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Abstract: We propose two Newton-type methods for solving (possibly) nonconvex unconstrained
multiobjective optimization problems. The first is directly inspired by the Newton method de-
signed to solve convex problems, whereas the second uses second-order information of the objective
functions with ingredients of the steepest descent method. One of the key points of our approaches
is to impose some safeguard strategies on the search directions. These strategies are associated
to the conditions that prevent, at each iteration, the search direction to be too close to orthog-
onality with the multiobjective steepest descent direction and require a proportionality between
the lengths of such directions. In order to fulfill the demanded safeguard conditions on the search
directions of Newton-type methods, we adopt the technique in which the Hessians are modified, if
necessary, by adding multiples of the identity. For our first Newton-type method, it is also shown
that, under convexity assumptions, the local superlinear rate of convergence (or quadratic, in the
case where the Hessians of the objectives are Lipschitz continuous) to a local efficient point of the
given problem is recovered. The global convergences of the aforementioned methods are based,
first, on presenting and establishing the global convergence of a general algorithm and, then,
showing that the new methods fall in this general algorithm. Numerical experiments illustrating
the practical advantages of the proposed Newton-type schemes are presented.
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1 Introduction

Multiobjective optimization is concerned with problems in which some objective functions have
to be minimized simultaneously. In proper problems of this setting, the objective functions are
conflicting, meaning that no single point minimizes all objectives at once. Hence, the concept of
optimality has to be replaced by the concept of Pareto optimality or efficiency. A point is called
Pareto optimal if there does not exist a different point with smaller or equal objective function
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values, such that there is a decrease in at least one objective. In other words, it is impossible to
improve one objective without going worse in another.

In the last two decades, the extension of numerical methods of scalar-valued to multiobjective-
valued optimization has been the subject of intense research. Examples of methods in this
direction include: steepest descent [13,19], conditional gradient [3], Newton [12,41], quasi-Newton
[2, 35], conjugate gradient [16, 27], projected gradient [14, 17], and proximal methods [5]. As
main characteristics, these methods are based on some convergence theory and do not transform
the problem at hand into a parameterized scalar problem and then solve it, being attractive
alternatives to scalarization [15] and heuristic approaches [24]. Usually, in practical problems,
there exists a (possibly infinite) number of Pareto optimal points which, at first, are considered
equally good. In order to allow the decision maker to carry out the best (subjective) choice, it is
important to formulate methods capable of finding a representative set of the Pareto frontier or,
equivalently, of all efficient points. To estimate the Pareto frontier of a multiobjective optimization
problem, a multi-start strategy is often adopted: we run the algorithm from several different
starting points and collect the efficient points found. Therefore, in view of this application, the
property of global convergence is highly desirable.

The Newton method for multiobjective optimization was originally proposed in [12]. In the
latter reference, using convexity assumptions on the objective functions, the authors showed
that the main characteristics of the scalar Newton method are preserved, i.e., the method is
capable of achieving local superlinear convergence rate (or quadratic, in the case where the
Hessians of the objective functions are Lipschitz continuous) to Pareto optimal points. Such
convexity assumptions are necessary to ensure that the Hessians of the objective functions are
positive definite and hence that the search directions of the Newton method are well defined and
yield descent. In [41], under similar assumptions, the authors studied the Newton method using
the majorizing function technique. These works substantially cover the convergence theory of
the Newton method for convex multiobjective problems. However, its applicability to general
multiobjective problems remains open. Therefore, the main intent of the present work is to fill
this open research topic, i.e., to propose and study globally convergent Newton-type methods for
solving (possibly) nonconvex multiobjective optimization problems.

Let us now recall the limitations of the Newton-type methods when applied to nonconvex
scalar problems. In [30], by means of examples, it was shown that the Newton method can diverge
when applied to an unconstrained scalar-valued problem with the following characteristics: the
objective function is strongly convex along each search direction (although it is not by itself), the
level sets of the objective functions are compact, and the line searches are exact. Similar results
related to the quasi-Newton BFGS method were obtained in [7,8,29,30]. These remarkable works
show that some safeguard strategies must be imposed on the directions of Newton-type methods
to obtain global convergence in the nonconvex case. A well-known safeguard strategy in the
scalar setting imposes two conditions on the search directions, see [4]. The primary condition
requires that the search directions are never too close to orthogonality with the gradient of the
objective function. In other words, the angle between each search direction and the steepest
descent direction must be less than and bounded away from π/2. While the second condition
demands that the length of a search direction should be proportional to the length of the gradient
of the objective function. Here, we propose a corresponding safeguard strategy for multiojective
optimization problems which, in particular, prevents, at each iteration, the search direction and
the multiobjective steepest descent direction from becoming almost orthogonal and requires a
proportionality between the lengths of such directions. Mimicking the scalar case (see [4]), the
proposed safeguard strategy, combined with a nonmonotone Armijo-like line search, generates
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globally convergent methods for nonconvex multiobjective optimization problems. Nonmonotone
line searches algorithms in the multiobjective setting were previously considered, for example,
in [11,32,37].

We propose two Newton-type methods that deal with nonconvex multiobjective problems.
The first one (called, Newton method with safeguarded directions) is directly inspired by the New-
ton method designed to solve convex problems [12]. We adopt, based on the scalar case, the
technique in which the Hessians of the objective functions are modified, if necessary, by adding
multiples of the identity to make them positive definite and to ensure that the corresponding
search directions satisfy the proposed safeguard strategy. Under local convexity assumptions, we
prove that the proposed scheme with suitable algorithmic parameters is reduced to the algorithm
of [12], enjoying its local convergence properties. This means that we obtain a globally conver-
gent version of the Newton method and that, under suitable conditions, the rate of convergence
is superlinear (or quadratic, in the case where the Hessians of the objectives are Lipschitz con-
tinuous). A possible drawback of this method is the need to guarantee the positiveness of the
Hessians approximations of all objective functions. In principle, this makes the computational
cost of an iteration proportional to the number of objectives. Thus, we propose a second method
(called, Newton-Gradient algorithm with safeguarded directions) that requires the positiveness of
only one matrix per iteration. The latter fact turns this second method an attractive alternative
to deal with problems that have many objectives. As the name suggests, this method uses second-
order information of the objective functions with ingredients of the steepest descent method [13].
Similarly to the first method, we also use the technique of modifying the Hessians of the objective
functions, if necessary, in order to fulfill the requirements on the search directions. The global
convergence analyses of the aforementioned Newton-type methods are based, first, on presenting
and establishing the global convergence of a general algorithm and, then, showing that the new
methods fall in this general algorithm. Numerical experiments illustrating the effectiveness of the
introduced globalization techniques are presented and comparisons of the proposed Newton-type
methods with the classic Newton and steepest descent methods are provided.

This paper is organized as follows. Section 2 presents the problem of interest in this paper as
well as some definitions and basic results. Section 3 introduces a general algorithm for solving
multiobjective optimization problems and presents its global convergence. The search directions
for this algorithm are deliberately left open, we only require that they satisfy some safeguard
conditions. Section 4 presents and analyzes two proposed Newton-type methods. In particular,
it is shown that the methods fit the general algorithm of section 3 and, as a consequence, their
global convergences are obtained. We also discuss some aspects with respect to local convergence
properties. Numerical experiments are presented in section 5 and some final remarks are provided
in section 6.

2 Preliminaries

Denote by R, R+, and R++ the set of real numbers, the set of nonnegative real numbers, and
the set of positive real numbers, respectively. Moreover, Rn and Rn×p stand for the set of n
dimensional real column vectors and the set of n× p real matrices, respectively. Given two
matrices A,B ∈ Rn×n, A � B means that B − A is positive semidefinite. For any vectors
x, y ∈ Rn, 〈x, y〉 denotes their usual inner product and ‖x‖ :=

√
〈x, x〉 denotes the Euclidean

norm of x. We denote by B[x, δ] the closed ball of radius δ with center x ∈ Rn. The cardinality
of a set C is denoted by |C|. If K = {k1, k2, . . .} ⊆ N, with kj < kj+1 for all j ∈ N, then we
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denote K ⊂
∞
N.

In this paper, we are interested in the following unconstrained multiobjective optimization
problem:

min
x∈Rn

F (x), (1)

where F : Rn → Rm is twice continuously differentiable. In the multiobjective optimization
setting, the concept of optimality is replaced by the concept of Pareto-optimality or efficiency.
A point x∗ ∈ Rn is called Pareto optimal or efficient if and only if there is no x ∈ Rn such that
F (x) ≤ F (x∗) and F (x) 6= F (x∗), where the inequality sign ≤ between vectors is to be understood
in a componentwise sense. In its turn, a point x∗ ∈ Rn is called weakly Pareto optimal or weakly
efficient if and only if there is no x ∈ Rn such that F (x) < F (x∗). It is said that x∗ ∈ Rn is a
local Pareto optimal (resp. local weak Pareto optimal) if there exists a neighborhood V ⊂ Rn of
x∗ such that the point x∗ is Pareto optimal (resp. weak Pareto optimal) for F restricted to V .
A necessary condition for local Pareto-optimality of x∗ ∈ Rn is

−(Rm++) ∩ Image(JF (x∗)) = ∅, (2)

where JF (x) ∈ Rm×n denotes the Jacobian of F at x and Image(JF (x)) is the image set of JF (x).
A point x∗ ∈ Rn that satisfies condition (2) is called Pareto critical or stationary. Therefore, if x
is not Pareto critical, there exists v ∈ Rn such that JF (x)v ∈ −(Rm++). Every such vector v is a
descent direction for F at x, i.e., there exists ε > 0 such that F (x+ tv) < F (x) for any t ∈]0, ε],
see [26]. Given x, y ∈ Rn, it is said that x dominates y when F (y) − F (x) ∈ Rm+\{0}. The
function F : Rn → Rm is said to be convex (resp. strongly convex) if its components Fj : Rn → R
are convex (resp. strongly convex), for all j = 1, . . . ,m.

Define f : Rn × Rn → R by

f(x, d) := max
j=1,...,m

〈∇Fj(x), d〉. (3)

Function f gives a characterization of descent directions of F at x, because d is a descent direction
for F at x if and only if f(x, d) < 0, see [13, 19]. The following result gives some other useful
properties of f .

Lemma 1. Let F : Rn → Rm be a continuously differentiable function and consider f : Rn×Rn →
R as in (3). Then, the following statements hold:

(a) for any x ∈ Rn and α ≥ 0, we have f(x, αd) = αf(x, d);

(b) the mapping (x, d) 7→ f(x, d) is continuous.

Proof. Item (a) follows trivially from the definition of f in (3) and, for the proof of item (b),
see [19].

We next recall the extensions of the steepest descent and the Newton-type directions for
multiobjective optimization. We refer to [12,13,18,19,35,39] for further reading on these subjects.

2.1 The Multiobjective Steepest Descent Direction

For a given point x ∈ Rn, consider the scalar-valued problem:

min
d∈Rn

f(x, d) +
1

2
‖d‖2. (4)
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Since f(x, ·) is a real closed convex function, it follows that (4) has always a unique optimal
solution. Denote by dSD(x) the solution of (4) and by θSD(x) its optimal value, i.e.,

dSD(x) := arg min

{
f(x, d) +

‖d‖2

2
| d ∈ Rn

}
, (5)

and

θSD(x) := f(x, dSD(x)) +
1

2
‖dSD(x)‖2. (6)

Direction dSD(x) extends the notion of the steepest descent direction to the multiobjective op-
timization case. Note that in the single-objective minimization case where F : Rn → R, we
obtain f(x, d) = 〈∇F (x), d〉, dSD(x) = −∇F (x) and θSD(x) = −‖∇F (x)‖2/2. As is well-known,
the direction dSD(x) and the optimum value θSD(x) can be used, in particular, to characterize
stationary points of (1).
Lemma 2. Let dSD : Rn → Rn and θSD : Rn → R be given by (5) and (6), respectively. Then,
we have:

(a) if x is Pareto critical, then dSD(x) = 0 and θSD(x) = 0;

(b) if x is not Pareto critical, then dSD(x) 6= 0, θSD(x) < 0, f(x, dSD(x)) < −(1/2)‖dSD(x)‖2 <
0, and dSD(x) is a descent direction for F at x;

(c) the mappings dSD(·) and θSD(·) are continuous.

Proof. See [19, Lemma 3.3].

Problem (4) can be reformulated as

min
(t,d)∈R×Rn

t+
1

2
‖d‖2

s. t. 〈∇Fj(x), d〉 ≤ t, ∀j = 1, . . . ,m,
(7)

which is a convex quadratic problem with linear inequality constraints. Since problem (7) has
a unique solution (f(x, dSD(x)), dSD(x)) and its constraints are linear, there exists a multiplier
λSD(x) ∈ Rm such that the triple (t, d, λ) := (f(x, dSD(x)), dSD(x), λSD(x)) ∈ R × Rn × Rm
satisfies the Karush-Kuhn-Tucker conditions of problem (7) given by:

m∑
j=1

λj
[
∇Fj(x) + d

]
= 0,

m∑
j=1

λj = 1,

λj ≥ 0, 〈∇Fj(x), d〉 ≤ t, λj
[
〈∇Fj(x), d〉 − t

]
= 0, ∀j = 1, . . . ,m.

Therefore, in particular, we have

dSD(x) = −
m∑
j=1

λSDj (x)∇Fj(x), (8)

m∑
j=1

λSDj (x) = 1, λSDj (x) ≥ 0, ∀j = 1, . . . ,m, (9)

5



θSD(x) = −1

2
‖dSD(x)‖2, (10)

and
f(x, dSD(x)) = −‖dSD(x)‖2. (11)

We end this section by stating a useful result whose proof can be found in [39, Corollary 2.3].

Lemma 3. For any x ∈ Rn, −dSD(x) is the minimal norm element of the setu ∈ Rn | u =
m∑
j=1

λj∇Fj(x),
m∑
j=1

λj = 1, λj ≥ 0 for all j = 1, . . . ,m

 ,

i.e., in the convex hull of {∇F1(x), . . . ,∇Fm(x)}.

2.2 The Multiobjective Newton-type Direction

For a given point x ∈ Rn, let Bj(x) be some approximation of ∇2Fj(x), j = 1, . . . ,m. Assume
that Bj(x), j = 1, . . . ,m, is a positive definite matrix and consider the scalar-valued problem:

min
d∈Rn

max
j=1,...,m

〈∇Fj(x), d〉+
1

2
〈Bj(x)d, d〉. (12)

Since the objective function of (12) is strongly convex, this problem always has a unique solution.
The Newton-type direction dN (x) is defined to be the solution of problem (12) and its optimum
value will be denoted by θN (x), i.e.,

dN (x) := argmin
d∈Rn

max
j=1,...,m

〈∇Fj(x), d〉+
1

2
〈Bj(x)d, d〉, (13)

and

θN (x) := max
j=1,...,m

〈∇Fj(x), dN (x)〉+
1

2
〈Bj(x)dN (x), dN (x)〉. (14)

Direction dN (x) and the optimum value θN (x) can also be used to characterize Pareto critical
points of problem (1), as stated in the next lemma.
Lemma 4. Let dN : Rn → Rn and θN : Rn → R given by (13) and (14), respectively. Then, we
have:

(a) if x is Pareto critical, then dN (x) = 0 and θN (x) = 0;

(b) if x is not Pareto critical, then dN (x) 6= 0, f(x, dN (x)) < θN (x) < 0, and dN (x) is a descent
direction for F at x;

(c) the mapping θN (·) is continuous.

Proof. The proof follows the same ideas of the ones in [12, Lemma 3.2] and [18, Proposition 4.1]
by replacing the ∇2Fj(x) by Bj(x) for every j = 1, . . . ,m. See also [35, Lemma 2].

Problem (13) is equivalent to

min
(t,d)∈R×Rn

t

s. t. 〈∇Fj(x), d〉+
1

2
〈Bj(x)d, d〉 ≤ t, ∀j = 1, . . . ,m,

(15)
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which is a smooth optimization problem with linear objective function and quadratic constraints.
The unique solution of (15) is (t, d) := (θN (x), dN (x)). Moreover, this problem is convex and
has a Slater point (for example, (1, 0) ∈ R × Rn). Thus, it follows that there exists a multiplier
λN (x) ∈ Rm such that the triple (t, d, λ) := (θN (x), dN (x), λN (x)) ∈ R × Rn × Rm satisfies the
Karush-Kuhn-Tucker conditions of (15) given by:

m∑
j=1

λj = 1,
m∑
j=1

λj
[
∇Fj(x) +Bj(x)d

]
= 0,

and, for all j = 1, . . . ,m,

λj ≥ 0, 〈∇Fj(x), d〉+
1

2
〈Bj(x)d, d〉 ≤ t, λj

[
〈∇Fj(x), d〉+

1

2
〈Bj(x)d, d〉 − t

]
= 0.

Hence, we obtain

dN (x) = −

 m∑
j=1

λNj (x)Bj(x)

−1
m∑
j=1

λNj (x)∇Fj(x), (16)

m∑
j=1

λNj (x) = 1, λNj (x) ≥ 0, ∀j = 1, . . . ,m, (17)

and

θN (x) = −1

2
dN (x)T

 m∑
j=1

λNj (x)Bj(x)

 dN (x). (18)

We end this section by noting that when Bj(x) is taken as ∇2Fj(x) for all j = 1, . . . ,m, then
the direction dN (x) in (13) corresponds to the multiobjective Newton direction, see [12].

3 A Globally Convergent General Algorithm for Multiobjective
Optimization

This section describes a general algorithm for solving (1) and presents its global convergence
analysis. The algorithm imposes a safeguard strategy on the search directions which, combined
with an average-type nonmonotone line search, turns it a globalized scheme. As reported in
[11,32], nonmonotone line searches are also efficient in the multiobjective setting.

Algorithm 1. (A General Algorithm for Multiobjective Optimization)

Step 0. Let x0 ∈ Rn, Γ1 ∈]0, 1], Γ2 > 0, σ ∈]0, 1[, 0 < ω1 < ω2 < 1, and η ∈ [0, 1[ be given. Set
C0 = F (x0), q0 = 1, and initialize k ← 0.

Step 1. Compute d(xk) ∈ Rn satisfying

f(xk, d(xk)) ≤ −Γ1‖dSD(xk)‖‖d(xk)‖, (19)

‖d(xk)‖ ≥ Γ2‖dSD(xk)‖, (20)

where dSD(xk) is as in (5).
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Step 2. If xk is Pareto critical, then stop.

Step 3. Set tk = 1.

Step 3.1 If
Fj(x

k + tkd(xk)) ≤ Ckj + σtkf(xk, d(xk)), ∀j = 1, . . . ,m, (21)

then set xk+1 = xk + tkd(xk) and go to Step 4.

Step 3.2 Find ttrial ∈ [ω1tk, ω2tk], set tk ← ttrial, and go to Step 3.1.

Step 4. Updade qk+1 and Ck+1 as follows:

qk+1 = ηqk + 1 and Ck+1 =
ηqk
qk+1

Ck +
1

qk+1
F (xk+1). (22)

Step 5. Set k ← k + 1, and go to Step 1.

Condition (19) implies that d(xk) is a descent direction for F at xk. Moreover, by (8) and
(9), we have −〈dSD(xk), d(xk)〉 ≤ f(xk, d(xk)), which, together with (19), gives

−〈dSD(xk), d(xk)〉 ≤ −Γ1‖dSD(xk)‖‖d(xk)‖.

This means that condition (19) also implies that the angle between d(xk) and the steepest descent
direction dSD(xk) is smaller or equal to a fixed angle smaller than π/2, defined by the parameter
Γ1. In its turn, condition (20) essentially says that the length of d(xk) should be proportional to
the length of dSD(xk). As will be seen, the safeguard conditions (19) and (20) will play a key role
in the convergence analysis of Algorithm 1. The way to obtain d(xk) satisfying (19) and (20) will
depend on the particular instance of the method. For example, in the steepest descent method,
we trivially have that d(xk) := dSD(xk) satisfies such conditions with Γ1 = Γ2 = 1. In section 4,
we will present some Newton-type methods which can be seen as instances of Algorithm 1.
In particular, it will be specified how the search direction d(xk) at Step 1 can be obtained.
Concerning the line search, the step size tk must be such that it satisfies the nonmonotone
Armijo-like condition (21). The algorithmic parameter η controls the degree of nonmonotonicity
in Ck. If η = 0, we obtain Ck = F (xk) and, as a consequence, the nonmonotone line search
reduces to the monotone one. For η = 1, it turns out that Ck corresponds to the average of
function values F (x0), . . . , F (xk). Parameters ω1 and ω2 are related to the backtracking strategy
used in Step 3. If a step size t fails to satisfy (21), a new smaller trial step size ttrial is chosen
such that ttrial ∈ [ω1t, ω2t]. This safeguarded choice allows the inner loop at Step 3 to have a
finite termination and prevents the successful step size tk from being artificially small.

We next recall a useful property about the vector Ck defined in (22), whose proof can be
found in [32, Lemmas 6].

Lemma 5. For each iteration k of Algorithm 1, we have F (xk) ≤ Ck ≤ Ak, where Ak =
1

k+1

∑k
i=0 F (xi).

The following theorem establishes the well-definiteness of Algorithm 1, meaning that if the
algorithm does not stop in iteration k at Step 2, then xk+1 is computed in finite time.

Theorem 6. Algorithm 1 is well defined.
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Proof. Assume that xk is a noncritical iterate generated by Algorithm 1. Then, similarly to [32,
Proposition 1], it is possible to show that there exists t̄ > 0 such that (21) holds if tk ∈]0, t̄].
Therefore, since ω2 < 1, the backtracking process at Step 3 finishes in a finite number of inner
iterations and xk+1 is computed.

Algorithm 1 successfully stops if a critical point is found. Otherwise, by Theorem 6, a sequence
{xk} of noncritical iterates is generated. We proceed with the convergence analysis assuming that
the algorithm iterates infinitely. The following lemma establishes that, for each j = 1, . . . ,m, the
sequence {Ckj } is nonincreasing. This result coincides with the one presented in [32, Lemma 7].
However, we include its proof, due to its simplicity and usefulness in the forthcoming theorem.

Lemma 7. Let {xk} be the sequence generated by Algorithm 1. Then, for each j = 1, . . . ,m,
{Ckj } is a nonincreasing sequence.

Proof. By (21) and (22), for each j = 1, . . . ,m and all k, we obtain

Ck+1
j =

ηqk
qk+1

Ckj +
1

qk+1
Fj(x

k+1) ≤ ηqk
qk+1

Ckj +
1

qk+1
[Ckj + σtkf(xk, d(xk))]

= Ckj +
σtk
qk+1

f(xk, d(xk)) ≤ Ckj ,

where the last inequality holds because f(xk, d(xk)) < 0.

We next establish the global convergence of the sequence {xk} generated by Algorithm 1.
Specifically, we show that any limit point of {xk} is Pareto critical. Note that the existence of
limit points is not guaranteed at all. However, we point out that a sufficient condition for the
existence of limit points is the boundedness of the set level {x ∈ Rn | F (x) ≤ F (x0)}.

Theorem 8. Let {xk} be the sequence generated by Algorithm 1. If x∗ is a limit point of {xk},
then x∗ is Pareto critical.

Proof. Let K = {k0, k1, k2, ...}⊂∞N be such that limi→∞ x
ki = x∗. Since ki+1 ≥ ki + 1, in view

of Lemmas 5 and 7, we obtain, for all i ∈ N,

Fj(x
ki+1) ≤ Cki+1

j ≤ Cki+1
j ≤ Ckij +

σtki
qki+1

f(xki , d(xki)) ≤ Ckij , ∀j = 1, . . . ,m, (23)

where the third inequality is due to (21) and (22), and the last one holds because f(xki , d(xki)) <
0. By continuity arguments, we have limi→∞ F (xki) = F (x∗) which, in particular, implies that
{F (xki)} is bounded. As a consequence, by (23), we obtain, for each j = 1, . . . ,m, that {Ckij }
is a monotone bounded sequence and hence it admits limit. For any j = 1, . . . ,m, it follows, by
taking limits in (23), that limi→∞(tki/qki+1)f(xki , d(xki)) = 0, which, combined with (19), yields

lim
i→∞

tki
qki+1

‖d(xki)‖‖dSD(xki)‖ = 0. (24)

We claim that
lim
i→∞

tki‖d(xki)‖‖dSD(xki)‖ = 0. (25)

If η = 0, then qki+1 = 1 for all i ∈ N, and (25) trivially holds. Assuming that η ∈]0, 1[, by (22),
we have

qki+1 = 1 +

ki∑
`=0

η`+1 ≤
∞∑
`=0

η` =
1

1− η
.
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Therefore, {1/qki+1} is bounded from below and (25) follows from (24).
Now, by (25), there existsK1⊂∞K such that: (a) limk∈K1 ‖dSD(xk)‖ = 0 or (b) limk∈K1 tk‖d(xk)‖ =

0.

Case (a): in this case, it follows from Lemma 2(c) that dSD(x∗) = 0 and hence x∗ is Pareto critical.

Case (b): in this case, there exists a subsequence of indicesK2⊂∞K1 such that: (b1) limk∈K2 ‖d(xk)‖ =

0 or (b2) limk∈K2 tk = 0.

Case (b1): in this case, taking limits on both sides of (20) for k ∈ K2 and considering Lemma
2(c), we also have dSD(x∗) = 0, concluding that x∗ is Pareto critical.

Case (b2): without loss of generality, assume that tk < 1 for all k ∈ K2. Hence, for all k ∈ K2,
by Step 3, there exist t̄k ∈]0, tk/ω1] and ik ∈ {1, . . . ,m} such that

Fik(xk + t̄kd(xk)) > Ckik + σt̄kf(xk, d(xk)) ≥ Fik(xk) + σt̄kf(xk, d(xk)), (26)

where the second inequality follows from Lemma 5. Let us define sk := t̄kd(xk). Since t̄k ∈
]0, tk/ω1] and limk∈K2 tk‖d(xk)‖ = 0, we obtain limk∈K2 ‖sk‖ = 0. By the mean value theorem,
(26), and Lemma 1(a), there exists εk ∈ ]0, 1[ such that

〈∇Fik(xk + εksk), sk〉 = Fik(xk + sk)− Fik(xk) > σf(xk, sk).

Thus, dividing both sides of above inequality by ‖sk‖, using the definition of f in (3) and
Lemma 1(a), we obtain

f

(
xk + εksk,

sk
‖sk‖

)
> σf

(
xk,

sk
‖sk‖

)
. (27)

On the other hand, by using Lemma 1(a) and the definition of sk, it follows from (19) that
f(xk, sk) ≤ −Γ1‖dSD(xk)‖‖sk‖, or, equivalently,

f

(
xk,

sk
‖sk‖

)
≤ −Γ1‖dSD(xk)‖. (28)

Since {sk/‖sk‖}k∈K2 is bounded, there exist K3⊂∞K2 and s ∈ Rn such that limk∈K3{sk/‖sk‖} = s.

Taking limits for k ∈ K3 on both sides of (27) and (28), we obtain (1 − σ)f(x∗, s) ≥ 0 and
f(x∗, s) ≤ −Γ1‖dSD(x∗)‖, respectively. Since σ ∈]0, 1[, it follows from the last two inequalities
that dSD(x∗) = 0. Therefore, x∗ is Pareto critical and the proof is complete.

4 Newton-type Methods for Multiobjective Optimization

The main goal of this section is to propose and analyze two Newton-type methods for solving
(possibly) nonconvex multiobjective problems, which can be seen as particular cases of Algo-
rithm 1. The first algorithm is directly inspired by the Newton method designed to solve convex
problems [12]. In turn, the second one uses second-order information of the objective functions
with ingredients of the steepest descent method. In both, in order to adjust the correspond-
ing directions to the requirements of Algorithm 1, we adopt, from the scalar optimization, the
technique in which the Hessians are modified, if necessary, by adding multiples of the identity.
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4.1 Newton Method with Safeguarded Directions

Before we sketch the algorithm, let us derive some useful properties involving the steepest descent
and the Newton-type directions. Let x ∈ Rn be given and assume that Bj(x) is some positive
definite approximation of ∇2Fj(x) for each j = 1, . . . ,m. Hereafter, considering a dual solution
λN (x) ∈ Rm of (15), we denote:

dλ(x) :=
m∑
j=1

λNj ∇Fj(x). (29)

The above direction will play an important role in order to check if the the safeguard conditions
(19) and (20) hold for the directions generated by the method of this section.

Lemma 9. Let x ∈ Rn be given and assume that Bj(x) is positive definite for each j = 1, . . . ,m.
Let λmin > 0 and λmax > 0 be such that λminI � Bj(x) � λmaxI, for all j = 1, . . . ,m. Consider
dSD(x), θSD(x), dN (x), θN (x), and dλ(x) as in (5), (6), (13), (14), and (29), respectively. Then,
the following inequalities hold:

(a) λmin
2 ‖dN (x)‖2 ≤ |θN (x)| ≤ λmax

2 ‖dN (x)‖2;

(b) 1
λmax
|θSD(x)| ≤ |θN (x)| ≤ 1

λmin
|θSD(x)|;

(c) 1
λmax
‖dSD(x)‖ ≤ ‖dN (x)‖ ≤ 1

λmin
‖dSD(x)‖;

(d) f(x, dN (x)) ≤ − λmin
2λmax

‖dSD(x)‖‖dN (x)‖;

(e) λmin
λmax
‖dλ(x)‖ ≤ ‖dSD(x)‖ ≤ ‖dλ(x)‖;

(f) f(x, dN (x)) ≤ − λmin
2λmax

‖dλ(x)‖‖dN (x)‖.

Proof. (a) Define

B(x) :=
m∑
j=1

λNj Bj(x). (30)

Then, by (17) and the definitions of λmin and λmax, we have λminI � B(x) � λmaxI. Therefore,
considering the characterization (18) and remembering that θN (x) ≤ 0, item (a) holds trivially.
(b) For all d ∈ Rn and j = 1, . . . ,m, we have λmin‖d‖2 ≤ 〈Bj(x)d, d〉 ≤ λmax‖d‖2. Therefore, by
(13) and (14), we obtain

min
d∈Rn

max
j=1,...,m

〈∇Fj(x), d〉+
λmin

2
‖d‖2 ≤ θN (x)

≤ min
d∈Rn

max
j=1,...,m

〈∇Fj(x), d〉+
λmax

2
‖d‖2. (31)

Now, for every c > 0, it follows from (6) that

min
d∈Rn

max
j=1,...,m

〈∇Fj(x), d〉+
c

2
‖d‖2 =

1

c

[
min
d∈Rn

max
j=1,...,m

〈∇Fj(x), cd〉+
1

2
‖cd‖2

]
=

1

c
θSD(x).

11



Hence, (31) implies that (1/λmin)θSD(x) ≤ θN (x) ≤ (1/λmax)θSD(x). Thus, since θSD(x) and
θN (x) are nonpositive, the proof of item (b) follows from the last inequalities.
(c) It follows from items (a) and (b) that

1

λmax
|θSD(x)| ≤ |θN (x)| ≤ λmax

2
‖dN (x)‖2

and
λmin

2
‖dN (x)‖2 ≤ |θN (x)| ≤ 1

λmin
|θSD(x)|.

Therefore, using (10), we obtain the desired inequalities.
(d) By Lemma 4(b) and the first inequality of (b), we have f(x, dN (x)) ≤ −|θN (x)| ≤ −(1/λmax)|θSD(x)|.
On the other hand, by (10) and the second inequality of (c), it follows that

−|θSD(x)| = −‖dSD(x)‖2

2
≤ −λmin

2
‖dSD(x)‖‖dN (x)‖.

Therefore, combining the two inequalities above, we obtain item (d).
(e) It follows from (16), (29), and the definition of B(x) in (30) that dN (x) = −B(x)−1dλ(x).
Hence, by the second inequality of (c), we have

1

λ2
min

‖dSD(x)‖2 ≥ ‖dN (x)‖2 = ‖B(x)−1dλ(x)‖2 = 〈B(x)−2dλ(x), dλ(x)〉

≥ 1

λ2
max

‖dλ(x)‖2,

which implies the first inequality in (e). The second inequality follows from the definition of dλ(x)
in (29), (17) and Lemma 3.
(f) From Lemma 4(b), (18), (30), and the fact that dN (x) = −B(x)−1dλ(x), we have

f(x, dN (x)) ≤ θN (x) = −1

2
dN (x)TB(x)dN (x) = −1

2
dλ(x)TB(x)−1dλ(x)

≤ − 1

2λmax
‖dλ(x)‖2.

Thus, using the second inequalities of (e) and (c), we find f(x, dN (x)) ≤ −[λmin/(2λmax)]‖dλ(x)‖‖dN (x)‖,
concluding the proof.

Let us now formally describe the Newton algorithm with safeguarded directions.

Algorithm 2. (A Newton Algorithm with Safeguarded Directions)

Step 0. Let x0 ∈ Rn, Γ1 ∈]0, 1/2[, Γ2 > 0, µini > 0, σ ∈]0, 1/2[, 0 < ω1 < ω2 < 1, and η ∈ [0, 1[
be given. Set C0 = F (x0), q0 = 1, and µ← µini. Initialize k ← 0.

Step 1. For each j = 1, . . . ,m, proceed as follows: if ∇2Fj(x
k) is positive definite, then define

Bj(x
k) := ∇2Fj(x

k); otherwise, find ρj > 0 such that ∇2Fj(x
k) + ρjI is positive definite

and set
Bj(x

k) := ∇2Fj(x
k) + ρjI.

Step 2. Solve problem (15) to obtain
(
θN (xk), dN (xk), λN (xk)

)
∈ R×Rn×Rm satisfying (16)–

(18).

12



Step 3. If θN (xk) = 0, then stop.

Step 4. Compute dλ(xk) as in (29). If f(xk, dN (xk)) > −Γ1‖dλ(xk)‖‖dN (xk)‖, then set

Bj(x
k)← Bj(x

k) + µI, ∀j = 1, . . . ,m,

µ← 2µ, and return to Step 2.

Step 5. If ‖dN (xk)‖ < Γ2‖dλ(xk)‖, then dN (xk)← Γ2
‖dλ(xk)‖
‖dN (xk)‖dN (xk).

Step 6. Compute tk as in Step 3 of Algorithm 1 and set xk+1 = xk + tkd(xk). Update qk+1 and
Ck+1 as in Step 4 of Algorithm 1. Set µ← µini and k ← k + 1, and go to Step 1.

Some comments are in order. First, at Step 1 if the initial approximation ∇2Fj(x
k) is not

definite positive, then a suitable multiple of the identity ρjI is added to ∇2Fj(x
k) to obtain

∇2Fj(x
k) + ρjI definite positive. In practice, one can verify whether a matrix is definite positive

by trying to perform its Cholesky factorization. Thus, in principle, the computational cost
involved in Step 1 is proportional to the number of objectives m. Second, the matrices Bj

′s are
always definite positive at Step 2 and hence problem (15) has a unique solution. Third, although
we are interested in showing that Algorithm 2 is a particular case of Algorithm 1, we see that
Algorithm 2 does not explicitly use the steepest descent direction dSD(xk). Instead of (19) and
(20), direction dN (xk) must satisfy

f(xk, dN (xk)) ≤ −Γ1‖dλ(xk)‖‖dN (xk)‖ and ‖dN (xk)‖ ≥ Γ2‖dλ(xk)‖. (32)

Once problem (15) is solved, the computational cost of calculating dλ(xk) is negligible. Lemma 9
contains the tools to link the safeguard conditions (19) and (20) with the conditions in (32).
Fourth, in view of Lemma 9(f), if the algorithmic parameter Γ1 is choose small enough, then we
expect the first condition of (32) to be satisfied at Step 4. If this is not the case, an (increasing)
multiple of the identity µI is added to Bj

′s and the algorithm returns to Step 2 to compute a
new search direction. On the other hand, as µ increases, the length of dN (xk) decreases. Thus,
if ‖dN (xk)‖ < Γ2‖dλ(xk)‖, then the length of dN (xk) is adjusted in Step 5.

The following lemma is connected to the well-definiteness of Algorithm 2. It shows that
dN (xk) eventually satisfies the first condition of (32).

Lemma 10. Assume that xk ∈ Rn is not Pareto critical and, for each j = 1, . . . ,m, let B̄j(x
k)

be the positive definite Hessian approximation given at the end of Step 1 of Algorithm 2. For

δ > 0, consider Bδ
j (x

k) := B̄j(x
k) + δI, denote by

(
θδN (xk), dδN (xk), λNδ(xk)

)
∈ R × Rn × Rm a

corresponding primal-dual solution of (15), and define dδλ(xk) :=
∑m

j=1 λ
Nδ
j ∇Fj(xk). Then, there

exists δ̄ > 0 such that

f(xk, dδN (xk)) ≤ −Γ1‖dδλ(xk)‖‖dδN (xk)‖, ∀δ ≥ δ̄.

Proof. Let λδmin, λ
δ
max, λ̄min, λ̄max ∈ R++ be such that λminI � Bδ

j (x
k) � λmaxI and λminI �

B̄j(x
k) � λmaxI, for all j = 1, . . . ,m. By the definition of Bδ

j (x
k), we have λδmin = λ̄min + δ and

λδmax = λ̄max + δ. Hence, we obtain

λδmin

2λδmax

=
λ̄min + δ

2(λ̄max + δ)

δ→∞−−−→ 1

2
> Γ1. (33)

Using Lemma 9(f), we get f(xk, dδN (xk)) ≤ −[λδmin/(2λ
δ
max)]‖dδλ(xk)‖‖dδN (xk)‖. Therefore, the

statement of the lemma follows combining the last inequality and (33).
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We next show that Algorithm 2 is well defined. This implies that, if Algorithm 2 does not
stop at a Pareto critical iterate, then it generates an infinite sequence {xk}.

Theorem 11. Algorithm 2 is well defined and stops at xk if and only if xk is Pareto critical.

Proof. We first observe that if ∇2Fj(x
k) is not definite positive then, for ρj large enough,

∇2Fj(x
k) + ρjI is definite positive, fulfilling the requirement of Step 1 (for example, ρj can be

chosen as the smallest element of {2`}`≥0 satisfying that condition). Thus, at the end of Step 1,
Bj(xk), j = 1, . . . ,m, are positive definite matrices and subproblem (15) at Step 2 is solvable.
Now, since by Lemma 4 xk is Pareto critical if and only if θN (xk) = 0, it follows that Algorithm 2
stops at Step 3 if and only if xk is Pareto critical. If xk is not Pareto critical, since the algorithm
uses increasing values for µ at Step 4, Lemma 10 implies that Algorithm 2 proceeds to Step 5
performing a finite number of (inner) steps. We conclude that Algorithm 2 is well defined by
observing that it uses the same line search scheme as Algorithm 1.

The following theorem establishes the global convergence of Algorithm 2 in the sense that
every limit point of the generated sequence {xk} is Pareto critical. This will be done by showing
that Algorithm 2 is a particular case of Algorithm 1.

Theorem 12. Algorithm 2 is an instance of Algorithm 1. As a consequence, any limit point of
the sequence {xk} generated by Algorithm 2 is Pareto critical.

Proof. By the definition of Algorithm 2, the search direction dN (xk) ∈ Rn is such that the in-
equalities in (32) hold for all k. Thus, using Lemma 9(e), we obtain f(xk, dN (xk)) ≤ −Γ1‖dSD(xk)‖‖dN (xk)‖
and ‖dN (xk)‖ ≥ Γ2‖dSD(xk)‖, concluding that dN (xk) satisfies the safeguard conditions (19) and
(20) for all k. Since Algorithm 2 uses the same line search scheme as Algorithm 1, the proof is
concluded.

We now discuss some local converge properties related to Algorithm 2. The following theorem
establishes that, under local convexity assumptions, if an iterate xk is close to a local Pareto
optimal point x̄, then the sequence {xk} generated by Algorithm 2 converges quickly to some
Pareto optimal solution in a vicinity of x̄. This means that the proposed globalized version
enjoys the local converge properties of the Newton method showed in [12]. Before stating the
theorem, we note that if x̄ is such that ∇2Fj(x̄) is positive definite for all j = 1, . . . ,m, then there
exist a neighborhood Vx̄ ⊂ Rn of x̄ and λmin, λmax ∈ R++, such that

λminI � ∇2Fj(x) � λmaxI for all x ∈ Vx̄, j = 1, . . . ,m. (34)

Theorem 13. Let x̄ ∈ Rn be a local Pareto optimal point and assume that ∇2Fj(x̄) is positive
definite for all j = 1, . . . ,m. Let Vx̄ ⊂ Rn and λmin, λmax ∈ R++ as in (34). Consider the
application of Algorithm 2 and assume that the algorithmic parameters Γ1 and Γ2 are chosen
such that 0 < Γ1 ≤ λmin/(2λmax) and 0 < Γ2 ≤ 1/λmax. Then, there exist 0 < δ ≤ r such that if
x0 ∈ B[x̄, δ] ⊂ Vx̄ then, for all k, we have:

1. dN (xk) = −
[∑m

j=1 λ
N
j (xk)∇2Fj(x

k)
]−1∑m

j=1 λ
N
j (xk)∇Fj(xk), which means that no correc-

tions are needed in the Newton directions;

2. tk = 1;

3. xk ∈ B[x0, r] ⊂ Vx̄.
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Moreover, {xk} converges superlinearly to some local Pareto optimal point x∗ ∈ B[x0, r]. In
addition, if ∇2Fj are Lipschitz continuous on Vx̄ for all j = 1, . . . ,m, then the convergence is
quadratic.

Proof. Consider an iteration k for which xk ∈ Vx̄. Then, at the end of Step 1, by (34), Bj(x
k) =

∇2Fj(x
k), for all j = 1, . . . ,m, at the end of Step 1 and Algorithm 2 computes dN (xk) at Step 2

as in the first item of the theorem. Using now (34), Lemma 9(f), and the definitions of Γ1 and
Γ2, we have f(xk, dN (xk)) ≤ −Γ1‖dλ(xk)‖‖dN (xk)‖ and ‖dN (xk)‖ ≥ Γ2‖dλ(xk)‖, implying that
Algorithm 2 proceeds to the line search phase without changing dN (xk). Therefore, from [12,
Theorem 5.1] (see also, [12, Corollary 5.2]), we obtain

Fj(x
k + d(xk)) ≤ Fj(xk) + σ̄θN (xk), ∀j = 1, . . . ,m, (35)

where σ̄ := 2σ < 1. On the other hand, by (16) and (18), we have

θN (xk) =
1

2

m∑
j=1

λNj (xk)〈∇Fj(xk), dN (xk)〉,

which, together with (3) and (17), yields θN (xk) ≤ f(xk, dN (xk))/2. Combining the last inequality
with (35) and using Lemma 5, we conclude that

Fj(x
k + d(xk)) ≤ Ckj + σf(xk, dN (xk)), ∀j = 1, . . . ,m.

Thus, tk = 1 satisfies the nonmonotone descent condition (21). As consequence, again from [12,
Theorem 5.1], we have xk+1 ∈ B[x0, r] ⊂ Vx̄. Hence, by inductive arguments, items 1, 2, and 3
hold for all k. This mean that the sequence {xk} generated by Algorithm 2 coincides with the one
generated by the Newton method of [12]. Therefore, the convergence rate results are obtained
directly from [12, Theorem 5.1, Corollary 5.2, Theorem 6.1, Corollary 6.2].

Under some assumptions of strict convexity over F (which is satisfied, for example, if F is
strongly convex), the next result shows that Algorithm 2 with suitable algorithmic parameters
converges superlinearly (or quadratically) to an efficient point.

Corollary 14. Assume that ∇2Fj(x) is positive definite for all j = 1, . . . ,m and all x ∈ Rn.
If the starting point x0 is such that the level set {x ∈ Rn | F (x) ≤ F (x0)} is bounded, then
Algorithm 2 generates a sequence {xk} that converges superlinearly to some Pareto optimal point
x̄, provided that the algorithmic parameters Γ1 and Γ2 are chosen as in Theorem 13. In addition,
if ∇2Fj are Lipschitz continuous for all j = 1, . . . ,m, then the convergence is quadratic.

Proof. Since xk belongs to the bounded level set {x ∈ Rn | F (x) ≤ F (x0)} for all k, it turns out
that {xk} has a limit point x̄. Hence, in view of Theorem 12 and [12, Theorem 3.1], we have that
x̄ is Pareto optimal. Moreover, there exists k0 such that xk0 belongs to the convergence region of
Theorem 13. If Γ1 and Γ2 are small enough, then Theorem 13 is applicable and hence the whole
sequence converges superlinearly (or quadratically) to x̄.

4.2 Newton-Gradient Method with Safeguarded Directions

As mentioned earlier, the method proposed in this section uses second-order information of the
objective functions with ingredients of the steepest descent method. We proceed by discussing
its main ideas. For a given x ∈ Rn, consider problem (7) and let dSD(x) and λSD(x) be as in (8)
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and (9), respectively. Define the scalarized function g : Rn → R by g(y) :=
∑m

j=1 λ
SD
j (x)Fj(y).

In view of (8), dSD(x) corresponds to the steepest descent direction of g at x. Thus, an iteration
of the multiobjective steepest descent method can be seen as an iteration of the scalar gradient
method for g. When a new iterate is computed, the KKT multipliers of (7) change and a new
scalarized function g is considered. The class of methods proposed in this section uses, at each
iteration, a Newton-type search direction for the scalarized function g. For such directions to deal
with the possibility that they do not yield descents, we use the same technique as in section 4.1
(i.e., we modify the Hessians, if necessary, by adding multiples of the identity). We next describe
formally the method.
Algorithm 3. (A Newton-Gradient Algorithm with Safeguarded Direction)

Step 0. Let x0 ∈ Rn, Γ1 ∈]0, 1], Γ2 > 0, σ ∈]0, 1/2[, 0 < ω1 < ω2 < 1, and η ∈ [0, 1[ be given.
Set C0 = F (x0), q0 = 1, µ← 0. Initialize k ← 0.

Step 1. Solve problem (7) to obtain
(
θSD(xk), dSD(xk), λSD(xk)

)
∈ R × Rn × Rm satisfying

(8)–(10).

Step 2. If θSD(xk) = 0, then stop.

Step 3. Compute Bk :=
∑m

j=1 λ
SD
j (xk)∇2Fj(x

k). If Bk is not positive definite, then find µ > 0

such that Bk + µI is positive definite and set Bk :=
[∑m

j=1 λ
SD
j (xk)∇2Fj(x

k)
]

+ µI.

Step 4. Obtain dNG(xk) by solving the linear system BkdNG(xk) = dSD(xk).

Step 5. If f(xk, dNG(xk)) > −Γ1‖dSD(xk)‖‖dNG(xk)‖, then set

µ← max{2µ, 1}, Bk :=

 m∑
j=1

λSDj (xk)∇2Fj(x
k)

+ µI,

and return to Step 4.

Step 6. If ‖dNG(xk)‖ < Γ2‖dSD(xk)‖, then dNG(xk)← Γ2
‖dSD(xk)‖
‖dNG(xk)‖dNG(xk).

Step 7. Compute tk as in Step 3 of Algorithm 1 and set xk+1 = xk + tkd(xk). Update qk+1 and
Ck+1 as in Step 4 of Algorithm 1. Set µ← 0 and k ← k + 1, and go to Step 1.

The main feature of Algorithm 3 is that it requires the positiveness of only one matrix.
Therefore, remembering that we need to guarantee the positiveness of m matrices in Algorithm 2,
Algorithm 3 provides an attractive alternative to deal with problems that have many objectives.
Furthermore, subproblem (7) is solved only once per iteration at Step 1, in contrast to Algorithm 2
for which subproblem (15) is solved whenever the first condition of (32) does not hold.

Let us discuss some specific points of Algorithm 3. At Step 3, similarly to Algorithm 2, we
consider adding a suitable multiple of the identity to get Bk definite positive. Now, since in an
iteration k the algorithm uses increasing values for µ (see Step 5), it follows that Bk is always
definite positive at Step 4 and hence dNG(xk) is well defined and can be obtained by using the
Cholesky factorization to solve the linear system. At each iteration, dNG(xk) is required to satisfy:

f(xk, dNG(xk)) ≤ −Γ1‖dSD(xk)‖‖dNG(xk)‖ and ‖dNG(xk)‖ ≥ Γ2‖dSD(xk)‖, (36)
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which correspond directly to the safeguard conditions (19) and (20) of Algorithm 1. At Step 5, if
dNG(xk) does not satisfy the first condition of (36), then the diagonal of Bk is increased and the
algorithm returns to Step 4 to compute a new direction. In the following lemma, we will show
that this condition is eventually satisfied, i.e., the first condition of (36) holds for sufficiently large
values of µ. In particular, we will prove that the direction of dNG(xk) tends to the direction of
dSD(xk) as µ grows. Finally, if necessary, as in Algorithm 2, the length of dNG(xk) is adjusted
at Step 6 to satisfy the second inequality of (36).

Lemma 15. Assume that xk ∈ Rn is not Pareto critical. For δ > 0, define

Bδ
k := [

m∑
j=1

λSDj (xk)∇2Fj(x
k)] + δI,

and consider dδNG(xk) ∈ Rn such that Bδ
kd
δ
NG(xk) = dSD(xk). Then, there exists δ̄ > 0 such that

f(xk, dδNG(xk)) ≤ −Γ1‖dSD(xk)‖‖dδNG(xk)‖, ∀δ ≥ δ̄.

Proof. Without loss of generality, we assume that δ is large enough such that Bδ
k is defi-

nite positive and hence dδNG(xk) is well defined. Now, since xk is not Pareto critical, then
dSD(xk) 6= 0 (see Lemma 2(b)), which, in turn, implies that dδNG(xk) 6= 0. Let us denote
B :=

∑m
j=1 λ

SD
j (xk)∇2Fj(x

k). Thus, by the definition of dδNG(xk), we have

dδNG(xk) =
1

δ

(
B

δ
+ I

)−1

dSD(xk).

Therefore,

dδNG(xk)

‖dδNG(xk)‖
=

(
B
δ + I

)−1
dSD(xk)

‖
(
B
δ + I

)−1
dSD(xk)‖

δ→∞−−−→ dSD(xk)

‖dSD(xk)‖
.

Hence, using Lemma 1(a), the continuity of f(xk, ·) and (11), we obtain

f(xk, dδNG(xk))

‖dδNG(xk)‖
= f

(
xk,

dδNG(xk)

‖dδNG(xk)‖

)
δ→∞−−−→ f

(
xk,

dSD(xk)

‖dSD(xk)‖

)

=
f(xk, dSD(xk))

‖dSD(xk)‖
= −‖dSD(xk)‖.

Thus, as Γ1 ∈]0, 1], there exists δ̄ > 0 such that f(xk, dδNG(xk))/‖dδNG(xk)‖ ≤ −Γ1‖dSD(xk)‖, for
all δ ≥ δ̄, concluding the proof.

The following theorem establishes the well-definiteness of Algorithm 3 which, in particular,
implies that a sequence of points {xk} is obtained if the algorithm does not generate a Pareto
critical iterate.

Theorem 16. Algorithm 3 is well-defined and stops at xk if and only if xk is Pareto critical.

Proof. Using Lemma 2, we conclude that xk is Pareto critical if and only if θSD(xk) = 0.
Therefore, Algorithm 3 stops at Step 2 if and only if a Pareto critical point is found. If Algorithm 3
does not stop at iteration k then, similarly to Lemma 11, it is possible to find a suitable value
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of µ such that Bk is definite positive at the end of Step 3. Thus, the linear system at Step 4
has unique solution and dNG(xk) is well defined. Since the algorithm uses increasing values for
µ at Step 5, it follows from Lemma 15 that Algorithm 3 proceeds to Step 6 performing a finite
number of (inner) steps. Now, the well-definiteness of Algorithm 3 is obtained by observing that
it uses the same line search scheme as Algorithm 1.

We now show that Algorithm 3 is also an instance of Algorithm 1 and, as a consequence, its
global convergence is obtained from Theorem 8.

Theorem 17. Algorithm 3 is an instance of Algorithm 1. As a consequence, any limit point of
the sequence {xk} generated by Algorithm 3 is Pareto critical.

Proof. It follows straightforwardly from the definition of Algorithm 3 that (36) holds for for all
k. Therefore, dNG(xk) satisfies the safeguard conditions (19) and (20) for all k. Since Algorithm 3
uses the same line search scheme as Algorithm 1, the proof is concluded.

We end this section by showing that a convergence result along the lines of Theorem 13
cannot be expected for Algorithm 3. The following example shows a strongly convex function
for which any neighborhood of an arbitrary Pareto optimal point contains points for which the
corresponding pure Newton-Gradient directions do not yield descent. Therefore, for Algorithm 3,
corrections in the search directions are eventually necessary even for strongly convex problems
and iterates arbitrarily close to efficient points.

Example 1. Let F : R2 → R2, F (x1, x2) = (F1(x1, x2), F2(x1, x2))T , defined by

F1(x1, x2) =
x2

1

2
+
x2

2

2
and F2(x1, x2) =

(x1 − 2)2

2
+

(2x2 − 2)2

2
.

Note that F is strongly convex. The set of Pareto optimal points is given by {(2α, 4α/(1+3α))T ∈
R2 | 0 ≤ α ≤ 1}, which corresponds to the solid curve in Figure 1. Define

U :=


(

2α+ β
4α/(1 + 3α)

)
∈ R2 | 0 < α < 1;

0 < β <
2(
√

27α3 + 27α2 + 45α+ 1− 9α2 − 1)

3(1 + 3α)

}
. (37)

The set U corresponds to the shaded region in Figure 1. Consider the application of Algorithm 3
with any starting point x0 ∈ U . By solving (7), we obtain dSD(x0) = (−4β, 2β(1 + 3α))T /[(1 +
3α)2 + 4]. Direct calculations show that

B0 := λSD1 (x0)∇2F1(x0) + λSD2 (x0)∇2F2(x0)

=

 1 0

0
(1 + 3α)(12α+ 3β + 9αβ + 18α2 + 10)

2[(1 + 3α)2 + 4]

 ,

which is positive definite, as expected. Hence, by solving the linear system at Step 4, we obtain

dNG(x0) =

(
−4β

(1 + 3α)2 + 4
,

4β

12α+ 3β + 9αβ + 18α2 + 10

)T
.
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Using (3), after some algebraic manipulations, we have

f(x0, dNG(x0)) ≥ 〈∇F2(x0), dNG(x0)〉

=
16β(α− 1)

(1 + 3α)(12α+ 3β + 9αβ + 18α2 + 10)
− 4β(2α+ β − 2)

(1 + 3α)2 + 4
>0,

where the last inequality is due to the definitions of α and β in (37). This concludes that dNG(x0)
is not a descent direction of F at x0. Now consider an arbitrary Pareto optimal point x̄ of F .
As suggested in Figure 1, for any δ > 0, we have B[x̄, δ] ∩ U 6= ∅. As a consequence, any
neighborhood of x̄ contains points x ∈ U for which the corresponding Newton-Gradient directions

dNG(x)=−
[∑2

j=1λ
SD
j (x)∇2Fj(x)

]−1
dSD(x) do not yield descent.
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Figure 1: The solid curve corresponds to the set of efficient points of F . If x ∈ U , then the

corresponding Newton-Gradient direction dNG(x) = −
[∑2

j=1 λ
SD
j (x)∇2Fj(x)

]−1
dSD(x) does

not yield descent. Any neighborhood of an arbitrary efficient point x̄ contains points belonging
to U .

5 Numerical Experiments

Aiming to verify the effectiveness of the proposed globalization techniques, we present some
computational results comparing the performances of Algorithms 2 and 3 with the Newton method
without safeguards (Algorithm 2 with Bj(x

k) = ∇2Fj(x
k) at Step 1, for all j = 1, . . . ,m, and

going from Step 3 directly to Step 6) and the steepest descent method (Algorithm 1 using dSD(xk)
at Step 1). Essentially, the last two methods correspond to the nonmonotonous versions of the
Newton algorithm of [12] and the steepest descent algorithm of [13], respectively.

The chosen test problems consist of 44 convex and nonconvex unconstrained multiobjective
problems found in the literature. Table 1 shows the main characteristics of the problems. The
first two columns contain the problem name and the corresponding reference. Columns “n” and
“m” inform the number of variables and the number of objectives, respectively. “C” indicates
whether the problem is convex or not. For each problem, we considered starting points belonging
to a box {x ∈ Rn | l ≤ x ≤ u}, where the bounds l, u ∈ Rn are reported in the last two columns of
the table. We emphasize that the boxes reported in Table 1 were used only to define the starting
points, but were not considered by the algorithms themselves.
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Problem Source n m Convex lT uT

AP1 [2] 2 3 Y (−10,−10) (10, 10)
AP2 [2] 1 2 Y −100 100
AP3 [2] 2 2 N (−100,−100) (100, 100)
AP4 [2] 3 3 Y (−10,−10,−10) (10, 10, 10)
BK1 [21] 2 2 Y (−5,−5) (10, 10)
DD1a [9] 5 2 N (−20, . . . ,−20) (20, . . . , 20)

DGO1 [21] 1 2 N −10 13
Far1 [21] 2 2 N (−1,−1) (1, 1)
FDS [12] 5 3 Y (−2, . . . ,−2) (2, . . . , 2)
FF1 [21] 2 2 N (−1,−1) (1, 1)
Hil1 [20] 2 2 N (0, 0) (1, 1)

IKK1 [21] 2 3 Y (−50,−50) (50, 50)
JOS1 [22] 100 2 Y (−100, . . . ,−100) (100, . . . , 100)
KW2 [23] 2 2 N (−3,−3) (3, 3)
LE1 [21] 2 2 N (−5,−5) (10, 10)
Lov1 [25] 2 2 Y (−10,−10) (10, 10)
Lov3 [25] 2 2 N (−20,−20) (20, 20)
Lov4 [25] 2 2 N (−20,−20) (20, 20)
Lov5 [25] 3 2 N (−2,−2,−2) (2, 2, 2)

MGH16b [33] 4 5 N (−25,−5,−5,−1) (25, 5, 5, 1)
MGH26b [33] 4 4 N (−1,−1,−1− 1) (1, 1, 1, 1)
MGH33b [33] 10 10 Y (−1, . . . ,−1) (1, . . . , 1)
MHHM2 [21] 2 3 Y (0, 0) (1, 1)

MLF2 [21] 2 2 N (−100,−100) (100, 100)
MMR1c [31] 2 2 N (0.1, 0) (1, 1)
MMR3 [31] 2 2 N (−1,−1) (1, 1)
MOP2 [21] 2 2 N (−1,−1) (1, 1)
MOP3 [21] 2 2 N (−π,−π) (π, π)
MOP5 [21] 2 3 N (−1,−1) (1, 1)
MOP7 [21] 2 3 Y (−400,−400) (400, 400)
PNR [36] 2 2 Y (−2,−2) (2, 2)
QV1 [21] 10 2 N (−5, . . . ,−5) (5, . . . , 5)
SK1 [21] 1 2 N −100 100
SK2 [21] 4 2 N (−10,−10,−10,−10) (10, 10, 10, 10)

SLCDT1 [38] 2 2 N (−1.5,−1.5) (1.5, 1.5)
SLCDT2 [38] 10 3 Y (−1, . . . ,−1) (1, . . . , 1)

SP1 [21] 2 2 Y (−100,−100) (100, 100)
SSFYY2 [21] 1 2 N −100 100

Toi4b [40] 4 2 Y (−2,−2,−2,−2) (5, 5, 5, 5)
Toi8b [40] 3 3 Y (−1,−1,−1,−1) (1, 1, 1, 1)
Toi9b [40] 4 4 N (−1,−1,−1,−1) (1, 1, 1, 1)
Toi10b [40] 4 3 N (−2,−2,−2,−2) (2, 2, 2, 2)
VU1 [21] 2 2 N (−3,−3) (3, 3)
ZLT1 [21] 10 5 Y (−1000, . . . ,−1000) (1000, . . . , 1000)

a This is a modified version of DD1 problem that can be found in [12,32].
b This is an adaptation of a single-objective optimization problem to the multiobjective setting that

can be found in [32].
c This is a modified version of MMR1 problem that can be found in [27].

Table 1: List of test problems.

The numerical results will be shown using performance profiles graphics [10], which are useful
tools for comparing several methods on a large set of test problems. Let S be the set of solvers,
P be the set of problems, and tp,s > 0 be the performance of the solver s ∈ S on the problem
p ∈ P, where lower values of tp,s mean better performances. Define the performance ratio
rp,s := tp,s/min{tp,s | s ∈ S}. Then, the performance profile is obtained by plotting, for all s ∈ S,
the cumulative distribution function ρs : [1,∞[→ [0, 1] for the performance ratio rp,s given by
ρs(τ) := (1/|P|)

∣∣{p ∈ P | rp,s ≤ τ}∣∣.
5.1 Some Implementation Details

We implemented the algorithms in Fortran 90. The codes, as well as the formulation of
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each considered test problem, are freely available at https://lfprudente.ime.ufg.br/. Due to
numerical issues, we considered a scaled version of problem (1) given by

min
x∈Rn

(
γ1F1(x), . . . , γmFm(x)

)
, (38)

where the scaling factors are computed as γj := 1/max(1, ‖∇Fj(x0)‖∞), j = 1, . . . ,m, where x0

is the starting point. We point out that problems (1) and (38) are equivalent, in the sense that
they have the same Pareto critical points.

In Algorithms 2 and 3, we test if a matrix A is positive definite by trying to find its Cholesky
factorization. A positive answer is obtained when this factorization can be completed. Otherwise,
a suitable µ > 0 such that A + µI is positive definite is obtained by a trial and error process:
denoting by Aii a diagonal element of A, we first try to use µ = −miniAii + 1 if miniAii ≤ 0
or µ = 1 if miniAii > 0, and successively double its value in case of new Cholesky factorization
failures. In our implementation, Cholesky factorizations are computed using the LAPACK [1]
routine dpotrf. For Algorithm 2, if an objective Fj is strongly convex, then the algorithm proceeds
in Step 1 with ∇2Fj without performing a Cholesky factorization.

For computing dSD(x) and dN (x), we solve subproblems (7) and (15), respectively, using
Algencan [4], an augmented Lagrangian code for general nonlinear programming. Regarding the
nonmonotone Armijo-type line search, without attempting to go into details, we mention that
it was coded based on (quadratic) polynomial interpolations of the coordinate functions. The
reader can find in [28] a careful discussion about line search strategies for vector optimization
problems. Concerning the algorithmic parameters, we set σ = 10−4, Γ1 = 10−6, Γ2 = 0.1, and
η = 0.85. The value for parameter η that controls the level of nonmonotonicity was chosen based
on the suggestion of [32]. All runs were stopped at a point x declaring convergence whenever∣∣θ(x)

∣∣ ≤ 5×eps1/2, where eps = 2−52 ≈ 2.22×10−16 is the machine precision and θ(x) corresponds
to θN (x) or θSD(x), depending on the considered algorithm. We use θN (x) for Algorithm 2 and
for the Newton method without safeguards, and θSD(x) for Algorithm 3 and for the steepest
descent method. The maximum number of allowed iterations was set to 2000. We also stopped
the execution of the algorithms if an error occurs in the solutions of the subproblems. The
last two stopping criteria correspond to failures. Furthermore, for the Newton method without
safeguards, a run that generated a non-descent direction was also counted as a failure.

5.2 Efficiency and Robustness Using CPU Time as the Performance Measure-
ment

Since we are interested in estimating the Pareto frontier of a given problem, as mentioned
in section 1, a strategy often used is to execute the algorithm at hand from several different
starting points. Thus, for each problem, we considered 300 starting points from a uniform random
distribution belonging to the corresponding boxes. Each instance was considered an independent
problem and was solved by all algorithms. At this stage, a run was considered successful if an
approximate critical point was found, regardless of the objective functions values. Although the
problems are usually solved very quickly, we used the CPU time as the performance measurement.
This means that, in the performance profile, tp,s is the computing time required to solve problem
p by solver s. In the performance profile graphic, ρs(1) is the the fraction of problems for which
solver s was the most efficient over all the methods. Thus, the results in Figure 2 show that
the Newton method without safeguards was the most efficient (44.4%), followed by Algorithm 3
(41.4%), Algorithm 2 (22.4%), and the steepest descent method (12.8%). These results are
not surprising, given that, in general, an iteration of the Newton method without safeguards is
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computationally cheaper than that of Algorithms 2 and 3, and that the steepest descent method
does not use second-order information. On the other hand, as we are mainly interested in verifying
the influence of the proposed globalization techniques, the most important result for us is related
to robustness, i.e., verifying the capacity of the methods to solve the greatest possible number
of problems. In a performance profile, robustness can be accessed on the extreme right of the
graphic. As can be seen in Figure 2, Algorithms 2 and 3 are the most robust (99.3% and 98.3%,
respectively), followed by the steepest descent method (86.8%) and the Newton method without
safeguards (80.5%). We emphasize that in 7 of the 27 nonconvex problems (namely, Far1, Hil1,
KW2, LE1, QV1, SK2, and VU1), the Newton method without safeguards solved less than half
of the considered instances. In particular, for problems LE1 and QV1, it failed for all starting
points. In turn, the steepest descent method failed in a considerable number of problems due to
its numerical limitations, although it theoretically enjoys global convergence properties. These
results indicate that the introduced safeguard strategies applied to second-order methods are
useful in obtaining more robust schemes.
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Figure 2: Performance profile using CPU time as the performance measurement considering 300
starting points for each test problem.

5.3 Pareto Frontiers

In the following, we compare the ability of the algorithms to properly generate Pareto frontiers.
This will be done using the so-called Purity and (Γ and ∆) Spread metrics, which we briefly explain
here for completeness. We refer the reader to [6] for a detailed explanation of these metrics. Let
PFp,s be an approximation to the Pareto front obtained by solver s for problem p. Here, PFp,s was
obtained by running a particular solver s from the same starting points considered in section 5.2
and then removing the dominated points. Now, let PFp be an approximation to the Pareto front
obtained by first considering ∪s∈SPFp,s and then removing the dominated points.
• Purity metric: The Purity metric measures the number of nondominated points belonging

to PFp that a solver is able to compute. Given a solver s and a problem p, it is defined by
the ratio t̄p,s :=

∣∣PFp,s ∩ PFp∣∣ / ∣∣PFp∣∣. To analyze the Purity metric using the performance
profile, we set tp,s := 1/t̄p,s and, thus, lower values of tp,s indicate better performances. If
t̄p,s = 0, then we define tp,s :=∞. As recommended in [6], we compared the algorithms in
pairs when using the Purity metric.

• Spread metrics: A Spread metric seeks to measure the ability of a given solver to obtain
well-distributed points along the Pareto frontier. Given a solver s and a problem p, consider
that PFp,s ∩ PFp is formed by x1, . . . , xN and assume that these points are conveniently
sorted by each objective function j such that Fj(xi) ≤ Fj(xi+1), i = 1, ..., N . Let x0 and
xN+1 be the the points corresponding to the lowest and highest values, respectively, of Fj

22



obtained from PFp. The metrics Γ and ∆ are defined by

Γp,s := max
j∈{1,...,m}

max
i∈{0,...,N}

δi,j

and

∆p,s := max
j∈{1,...,m}

(
δ0,j + δN,j +

∑N
i=1 |δi,j − δ̄j |

δ0,j + δN,j + (N − 1)δ̄j

)
,

where δi,j :=
∣∣Fj(xi+1)− Fj(xi)

∣∣ and δ̄j , j = 1, . . . ,m, is the average of the distances δi,j ,
i = 1, ..., N . In the performance profile, we set tp,s := Γp,s or tp,s := ∆p,s, depending on the
chosen metric.

Figure 3 shows the Purity performance profiles comparing the algorithms in pairs. It is easy
to see that Algorithms 2 and 3 outperformed the Newton method without safeguards and the
steepest descent method, respectively. This undoubtedly is related to the greater robustness of
Algorithms 2 and 3, as shown in section 5.2. However, the superior performance of Algorithm 3
over Algorithm 2 may be surprising. Algorithm 2 and the steepest descent method achieved
similar performances with respect to the Purity metric, not depicted here for the sake of brevity.
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Figure 3: Purity performance profiles comparing: (a) Algorithm 2 and the Newton method
without safeguards; (b) Algorithm 3 and the steepest descent method; (c) Algorithms 2 and 3.

The performance profiles of the Spread metrics Γ and ∆ are shown in Figure 4. As can be
seen, Algorithms 2 and 3 are slightly better than the others solvers for the Γ metric, whereas no
significant difference is noticed for the ∆ metric.
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Figure 4: Spread performance profiles: (a) Γ metric; (b) ∆ metric.

5.4 Larger Problem Instances

Finally, we illustrate the applicability of Algorithm 3 for solving problems with a larger
number of objectives. MGH26, Toi9, and Toi10 are customizable problems in such a way that the
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dimension n and the number of objectives m can be chosen by the user. For comparison purposes,
we also tested Algorithm 2 on these problems. We considered some choices of n and m and a
randomly generated starting point for each instance. Table 2 reports for each solver the number of
iterations (it), the number of Hessians evaluations (nhev), the number of Cholesky factorizations
(chol), and the CPU time (time). These results allow us to conclude that Algorithm 3 found
approximately stationary points using less computational resources than Algorithm 2. Since
Algorithm 3 needs to guarantee the positiveness of a single matrix, it required considerably
less Cholesky factorizations than Algorithm 2 (which needs to guarantee the positiveness of m
matrices). This explains the significant difference on the time required by these methods to stop.

Algorithm 3 Algorithm 2
Problem n m it nhev chol time it nhev chol time

200 200 5 434 5 0.63 9 2000 2000 28.03
400 400 5 916 5 4.13 9 4000 4000 301.91MGH26
500 500 5 1142 5 8.59 9 5000 5000 612.09
100 100 15 1057 16 0.51 6 700 700 4.08
200 200 18 2574 25 3.28 7 1600 1600 60.53Toi9
400 400 19 5617 26 38.37 9 4000 4000 792.26
50 49 130 4729 154 2.38 711 34888 34888 72.80
100 99 270 19761 390 28.77 214 21285 21500 447.43Toi10
200 199 83 12527 93 64.27 89 17910 18090 2416.98

Table 2: Performance of Algorithms 2 and 3 on larger instances of problems MGH26, Toi9, and
Toi10.

6 Final Remarks

In the present work, we introduced some new tools that can be used to globalize methods designed
to solve nonconvex unconstrained multiobjective optimization problems. As a result, we first pro-
posed a globally convergent version of the Newton method, extending its applicability to a larger
class of multiobjective optimization problems. In particular, under local convexity assumptions,
using the results of [12], it was proven that the sequence generated by the Newton algorithm
converges superlinearly (or quadratically, in the case where the Hessians of the objectives are
Lipschitz continuous) to a local efficient point of the given problem. We observe that, although
the safeguard conditions (19) and (20) use the steepest descent direction, the proposed Newton
scheme does not require its calculation. We further introduced the so-called Newton-Gradient
method that uses the Lagrange multipliers arising from the steepest descent problem (7) with
second-order information of the objective functions. The global convergence of the latter method
was also established. Regarding the numerical experiments, it was observed that the modifica-
tions introduced in the classic Newton and steepest descent methods, described in Algorithms 2
and 3, led to an improvement in the robustness and in the ability to obtain good representations
of the Pareto frontiers (measured by the Purity and Spread metrics) of the methods. In addition,
in some problems with a large number of objectives, the Newton-Gradient method showed to be
promising.

Recently in [27], the authors extended the concepts of Wolfe and Zoutendjik conditions for
multiobjective optimization. In particular, under mild assumptions, they showed that the Zou-
tendjik condition holds, i.e., ∑

k≥0

f2(xk, d(xk))/‖d(xk)‖2 <∞,

for a general line search method in which the step sizes satisfy the Wolfe conditions. It is
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easy to see that the safeguard condition (19) together with the Zoutendjik condition implies that
‖dSD(xk)‖ converges to zero. This means that, as in the scalar case (see [34]), globally convergent
methods for multiobjective optimization can be obtained by taking the search directions as in
(19) and using a line search satisfying the Wolfe conditions. Therefore, we expect that the
techniques proposed here can also be valuable for improving the design and implementation
of other algorithms for multiobjective optimization. In particular, it would be interesting to
investigate rank-one and rank-two quasi-Newton methods.

References

[1] E. Anderson, Z. Bai, C. Bischof, S. Blackford, J. Demmel, J. Dongarra, J. Du Croz, A. Green-
baum, S. Hammarling, A. McKenney, and D. Sorensen. LAPACK Users’ Guide. SIAM,
Philadelphia, third edition, 1999.

[2] M. A. Ansary and G. Panda. A modified Quasi-Newton method for vector optimization
problem. Optimization, 64(11):2289–2306, 2015.

[3] P. B. Assunção, O. P. Ferreira, and L. F. Prudente. Conditional gradient method for multi-
objective optimization. Comput. Optim. Appl., 2021.

[4] E. Birgin and J. Martinez. Practical Augmented Lagrangian Methods for Constrained Opti-
mization. SIAM, Philadelphia, 2014.

[5] H. Bonnel, A. N. Iusem, and B. F. Svaiter. Proximal methods in vector optimization. SIAM
J. Optim., 15(4):953–970, 2005.
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[33] J. J. Moré, B. S. Garbow, and K. E. Hillstrom. Testing unconstrained optimization software.
ACM Trans. Math. Softw., 7(1):17–41, Mar. 1981.

[34] J. Nocedal and S. Wright. Numerical optimization. Springer Science & Business Media,
2006.

[35] Z. Povalej. Quasi-Newton method for multiobjective optimization. J. Comput. Appl. Math.,
255:765 – 777, 2014.

[36] M. Preuss, B. Naujoks, and G. Rudolph. Pareto set and EMOA behavior for simple multi-
modal multiobjective functions. In T. P. Runarsson, H.-G. Beyer, E. Burke, J. J. Merelo-
Guervós, L. D. Whitley, and X. Yao, editors, Parallel Problem Solving from Nature - PPSN
IX, pages 513–522, Berlin, Heidelberg, 2006. Springer Berlin Heidelberg.

[37] S. Qu, Y. Ji, J. Jiang, and Q. Zhang. Nonmonotone gradient methods for vector optimization
with a portfolio optimization application. Eur. J. Oper. Res., 263(2):356 – 366, 2017.

[38] O. Schütze, M. Laumanns, C. A. Coello Coello, M. Dellnitz, and E.-G. Talbi. Convergence
of stochastic search algorithms to finite size Pareto set approximations. J. Global Optim.,
41(4):559–577, Aug 2008.

[39] B. F. Svaiter. The multiobjective steepest descent direction is not Lipschitz continuous, but
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