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Wasserstein distributionally robust optimization (DRO) aims to find robust and generalizable solutions by hedging
against data perturbations in Wasserstein distance. Despite its recent empirical success in operations research
and machine learning, existing performance guarantees for generic loss functions are either overly conservative
due to the curse of dimensionality, or plausible only in large sample asymptotics. In this paper, we develop a
non-asymptotic framework for analyzing the out-of-sample performance for Wasserstein robust learning and the
generalization bound for its related Lipschitz and gradient regularization problems. To the best of our knowledge,
this gives the first finite-sample guarantee for generic Wasserstein DRO problems without suffering from the curse
of dimensionality. Our results highlight that Wasserstein DRO, with a properly chosen radius, balances between the
empirical mean of the loss and the variation of the loss, measured by the Lipschitz norm or the gradient norm of the
loss. Our analysis is based on two novel methodological developments that are of independent interest: 1) a new
concentration inequality controlling the decay rate of large deviation probabilities by the variation of the loss and,
2) a localized Rademacher complexity theory based on the variation of the loss.
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1. Introduction

Distributionally robust optimization (DRO) is an emerging paradigm for statistical learning and
decision-making under uncertainty. It aims to provide robust and generalizable solutions by hedging
against a set of distributions in the minimax sense. Different choices of distributional uncertainty set
have been investigated thoroughly (Scarf 1958, Za¢kova 1966, Shapiro and Kleywegt 2002, Calafiore
and El Ghaoui 2006, Erdogan and Iyengar 2006, Popescu 2007, Delage and Ye 2010, Goh and Sim
2010, Wiesemann et al. 2014, Ben-Tal et al. 2013, Wozabal 2014, Jiang and Guan 2015, Bayraksan and
Love 2015, Wang et al. 2016, Esfahani and Kuhn 2017, Zhao and Guan 2018). In this paper, we focus on
Wasserstein DRO (Wozabal 2014, Esfahani and Kuhn 2017, Zhao and Guan 2018, Blanchet and Murthy
2019, Gao and Kleywegt 2016, Xie 2019, Chen et al. 2018)

inf sup E.vp[fo(2)],
0€0 p. W, (P,P,) <pn

which finds a solution 6 from a space ® so as to minimize the Wasserstein robust loss, defined as
the worst-case expectation of the loss function fy among a ball of distributions whose p-Wasserstein
distance WV, to the empirical distribution P,, of sample size n is at most p, > 0. Due to its ability to
hedge against data perturbations in high dimensions (Blanchet and Murthy 2019, Gao and Kleywegt
2016) and its regularization effect (Shafieezadeh-Abadeh et al. 2015, 2019, Blanchet et al. 2019b, Gao
et al. 2017, Volpi et al. 2018, Bartl et al. 2021), Wasserstein DRO has recently been studied in many
areas in machine learning (Shafieezadeh-Abadeh et al. 2015, Blanchet et al. 2019b, Blanchet and Kang
2020, Sinha et al. 2018, Chen and Paschalidis 2018, Gao et al. 2018, Volpi et al. 2018, Lee and Raginsky
2018, Duchi et al. 2020, Najafi et al. 2019, Levine and Feizi 2020, Abdullah et al. 2019, Smirnova
et al. 2019, Derman and Mannor 2020); as well as other fields, such as automatic control (Yang 2017,
Shafieezadeh-Abadeh et al. 2018, Yang 2020, Cherukuri and Cortés 2019), finance (Blanchet et al.
2022), energy systems (Wang et al. 2018b,a, Duan et al. 2018), statistics (Shafieezadeh-Abadeh et al.
2015, Luo and Mehrotra 2019, Gao et al. 2018, Nguyen et al. 2021a, Blanchet et al. 2019a, Nguyen et al.
2021b), transportation (Carlsson et al. 2018). We refer to Kuhn et al. (2019) for a recent survey.



Among Wasserstein distances of different orders, p =1, 2 are of particular interest both practically
and theoretically. 1-Wasserstein DRO is useful when the loss function is bounded or has linear growth,
and often leads to linear programming reformulation when 1-norm or co-norm is used (Kuhn et al.
2019, Shafieezadeh-Abadeh et al. 2015, 2019). 2-Wasserstein DRO applies to a larger class of loss
functions such as quadratic loss (Nguyen et al. 2021a, Shafieezadeh-Abadeh et al. 2018, Cherukuri
and Cortés 2019). Efficient gradient-descent algorithms have been developed by virtue of the convex
quadratic subproblem associated with 2-Wasserstein DRO (Sinha et al. 2018, Blanchet et al. 2021b, Li
and Montufar 2018, Chen and Li 2018). Moreover, Lipschitz regularization and data-dependent gradient
regularization deep learning problems are closely related to 1-Wasserstein DRO and 2-Wasserstein DRO,
respectively.

Like many other (distributionally) robust optimization frameworks or regularization methods,
obtaining a Wasserstein robust solution with good performance guarantees requires a proper hyperpa-
rameter tuning, namely, the selection of the radius of the Wasserstein ball p,,. On the one hand, the
radius p, cannot be too small since otherwise, the problem behaves like empirical risk minimization
or sample average approximation, thus losing the purpose of robustification. On the other hand, the
radius p,, cannot be so large that the solution might be overly conservative, which is one of the major
criticism faced by traditional robust optimization. Practically, radius selection is often achieved via cross
validation. From a statistical point of view, it is crucial to understand what is the correct scaling of the
hyperparameter p, with respect to the sample size n so as to ensure the robustness and generalization
of the solution without sacrificing much out-of-sample performance.

Despite promising applications of Wasserstein DRO, its theoretical performance guarantee is limited.
Esfahani and Kuhn (2017) provides the first out-of-sample performance guarantee for Wasserstein DRO.
Using the concentration of empirical Wasserstein distance (Fournier and Guillin 2015), they show that
if the radius is chosen in the order of n~1/max(2.d) \here d is the dimension of the random data z, the
underlying data-generating distribution Py is contained in the Wasserstein ball with high probability.
Thereby the Wasserstein robust loss of every feasible solution (and in particular the optimal solution)
would be an upper bound of its true loss. This provides a finite-sample non-asymptotic guarantee for
the Wasserstein robust solution, but unfortunately, such a bound suffers from the curse of dimensionality
since the radius shrinks too slow even for problems in moderate dimensions.

To resolve the curse of dimensionality, a series of work by Blanchet et al. (Blanchet et al. 2019b,
Blanchet and Kang 2021, Blanchet et al. 2021a) consider an approach inspired from the empirical
likelihood (Lam 2019, Duchi et al. 2021). Their principle is finding the smallest radius p,, such that with
high probability, the Wasserstein ball contains at least one distribution P — not necessarily equal to
the true data-generating distribution Py, — for which there exists an optimal solution to ming Ep| fy]
that is also optimal to the underlying true problem ming Ep,_ . [ fo]. Such choice leads to a confidence
region of the optimal solution. Through an asymptotic analysis, they show that the radius p, can be
chosen in the square-root order 1/+/n for fixed dimension of the random variable (in Section 4.4 they
also derive a result for high-dimensional LASSO problem). This gives the first radius selection rule that
does not suffer from the curse of dimensionality. However, one potential issue with this result is that
the bound is valid only in the asymptotic sense, namely, as the sample size n goes to infinity while
fixing the dimension of the random variable. Ideally, we would like to have a performance guarantee
for any finite sample size and dimension, especially for high-dimensional problems and for robust
optimization where the sample size is comparatively not large.

For certain special classes of stochastic optimization problems, the non-asymptotic 1/+/n-rate has been
developed. For 1-Wasserstein DRO with certain linear structure, such as linear regression/classification
and their kernelization, Shafieezadeh-Abadeh et al. (2019) shows that the radius can be chosen as
O(1/+/n) to achieve a finite-sample performance guarantee uniformly for all feasible solutions (we
use O to suppress the logarithmic dependence). Chen and Paschalidis (2018) derives generalization
bounds for certain class of 1-Wasserstein DRO problems that are equivalent to norm regularization. Xie



et al. (2021) provides performance guarantees for stochastic bottleneck problems by relating them to
sample average approximations.

Yet, it remains largely unknown whether the non-asymptotic 1/+/n-rate holds for general loss
functions. In this paper, we provide an affirmative answer to this open question under reasonable
assumptions. Informally, our main result states the following performance guarantees for Wasserstein
DRO.

THEOREM (INFORMAL). Let p € [1,2]. Set p, = O(1/+/n). Under appropriate conditions, with high
probability, simultaneously for all 6 € ©,

|:Ezwﬂj)true [fg (Z)] < sup EZNP [ff) (Z)] + €y,
PW, (P,P,) <pn

where €, is a O(1/n) higher-order term.

The constants hidden in the big-O notation are made explicitly in our formal results and are shown
to have a mild dependence on the dimension of the random variable for a variety of applications.
This theorem shows that under the canonical root-n radius, up to a high-order residual, the true loss
is upper bounded by the Wasserstein robust loss uniformly for all 6 and particularly for the robust
optimal solution 6,p:

Bz Py [for (2)] < sup E:-p[fo,0(2)] + € =min sup E:-p[fo(2)] +é€n.
P, (P,P,) <pn 0€0 pyy, (P,P,) <pn

When fy is the loss function of a supervised learning problem, the left-hand side represents the
generalization error of the Wasserstein robust solution, and the right-hand side of the inequality above
indicates that the optimal value of the Wasserstein robust loss minimization provides an generalization
bound up to a high-order residual.

Recall the regularization effect of Wasserstein DRO (Blanchet et al. 2019b, Shafieezadeh-Abadeh
et al. 2019, Gao et al. 2017)

sup Eep[fo(2)] =Eoep, [fo(2)] +pn-V(fo) +0,(1/n), V€O,
P:W, (P.Pr) <on

where V(-) represents the variation of the loss, measured by the Lipschitz norm || fo||Lip when p =1 or
the gradient norm E,.p, [||V fo(z)||>]'/2 when p =2 (we use O, for the big O in probability notation).
Together with this result, our theorem highlights a principled bias-variation trade-off by properly
choosing the radius for Wasserstein DRO, which balances between the empirical loss Ep, [ fg,, ] and
the variation of the loss V( fy,,) which controls the generalization gap:

Ez-Prue [ o1 (2)] = Ezop, [ fo,0, ()] < 2. V(fos) +O0p(1/n).
Vi

Thus, the robust optimal solution 6,,;, achieves nice generalization capability by biasing towards a
solution with small variation.

Variation-based regularization has become increasingly popular for many deep learning problems
recently. For example, Lipschitz regularization and gradient regularization have shown superior
empirical performance for adversarial learning and reinforcement learning (Bousquet et al. 2004,
Goodfellow et al. 2015, Lyu et al. 2015, Sokoli¢ et al. 2017, Gulrajani et al. 2017, Miyato et al. 2018, Volpi
et al. 2018, Jakubovitz and Giryes 2018, Virmaux and Scaman 2018, Finlay et al. 2018, Jakubovitz and
Giryes 2018, Oberman and Calder 2018, Terjék 2019, Wei and Ma 2019, Yu et al. 2020). Our results also
provide statistical guarantees for Lipschitz regularization and gradient regularization.



Below, we briefly describe two methodological advancements that lead to our results. In our analysis,
the main object of study is the Wasserstein regularizer:

Ra.p(p;fo)=  sup  E.p[fo(2)] —Erwalfo(2)],
P: W, (P,Q)<p

that is, the difference between the Wasserstein robust loss and the nominal loss under some distribution
Q such as P,, or Piye-

First, in Section 3, leveraging tools from transportation-information inequalities (see, e.g., (Gozlan
and Léonard 2010)) in modern probability theory, we derive a new large-deviation type concentration
inequality for the empirical loss (Theorem 1). It shows that under proper conditions on the underlying
data-generating distribution [F"true, the decay rate of the tail probability is upper bounded by the inverse
of Wasserstein regularizer R‘ e ( fo) as well as the variation of the loss V(fy). This result shows
that the variation of the loss has a dlrect control on the deviation of the empirical loss from the ground
truth. This is an analog of variance-based control often resulting from Chebyshev’s or Bernstein’s
concentration inequalities.

Second, to extend the concentration result above from a single loss function to a family of loss
functions, we develop two sets of results in Sections 4.1 and 4.2 respectively, one based on covering
number arguments, and the other adapts tools from localized Rademacher complexity theory (see,
e.g., Bartlett et al. (2005), Duchi and Namkoong (2019)). For the latter, we consider subsets of function
classes whose variations are controlled, as opposed to usual approaches based on the mean or variance
of the loss. These results are demonstrated in Section 5 using various examples, including feature-based
newsvendor, linear prediction, portfolio optimization, Lipschitz regularization for kernel classes, and
gradient regularization for neural networks.

Overall, we develop a non-asymptotic statistical analysis framework for Wasserstein DRO and its
associated variation regularization, and demonstrate the bias-variation trade-off in Wasserstein robust
learning when the radius is properly chosen. This can be served as a counterpart of the well-known
bias-variance trade-off theory in machine learning.

Related Work

The generalization bounds for robust optimization dates back to Xu and Mannor (2012), which studies
generalization of learning algorithms from the viewpoint of robustness. In the introduction, we have
elaborated on the literature that provide performance guarantees for Wasserstein DRO Esfahani and
Kuhn (2017), Blanchet et al. (2019b), Blanchet and Kang (2021), Shafieezadeh-Abadeh et al. (2019),
Blanchet et al. (2021a), Chen and Paschalidis (2018), Xie et al. (2021) and discuss their scopes and
limitations. In addition to these literature, motivated by distribution shift in domain adaptation
and adversarial learning, Lee and Raginsky (2018), Sinha et al. (2018), Najafi et al. (2019) develop
generalization bounds for Wasserstein DRO where the radius is fixed, not varying with the sample size.
For divergence DRO and the related variance regularization, Lam (2019) studies the calibration of the
radius of divergence ball that recovers the best statistical guarantee. Asymptotics and non-asymptotics
of divergence DRO and its bias-variance trade-off are investigated in Duchi et al. (2021), Duchi and
Namkoong (2019). Besides DRO, Wasserstein distance and transportation-information inequality are
also exploited to improve information-theoretic generalization bounds for learning algorithms (Xu and
Raginsky 2017, Lopez and Jog 2018, Russo and Zou 2019, Wang et al. 2019, 2021).

The rest of the paper proceeds as follows. In Section 2, we briefly review some results in Wasserstein
DRO and its variation regularization effect. We develop a new variation-based concentration inequality
in Section 3. Based on these two sections, we derive generalization bounds for variation regularization
and the finite-sample guarantees for Wasserstein DRO in Section 4. Applications of these results are in
Section 5. We conclude the paper in Section 6. All proofs are deferred to the Appendices.



2. Wasserstein DRO and Variation Regularization

In this section, we introduce notations and provide some background on Wasserstein DRO and its
variation regularization effect.

Notation. Let Z be a Banach space equipped with some norm ||-|| and let ||-||. be its dual norm.
Define the diameter of Z as diam(Z) :=sup; ,.z[|Z - z||. Let p € [1,00) and denote by ¢ its Holder
conjugate number, i.e., 1 + 1 = 1. We denote by P, (2) the set of Borel probability measures on Z with
finite p-th moment, namely, Q € P, (Z2) if and only if its expectation E,.g[||z]|”] < co. Whenever it is
clear from the context, we will write F,._p as Ep and omit the random variable inside the expectation.
The support of a distribution is denoted by supp Q. The £7(Q)-norm of a Q-measurable function &
is denoted by |[|A|lg,, = E.-a[|h(z)|P]'/P. The sup-norm of a function # is denoted by ||/||., and the
Lipschitz norm of a Lipschitz continuous function # is denoted by || A|i;,. We denote a V b =max(a, b)
and a A b =min(a, b). For the expectation operator E,.q[-], we often write it as Eq[-] provided that
the involved random variable is clear from the context.

The Wasserstein distance of order p between distributions P, Q € P, (Z) is defined via

W, (P,Q)? := inf {[E(E,Z)N,r[lli—zllp] : m has marginal distributions P,Q}.
reP,(22)

We denote by F :={fy : 0 € ©} the class of loss functions. To ease notations, we often suppress the
subscript # and use f to represent a generic loss function from F. Given a nominal distribution
Qe P,(Z) and a radius p > 0, Wasserstein DRO problem is given by

inf  sup {E.p[f(2)]: W,(P,Q) <p}.
feFpep,(2)

Suppose there exists M, L > 0 such that f(z) < M + L||z||? for all z € Z, then the inner maximization
problem above has a dual problem that always has a minimizer Gao and Kleywegt (2016):
min {1p” + E~o| sup{ /(D) - Al - 21"} |}. (™)
120 5eZ
In a data-driven problem, the nominal distribution is often chosen as the empirical distribution
P, = % pI 625 constructed from n i.i.d. samples {z}'}"" | from the underlying true distribution Py,
where 8, denotes the Dirac point mass on z. We use Pg or Eg to indicate that the probability

or expectation is evaluated with respect to the sampling distribution, namely the n-fold product
distribution ®! ; Prye over Z".

We define the Wasserstein regularizer as the difference between the Wasserstein robust loss and the
nominal loss:

Ra.p(p; )= sup {Ep[f]: W,(P,Q) <p}-Ealf].
PeP,(2)

The connection between Wasserstein DRO and regularization has been established under various
settings (Esfahani and Kuhn 2017, Shafieezadeh-Abadeh et al. 2015, Blanchet et al. 2019b, Shafieezadeh-
Abadeh et al. 2019, Gao et al. 2017, Volpi et al. 2018, Bartl et al. 2021). The next two results adapted
from Gao et al. (2017) (see also Bartl et al. (2021)) establish connections between the Wasserstein
regularizer Rq,,, and Lipschitz regularization (p = 1) and gradient regularization (p = 2) respectively.
For completeness we provide their proofs in Appendix EC.1.

AsSSUMPTION 1. Assume the following holds:

(I) There exists y1 > 0 such that for every f € F,

FQ@ - f)snlli-zll, Vz.ZeZ.



(I Suppose diam(Z) :=sup; ,.z||Z - z|| = oo, and for every f € F, there exists zo € Z such that

Jim sup f(z) = f(z0)
lz-zoll—o0  IlZ =20l

= || fllLip-

Assumption (I) means that every f is Lipschitz continuous, and (II) means that the Lipschitz norm is
attained at infinity.

LEMMA 1 (LIPSCHITZ REGULARIZATION). Let Q € P1(Z) and p = 0. Assume Assumption 1(I) holds,
then

Ra1(ps ) <p- I fllip-
Assume, in addition, Assumption 1(II) holds. Then

Ra1(0; £)=p [ flhip-

ASSUMPTION 2. Assume every f € F is differentiable and there exist i > O such that

IVFZ) -Vl <nlz-zl, Vi,zeZ,VfeF.

This is a smoothness condition which requires that every f has Lipschitz gradient.

LEMMA 2 (GRADIENT REGULARIZATION). Let Q € Po(Z) and p > 0. Assume Assumption 2 holds. Then

IRa.2(p5 £) = p - IVl lla2| < o>,

3. Variation-based Concentration Inequality

In this section, we derive a large-deviation type concentration inequality for the empirical mean of a
single loss function. We derive an equivalent representation of R”;tlme’p (-; f) in Section 3.1 and provide
a brief overview of transportation-information inequalities in Section 3.2. The new concentration
inequality is developed in Section 3.3, whose proof is postponed to Section EC.2.1.

3.1. Inverse of the Wasserstein Regularizer

Fixing f € F, we define a function Z,, : R, — R, U {+o0} via

Ty (e f)” = sup {ez— Eovbine | SUP {1(/(D) = £(2)) - ||z—z||P}]},

t>0 ZeZ

which will play a similar role as the rate function in the large deviation principle. The next proposition
establishes its connection to the Wasserstein regularizer Rp,,,., ,, whose proof is given in Appendix
EC.2.

PROPOSITION 1. Let p € [1,00) and f € F. Suppose there exists M, L > 0 such that f(z) < M + L||z||P for
all z € Z. Let p > 0 and suppose the dual minimizer A, of (1) is positive. Set A :=lim| ;|- f(2)/l1Z]I7.

Then
if /10 > /_l’

Ty (Royep (P3 ) ) {;’;’, Faool

Note that the dual optimizer of (1) tends to be large when p is close to zero, in which case 4, > 4,
as observed in Gao and Kleywegt (2016). Hence Proposition 1 shows that at least for small p, the left
inverse of Rp,..p(; f) is precisely Z,,(-; f).



3.2. Transportation-Information Inequalities

Just like many other results on the concentration of measure, appropriate conditions on the function
f and the distribution P are required. Since we are dealing with general loss functions that are
possibly unbounded, some assumptions on the underlying data-generating distribution are necessary.
It turns out for our purpose, it is convenient to work with the transportation-information inequality, a
useful condition to establish concentration of measure in modern probability theory.

DEFINITION 1 (TRANSPORTATION-INFORMATION INEQUALITY). Let p € [1,c0). Adistribution P € P, (Z2)
satisfies a transportation-information inequality T,(7) for some positive constant 7, if

W, (Q,P) <TH(Q[|P), YQEeP,(2),

where H(Q||P) denotes the relative entropy H(Q||P) := /z log(dQ/dP) dQ, where dQ/dP denotes the
Radon-Nikodym derivative.

We briefly comment on distributions satisfying transportation-information inequalities, and refer
the reader to Gozlan and Léonard (2010) for a recent survey and (Villani 2008, Chapter 22) for an
in-depth discussion. Among different choices of p, T; and T, are of particular interest and have
been widely studied in the literature. T; is equivalent to the following condition (Theorem 2.3 in
Djellout et al. (2004) and Theorem 22.10 in Villani (2008); see also Lemma EC.1 in Appendix EC.2): a
distribution P satisfies T; if and only if there exists a > 0 such that E[exp(al|z||?)] < c. In particular,
any distribution on a bounded support Z with diam(Z2) < oo satisfies T;(2diam(Z)?). T, is also known
as Talagrand’s inequality, which is implied by the log-Sobolev inequality. Examples of distributions
satisfying the log-Sobolev inequality include distributions with a strongly log-concave density, and
mixture of distributions satisfying log-Sobolev inequality whose pairwise chi-squared divergences are
uniformly bounded (Chen et al. 2021). Note that for p; < py, T, is weaker than T,, since W,,, <W,,.
In the sequel, we will focus on the case p € [1,2].

3.3. Concentration for a Single Loss Function

Now we are ready to state our main result in this section.

THEOREM 1 (VARIATION-BASED CONCENTRATION). Let p € [1,2] and f € F. Assume there exist M, L >
0 such that

f(@)<M+L|z||P, VzeZ.

Assume further that Py satisfies T, () for some 7 > 0. Let & > 0. Then

Po{Ep, [f] - Epy.[f] < —&} < exp(—nZ,(e;-f)*/7).

Let t > 0. Then with probability at least 1 —e™",
Epelf] < Ep, [f14 Roqep(yZ5-1). @

Theorem 1 uncovers an interesting connection: the non-asymptotic decay rate of large deviation
probabilities is controlled by the inverse of Wasserstein regularizer 7, (e; - f). The negative sign - f
appears because here we bound the downside risk, i.e., the probability of empirical loss being smaller
than the true loss, whereas Rp,,.,, is defined via upside excess, i.e., the worst-case loss that is greater
than the true loss. As a matter of fact, a similar result holds if we swap the empirical loss and true loss
in the theorem:

Pe{Ep, [f] - Epy.[f]1> €} <exp(-nZI,(s; f)?/7).



and with probability at least 1 —e™*

Ep, [/] < Epp [£]+ Ropep (55 ).

When p =1, if f is Lipschitz continuous, then by Lemma 1 we have

R (N ~F) <y 1= Fllip = A2 1 .

When p =2, if f has Lipschitz continuous gradient, then by Lemma 2 we have
ntt

Rewue2 (V55 =f) Sy T IVl llpye.2 + —

Substituting these inequalities in Theorem 1 yields following corollary.

COROLLARY 1 (VARIATION REGULARIZATION). Let p € {1,2}. When p =1, assume Assumption 1(I)
holds; when p = 2, assume Assumption 2 holds. Assume further that P satisfies T, (t) for some 7 > 0.
Let t > 0. Then with probability at least 1 — e,

Tt

o 1 1ILip, p=1,

Epp[f] < Ep, [f1+{ V2 -
2 S o2+ 2 p=2.

Theorem 1 and Corollary 1 show that the Wasserstein regularizer Rp,..»(1/Z;—f), as well as the

n
variation of the loss, || fllLip or |||V fl« [lpy,2,> are natural quantities controlling the deviation of the
empirical loss for distributions satisfying a transportation-information inequality. For p = 1, thanks to
the first part of Lemma 1, the bound in Theorem 1 is tighter than the Lipschitz norm bound in Corollary
1, which was obtained in Bobkov and Gotze (1999). Since |||V fll: [lpye,2 < | fllLip, P = 2 suggests a
tighter upper bound than p =1, at the cost of a stronger assumption on the underlying distribution.

4. Finite-Sample Guarantees

In the previous section, we have derived a concentration inequality for a single loss function, and
the goal of this section is to extend it to a family of loss functions F. In the spirit of Esfahani and
Kuhn (2017), Blanchet et al. (2019b), Shafieezadeh-Abadeh et al. (2019), we would like to determine a
proper scaling of the Wasserstein radius p, with respect to sample size n so that with high probability,
the Wasserstein robust loss is an upper bound of the true loss uniformly for all functions in the class
F ={fo : 0 € ®}. Whenever this holds, minimizing the Wasserstein robust loss controls the true loss as
well.

When F is a finite set, then a simple application of the union bound to Theorem 1 yields that (2)
holds simultaneously for all f € F with probability at least 1 — | F|e™", where | - | denotes the cardinality
of a set. When F contains infinitely many functions, some notion of complexity of the function class F
is needed to obtain uniform convergence. In Section 4.1, we prove the result using a standard covering
number argument; and in Section 4.2, we adopt techniques from local Rademacher complexity theory
(Bartlett et al. 2005, Koltchinskii et al. 2006) .

4.1. Covering Number Arguments

Recall that for € > 0, the covering number N (€; H, ||-||%) of a set H with respect to a norm ||-||3 is
defined as the smallest cardinality of an e-cover of H, where # is an e-cover of # if for each h € H,
there exists i € . such that ||z — h|l3 < e. Similar to the classic stochastic programming literature (e.g.,
Shapiro et al. (2014, Section 5.3.2)), we can obtain a union bound using the standard covering number
argument, whose proof is given in Appendix EC.3.1. Throughout this subsection, we let 7 ={fy : 6 € O}
and we impose the following smoothness assumption with respect to the parameter 6.
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ASSUMPTION 3. Assume there exists a measurable function « : Z — R, and constants ks, kz, = 0 satisfying
k(z) < kpr +k||2]|P for all z € Z, such that

1/3(2) = fo( < k()16 bllo, V6,6 €O, Pyye—a.e.z€Z.

COROLLARY 2. Let p € [1,2]. Assume Py satisfies T,(7) for some T > 0 and Assumption 3 holds. Let
t>0. Set

2

_\/T(HIOgN(l/n;@,II-II@))
Pn=

n
and €, = (2Ep, [k] +Varp, [«] + &y +2P Lk (72 /n)P/? + Ep,,. [||2]IP]))/n. Then we have the follow-
ing:
(I) Assume there exist constants M, L > 0 such that

fo(z) <M +L|z||P, VzeZ, Vo€O.

Then with probability at least 1 —1/n—e™",

Epwe [fo]l < Ep, [fol + Rpgwe.p (Pns —fo) +€n, VO €O.

(I) (Lipschitz regularization and 1-Wasserstein DRO) When p = 1, assume Assumption 1(I) holds.

Then with probability at least 1 —1/n—e™,

[EPtrue[fg] SlEPn [fH] +pn' ||f0||Lip+6n7 VHEG)

Assume, in addition, that Assumption 1(II) holds. Then with probability at least 1 —1/n— e,

Epye [ fol <Ep,[fol + Re, 1(pn; fo) + €1, VO E€O.

(Il1) (Gradient regularization) When p = 2, assume Assumption 2 holds. Then with probability at least
1-1/n-e7,

Epge [ fo] <Ep, [fol +0n - 11V foll Ipue.2 + 02 + €1, VO EO.

Corollary 2 establishes the generalization bounds for Wasserstein DRO as well as the Lipschitz
and gradient regularization. By (Wainwright 2019, Example 5.8), log N (€; 0, ||-||.) < dlog(1+2B/¢),
where B is the diameter of ®. Thereby, by choosing the radius p,, = O(W), the Wasserstein robust
loss serves as an upper bound of the true loss for all fy € F up to an O(1/n) remainder for p =1
and an O(d/n) remainder for p = 2. Assumption 1(II) may be restrictive for certain applications. In
Example 1, we demonstrate an instance for which finite-sample guarantee holds with an-O(1/+/n)
radius even though this assumption does not hold. Essentially, as long as the Wasserstein regularizer
can be sandwiched by multiples of Lipschitz regularizer (see Theorem 2 in Gao et al. (2017)), similar
finite-sample guarantees can be obtained; we refer to a follow-up work An and Gao (2021) for more
in-depth discussions.

In the next result, we provide an empirical counterpart of Corollary 2 for p = 2.

ASSUMPTION 4. Assume there exists a measurable function k2 : Z — R, and constants ka pr, k2.1 =0
satisfying k2(z) < ko.pm +k2,1||z||P for all z € Z, such that

IVf5(2) = Vfo (D)l < k2(2)10 - Ollo, V0,0 €0, Puye—a.e.z€Z.
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COROLLARY 3 (2-WASSERSTEIN DRO). Assulme Pe satisfies To (1) for some T > 0 and Assumptions 2,
3, 4 hold. Assume o =sup g Ep.. [IIVLollF12 / 11V foll ||H§,true 5 <oo. Lett>0andn> 802t Set

_ \/T(t+log(1 +N(1/n;0,-lle))) (1 \/2(f+108(1 +N(1/n; 0, ||'||®))))
Pn = +0 )

n n

and é, = (2Ep,, [k2] ++/Varp, . [k2] + pn\/ Epy. [K3] +4/Varp,,. [«3])/n. Then with probability at least
1-2/n-2e77,

N hr(t+1og(1+ N (1/n;0,]le)))
n

Epuee [fo] < Ep, [fol +onlllIV follsllp,.2 + & , Y0eo,

and
2ht(t+1log(1+N(1/n;0,]-|le)))

n

Epy [ fo]l <Ep,[fol + Rp, 2(pn; fo) +En+ YO € ©.

In Section 5, we will demonstrate Corollary 2 for feature-based newsvendor problem in Example 1
and Corollary 3 for linear prediction with Lipschitz loss in Example 3.

4.2. Local Rademacher Complexity Arguments

The covering number bound developed in the previous subsection may be loose. Indeed, the discussion
after Corollary 2 indicates that for smooth parametric family the radius é(m) is always dimension-
dependent. To obtain a tighter bound in a more general setting, we derive results using local
Rademacher complexity theory. As it turns out, this approach sometimes leads to a bound that has a
better dependence on d and even dimension-independent bound; see Examples 2, 4, 5.

Let us begin with some technical preparation. Recall the Rademacher complexity of a function class
JF with respect to a sample {z'}"" | is defined as

Ro(F) =y sup = S/ ()],

fer i

where o;’s are i.i.d. Rademacher random variables with P{o; =+1} = % The Rademacher complexity
of the function class F with respect to Py for sample size n is defined as Eg[R,,(F)]. Rademacher
complexity plays an important role in bounding the generalization error of statistical learning problems
but may be vacuous if F is too large. The idea of localization is to restrict on a small subset of F
around the optimal solution that often admits low complexity. The localized Rademacher complexity
(Bartlett et al. 2005) at level r > 0 is defined as

Fo|R,({cf: feF, 01, T(ch) <)),

where T : F — R,. In our analysis, we choose T(f) = ||f||]%ip when p=1and T(f) = ||||IVf]- ”H%true 5

when p = 2. Part of our techniques below are adapted from the framework developed in Bartlett et al.
(2005), Duchi and Namkoong (2019), which primarily considers 7'(f) =Ep,. [ f 2].

By choosing a proper level r,, the localized Rademacher complexity of the functions of the subset
can be much smaller than the entire family, which enables a better bound. Often, the level r,, is chosen
to be the fixed point r,, of some function ¢, (r), which serves as an upper bound on the localized
Rademacher complexity at level r. A typical assumption imposed on v, is the so-called sub-root
condition. A function ¥ : R, — R, is sub-root if it is non-constant, non-negative, non-decreasing and
the map r — ¢ (r)/+/r is non-increasing for all » > 0. A sub-root function always has a unique fixed
point r,, (Bartlett et al. 2005). Similar to the literature, we impose the following assumption.
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AssumPTION 5 (Sub-root local complexity). Assume there exists a sub-root function v, : R, — R, such
that

() = [E®[5Rn({cf L feF, 0<c<1, T(cf) < r})].
Denote by ry. the fixed point of .

We will verify this assumption for various examples considered in Section 5.
We first study the case of p = 1. The proof is given in Appendix EC.3.2.2.

THEOREM 2 (LIPSCHITZ REGULARIZATION). Assume Py satisfies T1 (), Assumption 1(I) holds, and
Assumption 5 holds with T(f) = ||f||fip. Let t > 0. Then with probability at least 1 — [log,(\/y17in)]e™,

2 2
Epuc[f] <Ep, [£1+ (2\/%’ e+ ;)||f||up+4rn*+ 2, vfeF.

Together with Lemma 1, we obtain the following result.

COROLLARY 4 (1-WASSERSTEIN DRO). Assume Py satisfies T1 (1), Assumption 1 holds and Assumption
5 holds with T(f) = ||f||fip. Let t > 0. Set

[tt ] 2
Pn=2 L Arps +—.
n n

Then with probability at least 1 — [log, (\/y17in)le”,

2
Epy. [ /] <Ep,[f] +R[P’,,,1(pn§f)+4rn*+;, VfelF.

Note that p, = o1/ Vn) if rps = ON(%). A sufficient condition for this to hold is the sub-root function
Un(r) = O(Jd_n), which holds for many important cases as we illustrated in Sections 5. As such,
Theorem 2 and Corollary 4 show that by choosing a radius in the order of 1/+/n, with high probability,
the Wasserstein robust loss serves as a upper bound for the true loss up to an O(1/n) gap. Here
the probability bound has a O(logn) term, nearly independent of sample size n. By mapping ¢ to
t +log[log,(1/y17tn)], one can obtain a probability bound that is independent of sample size, while
the radius p, ~ O(J@log n/n). In the rest of the paper, we will not make such a transformation, but
just keep in mind that these two results are equivalent.

In the next corollary, we consider the loss functions of a composition form £ o f, where £: R — R is
a given Lipschitz function and f € F, which occurs often in supervised learning. The following result
is useful to establish the generalization bound for problems of this type.

COROLLARY 5 (LIPSCHITZ COMPOSITION). Assume Py satisfies T1(t), Assumption 1(I) holds, and
Assumption 5 holds with T(f) = || f ||Eip. Let € be an Lg-Lipschitz function and t > 0. Then with probability

at least 1 — [logy (VLey17in)le™,

t 2L 2L
Epe 10015 Ep, [€0 [1+2(\ 7 Lo+ \[ 4L+ = C ) fllip + 4L7rns + =5 Vf € F.

In Section 5, we will illustrate Corollary 5 in supervised learning with linear class (Example 2) and
with nonlinear kernel class (Fxample 5).

The analysis for 2-Wasserstein DRO is aligned with the previous case but requires more care to deal
with the data-dependent regularization ||||Vf]||lp,.2; see details in Appendix EC.3.2.3. Define the
family of normalized gradient norm functions

giz{mzfe}'}.

(AN
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THEOREM 3 (GRADIENT REGULARIZATION). Assume that Py satisfies Ty (1), Assumption 2 holds, and
Assumption 5 holds with T(f) = || IVf]l« ||[§,true o Assume there exists y2 > 0 such that |||V f |l [|pyye.2 < ¥2
forall feF. Lett>0. Set

pn:z\/g(l"'ﬂz@[mn(g)])‘*' VAT % + 265,

i+ 1+Es[R(9)]
n — n .

Then with probability at least 1 — [log, (\/y27in)le™,
Epue Lf1 < Ep, LF T+ 0nll IV flls Pie,2 + 4rns + 260, Vf €F.

and

Whenever Eg[R,.(G)] =0(1) and r,. = O(1/n), Theorem 3 shows that by choosing a radius in the
order of 1/+/n, with high probability, the gradient regularized loss serves as an upper bound for the
true loss up to an O(1/n) gap. Note that Eg[R,,(G)] = O(1/+/n) as long as G has finite VC dimension
(see, e.g., Lemma 4.14 and Proposition 4.18 in Wainwright (2019)). In Section 5, we will illustrate
this result in portfolio optimization (Example 4) and neural networks (Example 6) which show that
Es[R,.(G)] =0(1/+n) and r,« = O(1/n) with explicit constants.

The distribution-dependent gradient regularization || ||V f||« ||p,..2 in Theorem 3 can be replaced
with its empirical counterpart || ||V f||«|lp, 2. In the next result, we provide the generalization bound
for data-dependent gradient regularization problems and 2-Wasserstein DRO.

COROLLARY 6 (2-WASSERSTEIN DRO). Under the setting in Theorem 3, assume additionally that there

exists kg > 0 such that M% <kgforall fe FandzeZ. Set

t

Pn = pn(1+2Ea[Ru (D] 42/ 7-).

Then whenever 2Eg[R,(G)] + Kg, | 5= < 1/2, with probability at least 1 - ([log,(\fy27in)] +1)e™, for
every f € F,
Epue Lf1 < Ep, [FT+0nll IV £l P2 + 47 ns + 2€n,
and
Ep e [ /1< Ep, [f1+ R, 2(Bns ) +4rns + 260 + 1.
REMARK 1 (PERFORMANCE BOUND ON THE ROBUST OPTIMAL SOLUTION). Denote L(6) := Ep_.[fol,
L,.(0) :=Ep,[fo] and LP(6; p) := SUPp.y, (P,P,) <p EP [ fo]. Then the high-probability bounds we have
developed in this section have the form
L(6) < LP(0; pn) + €y, VO €O,
Let 6, € argmin, g £(60). Using the decomposition
‘C(erob) - E(Q*)
= (L(Brab) = L3 (Brobs o) + (L3 (Brobs pn) = L1 (815 pn)) + (L1 (823 pn) = La(8:)) + (La(8.) = L(62))
<&+ 0+ (0aV(0:) +0(p2)) + (Ln(6:) — L(6.)).
Obserye that £,(6.) — L(6.) = 0,(1/vn) undeerild conditions. Hence, when €&, = O(1/n) and
pn = 0(1/+4/n), the right-hand side provides an O(1/+/n) bound on the losses between the robust

optimal solution and the true optimal solution. If £ satisfies the Polyak-t.ojasiewicz condition (or
equivalently, the quadratic growth condition) (Karimi et al. 2016)

E(G)—ﬁ(e*)zgllf)—@*llz, Voo,

where p > 0, then ||6,0p — 6.|| is upper bounded by a multiple of £(60,) — £(6.), thereby ||6qp — 6. =
0,(1/+n).
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5. Applications

In this section, we demonstrate our theoretical results in the context of various applications in operations
research and machine learning.

5.1. Performance Guarantees for Wasserstein DRO

5.1.1. Big-data Newsvendor We first consider a big-data newsvendor problem in the spirit of Ban
and Rudin (2019). In this problem, the decision maker needs to find the optimal ordering quantity
for a product with an unknown random demand y, subject to holding cost 4 > 0 and back-order cost
b > 0. In the world of big data, before deciding the ordering quantity, the decision maker observes a
vector of features (such as product information, customer profiles, economic indicators, etc.) and thus
can use them make a better ordering decision using these feature information. The vector of features
is modeled as a d-dimensional random variable X and the decision maker has collected historical
observations of the feature-demand vector of the product. The goal is to find a decision rule that maps
every realization x from the feature space X c R¢ to an ordering decision. For illustration, we focus on
a simple linear decision rule parameterized by 6 € R<, thereby the ordering quantity for a product
with feature x € X is 67 x. Thus, for a given , the expected cost equals Ep[h(8Tx —y), +b(y —07x),],
where P is the joint distribution of feature-demand vector z = (x, y).

ExaMPLE 1 (FEATURE-BASED NEWSVENDOR). Let Z = (X X R,, ||-||) be the space of feature-demand
vectors. Consider the following distributionally robust feature-based newsvendor problem

min sup Ep[h(6Tx—y)r+b(y—0Tx).].
0€0 P, (P,P,) <pn

Suppose © ¢ {# € R? : ||0||. < B} and Py satisfies T;(7). Let fo(x,y) =h(0"x —y), +b(y — 607 x), and
F= {fy 10 € @}.
We have |f;(z) = fo(2)| < (hV b)|Ix|||l6 - 6|l and thus Assumption 3 holds with «(z) = (h V b)||x]|.

Hence, by Corollary 2(I), setting €, = L (3Ep,.. [[lx[|] + Varp,..[lx[|] + \/% — 0(1/n), with probability
at least 1 — 1/n —exp(-t), we have

Epye [fo] <Ep,[fol + \/Tt(Hdloi(HZBn)) | follLip + €1, V6 € O.

_ hvb [tt(1+dlog(1+2Bn))
Set p, = W\/ g

Rp, 1(fo;0n) = O(+/d/n). Thus, with probability at least 1 —1/n — exp(~t),

Epo[fo]l <Ep,[fol + Rp,.1(fo; pn) + €0, VO €EO. *

. By Lemma EC.13 in Appendix EC.4.1, we have p,lfgllip <

We remark that in this example, the newsvendor loss function satisfies only Assumption 1(I) but not
Assumption 1(II). Hence we did not directly use Corollary 2(II) to derive the performance guarantee.
hnb

Instead, Lemma EC.13 in Appendix EC.4.1 actually shows that Rp, 1(fg; 0x) can achieve a fraction ;77

of || follLip (and thus Rp,,..1(fe; pn)) uniformly for all 6, thereby we can still choose p,, = O(+\fd/n) to
ensure a good performance guarantee for the Wasserstein robust solution.

5.1.2. Linear Prediction We consider supervised learning with linear models. Let z=(x,y) € Z =
X xY cR?xR. To ease the exposition, we assume ||z — || = ||x — &||2 + «1{y # 7}, thereby we only
focus on the x-component when calculating the gradient. Set

__[e(u-y), regression,
Hu,y) = {f (yu), classification, (3)
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where £ : R — R is L-Lipschitz continuous, and ) c R for regression and ) = {+1} for classification,
and denote [ o fy(z) :=1(f9(x),y). We denote by I’ the derivative function of / with respect to its first
argument, which is well-define almost everywhere in R. Denote by P}, the x-marginal distribution of
Puue. The two examples considered in this subsection are on linear predictions for p =1 and p =2

respectively.

EXAMPLE 2 (LINEAR CLASS WITH LIPSCHITZ LOSS, 1-WASSERSTEIN DRO). Let ® c {# e R?: ||6]|» < B}
for some B > 0. Define

f:{fog(x):QTx: 66@}.
Consider loss functions of the composite form (3) and let fy(x) =67 x. Assume P} . is sub-Gaussian, i.e.,

true
there exists @ > 0 such that C :=logEp,_, [exp(alle%)] < co. Assume ¢ satisfies limsup,|_,, % =L.

Examples of £(¢) include convex losses such as hinge loss (1 —1),, softplus (logistic) loss log(1 +¢?), as
well as non-convex losses such as inverse S-shaped curve sgn(r) log(%(l +e')).

Let us verify the assumptions in Corollary 5. By Lemma EC.1 in Appendix EC.2, P}, satisfies
T (%(1 +C)). Assumption 1 holds with || fgllrip = [|0]l2 < B =y1. Furthermore, since
{cfo:0€0,0<c<1, 2012 <r}c{fo: 6l <Vr},

by Lemma EC.14 in Appendix EC.4.2, \[rEp,.. [||x[|2]/n is an upper bound of Eg[R,({fs : [10]l2 < Vr})].
By Jensen’s inequality, we have

1

C
Epe 12131 < — log B, [exp(allxlif)] = .

It follows that we can set ¢, (r) = {/“S and thus 7y, = <.

2(1+C)t C 2L
pn=2(L\/¥+x/en), €n=4L*— +=—.
an an n

Then p, = 0(1/+/n) and €, = O(1/n) are dimension-independent, and by Corollary 5 and Lemma 1,
with probability at least 1 — [(% logz(LB%(l +CO)tn)le?,

Letr > 0. Set

Epy [1(67%,3)] = Ep, [1(67x,y)] < Rp,,1(pn; 10 fo) + € = pullflla+ €1, VO €O. *

The bound obtained in Example 2 is consistent to the existing literature on the generalization bounds
for linear predictions. But unlike the typical results (e.g. Shalev-Shwartz and Ben-David (2014), Chen
and Paschalidis (2018)), we do not impose boundedness assumptions on the loss function ¢ or the
domain Z. If imposing a positive lower bound on ||6]|2 > ¢ > 0, the bound given in the example further
becomes

Epe [1(07x,9)] = Ep,, [1(87x,9)] < (o + €/ O)|6ll2 = Re,,.1(pn + €n/c; 1 0 fo).

Thereby one can bound the true loss using only the Wasserstein robust loss with an inflated radius
Pn + €, /¢ without having a higher order error term. This bound is of the same form as in Shafieezadeh-
Abadeh et al. (2019, Theorem 39) which has a linear dependence on the dimension d of X’ (albeit under
a light-tail assumption that is slightly weaker than T7); while our bound p,, = O(1/+/n) is independent
of d (at least for the case of 2-norm).

EXAMPLE 3 (LINEAR CLASS WITH LIPSCHITZ LOSS, 2-WASSERSTEIN DRO). Consider a similar setup as
in Example 2 but with slightly different notations in order to be consistent with Corollary 3. Let
®c {#eR?: ||0]|. < B} for some B > 0. Define

F={(xy) = 1(6Tx.y): 60},
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where [ is defined in (3). Let fg(z) =1(0"x,y). Then ||V fo(2)|l« = [|VLI(0Tx, y) |« = [|6]l<1' (8 x, y)|,
recalling I’ denotes the derivative of / with respect to its first argument. Assume further that ¢ in (3)
has A-Lipschitz gradient; Py, satisfies T>(7) for some 7 > 0; and infgce Ep,,. [I'(87x,y)?] > 0. Note
that the last condition is mild - indeed, it is satisfied if for every 8 € ©, [’(#T-, y) is non-zero on some

subset of X’ with positive P, .-measure (together with the boundedness assumption on ©).

Let us verify the conditions and compute the constants in Corollary 3. Assumption 2 is satis-
fied since fy has nB2-Lipschitz gradient, and o = sup,q Eptme[l’(GTx,y)”']% [ Epg, [1(67x,y)?] <
L2 / infgee Ep,, ['(67x,y)?] < oo. We have |f(2) - fo(2)| < Lellxl|[|f - 6]l and by Lemma EC.1s,
IV fo(z) =V fs(2)ls < (Le + B1i||x|))||6 — 6]|.. Hence Assumptions 3 and 4 hold.

Let r > 0 and set

n n

pn:\/‘rt(1+dlog(2+23n))(1+O_\/2t(1+dlog(2+23n)))’

€1 = (2L¢ +2BhEp,, [|Ix]|] + B*A*Varp,, [||1x[]] + 0n VEp. [ (Le + Bhil|x||)2] + Varp,,, [ (L¢ + Biil|x[)]) /n.
By Corollary 3, with probability at least 1 —2/n — 2 exp(—t), for every 6 € O,

27iB?7t(1 +dlog(2+2Bn))
- .

Epu [[(07x,9)] —Ep, [1(8x,3)] < Re, 2(pn; fo) + &+

Note that we have p,, = O(~1/d/n) and an O(d/n) remainder.

5.1.3. Portfolio Optimization In this subsection, we study the classic Markowitz’s mean-variance
portfolio optimization problem. Let x be a vector of random losses of d assets with distribution Py}, . and
let w € W c R4 be the portfolio weights satisfying w1 = 1. Note that the variance of a one-dimensional

random variable ¥ has an equivalent representation Var[Y] = min, cg E[ (Y —u)?].

EXAMPLE 4 (MARKOWITZ MODEL). Let @ > 0 and suppose W c {w e R¢: wT1=1, ||w|» < B}, where
B > 0. Consider the following distributionally robust mean-variance minimization

min sup Epx[(wTx —u)?+awx|.
WEW,UER Py, (P, PX) <pn | ]
Assume P{ . satisfies To(7). Then it also satisfies T1(7) and by Corollary 1, for every w € R with

Iwlla =1, Pe{|Ep; [w'x] —Epx [w'x]| > €} < 2¢7€*/7 for all € > 0, thus P? e is y/7/2-subgaussian.
1

Let uj=Epx [||x||£]7 <oo, j=1,2,3,4. Assume there exists { > 0 such that Covp_[x] = {I.

true

Set U, := B(u1 ++/7t/n+ py) and U :=sup, U,, which is bounded whenever {p, }, is bounded. By
Lemma EC.16 in Appendix EC.4.3, with probability at least 1 — ¢~ the problem is equivalent to

min sup Epx[(wTx—u)*+aw'x].
wew,|u|<U, P W, (PX,P)) <pn

Let 6 = (w, i) where ii=—u+a/2, z=(x,y) and fo(z) = (WTx+ad"y)? +au—a?/4=(0"2)? — aii +a? /4.
Thereby we have fy(x,1) = (WTx —u)? + awTx. Set ® = {(w,ii) : w €e W,| —ii + /2| < U}. For any
distribution P*, we represent P = P* ® ;. Consider the problem

min su Ep|(072)?| —aii+a?/4}.
9:(W”Z)€®{P:W2(P,gn)§pn P[( ) ] /

Let us verify the assumptions and compute the constants in Theorem 3 for the inner maximization
problem. Py satisfies Tz (7) since any distribution Q € P (Z) with finite H(Q, Pyye) has the form
Q* ® 81, where Q is the x-marginal of Q. We have V f5(z) =2(07z)0, thus V2 f4(z) =2667. Note that
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1613 < B+ (U +/2)?, hence Assumption 2 is satisfied with /1= 2(B%+ (U +a/2)?). To find a sub-root
function y,,(r) required by Assumption 5, observe that

1
1V foll2 1P owe.2 = 211812Ep [(8T2)%1 2 > 24/716]12.

It follows from Lemma EC.17 in Appendix EC.4.3 that

Eo|[Rn({cfo: 0€0.0<c <LV foll2llz, o, <r})] <u 4§ =, (r).

4
Thus 7,4 = %. Moreover, by Lemma EC.18 in Appendix EC.4.3,

V fol|2 1 Y4202 +1
E@[‘Rn({% : 96@})] < Ha® s = R,.
IV foll2llz_ - 1A n

.. 1
In addition, supgeg [l IV foll2 Pye.2 = SUPgeo 211 0l2Ep,, [(072)%]7 < 2u2(B* + (U +@/2)?) = ya.
Let 7 > 0. Then in Theorem 3, set

4 2 2
2B+ (U+a/2 t+1+R
pn_z,/ (1+Rn)+\/—4 €, = ( (U+a/2)7)T n
n

We have with probability at least 1 — [log, (1/y27in)le™,

Epe[(072)*] <Ep, [(672)%1 + pull 1V foll2 Ipyye,2 + €ns VO €O.

By Lemma EC.20 in Appendix EC.4.3, a generalized version of Corollary 6 applied to unbounded
gradient norm, we set

Pn=C(1+R,), & =€, +2(B*+(U+a/2)*)p>,

where C depends only on the distribution of ||z||2, z ~ Pirue. Then g, = O(1/+/n), €, = O(1/n) are both
dimension-independent, and with probability at least 1 — ([log,(1/y27in)]1+2)e™,

Epe. [(072)] <Ep, [(072)*]+ Ro, p(Bn; fo) + €. VO €O,
and therefore by minimizing over u or i,

Varp, . [w'x] +aEp,, [w'x] < min sup Epx[(wTx - u)? + aw'x|+&, YweW. *
UER Py (P, PX) <pn

The last inequality in Example 4 shows that the true mean-variance of the portfolio w,, is upper
bounded by its robust mean-variance up to a higher-order term. We remark that in this example, the
parameter space is not bounded as u € R, which makes it impossible to obtain a bounded complexity
for the entire class of loss functions. We circumvent such a difficulty by showing that there exists an
optimal solution lying in a bounded set ® with high probability, thereby it suffices to restrict on @.

5.2. Performance Guarantees for Variation Regularization

In the next two examples, we illustrate our results for Lipschitz regularization and gradient regulariza-
tion for nonlinear classes. Similar to Section 5.1.2, we let z=(x,y) € Z=X xY c R¢ xR and assume
llz=Zll = llx = X|l2 + 0o 1{y # }.
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5.2.1. Kernel Method We consider Lipschitz regularization of kernel class (see, e.g., (Wainwright
2019, Chapter 12)). Let k : X X ¥ — R, be a positive definite kernel on X c (R4, ||-|]2) with o :=

(Ex~Piye [k(x,x)])% < o0, We can associate k with a feature map ® : X — H, where H is a Hilbert space
with inner product (-,-) and k(x1,x3) = (®(x1),®P(x2)). Denote by ||-|| a norm on H. Let m € N7 and
{x;}%2, c X. Then we have || £, 6,®(x;) |12 = e 070kk (xj,x0).

In kernel method, one often consider the following parameterized class
F= {x - >0,k (x,x)): O e @}, where @ = {9 =(0,)": 16l <B. me Nzl},
j=1

for some B > 0, where for 6 = (6)",, we adopt the convention %7, 0k (x,x;) = £, 6k (x,x;) and
16117 = 2 ko1 00k (xjoxi) = 251y 001k (xj,xp).

ExaMPLE 5 (LIPSCHITZ REGULARIZATION FOR KERNEL CLASS). Consider loss functions of the form (3)
with u = fy € F defined as above. Assume k is differentiable and there exists ¢ > 0 such that
1V foll ||ﬂ%true,2 =Ex-p,. Ll Z‘}’;l 0;Vik(x,xj) ||§] > {Z;‘jkzl 0;0xk(xj,xi) for all 6 € ®, which can be
satisfied when the matrix (Ex-p,,. [Vxk(x,x;) T Vik (x,xk)])1<j.k <0 is positive definite. Furthermore,
assume y1 =SUPyee,xex | 2521 0, Vak (x,x;) < oo, thus Assumption 1(I) is satisfied.

Let us compute the generalization bound using Corollary 5. To this end, we need to specify ¢, in
Assumption 5 and compute its fixed point r,,. Observe that

{cfgz §e0,0<c<l, c2||f9||fip5r} c{cfo: 0€0,0<c<1, L2012 <r} C {f(,: 1611k S\/r/{},

hence y,,(r) can be chosen as 20 />, an upper bound of Eg[R,({fs : 6]l < yr/{})] according to

(Bartlett and Mendelson 2002, Lemma 22). Thus r,4« = %. Set

[t 16L%02 2L
pn=2(L %"‘\/a), €n = g +—.

nl n

Then p, =0(1/+/n) and €, = O(1/n) are dimension-independent, and by Corollary 5, with probability
at least 1 - [log, (vVLyi7ttn)]e™,

Epy [l 0 fol <Ep,[lo fol +pnllfollLip +€1, VO €O. L)

This result provides a generalization bound for Lipschitz regularization problems (Luxburg and
Bousquet 2004, Finlay et al. 2018, Virmaux and Scaman 2018) when the loss function class belongs to
a kernel class. We remark that the setup in this example is different from Shafieezadeh-Abadeh et al.
(2019, Section 3.3), in which the distributional uncertainty is imposed on the feature space, while
Example 5 considers distributional uncertainty on the original data space.

5.2.2. Neural Networks In the last example, we illustrate the generalization bound of gradient
regularization for a simple two-layer neural network. Consider

F={0e) - (WagWrx), y) - (W1, W) e O},

where [ is defined in (3), ¢ = (¢1, ..., ¢4,) are entry-wise 1-Lipschitz activation functions, and © is the
space of weight matrices

©={0= (W1, W) : Wy e RN Wy e R WiW] =1, |W2|l2 < B}.

Here the constraint W, W, = I enforces the orthonormal regularization on the weight matrix (Vorontsov
et al. 2017, Xie et al. 2017, Bansal et al. 2018, Huang et al. 2018), which is a popular way to ensure the
training stability and performance for neural nets. Let fy(z) = (Wa¢p(W1x), y).
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EXAMPLE 6 (GRADIENT REGULARIZATION FOR NEURAL NETWORKS). Assume / and ¢; has 7;- and 7i4-
Lipschitz gradient, respectively, j =1,...,ds, thereby fy is smooth and F satisfies Assumption 2 with
i =2L(Lhy+ Bh;)Vdz by Lemma EC.23 in Appendix EC.4.4. Assume 7 := infgee zez I/ (Wagp(W1x), y) >
0, which can be satisfied, for example, when Z is bounded and [ is the logistic loss. Furthermore,
assume there exists £ > 0 such that Epx_[||Wa¢’(W1x) [|3] > ||Wa || for every (W1, Ws) € ©, where

1 true
=(¢7,....¢,),and o= Epx [lIx]12]2 < co.
Let us compute the constants in Corollary 6. We have

IVF () =111 (Wa(Wix), y)Wag’ (Wix)W1 |[5 = 1" (Wag(Wix), ¥)* || Wag (Wix) ||3.
Thus, |Vf(2)|l« < LB, IVl IPywe,2 = 1V [[W2]l2. It follows that

vf/@l. __ LB _
IVl lPe,2 — nVEIIWall2

In addition, ¢?|| ||V f]|. ||[,%,true < r implies ||Wz||2 < ;CF As a result, we can choose v, (r) in Assumption
5 as
Eo[Ru{cfo: 0€0,0<c <1, VIR, o <7]]

< LEg [Ra{x > Wag(Wix) : WaW] =1, [ Wallp < 1]

Lo+2rd
< ==y, (),
nVin
where the first inequality follows from Lemma EC.6 in Appendlx EC.4, and the second inequality is
due to Lemma EC.22 in Appendix EC.4.4. It follows that r,, = % Moreover, by Lemma EC.23 in
Appendix EC.4.4,
2L(Lh +Bh1)0'\/2d2
Es[%(0)] < 2 = Ry.

n*{\Nn
Thereby, in Corollary 6, setting

1252 hrt+1+R
14+ 2R, +x T ArR) +4° (rd2+2en P LS STy
8
n

it holds that p,, = O(y/d2/n), €, = O(\/d2/n), and with probability at least 1 — ([log,(VLBttn)]+1)e™,
for every 6 € ©,

Epgy. [ fo] < Ep, [fo] + PnEs, [I'(Wad(Wix), y)2[| Wag’ (Wix) 2] +e€ »

6. Concluding Remarks

In this paper, we have developed finite-sample non-asymptotic performance guarantees for Wasserstein
DRO and its associated variation regularization without suffering from the curse of dimensionality.
These results help us to understand the empirical success of Wasserstein DRO and/or Lipschitz and
gradient regularization. In the meantime, many issues worth investigating are left to future work.
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More general loss function families and distribution families. We restrict the families of loss functions
consistent with Lemma 1 and Lemma 2 that establish the equivalence between Wasserstein DRO and
variation regularization. One can extend the results to more general families such as non-smooth losses
using the results in Gao et al. (2017); see a follow-up work An and Gao (2021). In Section 3, we adopt
the widely used transportation inequalities T, p € [1, 2], which covers most subgaussian distributions
and works for loss functions of linear and quadratic growth. One may obtain results for more general
distributions and loss functions by considering other families of transportation-information inequalities
(Bolley and Villani 2005, Gozlan and Léonard 2007, Villani 2008, Gozlan and Léonard 2010). We
remark that the finite-sample performance guarantee in Esfahani and Kuhn (2017), though suffers
from the curse of dimensionality, does not restrict the loss function family other than the growth
condition and works for any distribution that admits Wasserstein concentration.

Wasserstein distance of other orders. We focus primarily on the case p € [1, 2]. Indeed, our proof of
Theorem 1 relies crucially on this setting where the tensorization lemma (Lemma EC.2 in Appendix
EC.2.1) applies. We leave the study for other orders of Wasserstein distance, including another important
case p = o that has been widely considered in adversarial robust learning (e.g., Goodfellow et al.
(2015), Shaham et al. (2018), Yin et al. (2019)), to future work.

Complexity theory based on variation of the loss. We developed a local Rademacher complexity theory
based on the variation of the loss. Investigation of these techniques in the context of other problems in
statistical learning theory seems interesting, and hopefully would yield new results.

In summary, we hope our results can inspire more fruitful findings for problems in operations
research and machine learning in which Wasserstein distributional robustness plays an increasingly
prominent role.

Endnotes

1. In Blanchet et al. (2019b, Section 4.4), a result for high-dimensional LASSO problem is derived.
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Proofs of Statements

EC.1. Proofs for Section 2
Proof of Lemma 1. Using the strong dual problem (1), we have

Ra.1(p; f) =min {/1,0+[E@ sup {f(0)-f(2) —/IIIZ—ZII}]} :

Using the Lipschitz Assumption 1(I), for any A > || f|l.ip, the inner supremum equals to zero attained at
Z=1z. Hence, by taking a feasible solution A = || f||ip, We obtain that

Ra,1(p; f) < pll flluip-
Moreover, if Assumption 1(II) holds, then there exists a sequence {z,,},-_; C Z such that
llzm = z0ll 2 max(p,m),  f(zm) = f(20) = (|| fllLip = 1/m)l|zm — 2oll-
Let E c Z be such that u := Q(E) > 0. Consider a sequence of distributions
Qn=Qz\e + (1 - €,)Q|E + €10,
where Q. denotes the restriction of Q on a subset of Z, and ¢, is chosen such that
W1(Q, Q) = € - By [llzm = zll]) = p.

It follows that €,, — 0 and

Ra1(p; ) 2 B, [f1-Ealf] 2 €n - Eou [ fllip — 1/m)llzm — 20ll] + €m (f (z0) — Eay. [f (2)])
=p (I fllip = 1/m) + €m(f (z0) — Eqe [f(2)]),

which converges to p|| f||.ip as m — co. Therefore we complete the proof. O

Proof of Lemma 2. Using the strong dual problem (1), we have

R@,2<p;f>:312ig{ﬂp2+[E@ §u§{f(2)—f(z)—AIIZ—ZIIZ}]}-

By Assumption 2, we have that

Ra.2(p; f) <min {ﬂszE@ sup {Vf(Z)T(Z—Z)—(ﬂ—h)IIZ—ZIIZ}]}
> ZERd
=hp2+rlni{)1{/lp2+[E@ sup {Vf(Z)T(Z—Z)—AIIZ—ZIIZ}”
> 7ecRd

1

=1p* +plIVflllo,2,
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and that
Raz2(p; f) Zmin{ﬁpzﬂE@ SUP{Vf(Z)T(Z—Z)—(/1+h)||5—2||2}”
>0 5eZ
= —hp? +rn1n{/1p +Eq |sup{Vf(z2)"((-2) - /l||Z—Z||2}]}
7eZ
= —7p? +m1n{/lp +—[E@[||Vf(z)|| ]}
=—1p> + pll IV fl-lla,2,
which completes the proof. m]

EC.2. Proofs for Section 3
Proof of Proposition 1. Define

@(1) 1= Epyy. [ 5up {1(/(2) ~ / (2)) = =211} .

Using Theorem 1 in Gao and Kleywegt (2016) and by our assumptions, a dual optimizer 1, > 0 exists
and we have strong duality

Rptruesp(p) :/lOpp+/10(D(1//lo)- (ECl)

By Gao and Kleywegt (2016), 1, € [4, o). We first consider the case there exists a dual minimizer
Ao > A, in which case the optimizer is in the interior of the domain of the dual objective. The first-order
optimality condition of the convex optimization (1) reads

PP ®(1/1,) € -30(1/1,)

o

where 0@ denotes the subdifferential. Set € = Rp,,.. ,(p). It follows from the equations above that
€:=Aop? +1,®(1/2,) € 0D(1/1,).

But by definition 7, (&; f)? =sup,.o{et — ®(¢)}, which is a concave maximization. This suggests that
t=1/2, > 0is an optimizer of sup,.,{er — ®(¢)}. Hence,

Ip(RPtrue,p(p;f);f)p I (E f)p -3 = q)(l/ﬂo) - (/lopp +A()(I)(1//10)) - (I)(l/ﬁo) :pp‘

0

Next, consider the other case that the unique dual minimizer 1, =1 > 0. Taking a feasible solution
t=1/2,, using (EC.1) we obtain that

1
T (Reep (05 )3 )P =P {1 Reep (05 ) = o | SUDU(F(2) = () = 122117} ||

> Rptrue,P(p; f) _ RPtme,p(P§ f) _/lopp
= /10 /10

The next lemma is mentioned in Section 3.2.

LEMMA EC.1 (COROLLARY 2.4 IN BOLLEY AND VILLANI (2005)). Assume there exists a > 0 such that
C :=logEp[exp(al|Z||*)] < co. Then P satisfies T (1), where

zeZ,a>0

T=_inf { (1+logEp[exp(allZ -Z|| )])}35(1+C).
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EC.2.1. Proof of Theorem 1

Our proof is based on Marton’s argument and Herbst’s argument (Ledoux 2001, Raginsky et al. 2013).
Let us begin with some definitions and lemmas.
Denote 7" := (z’ll, ...,2n) € Z™. We define a product distance d,, on the space Z" as

n 1/p
d,(z",2") = (ZIIZ? —Z?Il”) :
i=1
The p-Wasserstein distance between probability distributions u and Pg is given by
W, (i, Pg) =min {([E(Zn,zn)ﬁ, [dp(z",Z”)”])l/p : 7 has marginal distributions u, IP®} )
T

The following tensorization lemma establishes a transportation-information inequality for the product
distribution Py (see, for example, Proposition 22.5 in Villani (2008)).

LEmMA EC.2. Let p € [1,2]. Suppose P € P, (Z2) satisfies T,(7). Then Py satisfies T, (Tn%_l).

Given any function g : Z — R which is exponentially integrable with respect to v, we define a
distribution v(#), called the g-exponential tilting of v as (see, e.g., Section 3.1.2 in Raginsky et al. (2013)):

dv®  exp(g)
dv E,[exp(g)]’

It follows that
H(®||v) =E, ) [¢] ~ InE, [exp(g)]. (EC.2)

We prove below a more general concentration result that applies not only for the empirical mean.

LEMMA EC.3. Let p € [1,2]. Assume Pye satisfies T, (7). Let F : Z" — R. Assume Eg[F] =0 and there
exist M, L > 0 and zj € Z" such that

L
F(Z") < M+—d,(Z",z5)P, V" e 2"
n

Define J(-; F) : Ry — R, via

J(€; F)P :=sup {et—[E®[ sup {t(F(Z")—F(z")) - ldp(Z",Z")p}]},
t>0 Znezn n
and Z(; F) :Ry - R, as
% (p; F) =min {/lpp+[E®[ sup {F(Z")—F(z")—id (" z")p}]}
’ >0 n P '

Zn ezn

Then for any € > 0,
Pe{F(z") > €} <exp(—nJ (e F)2/T).

Let t > 0. Then with probability at least 1 —e™",

F(ZY) S%(\/g;F).
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Proof of Lemma EC.3. Define

®(t;F) :=Eg| sup {t(F(Z") -F(Z") - %dp(Z",Z")p}],

2"62"

which is in [0, ) for all sufficiently small # because of the growth rate condition on F, and thus
J(€; F)P =sup,. o{et — ®(1; F)} > —oo. To ensure integrability, let us assume temporarily that F is

bounded from above.
We first consider a simpler case p = 2. Using Lemma EC.2, for every u € Py(Z"), it holds that

Wa(u,Pg)? < TH(u||Pg). Let £ > 0. Setting u =P, by (EC.2) we have
Wa(u,Pg)? < E,[7tF] - InEg[exp(ttF)],

On the other hand, using Kantorovich’s duality (see, e.g., Theorem 5.10 in Villani (2008)) and the
assumption Eg[F] =0,

Wa (i, Pe)? > E, [11F] +[E®[ 1nf {Z” _Zl’_lllz_TtF(zn)}]
— : sn _ n2 _ Sny n
= Eu[rtF] +Eo| _inf {;}nzi NP - re(F(E") - F(")}]
—E,[1F] —n@(%t;F).
Combining the inequalities above and canceling out the term E,[7¢F], we obtain
TInEg[exp(rtF)] < n@(T—t;F).
n

Using Markov’s inequality, for all 7 > 0,

Po{F(") > €} = [P’®{TtF(z") > ne}
< [E®[exp(TtF)] /exp(tte)

< exp( O(ILF) - Tte)
Mapping 7¢/n to t and minimizing over s,¢ > 0 yields
Pe{F(z") > €} <exp (E ing {CD(t; F)- te}) =exp (-nJ(e; F)*/7).
Tit>
Next, we consider p € [1,2). Let s > 0. Using Lemma EC.2, for every u € P, (Z"), it holds that
2_ 5 P P q_P D p p_ _p
Wy, Po)? < (tnr  H(ulPo))” = (c5(2) 8515 HiullPe) B) ((5) 8551178,
Applying Young’s inequality to the right side yields that
Wp(a.Po)? < § (52 s HulIPa) ) +(1- §) (B st 1n1-4) °F
_ 21 Py(PYZS o
=57 TH(u|IPe) + (1= 5)(5) 77 s n,
-2
Let ¢ > 0. Setting u = [P’é;s PLF) by (EC.2) we have

W, (1, Pg)P < 55! ([E,, [Tsl—%tF] ~In [E®[exp (Tsl‘%zF)]) +(1- g)(g)%s—ln
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On the other hand, using Kantorovich’s duality (see, e.g., Theorem 5.10 in Villani (2008)) and the
assumption Eg[F] =0,

Wy (1.Pe)” > EylriF] +Eo| inf {Zu - -miF )|

~Eu[rtF]+Es| inf {° le — 2P~ (P - F )|
=Ey[rtF] —n(I)(;;F).
Combining the inequalities above and canceling out the term E, [77F], we obtain
57l InEg[exp(rs' 7 1F)] < (1- %’)(g)%s—ln +n¢)(%t; F).
Using Markov’s inequality, for all 5,7 > 0,
Pe{F(7") > €} = P@{Tsl_’%lF(Zn) > TSl_l%l‘G}

< [E®[exp(7's1_l%tF)] /exp(Tsl_%te)

< exp {((1 - %)(g)z%’s_l%n + sl_%nd)(%t; F))/T - Tsl_lz’te}.
Mapping 7¢/n to t and minimizing over s,¢ > 0 yields

Po{F(z") > €} < exp (E inf {(1 2Y(L) 558 4518 (D(1; F) —te)})

_exp( 1nf{(1—p)( )2Ps bt %sug{te/T—CD(t;F)}})
=exp(Zinf {(1-5) (5775 5" E T (e/ms )1y} )
=exp (-nJ (& F)?*/7).

Setting p = \/g . If the dual minimizer defining & (p; F) is strictly positive, taking € = %Z(p; F)
and applying Proposition 1 yields the second part of the result. Otherwise, Z(p; F) =supznczn F(Z"),
thereby F(z"") < #(p; F). To deal with an unbounded F, define Fy = F A k for k € Ns;. We have proved
that the result holds for Fy. Observe that for all ", 7" € Z with F(Z") > F(z"), it holds that

0, F(Z") >k,
(F(Z")ANk) = (F(Z") Nk) = {k - F(z"), F(z") <k < F(3"),
F(Z")-F(Z"), F(#")<k.

Hence forallt>0and k > 1,

O(iF)=Es| sup  {i(Fu(E) - Fu(@) - %d,;(z",z")f’}]

ZneZn: F(z")>F (z")

sup {t(F(Z”) - F(Z")) - %dp(Z",Z")p”,

snezn: F(30)2F (2

<Eg

and thus 7 (¢; Fx) = 7 (¢; F). Therefore, by the monotone convergence,

Pe{F(z")>€}= kll_r)r.}o Po{Fr(z") > €} < kli_r)r.}oexp ( —n](e;Fk)z/T) <exp —nf(e;F)Z/T),

which completes the proof. m]
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Proof of Theorem 1. Set F(z") =Ep,.[f(2)] —Ep,[f]. Then F satisfies the assumptions in Lemma
EC.3 due to Assumptions 1(I) and 2. Applying Lemma EC.3 yields that

1
O(1; F) = ~Fg
n

sup | S (s - rEm) -z -2 “”)}]

Znezn b =1

= Ep,.. [ sup { -1 () - £(2) - 12 -2},
zeZ

and thus 7 (-; F)=Z,(-;-f) and R(-; F) = Rp,,.,p(; —f), therefore the result follows. m|

EC.3. Proofs for Section 4
EC.3.1. Proof for Section 4.1
Proof of Corollary 2. (I) By Assumption 3, for any distribution P it holds that

Eplf;] —Eplfo] <Eplx]- 16 -0lle.

Thus

Rpwue.p (\/%, —fg) = RPye.p (\/%, —fe) < sup |Ep e [£5] — Epgee [fo]|

P:W,,([P’,Ptme)s\/?
< sup Ep[«]-116-6llo-
Tt

PWp (P.Pirue) <4/ 5

Note from the duality (1) and Assumption 3 that

sup [EP [K] =min {/l(\’ %l)p +[EPtrue
P:WP(P,Ptme)S\/?

sup{«(2) —/IIIE—ZIIP}]}
zeZ

< mig {/l( )P + Epyy |Sup{ka + kL ||Z]1P —/l||Z—Z||‘D}]}
LzeZ

Smig{ﬂ( TP +Epy,, |Sup{xm +KL(||Z_Z||+“Z”)p_/l”Z_Z”p}]}
l1ZeZ

Smin{/l( )P+ Epyye §UZP{KM +:<L2P‘1(||Z—z||1’+||z||”)—AIIZ—ZIIP}]}
LZ€

-1 -1
< 2P kn (N3P +kma + 20 kL Epy [112117]

=K,

where the last inequality holds by taking a dual feasible solution A = 2”~!«; . By the assumption on «
and Chebyshev’s inequality,

Po {Ep, (K]~ Ep.[] > yVatp, [T} <

S|
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Let € > 0 and ©, be an e-cover of ®. We have that

Po{30 €0, 5.0, Eppyl fo] > Ep, [f,]+ Roep (5 ~fo) + €+ (2B k] + yVarp g [6] + )}

+Po{30€0,5.0. Eppl ol > Ep, [f, ]+ Rouep (25 ~fo) + € (Epe[£] + B, [] +)}

<

e

S - +P®{Hé € ®5’s't‘ IEI]:Dtrue [fé] > |E|]:Dn [fé] +Rlptruesp( %t; _fé)}

<=+ > P@,{[Eumtme [f5] > Ep, [f5] + Rege.p (\/g’ _fé)}

feO,

S| =3

[

<-+N(&6,]lle) ¢,

S

where we have used the definition of the covering number and Theorem 1 in the last step. Letting
€ =1/n and replacing ¢ with # +log N/ (1/n; 0, ||-|le) yields the result.
(ID) (III) are simple consequences of (I), together with Lemma 1 and Lemma 2. O

Proof of Corollary 3. Fix f € F. Applying Bennett’s inequality (Lemma EC.4 below) to X; =
ny |12
IV ()1} , b=0and v; = 0?/n?, we obtain that

CallIVEILIZ,
\vj 2 2
I]J’{[Epn [%] -1< —e} < exp ( - Ez)
VA5, 20

Hence, with probability at least 1 — e/,

~

IV A1l 112 2
R R
HIVALIE, n

Thus, for every n > 8021,

2\~ 3 2t
VS ez < NIVl D, 2 (1= 0 =) <HIV ALl 2(1+ 04 5).

where the second inequality follows from the simple fact 1/V1-a <1+a fora € [0,1/2].
Next we consider a family of losses. By Assumptions 3 and 4, it holds that

Epye [£5] = EPyee [fo] < Epyye [K] - 116 = 6llo,
Ep,[fs] —Ep,[fol <Ep,[«]- 1160 -0]lo,
IV £l llp,.2 = 1TV foll«llp,.,2 < llk2llp,,.2 - 110 = 6.

By Chebyshev’s inequality,

P {[Ep,, [C] - Epyy. (k2] > \Varp,, [K§1} <

S|
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Let € > 0 and let ©®, be an e-cover of B. Set p =, /%(1 +o-\/%). It follows that

htt
P®{39 €0,s.t. Epy. [ fol > Ep,[fol +pll[IVSollllp, .2+ —

+e- (2Ep,,. [«] ++Varp,, [«] +,0\/[E[p>tme (k2] +/Varp,,, [Kg])}

hitt
+Po{30 €0, 5.0, Ep[fo] > Ep, Lol + P11V foll-Ip, 2+ = + € (Epye [] + s, [] + pllk2lp, 2)}

IA

~ htt
+Po{30 € Oc.s5.1. Epyy, [f3] > En, 5] + oI IV Sl lp, 24— |

IA

_ Tt htt
e+ 3 Po{Erpe[£5] > En, (£ 11V gl [prne.2+ ——

fed,

<

SIN SINIINdDIIN

IA

+(1+N (€0, lo)) - e,

where we have used Corollary 1(III) in the last inequality. Hence the proof is completed by setting
€ =1/n, replacing t with 7 +1log(1+AN(1/n;0,||]le)), and invoking Lemma 2 for the second part. O

LEMMA EC.4 (Bennett’s inequality). Suppose Xi,..., X, are independent random variables for which
X; <band [E[Xl.z] < v; for each i, for nonnegative constants b and v;. Let W= X" | v;. Then for € > 0.

n 2 b
IP’{ i:ZI(Xi - [E[Xi]) 2 E} < exp ( - ZE_WwBenn(WE)),

where Ypenn denotes the function defined on [—1, o) by

(1+1)log(1+1)—1¢

22 , fort#0, and Ygenn(0) = 1.

'#Benn(t) =

EC.3.2. Proofs for Section 4.2

EC.3.2.1. Auxiliary Results We prepare some auxiliary results that will be used shortly. The
following two lemmas are useful properties of Rademacher complexity (see, e.g., (Shalev-Shwartz and
Ben-David 2014, Chapter 26)).

LEMMA EC.5 (SYMMETRIZATION). Let H be a family of functions. Then
Fo| sup {Ep,. [1] - Ep, [4]}] < 2E [, ().
heH

LEMMA EC.6 (CONTRACTION). Let H be a family of functions. Let £ : R — R be a Lipschitz function.
Denote o H={Coh: heH}. Then

Eo[Rn(£oH)] < [I€|lLip - Ee[Rn(H)].

Let us define

n

sup 1 >, (f(f?) - f(&) - Al ‘Z?”p)”’

Re,p(p; F) :=min {/lpp +Eg
=0 feF,znezn n i-1

and
- Fi={~f:feF},
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LEmMa EC.7. Let p € {1,2}. Assume Assumption 1(I) holds when p =1 and Assumptions 2 when p = 2.
Assume Pe satisfies T, (7). Let t > 0. Then with probability at least 1 — e, for every f € F,

Epin 1] < Ep, [/1+ Re.p (yf o5 ~F) + 2B [Ra(F)].
Proof. Set
F(z") = sup {Ep,, [f1 - e, [f1} ~Es| sup {Ep,,.[f1 - Ep, [F1}]
feF feF

Then the assumption on f implies that F satisfies the growth assumptions in Lemma EC.3. Applying
Lemma EC.3 yields that with probability at least 1 —e~?, for every f € F,

Eev L1 Ep, /]~ Es| sup {Epin. 111~ Er, 111}

i g r-rer- 2]

<t v | sup s {35 scan - g - )|
Tt

gnezn feF ‘N4

Thus the result then follows by applying Lemma EC.5. m|

The next lemma is used for bounding the fixed point of ¢, for local Rademacher complexity.

LEMMA EC.8 (BARTLETT ET AL. (2005), P. 1512). Let A,B > 0. Let ro be the largest solution to the
equation B\r + A=r. Then B> <ry <2A+ B2,

EC.3.2.2. Proofs for p =1 To begin with, an application of Lemma EC.3 to the loss function
F=sup; .z {Ep,.[f]—Ep,[f1} —Eo|supscr {Epy.[f] —Ep,[f]}] yields the following result.

LEMMA EC.9. Assume Py satisfies T1 (1) and Assumption 1(I) holds. Let t > 0. Then with probability at

least 1 —e™,

Epom. [/] < Ep, [£] 4/ Supl i + 2E0[Ra(F)]. V¥ € 7

Proof of Lemma EC.9. In view of Lemma EC.7, it suffices to derive an upper bound on Rg 1(p; —F).
Assumption 1(I) implies that for any A > sup ;¢ 7|l f1ILip,

1 n
sup {—
fe(=F),znezn (N7

FEM = fE& =7 - z¢||} 0.
1

Consequently by definition Re,1(0; —F) < psup szl flLip- o

Next, using the peeling technique (Van De Geer 1987, Gvan de Geer 2000), we can remove the
dependence on sup ;. of the right side of the inequality in Lemma EC.9.

LEMMA EC.10. Assume Py satisfies T1(t) and Assumption 1(I) holds. Let ¢t > 0. Then with probability
at least 1 — [log, (\/y17in)le,

b1 < B2, /14221 flhip + 2E6[Ra(F)] 45, ¥/ € F.
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Proof of Lemma EC.10. Setr=sup, .|l fllLip < y1. Let K be a positive integer whose value will be
specified shortly. We define

Fo={feF: 27%r <||fllup<27"1r}, 1<k<K-1,
Fi ={feF: |flp<2"r}.
Using Lemma EC.9g, for k =1,...,K — 1, with probability at least 1 — e¢~*, for every f € Fy,

Epue [f1-Ep, [f]< \/72_k+1r+2[E®[5R (Fi)] <2\/7”f”L1p+2[E®[ER (Fi)l,

and with probability at least 1 — ™7, for every f € Fg,

Ep [ /] -Er, [f] < \/gz-Kr +2E5 (%, (Fi)].

Taking the union bound, with probability at least 1 — Ke™’, for every f € F,

Fowc /] <, 7] +2\/§ 1 lhip+ 2E s [Ra ()] + \/gz—’f

Note that r < y; by Assumption 1(I). Setting K = [log,(y1Vttn)] yields the result. O

Often, Eg[R, (F)] is of the order of 1/+/n. By applying Lemma EC.10 and another peeling argument
to a weighted function class { \fv\”/; I f: f e F} and using the sub-root property of y,, we can

replace Eg[R, (F)] with the fixed pomt Fnx Of ¥y, often in the order of 1/n.
Proof of Theorem 2. Let r > r,,. whose value will be specified shortly. The sub-root assumption on

¥, implies that
\/7(//,1(1”) < \/;‘/’n(rn*)
\/7 B T'nx
{ Vr
‘/_ \ ”f”Llp
Then ||g|luip < Vr for all g € F, and Fpe=F, thus

() = =P
Define

fff}

Eo[Ra(F)] <Es[R({cf: feF, 0<c<1, SIS, <rh)] <wn(n).

By Lemma EC.10, with probability at least 1 — [log, (Vr7tn)]e™, for every g € F,,

Tt 1
Epelg] < Ep, (8] +24/ - llgllLip + 24 (r) + o

Choose r =ry, where ro is the largest solution to = + 2\/rrn* =r. By Lemma EC.8, r,u < 7o < 4rpx+ 3.

Note that 2y, (r) + < 2 px + <ro.Let F,38= \/»v”f I [ If ||f||Llp <ro, then g = f, therefore

1 2
Epue [f1 < Ep, [f] +2\/§”f||Lip+2¢n(r) +— <Ep,[f] +2\/§||f|lLip+4rn*+ o

If ||f||€ip > ro, then g = f, and

N ||f ||

\ro 1% +ro n Tt \ro 1
E -2 1)+ 24— iy + 20 () +
”]““e[ufnhp =3 2 g 2N W g e ¥ 2005
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therefore,

Epe [f] < Ep,| +2\/ ||f||L1p Hf”Llp
Tt
+ (2\/ — + [+ —) 11/ llLip-
n n

Combining the two cases gives the result. m]
Proof of Corollary 5. Define £ o F :={fo f: f € F}. Using Lemma EC.7, with probability at least
1-e77, for every f € F,

[E[ptrue [fof] < |E|]ZDn [fof] +R®’1(\/§; —fof) +2[E®[2Rn(€0f)]
<Ep,[Co f] +R®,1(\/§; ~C0 F)+2L(Eo[Ru(F)],

where we have used Lemma EC.6 to obtain the second inequality. Using arguments similar to the proofs
of Lemma EC.9 and Lemma EC.10, we obtain that with probability at least 1 — [log, (v Ley17tn)le™,

Epye[€o f1<Ep,[f0 f] +\/7SuP||5<>f||L1p+2[E®[ER (€oF)]

feF

<Ep,[(o ] +2\/§ 1€ Flhip + 2Eo %0 (€0 F)] + = (EC-3)
L
<Ep,[Cof] +2\/§Lf||f||up +2Lewn(r) +

Define for any r > 0 that

[

= l———— (o f: fe}"}c clof: feF, 0<c<1, ?|flA, <r}.
Vr VI flluip { Lip }

Substituting —\/FVTI/J;" i ¢ for ¢ in (EC.3), we obtain that with probability at least 1 — [log, (VLsy17tn)]e™,
ip
___ "
for every F, > g = T ”Lipﬁo fs

Tt \r
Epy.lg] <Ep,[g] +2\/7\/'v 7 Lell flluip + 2L ern () + —

Choose r to be the largest solution rq to the equation 2L,+/F7ns + 22 =r. Then 2L, (ro) + 2 < ro. It
follows from Lemma EC.8 that 4L2r,,, <ro < 4L%ry,.+ =% 2L” . When || fllLip < +/ro, we have g = f o f and

4

Tt Tt 2L
Epgello f1<Ep, [0 f]1+24/ ;Lellfllup +ro <Ep, [Co f]+24] ;Lé’”f”Lip +4L2r s + —

V7o ——*Co f and

When || flLip > V70, we have g = s

[Eptrue[ ¥ro 50f}<[E [ Vo Cof|+

Tt L[
2/ —=LeNro+2Ledn(ro) + —,
||f||Lip ||f||L1p n " n
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which implies that

Epye[£o f1<Ep,[fo f] +2\/EL€||f”Lip +Vroll fllLip

< [EIP ( ﬂ L[+V4L2}’n*+ ) ||f||L1p

Combining the two cases yields the result. m]

EC.3.2.3. Proofs for p =2 Lemmas EC.11 and EC.12 below are counterparts of Lemma EC.9 and
Lemma EC.10.

LEMMA EC.11. Assume P satisfies To (1) and Assumptions 2 holds. Let t > 0. Then with probability at

least 1 —e™,

h‘rt

Epue [f] < Ep, [fT+ \/g(l +Eg[Ra(9)]) JSCUI])EII IVl lpee.2 + 2E e [Rn (F)] +

Proof of Lemma EC.11. In view of Lemma EC.7, we derive an upper bound on Rg 2(p; —F). By
Assumption 2,

Re2(p;=F) =Air>1£ {/lpz +Ee

sup_sup | Zf(Z") FE = A —z:’||2}]}

fe(=F)zinezn =

sup_sup {2 ST/ - <41 - (- iz - iR} )

fe(-F)gnezn (Mg

<inf{Ap“+E
i oo s

where the inner supremum is infinite if A > %. It follows by a change of variable that

1
Re.2(p;—=F) < hp? +1nf {/lp +4—/1[E¢3>

sup ZIIVf(Z")Ilz]}

fe=m»n

Observe that by Lemma EC.5,

Eg| sup leVf(Z")HZ] <Ee
fe-p)n

sup_ {1 SV - 191E]

fe(=F)
< 2F o [R,(F)] + sup Ep,,, [IIV£112].
feF

+ sup Epy, [IIV/17]
fe-F)

where F := {IVflI2 : f € F}. Hence we have
1 .
. 2 2 2
Re.2(p;=F) <hp +gg {ﬂp sy (2fE®[9%n(f)] +J§1;E[Eptrue [IIVfII*])}-

supr 7 Il IV S s [IPyye,2
2p

Without loss of generality we assume sup ¢ ¢ 7|l [|V 1l |[py..2 > O. Picking 4=
that

yields

Ee[Rn(F)]
SUP ;I IV £ 1 Pyue.2

Re.2(p; —F) < hp? +p;u1]ar IV £ Pyge.2 + £
€
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Note that 5
. i IV £ (I
R, (F) =Eo | sup oi—————— [ IV£Il. I?
" e & MVALIE, Piue-2
n IVf(z)II12
<Ep |sup 330 oo sup V7116, f
7 fef{,z MV, re e
L IV
—SUPII IV, sup T ——
feF a2l | 300 Z;‘ NVEILIZ,
=sup ||Vl N3, 2 Ee[Ra(D)].
feF
Therefore, the result follows from Lemma EC.7 with p = , /T;’ O

LEMMA EC.12. Assume Py satisfies To (1) and Assumption 2 holds. Let t > 0. Then with probability at
least 1 - [log, (y2Vttn)]e™,

htt+1+Eg[R.(9)]
- )

Tt
Erge [f] < Ep, [f]1+24 ;(1 +Eo[Ru(G) DIV Il IPyye.2 + 2Ee [Rn (F)] +
Proof of Lemma EC.12.  Setr=sup; || IVl [Ipyy.2 < y2- We define
Fe={feF: 275 < IVFll lppeer2 < 2757}, k=1,...,K-1,

Fi ={f € F i NNVf e lpuserz < 2757},

._ VA . } _
Gr ._{””Vf”*“éml.fefk  k=1,...K

By Lemma EC.11, for k =1,...,K — 1, with probability at least 1 — e¢™?, for every f € Fx,

hTt

Epe [f1- \/7(1+[E® R, (G2 r +2E [Ru (Fi)] +

h‘rt

<2\/7(1+[E® R (GODIIVI 1 IPiye.2 + 2B [Rn (Fr)] +

and with probability at least 1 — ™7, for every f € Fg,

hTt

Epee [f1<E \/7(1+[E® R, (Gx) )27 r +2Ee[Ra (Fi)] +

Taking the union bound, with probability at least 1 — Ke™*, for every f € F,

hTt

Eppe [f] <Ep,[ +2\/7(1+[E® (R (DD S e llpye 2 + 2B 0 [Rn (F)] +

+\/;(1+[E®[9tn<gz<>])2"<

Setting K = [log, (y2V7tn)] yields the result. m|

With the two lemmas above, we are ready to prove Theorem 3.
Proof of Theorem 3. Let r > r,, whose value will be specified shortly. The sub-root assumption on

Y, implies that
N (r) < N (o)
\/F B Tk

Un(r) = = Vrvrns.
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Define

“7 }
_Fr = { f . f e Fi.
VEV IVl llpye. 2
Then for all g € F, it holds that ||| Vg||. ”"%true,z <r, .7-"75 =F, and
EolRn(F)] <Es[Ru({cf: feF, 0<c<l, AIIVALIE, o <r})] <vulr).
By Lemma EC.12, with probability at least 1 — [log,(Vrrtn)le™, for every g € F,,

Epu.[8] <Ep,[g]+ 2\/§(1 +Eg[Rn(Gr)DIHIVElx lpyue,2 + 200 (1) + €n,

recalling G, is defined in Lemma EC.12. Choose r = ro, where rg is the largest solution to €, + 2Vr\/fnx =r.

Then 2, (ro) + & < ro. By Lemma EC.8, 47ux < ro < 47w + 265 Let Gy, 3 8 = morroor——f. If

HIVAIL I, <ro, then f = g and

Epu. [f] <Ep, [f1+ 2\/§(1 +Ea[Rn (G DINVS N IPyue.2 + 20 (r) + €

Tt
<Ep, [£]+2y/ = 1+ Eo[Ru(ODIITS I 2 + 47+ 260
If [ IV £11. 112, > ro, then

E [—'ro
P
LNV £l MPge.,2

<2\ [ (0 Bl @D e Tz 200 (5)
n || ”Vf”* ”[FDtmes2

e[ Nro
7] -Ee.| IR

which implies that

[Eptrue [f] - [EIP’n [f]

Tt IV 1l 1Py,
<20/ = (1 +Ea [Ru (DD NIV Nl 9z + (20 (r) + ) = =2
n Vo
Tt
< (2\/ —(L+Ee[Rn(G)]) + Varn.+ 26n) IV £ 1l [Py, 2-
Combining the two cases above gives the desired result. m|

Proof of Corollary 6. Using McDiarmid’s inequality, with probability at least 1 — e/,

_Vvr@IE - ” 2 [ L
Epn[” V£ Il ”D%true,z] 1 +Kg m’

IV @IP |< [
Ee, [ TivrT, llu%tme,z] f=Fe Fer

sup
feF

which implies that for every f € F,
VA2,
NvF@ILIE,

Thus, whenever 2Eg[R,,(G)] + Kg\/; < 1/2, it holds that

—13 —2E6[R ()] - K2 i

1

VIV £1 iz < NIVl 2(1 = 2B [ (G)] = K24/ 5=) < HIVS Il 2(14+ 2E6 [Ra(@)] + k24 5 )

Hence, setting p,, = p» (1 +2Eg[R,(G)] + /<§1 |3-) and invoking Theorem 3 and Lemma 2 yields the
results. m]
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EC.4. Proofs for Section 5
EC.4.1. Proofs for Section 5.1.1
LEMMA EC.13. Under the setting in Example 1, it holds that

Rbue.1 (05 0n) < pull follip < Re,1(fo3 5L py).

Proof. By Lemma 1, we have Rp,..1(fo;n) < pnllfollip < pnmax(h,b)||(6,-1)].. On the other
hand, using the duality result (1), we have

( Sll)pz{min(h,b)(IHTx—yl 107X =Y - 2l(x,y) - (X, V)|I}
X,y)€

= pumin(h, b)||(6,~1)]l.

Rp,.1(fo; pn) = min {/lpn +Ep,
120

Combining the two inequalities yields that

Re,,.1(fo; =2 pn) > pull folluip-

EC.4.2. Proofs for Section 5.1.2

The following lemma is used for Example 2 (see also (Shalev-Shwartz and Ben-David 2014, Lemma
26.10)).

LEMMA EC.14. Assume © c {6: ||0||2 < B}. Then

1
Eo[R.({67x: 6€6})] < \/_[Euwtme Ix[1312.
Proof. Leto; bei.i.d. Rademacher random variables. Using Cauchy-Schwarz inequality and Jensen’s
inequality;

0’®

sup [0l ||ZO'X ll2

6ll2<B

1Z 1
Es,e|sup — Zaiw,x?)] =—Fkse
9e® N 77 n

sup(6, Z oixhy| <

0e® i=1

1/2 1
B 3 1
<—E ,®[|| U-X?Ilz] (E®[ 1)) = o, LI
n 4 ; i 2 Z 2 \/ﬁ 2

The following lemma is used for Example 3.
LEmMa EC.15. Under the setting in Example 3, it holds that
IV fo (Dl = IV £5(2)ll« < Lel|6 = 6]l + Bl 16 - 6.
Proof. We have
IVfo (@)l = IV f5(2) I«
=616, 1= 18111 @, ) |
< ‘IIHII*If'(HTx,y)I —[16111€’ (6T x, [+ (1611 1€" (0T x, )| = |61l (8 x, )]

< Lell§ =61l + 11611 (07 x, y) = €'(67x, )|
< L¢||0 = 0|l + Bhllx|| |6 - 0]
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EC.4.3. Proofs for Section 5.1.3

The following two results on subgaussian distributions are well-known, but for the reader’s convenience,

we here provide proofs as well. Recall a d-dimensional random variable X is o-subgaussian, if for every
€2

weR? with ||w|z=1and e >0, P{|[wTX —E[w" X]| > €} < 2¢ 252

LEMMA EC.16. Assume Pg. satisfies To(7). Let U, be defined in Example 4. Then with probability at

least 1 —e™?,
min sup Ep[(w x—u)*+aw x| = min sup Ep[(wTx—u)*+awTx|.
UER P, (P.Pp) <pn || <Un P2y (P.P,) <pn

Proof. Since the Wasserstein ball is weakly compact Yue et al. (2021), applying Sion’s minimax
theorem we have

min sup Ep [(wa —u)?+ awa] = sup min Ep [(wa —u)?+ awa]
UER Py (P.Py) <pp P:Wa (P,Pp) <pn U€

Observe that the minimizer of the inner minimization problem equals Ep[w " x]. Moreover,

Ep[w'x] < Ep, [w x] +[Iw[2WV1(P,Py) < BEp, [|Ix[l2] + Bon.

t

By Corollary 1, with probability at least 1 —e™7,

[t
Ep, [lIx]l2] < Epg [lIx]l2] + T

Thereby we complete the proof. m|

In the next two results, we compute the Rademacher complexities.
LEmMA EC.17. Under the setting of Example 4, it holds that

7

Eo[Ru({cfo: 0€0,0<c <LVl <N <4dy 77

Proof. We first prove the following result. Suppose ©, C {# = (w,ii) € R : ||6]l» < b}, where
b > 0. Define F={z+> (67z)?: # €©}. Then

1
b’Ep,, [llz]3]>

i

To see this, let {o;} be i.i.d. Rademacher random variables and 7' be i.i.d samples from P.. We have

Ee[R.(F)] <

1 n

E,| sup —Zai((GTzf’)z)
0e0, 121
sup — ZO',(GT ! }
0e0, 21
1

=Ey|= sup (097, ZO',Z"Z"T>]
n 06@;,
1

<Es|— sup ||99T||F||20'12"ZnT||F

o)y <p i=1

b
< X[EU[IIZ o2t e |-
i=1
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Hence, the result is proved by noticing that

1

Eo|( 1=t

E@(r

||Z<m" " <

1
< VnEpy, [llzl5]2.

It then follows that

Ee[Ru({cfo: 0€0,0<c <LV foll2llz, . o <r})]
=Eg[Ru({z—>c(072)*: 0€0,0<c <1,V Sfoll2ll3 .o <7})]
<Eg[Ra({zc(072)*: 0€0,0<c<1,4c%)|0ll5 <r})]
=Eo|R, ({2 (672)%: 0€0,0<c<1,4|16|5 <7})]

<Eo[a(fer (0707 0l < (£4))]

2 r
=t agn

where in the first equality, we have used the translation invariance property of Rademacher complexity,

and the second equality is due to a change of variable. m]

LEMMA EC.18. Let ® c R4*!. Define

G }
g B {Z I]EPU’LIE[(HTZ)Z] . 0 e @ ’

Assume there exists {, > 0 such that Covp,,[z] > {;I. Then

Eo[R,(9)] < {1

Proof. Let {0;}; bei.i.d. Rademacher random variables and z!' be i.i.d. samples from P.. We have

Ep [11211%]
e

(QT n)2
nR,.(G)=E,|su o
»(9) 9682 ’[Epm[sz)z]}
667
=F,|su (rz”z”T]
",968<Epm[<m 2]’ Z ‘
<E,|su ot ]
o eegllEPtme[(QT IlF - ||Z i lF

< §_[EU-

IIZ UlZ"Z"TIIF].
i=1

The result follows by noticing that

Es.o [”Z oizz nTHF

([E®[an" T2 )  (nEpy, (22 121)* = Vit(Ep [112141)2

O

In the next result, we relate the gradient norm || ||V fy |2 ||p,..,2 to its empirical estimate. To this end,
we need the following lemma.
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LEMMA EC.19. Let x7,...,x; be i.i.d. samples from Pirye. Assume Piye satisfies T1(7). Let t > 0. Then

with probability more than 1 — e,

max [|x7'll2 < Epy, [lIxll2] + V7 (2 +1ogn).

1<i<n

Proof. Since Py satisfies Ti(7), for every t > 0, Ep, . [exp (t(IIX||2 - [Eptme[”xllz]))] < exp(TT’Z),
(cf. (Wainwright 2019, Proof of Theorem 3.19)). By Jensen’s inequality,

exp (1E o | max 1x] [~ Ep, [xlla1]) < Eo [ exp (1(max [} s = Ep [I+l12])]

< > Epgee | e3P (t(I1X7 |2 = Epyee [l11121)) |
i=1

<nexp(TTt2).

Thus, using Markov’s inequality,

. . nexp(TF) -
Po maxiixtll = Eoy, [lrll] + f < inf " A= =nexp(~ ),
which completes the proof. m|

LEmMA EC.20. Under the setting of Example 4, let L,, =1 +Epx_[||x|l2] + /7(¢t +logn) and . Then there

true
—t

exists C > 0 such that with probability at least 1 —2¢77,

4 2
1 |y +2u5+1 t
19 follallp g2 < CHIV fola e 2 (1+ 5\ = 2=+ L35, ). veee.

Proof. We have
—_ Wfe@l2 |07z llzll2
go(2): <

IV folllPwes  Ep, [(672)2]3 ~ 1AV

Set B
80(z) =go(DHllzll2 < L,}, G:={go: 6€0O}.

Then by Lemma EC.19, with probability at least 1 —e™/, || go ”n% 5 =118e |||]% ,- According to the

proof of Corollary 6 and applying Lemma EC.6 on g4(z), with probability at least 1 — ¢/, whenever
2Eg[Rn(G)] + L2,/ < 1/2, it holds that

_ - = t
18012 < 180 e, 2 (1+2E0 [Ru (D] + L7y - ).

Hence, with probability at least 1 —2¢77,

_ < t
120 11pune.2 <1180 I, 2(1+ 2Ea [Ra (D] + L2 5-).
Moreover, since

sup Epy, [(072)%1{]1zlla > La}] sup Epye [(072)21{|Izll2 > Ln}]
0c0 Epye [(072)2] 0:110|b=1 Epye [(072)2]

1 2
S'I7CZEPHW[”Z”21{HZ”2>’L1}L
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there exists C > 0 such that

2
18012 02 _ . B [(672) 11l < L))

in = >1/C.
0€6 || 8o ”étrue,z 0€6 [Eptrue [(QTZ)Z]
Finally, we bound Eg[R,(G)]. Observe that
n Ve EIZ{IIZ] Nl < La}
E, supZO'i v 5
veo NV fel2 12,
_r Supz"] - IV £o(zDIE LN} 2 < L} sup 16113
rE=a 61l oco IV foll2 112,
<E SHPZHIU'(LTZ*’)ZI{IIZ*‘IIz <Ln}|- .

1 n
< ——Fo | sup D30i(07Z)P {1 2 < L)
ANE T 0lb=1 13

[ n
=Ego | sup (007, > 0z} "1{||z]'lla < Ln})
[ 16]12=1 P

n
sup > 0i(07 211z} |l2 < L}
lolb=1 1

[E®,a'

n
<Ego | sup 667 |lr - 112>} 0 1{llz}ll2 < Ln}Z?Z?TIIF]
l6]2=1 p)

1

n 2

<For |12 01l < Ln}z:fz:”n%]
i=1

<Eg

\ %

T2
Dl IIF‘
i=1

1
= ViEpy, [llzl312.

EC.4.4. Proofs for Section 5.2.2
The next two results are used for Example 6, which relies on the following lemma.

LEMMA EC.21 (CONTRACTION FOR VECTOR-VALUED FUNCTIONS). Let H be a family of m-dimensional
vector-valued functions on X c R¢. Let ¢ : R™ — R be an L,-Lipschitz continuous function. Denote by
CoH :={x—(h(x)): h=(h1,...,hy,) €H}. Then

V2L,

n

n

m
[E®’U-[Sllp Z(Tijhj(x?)],
heH =1 j=1

Ee[Ru(foH)] <

where o;;’s are i.i.d. Rademacher random variables. In particular, when H = {x > Wx: W e R"™4 WWT =

I}, we have
V2L \JmEp,,, [Ix]3]

Ee[Ra(foH)] < N7
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Proof. The first part is due to Maurer (2016, Corollary 4). For the second part, denote W' =
(W1,...,wpm), where w; e R? and ||w;ll2=1, j=1,...,m. We have that

m n

T n

sup > wj D> 0ix;
WWT=I j=1 i=1

m n
< sup > lwilla- 1 D] o 2
WWT=I j=1 i=1

Nl=

n
< V(11> ot 1)
i=1

n
< \m g
i=1

Thereby the second part of the result follows from the first part by noticing that

[E®[\/§nl||x?||§] < \/tE@,[i]nx;'ng] = ey B,

LEMMA EC.22. Under the setting in Example 6, it holds that

2d2Ep,. [|1x1I2]

n

Eg|[Rn({x > Wag(Wix) : WiW] =1, ||Wall2 < B})] < B\/

Proof. Applying Lemma EC.21 with H = {x = Wix: WiW] =1} and £(-) = Wa¢(-) yields the
result. m]

LEmMA EC.23. Under the setting in Example 6, it holds that

18 IV fo ()12 2L(Lhg +1)5[2d1Ep,, []1x]|3]
[EO',® ! <

HEPS PR

g; 3
vcon 5 VSl 12,

Proof. Observe that

1 IV fo(xp)II2 18 IV foe)lIZ
DT L KL YN PSR oL L

W21

[Eg’®[sup

4

-, sup—————
ocon I IV Sollll3 . o 00 M i3 W22 oco 11V foll I3 5
18 (Wap(Wix), y)* | W' (Wix) 5] 1
<Ero|SUp— > 0 2 g
fe0 N 137 ||W2||2 n<¢

Moreover, we have that

’ 2 W' (D15, 2 IWag' (1) 113

V(Wb (F), y)2 W20 DU propy o), yy2 W28 @1

<
- w2113 IW2113
’ 2 W2’ 13—, 2 [1W2¢' (1) I3
| Wagp’ (9) lI3=1I Wa o' (1) II3 ’ ’
< 1| PR DL (W (1), ) = (Wad0) )

< 2L%hg||7 —tll + 2LBHy||7 — t]]2.
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Since ||[Wyx||2 = Z;El llwjx||Z = da||x||2, it follows that V f has 2L(Lhg + Bhy)Vda-Lipschitz gradient.

Wae' () |I2

Applying Lemma EC.21 to H = {x > Wix: WiW] =1} and £(-) = I'(Wao(-))? I W we obtain
2

18 IVfoGII2 2d5Ep,.,. [[Ix]|2
Eoo SUP—ZGiM §2L(Lh¢,+Bhl)\/2Pt—[””2].
0e0 1 i= IW2ll3 n

Hence the proof is completed. m]
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