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ABSTRACT

Tom Streubel has observed that for functions in abs-normal form, generalized Tay-
lor expansions of arbitrary order d—1 can be generated by algorithmic piecewise
differentiation. Abs-normal form means that the real or vector valued function is
defined by an evaluation procedure that involves the absolute value function | - |
apart from arithmetic operations and d times continuously differentiable univariate
intrinsic functions. The additive terms in Streubel’s expansion are abs-polynomial,
i.e. involve neither divisions nor intrinsics. When and where no absolute values oc-
cur, Moore’s recurrences can be used to propagate univariate Taylor polynomials
through the evaluation procedure with a computational effort of O(d?), provided
all univariate intrinsics are defined as solutions of linear ODEs. This regularity as-
sumption holds for all standard intrinsics, but for irregular elementaries one has to
resort to Faa di Bruno’s formula, which has exponential complexity in d. As already
conjectured, we show that the Moore recurrences can be adapted for regular intrin-
cics to the abs-normal case. Finally, we observe that where the intrinsics are real
analytic the expansions can be extended to infinite series that converge absolutely
on spherical domains.

KEYWORDS
Nonsmooth Taylor polynomial/series; forward mode propagation; abs-normal form;
abs-linear form; absolute convergence; Moore recurrences; quadratic complexity.

1. Introduction and Notation

Over the last few decades there has been an increasing interest in nonsmooth analysis
and algorithmic design (see e.g. Clarke [3], Demyanov [5], Scholtes [26], Kummmer /K-
latte [18], Mordukhovich[21], and Schirotzek[25] to name just a few). Fortunately, prac-
tically all nonsmooth functions arising in applications are actually piecewise smooth,
and in very many cases the nonsmoothness can be cast in terms of the absolute value
function, which immediately includes min, max and the positive part function pos. In
other words the vector function f : x € D C R®™ — y € R™ in question is evaluated
by a sequence of assignments or instructions

vi=wvjouv, or v =g;(v;) for i=1...¢.
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Here o € {4, —, %} is a polynomial arithmetic operation and
vi € & = {c, rec, sqrt, sin, cos, exp, log, ..., abs, ...}

a univariate function. The symbol ¢ € R represents initialization to a constant, and to
simplify the notation we interpret the division as a reciprocal rec(u) = 1/u, followed
by a multiplication. Later on we will distinguish four types of instructions: initializa-
tion and addition or subtraction, multiplication, smooth nonlinear intrinsics, and the
absolute value function. Adopting the notation from [I3] we partition the sequence of
scalar variables v; into the vector triple

(xaz7y) = (’Ul_n,---,U_l,'UO,---,Ulfm,vlferl,...,Ul) € Rn+l

such that z € R"™ is the vector of independent, y € R™ the vector of dependent
variables, and z € R/~ the (internal) vector of intermediates.

Some of the elemental functions like the reciprocal, the square root and the logarithm
are not globally defined. Hence, we will assume throughout this paper that all elemen-
tals are evaluated in the interior of their domain of definition, where they are d < oo
times continuously differentiable. In other words we will assume that the input vari-
ables z are restricted to an open domain D C R" such that all resulting intermediate
values v; = v;(x) are well defined for x € D. The resulting function y = f(z) will then
be called abs-normal and their set will be denoted by C%, (D). This set naturally forms
a linear space over the reals and was apparently first considered in [§] in the context
of algorithmic directional differentiation. Our main result is still valid if we relax the
assumption of d times continuous differentiability to local Lipschitz-continuity of the
d-1st derivative.

The subspace of functions that are continuous and piecewise polynomial with maximal
degree d on each subdomain will be denoted by

Ph(D) C €& (D).

It follows from the min—max representation in Scholtes [26] that P) (D) is in fact
the space of all continuous piecewise linear functions, whose domain can be extended
without loss of generality to all of R = D. For d > 1 it is not clear at the moment
whether the abs-polynomial space P;lbs(D) contains all continuous functions that are
piecewise polynomial or whether it is just a subset of those. Of course evaluating a
function in abs-polynomial form is much easier than a piecewise polynomial function
defined by a set of polynomially constraint sub domains and a polynomial selection
function on each of them. In the third section of this note we will allow the possibility
d = 0o so that we are dealing with numerical series that resemble power series with
respect to the implicit variable Ax.

In [9] it was shown in the style of forward automatic or algorithmic differentiation
[24], [13] that the evaluation procedure defined above can be extended to yield at any
reference point & € D a piecewise linear function Alf(i#; Ax) which approximates the
difference f(2 + Ax) — f(&) up to a term of O(||Ax||?). This local piecewise linear
model can be used for optimization [I4], [17], [7], [6], [15], [16],[30], [19], [4], equation
solving [12], [10], [27], [23], [22], [2] and other numerical tasks [11], [1], [29].



The salient point of piecewise linearization is that the resulting subdomains of linear-
ity are polyhedral and that the combinatorial aspect of dealing with such a polyhedral
decomposition is in principle a matter of finite linear algebra. The generalization pro-
posed in [28] and discussed here yields semi-algebraic subdomains and functions, which
are much harder to deal with, whether and when this effort pays off remains to be
seen. Applications to ODE and DAE solving are studied in [28] but are not specifically
addressed here.

2. Finite abs-polynomial expansion

In this section assume that d < oo, so that the intrinsics are only required to be
finitely often differentiable. Given a fixed reference point # and a variable increment
Ax € D — & we look for component functions

AY(i;Az) € PA(D—2) for 0<d<d (1)
such that
d—1
fl@+Ax) = > APf(#A2) + O(|Az|?) for 0<d<d. (2)
p=0

From the above relation it follows immediately by subtraction that we must have
AU (i Az) = O(|Az||Y) for 0<d<d, (3)

which means that the A% (&; Az) have both the degree and the order d.

In the article [28] the formula is called a generalized Taylor expansion. We have
refrained from doing this for the following reasons. In the last few decades it has been
recognized that power series of trigonometric functions and their inverses were de-
scribed in the Kerala school of mathematics hundreds of years before the European
development of calculus. Charles M. Wish, an English civil servant in the Madras
Establishment of the East India Company, published in 1834 the article [31] demon-
strating some amazing achievements of the Kerala school of mathematics in the 13-th
and 14-th century. This went practically unnoticed by the mathematical community
until about the turn of the century or should we say millenium.

Some modern authors notice critically that the Indian approach was not founded in
an abstract theory of limits and ignored the inverse relation between differentiation
and integration via the fundamental theorem of calculus. However, in some sense al-
gorithmic or automatic differentiation and the piecewise smooth extension considered
here follows the more algorithmic Indian tradition in that typically only the Taylor
coefficients of the standard intrinsics enter into the calculation and the fundamen-
tal theorem does not need to be invoked. So one might in fact consider calling the
expansions here finite and infinite Kerala series.

The remainder of this note consists essentially in the proof that is true with suitable
component functions satisfying . Of course, this will be done by induction on the
the degree 0 < d and the instruction counter ¢ =1...1[.



In other words we will show that foralli=1—n...fand0<d<d

d—1
vi(d + Az)—O(|Az(|!) = 0 V(& Ax) = Y APv;(d; Ax) (4)
=0
where also "
Phe(D—2) > APvi(i;Az) = O(]|Az|P). (5)

Since & and mostly also Az are constant throughout the remainder of the paper we
will omit them frequently as arguments of the component functions A%wv; as well as
O%v;. Notice that the increment Az is not a direction and that A%;(i; Ax) is generally
not homogeneous with respect to even positive scaling.

Initialization and Addition/Subtraction
For all # < 0 the principal relationship is satisfied with
A; = &py, Alvi=Az,.; and Ay =0 for 1<j<d,

where Z,1; and Ax,,; denote the i-th component of the reference vector z and the
increment Ax, respectively. Clearly all these component functions are contained in the
spaces of constant or piecewise linear functions such that holds. For any constant
initialization v; = ¢ we set accordingly

A%; =c and A%; =0 for 0<d<d.

Here and throughout we use the identity AY%; = v;(#) for the intermediate variables
themselves. Now, when v; = vj o vy, with o € {4+, —} we get the linear recursions

Ay, = Advj oAy, for 0<d<d,

which obviously maintain the relations and it can be easily checked by the triangle
inequality that is also satisfied.

The product rule

A little harder is the proof for the product relation v; = v; - vi, where we set

d
Advi(Ax) = ZApvj APy for 0<d<d. (6)
p=0

Since the degree and the order a products of piecewise polynomial functions is the sum
of the degrees and orders of its factors, respectively, we find that both are bounded by d
for each summand on the right so that is certainly maintained. The approximation
property is obtained as follows.



Lemma 2.1.

The definition (6]) ensures that holds for v;(z) if it holds for vj(z) and vg(x).

Proof Abbreviation as usual v = v;,u = vj, w = v and omitting the common argu-
ment Az we find that for 0 < d <d

d—1 d—1
v(T + Az) — ZAPU u(z + Azx) -w(z + Az) — Y APv
p=0 p=0
[d—1 d—1
APy + O(||Az]|?) APy + O(||Az|Y) ZAPU
_p:O p=0
[d—1 d—1 d—1
APyl |y AT | =" APy 4+ O(]| Az||?)
| p=0 q=0 p=0
= APy - Aw + O(|| Az[|?) = O(||Az||)
ptq=>d

where we have used for the last order equality. ged

The absolute value rule

The really new aspect algorithmic piecewise differentiation is the admission of the
absolute value function v; = abs(v;) = |v;| where abbreviating v; = v and v; = u we
set ford=0...d—1

Ay =

d d—1
ZAPU - ZAPU (7)
p=0 p=0
= ‘Qdu’ — ‘(}du - Adu‘ (8)
= A% (2 Oy du)/ <’<>du‘ + ‘O(d_l)u’) . (9)

Here the partial accumulations ¢(@ are defined in and the last equality follows by
some elementary manipulations. The components A% inherit the right degree d from
the APy for p < d and applying the inverse trlangle inequality to ( . we see hat they
have the same order since |A%| < |A%| = O(||Az||?) by induction. The reformulation
@D is more stable as it avoids cancelation errors. Finally, we obtain by induction
on d as

d—1
v(d 4 Az) — ZA% = |u(@+Az)[ =) APy
p=0
d—1 d—2
= Do Arul+O(|Az|?) = Y APy — ATy = O(||Az||)
p=0 p=0




where we have used . ) with d replaced by d — 1 for the last equality. For d = 1 the
relation follows from A% = v(#) and the directly inherited Lipschitz continuity of
v(z 4+ Az) wr.t. Ax.

The nonlinear intrinsic rule

Thus we are left with the task to prove for the case v = v; = p(u) with u = v;
where ¢ is d times continuously differentiable near the point % = v;(%). Naturally we
assume by induction on ¢ that

d—1
u(d + Az) — O(|Az||!) =Y APu =i+ O(|Az|) for 0<d<d. (10)
p=0

With ¢, for 0 < ¢ < d the Taylor coefficient of ¢ at w it follows using the Lipschitz
continuity of ¢ that for any 0 < d < d

v(E + Ax) = O(|Azl)? = p(u(@ + Az)) — O([|Az]|)?

_ (p(dzfﬂu) — ¢<a+diwu>

p=0 p=1
= U+Z¢Q(ZAPU> + O(]|Az|)? (11)
d—1
= A%+ O([|Az])? (12)
q=0

The components Av for 0 < ¢ < d are obtained by collecting all products that have
the same degree ¢ in the expansion of . The finitely many higher order products
can be incorporated into the residual term O(||Az||)?. The resulting expressions for
the A% in terms of the APu and the ¢, are called the Faa di Bruno formulas [20]. For
a more or less explicit expression of the these formulas see [28]. They were originally
obtained on the basis of the smooth univariate Taylor expansion

d—1 d—1
¢<thApu> = thAqv +0(th (13)

p=0 q=0

where Az is considered constant. By differentiating this relation with respect to the
parameter ¢ and using the fact that ¢ solves a rational ODE one can obtain recurrences
for the A% in terms of the APy with p < ¢ that have only quadratic complexity in d
as follows.



Moore recurrences

More specifically, suppose that ¢(u) satisfies for v in the interior of its domain the

rational scalar ODE
b(u) ' (u) — a(u) p(u) = c(u) (14)

Here, the component functions b(u), a(u), and ¢(u) are supposed to be “known” i.e.,
expressible in terms of the absolute value, arithmetic operations and intrinsic functions
whose abs-linear expansion can already be computed. In the cases of main interest the
triples (a(u),b(u), c(u)) are extremely simple, for example we have (0,u, 1) for log(u),
(1,1,0) for exp(u), and (r,u,0) for v" with 0 < r € R. In other words, for any fixed
increment Az we can easily determine the abs-polynomial components a, = APa(Ax),

b, = APb(Ax), and ¢, = APc(Ax) from the scaled components APu(Ax). Then we
may utilize the following proposition from [I3]

Proposition 2.2 (TAYLOR PROPAGATION FOR ODE SOLUTIONS).
Provided by = b(ug) # 0 we have for 4, = pAPu(Az) and v, = pAPv(Ax)

q q—1

~ 1 B ~ B 3 B

Vg = i [Z(Cq—p + eqp)ij — qu_pvp] for ¢g=1...d—1,
p=1 p=1

where

q
eq = dev(q_p)v(Ax) for ¢q=0...d—1,
=0

where all component functions have exactly the degree and order indicated by their sub-
or superscript.

The final assertion is not part of the original theorem but can be easily verified so
that the resulting components A%;(Ax) = §4/d for 0 < d < d satisfy indeed the
requirement and of course by also the approximation property . Note that
A%, (Az) = 0; = ¢(?;) is directly available.

Summary of abs-polynomial Taylor expansion

In this main section we have shown by induction that any abs-normal function
f e Cgbs(D) can be expanded into a finite sum of d < d abs-polynomial compo-
nents AP f(i; Az) for p = 0...d — 1 with an approximation error of O(||Az[|%). The
abs-polynomial components AP f(z; Ax) have both degree and order p. The right hand
side of will only be a useful approximation to the left hand side if the order terms
are sufficiently small, i.e. for £ + Az belonging to a small ball centered at the reference
point & and contained in the domain D where f is continuously defined.



3. The abs-polynomial series

In this final brief section we note that provided all intrinsics are real analytic we can set
d = 00, so that the abs-polynomial expansions become numerical series that converge
absolutely and represent f(z + Az) exactly for Az inside a certain ball.

Proposition 3.1 (Series expansion).
If all intrinsics v; = p(v;) are real analytic near their respective arguments v; so that
f €CX.(D) there exist a positive radius p € (0,00] such that

abs
flE+Ax) =Y AU Ax) if Az <p, (15)
d=0

where now for all integer d > 0

PL(D—%) > Alf(i;Az) = O(|Az||?) . (16)

abs

Proof To show this we proceed again by induction on the instruction index . For
the independent variables v; = x,; the expansions are finite so certainly absolutely
convergent with pg = co. For linear operations and the multiplication between some
vj and v we get the minimal convergence radius p; = min(p;, pr) > 0. The latter
follows from the fact that the Cauchy product of absolutely convergent series is also
absolutely convergent to the correct limit. For the absolute value operation v; = |v;| we
find that simply p; = p;. Now let us consider finally a univariate intrinsic v; = ¢(v;).
Provided ¢ is real analytic near v; it has a positive convergence radius r > 0. Then
we we can restrict ||Az|| < p; < p; such that |vj(z + Az) — 0| = O(||Az||) < r and
the series for v;(z + Ax) is absolutely convergent. Consequently for d = oo the series
on the right hand side of is absolutely convergent and can by Fubini’s principle
be bracketed to yield the abs-polynomial series expansion of v;(z + Az). Thus we can
set p=min(p; : £ —m < i < /) to complete the proof. ged

Example 3.2. We first illustrate the result in one dimension for
vi(z) = sin(z) and f(x) = max(0,sin(x)) at z=0.

The the corresponding abs-linear expansions are given by

- _ 1 3 (=1 2d+1
vy = sin(Az) = () + Az + 0 — §(Az)” +... + er (Ax) +...
=v =AY (Az) =A2v;(Ax) = A%, (A) EA2d+v1’U1(A$)
v = |n|=_0 + |Az|] + 0 +‘Aaz—%(A:p)3}—|A:ﬂ|—l— 0 +...
=02 — Alpy(Az) = A205(Ax) = ASu,(Ax) = Atvy(Ax)

~
Il

”

S +w2) =0+ 3(Az + |Az])+ 0+ (|Az — F(A2)®| — |Az| — $(Az)®) +
—_—

=Alf(Ax) =A% f(Ax)

where we have used throughout the positive part representation max(0,v) = % (v+|v]).



— f=sin /

- OW f(z;2) /
— 0O f(asx)
— 09 fl#;x)

— U8 f ()

T T T T T T T T
—10.0 -7.5 —5.0 -2.5 0.0 2.5 5.0 7.5 10.0

f=max(0, sin(x))
OW (s x)
OB fla; )
O fla; z)

QU3 f (3 2)

BN

T T T T T T T T
—10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0

Figure 1. Abs-polynomial approximations of Example with Az = (z,y).

As one can see in Fig. |3.2| we get for the first intermediate variable vi(x) = sin(z)
just the Taylor polynomials, which oscillate rather widely as one moves away from the
reference point. A similar effect occurs for the positive part function applied to the sine.
It is worth noting that the third abs-polynomial component A3 f, though in agreement
with of degree and order 3, is not just a combination of cubic monomials with
or without absolute values. While this holds in general, we have in this special case
O?max(0,sin(r)) = max(0, O¢sin(x)) so that the d—th abs-polynomial expansion is
simply obtained by replacing sin(x) with its d—th Taylor expansion and then applying
the positive part function. That is no longer the case when there are several nonlinear
elemental functions that superimpose each other like in the last example [3| below.

Example 3.3. Secondly, we illustrate the result on the bivariate nonsmooth function

y = f(xo,21) = lexp(zo) — |z1|| at & =(0,1)



We list first the intermediate variables vy, vo, v3 and last the dependent f = vy.

= =1+ A + (Az0)® + H(Am)® +... 4+ H(Az)t ...
vy exp(zo) - o) 5(Azo) (Axo) g1 (Axg)
St =AW (Azo) = A2y (Aze) =A% (Ax) = Ady; (Axg)
ve = |m|=_1 +(14+Az1|-1)+0...0...
=b =Alvy(Axy)
vy = v —vg=Axg—|1+ Az + 1+ %(Al‘g)2 + %(Amo)g +...+ %(Amo)d
—_— ~—— —_——
= Alvy(Ax) =A2%v3(Az)  =A3vz(Ax) = Advs(Ax)
f = Jvs|=|Azg — [1+ Azy| + 1|+ |Azg — [1 + Azy| + 1+ F(Amg)*| — Al f(Ax)
=A'f(Azx) =A2f(Ax)
+|Azg — |1+ Azq| + 1+ L(Azo)? + §(Amp)?| — A’ f(Az) +...+
EA;fr(Az)

Note that v9 =0 = f so that these two terms could be omitted. All series are globally
convergent so that Proposition 3.2 applies in fact with p = co. As one can see the
abs-polynomial components A?f(&; Az) have the right degree and order. Moreover,
they are telescoping so that we obtain exactly the finite expansions

IS

-1
1
ol

f& + Az) = |Azg—|1 + Az + 1+ (Az)?| + O([|Az||?)

i
o

=0V f(&;Ax)

It should be noted that unless an absolute value v(z + Azx) = |u(z + Ax)| is zero and
thus also its argument u(z + Ax) vanishes, the partial sums of latter’s absolutely con-
vergent series will have eventually all the same sign s so that 6%(&; Az) = s-0%(&; Ax)
for all large d. In that way an extra calculation effort and potential numerical cance-
lation can be avoided. Graphic representations of the successive approximations are
given in Fig. 1. As one can see they converge more or less monotonically right form
the start reflecting the essential features in the domain considered. On the following
second example one has to take many more terms.

Example 3.4.

y = f(x1,22) = sin(|x; —exp(|ze — 2z1])]) at = =(1,1)

As one can see in Fig. [3] the combination of the exponential and the sine generate
rather large abs-polynomial terms, which have to be cut off to yield informative plots.
Only the approximations of order above 40 reproduce the original features reasonably
faithfully as one can see in Fig. [3| It is remarkable that in all examples the expansion
can see across several kinks to approximate function values on the other side. This
is of course impossible for a classical Taylor expansion, which has only information
about the smooth piece containing the development point. For the abs-polynomial
expansion the development point can be located on none or several kinks.
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Figure 3. Abs-polynomial approximations of Example with Az = (z,y).

Of course our examples are somewhat special and since the exponential and sine are
entire functions the abs-polynomial series converge globally with p = co. One may
wonder whether and when it is really useful to compute the abs-polynomial compo-
nents. In general, one certainly would not want to determine their algebraic form, but
only evaluate them at a given increment Ax using the recurrences described in Section
2. Essentially, this is also true in the smooth case where we simply obtain a multi-
dimensional Taylor expansion. Then the component functions A?f are homogeneous
higher order polynomials, which are numerically only slightly easier to deal with than
general real analytic nonlinear functions. It is not clear whether and when the fact
that they are scaled derivatives makes a real difference to their usability.

4. Summary and Conclusion

We have extended the result of [2§] to infinite series and shown that for ODE based
intrinsics the Moore recurrences are still applicable. Overall we have the somewhat
surprising observation that not only smooth but also many or even most piecewise
smooth functions can be expanded as absolutely convergent sums of component func-
tions with increasing degree and order at a given reference point in their domain of
continuity. Applications of these abs-polynomial expansions remain to be investigated.
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