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In this paper, we present exact methods for solving the Time Dependent Minimum Duration Problem (TD-

MTDP) and the Time Dependent Delivery Man Problem (TD-DMP). Both methods are based on a Dynamic

Discretization Discovery (DDD) approach for solving the Time Dependent Traveling Salesman Problem

with Time Windows (TD-TSPTW). Unlike the TD-TSPTW, the problems we consider in this paper involve

objective function values that depend in part on the time at which the vehicle departs the depot. As such,

optimizing these problems adds a scheduling dimension to the problem. We present multiple enhancements to

the DDD method, including enabling it to dynamically determine which waiting opportunities at the depot

to model. With an extensive computational study we demonstrate that the resulting methods outperform

all known methods for both the TD-MTDP and TD-DMP on instances taken from the literature.

1. Introduction

Building and effectively solving optimization models of routing problems that explicitly recog-

nize time dependent travel times presents multiple challenges. One challenge is to mathematically

represent the dependance of travel times on departure times in a way that is amenable to solu-

tion techniques. One widely-accepted representation is as a piecewise-linear function (Ichoua et al.

2003), with pieces corresponding to periods of time during which the travel time is constant. With

this approach, the number of pieces in such a function depends on variability in travel times. Thus,

when travel times are very variable the function has many pieces and embedding the resulting

representation in a mixed integer program, one of the standard techniques for solving routing

problems, often leaves an optimization problem that is computationally difficult to solve (Montero

et al. 2017).
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Vu et al. (2020) proposes a different mechanism for representing such dependencies. Namely, to

model vehicle movements on a time-expanded network and thus embed the relationship between

travel times and departure times in the definition of the network itself. They study this idea

in the context of solving the Time Dependent Traveling Salesman Problem with Time Windows

(TD-TSPTW) under a Makespan objective. With this objective, the time at which the vehicle

returns to the depot is minimized. Vu et al. (2020) proposes an algorithm based on Dynamic

Discretization Discovery (DDD) (Boland et al. 2017a) and computational results indicate that

algorithm is currently the most effective method for solving that problem.

Another challenge associated with time dependent travel times is that they can introduce a

scheduling dimension to a routing problem. While routing problems with time windows involve

scheduling when a vehicle departs a location, it is usually done from a feasibility perspective. As

observed in Sun et al. (2018), when travel times are time dependent, there are objective functions

wherein optimizing when the vehicle departs its initial location, often called a depot, can improve

the value of the objective function. In this paper, we focus on this challenge in the context of

a TD-TSPTW problem, but with objective functions that require the departure time from the

depot to be optimized. Specifically, we seek to solve the Time Dependent Minimum Tour Duration

Problem and the Time Dependent Delivery Man Problem.

At the heart of the Time Dependent Minimum Tour Duration Problem (TD-MTDP) is the

Traveling Salesman Problem (TSP). In the TSP, a single vehicle departs from a depot, visits each

location in a given set exactly one time, and then returns to the depot. Such a sequence of moves

is often referred to as a tour. In most applications of the TSP there is a cost associated with

transportation between each pair of locations and the optimization problem seeks to find the tour

with the minimum total transportation cost.

Closer to the problem we study is the Traveling Salesman Problem with Time Windows

(TSPTW). In this problem, not only must each location be visited exactly one time but there is

also a time window during which the vehicle must arrive at that location. If the vehicle arrives at a

location before the time window begins, the vehicle must wait. In this problem, both a travel cost

and travel time are associated with transportation between each pair of locations, although they

are sometimes the same. However, in the TSPTW, these travel times are assumed to be constant.

Specifically, they do not depend on departure times.

The Time Dependent Traveling Salesman Problem with Time Windows (TD-TSPTW) relaxes

this assumption. Specifically, the travel time between two locations does depend on the time at

which travel begins. However, it is customary to assume, particularly in transportation settings,

that travel times satisfy the First-In-First-Out (FIFO) property. Namely, that for any pair of

locations and any two different times, departing from the first location at the later time can not
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lead to an earlier arrival at the second location than departing at the earlier time. We make this

assumption as well. For the Makespan objective, the FIFO property implies there is an optimal

solution wherein the vehicle does not wait at any location unless it is for a time window to open.

While closely related, the same statement can not be made when minimizing the duration of

time the vehicle is away from the depot (the Duration objective). One of the optimization problems

we study in this paper, the Time Dependent Minimum Tour Duration Problem (TD-MTDP),

minimizes this objective. A weaker statement can be made regarding the TD-MTDP. Namely, that

all optimal solutions may require the vehicle to wait at the depot, but that at least one optimal

solution does not involve waiting at any other location unless it is for a time window to open.

In a delivery context, the duration objective considered by the TD-MTDP is appropriate when

optimizing from the transportation carrier’s perspective. Other objectives can be optimized that

instead consider the perspectives of customers. One such objective is considered by the Delivery

Man Problem, which considers the amount of time a customer waits between when the vehicle

departs the depot and arrives at their location. The problem then seeks to design a TSP tour that

minimizes the sum of these waiting times. The same characterization of optimal solutions can be

made regarding the Time Dependant Delivery Man Problem (TD-DMP). Thus, both problems we

consider in this paper require optimizing the time the vehicle departs from the depot. We note

that while both problems we study consider time windows at locations, we do not indicate as such

in their names to be consistent with the literature.

While Vu et al. (2020) propose an algorithm for solving the TD-TSPTW, they also present an

adaptation of that algorithm to the TD-MTDP. That algorithm is an iterative solution approach

that solves at each iteration an instance of a TD-TSPTW (or TD-MTDP) formulated on a partially

time-expanded network, a time-expanded network wherein not every location is represented at

every point in time. The approach constructs these networks so that the resulting TD-TSPTW (or

TD-MTDP) instance is a relaxation of the original problem. When the solution to the relaxation

can be converted to a feasible solution to the original problem, the algorithm terminates as it has

found the optimal solution. When it cannot, the partially time-expanded network is refined and

the algorithm continues. In addition, Vu et al. (2020) present heuristic techniques for speeding up

the algorithm’s search for high-quality primal solutions.

Because all optimal solutions to the TD-MTDP may require the vehicle to wait at the depot

before departure, Vu et al. (2020) propose starting the algorithm with a partially time-expanded

network that contains a node for the depot at each potential departure time. Their results show that

the performance of the DDD-based algorithm degrades when solving the TD-MTDP in comparison

to when solving the TD-TSPTW, and that this degradation can be partially attributed to the

larger partially time-expanded networks the algorithm uses when solving the TD-MTDP.
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To avoid this performance degradation when solving instances of the TD-MTDP or TD-DMP,

we present multiple enhancements to the DDD-based algorithm of Vu et al. (2020) that enable it

to dynamically determine what departure times at the depot to represent in the partially time-

expanded network used at an iteration. These enhancements include a modified relaxation that

is solved at each iteration and guarantees that the DDD-based algorithm will converge to an

optimal solution to the original problem, even though not all departure times at the depot may

be represented. In addition, we prove that the modified relaxation we propose is stronger than

the relaxation used by Vu et al. (2020). The enhancements also include a new method for refining

the partially time expanded network at an iteration that recognizes what missing departure times

at the depot should be modeled. Finally, we propose new integer programming-based heuristic

techniques for producing high-quality primal solutions. One of these heuristics focuses on optimizing

the departure time of a given tour from the depot. The other focuses on repairing solutions to

the relaxation from which a solution to the original problem can not be directly derived. The

enhancements we propose can be applied, mostly unchanged, when solving either the TD-MTDP

or the TD-DMP, and thus yield algorithms for both problems.

We believe this paper makes the following contributions. First, the enhancements it proposes

collectively enable the resulting DDD-based algorithm to outperform all known methods from the

literature for the TD-MTDP. The analogous algorithm for the TD-DMP also performs better than

all known methods. Second, the techniques it proposes for dynamically adding nodes that represent

departure times at the depot can be used with objective functions wherein all optimal solutions

require the vehicle to wait at one or more locations other than the depot after their time window

has opened. One example of such an objective is the total transportation cost associated with a

tour. Third, the proposed repair heuristic enables the overall algorithm to solve some of the largest

instances considered in the literature for either problem and can be used (nearly) unchanged by

DDD-based algorithms for other TD-TSPTW-type problems.

The rest of this paper is organized as follows. Section 2 reviews the literature relevant to the

research we present in this paper. Section 3 presents formal mathematical models of the optimiza-

tion problems we seek to solve, the TD-MTDP and the TD-DMP. Then, Section 4 reviews at a

high level the algorithmic framework we enhance in order to solve those problems. Section 5 then

presents the enhancements we propose while Section 6 analyzes their impact through an exten-

sive computational study. Finally, Section 7 provides concluding remarks and proposes avenues for

future research.

2. Literature review

There is a vast literature on TSP-type problems. As we propose in this paper exact methods for

solving variants of the TD-TSPTW, the TD-MTDP and the TD-DMP, we focus our literature
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review on papers that present exact methods for TSPTW, MTDP, or DMP-type problems, and in

particular those that recognize time-dependent travel times. However, we begin with exact methods

for the most-studied variants of these problems wherein travel times are constant.

Dynamic programming (DP) is an algorithmic strategy at the heart of many solution approaches

for the TSPTW. Dumas et al. (1995) presents a DP-based solution approach that is augmented

with label-elimination tests that enable it to perform well on instances with tight time windows.

Similarly, Christofides et al. (1981) presents a DP-based solution approach to the TSPTW that

is based on state-space relaxation. The technique of state-space relaxation is also used in the

solution approaches presented in Mingozzi et al. (1997) and Baldacci et al. (2012). Balas and

Simonetti (2001) presents a dynamic programming-based approach for a TSPTW with precedence

constraints. That approach is based on an extension of the solution method preveiously proposed

in Balas (1999). At the time of this writing, the performance of the method proposed in Baldacci

et al. (2012) on benchmark instances suggest it is the state-of-the-art method for solving TSPTWs.

DP has also formed the basis of effective solution approaches for the MTDP, which to the best of

our knowledge was first studied in Savelsbergh (1992). Goel (2012) proposes a DP-based solution

approach for a variant of the MTDP that is inspired by truck driver scheduling. Specifically,

they embed in their model representations of many of the regulations that drivers must follow

when executing a route. Tilk and Irnich (2017) focus on the classical MTDP (i.e. without driver

regulations) and propose a DP-based solution that generalizes the approach of Baldacci et al.

(2012).

Another algorithmic strategy used to solve the TSPTW is integer programming. Ascheuer et al.

(2000, 2001) present some of the first branch-and-cut-based algorithms for this class of problem.

Dash et al. (2012) also propose a branch-and-cut-based approach, albeit based on a different for-

mulation. Specifically, they present a formulation that is based on partitioning time windows into

smaller, sub-time-windows, which the authors refer to as time buckets. These time buckets are

produced, and iteratively refined, by solving a series of linear relaxations of the problem. This

is done in the context of a pre-processing scheme, after which a “final” formulation is input to

the branch-and-cut algorithm. Boland et al. (2017b) also propose an integer programming-based

approach for the TSPTW. However, their approach is based on formulating the problem on a time-

expanded network and then solving that formulation with the Dynamic Discretization Discovery

(DDD) procedure proposed in Boland et al. (2017a) for the Service Network Design problem. Turn-

ing to MTDPs, Kara and Derya (2015) present different integer programming formulations of the

problem.

A problem related to the Delivery Man Problem is the Minimum Latency Problem, which min-

imizes the sum of the arrival times of the vehicle at customer locations. Heilporn et al. (2010)
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propose mixed integer programming formulations for the DMP with time windows. Both Salehipour

et al. (2011) and Silva et al. (2012) propose metaheuristics for the latency objective when time

windows are not present. Roberti and Mingozzi (2014) also consider a latency objective when time

windows are not present. However, they present an exact, dynamic programming-based algorithm

for the problem.

The approaches discussed so far have focused on TSP-type problems wherein travel times are

constant. However, time-dependent variants of the TSP have begun to receive attention. One of

the earliest papers that considers a time-dependent TSP is Picard and Queyranne (1978), which

presents an enumeration-based scheme for a problem motivated by single-machine scheduling.

Lucena (1990) presents a scheme for deriving tight lower bounds for a time-dependent TSP as

well as adapt that scheme to the time-dependent traveling deliveryman problem. Various exact

methods, mostly integer programming-based, have also been proposed (Gouveia and Voz 1995,

Bront et al. 2014, Abeledo et al. 2013, Stecco et al. 2008, Albiach et al. 2008, Méndez-Dı́az et al.

2011, Melgarejo et al. 2015). One weakness of the early research on time-dependent TSPs is that

the mathematical models solved were based on travel time functions that did not observe the FIFO

property.

To remedy this issue, Ichoua et al. (2003) presented a piece-wise linear model of time-dependent

travel times that ensures the FIFO property. In this model, travel time is assumed to be constant

within an interval, but can change at interval boundaries. Due in part to its ability to maintain the

FIFO property, this model has been included in all subsequent papers that consider time-dependent

TSP-type problems. Examples include Cordeau et al. (2014), which solves a TD-TSP with a

Makespan objective, and Ghiani and Guerriero (2014) which further analyzes the model of Ichoua

et al. (2003). Tas et al. (2016) consider a related problem, the TSP with time-dependent service

times, and present and evaluate multiple mathematical programming-based solution approaches to

the problem.

Turning to TD-TSPTWs, Montero et al. (2017) present an integer programming-based algorithm

for the problem based on the Makespan objective. Arigliano et al. (2018) focus on a TD-TSPTW

with asymmetric travel costs. They establish properties wherein solving a time-independent variant

of the problem will in fact yield the optimal solution to the time-dependent variant. They also show

that when those properties do not hold, solving the time-independent variant can be used as a

lower bounding procedure in the context of a branch-and-bound scheme. Vu et al. (2020) adapt the

DDD-based approach presented in Boland et al. (2017b) to a TD-TSPTW wherein the Makespan

objective is optimized. Computational experiments in Vu et al. (2020) on benchmark instances

suggest it is the state-of-the-art method for solving the TD-TSPTW under a Makespan objective.

Vu et al. (2020) also present an adaptation of the proposed algorithm for the TD-TSPTW to what

we believe is the first algorithm for the TD-MTDP.
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3. Time-expanded Network Formulations

In this section, we present optimization models of the two problems we consider, the TD-MTDP

and TD-DMP, that are formulated on a time-expanded network. While both can be presented

in many contexts, our description will be grounded in a transportation and logistics setting. We

present a detailed mathematical formulation of the TD-MTDP and then discuss how it can be

modified to a formulation of the TD-DMP.

3.1. Formulation of the TD-MTDP

Mathematically, we define the TD-MTDP as follows. We let the node set N = {0,1,2, ..., n} denote

the physical locations that must be visited, with node 0 representing the depot from which the

vehicle departs each day and returns to at the end of its tour. Associated with location i= 1, . . . , n

is a time window [ei, li] during which the location must be visited. Similarly, there is a time window

[e0, l0], associated with the depot which indicates that the vehicle can not depart the depot before

e0 and must return no later than l0.

The arc set A⊆N ×N contains arcs that represent physical travel between locations. We note

that TSPs are generally formulated on complete graphs (A = N × N). This is the case in the

instances we use in our computational study, but is not a requirement. Recall that we allow travel

times to depend on departure times. Thus, associated with arc (i, j) ∈ A and time, t, at which

travel can begin on arc (i, j), is a travel time, τij(t). The FIFO property that we assume holds

implies that for each arc (i, j)∈A and times t, t′ wherein t≤ t′, we must have t+τij(t)≤ t′+τij(t
′).

A precise definition of a tour is that the vehicle must depart node 0 at time t0 ≥ e0, visit every

node i∈N at a time ti, wherein ei ≤ ti ≤ li, and then return to node 0 before time l0.

One can formulate the TD-MTDP as an integer program defined on a time-expanded network,

D = (N ,A), with node set N and arc set A. Regarding nodes in this network, for each node i ∈

N, t∈ [ei, li], N contains the node (i, t). Regarding arcs, the set A contains arcs that represent the

vehicle traveling between locations. These arcs are of the form ((i, t), (j, t′)) wherein i 6= j, (i, j)∈A,

t≥ ei, t′ = max{ej, t+ τij(t)} (the vehicle can not visit early), and t′ ≤ lj (the vehicle can not arrive

late).

To formulate the integer program, for each arc a= ((i, t), (j, t′))∈A we define the binary variable

xa to represent whether the vehicle takes that arc. Regarding the objective, as we seek to minimize

the time the vehicle is away from the depot, we define the arc costs ca, a = ((i, t), (j, t′)) ∈ A as

follows:

ca=((i,t),(j,t′)) =


−t, for i= 0

t+ τij(t), for j = 0

0, otherwise

 ∀a∈A. (1)
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With these decision variables and this notation a formulation of the TD-MTDP is as follows:

minimize
∑
a∈A

caxa (2)

subject to

li∑
t=ei

∑
a∈δ+

(i,t)

xa = 1, ∀i∈N, (3)

∑
a∈δ+

(i,t)

xa−
∑

a∈δ−
(i,t)

xa = 0, ∀(i, t)∈N , i 6= 0, (4)

xa ∈ {0,1}, ∀a∈A. (5)

Constraints (3) ensure that the vehicle departs each location exactly once during its time window.

Constraints (4) then ensure that the vehicle departs every node representing a location other than

the depot at which it arrives. Finally, constraints (5) define the decision variables and their domains.

We note that our use of a time-expanded network to formulate this problem presumes that time

may be discretized into a finite set of time points, which is theoretically true in some cases, such

as when travel times are integer and time windows are bounded and defined by integer values, and

practically true in nearly all transportation and logistics applications.

3.2. Formulation of the TD-DMP

Recall that the Delivery Man Problem seeks to design a TSP tour that minimizes the total amount

of time each customer has to wait between when the vehicle departs the depot and arrives at their

location. Thus, if we let tk represent the time at which the vehicle arrives at customer k ∈N \{0},

the objective can be written as

minimize
∑

k∈N\{0}

(tk− t0) (6)

Formulated on a time-expanded network, D = (N ,A), the objective (6) can be expressed as

follows:

minimize
∑

((i,t),(j,t′))∈A‖j 6=0

max(ej, t+ τij(t))x((i,t),(j,t′))− (|N | − 1)
∑

((0,t),(i,t′))

tx((0,t),(i,t′)) (7)

The first term in (7) represents the arrival time at customer j. The second term computes the

departure time from the depot term, aggregated over all customers.
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4. Overview of Dynamic Discretization Discovery of Vu et al. (2020)
for Solving the TD-TSPTW

The methods we present in this paper for solving the TD-MTDP and TD-DMP follow a similar

framework as the approach presented in Vu et al. (2020) for optimizing the TD-TSPTW under

the Makespan objective function. Thus, in this section we review the main steps of that method

as well as the principles that ensure it will converge to a provably optimal solution.

A formulation similar to the one presented in Section 3.1 can be used for the TD-TSPTW under

the Makespan objective. Namely, the same network, D, is used, but arc costs are instead

ca=((i,t),(j,t′)) =

{
t+ τij(t), for j = 0

0, otherwise

}
∀a∈A. (8)

We refer to the resulting formulation as the TD-TSPTW(D). One of the main computational

challenges encountered when solving such a TD-TSPTW formulation is that the underlying time-

expanded network, D, may be very large, which will in turn yield an integer program that is too

large to be solved in a reasonable runtime. Dynamic Discretization Discovery (DDD) mitigates

this issue by instead solving instances of a TD-TSPTW formulated on a partially time-expanded

network, wherein not every location is represented at every point in time.

That DDD is guaranteed to find a provably optimal solution is based in part on constructing a

partially time-expanded network such that a TD-TSPTW formulated on that network is a relaxation

of the original problem. DDD is an iterative procedure, wherein each iteration begins by solving

a partially time-expanded network-induced relaxation. The solution to that relaxation is then

examined to determine whether it can be converted to a provably optimal solution to the original

problem. If it can be, the algorithm terminates. Otherwise, the partially time-expanded network

is refined and the algorithm continues. As we will next discuss, by maintaining certain properties,

DDD is guaranteed to terminate with a provably optimal solution. We illustrate in Figure 1 the

steps taken at an iteration, also indicating those that are adapted to solve the problem considered

in this paper. We next discuss how Steps 1,2, and 3 are performed in greater detail. As Step 4 is

not adapted, nor is it necessary to guarantee that DDD will converge to an optimal solution, we

refer the reader to Vu et al. (2020) for details regarding how it is performed.

4.1. Step 1: Formulating a relaxation with a partially time-expanded network

Formally, a partially time-expanded network, DT = (NT ,AT ), is based on a node set, NT , that

is a subset of the nodes N defining D (i.e. NT ⊆ N ). The arc set AT contains arcs of the form

((i, t), (j, t′)), wherein (i, t) ∈ NT , (j, t′) ∈ NT , i 6= j, and (i, j) ∈ A. Such arcs in AT model travel

between locations, albeit never with travel times that are “too long.” Namely, AT is constructed

with arcs ((i, t), (j, t′)) such that t′ ≤max{ej, t+ τij(t)} when i 6= j. We label an arc as too short
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Figure 1 Iteration of DDD-based algorithm

if t′ <max{ej, t+ τij(t)}. Similar to how arcs ((i, t), (j, t′)), i 6= j can underestimate actual travel

times τij(t), associated with arcs in AT are costs, ca that underestimate the actual travel costs, ca.

Specifically, ca=((i,t),(j,t′)) is set to min{c((i,h)(j,t′))|t≤ h≤ li and h+ τij(h)≤ lj}.

The TD-TSPTW(DT ) is defined to be the TD-TSPTW formulated on the network DT and

optimized with respect to the costs ca. We next state properties of DT that together ensure that

TD-TSPTW(DT ) is a relaxation of TD-TSPTW(D).

Property 1. ∀i∈N , both nodes (i, ei) and (i, li) are in NT .

Property 2. ∀(i, t)∈NT , ei ≤ t≤ li.

Property 3. ∀(i, t) ∈ NT and arc (i, j) ∈ A, there is an arc of the form ((i, t)(j, t′)) ∈ AT if

t + τij(t) ≤ lj. In addition, every arc ((i, t), (j, t′)) ∈ AT must have either (1) t + τij(t) < ej and

t′ = ej, or (2) ej ≤ t′ ≤ t+ τij(t). Finally, there is no (j, t′′)∈NT with t′ < t′′ ≤ t+ τij(t).

Property 4. ∀a= ((i, t), (j, t′))∈AT , ca = min{c((i,h),(j,t′))|t≤ h≤ li and h+ τij(h)≤ lj}.

Vu et al. (2020) show that Properties 1 - 3 together ensure that any path p =

((u0, t0), (u1, t1), ..., (um, tm)), (ui, ti) ∈ N i = 0, . . . ,m can be mapped to a path p′ =

((u0, t
′
0), (u1, t

′
1), ..., (um, t

′
m)), (ui, t

′
i) ∈ NT where t′k ≤ tk for all 0 ≤ k ≤ m. Note such a path p

need not begin and end at the depot. That such a mapping exists is critical for showing that

TD-TSPTW(DT ) is a relaxation of TD-TSPTW(D).

Even though there may be many nodes in D that are not present in DT , any feasible solution s to

TD-TSPTW(D) may be mapped to a feasible solution s′ to TD-TSPTW(DT ) in which departures

occur at earlier times. Given the definition of the arc costs ca the cost of the solution s′ with respect

to the costs ca can not exceed the cost of the solution s with respect to the costs ca. In short, Vu

et al. (2020) show that every solution to TD-TSPTW(D) can be mapped to a solution to TD-

TSPTW(DT ) of lesser or equal cost. Thus, TD-TSPTW(DT ) is the relaxation of TD-TSPTW(D)

that DDD solves at each iteration. Vu et al. (2020) also show that as TD-TSPTW(DT ) is a

relaxation induced by arcs that are “too short”, if its optimal solution at an iteration consists

only of arcs that model the correct length (i.e. they are of the form ((i, t), (j, t+ τij(t))) then that

solution is optimal for TD-TSPTW(D).
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We note that the DDD-based solution approach presented in Vu et al. (2020) begins with various

pre-processing procedures. It then creates the initial partially time-expanded network DT that has

the fewest possible nodes while still satisfying Properties 1 - 3. Namely, it sets NT = [∪i∈N{(i, ei)}]∪

[∪i∈N{(i, li))}]. The arc set AT is then constructed to satisfy Property 3.

4.2. Step 2: Creating candidate solutions

There are three procedures DDD employs to try and create candidate solutions to the TD-

TSPTW(D) from a solution s to the relaxation TD-TSPTW(DT ) solved at an iteration. First, the

solution s is examined to see whether it can be used to derive a solution to the TD-TSPTW(D).

For example, if s consists solely of arcs of the form ((i, t), (j, t+τij(t)), then it is also a feasible (and

in fact optimal) solution to TD-TSPTW(D). Even if s does contain arcs that are “too short,” the

sequence, (u0 = 0, u1, . . . , un = 0), in which s visits locations may be the basis of a feasible solution to

the TD-TSPTW(D). To determine this, DDD tries to associate departure times, ti, i= 0, . . . , n−1,

associated with each location that satisfy the following properties:

• t0 = e0: the vehicle departs from the depot at the beginning of its time window.

• ti + τuiui+1
(ti)≤ ti+1: the departure times agree with travel times.

• ei ≤ ti ≤ li, . . . , i= 0, . . . , n−1: the departure times occur during each locations’s time window.

• tun−1un +τun−1un(tun−1
)≤ ln: the vehicle arrives at the depot before the end of its time window.

Such a set of departure times, along with the sequence (u0 = 0, u1, . . . , un = 0), are then used to

generate a solution to the TD-TSPTW(D).

The second and third procedures are both integer programming-based and involve generating

a partially time-expanded network D̄T
i
= (NT , ĀT

i
), i= 1,2, such that solving TD-TSPTW(D̄T

i
)

is likely to yield a feasible solution to TD-TSPTW(D). D̄T
1

and D̄T
2

share the node set NT but

differ in their arc sets. A1
T is constructed to contain all arcs ((i, t), (j, t′)), (i, j) ∈ A, i 6= j, (i, t) ∈

NT , (j, t′)∈NT such that t′ ≥ t+τij(t). Thus, any feasible solution to TD-TSPTW(D̄T
1
) is feasible

for TD-TSPTW(D). A2
T is less restrictive; it is constructed to contain all arcs ((i, t), (j, t′)), (i, j)∈

A, i 6= j, (i, t)∈NT , (j, t′)∈NT such that t′ > t. As observed in Vu et al. (2020), the presence of arcs

((i, t), (j, t′))∈AT such that t′ ≤ t allows for cycles to exist in DT and solutions to TD-TSPTW(DT )

that consist of subtours and thus cannot be used to construct a solution to TD-TSPTW(D). A2
T

is constructed to ensure that solutions to TD-TSPTW(D2
T ) do not contain subtours.

4.3. Step 3: Refining DT
Vu et al. (2020) show that the only reason solving TD-TSPTW(DT ) may not yield a feasible solution

to TD-TSPTW(D) is the presence of “short arcs,” ((i, t), (j, t′)), t′ < t+ τij(t), in AT . As such, at

an iteration DDD will refine DT to “lengthen” such short arcs. Specifically, it will first create the

node (j, t + τij(t)). It will then delete the arc ((i, t), (j, t′)) and add the arc ((i, t), (j, t + τij(t)).
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Then, additional arcs are added to AT to ensure the refined DT satisfies Property 3. We note that

DDD does not lengthen all short arcs at an iteration and refer the reader to Vu et al. (2020) for a

description of how the arcs to lengthen are chosen.

Termination of DDD is guaranteed because A is of finite cardinality and at least one arc in AT
is lengthened at each iteration. Thus, after a finite number of iterations, AT will contain sufficient

arcs from A such that solving TD-TSPTW(DT ) is equivalent to solving TD-TSPTW(D). However,

in the computational results presented in Vu et al. (2020), the algorithm only requires a small

number of iterations to produce a solution that is provably within 1% of optimal.

5. Enhanced Dynamic Discretization Discovery

We propose three types of enhancements to DDD, one for each of the steps described above, to

enhance its performance when solving instances of the TD-MTDP or the TD-DMP. We present

these enhancements in the context of solving the TD-MTDP. That they all naturally apply when

solving the TD-DMP can be easily shown. The first enhancement we present is to strengthen

the relaxation DDD solves at an iteration. The second is new schemes for creating candidate

solutions that solve restricted integer programs that recognize waiting opportunities. The third is

a modification of DDD’s refinement procedure that dynamically adds nodes to model waiting at

the depot. We next describe each of these enhancements in detail and the order in which they are

executed by DDD. We finish the section with a complete presentation of the enhanced algorithm.

5.1. Strengthening the relaxation solved at an iteration

Similar to the TD-TSPTW, we define the TD-MTDP(DT ) as the MTDP model presented in

Section 3.1, albeit formulated on the partially time-expanded network, DT . When applied in this

context, Property 4 yields a TD-MTDP with the following objective function.∑
((i,t)(0,t′))∈AT |i 6=0

(t+ τi0(t))x((i,t)(0,t′))−
∑

((0,t)(i,t′))∈AT |i 6=0

t̄0x((0,t)(i,t′)) (9)

The first term in this objective reflects when the vehicle returns to the depot whereas the second

measures when it departs. Recognizing that the vehicle must depart the depot at a time that

enables it to visit each location during its time window, the coefficient associated with variables

in the second term are t̄0, the largest value t such that t+ τ0i(t)≤minj∈N lj for some i∈N. With

arguments analogous to those used in Vu et al. (2020) for the TD-TSPTW, one can show that the

TD-MTDP(DT ) is a relaxation of the TD-MTDP. We propose strengthening this relaxation by

increasing the values of the cost coefficients in second term of this objective function.

We illustrate the second term of this objective in Figure 2a, which illustrates a portion of a

partially time-expanded network that consists of nodes for two locations, the depot (i = 0), and
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another location (j). The figure illustrates that the objective function proposed in Vu et al. (2020)

measures all departures from the depot, even those at the open of its time window, as occuring

much later, at the time t̄0.

As an example, consider a solution to the TD-MTDP that departs the depot for node j at time

q0, wherein t1 < q0 < t2. That the TD-MTDP(DT ) is a relaxation of the TD-MTDP relies on the

same reasoning mentioned in Section 4.1. Namely, that you can map the solution to the TD-MTDP

to a solution to the TD-MTDP(DT ) wherein the locations are visited in the same order and always

at the same time or earlier. With the network partially depicted in Figure 2a, the departure time

q0 can not be represented. Instead, one would need to map the solution to the TD-MTDP(DT ) as

starting at time t1. In fact, all departures at times t, t1 < t< t2 can be represented as occuring at

time t1. Then, to ensure the objective function value of the resulting solution to the TD-MTDP(DT )

does not exceed the value of the original solution to the TD-MTDP, the method in Vu et al. (2020)

would measure the departure as occuring at time t̄0. Doing so significantly weakens the provable

lower bound DDD generates by solving such a relaxation.

t0 = e0 t1 t2 t3 = t̄0 t4 = l0

i = 0

j
ej lj

Node in 𝒩𝒯

Node not in 𝒩𝒯

ca1
= − t̄0
a1

ca2
= − t̄0

a2

ca3
= − t̄0

a3 a4

ca4
= − t̄0

q0

(a) In TD-MTDP(DT ).

t0 = e0 t1 t2 t3 = t̄0 t4 = l0

i = 0

j
ej lj

Node in 𝒩𝒯

Node not in 𝒩𝒯

a1 a2 a3 a4

q0

ca1
= − t0

ca2
= − (t2 − 1) ca3

= − (t3 − 1) ca4
= − t̄0

(b) Strengthened.
Figure 2 Measuring departure time from depot.

A careful analysis yields an objective function that more accurately measures the vehicle depar-

ture time from the depot. We illustrate this analysis in Figure 2b. Namely, the presence of node

(0, t2) ∈ NT implies that one need not measure the departure as occuring at time t̄0 to have a
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relaxation but instead at time t2−1. Given that t2 < t̄0, the objective function value of the mapped

solution under this objective is at least as great as the objective considered in the TD-MTDP(DT ).

Formally, consider the times T 0 = {t0, t1, . . . , tm = t̄0} such that at an iteration of DDD, the

partially time-expanded network contains the nodes {(0, t0), (0, t1), . . . , (0, tm = t̄0)}. In other words,

T 0 represents the set of time points at which the depot is represented in the current partially time-

expanded network. As such, we propose solving the following relaxation in the context of executing

DDD. We note that the sets δ+(i,t) and δ−(i,t) are defined as in Section 3.1, albeit with respect to the

arc set AT .

minimize
∑

((i,t)(0,t′))∈AT |i 6=0

(t+ τi0(t))x((i,t)(0,t′))

−
∑

tk∈T0:tk+1∈T0

∑
((0,tk),(i,t

′))∈AT

tkx((0,tk),(i,t
′))−

∑
tk∈T0:tk+16∈T0

∑
((0,tk),(i,t

′))∈AT

(tk+1− 1)x((0,tk),(i,t
′)) (10)

subject to

∑
(i,t)∈NT

∑
a∈δ+

(i,t)

xa = 1, ∀i∈N, (11)

∑
a∈δ+

(i,t)

xa−
∑

a∈δ−
(i,t)

xa = 0, ∀(i, t)∈NT , i 6= 0, (12)

xa ∈ {0,1}, ∀a∈AT . (13)

Lemma 1. The mathematical program (10) - (13) is a relaxation of the TD-MTDP that is

stronger than the TD-MTDP(DT ).

Proof of Lemma 1 Consider a solution s= ((0, q0 = t), (u1, q1), ..., (un = 0, qn)) to the TD-MTDP

that has objective function value qn− q0. We consider two cases that differ based on whether the

departure time from the depot, t, in the solution s is represented in DT . In both cases we use

the result from Vu et al. (2020) that one can map the solution s to the TD-MTDP to a solution

s′ = ((0, q
′
0 = t′), (u1, q

′
1), ..., (un = 0, q

′
n)) to the TD-MTDP(DT ) wherein q

′
i ≤ qi ∀i= 0, . . . , n.

• (0, q0 = t)∈NT : In this case, one can construct a solution s′ with q′0 = q0. Thus, s′ has objective

function value q′n− q0 in (10) - (13), which is no greater than qn− q0, the objective function value

of s in TD-MTDP.

• (0, q0 = t) 6∈ NT : In this case, let k = arg maxmp=0{tp : tp < q0.}. Namely, k is the largest index

such that tk ∈ T 0 and tk < q0. That tk exists is guaranteed because NT contains the node (0, e0).

In this case, one can construct a solution s′ with q′0 = tk. Thus, s′ has objective function value

q′n − (tk+1 − 1) in (10) - (13), which, given that tk < q0 < tk+1, is no greater than qn − q0, the

objective function value of s in TD-MTDP.
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Lastly, we note that q′n− q′0 ≥ q′n− t̄0, the objective function value of s′ in TD-MTDP(DT ). Thus,

solving (10) - (13) will yield at least as great a lower bound as solving the TD-MTDP(DT ). Q.E.D.

Recall that when solving the TD-TSPTW, DDD can terminate when the optimal solution to

the TD-TSPTW(DT ) consists only of arcs of the form ((i, t), (j, t′)) where t′ = max{ej, t+ τij(t)}

as such a solution is optimal for the TD-TSPTW(D). Such a solution to the TD-MTDP(DT ) may

not be optimal for the TD-MTDP as waiting at the depot may yield an improving solution and the

node set NT may not contain the nodes necessary to capture all waiting opportunities. However,

a similar stopping criteria can be used, which is given in the following lemma.

Lemma 2. Suppose the optimal solution s = ((u0 = 0, q0 = t), (u1, q1), ..., (un = 0, qn)) to TD-

MTDTP(DT ) satisfies the following properties:

Property 5. All arcs ((ui, ti), (ui+1, ti+1)) are such that ti+1 = max{ei+1, ti + τuiui+1
(ti)},

Property 6. The node (0, q0 + 1) is in NT .

Then s is optimal for the TD-MTDP.

Proof of Lemma 2 Property 5 implies that s is also feasible for the TD-MTDP. Property 6

implies that the objective function value of s when evaluated as a solution to the TD-MTDP is the

same as its objective function value when evaluated as a solution to the relaxation TD-MTDP(DT ).

Thus, s is optimal for the TD-MTDP.

Lastly, we note that when solving the TD-MTDP, DDD also includes the node (0, t̄0) in the

initial partially time-expanded network, DT .

5.2. Additional mechanism for discovering candidate solutions

To solve the TD-MTDP, we first note that we adapt the integer programming-based heuristics

presented in Section 4.2 for solving the TD-TSPTW. Specifically, we construct the same par-

tially time-expanded networks, D1
T ,D2

T , described there. However, we formulate and solve integer

programs based on the Duration objective. We refer to the resulting integer programs as TD-

MTDP(D1
T ) and TD-MTDP(D2

T ).

We propose two additional heuristic mechanisms for producing candidate solutions to the TD-

MTDP. Given the nature of the Duration objective, the first mechanism takes as input a feasible

solution to the TD-MTDP and constructs a restricted integer program that optimizes its departure

time from the depot. The second mechanism instead seeks to repair solutions to the relaxation,

TD-MTDP(DT ), from which a feasible solution to the TD-MTDP cannot be derived, and solves

a restricted integer program to do so. Like the heuristics proposed in Vu et al. (2020) for the

TD-TSPTW, both mechanisms search for improving solutions to the TD-MTDP by creating a

partially time-expanded network, D̄T , and solving the resulting instance of the TD-MTDP(D̄T ).

We next discuss each mechanism in detail.
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The first mechanism takes as input a sequence of locations (u0 = 0, u1, . . . , un = 0) that can

induce a feasible solution to the TD-MTDP. Specifically, the sequence itself is a TSP tour (i.e.

it does not contain any subtours), and there exists a departure time for each location in that

sequence but the last from which a feasible solution to the TD-MTDP can be derived. Formally,

there exist departure times ti, i = 0, . . . , n − 1, such that ti + τuiui+1
(ti) ≤ ti+1, ei ≤ ti ≤ li, and

e0 ≤ tn−1 +τun−1un(tn−1)≤ l0. Given such a sequence of locations the mechanism creates a partially

time-expanded network, D̄T
time

, to find departure times for that sequence that yield the smallest

duration. The same node set, N , used to create the complete time-expanded network, D, is used

to construct DtimeT . However, the arc set, ĀT
time ⊆ A consists only of arcs between subsequent

locations in the sequence (u0 = 0, u1, . . . , un = 0). Formally, ĀT
time

= {((p, t), (q, t′))∈A : p= ui, q=

ui+1, for some i = 0, . . . , n − 1}. The mechanism then formulates and solves the mixed integer

program TD-MTDP(D̄T
time

).

The second mechanism seeks to repair a solution, s, to the TD-MTDP(DT ) from which a feasible

solution to the TD-MTDP can not be immediately derived. The heuristic we propose operates in a

manner similar to the heuristic proposed in Franceschi et al. (2006) for the Distance-Constrained

Capacitated Vehicle Routing Problem (DCVRP). That method derives a neighborhood of a solution

to the DCVRP by removing from each route in the solution a subset of the locations visited by

that route. Doing so leaves a set of “holes” in each route. Then, an integer program is solved to

re-insert the removed locations into these holes.

Our method is similar in structure, albeit for a single route/tour. We note that as the operations

of this mechanism do not depend on vehicle departure or arrival times, we initially describe it

in “space,” i.e. not in terms of a time-expanded network. Like the first heuristic, this mechanism

creates a partially time-expanded network, D̄T
repair

, based on the same node set, N , used to create

the complete time-expanded network, D. It differs from the first heuristic in how it creates the arc

set, ĀT
repair

.

The mechanism begins by deriving from s a base subtour, c0 = (u0
0, u

0
1, .., u

k
p0

= u0
0), consisting

of a subset of the locations, N. It then partitions the remaining set of locations, N \ c0 into sets

L0, . . . ,Lm, m ≥ 0. Specifically, we have ∪mi=0Li = N \ c0 and Li ∩ Lj = ∅, ∀i, j = 0, . . . ,m, i 6= j.

It then generates three disjoint sets of arcs, Arepairi ⊆ A, i = 1,2,3. These arc sets are defined as

follows.

• Arepair1 : Arcs a = ((u, t), (v,max{ev, t+ τuv(t)}) such that location v is visited directly after

location u in the base subtour c0. These allow for connectivity between locations in the base subtour

c0.

• Arepair2 : Arcs a= ((u, t), (v,max{ev, t+τuv(t)}) and a= ((v, t), (u, t+max{eu, t+τvu(t)})) such

that location u is in the base subtour c0 and v is in a set Li, i= 0, . . . ,m. These allow the vehicle
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to travel from a location in c0 to a location in the set Li and later return to a location in c0. These

arcs are created for nodes in each set, Li.

• Arepair3 : Arcs a= ((u, t), (v,max{ev, t+τuv(t)}) and a= ((v, t), (u, t+max{eu, t+τvu(t)})) such

that u, v ∈Li, i= 0, . . . ,m. These allow for connectivity between locations not in the base subtour,

c0, but in the same set, Li.

We note that to manage the size and computational complexity of the resulting integer program,

the mechanism does not add to ĀT
repair

arcs between nodes in different sets, Li,Lj, i 6= j. Similarly,

the arc set Arepair1 only contains arcs that enable the vehicle to visit locations in the base subtour,

c0, in a single sequence.

We illustrate the mechanism for creating the restricted graph in Figures 3a, 3b, and 3c. Figure

3a illustrates the solution to a TD-MTDP(DT ) that contains two subtours. Figure 3b then depicts

the base tour, c0, and a single set of remaining locations, L0. Figure 3c illustrates the graph the

mechanism generates, and on which it formulates and solves the TD-MTDP(D̄T
repair

). We note

that not all arcs are depicted in Figure 3c. For example, arc set A2 would also contain arcs that

connect u1 and u6. Finally, Figure 3d depicts the solution produced by the heuristic by solving the

resulting TD-MTDP(D̄T
repair

), with an indication of which set each arc in the solution came from.

To execute these steps, the mechanism must first choose the base subtour, c0, and then partition

the remaining locations. Recall that TD-MTDP(DT ) is a relaxation in part because the arc set AT
may contain arcs that model travel times that are shorter than actual travel times. The presence

of such “short” arcs allows for solutions to the TD-MTDP(DT ) to contain structures that render

them infeasible for the TD-MTDP. Namely, they can contain subtours and/or they can violate

time windows at locations when evaluated with respect to actual travel times.

To be precise, we refer to a sub-sequence (ui, . . . , uj) of the sequence (u0, u1, . . . , uq) as an infea-

sible sequence if there do not exist times, tk, that satisfy the following conditions:

1. euk ≤ tk ≤ luk ,∀k= i, . . . , j.

2. tk + τukuk+1
(tk)≤ tk+1 ∀k= i, . . . , j− 1.

In words, there is no way the vehicle can visit the sequence of locations (ui, . . . , uj) in that order

without violating the time window associated with at least one of the locations. We refer to an

infeasible sequence (ui, . . . , uj) as a minimal infeasible subsequence if there is no other infeasible

subsequence (up, . . . , uq) such that i≤ p < q≤ j and either p > i or q < j.

Thus, given a solution s, wherein either (or both) infeasibility is present, consider a decomposition

of s into the set of (subtours) χ0, . . . , χr, r ≥ 0, wherein χk = (uk0 , u
k
1 , ..., u

k
qk

), qk ≥ 2, k = 0, . . . , r. In

addition, assume χ0 contains the depot. Recall that the arc set Arepair1 maintains the sequence the

vehicle visits locations in χ0 in the solution s. We observe that given an infeasible sequence of nodes

(u0, u1, ..., ug) that does not visit all locations, inserting a node u into this sequence will likely yield
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(a) Solution to TD-MTDP(DT ).

u1
u2

u3

u4
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u5

u7
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L0

(b) Node sets for restricted graph (in space) used

to formulate TD-MTDP(Drepair
T )

u1
u2

u3

u4

u5

u7
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𝒜repair
1 𝒜repair

2 𝒜repair
3

L0

(c) Restricted graph used to formulate TD-

MTDP(Drepair
T ), not all arcs shown.

u1
u2

u3

u4

u5

u7
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𝒜repair
1

𝒜repair
2 𝒜repair
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𝒜repair
2

𝒜repair
2

(d) Solution to TD-MTDP found by solving TD-

MTDP(Drepair
T )

Figure 3 IP-based heuristic for repairing solutions to relaxation TD-MTDP(DT ).

an infeasible sequence. We note that the resulting sequence is not guaranteed to violate a time

window as travel times that are time dependent may not satisfy the triangle inequality. However,

if χ0 contains an infeasible sequence, the resulting TD-MTDP(DrepairT ) is likely to be infeasible.

Thus, the mechanism behaves differently depending on whether χ0 contains such a sequence.

1. χ0 does not contain an infeasible sequence: In this case, a solution to the TD-MTDP can

not be derived from s because it prescribes subtours (e.g. r≥ 1). In this case, the mechanism sets

c0 = χ0, and Li−1 = χi, i= 1, . . . , r.

2. χ0 does contain an infeasible sequence. We note that this also includes cases wherein m= 0

and thus s does not prescribe subtours. However, when it does, as in the previous case, it creates

the sets Li−1 = χi, i = 1, . . . , r. Next, the mechanism identifies all minimal infeasible sequences,

qk = (uk1 , . . . , u
k
pk

), pk ≥ 2, k = 0, . . . , s within χ0. Next, when sequences overlap (e.g. qk ∩ ql 6= ∅),

their union is taken. Then, for each remaining sequence or union of sequences, the mechanism

creates the set Lr+k = (uk1 , . . . , u
k
pk

), k = 0, . . . , s. Finally, the mechanism creates the base subtour

c0 = χ0 \ ∪rk=1((u
k
1 , . . . , u

k
pk

) \ {0}). We note that the locations in the resulting base subtour c0 are
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visited in the same order as in χ0 and c0 is constructed to contain the depot even if it is in an

infeasible sequence.

We illustrate the procedure for the second case in Figures 4a and 4b. The solution to the TD-

MTDP(DT ) depicted in Figure 4a prescribes two subtours. In addition, the subtour that contains

the depot, χ0, contains three infeasible sequences, q0, q1, q2. The infeasible sequences q0 and q1

intersect. We depict the corresponding node sets c0,L0,L1, and L2 in Figure 4b. The subtour χ1

is used to generate its own node set, L0. As they intersect, the infeasible sequences q0 and q1 are

combined to create the node set L1. Lastly, the infeasible sequence q2 is used to create the node

set L2. For a precise description of how these steps are performed, please see Appendix 7. There,

u01
u02

u08

χ0

u07

u03 u04

u06

u11

u12

u13

χ1

u01
u03 , u11

u04 , u12

q0

u22

q2

u05

q0, q1
u01 = 0

q0
u02

u09

u010

u011

u21

u23

q2

q1

u13

(a) Solution to TD-MTDP(DT ).

u01
u02

u08

c0

u07

u03 u04

u06

u11

u12

u13

L0

u05

u01 = 0

u09

u010

u011

L1

L2

(b) Node sets for restricted graph (in space) used

to formulate TD-MTDP(Drepair
T )

Figure 4 Generating node sets c0,Li, i= 0, . . . ,m when χ0 contains an infeasible sequence.

Algorithm 3 describes how infeasible subsequences in the set χ0 are detected while Algorithm 4

describes how the sets Li are generated.

We also note that many mixed integer programming solvers will return multiple integer feasible

solutions discovered in the course of searching the branch-and-bound tree. In our implementation,

we collect such solutions from solving the TD-MTDP(DT ). We then formulate and solve a TD-

MTDP(DrepairT ) for each solution that satisfies the two stated conditions.

5.3. Refining DT to dynamically add waiting opportunities at the depot

DDD begins with a partially time-expanded network, DT , wherein the only nodes representing

the depot in NT are (0, e0), (0, t̄0), and (0, l0). However, for some instances of the TD-MDTP all

optimal solutions may require the vehicle to wait at the depot until departing at time t, e0 < t< l0.

Thus, to guarantee DDD will produce such a solution, we enhance its refinement procedure (Step

3, Section 4.3) to dynamically add nodes of the form (0, t), e0 < t< l0, to NT .

The procedure is inspired by the strengthened objective presented in Section 5.1. Specifically,

presume the TD-MTDP(DT ) is solved to yield a solution, s′, that departs from the depot at time

tk. Assuming tk+1 is the next time point at the depot represented in NT and tk+1 > tk + 1, this
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departure time is under-estimated in the objective function (10). We thus add a time point t′′

that bisects the interval [tk, tk+1], as doing so minimizes the largest under-estimate associated with

departing at times tk or t′′ in the next iteration of the algorithm.

We illustrate this procedure in Figure 5. Returning to Figure 2b, suppose solving (10) - (13)

yielded a solution wherein the vehicle departs the depot for location j at time t1, as depicted in

Figure 5a. Such a departure reduced the objective function value associated with the solution by

(t2− 1). Bisecting the interval [t1, t2] yields the time point t′′ and thus the node (0, t′′) is added to

NT . With this node, in future iterations departures at time t1 will reduce the objective function

value by (t′′− 1). As (t′′− 1)< (t2− 1) even if the solution in the next iteration departs at time t1

and returns to the depot at the same time as in the solution s′, the objective function value of the

solution will strictly increase.

t0 = e0 t1 t2 t3 = t̄0 t4 = l0

i = 0

j
ej lj

Node in 𝒩𝒯

Node not in 𝒩𝒯

a2

ca2
= − (t2 − 1)

(a) Solution to TD-MTDP(DT ) at iteration uses arc ((0, t1), (j, ej))

t0 = e0 t1 t2 t3 = t̄0 t4 = l0

i = 0

j
ej lj

Node in 𝒩𝒯

Node not in 𝒩𝒯

a1 a2 a3 a4
ca1

= − t0
ca2

= − (t′ ′ − 1) ca3
= − (t3 − 1) ca4

= − t̄0

t′ ′ 

a′ 2

ca′ 2
= − (t2 − 1)

(b) Adding node to bisect interval [t1, t2]
Figure 5 Dynamically adding a node that models waiting at the depot based on a solution to TD-MTDP(DT )

We present pseudo-code of how waiting nodes are added in Algorithm 1 and note that this

procedure is executed after the usual refinement procedures performed in Step 3 (Section 4.3). As

with the procedure for creating candidate solutions, we collect solutions found when solving the

TD-MTDP(DT ) and refine DT , including performing Algorithm 1, for each one.



Vu, Hewitt, and Vu: DDD for TD-MTDP and TD-DMP
21

Algorithm 1 Add waiting node

Require: (Sub)tour χ0 = ((0, q
′
0 = t), (u1, q

′
1), ..., (um = 0, q

′
m)) derived from solution to TD-

MTDP(DT )

1: Let t′ be the smallest value such that t′ > t and (0, t′)∈NT
2: if t′ > t+ 1 then

3: Let t” = b(t+ t′)/2c

4: Add node (0, t”) to NT
5: Add arcs emanating from (0, t′′) to satisfy Property 3.

6: end if

We note that by using the strengthened objective (10) in the TD-MTDP(DT ), adding node

(0, t′′) to NT will increase the objective function coefficients associated with arcs of the form

((0, t), (i, t̃)) in subsequent instances of the TD-MTDP(DT ) solved by DDD. This is in contrast

to the original objective, (9), wherein the objective function coefficient associated with arcs of

the form ((0, t), (i, t̃)) remain −t̄0. In fact, one can present examples that DDD will not converge

to the optimal solution if nodes that model waiting at the depot are added dynamically and the

objective (9) is used to formulate theTD-MTDP(DT ) solved at an iteration. Thus, in addition to

strengthening the relaxation TD-MTDP(DT ), the objective (10) is necessary for correctness of the

algorithm.

5.4. Proposed algorithm

We next present a high-level description of the complete algorithm, which we refer to as DDD-TD-

MTDP. Regarding instance parameters, we denote the set of times at which location time windows

open by e. Similarly, the set of times at which location time windows close is denoted by l. We let

τ denote the travel time function and c represent the vector of arc costs. A high-level description

of the proposed algorithm is provided in Algorithm 2 with references to the sections where steps

are described in greater detail. We also note that because of how D2
T is constructed (Section 4.2),

solving TD-MTDP(D2
T ) (Step 16 of Algorithm 2) may yield solutions that are not feasible for

TD-MTDP. As such, these solutions are also used to refine DT in Step 26 of Algorithm 2.

Lastly, we note that the analogous algorithm for solving the TD-DMP is Algorithm 2 only with

instances of the TD-DMP solved instead of instances of the TD-MTDP in Steps 6, 12, 16, and, 18.

We refer to this algorithm as DDD-TD-DMP.

6. Computational Results

In this section, we first discuss how our computational study was performed. We then assess the

impact of the enhancements proposed in Section 5 on the ability of DDD-TD-MTDP to solve
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Algorithm 2 DDD-TD-MTDP

Require: TD-MTDP instance (N,A), e, l, τ and c, and optimality tolerance ε

1: Perform preprocessing steps presented in Vu et al. (2020)

2: Create initial partially time-expanded network DT as in Vu et al. (2020), albeit with node

(0, t̄0) (Section 5.1).

3: Let S→∅ be the current set of feasible solutions.

4: while not solved do

5: Let S̄ = ∅ be the set of feasible solutions found this iteration.

6: Solve relaxation TD-MTDP(DT ) for lower bound z and solutions S. (Section 5.1)

7: for all s∈ S do

8: if s can be the basis of a solution, s, to TD-MTDP. (Section 4.2) then

9: Add s to S̄

10: else

11: Derive DrepairT from s (Section 5.2)

12: Solve TD-MTDP(DrepairT ) and add solutions to S̄ if feasible

13: Generate valid inequalities corresponding to subtours and infeasible sequences in s as

in Vu et al. (2020)

14: end if

15: end for

16: Solve TD-MTDP(D1
T ), TD-MTDP(D2

T ) based on DT and, when feasible, add their solutions

to S̄. (Section 4.2)

17: for all s∈ S̄ do

18: Generate and solve TD−MTDP (DtimeT ) based on sequence locations visited in s and add

solution to S (Section 5.2).

19: Generate valid inequality that will prevent solutions to TD-MTDP(DT ) in future iterations

prescribing the same sequence of locations as in s as in Vu et al. (2020)

20: end for

21: Compute gap δ between the best solution in S and lower bound, z.

22: if δ≤ ε then

23: Stop: best solution in S is ε−optimal for TD-MTDP.

24: else

25: for all s∈ S do

26: Refine DT by lengthening arcs (Section 4.3)

27: Refine DT by adding nodes to the depot (Section 5.3.)

28: end for

29: end if

30: end while
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instances of the TD-MTDP. To do so, we first benchmark the enhanced method against both

the method proposed in Vu et al. (2020) and the commercial mixed integer programming solver

Gurobi (version 8.11) on the instances that were considered in Vu et al. (2020). Results regarding

the performance of the method proposed in Vu et al. (2020) are taken from that paper. After

studying the performance of each method at a summary level, we then analyze the impact of

the enhancements on the performance of DDD-TD-MTDP in more detail. Next, we assess the

performance of the enhanced DDD-TD-MTP approach on larger TD-MTDP instances than those

considered by Vu et al. (2020). Then, to understand the robustness of the proposed enhancements,

we assess the ability of the the DDD-TD-DMP to solve instances of the TD-DMP. We finish the

section with a comparison of the ability of DDD-TD-MTDP to solve instances of the TD-MTDP

with the ability of DDD-TD-DMP to solve instances of the TD-DMP.

6.1. Setup of Computational Study

We consider three sets of instances, all of which are from the literature and have been used to

assess the performance of methods for solving the TD-TSPTW. However, as the TD-MTDP and

TD-DMP differ from the TD-TSPTW only in the objective function, these instances can also be

used to study the performance of algorithms for these problems. We next give a brief overview of

these sets of instances. All three setes are discussed in Vu et al. (2020) in greater detail, and we

refer the interested reader to that paper for a more detailed description.

The first two sets, labeled Set 1 and Set w100, were proposed in Arigliano et al. (2018) and

originally generated as instances of the TD-TSP. Arigliano et al. (2018) added time windows to

these instances in a manner that guaranteed their feasibility. Both sets contain instances that

consider either 10, 20, 30, or 40 locations. The primary difference between these sets is the variability

of travel times in the instances they contain. Recall that Ichoua et al. (2003) models travel times

as a piecewise linear function of departure times. The 952 instances in Set 1 consider travel times

that can be modeled by three linear segments while those in Set w100 (960 instances) consider

travel times that require 73. The third set of instances, which we refer to as Set MM-TDTSPTW,

was first proposed in Vu et al. (2020). Instances in that set were generated with a methodology

similar to the one used for the first two sets and parameter values that are mostly similar to those

used to generate Set w100. However, these instances are larger, as they consider either 60, 80, or

100 locations. The set consists of 240 instances for each number of locations and thus 720 instances

in total.

To assess the impact of the proposed enhancements when solving the TD-MTDP, we execute

DDD-TD-MTDP in two different configurations of enhancements. Specifically, we execute the fol-

lowing configurations:
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• DDD-TD-MTDP(1,3): This variant involves executing the DDD of Vu et al. (2020), albeit

having it solve a tighter relaxation at each iteration (the enhancement discussed in Section 5.1),

solve TD-MTDP(DtimeT ) to search for improved primal solutions (Step 18 of Algorithm 2, one of

the enhancements discussed in Section 5.2), and dynamically add nodes that represent waiting

at the depot (the enhancement discussed in Section 5.3). In this variant, Steps (11) and (12) of

Algorithm 2 are not executed.

• DDD-TD-MTDP: This is the variant above, DDD-TD-MTDP(1,3), albeit also solving TD-

MTDP(DrepairT ) as discussed in Section 5.2. As such, Steps (11) and (12) Algorithm 2 are executed.

Regarding implementation, the algorithm is implemented in C++, and all experiments were run

on a workstation with a Intel(R) Xeon (R) CPU E5-4610 v2 2.30GHz processor running the Ubutu

Linux 14.04.3 Operating System. We next describe implementation details for DDD-TD-MTDP;

the same configuration was used when executing DDD-TD-DMP.

DDD-TD-MTDP repeatedly solves integer programs, and the implementation uses Gurobi 8.11

to do so. When solving instances of TD-MTDP(DT ), TD-MTDP(D1
T ), or TD-MTDP(D2

T ) the time

limit was set to three minutes. If, when solving TD-MTDP(DT ), the solver had not found a feasible

solution by the three minute time limit, it was allowed to continue until such a solution was found.

DDD-TD-MTDP solved TD-MTDP(DrepairT ) when there were no more than five sets, Li, and did

so to a time limit of five minutes. All such integer programs were solved to an optimality tolerance

of 1%.

In all experiments reported on below, the stopping conditions for Gurobi, DDD-TD-MTDP

(either configuration), and DDD-TD-DMP were a two hour time limit and a provable optimality

gap of ε = 1%. Whenever executing Gurobi, the Threads parameter of Gurobi was set to limit

Gurobi to one thread of execution. We note that all reported times are in seconds.

6.2. Solving the TD-MTDP

We first compare the performance of DDD-TD-MTDP(1,3) with that of the two benchmark meth-

ods with respect to the following summary statistics: (1) the number of instances solved within the

given time limit (two hours), and, (2) the average time the method took to solve an instance. We

report these statistics in Table 1.

Table 1 Performance when solving TD-MTDP for Arigliano et al. (2018) instances

Set 1 - 952 instances Set w100 - 960 instances
Method # Solved Time # Solved Time
Gurobi 788 950.48 942 784.23

DDD of Vu et al. (2020) 952 224.43 960 124.86
DDD-TD-MTDP(1,3) 952 70.16 960 6.01
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We see that the DDD of Vu et al. (2020) outperformed Gurobi, both in terms of the number

of instances it can solve and the average time it needs to do so. However, we also see that the

enhancements enabled DDD-TD-MTDP(1,3) to solve instances in significantly less time. In fact,

the time needed to solve instances is reduced by at least a factor of three.

We also observe in Table 1 that the proposed enhancements enabled DDD-TD-MTDP(1,3)

to solve instances from Set w100 in much less time than those in Set 1. Relatedly, DDD-TD-

MTDP(1,3) needed fewer iterations, on average, to solve instances from Set w100 (4.35 iterations)

than those from Set 1 (6.35 iterations). To understand this, we study the quality of the dual bound

produced at the first iteration of DDD-TD-MTDP(1,3)’s execution. To measure that quality, we

compute the gap between the dual bound, zF , DDD-TD-MTDP(1,3) produced at the first iteration,

and the dual bound, zL, it produced at the last iteration of its execution. The gap is calculated as

(zL − zF )/zL. For instances from Set 1, the average of these gaps is 10.56% while it is 6.16% for

instances from Set w100. We conclude that the stronger dual bounds DDD-TD-MTDP(1,3) was

able to produce early in its execution when solving instances from Set w100 are one reason it was

able to solve those instances so quickly.

The DDD of Vu et al. (2020) modeled the vehicle waiting at the depot by creating an ini-

tial partially time-expanded network, DT , that contained all potential waiting nodes. One of the

enhancements proposed in this paper is to instead generate such nodes dynamically. To assess the

impact of doing so, we first study the number of nodes of the form (0, t), e0 ≤ t≤ l0, in the network,

DT , at termination of both DDD-based methods. We report in Table 2 the number of such nodes,

on average, created by each method and for each set of instances.

Table 2 Number of depot nodes in DT at termination of DDD method

Set 1 Set w100
Method # Nodes of form (0, t) # Nodes of form (0, t)

DDD of Vu et al. (2020) 58.58 41.05
DDD-TD-MTDP(1,3) 7.53 7.00

We see that, on average, DDD-TD-MTDP(1,3) created 12.85% of the nodes the DDD of Vu et al.

(2020) created for instances from Set 1 and 17.05% of such nodes for instances from Set w100.

In short, by adding nodes that model waiting at the depot dynamically, DDD-TD-MTDP(1,3)

created far fewer such nodes than the DDD of Vu et al. (2020).

Turning to network size overall, we present in Table 3 the average increase in the cardinality

of the node set, NT , from the first iteration to the last for each DDD-based method. We see that

by dynamically adding nodes that model waiting at the depot, DDD-TD-MTDP(1,3) generated

significantly smaller partially time-expanded networks overall. As DDD-TD-MTDP(1,3) solves
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instances of the TD-MTDP(DT ) at each iteration and the time required to do so is correlated to

the size of the network DT , these smaller networks enabled DDD-TD-MTDP(1,3) to converge in

much less time.

Table 3 Increase in network size for DDD methods

Set 1 Set w100
Method |N Final

T | − |N Initial
T | |N Final

T | − |N Initial
T |

DDD of Vu et al. (2020) 340.36 344.39
DDD-TD-MTDP(1,3) 119.66 58.60

We conclude from these results that the enhancements present in DDD-TD-MTDP(1,3) greatly

improve the performance of DDD when solving instances of the TD-MTDP. Thus, we next turn

our attention to the impact of solving TD-MTDP(DrepairT ), as proposed in Section 5.2. Given the

performance of DDD-TD-MTDP(1,3) on the Arigliano et al. (2018) instances reported on in Table

1, for this analysis we consider the set of larger instances, Set MM-TDTSPTW.

We study the impact of solving TD-MTDP(DrepairT ) in two ways. First, we compare the perfor-

mance of DDD-TD-MTDP(1,3) (wherein TD-MTDP(DrepairT ) is not solved) and DDD-TD-MTDP

(TD-MTDP(DrepairT ) is solved). In addition to the summary statistics presented above, we consider

two others. First, we present the number of instances for which a method was able to produce a

feasible solution (# Found). Second, we present the average optimality gap a method reported at

termination for the instances that method was not able to solve but was able to produce a feasible

solution. We present results for both methods in Table 4, by number of locations in the instance.

Table 4 Impact of solving TD-MTDP(Drepair
T ) when solving instances from Set MM-TDTSPTW

720 instances

DDD-TD-MTDP(1,3) DDD-TD-MTDP
|N | # Found # Solved Time Gap unsolved # Found # Solved Time Gap unsolved
60 204 198 797.95 2.44% 238 209 738.95 4.19%
80 160 144 1,202.31 2.14% 211 153 1,313.00 3.90%
100 71 64 1,928.09 1.86% 143 97 1,903.54 4.22%

Summary 435 406 1,119.52 2.14% 592 459 1,176.41 4.07%

We see that solving TD-MTDP(DrepairT ) enabled DDD-TD-MTDP to produce feasible solu-

tions and solve more instances. Even though DDD-TD-MTDP solved more instances, the average

amount of time it needed to do so is only slightly greater. As a second assessment of the effec-

tiveness of the proposed heuristic, we observe that for 317 of the 592 instances for which DDD-

TD-MTDP produced a primal solution, the best primal solution it found was produced by solving

TD-MTDP(DrepairT ).

Ultimately, we conclude that all proposed enhancements, together, yield a DDD algorithm, DDD-

TD-MTDP that is significantly more effective at solving instances of the TD-MTDP than the DDD
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of Vu et al. (2020). As a result, we next study whether the analogous algorithm for the TD-DMP,

the DDD-TD-DMP, performs similarly.

6.3. Solving the TD-DMP

As of this writing, we are unaware of any methods for solving the TD-DMP. Thus, we benchmark

DDD-TD-DMP against the performance of Gurobi 8.11 on the same three sets of instances con-

sidered for the TD-MTDP. We report in Table 5 two of our summary statistics: (1) the number of

instances a method was able to solve, and, (2) the average time it took to do so. Considering Set

1 and Set w100, we observe that DDD-TD-DMP was able to solve every instance while Gurobi

8.11 was able to solve all but three. However, DDD-TD-DMP was much faster than Gurobi, often

solving instances in less than a fifth of the time. Turning to instances from Set MM-TDTSPTW,

we see that while DDD-TD-DMP could not solve every instance it solved more than Gurobi and

in much less time (often in less than a third of the time).

Table 5 Performance of DDD-TD-DMP.

Instances Method Solved Time
Set 1 DDD-TD-DMP 952 67.81

952 instances Gurobi 949 506.28
Set w100 DDD-TD-DMP 960 65.61

960 instances Gurobi 960 301.76
Set MM-TDTSPTW DDD-TD-DMP 691 498.00

720 instances Gurobi 666 1,472.52

We next note that DDD-TD-DMP was able to find a feasible solution for all instances from

Set MM-TDTSPTW and the average optimality gap associated with those it could not solve is

only 1.73%. Gurobi was able to find a feasible solution for 670 (of the 720) instances. Of the four

that Gurobi found a feasible solution but did not solve, the average optimality gap is 1.96%. In

short, we conclude that DDD-TD-DMP is the most computationally effective method for solving

the TD-DMP.

6.4. Comparing Solving the TD-MTDP and Solving the TD-DMP

Considering solving the TD-MTDP (Table 1) and solving the TD-DMP (Table 5), we observe that

DDD-TD-DMP was often able to solve instances from Set 1 and Set w100 of the TD-DMP in less

time than DDD-TD-MTDP(1,3) could solve corresponding instances of the TD-MTDP. Similarly,

for larger underlying networks (e.g. Set MM-TDTSPTW ), DDD-TD-DMP was able to solve more

instances of the TD-DMP than DDD-TD-MTDP could the TD-MTDP.

To try and understand this difference in performance, we next compare the performance of the

two algorithms on the same instances, albeit used to formulate the two different optimization
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problems. We report in Table 6 two summary statistics: (1) the average time the method needed

to find the first primal solution (Time to first), and, (2) the average gap between the dual bound

the method produced in its first iteration and its last (Dual increase).

Table 6 Comparing performance on instances of TD-DMP and TD-MTDP

Instance TD-MTDP TD-DMP
set Time to first Dual increase Time to first Dual increase

Set 1 57.00 10.56% 0.96 4.37%
Set w100 3.00 6.16% 0.05 7.96%

Set MM-TDTSPTW 858.98 4.68% 45.72 1.54%
Average 306.33 7.13% 15.58 4.62%

Based on the results in Table 6, we observe that DDD-TD-DMP is more able to quickly produce

both feasible solutions and strong dual bounds for the TD-DMP than DDD-TD-MTDP can for

the TD-MTDP. As the only difference in the two sets of experiments is the objective function

considered in the optimization problem, we formulate the following hypotheses:

• Feasible solutions: The delivery man objective encourages the vehicle to arrive at a location

early. As the relaxation solved by DDD-TD-DMP may consider “short” arcs, arriving to a location

early in a solution to the relaxation increases the chances that solution can be the basis of a feasible

solution to the original problem. As evidence of this hypothesis, we note the Time to first columns

in Table 6.

• Dual bounds: The duration objective allows for multiple solutions, each involving visiting

locations in different sequences, to yield the same objective function value. Thus, DDD-TD-MTDP

may need to execute more iterations to increase the dual bound. As evidence of this hypothesis

in addition to the Dual increase columns in Table 6, we note that for instances from Set MM-

TDTSPTW, DDD-TD-MTDP needed, on average, 10.12 iterations to solve an instance of the

TD-MTDP but DDD-TD-DMP needed only 5.35 iterations to solve an instance of TD-DMP.

To summarize, we conclude that the proposed enhancements yield the best-performing algo-

rithms to date at solving the TD-MTDP and TD-DMP. We also conclude that the algorithm for

solving the TD-DMP, the DDD-TD-DMP, is particularly effective.

7. Conclusions and Future Work

In this paper, we studied TD-TSPTW-type problems wherein the objective function value depends

in part on the departure time of the vehicle from the depot. As such, optimizing these problems

requires optimizing the time the vehicle begins its tour. We proposed an iterative Dynamic Dis-

cretization Discovery-based algorithm wherein some waiting opportunities at the depot may not

be explicitly represented at a given iteration. Instead, representations of such opportunities are
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added dynamically based on solution process information. In addition, we proposed new heuris-

tic techniques for finding high-quality primal solutions, one of which was designed for objective

functions that encourage waiting at the depot. Ultimately, the enhancements we proposed yielded

algorithms that outperformed all known methods for the TD-MTDP or TD-DMP on instances

taken from the literature.

Regarding future work, the objective functions we considered only necessitated that the vehicle

wait at the depot (other than for a time window to open at another location). Optimal solutions to

TD-TSPTWs that minimize objective functions such as total transportation costs may also require

the vehicle to wait at one or more other locations. One avenue for future work is to adapt the

techniques proposed in this paper to such problems. To date, the capabilities of DDD at solving

routing problems have been studied in the context of single vehicle problems. Another avenue for

future work is to adapt the ideas in this paper to problems that involve a fleet of multiple vehicles,

such as the (Time Dependent) Vehicle Routing Problem with Time Windows. As such problems

are typically best solved with methods such as Branch and Price, this avenue would likely require

developing a hybrid method that combines the steps of DDD with those of Branch and Price.

Appendix. Detailed pseudo-code of steps from Section 5.2

In this section, we provide pseudo-code of how the sets c0,Li are generated by the heuristic presented in

Section 5.2. Algorithm 3 describes how infeasible subsequences in the set χ0 are detected. Then, Algorithm

4 describes how the sets Li, i= 0, . . . ,m are generated.

Algorithm 3 Detect infeasible subsequences - Complexity O(n2).

1. Initialize: sj← j+ 1 for j = 2..p0 //assume no infeasible subsequence associated with j

2. For i= 0 to p0− 2

3. For j = i+ 2 to p0 do

4. If traveling from u0
i to u0

j at time eu0i violates time window at u0
j //O(1)

5. sj← i // update the shortest infeasible subsequence associated to j

6. Break;

7. End if

8. End for

9. Stop if no infeasible subsequence starts from i

10. End For

11. J =∪p0j=2{j|sj ≤ j}

12. Ω =∪j∈J{(sj, j)}.

13. return J,Ω
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Algorithm 4 Create artificial location sets - Complexity O(n)

1. for j ∈ J visited in increasing order

2. nj← next(j), cj← j //next(j): the element after j in J

3. While snj ≤ cj //overlap infeasible subsequences

4. cj← nj, nj← next(nj)

5. End While

6. m←m+ 1

7. Lm−1←∪j′∈J|j′≤cj (sj′ , j′)

8. Remove all j′ from J where j′ ≤ cj
9. Remove all (sj′ , j

′) from Ω where j′ ≤ cj
10. end for
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