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Abstract

SGD with momentum (SGDM) has been widely applied in many machine learning tasks,
and it is often applied with dynamic stepsizes and momentum weights tuned in a stagewise
manner. Despite of its empirical advantage over SGD, the role of momentum is still unclear
in general since previous analyses on SGDM either provide worse convergence bounds than
those of SGD, or assume Lipschitz or quadratic objectives, which fail to hold in practice.
Furthermore, the role of dynamic parameters have not been addressed. In this work, we
show that SGDM converges as fast as SGD for smooth objectives under both strongly convex
and nonconvex settings. We also establish the first convergence guarantee for the multistage
setting, and show that the multistage strategy is beneficial for SGDM compared to using
fixed parameters. Finally, we verify these theoretical claims by numerical experiments.

1 Introduction

Stochastic gradient methods have been a widespread practice in machine learning. They aim to
minimize the following empirical risk:

min f(z) = %Zﬁ(x,qi), (1)

z€ERI

where /£ is a loss function and {g;}_; denotes the training data, = denotes the trainable parameters
of the machine learning model, e.g., the weight matrices in a neural network.
In general, stochastic gradient methods can be written as

mk = fmh 4 (1 8)3,
k+1 gk mk (2)

where a > 0 is a stepsize, 8 € [0,1) is called momentum weight, and m® = 0. The classical
Stochastic Gradient Descent(SGD) method [2I] uses 3 = 0 and m* = ¥, where g* is a stochastic
gradient of f(z) at z¥. To boost the practical performance, one often applies a momentum weight
of § > 0. and the resulting algorithm is often called SGD with momentum (SGDM). SGDM
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is very popular for training neural networks with remarkable empirical successes, and has been
implemented as the default SGD optimizer in Pytorch [19] and Tensorflow [T]'.

The idea behind SGDM originates from Polyak’s heavy-ball method [20] for deterministic
optimization. For strongly convex and smooth objectives, heavy-ball method enjoys an accelerated
linear convergence rate over gradient descent [7]. However, the theoretical understanding of its
stochastic counterpart is far from being complete.

In the case of fixed stepsize and momentum weight, most of the current results only apply
to restrictive settings. In [I5, [I6] and [12], the behavior of SGDM on least square regression is
analyzed and linear convergence is established. [9] analyzes the local convergence rate of SGDM
for strongly convex and smooth functions, where the initial point z° is assumed to be close
enough to the minimizer z*. [25] provides global convergence of SGDM, but only for objectives
with uniformly bounded gradients, thus excluding many machine learning models such as Ridge
regression. Very recently, [26] presents a convergence bound of O(z + 125) for general smooth

nonconvex objectives®. When 3 = 0, this recovers the classical convergence bound of O(ﬁ + «)
of SGD [4]. However, the size of stationary distribution (’)(ﬁ) is ﬁ times larger than that
of SGD. This factor is not negligible, especially when large 8 values such as 0.99 and 0.995 is
applied [24]. Therefore, their result does not explain the competitiveness of SGDM compared to
SGD. Concurrent to this work, [22] shows that SGDM converges as fast as SGD under convexity
and strong convexity, and that it is asymptotically faster than SGD for overparameterized models.
Remarkably, their analysis considers a different stepsize and momentum weight schedule from this
work, and applies to arbitrary sampling without assuming the bounded variance of the gradient
noise.

In deep learning, SGDM is often applied with various parameter tuning rules to achieve
efficient training. One of the most widely adopted rules is called “constant and drop", where a
constant stepsize is applied for a long period and is dropped by some constant factor to allow for
refined training, while the momentum weight is either kept unchanged (usually 0.9) or gradually
increasing. We call this strategy Multistage SGDM and summarize it in Algorithm [T} Practically,
(multistage) SGDM was successfully applied to training large-scale neural networks [13, [IT], and
it was found that appropriate parameter tuning leads to superior performance [24]. Since then,
(multistage) SGDM has become increasingly popular [23].

At each stage, Multistage SGDM (Algorithm requires three parameters: stepsize, momentum
weight, and stage length. In [8] and [I0], doubling argument based rules are analyzed for SGD on
strongly convex objectives, where the stage length is doubled whenever the stepsize is halved.
Recently, certain stepsize schedules are shown to yield faster convergence for SGD on nonconvex
objectives satisfying growth conditions [27, ], and a nearly optimal stepsize schedule is provided
for SGD on least square regression [6]. These results consider only the momentum-free case.
Another recent work focuses on the asymptotic convergence of SGDM (i.e., without convergence
rate) [9], which requires the momentum weights to approach either 0 or 1, and therefore contradicts
the common practice in neural network training. In summary, the convergence rate of Multistage
SGDM (Algorithm [1]) has not been established except for the momentum-free case, and the role
of parameters in different stages is unclear.

ITheir implementation of SGDM does not have the (1 — 3) before §*, which gives m* = Zle Bk, while
mk =(1-p) Zle BF=1g for (@). Therefore, they only differ by a constant scaling.

3Here k is the number of iterations. Note that in [26], a different but equivalent formulation of SGDM is
analyzed; their stepsize v is effectively ﬁ in our setting.



Algorithm 1 Multistage SGDM
Input: problem data f(z) as in , number of stages n, momentum weights {8;}7, C [0,1),
step sizes {a;}" ,, and stage lengths {T;}?, at n stages, initialization 2! € R and m® = 0,
iteration counter k = 1.

1: fori=1,2,...,n do

2: o — Oy, ﬁ — ﬁi;

3 for j=1,2,...,7; do

4 Sample a minibatch (¥ uniformly from the training data;
5: GF — Vi l(zF, ¢F);

6: mF «— BmF~1 + (1 - B)g";

7 ot — zF — amF;

8: k+—k+1;

9: end for

10: end for

11: return &, which is generated by first choosing a stage [ € {1,2,...n} uniformly at random,
and then choosing & € {gT1 - FTi1+l gt 4Tiat2 pTit 4T yniformly at random;

1.1 Owur contributions

In this work, we provide new convergence analysis for SGDM and Multistage SGDM that resolve
the aforementioned issues. A comparison of our results with prior work can be found in Table [I]

1. We show that for both strongly convex and nonconvex objectives, SGDM enjoys the
same convergence bound as SGD. This helps explain the empirical observations that SGDM
is at least as fast as SGD [23]. Our analysis relies on a new observation that, the update
direction m* of SGDM has a controllable deviation from the current full gradient V f(z*),
and enjoys a smaller variance. Inspired by this, we construct a new Lyapunov function that
properly handles this deviation and exploits an auxiliary sequence to take advantage of the
reduced variance.

Compared to aforementioned previous work, our analysis applies to not only least squares,
does not assume uniformly bounded gradient, and improves the convergence bound.

2. For the more popular SGDM in the multistage setting (Algorithm 7 we establish its
convergence and demonstrate that the multistage strategy are faster at initial stages.
Specifically, we allow larger stepsizes in the first few stages to boost initial performance, and
smaller stepsizes in the final stages decrease the size of stationary distribution. Theoretically,
we properly redefine the aforementioned auxiliary sequence and Lyapunov function to
incorporate the stagewise parameters.

To the best of our knowledge, this is the first convergence guarantee for SGDM in the
multistage setting.

1.2 Other related work

Nesterov’s momentum achieves optimal convergence rate in deterministic optimization [18], and
has also been combined with SGD for neural network training [24]. Recently, its multistage version
has been analyzed for convex or strongly convex objectives [3 [14]. Other forms of momentum
for stochastic optimization include PID Control-based methods [2], Accelerated SGD [12], and
Quasi-Hyperbolic Momentum [I7]. In this work, we restrict ourselves to heavy-ball momentum,
which is arguably the most popular form of momentum in current deep learning practice.



| o
SGDM [25] Bounded gradient [V (mou)lI?] = O (& + £25)
SGDM 26 : [V (rou)P) = O (2 + £5)
SGDM (%) - E[IV /(o) [IP] = O (55 + ac?)
SGDM (*) Strong convexity E[f(zF) — fF]=0 (1 — ap)k + ac?)
Multistage SGDM(¥) - E[|V f (zou) 2] = O (n% +isn oqa2>

Table 1: Comparison of our results (*) with prior work under Assumption |1| and additional
assumptions. "Bounded gradient" stands for the bounded gradient assumption ||V f(z)|| < G
for some G > 0 and all z € RY. This work removes this assumption and improves convergence
bounds. Strongly convex setting and multistage setting are also analyzed. We omit the results of
[8] and [10] as their analysis only applies to SGD (momentum-free case).

2 Notation and Preliminaries

Throughout this paper, we use || - || for vector f3-norm, (-, -) stands for dot product. Let g* denote
the full gradient of f at z*, i.e., g* :== Vf(2¥), and f* := min,cga f(z).

Definition 1. We say that f : R — R is L—smooth with L > 0, if it is differentiable and satisfies

F() < F(@) + (VT @)y~ 2) + oy -2l Yo,y € RY.
We say that f : R4 — R is u—strongly convex with 1 > 0, if it satisfies
() = (@) + (Vf(@).y = @) + Glly - o]*, e,y € R
The following assumption is effective throughout, which is standard in stochastic optimization.
Assumption 1. 1. Smoothness: The objective f(x) in is L—smooth.
2. Unbiasedness: At each iteration k, §* satisfies Ecx [G%] = g*.

3. Independent samples: the random samples {(;}52, are independent.

4. Bounded variance: the variance of G with respect to (* satisfies Varx (g k) = E(k[Hg —
g*11?] < o2 for some o > 0.

Unless otherwise noted, all the proof in the paper are deferred to the appendix.

3 Key Ingredients of Convergence Theory

In this section, we present some key insights for the analysis of stochastic momentum methods.
For simplicity, we first focus on the case of fixed stepsize and momentum weight, and make proper
generalizations for Multistage SGDM in App. [C



3.1 A key observation on momentum

In this section, we make the following observation on the role of momentum:

With a momentum weight 3 € [0,1), the update vector m* enjoys a reduced “variance” of
(1 — B)o?, while having a controllable deviation from the full gradient g* in expectation.

First, without loss of generality, we can take m® = 0, and express m” as
k
mk = (1-8)_ "5 (3)
i=1

m¥ is a moving average of the past stochastic gradients, with smaller weights for older ones’.

we have the following result regarding the “variance" of m”, which is measured between m
and its deterministic version (1 — f3) Zle pgr-igt

k

Lemma 1. Under Assumption the update vector mF in SGDM satisfies

k
H Zﬁkzz

=1

2

[
Q

<

(1 - 5*)0

—_

+

™

Lemma [I] follows directly from the property of the moving average.

On the other hand, (1 — ) Zz B iglis a movmg average of all past gradients, which is in
contrast to SGD. It seems unclear how far is (1 — 3) Zi:l B*=ig" from the ideal descent direction
g*, which could be unbounded unless stronger assumptions are imposed. Previous analysis such
as [25] and [9] make the blanket assumption of bounded V f to circumvent this difficulty.

In this work, we provide a different perspective to resolve this issue.

Lemma 2. Under Assumption[1, we have

k k—
E B)> B g —g" Z E[fl"" —2|1?],
i=1 i=1
where
L2 k—1
Qi = ]fiﬂk (k t 4+ 1—%) (4)

From Lemma 2, we know the deviation of 1=z (1 — 3) ¥ BFig from ¢* is controllable
sum of past successive iterate differences, in the sense that the coefficients ay ; decays linearly for
older ones. This inspires the construction of a new Lyapunov function to handle the deviation
brought by the momentum, as we shall see next.

3.2 A new Lyapunov function

Let us construct the following Lyapunov function for SGDM:

k—1
LF = (F(5) = £7) + el — a2, ()
i=1

INote the sum of weights (1 — 3) Ele Bt =1-p8F = 1ask — oo.



In the Lyapunov function , {¢;}52, are positive constants to be specified later corresponding to
the deviation described in Lemma Since the coefficients in converges linearly to 0 as k — oo,
we can choose {¢;}2; in a diminishing fashion, such that this deviation can be controlled, and
L* defined in is indeed a Lyapunov function under strongly convex and nonconvex settings
(see Propositions 1| and .

In , 2F is an auxiliary sequence defined as

k
& x k=1,
TNk k— (6)

This auxiliary sequence first appeared in the analysis of deterministic heavy ball methods in [7],
and later applied in the analysis of SGDM [26] 25]. It enjoys the following property.

Lemma 3. 2 defined in @ satisfies

Lk — gk

Lemma indicates that it is more convenient to analyze z* than z* since z* behaves more
like a SGD iterate, although the stochastic gradient §* is not taken at z*.

Since the coefficients of the deviation in Lemma [2| converges linearly to 0 as k — 0o, we can
choose {¢;}$2, in a diminishing fashion, such that this deviation can be controlled. Remarkably,

we shall see in Sec. that with ¢ = O (ﬁ), L* defined in is indeed a Lyapunov function

under strongly convex and nonconvex settings, and that SGDM converges as fast as SGD.

Now, let us turn to the Multistage SGDM (Algorithm , which has been very successful in
neural network training. However, its convergence still remains unclear except for the momentum-
free case. To establish convergence, we require the parameters of Multistage SGDM to satisfy

féiﬁé = Ay, fori=1,2,..n.
o; T, = Ao, fori=1,2,..0. (7)

0<f1<fa<..<B, <1

where «;, 8;, and T; are the stepsize, momentum weight, and stage length of ith stage, respectively,
and A, Ay are properly chosen constants. In principle, one applies larger stepsizes «; at the
initial stages, which will accelerate initial convergence, and smaller stepsizes for the final stages,
which will shrink the size of final stationary distribution. As a result, stipulates that less
iterations are required for stages with large stepsizes and more iterations for stages with small
stepsizes. Finally, requires the momentum weights to be monotonically increasing, which is
consistent with what’s done in practice [24]. often, using constant momentum weight also works.
Under the parameter choices in , let us define the auxiliary sequence z* by

=gk — AymFL, (8)

This {zk}z‘;l sequence reduces to (@ when a constant stepsize and momentum weight are applied.
Furthermore, the observations made in Lemmas and [3| can also be generalized (see Lemmas
[6l and [7]in App. [C). In Sec. [f| we shall see that with (7)) and appropriately chosen {c;}32,,
L* in also defines a Lyapunov function in the multistage setting, which in turn leads to the
convergence of Multistage SGDM.



4 Convergence of SGDM

In this section, we proceed to establish the convergence of SGDM described in . First, by
following the idea presented in Sec. |3l we can show that L* defined in is a Lyapunov function.

Proposition 1. Let Assumption hold. In , let a < Wﬁﬁ-&-? Let {¢;}2, in (B) be
defined by
B+82 L3a2 5
a-py B — . 2 o i /8 2 .
cL = | 42 B 12’ Cit1 = G (4c1a + 1_5>6(z—|—1_ﬁ)L foralli>1.

(1-p)?
Then, ¢c; >0 for alli > 1, and
3B+
2(1-p)

B2 290 1, 95 1‘522)
+ | —————La“c” + =La“c” + 2¢ a‘c” ).
(m1+m 2 145

By telescoping @, we obtain the stationary convergence of SGDM under nonconvex settings.

B+t - 1) < (at Lo+ dcra? ) Ellg*

9)

Theorem 1. Let Assumption hold. In , let @ < a < min{ L(4£Zai52)’ 2\/§L1\72+ﬁ2 +. Then,
lf: Elllg"lI*) @) (B ) pagr— o (LB (10)
ket ko 8(1+ B) ko '

Now let us turn to the strongly convex setting, for which we have

Proposition 2. Let Assumption [1] hold. Assume in addition that f is u—strongly convex. In
. let a < mln{ 5L , (3—/3+2,821+_48\,/E 2L+LISM) }. Then, there exists positive constants ¢; for

such that for all k > ko == |82 | we have

log 8
La B
1+8+62, 1-8 B+ 5
ELk+1_Lk < _ ol ELk L 2 2 2 2 17P 9 22_
[ ] < 1+ % [ ]+(2(1+5) +1+5 c)a‘o +(1+%)(1+ﬂ) pato

The choices of {¢;}$2, is similar to those of Proposition [If and can be found in App.
With Proposition 2] we immediately have

Theorem 2. Let Assumption[1] hold and assume in addition that f is p—strongly convex. Under
the same settings as in Proposztzonl% forallk > ko = Llogo 5J we have

k—ko
E[f<zk>f*]é(1 au) E[L4] + <1+8” )Hﬁﬂj "L

1+3 L) 21+p8) n

8u 1 12/B 2L+ 18u 2, pr4 Lapg2 o
14+ — ao ao

L)\1+8 25 1 1+8# 1+

=0 ((1 —ap)* + iaa2> .



Corollary 1. Let Assumption[]] hold and assume in addition that f is u—strongly convex. Under
the same settings as in Proposz'tion@ forallk > ko = Ll?fgoﬁsj we have

Elf(a") - £1]= 0 (4 Zao?).

where r = max{1 — au, B}.

Remark 1. 1. Under nonconvez settings, the classical convergence bound of SGD is
@) (W + Lozch) with o = (9(%) (see, e.g., Theorem 4.8 of [4l]). Therefore, Theorem
tells us that with o = O(%), SGDM achieves the same convergence bound as SGD.

2. In contrast, the radius of the stationary distribution for SGDM in [26] and [25] is O(lo‘f;),
and the latter one also assumes that V f is uniformly bounded.

3. In Theoremla and C’omllary the convergence bounds hold for k > ko = Ll'foggoij, where kg

is a mild constant!.

4. The convergence bound of SGD under strong convezity is O ((1 —ap)k + §a02) (see, e.g,
Theorem 4.6 of [4l]), our result for SGDM in Corollary recovers this when 3 = 0.

5 Convergence of Multistage SGDM

In this section, we switch to the Multistage SGDM (Algorithm .
Let us first show that when the is applied, we can define the constants ¢; properly so that
() still produces a Lyapunov function.

Proposition 3. Let Assumption || hold. In Algorithm |1}, let the parameters satisfy @ with

A = m. In addition, let

ol BatBZ 13
1-5 <192 1- 8, 1—161 (1—5n)2L

= ) C1 = 2 )
B VBn + 52 1— da3 5220 12

and for any i > 1, let

af Bn

1_51 1_/Bn

Then, we have c; > 0 for any i > 1. Furthermore, with z* defined in , for any k > 1, we have

VL2,

Ci+1 = C; — <461a% + L >ﬁ;(l +

E[Lk+1 _ Lk]

B 2
< (= o+ I e 4 aene) ) Ell 1)

b1
\/ Bn + B2

where a(k), (k) are the stepsize and momentum weight applied at kth iteration, respectively.

+ <B2(k)La2(k)12 o? + %Laz(k)az +4c (1 - 61)a2(k)02>.

1For example, we have kg = 6 for the popular choice 8 = 0.9.



Theorem 3. Let Assumptz'on hold. Under the same settings as in Proposition@ let 51 > %
and let Ay be large enough such that

1
B < 5 Jor i=12.n
Then, we have
n Th+.+Ty 1 * n
11 ; 2(f(z)—f") 1 s B 2
Y2y g s ML) SN (g4 3L | o
ni =Ty 4. +Ty_1+1 nAy ni3 \ Bn + B2 a1
1\ _ px 1 n
=0 7f(x )=/ + — Lozlo2 .
nAs n

Remark 2. 1. On the left hand side of , we have the average of the averaged squared
gradient norm of n stages.

2. On the right hand side of , the first term dominates at initial stages, we can apply large
«; for these stages to accelerate initial convergence, and use smaller oy for later stages so
that the size of stationary distribution is small. In contrast, (static) SGDM need to use a
small stepsize o to make the size of stationary distribution with small.

3. It is unclear whether the overall iteration complexity of Multistage SGDM 1is better than
SGDM or not. Numerically, we do observe that Multistage SGDM is faster. We leave the
possible improved analysis of Multistage SGDM to future work.

6 Experiments

In this section, we verify our theoretical claims by numerical experiments. For each combination
of algorithm and training task, training is performed with 3 random seeds 1, 2, 3. Unless otherwise
stated, we report the average of losses of the past m batches, where m is the number of batches
for the whole dataset. Additional implementation details can be found in App. [E]

6.1 Logistic regression

Setup. The MNIST dataset consists of n = 60000 labeled examples of 28 x 28 gray-scale images
of handwritten digits in K = 10 classes 0,1,...,9. For all algorithms, we use batch size s = 64
(and hence number batches per epoch is m = 1874), number of epochs T' = 50. The regularization
parameter is A = 5 x 1074,

The effect of o in (static) SGDM. By Theoremwe know that, with a fixed 3, a larger
« leads to faster loss decrease to the stationary distribution. However, the size of the stationary
distribution is also larger. This is well illustrated in Figure [I} For example, a = 1.0 and a = 0.5
make losses decrease more rapidly than a = 0.1. During later iterations, e = 0.1 leads to a lower
final loss.

Multistage SGDM. We take 3 stages for Multistage SGDM. The parameters are chosen
according to @: Ty =31y =6,1T3 =21, a; = A2/T;, B; = A1/(ca + «;), where Ay = 2.0
and A; = 1.0.! We compare Multistage SGDM with SGDM with (a, 3) = (0.66,0.9) and
(o, B) = (0.095,0.9), where 0.66, 0.095 are the stepsizes of the first and last stage of Multistage
SGDM, respectively. The training losses of initial and later iterations are shown in Figure [2]

1Here, A; is not set by its theoretical value
constant L cannot be computed easily.

ﬁ, since the dataset is very large and the gradient Lipschitz
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Figure 1: Logistic Regression on the MNIST Dataset using SGDM with fixed («, )

We can see that SGDM with («, 8) = (0.66,0.9) converges faster initially, but has a higher
final loss; while SGDM with («, 5) = (0.095,0.9) behaves the other way. Multistage SGDM takes
the advantage of both, as predicted by Theorem [3] The performances of SGDM and Vanilla SGD
with the same stepsize are similar.

Initial Iterations Later Iterations
—&— Multistage SGDM
254 —A— a=0.66,8=0.9 0.36
—#— a=0.095,8=0.9
—>¢ Vanilla SGD a =0.66 0.34 4
207l —— Vanilla SGD a=0.095
3
- 0.32 1
(o)}
f=
=
i 0.30 1
'_
0.28 1
0 200 400 10000 20000

Batch (Iteration)

Figure 2: Logistic Regression on the MNIST using Multistage SGDM and SGDM with fixed

6.2 Image classification

For the task of training ResNet18 on the CIFAR-10 dataset, we compare Multistage SGDM, a
baseline SGDM, and YellowFin [28], an automatic momentum tuner based on heuristics from
optimizing strongly convex quadratics. The initial learning rate of YellowFin is set to 0.1E| and
other parameters are set as their default values. All algorithms are run for T'= 50 epochs and
the batch size is fixed as s = 128.

For Multistage SGDM, the parameters choices are governed by (ED: the stage lengths are
T, = 5, Ty, = 10, and T3 = 35. Take A; = 1.0, Ay = 2.0, set the per-stage stepsizes and
momentum weights as a; = Ao /T; and §; = A1 /(A1 + o), for stages ¢ = 1,2, 3. For the baseline
SGDM, the stepsize schedule of Multistage SGDM is applied, but with a fixed momentum S = 0.9.

1We have experimented with initial learning rates 0.001 (default), 0.01, 0.1 and 0.5, each repeated 3 times; we
found that the choice 0.1 is the best in terms of the final training loss.
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In Figure 3, we present training losses and end-of-epoch validation accuracy of the tested
algorithms. We can see that Multistage SGDM performs the best. Baseline SGDM is slightly
worse, possibly because of its fixed momentum weight.

Training Loss Validation Accuracy
1.75 A
0.9 4
1.50 A
1.25 081
>
w 1.007 @ 0.7 1 —o— Multistage SGDM
3 0.75 g YellowFin
< 0.6 —A— Baseline
0.50
0.25 1 051
0.00 1, i i i i 0.4 15 i i
0 5000 10000 15000 20000 0 20 40
Batch (lteration) Epoch

Figure 3: Training ResNet18 on CIFAR10
7 Summary and Future Directions

In this work, we provide new theoretical insights into the convergence behavior of SGDM and
Multistage SGDM. For SGDM, we show that it is as fast as plain SGD in both nonconvex and
strongly convex settings. For the widely adopted multistage SGDM, we establish its convergence
and show the advantage of stagewise training.

There are still open problems to be addressed. For example, (a) Is it possible to show that
SGDM converges faster than SGD for special objectives such as quadratic ones? (b) Are there
more efficient parameter choices than that guarantee even faster convergence?
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A Proof of Preliminary Lemmas

A.1 Proof of Lemma [1]
Since m* = (1 — B) Zle BE=igt, we have

2 2

k

’m’“ (=5 B

i=1

k

> 8G9

i=1

E = (1-pB)%E

Moreover, since ¢!, ¢?, ..., ¢* are independent random variables (item 3 of Assumption [1), we can
write the total expectation as E = E¢1E¢2...Ecx, and therefore

k 2
E -B)> B
i=1
& 2
= (1- B)*EciEeEce ||| 8415 — g)
i=1

ko k
= (1 - B)’Ec1E¢2..Eq ZZ (BF1(g" — g%, B* (57 — ¢7))

=1 j=1

By applying Ei [7'] = ¢° (item 2 in Assumption , we further have for any ¢ > j that

EcEce..Eer [(§" — Eci[3'], 37 — Ecs[67])]
=EqaEe. Ep [(gl — Eci[ﬂ gﬂ' —Eg [gJD]
=EaEee. Eeimr [(Ea[9'] - Esld'], 77 — Ecs[97])]
=0.

It is straightforward to see that the same conclusion holds for ¢ < j.
Finally, we know from the item 4 in Assumption [1| that

k 2

Hmk —(1=p)> B¢

i=1

k
= (1 - B)’E1Bge. Egr lz pH)| g — Eg [éi]IIQ]

=
2k 2
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A.2 Proof of Lemma [2
We have

D8I GEllgt g1+ 3 Ell" — o)

- g\2 (& 1\ _
1— 5k> z:: Zﬁ%_l_] 3 Elllg" — ¢’ [I”]
5

NESTAL 262’“] S Elllg* — 17
T 2 5 Elllg" —g
1— 2 k kllf k )

- (1_/5;) > S - g

B & , ,
=15 > B Ellg - o117,
=1

where we have applied Cauchy-Schwarz in the first inequality.
By applying triangle inequality and the smoothness of f (item 1 in Assumption , we further

have
2

1-8 k ‘ k—1 ‘ '
< T 2B = i) D Ell T — o))
i=1 j=i

k

1-p —i i

1_Bk26k gigk
i=1

1 —ﬁ k k—1
S Zﬂ’”(k - z‘)ZB Eflla** = 27]?]
1_

B mZ(Zﬂ’“ —z’))L?E[HW—ﬂnQ].

Therefore, by defining a?w = B P LAY BR Z(k: —1), we get

k

1-p k—i ik
_ kzﬁ 9 -9

1 ﬂ =1

Furthermore, aj, ; can be calculated as

, L25k 1 LZIkaj ﬂ

i Ellle " — 2|2, (12)
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Notice that

1— Bk 1-58
Combining this with , we finally arrive at

L2 k—j
ay; < Qg j = B (k: —Jj+ ﬁ) . (14)

2
1

ﬂ k
E — k—i i _ _k
1_5,€;B 9~y

k—1
<Y an Bl =2,
i=1

where

_L2Bk7i ) ﬂ
(Zkﬂ'— W (k'é‘i’l_ﬁ) .

A.3 Proof of Lemma [3

Let us consider the cases of k =1 and k > 2 separately.
For k =1, we have

2 1_#2_ B 1 1 1 2 1
Z_Z_lfﬂx -5 —175( )

And for k£ > 2, we have

Zk+1 Zk _ . i B(:qutl _ xk) i f (xk _ xk 1)
=1 i ﬁ(—amk) “1-3 f B(—amkfl)
= ﬁ(—amk + afmbh)
= —agk.

B Main Theory for SGDM

B.1 Objective descent
In order to prove Proposition [I] let us first show an auxiliary result.

Proposition 4. Take Assumption . Then, for z* defined in (@, we have

2
EL ()] < B+ (—a+ T La? + S La?) ElgHP)
: 21 (15)
B? 1 2 o B*(1—-pF)>PLa? 1-8 : k—i i k
+(2(1+B)+§)Laa+ =5 E l_ﬁk;B g —g
The smoothness of f yields
Ece[f(zFTD)] < F(Z%) + Bk [(VF(27), 2541 = 29)] + %Eqk[\\zk“ - 2|7
(16)

a?
= f(2*) + Ec:[(VF ("), —ag")] + LTE@ [15* (1),
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where we have applied Lemma [3|in the second step.
For the inner product term, we can take full expectation E = E¢1...E¢x to get

E(VF(2"), —ag")] = E(V f(z"), —ag")],

which follows from the fact that z* is determined by the previous k — 1 random samples
¢t ¢?,...¢F1, which is independent of ¢¥, and Ecx [G%] = g".
So, we can bound

E(VF(2"), —ag")] = E(Vf(z") = 4", —ag")] - aE[lg"|]

Po k k 1 k k
< a- L2E[|l2" — 2"’ + a5 —E[l|lg"|”] - «E[llg"|1?],
2 2po
where pg > 0 can be any positive constant (to be determined later).
Combining and the last inequality, we arrive at

E[f(=*)] < E[f(M)] + B2 L2E[|12* — 2*|])

(s — a) ElIgI?) + 227 g,

2p0 2

k

Since z*F = 2% when k = 1 and 2* = 2% — 5 _2F=1 when k > 2, it can be verified that

-5 -5
b — gk = —%amk_l. Consequently,

B ()] < B + b L (2 P Bl P

1 La?
- E k12 E ~k 12 .
+(a2p0 a) E[llg"[I°] + ——Elllg™lI%)

On the other hand, from Lemma [I| we know that

k—1 k—1
Ellm*~1°) < 2E[m* ™" — (1= 8) > B g 1P+ 2El1(1 - B) Y _ 85 g

=1 =1

1- 3 k—1 o
o’ +2E[|(1-8) YA

=1

<2
— 7148

1— k—1

k—1
ﬂ —1—1 1 1 _5 —1—7 3
i 20 AT I < 2l ) + 2Bl = 2 AT oL
i=1 =1

Elllg"]%] < o® +Elllg"|I).

E[l

(18)
Putting these into , we arrive at

2
el < B+ (-0 agh + 2082250 - 52 4+ 5 ) Ellgt
_ 2
+ (a300L2(1 f 57)271 T g02 + Lg 02>

B

1-p5

(1 Bl kZﬂg - "]
1— ﬂkfl — :

+ 20 po L*(
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Substituting

k—1

1-p - k—i i k2 1 b1 1=BFN
E[liﬂszg Q_QH]ZE[linB(l_B)Zﬁ 9—177&59 1]
=1 i=1

1— gk—1 1-p8 ™=t o
— P PEll iy 38— o
1=1

into the last inequality produces

E[f(z"1)] < E[f(z)] + (— o+ s+ 20%p0 L3 (2o )2(1 - B2 4 La) Elllg" %]

20 1-5 2
+(a3poL2(1f5) 1+g o+ L 5 02) (19)
+2a3p0L2(1i5) (1— k)2 6k Zﬁk ‘g —g" 7).

Finally, using 1 — 8! < 1 and py = 2 L gives

1+ 2

B <EFEI+ (-at 73

1
La® + 5 La®) E[llg" )

[32
20+ 8)

1
)La

i s S

1-p

K
1_5 k—i i k

—r 2 87—y
1 B =1

2]
B.2 Proof of Proposition
Recall that L* is defined as

k—1
Lk — f(zk) _ f* + Zci||xk+1_i _ :L'k_iH27

i=1

Therefore, by we know that

1 La?
ElLEH Y] < (_ atat taotprr(- oy O‘) Elllg* |
2po 1— 5

3 2 ﬂ 6 2 2 2
+(ap0L(1_ﬂ)1+ﬁ + La )
+ Z Cip1 — ci) E[lzH17 - 2)2) (20)

+ ey Ef|l2" — aF||?)

- AE 6k25’“” 17,

+ 20 po L*(
1—
where py =

B
2L "
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To bound the ¢; E[||z*¥+! — 2¥||?] term, we need to following inequalities, which are obtained

in a similar way as .

k k
Eflm"|[*] < 2E[|Im" — (1= 8) ) 8*7'¢'I] + 2E[I(1 = B) > 8" '¢'[I*)
i=1 i=1
k
o2 _ k—i i)|2
< +2E]0 >;ﬂ e o
17ﬂ ¢ k—i 12 k k—1 z
E[l_ﬁkZB 9'IIF1 < 2E[llg ||]+2EH BkZﬁ’ —g"I],
i=1
E[llg*|*] < o* + E[llg"||]-
Therefore, ¢; E[||z¥T! — 2%||?] can be bounded as
Eflz*! = 2*|%] = cra® E[m* %]
<cra? (m? 2 Al - 64
+ 4c¢0? E|| mzﬁk gt —g*1?
<ae?( 1+§ ? 4 €]l 1)
+depa(1 — BF)? 5k26’“” g"|I°]
Combine this with 7 we obtain
E[Lk+1 o Lk]
2
S O T >2+L§+4c1a2) Elg" |2
3, 72( B 218 o 1=8 o »
+<ap0L(16) +/8 2y L +2011+ﬂ0z0)
+ Z Cz+1 o C ”xk-i-l—i _ $k_i||2] (22)
1 deja (1_Bk BkZBk zz_ngQ]
+20%p0 L ( B) (1= 457 BkZB’“ ‘' ="

In the rest of the proof, let us show that the sum of the last three terms in is non-positive.
First of all, by Lemma [2] we know that

k
B)> B g —g"
=1

2 k—

Z Eflla"" — 2|17,
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where

Or equivalently,

k k—1
1 L » .
E m(l _B)Zﬁk zgz _gk < ak7k—iE||xk+1 i xk zHQ’
i=1 i=1
where
L2t (. B
Ak k—i = 1 F <l+ 1-3)

Therefore, in order to make the sum of the last three terms of to be non-positive, we need to
have

) o 201 _ pky\2 5 o(1=pF)? ,
Ci+1 <g¢ 401(1 (1 ﬁ ) + 2 poL Ak k—i

(1-p5)?
for all i > 1.
Since 1 — B*¥ < 1, it suffices to enforce the following for all i > 1:
Cit1 = C — <461062 + 2(13[)0[/212) 61(7/ + L)LQ (23)
=) -5
And in order for ¢; > 0 for all ¢ > 1, we can determine ¢; by
(401a + 202 pg L2 > ZB’
Since .
j .
. 1 1-p7 .
>oif = PUZP) _ jare),
2. =15\ 18
we have > 7 iff" = (1 7z and
: 1 B+p°
= (4c10? + 20 py L? L2
(ter0® + 20ty ) 255
This stipulates that
+ 2
20%p0L* {5 o
= 1 — 402 B+B82 12’ ( )
- (1-p)?

Notice that & < —=2 ensures ¢; > 0.
SN/ IV 1

With the choices of ¢; in and , the sum of the last three terms of is non-positive.
Therefore,

E[Lk+1 *Lk] § <Ol+a21 +2a Po L2( f)/@) + — +4cla > ||g ||
Po (25)
(et b,
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Finally, taking

1-5
= 26
£o Sy ( )
in (24), (23), and gives
3 2
o — (e L
A2 BB 727
1 -4« (175)2[/
La B
Cir1 = ¢ — |4e1a® + )61 7L2,
" ( it gy ) Ut )
_ 232
E[L* — LM < <a + wm? + 4cla2) E[ll¢g" 1]
2(1-7)
ik 9 9, 1 ﬁ o2 2)
+ | — L« + =La%e? + 20
<2(1 157 T2 1+8°
B.3 Proof of Theorem [1]
From we know that
E[L"' — L] < =Ry E[||¢"|1%] + R, (27)
where
L
Ri=a—a—— 2a3p0L2(L)2 i 4er0 (28)
0 1-5 2
B ,1-8 1 1
R — 3 L2 2 2 *L 2 _2 2 2 _2 29
2 = a’pg (71_ﬁ)71+0+2a0+011+ﬁaa, (29)
and pp = 57
This 1mmed1ately tells us that
k .
L' >E[L' — LM > Ry Y E[|lg|P] — kR,
i=1
and therefore
k
1 L1 Ry
— — 4+ —. 30
Pl < (30)
In the rest the proof, we will bound R; and Ry appropriately.
First, let us show that Ry > § when pg = % as in and o < min{ L(4:3i/32)’ 2L\1/;3i62 1.

From (24) we know that

20%po L 5y

B+82
1 —4a2 =L L2

C1 —
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Since @ < —1=8 e have

= 2v2L./B+82’
Ao 8+p? PHP” 2o 1
(1-p)2 — 2
and
c1 < 4a3p J A+ 62 1 L

< —apoT—7g-
(1=p)t 4 " (1-p)7
Therefore, in order to ensure Ry > § where R; is defined in , it suffices to have

1 53 La? 1 «
- ) L272 2 = L27 < =,
Agp TRl (TNt - el a—gnat < 5
Applying py = % yields
1 B La? 1
i ) L2 2 2 L27 2
T L L (e
B Lao? 2L B2 +1 27 1 +Lozz
*1—5 -8 2 1-8 2
1 B? 1 1 1
= La? = =
° (1—6+1—6+21—6+2)
4— 232
:La275+ 8
2(1-5)
e
<77
-2
where we have applied o < MEB;EMZ) in the last step.
Therefore, is true and
«a
> —
i -2
Now let us turn to Ry. By we know that
B 2 21-8 o2 Loy -8B 0202
= apol? L 2¢1
Ry = apg (1—5)a1+5 —1—2 o?o? + Cl—i—ﬁ
B 1-p 1 B+pB21-p
< 2 2 2 o2 I AP TP o202
_QPOL(l—B)a1+ﬂ +2a 2 1 8a®py 1 5)41+5
Since pg = %, we have
B 2 2, 1o 9 9 4p 3,4 2
L =L —— L
B R R e e
. . 1-8 —B —B
By applylngagmln{L(476+ﬁ2) 2fL\/B+ﬁ2}_ soer < E,We further have
B 20 1o 9o B oy
< ———L —L L
R272(1+5) ‘o —|—2 a‘o —|—4 a‘o
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By putting and into , we finally obtain

1 k 2 f(xl)—f* ﬂ+3ﬁ2
Pl = L () o

=0 (f(xlk)_f> + O (Lac?).

(07

B.4 Proof of Proposition

In order to prove Proposition [2] we will set

c:< vB VB 6) 207> | 18L%u0”
TNA-VB? T 1-VBL-8)\1-8 T (1-p0+%) )"

Cip1 — ¢ + Ag2L2BF 0 [ k ( —i+ 158) = Aiq, Vi > 1,

Take pg = ;B in , we have

3—B+25°
E[LF —LF < (- La? + 4¢102 ) E[|| g%
| < (ot TS a® e ) Ellg )
B 2 2, 1 -8 o2o?
L —L 2¢q
—|—<2(1 B)aa+2aa—|—cl+ﬁ o
! , . (36)
+ Z Ciz1 — Cz ||mk+1—z _ wk—z||2]
i=1
La? 1 k
+ 4ca2+ )1—5k2E 1_6 ﬂk—i‘gi_ng.
(10102 + 25 ) (1= 8P Ell = D3 17
Let us first derive a lower bound of the first term on the right hand side of .
From the strong convexity of f we have
Elllg®(I*) = E[IVf(=")II”) > 2uE[f(«*) - £7], (37)
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where f* = min,cga f(x). On the other hand, for E[f(2*)] we have

ELF(4)] < E[/(a")] + Ellg", = — 2%)] + £ E[I* — 2|7

k k

= E[f(«")] + E[(¢" —

i=1 i=1

L af 12
+§E[||mm (<]

< E[f@@")] + oL Ellg*

k
k—i i o p k—
—5);5 g ||2]+%E[||qm %]

)

k—i z aﬂ k—l L o
FE[ }jﬂ ) + 5 Ell

k

1= 8" "g"|I°]

1
_ Bk
1-5 i=1

+ (ol + Bl

B P1 1 ~ k—i N2 1 k1112
T3 ?E[Hl_ k(l—ﬁ)ZB Al ]+*E[||m_ 1]
k
Zﬁk "9 [I°]

o B8 Lao? ﬂ B 1
+(%g_ﬁf+ 2gt?>+a [”p>[nk1m
k

F1-8) > B,

=1

saﬂﬁw+a§amk—

= E[f(2")] + o Elll"

where p, p1 > 0 are to be determined later.
Combining this with gives

k
Ello* %) 2u( ELFGH) - 7 - oS Ells* 92

o, B Lo ﬂil -
- (55" + (i) + oty ) Bl

B p1 1 a k—i i2
—ay5 5 Elly=m -8 87, ).
i=1
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On the other hand, we have from that

k—1
Ellmt 1) < 27+ 21— <2E[||gk||2]+2E[|| = (DD I mm)
=1
1-5
=275 5%

- - B* 1 - —i
+2(1 - g 12 <2E[Ilg’“| ]+2@( — ) E[Ill_ﬁk(l—ﬁ)gﬁk g —gkll2}>,
and that

1 [ [
E[Ill_ﬁk Zﬂk 9'II°] < 2E[llg"|I*] + 2E[|ls——=5 Zﬂk - 3"I%-
=1
Putting these two inequalities into (38) and rearranging gives

L 2
{1+2u<(§0(1f6)2+ ; (1f5)2+a1652;1> 4(1 — pr=1y?

+artan )| ElstP

> 2u ELFGH)] - - of Ells* -

k

(=AY 8|

=1
a, B La? 5 1
B (2p(1 6>2+2(1—6)2+a1—52m>

(2220t - gty (e (1-8)S g — g
r -t ST e

i=1

k
- ot Rl - 0) 38— ot P

=1

- 2H[E[f<zk>} s

(0‘(5)2+LO‘2( g )2 4 a B >2 —B 2

21— "2 T T T 52 ) T8
La? 1 1
(O‘g+<;p(1f6)2+ ;(113/3)2”1?62[)1) =Yg +a Bﬁ’“)

1 N i
<Ell - 9 Y A -
=1
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Taking p = ﬁ and p; = % gives

2 L 2
{1+2u<(a16_6+ ; (1fﬁ)2)4(15k1)2+04

{ )] et

> ou Elf() -

(oi Bt
RN P

k
<Ell -8 Y A - 1

=1
Since
1-5
a < 5T’ (40)
gives
(1+85) Ellg*))
> 2uELFC) - £
g Lo®, B 1-7
- (a15+ 2 (15)2>21+ﬁ“2 (41)
1 B2 La? p 1 1
- (0‘2(15) +(a15+ g (lﬂ)2>4(1—,6k)252+a16)
k
<Ell (- 8) 308’ - ot P,
1-p5 i=1
Since a < %7 we have that
. _( VB N VB B ) 2L3a2+ 18L2pa?
CNO-VEE T T-VEI-B) 18 T (1-pa+ )
4B 2VB B 2L(1—p) | 18u(l—p)
= (1—6)2+1—ﬂ1—6 25 25(1 4 &)
L (42)
6v/B 18u
=HB-5) (2“ 1+8;>
v
< A (2L + 18y)
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Therefore, by a < 1-8 we have
y DY & = L(37ﬁ+2ﬂ2+482\5/§ 2L+LlSu)

3-B+28° , >
— — L 4
o+ 2(1_5) o +4c o

a a 3-B8+28%_, 24/B
PR R T T )
(6%
5.

(2L + 18p1) o (43)
§ .

Combine with , we have

E[LF+ — LF] < — S E[|l6*|1?]) + iLaQJz + a2 4 2c - 5a202)
= 2(1+ B) 2 1+ 8

|

N
=

+ (Ci—i-l o Ci) E[”karlfi o mk7i||2]

(44)
i=1
Lao? 1 K .
+ (4e1a® + )1— FZE[——-(1 -8 BFigt — gF112).
(1002 + 75 ) (1= P Ell = D3 17
By combining with , we further obtain
E[L* — L4 < BiE[f(5) — '] + By
1 k k—1 ' ,
+ B3 E[I|m(1 =B B g = g Pl + D (ciyr — ) E[J]aFT = 2R,
i=1 i=1
(45)
where
a 2u
B =——
1 D) 1 + 8%,
B 29, 194 1-08 5 5
By = —L + =L + 2ci——a“o
2T o1y T 173
B2 Lo B 1-8
g2;¢ (Oém‘i‘ P) (m)Q) 2@0’2 46
2 1+ 8 ’ (46)
L 2
Bs = deya® + (1_aﬁ)
52 Lo/ B 1 1
a 2/1, (O{ﬁ + (041_,8 + 2 (W)Q) 4@ + Oém)
= - )
2 1+
From Lemma Bl we know that
1 k o k—1 _ _
E [ll_ﬂk(l —-B)> B - 9k|2] <> api Ela T -2,
i=1 i=1
where
LZIkai ) B
ak’izl—BIC(k_Z+l—ﬂ . (47)
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Putting this into yields

(L4 — LM < B Ef () - 7]+ By
k—1
=+ Z(Ci+1 — ¢+ Bgak’k,i) E[||a?k+1_i — .Z‘k_in.

=1

In the rest of the proof, we will show that if the constants ¢; are chosen such that

o ( VB N VB B ) 41302 N 30L2ua?
NA-VEE T 1-VBL-8)\1-8 T a-pa+ ) )
and
2 pk—i . p _ .
Cit1 — C; + B32L 1) k—l+m = B¢, Vi > 1.
Then, we have ¢; > 0 for all i > 1 and
City1 — ¢ + Bgap p—; < Bicg, Vi > 1.
And therefore, we will have the desired result:
k—1 4 '
E[LFT — LM < By E[f(2%) = f*]+ Bo + By Y _ e E[[Ja* 7 — 24772
i=1
ap k 8 2 2, 1. 95 1-8 5 5
=— + ———La“c“ 4+ —La“c” + 2¢ «
143 (L] 2(1 4 ) 2 "1+
2, La B
Pr%is 2 o0
1+8% 1+p

First of all. by k > 1?5;55, we know that ¥ < %, and gives

(.. B
_ <2L2p° — .
Ak k—i < B <Z + -3
Therefore, in order for (51) to hold, it suffices to set

Cip1 — ¢ + B32L?BF (k — 1+ 1%) = B¢ Vi > 1.

This is exactly .
On the other hand, is also equivalent to

Cit+1 C; 2L233 i . ﬂ .
— — - = — - P Vi > 1.
(1 + Bl)erl (1 I Bl)z (1 ¥ Bl)er] B i+ ) 1>

Therefore, in order to have ¢; > 0 for all i > 1, we can set
~(_ B \{(. 8
>2L°B — .
a= 3;<1+Bl T3
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Sinceﬂg\/ﬁgl—i—Bl:l—auH_%“ and
N

j .
Ny 1 q(1 —¢’ i
> g =1 <( )—qu+1)7
—q 1—gq

for any ¢q € (0,1), is equivalent to

1+ﬁB 1+ﬁB B
c1 > 2L°Bs L 4 L ). (53)
B B —
(1- 1+Bl>2 =175 1-8
Recall from that
Lao?
Bs = 4c¢i0”
3 cra” + )
1 2 a?
a2m (O‘zu_ﬁ) + (0‘16—7 + 4 (%)2) 4512 + O‘ﬁ)
2 14 2
11 1
— (461a2+ Lo’ > a2u (%(Hf) +2La2(f)2)
-8/ 2 14 2% '
Since a < %, we further have
15
Lo? o 21 (O‘W)
Bs < (4c10% + )+ :
’ Ta-p) T2 g
Since B; = — ljg; and a < 15_Tﬁv it can be verified that 1—5-‘%% < /B forall 8€0,1) and pu < L.
Therefore, "
B B
115, 4 _TiB p < VB VB B

= + .
I-5)? 1-51-87(1-VBh? 1-VB1-p
As a result, in order to have , it suffices to set

2 VB VB B 2 La? a2k (a2(11§5))
Since a < %, we have

272 VB VB B 1
toset ((1—¢B)2+1—\/B1_5> =x3
(54) in turn just requires

c :< VB i VB B ><4L3a2 30L%ua?
A\ -8 " (1-p)+3) )

1-VB)? 1-VB1-p

which is exactly our choice of ¢; as in .
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)

B.5 Proof of Theorem [2
From Proposition [2{ we know that for all k > ko = Ll?fgoij,
1+8+8° -8
E[LF! — %) < ——2E_E[L}] + La20? + 2¢,0%0
[ < 143 I S0+ 1+47
2 | La B?
+ Pt 14 2ua’o?
(1+ )1 +5)
Rearranging gives
1+8+8 1-
ELk+l< 1— ap ELk L22 2 2 2
2 < 1= T B+ S0 g + a0’
2 | La B2
F+% 1-8 2p0’0?
(1+ )1 +5)
Qp g 1EBEBT 5 5 10 2 2
<|1- E[L L 2
( 1+8th>[ |+ TR + 3 glacte
+62+% 22 o2o?
8w 1 H
1+ 148
where we have applied o < 15_75 in the last step. Therefore,
1 (1 2 1-— 24 Lagz 9
E[LF]) — — +6+5 La*o® + 520101202—1-6 1805 polo?
e\ 2(1+5) 1+ 1+8 148
+3 L
S ]-_ a,ug
1+
1 2 1-— 24 Lapg2z 9
+8+8 Lalo? & 5201a202+6 10 pa2a? | | .
1+8 1+8% 148

o1
X<E[“ 11@;(2(1%)
2 22>>
pa’o

P
1+

_62c1a20 + B
L+7
2 2)

This immediately yields

E[L"]
k—ko
_<1— O‘“&L)
148
1 (1+4+8+p?
x [ E[L*] — La?o® +
<[ | ﬁ$<2u+6) 148
L
1 1+8+6% 5,5, 1-0 20 B8R 2
La“o* + 2c1a°0” + a‘o
(2(1+5) 1+p" 1+ 1+p"
La
2+/82+?2 2 ac? | .
1+ 1+p

201
M

+ —ag
14382

k—ko

o ) E[L"]

2

1+8+8°L 5, 1-8
1+5

8#) 1+5+8”
41+5)
30



By ¢; >0 for alli > 1 and , we conclude that

E[f(z*) -

k—ko
() e

1 2L 1 12¢/B2L+18 24 2 9
+( ) +B8+p°L Loty VB 2L+ 18 o+ B+ 1;)5 o’
201 +8) u 1+8 25 U 1+8% 148

=0 ((1 —ap)FRo 4 Laa2) .
W

B.6 Proof of Corollary [1]

k

In fact, by (6) we can express z* as a convex combination of {z'}F_;:

k
_ (1 _/B)Z/Bkilzl +Bk7121.

1=2

The desired result follows directly from the convexity of f and Theorem

C Generalizations of Lemmas [1], [2, and [3] for Multistage
SGDM

In order to establish the convergence of Multistage SGDM(Algorithm 7 we need to generalize
the Lemmas |1} and [2[, which play a key role in the convergence of SGDM in .

C.1 Generalization of Lemma (1| for Multistage SGDM

Lemma 4. Under the assumptions of Theorem@ the variance of update vector mF in Algorithm

[1] satisfies

1
1=5

E[||m* —Zbk,g %] < 202,

=1

where by ; = (1 - 5(2)) Hf:lqu B(J)-
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Proof. To begin with, let us express m* by the past stochastic gradients:
m* = Bkym* ! + (1 - B(k))g"
= B(k)B(k — 1)m* =2 + B(k) (1 = Bk —1))g"
+ o+ (1= B(k)G"

where we have applied m® = 0 and defined

k

bri = (1-80) [ 8G)

j=i+1

in the last step.
It can be verified that the sum of weights is

k K
> bi=1-]]80)
i=1 =1

As a result, by applying Assumption [I| we have

k k k
Elllm* = biag'II”] = Ell D bra(@ — g)IF) < D b7 j0°.
i=1 i=1 i=1

Note that by setting k =14 + - - - + T}, + 7, we have

T Tn —1 .
Brly1Pni® - (1= p)p T I<i< Ty,
b A BBl B (L= BT T 4 1 < i < T+ T,
T+ +Th, +re—t n . n
(1= Brp+1)B1 T S T AL < i < S T+
Therefore,
1 _51 2T}
_ b p "k. T2\2 1_ 1 2
|m Zkgn nk+1 2)1“‘51( Bi o
I8 Tn T: 21 _62 2T 2
BB 087 5, (= B
+...
1-p 2T,
Tk 2 N 1 — ny, 2
B g (=)o
1 _ﬁnk+1 2r
+ _ k
1+ﬂnk+1( Bnk+1)
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Since for any [ € [1,n], we have

(B")? <

1-8<1-p5,

| wo '—‘w\»—*

146 >

- B < 1.
Therefore,

Ling12 1=51
E[[jm" _Zbkzg I1%] nk+1) (2) t g'ma

2 1 nk—QE.l_ﬁQ 2
B Q™5 150

_|_

_|_

1,2 1-B,

+( n;‘+1) (2) 3 1_ﬁ1k0—2
2 1- Bnk+1 2
T3 15 ¢

< 202

O

Lemma 5. Under the assumptions of Theorem@ the update vector m*~1 in Algomthml 1) satisfies

1 k—1 ' Bl
E k-1 _ b ; 7|2 2'
T CL WS EL e e

Proof. By setting k—1=1T1+---+1T,, , +ry_1, we have

Eflm* Zbk R AN AL O e IR
N CHRIE N DR S U
+ ...
I T
el
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Similar as before, we have

1 bl o 2y~ a2l 12 1-B1
WE[HW - ;bk_ug 7] < By _41) (5) 3 1300 —ﬂ(k)a
reer ol 02 1-B1
+ ...
Th—1 102
OGS T
2 1-05 9
MER TN
1 _/81 2
T

Finally, by applying

1—51<12 b1
]-_Bn_ \/ﬁn""ﬁ%’

we arrive at

; Y
1_6( Zbk 1,i9 || \/W .

C.2 Generalization of Lemma [3| for Multistage SGDM
Lemma 6. ¥ defined in satisfies
2k = (k)i
where a(k) is the stepsize applied at the kth step.
Proof. Recall that the auxiliary sequence z* is defined by
k k—1

2K =k — AymFt

where A1 = —% and «y, B; are the stepsize and momentum weight at the ith stage, respectively.
Therefore, we also have
a(k)B(k)

1—B(k)’
where «(k), B(k) are the stepsize and momentum weight applied at the kth step. Using this, we
obtain

AlE

PTGk =gkt gk A (mF —m

= —a(k)m" — A1 (1 - B(k))(G" —m" ™)
= —a(k)m* — Oé(k)ﬁ(k)(flk m" )

= a(k)(B(k)ym* " —m*) — a(k)B(k)g"
= —a(k)g".

kfl)
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C.3 Generalization of Lemma [2| for Multistage SGDM

Lemma 7. In Multistage SGDM(Algorithm , assume that the momentum weights at n stages
satisfy B1 < P2 < ... < B,. Then, we have

Zbkzg _g

k—

Z Efll2* — 27||%],

1- H’L 1 ﬁ =1
where by,; = (1 — B(i)) Hf:i+1 B(j7) and B(i) is the momentum weight applied at the ith iteration,
and
2 gk—i
ak,iZW(k—i—i—ﬁ(m). (58)
115, B(i) 1= 5(k)

Proof. By By , and , we can compute that

2
Zbkzg _g

171_‘[1 16
k
=E|l- bri(g" — g")|?
HJ 15])2
2 i
( ) Zbk,ibk]E 9" =9, (" —¢))
J 1ﬂ i,j=1
k) .
g( ) Zbkzbk,] E||9 —¢'|1?
] 16 1,7=1
+§E|\g’“—gj|\2)
k
_ Z Ellg" —¢’II”
k,j
( J 1’8 )

k k—1
S - Z ’j _] ZLQEsz-‘rl 7;”2’
( H] 1 B(7) ) —

=]

where we have used in the first and third equality, and Cauchy-Schwarz in the first inequality.
In the last inequality, we have applied the triangle inequality and the L—smoothness of f.
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Consequently, we have

HJ 1ﬁ< Z kzg 79
k k—1

< P ] _ LQE i+1 2

_(1 HJ — )z =) Y LPE [ —

i=j

- — - b _ L2E i+1 i2
(1 50 )ZZM J)L?E |z [

=1 i1
k—1

= diElla™ — 2],
i=1

where in the last step we have defined

di:— — )b 59
k, < Hjlﬁ ); J)br, (59)

In the Proposition |§| below, we shall see that dy ; < ay; for all i < k — 1, where ay,; is defined in
(58). Therefore,

k—1
Bl ———= Zbk ig = g IIP) < ar il =277,
1_H1 15 i=1

and the proof will be complete.

Proposition 5. dj; defined in and ay; defined in satisfy
dri <ag; forall i<k-1.

Proof. We aim to show that dj; < ap; for all i« < k — 1. Or equivalently, di; < ay,; for all
j<k-1
In order to show dj, ; < ay j, we just need to show that

J

;(kz — )b < /Bk_j(k‘) (k —J+ T30 5(;’()]{)) , (60)

where .
bri = (1-8) [] 8G)
j=i+1
Let k =T+ T+ - -+T),, +7i, where 0 <np <n—1. Ifny <n—-1,then 0 <r, <T),, 41 —1.

Ifng=n—1,then 0 <7y <T),, 41 =Tp.
Since j <k —1, we have j =T; +--- + T, +rj, where 0 <n; <ny.
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Now, let us compute the left hand side of explicitly.

J
D (k= )b
i=1
T1 T1+T> Titt T+
=1+ >+ ) (k — i)bp.s.
=1 i=T1+1 i:T1+"'+Tnj+1
Notice that
T, .
Bre 1Bk - Byt (1= Bu)BT T, 1<i<T,
T, i
Brt 1By - B3t (1= Ba) B H2 7,
b T1+1§Z§T1+T27
ki =

)

T oot Ty, 7 —i
(1= Bnps1)By Y

T A1 < i < S T A e

As a result, we have

J
Z(k - Z)bk,z
i=1
Ty T1+T> Ty 4T +75
ST
=1 =T+l =T 44T, +1
<ﬁnk+1 le .. 17/81 ZBTll
T+Ts .
+6nk+l 53(1_/82) Z ﬂgﬁrTQ—Z(k_i)
i=T1+1 (61)
+ ...
Ty
+ﬂ"k+1 . ﬂn +1 ( 6nj)
Tyt 4T,

Z BZ;;+ +Tn; (k B Z)

i=T1 4+ Tn; 141
T, +2
+/8 +1Bn "Ian—J‘,-Q (1_ﬂnj+1)
Tyt AT +r;
Tyt Ty +15—i .
Z /an+1 Y (k - Z):
=Tyt 4T, +1
where we have applied 7; < Thj41 if nj <ny and r; < ry if n; = ng in the last term. Since
l
, k—1 1
ﬁk%k—ozﬂk(— - )
2, =5 (-pP

(k- 3
+5kl(1—5+11—ﬁﬁ>'
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we have
T
Z/BTl 1 . 1Tl_k26{€7
i=1
ATy _k’—l _ 1
=B ( -4 (151)2>
k-1 b1
+(1_ﬁl+u_w),
T, +T>

Z B;.FlJrTz i _ ZBTQ Zk—T1—z')

i=T1+1

2
=By RN B (=T — i)

i=1

T2<k—T1—1 1 )
o 1—pa (1— )2

k*T17T2 /82
+< 1—fs +(1—52)2>'

And that in general

Tyt e+ T 475

Z ﬁnrkl i (k — Z)

i=T1++Tn; +1

fiﬂ;gzawﬁ...fn,i)
Tj
Tyt AT +rj— Ty — Ty . —i
= /an+1 ! Zﬁnj+1l J (k _Tl ... _Tnj _
T ( k*Tl—...anjil 1 )
:/BnJJrl - _ 5
L= Bnj41 (1—ﬂnj+1)
k—-Ty—---—T, —1; -
+< 1 j £ Br;+1 2).
1_ﬁnj+1 (1_5n]~+1)
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By applying these equalities on , we have
J

Z(k: — )bk

=1

- Tn T T: !
:Bni-‘rl nkk"' 22( 11 <_(l€_1)_ l_ﬂl

>+ (Uf_TlH 1€1ﬁ1>>

T T’VL~ 1
+ Bk 1 Bk .. §3< 2TZ<_(k_T1_1)_ )

1— P2

+ ((k—Tl —T)+ 162/3))

T T 41
e g J
+ Bnk'i‘l Tk ...ﬁnj+1

+((le...TnjHlf”é >>

T T 42
TR ny 3J
_|_/8nk+1 Nk ...ﬂnj-‘,—Q

T4 1
(Bn§+l(_(k—T1—"'_T”J_1)—1—5-+1>

n ((k—T1 ~ Ty, ”a‘”l—ﬁné:))'

+...
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This yields

J

1
Sk = i)bei = Bt 1 Bur B2 BT (_( _1)_1[31)

i=1
T b1 1 )
+ B 1 Buit T2( +1-
BricarPo > \1-5 1— B2

—i—ﬁnkﬂ gs(1€2,32+1_1—153)
+ Brn 41 Tnk~-ﬂz:j <1 fﬂén11 1o 1 —lﬂn-)
+/Bnk+1 5: F1 (k Time =Ty g fn@;)
+ 8L 41 B »35:152

) <5Zi+1((kT1"'T"j 1)1_5:]“)

+ ((k—Tl—Tnj— )+1_5”é“+1>>.

On the right hand side, the first n; terms are non-positive since 5; < 82 < ... < 3,. Therefore,

J
Tn n an
Z(k_z)bkz<ﬁnk+1ﬁ k-~5n+?<k T — "'—Tnj-i-l_ﬁ )
=1 n;
T,
+ ﬂnk—‘rl .. an.]:;
rj 1
P (P U R |
<ﬂnj+l< ( ' =Y 15nj+1)
+<(k—T1—Tnj—rj)+ﬂ"j+1> ,
1_/an+1
. r; T, +1
By applying 8,/ ;1 =2 8,5, andk—Ty—--- =T, =1 =k—(j—r;)—1 =0 (since j < k—1),
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we arrive at

J

Z( - Z)bkz < Bnk+1ﬁn”k.. ﬁn +1 (]{,‘ - = Tnj + : 6nénj>

i=1

Tn,+2
+ Bk 1B "’“ B o

(ﬂ%ﬂd<—%—ﬂl—~-—ﬂ”—1y-l)

1- /an+1

+ ((k—Tl—Tnj —m)%—%))

Tnj 1 ﬂn 1
<B’ﬂk+1 "k‘ﬁnj++1 (IJ +1-— )

B"j 1- ﬂnj+1
’Vl T’n /B +1
+ﬁnk+1 k“ﬁnjji-;2<k_Tl_”'_Tnj_Tj+1_né+1>
n;
Tn 6n-+1
<6nk+1 "Bn]+2 (k Tl "'*Tnj 7"j+1_é+1)
n;
Tnj+2 . ﬂn‘+1
=6k vELLB (k_ +J>.
nkJrl it J - /87lj+1
Now let us consider two cases: r, > 0 and 7, = 0.
1. T > 0.
In this case, we apply 81 < ... < B, to get
J
Z(k — )b
i=1
o+ Tny+-+Tny )
SB;:...l * J+2(k]+1ﬂnk+1>_
- Bnk+1

Notice that

Tk+T"k+"'+Tn3+2:(TlJr"'JrTnkJer)
—(Ty+ -+ Ty, +Tyy1)
S (T4 + Ty +150)
(T + 4T, +75)
=k—j.

This tells us that

J
2:@—ﬂmjgﬁgL<k—j+ﬁW+l>.

=1 1- 6nk+1

Since ri, > 0, iteration k is at the (nj + 1)—th stage, we have 8(k) = By, +1, and the above
inequality is exactly what we want to show in .
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2. 1. =0
In this case, we apply 1 < ... < 3, to get

J
Tn Tn~ . n;
E (k_i)bk,igﬁnkk+ TTnj+2 (k‘—j-i-ﬂjﬂ)
i=1 1- an'i‘l
Notice that

Tkt Ty 4+ Tojp2 = (Th+ -+ + Ty +78)
—(Ty+ -+ Ty +Tyy1)
STy + Ty, +71)
,(TlJr...JrTanrrj)
=k—j.

This tells us that

J
2}k—0m¢gﬁxﬁ<k—j+5w“),

i—=1 1- 5n]~+1

Since r, = 0, we have f(k) = (B, and by j < k — 1 we deduce that n; < ny — 1 (Otherwise
j=T+ - +Ty, +rj=T1+---+ Ty, +7; >T1 +---+ Ty, = k). Therefore, we have

J
> (k= i)bs < B (k —j+ f”g)
i=1 T

which is exactly what we want to show in .

D Main Theory for Multistage SGDM

In this section, we prove the main convergence theory of Multistage SGDM.

D.1 Proof of Proposition

Proposition [3] is a generalization of Propositions [4] and [I] to the multistage case. Therefore, its
proof is similar to those of Propositions [4 and
First of all, by the smoothness of f we have

E[F(*)] < ELF(H)] + E(V(H), 257 — 28) 4 T E[l25+ — 4|2

La?(k)
2

(62)

= E[f(z")] + E(Vf(z"), —a(k)g") + Ellg" (I,

where we have applied Lemma, |§| in the second step. Note that a(k) is the stepsize applied at the

k—th iteration.
For the inner product term, we have

E(Vf(2"), —a(k)g") = E(VF(2"), —a(k)g"),
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which follows from the fact that z* is determined by the previous k — 1 random samples
¢, ¢2,..¢"1, which is independent of ¢*, and E.«[g"] = g*.
As a result, we can write

E(VF(2"), —a(k)g") = E(VF(2") - g", —a(k)g") — a(k) E|lg"|

< (k) 255 L2 EJ2* — a*7]+ (k) o Ellg* ) - o) ELle* ),

s

(63)

where pg ;, > 0 can be any positive constant.
Combining and gives
Po,
ELf(541)) < ELF(24)] + a(k) 5 L2E[]|2* — |
1 La?(k)
+ (k) =—— — a(k)) E[lg*||?] + —=—2 E[||g"|?
(k) g — a0 Ell 2+ =5 El1*

By we know that zF — 2¥ = —A;m*~1, which leads to
E[f(F)] < ELF(F)] + k) 225 1243 E[ [l )

1 Lo?(k
+ (a(k)5— — (k) Ellg" 12 + 22 o2 1 Elg ).
P0,k
Therefore, we have

, £0,k _
ELMH = LM < a(k) 222 12 A2 E[[lm )

+ (0o — oty + =55 el + 22502
+ cloﬂ( )E[|[m*|1?]
+ Z Cipt — i) E[ 2 — 2k )2

ga(k)p;kLQAQ(QE (|- Zbk 1ig'1?] + 2] szk 1:9°|1? ) (64)

o? o
(08 g ot + © 2(’“)) Ellg" | + LT“%z

k k
T era(k) (2E[|m’< =3 b+ 26 Zbk,igﬂ?])
=1 =1

k—1
+ Z Cip1 — C7 ka+171 o Ik71H2]'
=1

On the other hand, we know that

k

1 ) 1
El|| ————— biZZZE s bZ _
i & ”'knzlﬂoz” ool

SQE[IIQ'“IIQHQE[H *Hz 50 Z kig' — 9" 1%
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Furthermore,

Ell ———= Zbk ig' ="

17H1 16
—BK) &
=E||———— —1, -
I E:k g+1er1m>g 71 o
1= 15 BG) 4o
=E[|———F8 br-1,ig" — Bk) —=L
HH*Hzﬁ E:klg 1fnﬁﬁmg”]
) 1—WJW§
= kY| —————~ 1] E br—1,:9" —
B()<1—Himm> wl—Hffﬁ Ezk oo
Therefore, we have
E[”l*Hf 116 Zbk 1,49 ||
:E[H# bk: Lig' — g" + g"|I”]
-T2 BG) 2 o
< 2E(lg"%) +2E mAfofﬂ EZW Lig' = "]

1 (1-]1i, BG)
= 2E[|¢"|I?] + 2 i=1 E bi.igt —
g ﬂ%w(l—nﬁfmw> 5 Xjkg 1Pl
Plugging and into gives us
E[LF — L]

S(M@+a%)

La2(k
+ 2a(k)po L AT + La”(k) + 401a2(k)> E[ll¢" 1]

2p0,k

k
+ (a(k)po kL2 ATE[||m*~ Zbk Lig'I1°]) + La (k)o? + 2c10® (k)E[[|m" — Zbk’ig”])
i=1

-1
+ ) (cier — c) Eff|la" 70— 2m 2]
1

k 2
k LA2 E[| brig' —
+ 20 (k) po.k ( Hﬁ ) 171_[“5 Zkg J"I1%]

+4c1a2(k:)<lnﬂ(i)> E[|l —H 50 meg — g%

>~

.
Il

(68)

In the rest of the proof, we will show that the sum of the last three terms in is non-positive.
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First, by Lemma [7] we know that

Ell———— Zbk i —g"|I° <Zak Ellz"*" —2||?,

1_1_[1 lﬂ

where

N I )
T I, BG) (k i B(k)> '

Or equivalently,

Ell———— meg -9 |\2<Zakk (Bl — a2,
17H1 1ﬁ

DS (B0
R T TR B ( 1o ﬂ(k)) '

Therefore, in order to make the sum of the last three terms of to be non-positive, we need to
enforce that

where

k k
. 1 .
Ci+1 <c — (401&2(k)(1 - H,B(Z))Z + 20&(/4;)/)0 kLzAl 62( ) (1 Hﬁ(2)>2> Ak k—i
i=1 i=1
forall 2 >1and k > 1.
Since 1 — Hle Bt) <1, B1 < B(k) < Bn, and a1 < a(k) < a,, we need to enforce the
following for all 7 > 1:

B
1_6n

civ1 < ¢ — <4c1a% + 2a(k)porL Azﬁ >ﬂ;(l + VL.
1

Recall that { i 5 = Ay for all n stages i = 1,2, ...,n. This gives us

B
1_671

o2
civ1 < ¢ — (40104% + 2a(k)p0,kL21>B’ (i + VL.

(1—p51)?
Let us also set

1—B(k)

POk = W- (69)
Then, we need to enforce
s <4cla% +20 _Qﬂ(k)L(l OﬁﬁP)BZ (41 - 7k
Since 1 < B(k), it suffices to enforce that
Ciy1 = Ci — <4c1a1 + L(1 — Bl)>5;(i +1 f"ﬂn)ﬁ. (70)
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Note that the equalities in does not depend on k. In order for ¢; > 0 for all ¢ > 1, we can

determine ¢; by

<4cla1 JrL > Zﬁz : : _nﬁ )L L2

Since

j.i 1 ﬁn( _6)
;zﬂn_1_6n< ).

we have > %, i} = (1_57”)2 and

2
c1=(4C1a§+L A >(ﬂ”+ﬁnL2

(1 - ﬁl) 1- ﬁn)
This stipulates that

of  BatB2 13
050 0B e

1—da? il 12

Notice that A; = 24\}5]: and 151& <12 \/1675_"[32 ensures
4L BntBn _ 1
(1 —Bn)? T 2
and therefore
2
- L
0<ep<a— B O s o

(1=51) (1 =5.)2" ~ 401 -p1)

(71)

(72)

With the choices of ¢; in and , the sum of the last three terms of is non-positive.

Therefore,

E[Lk+1 _ Lk]

< ( — alk) + a(k)

2p0,k 2

)

k—1

+ (atkion 22 At RIUSRIGES L La?(k)o? + 20102 (R)E[Im" - ibk,iginﬂ).
(73)
Taking pox = 3700 in (73) gives
E[L*H! — L)
< (- ot + LW 1020 4 aciat() ) 1)
+ (G L el jzjbk g+ L L0?(k)0% + 26102 (" i_ib’”gi”z])'
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Finally, by applying Lemma [4 and Lemma [5} we arrive at

E[LF — LM
< (ot + 2B sy 4 aesoli)) el
+ (5 ) La2(k)24\/ﬁﬂ1+_6202 + 5 L0(K)o” + der(1 - ﬂ1>a2(k>02)-

D.2 Proof of Theorem [3
From we know that

E[L**! — L*) < =Ry s E[||¢"[1°] + Rog, (74)
where
La2(k
Rix = a(k) — a(k) va(k)posl?a? — FE) e 2 (75)
’ 20,k ’ 2
k—1 k )
Rox = a(k)po s LPATE[|m* = " be_1g'|P] + La 2(k)o? + 2c10” (k)E[||m* =) " brig"|1?]
=1 =
(76)
This immediately tells us that
k k
L' >E[L' - L") > Z Ellg'lI*] = D Re, (77)
=1 =1

In the rest the proof, we will bound R;; and Ry ; appropriately.
1 F;(rjt’ let us show that Ry; > # under pg; = 558 as in and a(i) = %ﬁ“» -
24V/2LA3(1) "
From we know that

L
C=a0-6)

a(z) , it suffices to have

Therefore, in order for R; ; >

La?(i) L ~ oali)
) o + 20000, 224 + 50 Ea < O (78)
By (i) > 51 > % we know that
A - O
o) = Sivars@ = oL’
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Lo? (i)

B(@)

Therefore, =554 < afj . Furthermore, pg; = ;Za(i) yields
2 42 L 205
i) g+ 2000003 L+ 4 0%
_ La?(i) | B 2@) L 5.
=1o860) T 0-pw) T a-m* "
a() o) o)
=12 T2 T2
_a(i)
e
where in the inequality above, we have applied
N 1=pG)  _1-86) _ 1-8@)
) 24\fLﬂ(z) SToarl S 1L
N B(i) 1 —B(3)
oli) = sz(z) = L)
N B(i) 1-61 _1-p
ali) = 24x/fLﬁ(o S %uLp = 1oL

Therefore, is true and

Ri; > 5

Now let us turn to Ry ;. By and we know that

Ry ; = a(k)po; L* ATE[|jm"™!

< a(k)poi L ATE[||m" "

. 1—
Since po,; = o7

i—1

j=1
i—1

=D by 1P+ 5 ) ———

j=1

BG) . 1 a()Bli)
oty a0d To50

Ro. < 5La?(i)6()

L
+

= A;, we have

Efllm’~

_ 1 g
1= B(i)

By applying Lemmas [ and [5} we further have

>

=1

Qg

Ry <

T+ +Th

>

i=T1++Ti_1+1

12La?(i)82(i) b

Ellg'l) < L' + >

=1
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By putting and into withk=T,+T5+ -

. 1
- Zbi_l,ngHZ] + §La2( i)o? + 2c102(

L

2(1-51) —ﬁ1)

HmeFwH

Ef[lm" — Zﬂw”

sz 1,49 ” + La ()

m Elllm’ — Zb”g 7).

(12La?ﬂf}3*g2

A

n

o? + %La2(i)0'2.

n

+ T,,, we obtain

+ :;)Lalz02> .



Dividing both sides by %nAg = %nalTl gives
n Ti+-+T,

S r X ElgP

=1 i=T1++T1_1+1

2(f(x) =) 1 3
= (nAg o > (24512[3”:_%140@02 + 3Lo¢102>

=0 <f(xl)_f> + O(% Xn:LO{lUQ).

=1

E Details of computational infrastructure

All experiments were performed on a computing server with Intel(R) Core(TM) 19-9940X CPU @
3.30GHz and NVidia GeForce RTX 2080 P8. The weights of the neural networks are initialized
by the default, random initialization routines.
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