ¢, that

Ek[dki—kg]z(&k — dk)] < ﬂi@%min/sgndv M.

Proof. For all k > Eﬂg, let E} be the event that gg(akfdk) > 0 and let Ef be the event that gg(gkfdk) < 0.
Let P[] denote probability conditioned on the event that E gmqu occurs and the algorithm has reached zy,
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in iteration k. By the Law of Total Expectation, (25)), and Lemma [23] it follows for k > k- ¢ that
Er|aTigx (dx — dy)]
= Ex[0k Tmingh (die — die) | Ex]Pk[Ex] + Ex[0hTmingi (di — di)| Ef]PRE}]
< Ak maxTminE (g7 (di, — di)|ER]PL[Ex] + Gk minTminEx[gF (di — di.) | E5]Px[E5).
By Lemma this means on one hand that
EraxTrgi (di — di)]
< Ak minTmin (g7 (dr — di) | Ex]PR[Ex] + @minTminE 97 (di — di )| EE|Px[ES]
+ (@ max — Ok,min) TminBk [0 (dr — di)| Ex]Pr[Ex]
= (@k.max — Ok min) TminB 97 (dr — di)| Ex]Pr[Ex],
while on the other hand that
Ex[ax7rgi (di — d)]
< Ak maxTminBr[97 (drx — di) | Er]Pr[Ex] + Qkmax TminEx g7 (dr, — di,) | ESPL[EE)
+ (@kmin — @hmax) TminEk (g7 (di, — di )| Ef]PL[Ef]
= (Tk,min — @k, max) TminBk g5 (di — di.) | EF)Py [ Ef]
Combining these facts, it follows that
Exlarmigs (d — dy)]
< 5 (@ max — Qkymin) Tmin (Ex (97 (di — di) | Ex]Pr[Ex] — Ex g7 (dy, — di)| E{]Px[ER)).
Observe that, by the Law of Total Expectation, it follows that
Ex[gi (di — di) | Ex]Pr[Ex] < Exlllgrll2lldx — di 2] B ]Px[Er]
= Eclllgll2lldc — dill2] — Exlllgrll2llde — dill2| EZ]JPL[Ef]
< llgull2Er[lldx — dill2],
and, in a similar manner,
—Ey[gx (dr, — d) | EFIPL[ER] < Bi[llgrllalldi — di 2| ER)Px[EX]
= Exlllgelllldr — dill2] — Exlllgrllzlldr — dill2|E4]Px[Ex]
< llgkll2Ex[llde — dill2]-
Combining these results with Lemma [23] and Lemma [25] yield the result. O
Our next result addresses the middle term on the right-hand side of Lemma
Lemma 29. Suppose Assumption holds. Then, for all k > ET,g, it follows that

Ek[Aq(IkafkagkaHk7glk)] < Aq(zkafmin7gk7Hkvdk) + 7_-mincilj\4'

Proof. Consider arbitrary k > ET’g. From , , Lemma Jensen’s inequality, and convexity of
max{-, 0}, it follows that

Er[Aq(zk, T, Gir H, di)] = Bk [~ Tmin (T dic + %maX{ngkZik,O}) + |lerllh]
< —Trnin (97 di, + 3 max{d} Hydy,0}) + FninC "M + [|ex |1
= Aq(k, Tmin, 9o, Hies di) + Tamin( M,
as desired. O
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We now prove our main theorem for this part of our analysis, where we define
E: smau - ] = E[ - | Assumption 27 holds .

The theorem considers the behavior of a certain sequence of model reduction values, and the subsequent
corollary translates the result of the theorem to the behavior of the sequences of constraint violations and
stationarity measures.

Theorem 30. Suppose that Assumption holds and the sequence {8y} is chosen such that Br&r7i/ (Tl +
I') € (0,1] for all k > k;¢. Define

A= 75"““;‘::; and M = Foin (2 (A+6)("M + Hﬂgmd\/ﬂ).

Tmin

If B, = B € (0,2A/(A+0)) for all k > k. ¢, then

kr etk
]ET,small %ﬂ Z Aq(mj’?min7gjaHj7dj)
J=kre (26)
< BT ET,s'rrLall[¢(IET75777—lnin)]_¢lnin k—00 BN
= A-1(At0)8 (k+1)B(A— 5 (A+6)8) A-5(A+0)8°

where ¢min € Ry is a lower bound for ¢(-, Tmin) over X, the existence of which follows by Assumption .
On the other hand, if Y ;" . Br =00 and Py . B2 < oo, then

Eq-,é—‘rk
klim ]ET small gT,ﬁlJrk, Z ﬁqu(xja’T__minvgijjvdj) = 0. (27)
(Zi:gr,e ﬁj) j=kxr¢

Proof. Consider arbitrary k > Eﬂg. It follows from the definition of A, Lemma and the fact that
Br € (0,1] that ABx < ag < (A+0)B%. Hence, it follows from Lemmas d)7 andthat, under the

conditions of the theorem,

Ex[¢(zk + ardy, T)] — Ex[p(zk, Tr)]

Er[—arAq(r, T, 9o, Hieo di) + 30BkAq(Tk, T, G, Hieo di) + anTrgl (di — )]
— Bie(A— 3(A+0)Bk) Aq(zk, Tomin, Grs Hie, dic) + B M.

ININA

For the scenario of {},} being a constant sequence for k > ET’E, one finds from above, taking total expectation
conditioned on , that, for all k& > k, ¢,

Er,small[¢(xk + O_lkaka 'T_min)] - ]ET,small [¢(xk7 7_—min)]

< _ﬁ(Z - %(Z + a)ﬂ)ET,small [AQ(iElm Tmins 9k, Hy, dk)] + BQM
Summing this inequality for j € {ET@ R Eﬂg + k}, one finds by Assumption [1{ that

¢min - IE'r,s7nall [¢(xEr,§ ) 7_—min)]
S IE:‘r,small [(b(xgﬂ,’{_t,_lﬁ_lv %min)] - IE‘r,small [¢($ET,5 ) 7imin)]

E7-1§+k‘
(Z + e)ﬁ)ET,small Aq($]7 7iminagja va dj) + (k + 1)ﬁ2ﬂ7

J=kr.¢

< —BA-

N

from which follows. Now consider the scenario of {f;} diminishing as described. It follows that for
sufficiently large k > k; ¢ one finds B < A/(A+ 6); hence, let us assume without loss of generality that, for

22



all k> kr¢, one has B, < A/(A+ 6), which implies A — (A + )3, > $A. Similar to above, it follows for
all k > k, ¢ that

Er,small[(b(xk + O_Zkaka 7__min)] - ]ET,small [¢(xk7 7_—min>]
= %Zﬁ T,small [Aq('xkvfminagkaHkadk‘)] + /3;3]\7

Summing this inequality for j € {k;¢,...,kr¢ + k}, one finds by Assumption |1| that

¢min - IE7',s7rw,ll [(é(xg-r,g 5 7Tmin)]

< ET,ST?Lall[¢(xET1£+k+1a 7imim)] - IET,small[QZ)(JZET,E 5 fmin)]

kre+k kre+k
< = 3 ABr gman | Y BiAq(x, Tin, g5, Hyydy) | + MY B2
j:ET,ﬁ j:ET,E
Rearranging this inequality yields
ET’EJrkJ
E; smail Z BiAq(xj, Tmin, 95, Hj, d;)
j=kr¢
2(Er sman$(zg i)l —bmin) 37 g
< i e Z
=k e
from which follows. O

Corollary 31. Under the conditions of Theorem[30, the following hold true.

(a) If B = B € (0,24/(A+0)) for all k > k¢, then

ET,§+k

H9J+'] yj”z k—o0 2Ky BM
E 1 L E —g— + 2 ¥ .
T,sma k+1 i ” < H K/q’?min(Aié(A+9)5)

j=Fkr.¢

(b) If EZZEW B = oo and EZOZET,E B% < oo, then

o I
' L lgit+J;y
lim E; smau T—freth N Z Bi (Jn” T ||CJ|2> =0
k—o00 (Z/'—YE ﬁ_}) T "
Ji=kr ¢ ]:kT,ﬁ

from which it follows that

hkrglnf E. small["EH llgr + ngk”% + [lexll2] =0

In addition, in either case, there exists 0, € Ry such that if ||z — z4||2 < 0z for some stationary point
(z4,y«) ER™ x R™ for (LF)), then for any d, € Ry one finds

oz

<0y = Uk — ysll2 < 26,.

Ck 2
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Proof. Parts (a) and (b) follow by combining the results of Lemmas and the relation 7 and
Theorem The remainder follows with Lemma [f] since for x, sufficiently close to ., one obtains with
gx := V f(xz.) and ¢, := ¢(x4) = 0 that

He JO 7' o [He J77 o
Jk 0 Ck J* 0 Cx

from which the desired conclusion follows. O

Ck

17k = yull2 < |

2 2

We close our analysis of this case with the following remark.

Remark 32. Consideration of the conclusion of Corollary (a) reveals the close relationship between our
result and a conclusion that one reaches for a stochastic (sub)gradient method in an unconstrained setting.
Notice that o
9 \I,Bi B 2:1\1,[37’-,“;“(%(%+0)(’1M+6ngndm>
: A
2

K
F . (A A - — minTmin 1 ( &minTmin
o Fin (A= 5 (A40)B) i ( 227t (Smiaiin 1) )

Our first observation is a common one for the unconstrained setting: The value above is directly propor-
tional to 8. To reduce this value, one should choose smaller 3, but the downside of choosing smaller 5 is
that the algorithm takes shorter steps, meaning that it takes longer for this limiting value to be approached
(recall ) On the other hand, while larger B means that the algorithm takes larger steps, this comes at
the cost of a larger limiting value. A second observation, unique for our algorithm, is the influence of 6. The
quantity above is directly proportional to 6, meaning that the optimal choice in terms of reducing this value
is 0 = 0, in which case one obtains

|

KgqTmin (

However, this results in a non-adaptive algorithm with &y = Bpépmi /(7L +T) for all k € N. This choice
has some theoretical benefits (see also our discussion in @, but we have found this conservative choice to be
detrimental in practice.

3.2.2 Poor Merit Parameter Behavior

Theorem and Corollary show desirable convergence properties in expectation of Algorithm [3] in the
event that the merit parameter sequence eventually remains constant at a value that is sufficiently small. This
captures behavior similar to that of Algorithm [I]in the deterministic setting, in which the merit parameter
is guaranteed to behave in this manner. However, for the stochastic Algorithm |3] one of two other events
are possible, which we now define mathematically as follows:

e Event E ;4 there exists infinite K- €N and Thig € Ry such that
T = Toig > T and & = &y for all ke K.
Since 7{al > 7 for all k € N, this means 7,7 > 7irial for all k € K, .
e Event E;o: {7k} N\, 0.

Our goal in this part of our analysis is to argue that these events, exhibiting what we refer to as poor
behavior of the merit parameter sequence, are either impossible or can only occur in extreme circumstances
in practice. For these considerations, let us return to assume that Assumption (not Assumption holds.

Let us first consider event E;;,. We show under a modest assumption that this event occurs with
probability zero, which is to say that the merit parameter eventually becomes sufficiently small with prob-
ability one. As shown above in the definition of E;;;4, the merit parameter remaining too large requires
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that the stochastic trial value 7",?”“” consistently overestimates the deterministic trial value Té”“l. The fol-

lowing proposition shows that under a modest assumption about the behavior of the stochastic gradients
and corresponding search directions, this behavior occurs with probability zero. The subsequent proposition
then provides an example showing that our modest assumption holds for an archetypal distribution of the
stochastic gradients.

Proposition 33. If there exists p € (0,1] such that, for all k € N,
—_T5 T 5 T T
Pk (g% di + max{d, Hydy,0} > g, dr + max{d;, Hydy,0}] > p,

then E; ;g occurs with probability zero.

Proof. If, in any run of the algorithm, ggdk + max{dngdk,O} < 0 for all sufficiently large k£ € N, then
T,ﬁ”“l = oo for all sufliciently large k € N and event E 4, does not occur. Hence, let us define Kqq C N as
the set of indices such that k € Kyq if and only if g,{dk + max{dkTdek, 0} > 0, and let us restrict attention

to runs in which K,q is infinite. For any k € K4, it follows that the inequality g7 dy + max{&fH;ﬂk, 0} >
gF dy, + max{dF Hydy, 0} holds if and only if

7—_t7’ial _ _ (1—U)|Lck\|1 _ < (1—0)|lck]lr — Ttrial
k §7 di+max{d, Hydg,0} — 9% dr+max{d] Hidy,0} k

Hence, it follows from the conditions of the proposition, the fact that 7 < 77 for all k € N, and the fact
that ICyq is infinite, that for any k£ € N the probability is one that for a subsequent iteration number k> k
one finds 75, < ?’g”al < Té”al. This, the fact that Lemmaimplies that {7/} is bounded away from zero,
and the fact that if the merit parameter is ever decreased then it is done so by a constant factor, shows that
one has 7, < T,ﬁ”‘” for all sufficiently large k € N with probability one. O

As a concrete example of a setting that offers the minimum probability required in Proposition we
offer the following. This is clearly only one of many example situations that one could consider to mimic
real-world scenarios.

Example 34. If, for all k € N, one has Hy = 0 and g, ~ N (gx, Zk) for some Xy € S™ with Xy = 0, then
the condition in Proposition holds with p = %

Proof. Let k € N be arbitrary. The tangential component of the search direction is uy = Z;wy, where, under
Assumption 4 and the stated conditions, wy = —(Z} HiZy) "' Z! (g, + Hyvk). Plugging in this solution and
simplifying yields

Frdy + dy, Hydy = oI HY (1 — HY? 220 He 20) 2 28 Y (HY?g, + HY ).

Since g, is normally distributed with mean gy, it follows that this value is normally distributed with mean
of the same form, but with g in place of g, (see, e.g., [30]). Since a normally distributed random variable
takes values greater than or equal to its expected value with probability %, the conclusion follows. O

Let us now consider the event £ . One can learn from Lemmas |'1;5| and @ from the deterministic setting
that the following holds true.

Proposition 35. Consider an arbitrary constant gmax € Ryg. If, for a run of Algorithm@ the stochastic
gradient estimates satisfy |Gy, — grll2 < gmax for all k € N, then the sequence of tangential step components
{ur} is bounded, and there exists k; € N and Tmin € Ry such that T = Tin for all k > k.

Proof. Boundedness in norm of the tangential step components follows in the same manner as in Lemma
with (g, ux) in place of (gk,uy). Further, the claimed behavior of the merit parameter sequence follows in
the same manner as in the proof of Lemma (16| using (gy,, dx, @) in place of (g, dk,ur), where in place of
the constants (k. 1, kr2) one derives constants (Rr 1, Rr,2) whose value depends on gmax as well as the upper
bound on the sequence {||gx||2} (under Assumption [1)). O
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By Proposition if the differences between the stochastic gradient estimates and true gradients are
bounded in norm, then the merit parameter sequence will not vanish, i.e., event E. o will not occur. This is
guaranteed if the distributions defining the stochastic gradients {g, } ensure uniform boundedness or, e.g., if

N
fl@) =% fi(z) and gy :=Vfi (xx) forall k€N,
1=1

where the component functions {f;} have bounded derivatives over a set containing the iterates and in each
iteration i, is randomly sampled uniformly from {1,..., N}.

4 Numerical Results

In this section, we demonstrate the empirical performance of our proposed Algorithm (for the deterministic
setting) and Algorithm (3| (for the stochastic setting) using Matlab implementations. We consider their
performance on a subset of the equality constrained problems from the CUTE collection [I]. Specifically, of
the 123 such problems in the set, we selected those for which (i) f is not a constant function, (i) n+m < 1000,
and (i4¢) the LICQ held at all iterates in all runs of all algorithms that we ran. This selection resulted in a
total of 49 problems. Each problem comes with an initial point, which we used in our experiments.

4.1 Deterministic Setting

Our goal in this setting is to demonstrate that, in practice, our proposed Algorithm (1| (“SQP Adaptive”) is
as reliable a method as the state-of-the-art Algorithm (“SQP Backtracking”). We do not claim that “SQP
Adaptive” is as efficient as “SQP Backtracking” since, as has been verified by others in the literature, the
line search scheme is very effective across a broad range of problems. That said, since our algorithm for the
stochastic setting is based on “SQP Adaptive,” it is at least of interest to demonstrate that this approach is
as reliable as “SQP Backtracking” in practice. For these experiments, we chose each Hj to be the Hessian of
the Lagrangian at (zx,yg—1). For both algorithms, for any k such that the inertia of the matrix in @ is not
correct with this choice, a multiple of the identity is added in an iterative manner until the correct inertia is
attained. This is a common strategy in state-of-the-art constrained optimization software; see, e.g., [31].

For our experiments, the parameters were set as: 7.1 =1,e=10"% 0=1/2,n=10"4% p=3,L_; =1,
v-1,, =1, v =1/2, and a = 1. In Line [5| of Algorithm (1} all Lipschitz constant estimates were set as 1/2
times the estimates from the previous iteration. A run terminated with a message of success if iteration
k < 10* yielded

g + I yklloo < 107 max{1,|lgo + Jg Yoo} and [lcg[loc < 107 max{L, ||cooo };

otherwise, the run was considered a failure. Figure 2| provides Dolan-Moré performance profiles [I1] for
iterations and function evaluations required by the two methods. (The profiles are capped at t = 20.) As
expected, the performance of “SQP Backtracking” was typically better than that of “SQP Adaptive.” That
said, “SQP Adaptive” was as reliable as this state-of-the-art approach. Over all iterations of all runs of
“SQP Adaptive,” the stepsize aj was chosen less than one 40.9% of the time, equal to one 41.8% of the
time, and greater than one 17.3% percent of the time.

4.2 Stochastic Setting

Our goal in this setting is to compare the performance of our proposed Algorithm [3| (“Stochastic SQP”)
against that of a stochastic subgradient method (“Stochastic subgradient”) applied to minimize the exact
penalty function (which represents the current state-of-the-art for constrained stochastic optimization).
For these experiments, we used our test set of 49 CUTE problems, but considered multiple runs for different
levels of noise. In particular, for a given run of an algorithm, we fixed ex € {1078,1074,1072,107 '}, then
for each iteration set the stochastic gradient estimate as g, = N (gx, exI). For each problem and noise level,
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Figure 2: Performance profiles for “SQP Adaptive” and “SQP Backtracking” for problems from the CUTE
test set in terms of iterations (left) and function evaluations (right).

we ran 10 instances. This led to a total of 490 problem instances for each algorithm and noise level. Each
run of “Stochastic SQP” was given a budget of 1000 iterations while each run of “Stochastic Subgradient”
was given a budget of 10000 iterations. We tuned the value of 7 individually for each problem instance
for “Stochastic Subgradient.” In particular, for each problem instance, we ran the algorithm for the 11
values 7 € {10719,107°,...,1071,10°} and selected the value for that instance that led to the best results in
terms of feasibility and optimality errors (see below). Overall, this means that for each problem, “Stochastic
Subgradient” was given 110 times the number of iterations that were allowed for “Stochastic SQP.” (This
broad range of 7 was needed by “Stochastic Subgradient” to obtain its best results. The selected 7 values
were roughly evenly distributed over the set from 10710 to 10°.)

For both methods, the Lipschitz constants L and ' = 27;1 ~v; were estimated using differences of
gradients near the initial point and kept fixed for all subsequent iterations. (This process was done so that
L and T were the same for both methods for each problem.) For “Stochastic SQP,” we set H = I for all k
for fairness of comparison with the (first-order) subgradient method. The other inputs for “Stochastic SQP”
were set as: 71 = 1, e = 1076, 0 =1/2, £ 1 =1, 0 = 10, and B = 1 for all k. “Stochastic Subgradient”
was run with a constant stepsize ﬁ for all k.

For each algorithm and each problem instance, we computed a resulting feasibility error and optimality
error as follows. If a run produced an iterate that was sufficiently feasible in the sense that ||ck|lec <
10~% max{1, ||co||oc } for some k, then, with the largest k corresponding to such a feasible iterate, the feasibility
error was reported as ||cx||o and the optimality error was reported as ||gx + J{ Yk || oo, Where yj was computed
as a least-squares multiplier using the true gradient g and Jg. (In this manner, the optimality error is not
based on a stochastic gradient; rather, it is a true measure of optimality corresponding to the iterate xy.)
On the other hand, if a run produced no sufficiently feasible iterate, then the feasibility error and optimality
error were computed in this manner at the least infeasible iterate during the run. The results are reported
in the form of box plots in Figure [3]

Finally, let us comment on the occurrence of the event . In all runs of “Stochastic SQP,” we found
that 7, < 777 held 100% of the time in the last 100 iterations. In fact, for the noise levels 1078, 1074,
1072, and 107!, this inequality held in 99.92%, 99.10%, 99.22%, and 99.65%, respectively, of all iterations.
This provides evidence that the theory offered under the event is relevant in practice.

5 Conclusion

We have presented, analyzed, and tested sequential quadratic optimization algorithms for solving smooth
nonlinear optimization problems with equality constraints. Our first algorithm is based on a state-of-the-art
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Figure 3: Box plots for feasibility errors (left) and optimality errors (right).

line-search SQP method, but employs a stepsize scheme based on (adaptively estimated) Lipschitz constants
in place of the line search. We have shown that this method has convergence guarantees that match those of
the state-of-the-art line-search SQP method, and our numerical experiments show that the algorithm is as
reliable as this state-of-the-art approach. Based on this proposed algorithm, our second algorithm is designed
to solve problems involving deterministic constraint functions, but a stochastic objective function. We have
proved that under good behavior of the merit function parameter, the algorithm possesses convergence
guarantees that match those of our deterministic algorithm in expectation. We have also argued that certain
poor behavior of the merit function parameter will only occur in extreme circumstances, and other poor
behavior only occurs with probability zero (and in any case can be safeguarded against). Our numerical
experiments show that our algorithm for the stochastic setting consistently and significantly outperforms a
(sub)gradient method employed to minimize a penalty function, which is an algorithm that represents the
current state-of-the-art in the context of stochastic constrained optimization.

One assumption required for our analysis is that the iterates remain in an open convex set over which the
objective and constraint functions and their derivatives remain bounded. This is not ideal in the context of a
stochastic algorithm, although it is more forgivable in a constrained setting than in an unconstrained setting
since the algorithm is designed to be driven to the deterministic feasible region. That being said, one could
loosen this assumption if one were to apply our algorithm with § = 0. Indeed, notice that in our analysis in
boundedness of {||gx||2} is primarily required in Lemma 28] but with § = 0 one finds directly that,
for k > kr¢,

ExlarTigy (dr, — di,)] = (%) TminEr gk (dx — di)] = 0.

Hence, our assumption about the boundedness of {||gx||2} is only needed when 6 > 0. We have proposed our
algorithm for this setting since it is the context of 8 > 0 that allows the stepsize scheme in our algorithm to
be adaptive, which has a significant benefit in terms of practical performance of the method.

References

[1] Ingrid Bongartz, Andrew R Conn, Nick Gould, and Ph L Toint. Cute: Constrained and unconstrained
testing environment. ACM Transactions on Mathematical Software (TOMS), 21(1):123-160, 1995.

[2] Léon Bottou, Frank E Curtis, and Jorge Nocedal. Optimization methods for large-scale machine learn-
ing. SIAM Review, 60(2):223-311, 2018.

[3] R. H. Byrd, M. E. Hribar, and J. Nocedal. An interior point algorithm for large-scale nonlinear pro-
gramming. STAM Journal on Optimization, 9(4):877-900, 1999.

28



[4]

Richard H. Byrd, Frank E. Curtis, and Jorge Nocedal. An Inexact SQP Method for Equality Constrained
Optimization. STAM Journal on Optimization, 19(1):351-369, 2008.

Richard H. Byrd, Frank E. Curtis, and Jorge Nocedal. An Inexact Newton Method for Nonconvex
Equality Constrained Optimization. Mathematical Programming, 122(2):273-299, 2010.

Richard H. Byrd, Jean Charles Gilbert, and Jorge Nocedal. A trust region method based on interior
point techniques for nonlinear programming. Mathematical Programming, 89(1):149-185, 2000.

Changan Chen, Frederick Tung, Naveen Vedula, and Greg Mori. Constraint-aware deep neural network
compression. In Proceedings of the European Conference on Computer Vision (ECCV), pages 400-415,
2018.

A. R. Conn, N. I. M. Gould, and Ph. L. Toint. LANCELOT: A Fortran package for large-scale nonlinear
optimization (Release A). Number 17 in Springer Series in Computational Mathematics. Springer Verlag,
Heidelberg, Berlin, New York, 1992.

R. Courant. Variational methods for the solution of problems of equilibrium and vibrations. Bull. Amer.
Math. Soc., 49(1):1-23, 01 1943.

Frank E. Curtis and Daniel P. Robinson. Exploiting Negative Curvature in Deterministic and Stochastic
Optimization. Mathematical Programming, Series B, 176(1):69-94, 2019.

Elizabeth D Dolan and Jorge J Moré. Benchmarking optimization software with performance profiles.
Mathematical programming, 91(2):201-213, 2002.

R. Fletcher. Practical Methods of Optimization. John Wiley and Sons, Chichester, UK, 2 edition, 1987.

Donald Goldfarb, Garud Iyengar, and Chaoxu Zhou. Linear convergence of stochastic Frank-Wolfe
variants. arXiv preprint arXiv:1703.07269, 2017.

S. P. Han. A Globally Convergent Method for Nonlinear Programming. Journal of Optimization Theory
and Applications, 22(3):297-309, 1977.

S. P. Han and O. L. Mangasarian. Exact Penalty Functions in Nonlinear Programming. Mathematical
Programming, 17:251-269, 1979.

Elad Hazan and Haipeng Luo. Variance-reduced and projection-free stochastic optimization. In Inter-
national Conference on Machine Learning, pages 1263-1271, 2016.

M. R. Hestenes. Multiplier and Gradient Methods. Journal of Optimization Theory and Applications,
4:303-320, 1969.

Soumava Kumar Roy, Zakaria Mhammedi, and Mehrtash Harandi. Geometry aware constrained opti-
mization techniques for deep learning. In Proceedings of the IEEE Conference on Computer Vision and
Pattern Recognition, pages 4460-4469, 2018.

Francesco Locatello, Alp Yurtsever, Olivier Fercoq, and Volkan Cevher. Stochastic Frank-Wolfe for
composite convex minimization. In Advances in Neural Information Processing Systems, pages 14269—
14279, 2019.

Haihao Lu and Robert M Freund. Generalized stochastic Frank-Wolfe algorithm with stochastic sub-
stitute gradient for structured convex optimization. Mathematical Programming, pages 1-33, 2020.

Yatin Nandwani, Abhishek Pathak, and Parag Singla. A primal-dual formulation for deep learning with
constraints. In Advances in Neural Information Processing Systems, pages 12157-12168, 2019.

29



[22]

Geoffrey Négiar, Gideon Dresdner, Alicia Tsai, Laurent ElI Ghaoui, Francesco Locatello, and
Fabian Pedregosa. Stochastic Frank-Wolfe for constrained finite-sum minimization. arXiv preprint
arXiv:2002.11860, 2020.

Yurii Nesterov. Introductory Lectures on Convex Optimization. Applied Optimization. Springer Sci-
ence+Business Media New York, 2004.

Jorge Nocedal and Stephen Wright. Numerical optimization. Springer Series in Operations Research
and Financial Engineering. Springer-Verlag New York, 2006.

M. J. D. Powell. A Method for Nonlinear Constraints in Minimization Problems. In R. Fletcher, editor,
Optimization, pages 283-298. Academic Press, London and New York, 1969.

M. J. D. Powell. A Fast Algorithm for Nonlinearly Constrained Optimization Calculations. In Numerical
Analysis, Lecture Notes in Mathematics, pages 144—157. Springer, Berlin, Heidelberg, 1978.

Sathya N Ravi, Tuan Dinh, Vishnu Suresh Lokhande, and Vikas Singh. Explicitly imposing constraints
in deep networks via conditional gradients gives improved generalization and faster convergence. In
Proceedings of the AAAI Conference on Artificial Intelligence, volume 33, pages 4772-4779, 2019.

Sashank J Reddi, Suvrit Sra, Barnabds Pdczos, and Alex Smola. Stochastic Frank-Wolfe methods for
nonconvex optimization. In 2016 5/th Annual Allerton Conference on Communication, Control, and

Computing (Allerton), pages 1244-1251. IEEE, 2016.

A. Shapiro, D. Dentcheva, and A. Ruszczynski. Lectures on Stochastic Programming: Modeling and
Theory. STAM, 2009.

Yung Liang Tong. The multivariate normal distribution. Springer Science & Business Media, 2012.

A. Waechter and L. T. Biegler. On the implementation of an interior-point filter line-search algorithm
for large-scale nonlinear programming. Mathematical Programming, 106:25-57, 2006.

R. B. Wilson. A Simplicial Algorithm for Concave Programming. Ph.D. Thesis, Graduate School of
Business Administration, Harvard University, Cambridge, MA, USA, 1963.

Mingrui Zhang, Zebang Shen, Aryan Mokhtari, Hamed Hassani, and Amin Karbasi. One sample stochas-
tic Frank-Wolfe. In International Conference on Artificial Intelligence and Statistics, pages 4012-4023,
2020.

30



	Introduction
	Contributions
	Notation
	Organization

	Deterministic Setting
	Merit Function
	Algorithm Preliminaries
	Algorithms
	Convergence Analysis

	Stochastic Setting
	Algorithm
	Convergence Analysis
	Constant, Sufficiently Small Merit Parameter
	Poor Merit Parameter Behavior


	Numerical Results
	Deterministic Setting
	Stochastic Setting

	Conclusion

