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Abstract

In this note, we propose a FISTA-type first order algorithm, VAR-FISTA, to solve
a composite optimization problem. A distinctive feature of VAR-FISTA is its ability to
exploit the convexity of the function in the problem, resulting in an improved iteration
complexity when the function is convex compared to when it is nonconvex. The iteration
complexity result for the convex and nonconvex case obtained in the note are compatible
to the best known in the literature so far.
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1 Introduction

Using first order methods is the preferred approach to solve large scale optimization problems
that arise in application areas such as machine learning. Fast iterative shrinkage threshold-
ing algorithm (FISTA), an efficient first order method, is proposed in [1] to solve composite
optimization problems when the functions involved are convex; see also [11, 12, 13]. Re-
cently, there are interests in the study of first order algorithms, such as FISTA variants,
to solve composite optimization problems with nonconvex functions. These works include
[2,3,4,5,6,7,8,9, 10, 14, 15].

In this note, we propose a FISTA-type first order algorithm, VAR-FISTA, to solve composite
optimization problems. This algorithm is inspired by the algorithm ADAP-NC-FISTA in [10].
The algorithm in this note is designed in such a way that when the functions involved in the
composite optimization problem are convex, it is able to exploit the convexity of the problem
leading to an iteration complexity of O((1/5)?/3), while an iteration complexity of O(1/4?) is
achieved in the nonconvex case. These complexity results are the best known in the literature
so far. The contribution of this note is twofold. First, the algorithm requires only one resolvent
evaluation in an iteration, unlike the algorithms in [4, 6]. Second, other than information on
function and gradient values, no other data information, such as Lipschitz constant or lower
curvature, are required from the problem, as in [3, 15], for the algorithm to run. It should
finally be noted that the algorithm, ADAP-NC-FISTA, in [10] also shares these same features
as our algorithm, but in [10], the iteration complexity of O((1/5)%/3) when the functions in
the composite optimization problem are convex cannot be directly established.



2 A Composite Optimization Problem

We consider the following composite optimization problem:

min ¢(u) := f(u) + h(u), (1)

ueR™

where f is continuously differentiable, can be nonconvex on (2,
IVf(u1) = Vf(u)|| < Mlur —ugll, V ur,up € €2, (2)

with M > 0 and € is a closed convex set in R", that is, the gradient of f is Lipschitz continuous
on €2, and h is a proper lower semi-continuous convex function, which can be nonsmooth, with
dom h C R" being closed and bounded. We assume that dom h C Q. Let M (> 0) be the
smallest M satisfying (2). There exists m > 0 such that

—%\|U1—U2H2 < flur) = €y (ur;u2), ¥ ur, ug € €, (3)
where
Cr(uisug) == f(u2) + (Vf(u2),ur — uz), (4)
since by (2),
[ (u1) = L (uis ug)| < %Hm —uzll, V ui,uz € Q. (5)

Hence, an m that satisfies (3) is M. Let m > 0 be the smallest m > 0 such that (3) holds. We
have 0 < m < M. Observe that if m = 0, then by (3), f is convex on 2, while if m > 0, then
f is nonconvex on €.

Let us denote y* € dom h to be an optimal solution to Problem (1), which exists since dom h
is closed and bounded.

A necessary condition for u € dom h to be a local minimum of Problem (1) is 0 € V f(u)+0h(u).
Motivated by this condition, we have the notion of an p-approximate solution of Problem (1),
which is a pair (4, ?) which satisfies

0 e Vf(a)+ oh(a), ol < p, (6)

where p > 0 is a given tolerance.

3 A FISTA-Type Algorithm on Problem (1)

In the following, we propose a variant of FISTA, which we call VAR-FISTA, to find an p-
approximate solution to Problem (1), for a given tolerence p > 0. This algorithm is inspired
by the algorithm ADAP-FISTA in [10].

VAR-FISTA

Initialization: Let & = 0, A\g > 0, 0 > 1, 0 < v < 1, tolerance p > 0 and initial point
Yo € dom h, and set yomin =z =1yo, Ag =12, Ly = 0.

) )

kB Tteration (k = 1,2,...):



k1. Set A = Ag_1, £ = &_1 and compute

1 + \/m ~ Ak—l a1 (7)
2

s Ap=Ar i tag—, T = Yk—1 + Tkt
k

ap—1 =

k2. compute

__ 20
B ap—1’
y = argin, {1ytus0) + 1)+ 5 12 0
~2[f(y) — Lr(ys @)
M P )
g™t = argmin {$(7) ; ¥ = yit1, v}, (10)
200 (k-1 @) — flyr—1)] 2[0p (™" &) — f(7™m)]

)

L:max{ ,Lk_l,O;izl,...,k};

(11)

k3. HUN>~vor & g1 < LA+Tor ENi—1 < LA;+7; forsomei=1,... k—1, go to step k2
with (£, \) given by

llyk—1 — Zx||? [|gmin — ;]2

(&,A) = UPDATE(&, A\, A\, e ooy A1, Ty Ty - oo Th—1, L, UL 0,7);

else set 7, = T, y}fin :gmin, Y =Y, A\p =\, U, =U, Ly = L and & = &,

k4. compute
(1 + Tk)Ak A1 )
= P, - -1 12
K @ (akl(Tkakl + 1)yk ag—1(Trag—1 + 1)yk ! (12
1+7 . ~
o=y (Tx —yx) + V() — Vf(T). (13)

Termination: If at the end of the k' iteration, ||vg|| < p, then output (¢,9) = (yx,vx), and
exit.

We describe the subroutine in VAR-FISTA in the following;:

(£, A) = UPDATE(£, A, A1y« oy Aoe1s Ts T1y o o s Th1, L, U, 0,7):

if UX >~y then set

A < min{\/0,v/U}; (14)
if
Edp_1 < LA+71or €N 1 <L)+ 7 forsomei=1,...,k—1 (15)
then
if £ =0, set
£+ 1; (16)
else set
£ < 2¢; (17)



In the above algorithm, VAR-FISTA, steps k2 and k3 can be performed more than once in an
iteration since if the conditions in step k3 are not satisfied, then step £2 needs to be performed
again with an updated (£, A) obtained from the subroutine in step k3. The conditions in step
k3 are then checked again. This will continue until the conditions are satisfied. It should be
noted however that the total number of times this occurs in an iteration is bounded. In fact,

if Ny is the number of iterations taken by the algorithm before termination, then the total

log(Ao/A) logé€
logh 7 log2’ '

number of executions of steps k2 and k3 is bounded by Ny + max{

There is no particular reason for setting Ag to be 12 in the above algorithm. We do this for
the sake of convenience. Ay can be set to any positive number without affecting the results in
this paper.

Note that in the above algorithm, for all £ > 1, y}j‘i“ € dom h and xj, Ty € €.

We remark that for every k& > 1, we have y; € dom h and v € V f(yx) + Oh(yx). Hence, upon
termination of the algorithm, we obtain an p-approximate solution, (¢, ?), of Problem (1).

Also, we remark that )\ in the algorithm can be viewed as an estimation of the reciprocal of
M, while &, is an estimation of m. Hence, when f is convex, in which case m = 0, &, = 0,
which also implies that 7, = 0 for all k¥ > 1. The algorithm then reduces to FISTA with
constant stepsize [1] on Problem (1) when we set A\, = 1/M for all k > 0.

Note that {ar} and {Ax} in (7) are related by
Ay = ai. (18)

Furthermore, we observe that by defining for £ > 1

() == 1y (us ) + h(u) + ;TkHu — &4)|?, u € dom h, (19)
k
B 1 . Tk 2
Y(w) = Ve (Yr) + Tk — Y u — yr) + 57Nl —wrll®, v € Q, (20)
/\k 2>\k

it is easy to check that xj given in (12) is the unique optimal solution to the following opti-
mization problem.

1
lu — 21, (21)

min ak—17k(u) + 2

In the definition of v in (20), we note that aside from the quadratic term, ~y is the “lineariza-
tion” of 4 at u = yy.

4 Iteration Complexity Results for VAR-FISTA

In this section, we derive iteration complexity results as stated in Theorem 4.10 to find an
p-approximate solution to Problem (1) using VAR-FISTA.

First, we define

Dpi=  swp lus —uol. (22)

u1,uz€dom h
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Note that Dy, is finite since dom h is bounded.

We need the following results on {ax} and {A} in deriving these iteration complexity results.
The proof of the lemma is given in the appendix.

Lemma 4.1 For every k > 1, the sequences {ar} and {Ax} given in (7) satisfy

K Zf:l -1

k
= =, ==
2 12 S A

k

4

< ag—1 < 4k, ZAiZ S%-
i1

In the following lemma, we put together properties of 7, y}cnin, Ak, Ug, L, and & in VAR-FISTA.
These results are useful in our analysis later.

Lemma 4.2 The following statements hold for VAR-FISTA:
(a) {Ar} is positive, non-increasing; {{x} and {Ly} are non-negative, non-decreasing;
(b) for every k > 1,

. 28\
U, <M, Lp<m, 1= Sk i Ui <7,

ar—1
Eedic1 > LA +1 > Lidi+17, >0, i =1,... )k,

y = argmin {¢(7) ; ¥ € {vo,---. Yk }};

(c) for every k > 0, A\, > X\ := min{y/(0M), \o}, & < max{dm,1}; furthermore, if f is
convez, then & = 0 for every k > 0.

Proof: (a) The first statement follows from Ao > 0, the assumption that # > 1 and the fact
that the update procedure for A in step k3 of VAR-FISTA either leaves A unchanged or strictly
decreases A according to the update formula (14). That {} is non-negative, non-decreasing
is obvious in view of (16) and (17) in step k3 of the algorithm, while {L;} is non-negative,
non-decreasing hold due to (11) in step k2 of the algorithm.

(b) Since M > 0 and m > 0 satisfies (5) and (3) respectively, it follows that every quantity
U (Esp., L) computed in step k2 of VAR-FISTA, and hence Uy, (resp., L), is bounded above

by M (resp., m). The other conclusions follow immediately from (a) and the definitions of 7,
Yy Mgy Uk, Ly and & in step k3 of VAR-FISTA.

(c) For contradiction, assume that A\ < A for some k£ > 0. Then, since A\ < A9, A\x has been
obtained from a pair (A, U) through the update formula (14) and we also have U > 0. Since
M > U >0 and A\, < v/(0M), it follows that v/U > v/M > \. Hence, it follows from
(14) that Ay = A/6. On the other hand, noting that step k3 in VAR-FISTA implies that A
is no longer reduced whenever A < /M, we then conclude that A\ > /M, and hence that
A = A/O > ~/(OM). Since the latter conclusion contradicts our initial assumption, the first
result in statement (c) follows. To show the second result in statement (c), for contradiction,
assume that & > max{4m, 1} for some k£ > 0. Since & > 1, we have k > 1, and we also have
& = 2€, where € satisfies EAp_1 < LA+Tor EX—1 < LA;+7; forsomei =1,...,k—1, according
to (15). By L <7 from (3) and (11), definition of 7 and 7;, a; > ap =4, A < A1, Ai < Aig
and & > &0 =1,...,k—1, we have L \4+7 < m)\k,1+(/\k,1§)/2 or L\;+7; < m/\i_1+()\i_1§)/2.
Hence, &\, < A\ij(m + &/2) for some i = 1,...,k — 1, which implies that £ < 2m. Therefore,
&k = 2¢ < 4m, which contradicts our initial assumption. The second result in statement (c)



then follows. Furthermore, if f is convex, then £ = 7 = 7, = L = 0 and hence (15) is always
false, which implies that (16) and (17) are never executed. Therefore, & = £ = 0 for every
k>1. ]

Lemma 4.2 is similar to Lemma 3.1 in [10].

Remark 4.3 VAR-FISTA is able to “detect” when f is convex, in which case, & is always
equal to O for all k, unlike when f is nonconvex. This leads to better iteration complexity for
VAR-FISTA as shown in Theorem 4.10 below. Although the algorithm performs differently in
terms of update from & to Exy1 depending on whether f is convex or nonconvex, we carry out
the analysts to find the iteration complexity for VAR-FISTA in an unified manner. We do this
by defining £ to be such that

- [ max{4m,1}, ifm >0,

= { 0, ifm=0. (23)
It is easy to see from the above definition of & that its value 1is zero only when f is convex.
Observe also from (23) and Lemma 4.2(c) that ¥V k > 0, & < &.

The following lemma is crucial for us to arrive at the iteration complexity results for VAR-
FISTA in Theorem 4.10.

Lemma 4.4 The total number of times, ng, the value of & changes as k increases is of the
order max{logm, 1}.

Proof: We observe that if £ > 2m, the inequalities in (15) do not hold, which follows from
Lemma 4.2(a), ap > ap = 4 and that L in (11) is always less than or equal to m. This, together
with the update formula (17), leads to the result in the lemma. [

The following lemma provides a bound on ||z — xo]|.
Lemma 4.5 We have for k > 0, |z — xo|| < Ck, where
C :=2(2+ &Xo) Dy

Proof: We have for £ > 1, by (7), (12), (18), Lemma 4.2, (22), the last sentence in Remark
4.3 and Lemma 4.1, that

|2k — 2ol < L+ 7) A b~ A Yk—1 — T0
- ap—1(Tpag—1 + 1) ap—1(Tpag—1 + 1)
1

T (260 + Dag (1 + 76) Aryr — Ak—1Yk—1 — (Thak—1 + 1)ag—120||

< o (1 + 7) Aryr — Ak—1Yk—1 — (Thag—1 + 1)ag—120]|
1

= a | Ak—1(yr — yk—1) + (Thar—1 + 1)ar—1(yx — o)l

D
< " (g + (Thag-1 + ag_1)

ap—1

A Ar_ _
= D (a’“ ! +2§k)\k+1) < Dy (a’“ ! +2£)\0+1>
- -1



< Dp(ag—1 + 26X0) < Dy(4k + 26X0) < 2(2 + EXo) Dpk.
The conclusion of the lemma then follows. [
Below are two technical results that are needed in the analysis to arrive at Theorem 4.10.
Proposition 4.6 is used to prove Lemma 4.9.

Proposition 4.6 For u € dom h, for every k > 1, we have
Ay — 3x* < 2lju — 2 |* + 2D7, (24)

. 2
ap_1|ju — Z]|* < a7||u—mk_1|\2 + 2ay,_1D3. (25)
Proof: By the definition of Zj in (7), relations (22) and (18), the fact that Ay = Ax_1+agr_1 >
Aj_1 due to (7), the inequality ||a + b]|* < 2(||al|? + [|b]|?) for any a,b € R™, we obtain for
u € dom h,

. Ak—1a2_ Ap_
Apallyior = l® = =" ek — yeal* = S @na — ) = (o1 — )
k k
24
< T U= el 4w = o] < 2l = @ + 2D
Hence, (24) holds. Arguing in a similar manner, (25) holds as well. ]

The following technical result allows us to arrive at Lemma 4.8, which through Lemma 4.9,
then leads to Theorem 4.10, the main result of this section. This proposition is also needed in
the proof of Lemma 4.9. The proof of this proposition and that of Lemma 4.8 are similar to
that of Lemma 2.2 and Lemma 2.3 in [10] respectively, and are provided in the appendix of
this note for the sake of completeness.

Proposition 4.7 4 defined in (19) and 7y defined in (20) are (1) A)-strongly convez func-
tions, yi(u) < Jp(u) V u € dom h, Yi(yx) = Ve (yr),
1
min {50000 + il = 5017} = min {ou(0) + P (20
and these minimization problems have yi as their unique optimal solution;

Lemma 4.8 We have for k > 1, for every u € €,

Trag—1 + 1 (1 —7)A
2 2

1
< MeAp—176(Yk—1) + Aak—17%(u) + §||u — i1 |% (27)

M Aro(yr) + Ju— 2k ||* + llyr — Zx )

The inequality (27) in the above lemma is the basic inequality fundamental in proving the
iteration complexity results for VAR-FISTA, and is the key result needed to show that the
following lemma holds.

Lemma 4.9 For every k > 1,

(ZA lys — Zill > < XoAo((yo) — Syi™)) + (; —|—2£)\0n0> Dj;

k k
+ 2820C” (Z +nok2> +ENDE Y (3 +ai). (28)

i—1 il i=1



Proof: For k > 1, let i; < k, j > 1, be such that § = &, for i = i1 + 1,...,4;, where
iop = 0 and i,, = k. Note that n; < ng, by Lemma 4.4. From (27) in Lemma 4.8, where we let
U= y,‘cnm, for i;_1 +1 <1 <, we have

1-— -
— " Ally: = &)

= (M1 (0n0) = ™) + S ) + (NAiotu) — ™) + 510k i)
TiQi—1

< Nidic1 (Vi (Wie1) = (Wi-1)) + Xiaim1t (v (™) — d(yp™)) — 5 g™ — i)

+ (N — Aic1) Aict (o(yim1) — d(y™)) - (29)

Observe that by Proposition 4.7, the definition of 4; in (19), and L; in view of (11) that for
i:ij_1+1,...,ij,

Yiyi-1) — d(yi-1) < Fi(yio1) — ¢(yi-1) = Ly(Wi-1;Ti) — f(yi-1) + %Hyi—l — &l

Ll - 2
< .
< (5+55) -l (30)
and
)~ SR < AT — 6™ = s E) — P+ o )
Lk min ~
< (g ) lpn -l (31)

From (29), for i;_1 + 1 < i < i;, using (30), (31), {\;} is non-increasing in view of Lemma
4.2(a), qb(y};“m) < ¢(yi—1), Proposition 4.6 where u = y,?m 0 < LiAi + 7 < &;Ai—1 and
0 < LgAi + 7 < &Ai1 in view of Lemma 4.2(b), 7; = 2&;A\i/a;—1, §& = &i;, Aj—1 < Ao and the
last statement in Remark 4.3, we conclude that

1-— -
— L Aillyi — &l

< 1A (0(0o1) = O™ + 3™ — a4 (M) — O™ + g™ —
1
=

TiGi—1
2

g™ — 2 |* + az‘—lDfL>

(Lidi + 7)Ao llyio1 — Zl* + 5 (Lk/\ +r)ai-a |yt — &l - g™ — ail®

< (Lidi + ) (lyf™ — 2 ||® + D7) + (Ledi + 72) (

_ TiGi-1

2
< &A1 ([l — wical|® + D7) + &hiaa (

’l

H min __ $ZH2

fymn — xi_1u?+ai_1D%;) el — a2

’L

V| L S ail)D}QL> .
(32)

1 1 ra 1
< € O I — a2 - ||ym—x@-||2>+§xo<a. :
.

Summing the inequality in (32) from ¢ = 1 to k, we obtain
(ZA lyi — i ) < AoAo((yo) — S(y™)) + ||ymln ol

8



k

+§_)\OZ<

i=1

Y [ oy 1Dh> Zfzj Xy [lgp™ — i, | (33)

Now, for 0 < i < k, by Lemma 4.5,

™ = all® < 2™ — ol + o — will2) < 2™ — o + 20%.

1 mln
)) g™ — aol|®
i—1

The conclusion of the lemma then follows by noting that n; < ng, a;—1 > 1 and the definition
of Dy, in (22). ]

Therefore, by the above and that &§;\;,_, < &Xo, we have from (33)

k
(ZAH% mzn)mvo(( ) - ¢<yz““>>+<§+2&o (mZa
=1

B k ;2 k
+ 2E0C? (Z + nle) + ENgD? Z (14 a;_1).

a
=1 il i—1

We are now ready to state the iteration complexity results of VAR-FISTA to solve Problem
(1).

Theorem 4.10 VAR-FISTA terminates to obtain an p-approzimate solution (g,0) to Problem
(1) in at most

— 1/2 &
<301L1>1/3 N <3015Ao(202+3D;€>> CL O ) 1D} gy

P p° P’

iterations, where

8 1 1. —\?
o= (755) (Graee )

Ly = MoAo(o(yo) — o(y™)) + (; + 25)\0710) Dy,

and recall that C = 2(2 + EXg) Dy, and ng = O(max{logm, 1}). Furthermore, if f in Problem
(1) is convex, then the iteration complexity of VAR-FISTA to solve the problem is improved,
and it finds an p-approximate solution (§,0) to Problem (1) in at most

3Cy Lo\ /3
()"

iterations, where

Ly = Mo Ao(6(y0) — 6(47)) + 3 DF.

Proof: Using the facts that {ax} is increasing, ap = 4, Lemma 4.2(b), (c), and the last
statement in Remark 4.3, we have for k > 1,
1+ 7 1 28

Ak Aeag—1 A ap A 2




and hence, together with (2), by (13), we obtain

. . 147 — N ~ -
N < M A< LA
i ol < g (557 87 ) o = 240 < € i, = 3

where ] ]
c-tileiar
)\+2€+

Using the above inequality, (28) in Lemma 4.9, definition of y* and the first inequality in
Lemma 4.1, we obtain for & > 1,

k
1—v .
<2 ZAz) iz il
=1 -

. _ B E o .2
Jao(6m) — ™) + (5 +2Euma ) DE -+ 260C? (Z : +nok2)

< C?
a 2 = %i-1

k
+EXDE Y (3 + ai_l)]

i=1

<C?

k
3040(6(00) = 9(57) + (5 + 2Aano) D + 260 (Z 2+ nok2>
i=1

k
+g)\0D;21 (3]42 + Z ai_l)] .

=1

Hence the complexity result (34) follows from the above inequality, the third and fourth in-
equality in Lemma 4.1. The result (35) follows from (34) and £ = 0 by (23) where m = 0 since
f is convex. =

5 Conclusion

In this note, we propose a first order algorithm, VAR-FISTA, to solve composite optimization
problems, and establish iteration complexity result for the convex and nonconvex case in
Theorem 4.10 that are best known in the literature so far. We remark that even though the
iteration complexity for the convex case is better than that for the nonconvex case as shown in
Theorem 4.10, implementation! of the algorithm shows that the number of iterations to obtain
an p-approximate solution for instances of the quadratic programming problem as found in [10]
is worse when the instance is convex than when it is nonconvex. This phenomenon appears
to occur as well in [10] for other first order methods tested in the paper. We do not have a
reasonable explanation for this unusual phenomenon.
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A Appendix
Proof of Lemma 4.1: For k > 1, observe that

1 14+ +/1+4A;_
5t A1 <apq = 5 Pl <o/A
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It follows that

1\? 1
( Ap_1+ 2) <Apa+ VA1 + 5 S Ap = Ap—1 +ap—1
< Ap1 + 2/ A < (VAR + 1)

Hence,

??‘

VA §§\/Ak 1+ < VAL <A1 +1 <Ay +Ek.

Since Ay = a%fl and Ag = 12, we conclude from the above that

<ap_1 < 4k. (36)

o |

Now, by A; = a? | and (36), we have

k k
SIS SRR
=1 =1
From A; = af_l, A; = A;_1 + a;—1 and (36), we have

k k k
D i1 Gim1 _ Die Gim1 < kY i aim k _ k k <

—k (k+1)(2k+1)> —

||M?r

k A k 2 - & 2 k ] T AL — A < a2
dlimt A X6y (Zi:l ai,1> iz Gi1 k420 k-1

IS

Proof of Proposition 4.7: It is clear from the definition of 4 and ~; that they are (7x/Ag)-
strongly convex. By (8), the way y; is defined in step k3 of VAR-FISTA and the definition
of 4% in (19), we see that y; is the optimal solution to the first minimization problem in (26).
Since the objective function of this minimization problem is ((1 + 7x)/Ag)-strongly convex, it
follows that V u € R™,

1+Tk

- 1 -
Ti(we) + oyl = Zl* + = ull® < An(w) + 5 llu — 2. (37)

2)\
On the other hand, the definition of ~; in (20) and the relation
lys = &% + lyx — ull® = 20Ex — yro v — yx) + [lu — 35|

imply that

+ T 1 -
lye — ull® = y(w) + =—lu — x| (38)
2\

. 1 2,
A (yr) + " —lyx — @kl + o

Hence, comparing (37) with (38), we have i (u) < x(u) V u € dom h, and from (38), we have
Ye(yr) = Yk (yk). Furthermore, i (yk) = i (yk), (38) and v, < Jx imply that

1 N
Vi (Y) + I k= 3l® = Alyr) + s—llye — Txl?

2)\
1+7

. 2
St o =

i 1
< Aly )+7Hyk—xk|!2
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1 - - -
= elw) + oyl — El? < An) + 5 llu— )
2k

22k
for all w € R", and hence the remaining conclusions of (a) follow. L]

Proof of Lemma 4.8: By Lemma 4.2(b), (9), the definition of 44 in (19) and Proposition
4.7, we have

1— Ui

=2
2y — 2

1- ~
Ned(ye) + 5l — @2 < Aol +

. 1 .
= Nee(yr) + 5(1 — 1)y — Tk ||?

A

1 -
< M) + 5l - el (39)

Since yy is the optimal solution to the second minimization problem in (26), by convexity of
Yk, (7) and (18), the following holds for every u € Q:

1 .
Ay, <>\Wk(yk) + §Hyk - fb“k||2>

A 1Yp—1 + ap—17% 1| Apryp—1 + aprzr |
< Ar | A\ — —
< k ( kVk ( A, + 5 A, Tk
A | Ap_1yp—1 + ap_1x 5 2
< MeAp 1 (We—1) + Mar_1n () + = || 2 LWkt 7 Okt Th f%”

2 Ay

1
= MeAp—1e(Yr—1) + Mar—17(zr) + §||93k; — x|

ap—17r + 1

2 u—all?, (40)

1
< MeAp—1Ve(Yk—1) + Akag—17k(u) + §HU — e ® —
where the last inequality holds since zj is the optimal solution to the minimization problem

(21), and its objective function is ((ag_17x + 1)/ Ak )-strongly convex. The result now follows
by combining (39) and (40). ]
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