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Abstract: We consider the linearly constrained separable convex optimization problem whose objective
function is separable w.r.t. m blocks of variables. A bunch of methods have been proposed and well
studied. Specifically, a modified strictly contractive Peaceman-Rachford splitting method (SC-PRCM)
has been well studied in the literature for the special case of m = 3. Based on the modified SC-PRCM,
we present a modified proximal symmetric ADMM (MPS-ADMM) to solve the multi-block problems.
In MPS-ADMM, all subproblems but the first one are attached with a simple proximal term, and the
multipliers are updated twice. In addition, at the end of each iteration, the output is corrected via a
simple correction step. Without stringent assumptions, we establish the global convergence result for
the new algorithms. Preliminary numerical results show that our proposed methods are effective for
solving the linearly constrained quadratic programming and the robust principal component analysis
problems.
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1 Introduction

We consider the linearly constrained sparable convex optimization problem whose objective function is ex-
pressed as the sum of m individual functions:

m m
min{z 0; ()| ZAixi =bx € X;i=1,2,...,m}, (1.1)
i=1 i=1
where 0;: R" — R (i = 1,2,...,m) are closed proper convex functions (not necessarily smooth); A; € R!*™
(i =1,2,..,m); X; € R™ (i = 1,2,..,m) are nonempty closed convex sets; b € R' and Y /-, n; = n.
Throughout this paper, the solution set of (1.1) is assumed to be nonempty and A; (i = 1,2,...,m) are
assumed to have full column-rank. This model has numerous applications in many fields, such as the latent
variable Gaussian graphical model selection [1], the quadratic discriminant analysis model [24] and the robust
principal component analysis model with noisy and incomplete data [5, 29], and so on.

In the literature, the operator splitting methods for the special case of (1.1) with m = 2 have been
well studied, and one of the most popular methods could be the alternating direction method of multipliers
(ADMM) proposed originally in Glowinski & Marrocco (1975) [8] and Gabay & Mericier (1976) [7]. More
specifically, for solving the special case of (1.1) with m = 2:

min{&l(xl) + 92(1‘2)‘141331 + Agxy = b,x1 € Xy,x9 € Xg}, (12)
the iterative scheme of ADMM is
x’f“ = argmin{Lg(z1, 25, \¥)|z1 € A1},
25T = argmin{Ls(2¥ T 20, \F) |20 € Ap), (1.3)
ML = AR — B(Ay2} ! 4 Agaf ! —b),

! Email: ocsiban@126.com. This research was supported by the National Social Science Foundation of China [grant num-
bers 19AZD018, 19BGL205, 17BTQ063] and by the Social Science Foundation of Jiangsu province [grant numbers 18GLA002,
17ZTBO11].

2Email: zynlcg@163.com.

3(Corresponding author)Email: 369318324@qq.com



where the augmented Lagrangian function L£g(x1,z2, A) is defined as follows:

ﬁg(xl,xg,)\) =61(z1) + 92($2)— <M Az + Asxg — b > +§HA1$1 + Asxg — b”2

with A being the Lagrange multiplier and 8 > 0 being a penalty parameter. In the standard ADMM scheme
(1.3), the subproblem is decomposed into two subproblems with smaller size, hence the computation cost at
each iteration is lower. In addition, the resulting subproblems of ADMM might be simple enough to have
closed-form solutions in some practical applications.

Applying the Peaceman-Rachford splitting method [22, 206] to an equivalent model of (1.2), we obtain the
iterative scheme of the symmetric ADMM (S-ADMM):

¥ = argmin{Ls(x1, 25, \¥) |2, € A},
Atz = €\ — B(A 2T Agak — 1),

2t = argmin{ Lz (a1, zg, N F2) |25 € A5},
ARFL = NEFS — B A2+ Apah T —b).

(1.4)

The scheme (1.4) differs from (1.3) only in that the Lagrangian multiplier is updated twice at each iteration.
Although the scheme (1.4) indeed works well in some applications [9], however, it is elaborated in [3] that the
scheme (1.4) is not necessarily convergent. To deal with this issue, He et al.[11] proposed a modified version
of (1.4), yielding the following procedure:

g;’f"‘l = argmin{Lg(z1, 25, \¥)|z1 € X1},
)\lﬁ"% = )\k — Tﬂ(Alxlerl + AQ,IIQC - b),

b = argmin{ L (a5 20, N2 |29 € Xy},
ARHL = Aots 7 B( A i 4 Agah Tt —b).

(1.5)

Note that the parameter 7 € (0,1) in (1.5) serves as a factor enforcing the strict contractiveness of the
iterative sequence and thus ensuring the convergence. It has been shown in [I1] that this algorithm usually
outperforms ADMM for a wide range of applications. Later, for seeking relaxed parameter condition, He et
al. [10] proposed a new S-ADMM, which allows the parameter 7 in (1.5) to be different on two dual updates.
Its parameter domain is larger than that of the scheme (1.5), however, its applications scope is still restricted
to the two-block problem.

Based on [7] and [11], Jiang et al. proposed a modified strictly contractive Peaceman-Rachford splitting
method (SC-PRSM)[21] for the case of (1.1) with m = 3. It inherits the advantages of the scheme (1.5) while
its convergence is still guaranteed under mild assumptions. The iterative scheme reads as follows:

i = argmin{Ls (21, 25, 25, M) |2y € X1},
Motz = \F 7 B(A 2R 4 Agak 4+ Asak —b)

x’j“ = argmin{ﬁg(x]f+1,x2,J;’g,)\k+%)|ax2 € Xy},

1.6

x§+1 = argmin{ﬁg(l”fH,zg,xg,)\’”%ﬂxg € Xz}, (1.6)

ARFE = €\ — B(Aaf T + Ayah + Asak —b),

VRl =k — Y M (vF — o),
where

1
M = 1
—TBAy —TBA3 271

with 7 € (0,1). Actually, in the modified SC-PRCM [21], the Lagrangian multiplier is only updated once at

each iteration and A\*+% can be regarded as an intermediate variable. The iterative sequence is proved to be
strictly contractive with respect to the solution set of (1.1) with m = 3. Furthermore, the strict contractiveness
property ensures its convergence and enables the analysis of its worst-case convergence rate in terms of iteration
complexity. However, the modified SC-PRCM can be further improved.



A natural idea for handling the multi-block case m > 3 is to extend the iterative scheme (1.3) straight-
forwardly by adopting the Gauss-Seidel [14, 15, 18] or the Jacobian scheme [12, 18, 13], and the resulting
extended ADMM empirically works well. However, a counterexample was demonstrated by Chen et al. [2],
showing that without further assumptions, we can not derive the convergence of the multi-block ADMM.

One approach to ensure the convergence of the multi-block ADMM is to correct its output by some correc-
tion step, while another approach is to modify the subproblems of ADMM. For example, Bai et al. proposed
a generalized symmetric ADMM (GS-ADMM)[1] which is a direct extension of SSADMM for the multi-block
case in which a special proximal term is added to each subproblem. As a symmetric ADMM, the multipliers
are updated twice with suitable and different stepsizes at each iteration, and its dual step rule is relaxed
which enables faster convergence. Numerical experimental results show that it outperforms several efficient
ADMM-based algorithms. Shen et al. proposed a patrial PPa S-SADMM algorithm (P3SADMM) [27], which
provides a new stepsize domain. Based on the partial PPa block-wise ADMM (P3BADMM)[28], a dual update
is added between the two groups of subproblems just like GS-ADMM, so it can be regarded as a combination
of GS-ADMM and P3BADMM. More importantly, it does not impose restriction on ¢, i.e., it allows arbitrary
number of subproblems to be intact in the second group of subproblems, which gives more freedom in deter-
mining the grouping strategy. He et al. proposed an alternating direction method of multipliers with Gaussian
back substitution (ADMM-G)[15] which is a combination of the extension of ADMM with a Gaussian back
substitution procedure. In ADMM-G, each iteration consists of a ADMM procedure (forward procedure) and
a Gaussian back substitution procedure (backward procedure). Its numerical efficiency is justified by some
application problems. Song et al. proposed a twisted version of the proximal ADMM (TADMM) [30] with a
simple relaxation step, which combines the correction and the modification strategies with ADMM. In TAD-
MM, a simple proximal term is imposed to all the subproblems but the first one. Numerically, the efficiency
of TADMM is verified on two types of problems [30]. Han et al. proposed an augmented Lagrangian based
parallel splitting (ALBPS) method in which all the subproblems may be calculated simultaneously [18]. Its
correction step is just a simple extension on all the working variables; thus, its extra computational cost is
low.

Our purpose is to develop a modified proximal symmetric ADMM (MPS-ADMM) which is a generalization
of the modified SC-PRSM. Compared with the rule proposed in [21], all subproblems but the first one are
attached with a simple proximal term in MPS-ADMM, thus introducing more variables. Specially, by properly
setting the parameters, the performance of MPS-ADMM is expected to be better than its ancestor the modified
SC-PRSM. In addition, we propose two different correction formats to correct the output. We show that the
proposed algorithms have inspiring numerical behavior compared with the existing ADMM-based algorithms
via the numerical experiments on the linearly constrained quadratic programming and the robust principal
component analysis problems.

The rest part of this paper is organized as follows. In Section 2, we define some notations and give some
preliminaries for the subsequent analysis. In Section 3, we present the new algorithms and establish the
convergence results. In Section 4, some numerical experiments are conducted to illustrate the performances
of the proposed algorithms. Finally, we give some conclusions in Section 5.

2 Preliminaries

In this section, we summarize some basic definitions and related properties that will be used in later analysis.

2.1 Variational characterization

Let W:= X1 x Xy X ... x X, x Rl. By deriving its optimality condition, it is easy to see that solving (1.1) is
equivalent to finding w* := (z¥, 235, ..., x5, A*) € W such that

VIO, F,0), 0(u)—0u*)+ (w-—w)TFw*)>0, YweW, (2.1)



where
T
T T
To m 2
U= , O(u) = Zei(mz), w =
i=1 T
T \

—AT)
—ATA
and F(w) := : (2.2)
—AT )
S A —b

Note that u consists of all the primal variables in (1.1) and it is a sub-vector of w. In addition, the mapping

F(w) defined in (2.2) satisfies:

(w —w) T (F(w') = F(w)) =0 Yw',weR".

(2.3)

Under the nonempty assumption on the solution set of (1.1), the solution set of VI(W, F,#), which is

denoted by W*, is also nonempty and convex [6].

2.2 Some notations

Let the matrices M; € 8™ (i = 2, ...,m), then we define some matrices for further analysis:

BAT Ay + 028M, —7AT
BAS As + 033Ms3 —TAj
Q= . (2.0
BAL A, + 0 BM,, —TAL
— Ay —As —An %I
(1—3)BAT Ay + 028My —5BA% A —3 A7
~5541 As ipata, L4
Gy = : : : o (2.5)
~14, .. -14, sl
I
1
N; = , (2.6)
1
—7fB8Ay —TBA3 —7BA,, 2rI
(2 — T)ﬂAgAQ + UQBMQ (1 - T)ﬂAgAm 714%1
(1—7)BAT A, (1-7)B8AY A, —AT
G2 = - ' E 9 (2'7)

(1 —7)BAL Ay (2-7)8AL A, + 0 BM,,, —ATL

—Ay —Ap, 51

1
I
Ny = (2.8)
I
(1-71)BAs (1 —17)BAs (1-7)BA,, I
We have two decompositions on the matrices Q and Q7 respectively, as follows:
(2.9)

Q=GN

and QT = GQNQ

with Gy, N1, G2 and Ny defined as (2.5), (2.6), (2.7) and (2.8).



In addition, we introduce the matrices M; (i = 2, ...,m) to define the matrices M; (i = 2,...,m) as follows:
Mi = AITMZ‘AZ‘, (210)

where the matrices M; € S' (i = 2,...,m) are arbitrary. Using (2.10), we can get M; with given M; (i = 2,...m).
In addition, with given M;, we can use the relation M; = A;(AT A;) =1 M;(AT A;) 71 AT and the full column-rank
of A; to get M; (i = 2,...,m). Moreover, we use Apin(M;) (i = 2,...,) to denote their minimal eigenvalues.

Finally, we summarize some facts regarding the matrices @), G; and Go defined in (2.4), (2.5) and (2.7),
respectively, in the following lemmas.

Lemma 2.1 Let T € (0, %jﬁm) and o; >0 (i = 2,...,m), then the matriz Gy defined in (2.5) is positive
definite.

Proof Note that the matrix G; can be decomposed as:

G, := DTG, D, (2.11)
where .
Bz Ay
B% As
D= (2.12)
B2 Ay,
B
and _
(1= 3) +o2M> —51 —351
~ -3 U
Gy = 5 ; . (2.13)
?I (1-3)1 1# omM —1%1
—ir —ir L1
According to the fact that
I 71 I i
Gy
I rI I rI
I I
(1 —T)I—FO'QMQ —7l 0
—71 —71 0
—7I 1-7)I+o0,M 0
0 0 =1
__|H1 0
0 Hyl|’
where -
(1—T)I+0’2M2 —TI
—TI e _TI
H, = . | . (2.14)
—7I o (=7 +0mM,y,
and
Hy = [£1]. (2.15)

Obviously, when 7 > 0, the submatrix H, is positive definite. Then, we only need to show the positive
definiteness of Hj.



The submatrix H; can be rewritten as:

Lrry 2 M, - —I
.y . _I
Hy=r7 . . _ . (2.16)
—I R e /I
It is easy to verify that the matrix H; is positive definite if the following condition holds:
1- A
T + gAmin(Mi) >m — 2. (2'17)
T T
or equivalently 7 € (0, %) (i =2,...,m). The assertion is proved. ]

Lemma 2.2 Let 7 € (0, %) and o; >0 (i = 2,...,m), then the matriz G defined in (2.7) is positive
definite .

The proof of this lemma is similar to that of Lemma 2.1, hence it is omitted.
Lemma 2.3 Let the matriz Q be defined in (2.4), then the matriz defined as:
Q:=Q+Q7 (2.18)

is positive definite if T € (0,—1 4 24/ %ﬂ(m) and 0; >0 (i=2,...,m).

Proof Note that

Q=Q+Q"
2BA7 Ay + 2028 M, —(T+1)A7
2BAT Ay + 2033 Ms; —(T+1)AT
28AT A, + 20,6M,, —(T+1)AL
—<T+1)A2 —(T+1)A3 —(T+1)Am %I
.= DTQ,D
where D is defined in (2.12), Q, is as follows:
2_[ + ZO-QMQ —(’7’ -|— 1)_[
21 + 20’3M3 —(7’ + 1)[
@0 = '.. ~ . (2.19)
21 + 20, M,, —(7+1)I
—(r+0DI  —(r+1I - —(r+ DI 21
Furthermore, we have:
T T T
I =1 o
. 3, )
I 7'-2&-1] I 7'-%—1[
I I
-5 3
0 Qyl’
where
2 — (T+21)2]I+20.2M2 _@[ _@[
_+)? g 9 V1T L 905 W - _ 4’y
@11 = 2 [ 2 } o . 2 (2.20)
: 2 : 2 ' 2 ) —_—
_(T-gl) I _(‘r-‘;l) I [2_ %]1_’_203]\43



and
Qg = [21]. (2.21)

It is easy to see that the matrix @, is positive definite. Following the same line with the proof of Lemma
1403 Amin (M) )

m—1

2.2, we can derive that Q,; is positive definite when 7 € (0, —1 + 2
|

. The assertion is proved.

Remark 2.1 Recall that the matriz Q defined in (2.4) is asymmetric and the condition T € (0, —142 140i Amin (M1)

m—1
ensures the positive definiteness of QT + Q. Furthermore, we have G1 Ny + N1TG1 — 'ykNlTGlNl and GoNy +
NGy — NI G2Ny (Q == GiNy and QT = GoN3) are positive definite when v, = v - v with v; =

W# (i = 1,2) being the optimal stepsize.

Therefore, we definite P, := G1 Ny + N1TG1 — fykNlTGlNl and Py := Go N3 + N2TG2 — fykNQTGQNQ for further
analysis.

3 New algorithm

In this section, the iterative scheme of the new algorithms are first described. Then we establish the convergence
results for the proposed algorithms.

3.1 Algorithm

Our new algorithms are descried as follows:

Algorithm 1: MPS-ADMM for (1.1).

(07 1403 Amin (M) )

m—1

Step 1: Find z{** € X, such that:
2+

.. . k41
Step 2: Update the Lagrange multiplier with x1+ :

Step 3: Compute 0% := (35, .. /\k) € Xo X ... X Xy x RE:

7m7

b = argmin{Lg(z"*1, 2y, 2k, .. 2k Nt 4 %BHJ:Q — 5|13, |z € Ao},

with N7 defined as (2.6).
Step 6: Increment k£ and go to step 1.

Step 0: Initialization (29,...,2%,,A%), k=0. Choose 8 > 0, v € (0,2) or 7 = v 7}, 0; > 0 and 7 €

= argmin{ﬁg(xl,x§7. ., m,)\k)|x1 eX}. (3.1)

ARtE = 2\ (At 4 ZA zF —b). (3.2)

ik = argmin{Lp(z"*t 2k, . ak | wn, ANTE) 4 ”’"ﬁ [T — 2F 13, |Tm € X},
PLIE L ﬂ(Alx’f“ 3, Ak —b).
Step 4: Set w* := (v k+17 o%). If a termination criterion is met, stop, otherwise go to Step 5.
Step 5: Compute v*+1 = (251 . aktl M) € ) x .. x A, x R! by
P = oF — 4 Ny (08 — 5F), (3.4)

)



Algorithm 2: MPS-ADMM for (1.1).

Step 0-Step 4 are same as Algorithm 1.

Step 5: Compute vF 1 := (251 . zktl A+l € Xy x .. x &, x Rl by
VP = oF — 4 Ny (vF — o), (3.5)

with Ny defined as (2.8).
Step 6: Increment k and go to step 1.

Remark 3.2 In the new algorithms, the matrices M; (i = 2, ...,m) are symmetric but possibly indefinite. This
is different from GS-ADMM [1] with requires prozimal matrices to be positive definite.

Remark 3.3 Compared with the modified SC-PRSM/[21], whose application range is restricted to the three-
block problem, our algorithms can adapt to the multi-block (m > 3) case. In addition, the prozimal terms are
added to all the subproblems but the first one and thus more parameters are introduced in our algorithms, which
enables our algorithms to have potentially better performance than the modified SC-PRSM. Furthermore, when
m = 3, it is easy to see that the modified SC-PRSM is a special case of Algorithm 1 with o = 0, which indicates
that MPS-ADMM is a generalization of the modified SC-PRSM.

Remark 3.4 Compared with TADMM [30] and a partially parallel splitting method (refered to as PPSM in
this paper) proposed by Hou et al. [20], the matriz Q in [30] and [20] is required to be symmetric positive
definite, while this condition is not required in our algorithms. Moreover, a relaxation step is performed to
speed up the convergence at the end of each iteration in TADMM, while the output of the subproblems is
corrected via an additional correction step in our algorithms. Furthermore, it is easy to see that TADMM and
PPSM are both special cases of our methods with T = 1, M; being symmetric matrics and 7 = 1, M; = I
(i=2,...,m), v =1, respectively. Finally, MPS-ADMM and TADMM are more general than PPSM.

Remark 3.5 The difference between HTY proposed by He et al. [16] and MPS-ADMM is that the Lagrangian
multiplier is updated only once and there is no correction step and no relaxation step in HTY. In addition, we
can obtain that this method is a special case of our methods with T = 0.

3.2 Convergence analysis

In this subsection, we will show that the sequences generated by Algorithm 1 and 2 are strictly contractive
with respect to the solution set of (1.1). First, for simplicity, we introduce the following notations:

~k
i i 4
T -

k ’ k :L'g k

= ,oati= ], =1 (3.6)

~L . Ty,
L ~k Yk
S\k L A

Lemma 3.1 Let the sequence {w*} be generated by Algorithm 1 and 2, then we have
O(u) — (") + (w — )T F (k) > (v — )T Q" — %), vwew, (3.7
where @ is defined in (2.4).

Proof According to the optimality condition of the z;-subproblem in (3.1), we have ¥ € X} such that:

01(,%1) — 01(50’1“) + (1‘1 - JNL‘If)T{—A?Ak + ﬂA{(AﬁNL‘If + ZAzl'f - b)} Z 07 T € Xl.

=2

Using (3.3), the above relation can be simplified into:

91(;101) — 91(&?) + (.’I,'l - .’Z‘If)T{—A’{S\k} Z 0,£C1 c Xl. (38)



. 1 .
In addition, \**2 can be rewritten as:

NHE = A —rp(AEh + ) Ak — )

1=2

= AP — (AP = 2.

Similarly, for ¢ = 2, ...,m, using the above relation, the optimality conditions of (3.3) appear as:

0;(x;) — 0:(2F) + (s — 2T {—ATNF + (BAT A; + 03 BM;) (&5 — aF) — 7AT (NP =Xy >0, 2, € X (3.9)

2

Finally, the equation (3.3) can be written as:

m m 1 ~
O AEF —b) = > Ai(@k —af) + FA" =X =0,
i=2 =2
or equivalently
m m 1 N
A=Azl —b) = > Ay(@F — af B()\’“ A} >0, AeR™ (3.10)
=2 =2
The assertion is arrived by combining (3.8), (3.9) and (3.10). | B
Recalling that the matrices A; are all full column ranks, noting 7 € (0, %) and 0; > 0 (i =

2,...,m), then the matrices G; (i = 1,2) as defined in (2.5) and (2.7), respectively, are positive definite.
Invoking the definition of ~; in Algorithm 1 and 2, the lower bound of {~;} right after is derived as follows:

(v# = PF)TQ — 5¥)
(

r = > > 0. 3.11
= R 2 (3.1)

Theorem 3.1 Let {w*} be generated by Algorithm 1 and 2, then we have:
e o e g e 1 [l (3.12)

and
[ =0, < Il = v (IE, —veollo™ - 3F3, (3.13)
with v € (0,2) and ¢y coming from (3.11).

Proof It following the correction step in Algorithm 1 that:

[ — 0¥, = [0F = 0" =N (0" = )13,

= |o* — &, — 29, (V% — ) TGNy (V% — %) + A2 (0% — %) T NT G Ny (08 — 5F)
< ok =0t = 20" = 0TGN (0 = 0F) + AR (08 — 0T NT GV (0F - )
= [[o* = o1&, = wl(0* = M) (G1Ny + N{ G1 — i N{ GiN1) (v* — %)

= [[o* = v*|1E, = llv® — 7|13,

< ok = o3, = yeollvh — 53,

The assertion (3.12) is proved. In addition, the proof of (3.13) is similar to that of (3.12), which is omitted.
|

Theorem 3.2 The sequence {w*} generated by Algorithm 1 and 2 converges to a solution of VI(W,F,0).
Proof It follows from (3.12) or (3.13) that {v*} is bounded and

li — %% = li k)%, =o. 14
k;rfmllv Wllp, =0 or  lim [lv* —5%||p, =0 (3.14)



Therefore, {7%} is also bounded. Let v be a cluster point of {#¥} and {9%i } be a subsequence which converges
to v°°. It follows from (3.14) that lim;_, o v¥ = v>°. Since

o= 2F = B(AEh + ) Ak —b), (3.15)
1=2
we have
1 < i ,
A E = B(w =Ny = (3 Al —b), (3.16)
=2

which implies that {Ali’fj} is convergent because the limit of {3 7", Aixfj — b} exists and lim;_, oo (A% —
Mi) = 0. Let N be its limit. We can get AlTAli‘]fj — ATN (j — o) and i‘lfj — (AT A)"YATN. Thus, we
have lim;_, o &7 = 5 := (AT A;) L ATN. It follows from (3.7) and (3.15) that

01(2)7) — 01(FY) + ()7 — F)T{—AT N} > 0,

k.
1
Oa(xh) — O2(Z57) + (w5 — T57)T{—ATNI + (BAF Ay + 028Mo) (757 — 2y’) — TAF(NFs — Ak9)} > 0,

O (i) — O (Ed) + (i — Ent) " {=ALNN + (BAT, v+ 000 B M) (Bt — i) — TAL (AR — Xha)} > 0,
(And) + T, A = b) + 5 (W = Ak =0,

(3.17)
Taking the limit of (3.17) and using (3.14), we obtain
01 (27°) — 01(57°) + (257 — 27°) T{=AT A=} > 0,
O2(23°) — 02(23°) + (25° — 75°) T{-ATA>} > 0,
(3.18)

O (5) = Om (T5%) + (237 — T05) " {=ATXN>} > 0,

m m m

Az + 30, Ax — b =0.

Thus (u>, A>°) is a solution point of VI(W, F, ). Invoking (3.12) and (3.13) together with lim;_, o, v = v,
we obtain the original sequence {v*} also converges to v>°. Noting that 55]1” — 2° (j — +00) and the
limit of A7} = F(A* =A%) — (311, Asaf — b) exists, and using i — (ATA;)~YATN, we can obtain
that the limit of &% exists. That implies limy 4o % = 2%°. In addition, the limit of {ZF} exists because
7 = (AT A)TTAT [ (W = AF) = (301, Asarf —b)] and the limit of {\* =¥} and {377, Ao} —b} exist. Based
on the analysis, we have :Elfj — x5°. Therefore, #¥ — 25°. Invoking ¥ = x’f“, we obtain z¥ — 2°. Owing

(oo}
to the above analysis, we have w* — w™ = (x ) The proof is completed. |

1
v

4 Numerical Experiments

In this section, we illustrate the efficiency of the proposed algorithms by applying it to solve the the linearly
constrained quadratic programming (LCQP) problem and the robust principal component analysis (RPCA)
problem. We code the proposed algorithms by MATLAB R2015a. All the experiments were implemented on
a desktop computer with Intel Core i7 CPU at 3.6GHz with 8 GB memory.

4.1 The LCQP model

We first consider the following linearly constrained quadratic programming (LCQP):
min f1(z1) + ... + fp(p)
st. Ajxi+ ...+ Apx, =, (4.1)

where f;(z;) = %m;‘FHZxZ +a2lq (i=1,..,p) € R™ with H; € R™*™i g€ R™i A; € R"™i and ¢ € R™.
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For ease of notation, we denote:

I

f(x):Zfi(xi), z=| 1|, A=(A - 4,). (4.2)

Lp

Note that all the splitting subproblems for solving (4.1) are unconstrained quadratic programming, which
is equivalent to linear equations. Since the Hessian (coefficient matrix) in all the subproblems are fixed, it
is possible to speed up the algorithm by doing Cholesky decomposition on these Hessian at the beginning of
the algorithm. Then, the computation of each subproblem can be decomposed into two simpler subproblems
whose coefficient matrices are lower and upper triangle matrices, respectively.

To show the efficiency of the proposed algorithms, the numerical experiments of solving the problem (4.1)
are carried out by comparing the new algorithms with two efficient ADMM-based algorithms: the Block-wise
ADMM with Relaxation factor (BADMMR) [17] , the Generalized Symmetric ADMM (GS-ADMM)][1].

First, the framework of our algorithms determine that the grouping strategy can only be 1 ~ (p—1) for our
algorithms. However, it is necessary to regroup the variables of (4.1) into two groups to implement BADMMR
and GSADMM. Indeed, the scheme of these two algorithms is a mixture of Jacobi and Gauss-Seidel, and
there is the freedom to select the grouping strategy. For example, when p = 3, it is possible to regroup the 3
blocks of variables by either 1 ~ 2 or 2 ~ 1 strategy, which can result in two iterative schemes for these two
algorithms, respectively. In addition, for Algorithm 2, the optimal step size 7} needs to be calculated, and the
test about Algorithm 2 should be performed under the optimal step size ;. Based on the analysis, (m;,n;)
can only be m; = n; in Algorithm 2. Furthermore, all the working variables are initialized with zero vectors
for all the test algorithms and the algorithms are stopped when KKT (k) < Tol which is defined as follows:

KKT(k) := max(KKTy(k), ..., KKT,(k), K KTx(k)), (4.3)

where

KKT; = |Hix} + q; — ATN|, i=1,..,p, KKT\(k)=|Az} + ...+ Az} —c|. (4.4)

Unless otherwise specified, the default setting of maxit and Tol are 1000 and 10~'4, respectively.

The setting of parameter S in all the test algorithms is critical to their performances, but its optimal
setting can be different with different problem settings, hence its setting is empirically chosen to maximize
their performances in our experiments. We set M; = I in our algorithms. In Algorithm 1 (MPSADMM),
for the 3 blocks of variables, we set 7 = 0.3, v = 1.9, 0o = 1.01 and o3 = 1.01 when (m;,n;) = (100, 40),
(100,100), and 8 = 2.1,0.2, respectively; for the 4 blocks of variables, we set 5 = 0.6, 7 = 0.4, v = 1.25,
o9 = 1.01, 03 = 1.01 and o4 = 1.01 when (m;,n;) = (100,30). In Algorithm 2 (MPSADMM?2), for the

3 blocks of variables, we set 7 = 0.5, 8 = 0.6, 7} = ().é%w7 o9 = 1.01 and o3 = 1.01 when

N2 (0P —F)Z,

(mi,n;) = (100,100); for the 4 blocks of variables, we set § = 0.12, 7 = 04, v} = 0.6 ) QM ")

[N2(vE—3F)[IE,
o9 = 1.01, 03 = 1.01 and o4 = 1.01 when (m;,n;) = (100, 100). For BADMMR, we set the A update to be21.6
(close to @) as suggested in [17]. In the iterating scheme of GSADMM which updates multipliers twice
with two extension factors, we set them to be 0.9 and 1.09 as suggested in [1].

First, we would like to investigate the speed performance of MPSADMM and MPSADMM?2. The average
results obtained with different problem settings are plotted when (m;,n;) = (100,100). We observe from
Figure 1 that: for 3 blocks of variables, MPSADMM2 outperforms the other three algorithms and MPSADMM
performs better than GSADMM and BADMMR; for 4 blocks of variables, MPSADMM?2 converges very slowly
while MPSADMM performs better than MPSADMM?2, GSADMM and BADMMR, when the grouping strategy
is 2 ~ 2; for 4 blocks of variables, MPSADMM and MPSADMM2 outperform the other two algorithms,
especially the performance gap of MPSADMM is obvious when the grouping strategies are 1 ~ 3 and 2 ~ 1.
In addition, for MPSADMM, there are more choices for (m;,n;), and the performance stability of MPSADMM
are better than MPSADMM. Therefore, we only compare MPSADMM with GSADMM and BADMMR in the
next experiments.

Next, under the case of 3 block variables, we fix other parameters but (m;,n;), and the iteration process of
KKT violations with several different problem settings are plotted in Figure 2. We observe from Figure 2 that
the convergence speed of MPSADMM always outperforms the other algorithms, especially when the value of
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Figure 1: The first case is 3-block, and the rest is 4-block.

m/n is larger, the performance gap between MPSADMM and other algorithms is larger which implies that
we can get faster convergence speed than other two algorithms.
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Figure 2: From left to right are the results with (m, n;)=(100,40), (100,60), (100,80) and (100,100), respectively.

Third, in order to investigate the speed performance of MPSADMM with more blocks of variables, we
report the numerical results with 4 and 5 blocks of variables with (m,n) = (100, 30) and (m,n) = (100, 100)
in Figure 3 and 4, respectively. It is observed that the convergence of MPSADMM is always faster than that
of the other algorithms from Figure 3 and 4.
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Figure 3: For 4 block variables, from above to below are the results with (m,n;)=(100,30) and (100,100),

respec

tively.

Finally, since the Hessian in all the subproblems can effect the convergence speed of the test algorithms,
we tested this experiment with different condition number of H (cond(H)) under 3 blocks of variables. The
results are plotted in Figure 5. For each case, we set (m,n) = (100,40), 7 = 0.3, 8 = 2.1 and v = 1.9 while
we let cond(H) vary between 10? and 10'°. In Figure 5, we observe that MPSADMM is always better than
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respectively.

the other two algorithms, especially under ill-conditioned. For example, when cond(H) = 10*°, MPS-ADMM
is about 149% faster than GSADMM12.
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Figure 5: When (m,n) = (100,40), the iteration number with different condition number settings.

In summary, we may conclude that, when the value of m/n is larger and the Hessian is in ill-conditioned,
the convergence speed of our algorithms are faster than that of some most efficient ADMM-based algorithms,
which means that our algorithms are overall competitive algorithm for solving the LCQP problem.

4.2 The RPCA model
In [5], the following RPCA model is considered:

i A E
win Al + Bl
st. A+E=C, (4.5)
where C' € R!™™ is a given matrix; || - || is the nuclear norm which is defined as the sum of all singular values,
and it is to induce the low-rank feature in the component A; || - ||; denotes the sum of the absolute values of

all entries, and it is to induce sparsity in the component F; and p > 0 is a constant balancing the low-rank
and sparsity. It has been showed that, under certain mild assumptions, model (4.5) can recover the original

solution accurately [5].
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The observation C' could be corrupted by additive Gaussian noise in many real applications; thus, the
equality constraint in (4.5) may not be reasonable. To this end, the following relaxation model was suggested

[29]:

min | AL+ gl Bl

)

st. A+E+2Z=0C, ||Z|r<5, (4.6)

where || - || represents the Frobenius norm and ¢ is a parameter related to the noise level.

We observe that model (4.6) is a particular case of the general multi-block model (1.1) with 3 blocks of
variables, therefore, our algorithms are suitable for solving it. Moreover, in our experiments, we do the singular
value decomposition (SVD) by the package of PROPACK in [23] to compute those singular values that are
larger than a particular threshold and their corresponding singular vectors in A-subproblems (see details in
[29]). The relative error of A and E (err(A)::% and err(E)::%, respectively) are used to
measure the solution accuracy.

The proposed algorithms (denoted by MPSADMM and MPSADMM?2, respectively) are compared with
some efficient algorithms to reveal the speed performance: Generalized Symmetric ADMM [1] in 1 ~ 2 or
2 ~ 1 fashion (denoted by GSADMM12 and GSADMM21, respectively); the splitting method [16] proposed
by He, Tao and Yuan (denoted by ADMMHTY); the partial splitting augmented Lagrangian method [19]
proposed by Han and et. al (denoted by PSAL).

Some different choices of rr (the ratios of sample entries of E*) and k (rank of A*) are given when
(m,n)=(100,100) in Figure 6 and 7. From Figure 6 and 7, as a whole, we can see that the results remain
almost unchanged while we let rr and k vary, and MPSADMM are always better than MPSADMM?2. In
detail, for example, in Figure 6, when rr = 0.3, we obverse that the convergence speed of MPSADMM is the
best, but MPSADMM has slightly less accuracy than PSAL in err(A); the convergence speed of MPSADMM
is close to PSAL at the beginning stage of iteration progress, and the solution accuracy of MPSADMM is
not bad in err(E). In Figure 7, the details are the same as the analysis in Figure 6, when rr = 0.3. In fact,
on the one hand, the ending stage of iteration progress does not improve the quality of the solution, so the
convergence speed at the beginning stage is more important. On the other hand, we usually focus on the
matrix A, so it makes more sense to study the convergence speed in terms of the performance of matrix A.
Overall, compared with the other tested algorithms, the performance of MPSADMM is competitive.
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Figure 6: The above to below are the results with the ratios of sample entries of err(A) and err(E), respectively.
From left to right are the results with rr=0.03, 0.04, 0.05, 0.06, respectively.

Next, we fix 7 = 0.05, k = 5 and m but n, and the iteration progress of relative error with several different

problem settings are plotted in Figure 8. From Figure 8, we observe that, when the value of m/n is larger, the
performance gap between MPSADMM and other tested algorithms is larger which implies that MPSADMM
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Figure 7: The above to below are the results with the ratios of sample entries of err(A) and err(E), respectively.
From left to right are the results with k=2, 3, 4, 5, respectively.

is always the best one among all the test algorithms from the aspects of both convergence speed and solution
accuracy.

10 ' 10 : . " 10" -
—e— ADMMHTY —e— ADMMHTY | —e— ADMMHTY
PSAL PSAL I PSAL
—+—GSADMM12 —e—GSADMM12 —+—GSADMM12
—+—GSADMM21 _ —+—GSADMM21 —+—GSADMM21
——MPSADMM Z10° ——MPSADMM !
WV =
=
<
|
hiTol
2
10
30 40 0 10 20 30 40
Iteration Iteration Iteration
10 10 10
—e— ADMMHTY —e— ADMMHTY —e— ADMMHTY
e
o ook i —e—GSADMM12 5 —+—GSADMM12
10 iyt _10 —+—GSADMM21 _ 107 —+—GSADMM21
== i ——MPSADMM S ——MPSADMM
= S Vi A bbb ettt
107 107 E
S S
| I
= =
102 102
10° 102 10°
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
Iteration Iteration Iteration

Figure 8: From above to below are the results with err(A) and err(E), respectively. From left to right are
the results with (m,n;) =(100,30), (100,50), (100,60), respectively.

In summary, the above experimental results indicate that the proposed algorithm is effective for solving
RPCA problem, and its performance is competitive compared with some most efficient algorithms.

5 Conclusions

In this paper, motivated by the modified SC-PRSM proposed by Jiang et al., two new algorithms are proposed
to solve the multi-block linearly constrained optimization, which are generalizations of the modified SC-
PRSM. In addition, several popular ADMM-based algorithms can be seen as special cases of our algorithms.
Preliminary numerical results on two types of problems are given, which illustrate that the performance of
the proposed algorithm is competitive for solving multi-block linearly constrained optimization compared with
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some popular ADMM-based algorithms.
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