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Abstract
This paper is concerned with the inexact variable metric method for solving convex-constrained
optimization problems. At each iteration of this method, the search direction is obtained by inexactly
minimizing a strictly convex quadratic function over the closed convex feasible set. Here, we propose
a new inexactness criterion for the search direction subproblems. Under mild assumptions, we prove
that any accumulation point of the sequence generated by the new method is a stationary point of the
problem under consideration. In order to illustrate the practical advantages of the new approach, we
report some numerical experiments. In particular, we present an application where our concept of the
inexact solutions is quite appealing.
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Introduction
This paper considers the following convex-constrained optimization problem
min f (x),
x∈C

(1)

where f : Rn → R is a continuously differentiable function and C ⊆ Rn is a nonempty convex closed set.
Recall that x∗ is a stationary point of (1) iff h∇ f (x∗ ), y−x∗ i ≥ 0, for all y ∈ C. Owing to its efficiency and low
memory requirements, the spectral projected gradient (SPG) method proposed in [5] has been considered
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an efficient approach for solving large-scale convex-constrained optimization problems. Given an arbitrary
initial point x0 ∈ C, the SPG method generates a sequence of iterates by the rule
xk+1 = xk + αk dk ,

k ≥ 0,

(2)

where the stepsize αk is obtained by the nonmonotone line search strategies proposed in [19] and the search
direction dk is defined as
dk = PC (xk − (1/λk )∇ f (xk )) − xk ,
where PC denotes the orthogonal projection on C and λk is the Barzilai-Borwein scaling [4] defined by
λ0 ∈ [λmin , λmax ],

λk = min {λmax , max {λmin , ak /bk }} ,

(3)

with 0 < λmin < λmax , bk := hxk − xk−1 , xk − xk−1 i and ak := hxk − xk−1 , ∇ f (xk ) − ∇ f (xk−1 )i. The convergence results and/or numerical experiments illustrating the practical behavior of the SPG method were discussed in [5] and in many subsequent works including [3, 6, 8, 10, 21, 24, 25, 28, 15, 30, 31].
It is well-known that depending on the geometry of C, the orthogonal projection onto it neither has a
closed-form nor can be easily computed. For this reason, paper [7] (see also [2]) proposed an inexact version
of the SPG method in which approximate projections are allowed. Indeed, a more general approach, called
Inexact Variable Metric method (IVM), was proposed. It differs from the SPG method by the fact that the
search direction dk in (2) is computed such that xk + dk ∈ C and
Qk (dk ) ≤ ηQk (d¯k ),

(4)

where η ∈ (0, 1],
1
d¯k := argminxk +d∈C Qk (d) := hd, Bk di + h∇ f (xk ), di,
(5)
2
and Bk ∈ Rn×n is a suitable symmetric positive definite matrix. If Bk := λk I for every k ≥ 0, where λk is as
in (3), the inexact variable metric method corresponds to an inexact version of the SPG method. Note also
that if η = 1, the inexact variable metric method reduces to its exact version. It is not hard to verify that d¯k
in (5) is equivalent to d¯k = ȳk − xk , with
1
ȳk = argminy∈C qk (y) := hBk y, yi + h∇ f (xk ) − Bk xk , yi.
2

(6)

In its turn, ȳk in (6) is equivalent to
1
2
ȳk := argminy∈C ky − (xk − B−1
k ∇ f (xk ))kBk ,
2

(7)

where k · k2Bk := hBk ·, ·i. Therefore, dk in (4) can also be interpreted as an approximation of the search
direction d¯k of the projected (in the norm k · kBk ) quasi-Newton method.
At first sight, a drawback of the inexact criterion in (4) is that it requires the optimal value of the problem
2

in (5). It was presented in [2, 7] some applications in which it is possible to establish a sequence of lower
bounds Cl ≤ Qk (d¯k ) that converges to the value Qk (d¯k ) as l goes to infinity. Hence, criterion (4) is satisfied
when the verifiable condition Qk (dk ) ≤ ηCl holds. Specifically, by considering the inexact SPG method and
assuming that C is a finite intersection of closed and convex easy sets (i.e., where the orthogonal projection
onto each of them can be easily computed), paper [7] used a modification of the Dykstra projection method
(see [9]), which generates the desired sequence {Cl }, to inexactly solve the problem in (5). In [2], it was
assumed that C = {x ∈ Rn : Ax ≤ b}, where A ∈ Rm×n , and a dual approach was used to compute the
sequence {Cl }. The associated dual subproblems in the latter reference were solved by means of an activeset box-constraint quadratic optimizer with a proximal-point type unconstrained algorithm for minimization
within the current faces. It is not clear however how the strategies in [2, 7] can be employed or even how an
inexact direction satisfying (4) can be obtained for other complex feasible sets (where the projection cannot
be easily performed).
Therefore, the goal of this paper is to study an inexact variable metric method with a different inexactness criterion for the subproblems (6). We first present a concept of approximate solution for the problem
in (6), which does not require the knowledge of its optimal value. The new criterion can be verified by
finding the infimum of a linear function over the feasible set C. Such verification comes for free when
the conditional gradient method (Frank-Wolfe) [11, 12] is used to solve the problem in (6). Under mild
assumptions, we prove that any accumulation point of the sequence generated by the proposed method is a
stationary point of (1). In order to illustrate the practical advantages of the new approach, we report some
numerical experiments. In particular, we present an application where our concept of inexact solutions is
quite appealing.
The organization of the paper is as follows. Section 2 presents our concept of approximate solution of
the problem in (6) and the associated inexact variable metric method. The global convergence of the method
is also discussed in Section 2. Some numerical experiments of the proposed method are presented in Section 3 and final remarks are given in Section 4.
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The inexact variable metric method and its convergence analysis

In this section, we propose and study an inexact variable metric method for solving (1). Basically, the
method differs from the one studied in [2, 7] by using a different inaccuracy criterion for the search direction
subproblems.
Let B be the set of n × n symmetric positive definite matrices such that
kBk ≤ L

and

kB−1 k ≤ L,

(8)

where L > 1 and k.k is a sub-multiplicative matrix norm. Note that B is a compact set of Rn×n . Consider
also the inner product on Rn defined by hx, ziB = hx, Bzi, where B ∈ B and h., .i denotes the usual inner
product. Notice that the corresponding induced norm k.kB is equivalent to the Euclidean norm on Rn , since
3

the following inequalities hold
1
kxk2 ≤ kxk2B ≤ kBkkxk2 .
kB−1 k

(9)

We next define our concept of approximate solution for (6).
Definition 1. Given B ∈ B, x ∈ C and ε ≥ 0, we say that ỹB (x) is an ε–approximate solution for the problem
1
min q(y) := hBy, yi + h∇ f (x) − Bx, yi
y∈C
2

(10)

iff
ỹB (x) ∈ C

and

hB(x − ỹB (x)) − ∇ f (x), y − ỹB (x)i ≤ ε,

∀ y ∈ C.

(11)

Remark 1. Since in (10) we are minimizing a strictly convex quadratic function over a convex set, condition (11) is a natural condition for an approximate solution. Indeed, the optimality condition for (10) is
h∇q(ȳ), y − ȳi ≥ 0, ∀y ∈ C. Hence, one could define an approximate solution as ỹ ∈ C such that h∇q(ỹ), y −
ỹi ≥ −ε, ∀y ∈ C, which coincides with (11).
Note that, if ỹB (x) is a zero–approximate solution, then h∇q(ỹB (x)), y − ỹB (x)i ≥ 0, for all y ∈ C, which
in turn implies that ỹB (x) is the unique exact solution of (10). We will denote this exact solution by yB (x).
Since yB (x) ∈ C and ỹB (x) ∈ C, for B ∈ B, x ∈ Rn and ε ≥ 0, it follows from Definition 1 that
hBỹB (x) − Bx + ∇ f (x), ỹB (x) − yB (x)i ≤ ε,

hBx − ∇ f (x) − ByB (x), ỹB (x) − yB (x)i ≤ 0.

By adding the last two inequalities, we obtain the following relationship between yB and ỹB :
√
kỹB (x) − yB (x)kB ≤ ε.

(12)

Moreover, since problem (10) can be rewritten, unless constant terms, as
1
min ky − (x − B−1 ∇ f (x))k2B ,
y∈C 2

(13)

and (11) is equivalent to
hx − B−1 ∇ f (x) − ỹB (x), y − ỹB (x)iB ≤ ε,

∀ y ∈ C,

where ỹB (x) ∈ C, we can say that ỹB (x) is an approximate projection (in the norm k · kB ) of an unconstrained
quasi-Newton step.
We emphasize that our criterion can be easily checked when, for example, C is bounded and the conditional gradient method [11] is used to solve (10). The conditional gradient (CondG) method, also known
as Frank-Wolfe method [12], is designed to solve the convex optimization problem minx∈Ω h(x), where Ω
is a nonempty compact convex set and h is a differentiable convex function. Given z j−1 ∈ Ω, its j-th step
4

first finds z̄ j as a minimum of the linear function h∇h(z j−1 ), ·i over Ω and then set z j = (1 − α j )z j−1 + α j z̄ j
for some α j ∈ [0, 1]. Its major distinguishing feature compared to other first-order algorithms such as the
projected gradient (or accelerated gradient) method is that it replaces the usual projection onto Ω by a linear oracle which computes z̄ j as above. Since, for some relevant cases of Ω (for example, when Ω is the
spectrahedron; see Section 3.2), the latter operation is considerably cheaper than the first one, the CondG
method is competitive with first-order projection methods and it has recently re-gained attention in different
application areas (see, e.g., [13, 23]). If we apply the CondG method to (10), then z̄ j is a solution of the
subproblem
min hB(z j−1 − x) + ∇ f (x), z − z j−1 i,
(14)
s.t. z ∈ C
and, hence, if the CondG iterations are stopped when
hB(z j−1 − x) + ∇ f (x), z̄ j − z j−1 i ≥ −ε,

(15)

then condition (11) holds with ỹB (x) = z j−1 .
We next discuss a way to use the CondG method to obtain an approximate solution for (10) when the
diameter of C is very large or even when C is unbounded. Note that the exact solution yB (x) of (10) satisfies
hB(x − yB (x)) − ∇ f (x), x − yB (x)i ≤ 0,
which, combined with Cauchy-Schwarz inequality yields
kx − yB (x)k2B ≤ h∇ f (x), x − yB (x)i ≤ k∇ f (x)kkx − yB (x)k.
It follows from the last inequality and (9) that
kx − yB (x)k ≤ kB−1 kk∇ f (x)k,

which implies that the ball B x, kB−1 kk∇ f (x)k contains the (unknown) exact solution yB (x) of (10). There
fore, one can apply the conditional gradient method to (10) with C replaced by C ∩ B x, kB−1 kk∇ f (x)k in
order to obtain a point ỹB (x) satisfying

ỹB (x) ∈ C, hB(x − ỹB (x)) − ∇ f (x), y − ỹB (x)i ≤ ε, ∀ y ∈ C ∩ B x, kB−1 kk∇ f (x)k .
(16)

It can be proven, using that the function q(y) in (10) is strongly convex and yB (x) ∈ C ∩ B x, kB−1 kk∇ f (x)k ,
that if ε = 0 in the last inequality, then ỹB (x) = yB (x). Therefore, we claim that the well-definiteness as well
as the convergence results of the proposed algorithm can also be shown if (11) is replaced by (16).
We also mention that other iterative methods can take place to obtain an ε–approximate solution for (10),
being enough to solve periodically, or at each iteration j, the linear subproblem (14) to test our criterion:
unboundness of the linear subproblem implies that the criterion does not hold.
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We are now able to formally describe the inexact method for solving (1).
Algorithm 1 (New IVM) Given x0 ∈ C, B0 ∈ B, τ ∈ (0, 1), an integer M ≥ 1 and {θk } ⊂ [0, ∞).
For k = 0, 1, 2, . . . do
1. (Inexact search direction) Compute dk = ỹBk (xk ) − xk , where ỹBk (xk ) ∈ C and
hBk (xk − ỹBk (xk )) − ∇ f (xk ), y − ỹBk (xk )i ≤ εk := θ2k kỹBk (xk ) − xk k2Bk ,

∀ y ∈ C,

(17)

i.e., ỹBk (xk ) is an εk –approximate solution of (6).
2. (Termination Criterion) If kdk k = 0, then stop.
3. (Backtracking) Define fmax = max{ f (xk− j ); 0 ≤ j ≤ min{k, M − 1}}. Set α ← 1.
3.1. If
f (xk + αdk ) ≤ fmax + ταh∇ f (xk ), dk i,

(18)

then αk = α, xk+1 = xk + αdk , and go to Step 4. Otherwise, set α ← α/2 and go to Step 3.1.
4. (Update of the Hessian approximation) Form a matrix Bk+1 ∈ B.
Remark 2. (i) If dk = 0, then ỹBk (xk ) = xk . Hence, it follows from (17) that
h∇ f (xk ), y − xk i ≥ 0,

∀y ∈ C,

i.e., xk ∈ C is a stationary point of (1). Conversely, if xk is a stationary point of (1), then it follows from (17)
with y = xk and the optimality condition that ỹBk (xk ) = xk . (ii) Notice that Step 1 is well-defined because
the exact solution of (6) clearly satisfies (17). Nevertheless, iterative methods can be used to obtain an
approximate solution of (6) such that condition (17) holds. If the conditional gradient is employed, for
example, the stopping criterion (15) now reads
hBk (z j−1 − xk ) + ∇ f (xk ), z̄ j − z j−1 i ≥ −θ2k kz j−1 − xk k2Bk .

(19)

From item (i) in this remark, we observe that if z j−1 = xk , then
∀z ∈ C : h∇ f (xk ), z − xk i = h∇ f (xk ), z − z j−1 i ≥ h∇ f (xk ), z̄ j − z j−1 i ≥ 0,
showing that z j−1 is stationary for the original problem. (iii) If θk = 0 in (17), we obtain that ỹBk (xk ) is the
unique exact solution of the problem (6) and then, the inexact variable metric method reduces to its exact
version. Additionally, if Bk := λk I for every k ≥ 0, where λk is as in (3), the inexact variable metric method
corresponds to the inexact SPG method. (iv) As it will be proven later, the search directions generated by
Algorithm 1 are descent directions, which will imply that the backtracking process given in step 3 is well6

defined. (v) There are different choices for, or ways to build, the matrix Bk . For example, Bk can be the
Hessian of function f if it is positive definite or a modification of it in order to guarantee the positiveness of
the approximation. The approximate Bk can be a specific multiple of the identity matrix such as the spectral
choice in [5, 7].
In order to investigate the global convergence of the method, we need to establish some properties of its
search directions.
Proposition 1. Assume that the sequence {θk } satisfies θk ≤ θ̄ for all k ≥ 0, where θ̄ ∈ [0, 1). Then, for
every k ≥ 0, we have
hdk , ∇ f (xk )i ≤ −(1 − θ̄2 )Lkdk k2
(20)
and

1
L
kyBk (xk ) − xk k ≤ kdk k ≤
k∇ f (xk )k,
(1 + θ̄)L
1 − θ̄2

(21)

where yBk (xk ) is the exact solution of the problem (6).
Proof. Since dk = ỹBk (xk ) − xk , from (17) with y = xk , we have
h∇ f (xk ), dk i ≤ (θ2k − 1)kdk k2Bk ,

(22)

which, combined with the fact that θk ≤ θ̄ < 1 for all k ≥ 0, (8) and (9), yields
h∇ f (xk ), dk i ≤ −(1 − θ̄2 )Lkdk k2 .
Thus, (20) is proved. It follows from (22) and the Cauchy-Schwarz inequality that
(1 − θ2k )kdk k2Bk ≤ −h∇ f (xk ), dk i ≤ k∇ f (xk )kkdk k.
Hence, the second inequality in (21) now follows from (8), (9) and the fact that θk ≤ θ̄ < 1 for all k ≥ 0.
Now, from (9) and the triangle inequality, we obtain
1/2
kyBk (xk ) − xk kBk
kyBk (xk ) − xk k ≤ kB−1
k k
1/2
1/2
≤ kB−1
kyBk (xk ) − ỹBk (xk )kBk + kB−1
kỹBk (xk ) − xk kBk
k k
k k
−1 1/2 √
≤ kBk k [ εk + kdk kBk ],

where last inequality is due to (12) and dk = ỹBk (xk ) − xk . Since εk = θ2k kdk k2Bk (see Step 1 of the Algorithm 1), it follows from the last inequality that
1/2
kyBk (xk ) − xk k ≤ (1 + θk )kB−1
kdk kBk .
k k

Therefore, the first inequality in (21) now follows from (8), (9) and the fact that θk ≤ θ̄ for all k ≥ 0.
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We next establish the global convergence of the Algorithm 1.
Theorem 2. Assume that the level set C0 := {x ∈ C : f (x) ≤ f (x0 )} is bounded and the sequence {θk }
satisfies θk ≤ θ̄ for all k ≥ 0, where θ̄ ∈ [0, 1). Then, either the Algorithm 1 stops at some stationary point
xk , or every limit point of the generated sequence is stationary.
Proof. If Algorithm 1 stops at a point xk , then dk = 0. Hence, ỹBk (xk ) = xk and it follows from (17) that
h∇ f (xk ), y − xk i ≥ 0,

∀y ∈ C,

i.e., xk is a stationary point of (1). If dk 6= 0, for every k ≥ 0, it follows from (20) that dk is a descent direction.
So, the backtracking process given in step 3 is well-defined, and, as a consequence, the Algorithm 1 is also
well-defined. Our goal is now to show that every limit point of the {xk } is a stationary point of (1). Let l(k)
be an integer such that k − min{k, M − 1} ≤ l(k) ≤ k and
f (xl(k) ) =

max
0≤ j≤min{k,M−1}

f (xk− j ).

Using the first part of the proof of the theorem in [19] with m(k) := min{k, M − 1} (note that this choice
of m(k) satisfies the conditions of the mentioned theorem), it can be shown that { f (xl(k) )} is monotonically
nonincreasing, and from the boundness of C0 we have that { f (xl(k) )} admits a limit for k → ∞. From (18),
it follows, for k > M − 1, that
f (xl(k) ) ≤ f (xl(l(k)−1) ) + τα(l(k)−1) h∇ f (x(l(k)−1) ), d(l(k)−1) i.

(23)

Now, since α(l(k)−1) > 0 and h∇ f (x(l(k)−1) )), d(l(k)−1) i < 0, by taking limits in (23), it follows that
lim α(l(k)−1) h∇ f (x(l(k)−1) ), d(l(k)−1) i = 0.

k→∞

Moreover, from (20) and (21), we conclude that
lim α(l(k)−1) kyB(l(k)−1) (x(l(k)−1) ) − x(l(k)−1) k2 = 0,

k→∞

and following the idea in the proof of in the theorem of [19], we can write
lim αk kyBk (xk ) − xk k2 = 0.

(24)

k→∞

Let x∗ ∈ C be a limit point of {xk }. Relabel {xk } a subsequence converging to x∗ . From (24), there exists a
subsequence of indices K1 ⊂ K such that: (i) lim kyBk (xk ) − xk k = 0 or (ii) lim αk = 0.
k∈K1

k∈K1

(i) By the compactness of B we can extract a subsequence of indices such K2 ⊂ K1 such that
lim Bk = B∗ ∈ B.

k∈K2
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Hence, we obtain, by continuity of yB (x) (see Lemma 3 in the appendix), that kyB∗ (x∗ ) − x∗ k = 0, or equivalently, yB∗ (x∗ ) = x∗ , which, from the definition yB∗ (x∗ ) (see Definition 1), implies that
h∇ f (x∗ ), y − x∗ i ≥ 0,

∀y ∈ C,

i.e., x∗ is a stationary point of (1).
(ii) Let αk be the step chosen in the Step 3.2 such that αk = ᾱk /2, where ᾱk was the last step that failed in
(18), i.e.
f (xk + ᾱk dk ) >

max
0≤ j≤min{k,M−1}

f (xk− j ) + τᾱk h∇ f (xk ), dk i ≥ f (xk ) + τᾱk h∇ f (xk ), dk i.

(25)

Now define sk = ᾱk dk . By the mean value theorem, there exists µk ∈ [0, 1] such that the relation in (25) can
be written as
h∇ f (xk + µk sk ), sk i = f (xk + sk ) − f (xk ) > τh∇ f (xk ), sk i.

(26)

On the other hand, as {xk } is bounded and f has continuous derivatives, we have, by (21), that {dk } is
bounded. Thus, since sk = 2αk dk , and limk∈K1 αk = 0, we obtain that sk goes to zero as k ∈ K1 goes to
infinity. So, from (26), we have
h∇ f (xk + µk sk ),

sk
sk
i > τh∇ f (xk ),
i.
ksk k
ksk k

(27)

By taking limit in the last inequality as k ∈ K3 goes to infinity, where K3 ⊂ K1 is such that limk∈K3 {sk /ksk k}
converges to s, we obtain (1 − τ)h∇ f (x∗ ), si ≥ 0. Since (1 − τ) > 0, we have
h∇ f (x∗ ), si ≥ 0.

(28)

Now, as dk is a descent direction for f at xk (see (20)) and sk = ᾱk dk , we find
h∇ f (xk ),

sk
i < 0.
ksk k

Hence, h∇ f (x∗ ), si ≤ 0, which, combined with (28), implies that h∇ f (x∗ ), si = 0. Using (20), (21) and the
definition of sk , we have
h∇ f (xk ),

sk
i ≤ −(1 − θ̄2 )Lkdk k ≤ −(1 − θ̄)kyBk (xk ) − xk k.
ksk k

By the compactness of B we can extract a subsequence of indices such K4 ⊂ K3 such that limk∈K4 Bk = B∗ ∈
B. Therefore, by taking limit in the last inequality as k ∈ K4 goes to infinity, we have
0 = (1 + θ̄)Lh∇ f (x∗ ), si ≤ −(1 − θ̄)kyB∗ (x∗ ) − x∗ k.
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Since θ̄ < 1, we obtain yB∗ (x∗ ) = x∗ , which, from the definition yB∗ (x∗ ) (see Definition 1), implies that x∗ is
a stationary point of (1).

3

Numerical experiments

We split the numerical experiments in two sets. First, in Section 3.1, where polyhedral feasible sets
C = {x ∈ Rn : Ax ≤ b} are considered, we aim to evaluate the impact of the new inexactness criterion
(17) of Algorithm 1 in comparison with the criterion (4) used in the Inexact SPG (ISPG) of [2]. Then,
in Section 3.2, we consider a feasible set for which the use of inexact variable metric methods is quite
appealing (because the cost of an exact solution of (6) is prohibitive) and we show that Algorithm 1 achieves
good results with respect to its exact counterpart and an off-the-shelf solver.
All experiments were carried out in Matlab R2018b, in a laptop running Mac OS X 10.13.6, with 8GB
of RAM and 1.8 Ghz Intel Core i5 processor.
We implemented Algorithm 1 with the following parameters: τ = 10−4 , λmin = 10−10 , λmax = 1010 and
θk = θ̄ = 0.9995.

3.1

Polyhedral feasible set

In order to put in perspective the new inexactness criterion (17) with the previously proposed criterion
(4), we consider a subset of the linearly constrained problems from the CUTEr collection [18] used in [2,
Table 2] and compare the results with those obtained by Algorithm 1.
As in [2], the tolerance in the stopping criterion kdk k < ε was set to ε = 10−6 . For this set of experiments,
we considered the variant of Algorithm 1 with Bk = λk I, with λk as in (3) (and λ0 = 1).
Since the feasible set C = {x ∈ Rn : Ax ≤ b} is described by linear inequality constraints, the IVM
subproblems (10) are in fact (strictly convex) quadratic programming problems. Bound constraints were
treated as ordinary inequality constraints. The subproblems (10) were solved by using a variant of the
Frank-Wolfe algorithm including away-steps [20] whose subproblems (see Eq. (14)) were solved by the
Matlab linear programming solver linprog. In order to handle problems with unbounded C, we have
included an additional constraint corresponding to the ball of (16) in infinity norm, so that the subproblems
(14) are well-defined.
Table 1 presents the number of variables n, number of original inequality constraints m, the number of
outer (OUTIT) and inner (INNIT) iterations required by each method and the optimal value f (x∗ ) found
by Algorithm 1. The values in Table 1 for ISPG were collected from Table 2 in [2]. From these figures,
we observe that Algorithm 1 requires less outer iterations, also reducing the number of inner iterations in
9 out of 14 problems. For some problems, fewer outer iterations came at the cost of more inner iterations.
We remark that the problems SIPOW (see [26] for details) are in fact linear programming problems that
would be solved in a single (outer) iteration by Algorithm 1 if λ0 = 0. Nevertheless, we also observe a better
performance of Algorithm 1 for problems where the solution is an extreme point of the feasible polyhedron,
as in HS24, HS36 and HS44NEW.
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Problem
HS24
HS35
HS35I
HS36
HS37
HS44NEW
HS76
HS76I
SIPOW1
SIPOW1M
SIPOW2
SIPOW2M
SIPOW3
SIPOW4

n
2
3
3
3
3
4
4
4
2
2
2
2
4
4

m
3
1
1
1
2
6
3
3
2000
2000
2000
2000
2000
2000

ISPG [2]
OUTIT INNIT
11
17
17
15
17
15
12
30
28
35
13
29
14
19
14
19
15
641
13
656
11
349
12
323
11
1355
11
1398

Algorithm 1
OUTIT INNIT
7
8
12
22
12
22
1
2
14
67
4
9
8
66
8
66
2
3
2
3
2
3
2
3
2
3
2
4

f (x∗ )
-1.000
0.1111
0.1111
-3300.
-3456
-15
-4.6818
-4.6818
-1
-1.0000
-1
-1.0000
0.5346
0.2724

Table 1: Comparison of ISPG [2] and Algorithm 1 on CUTEr problems

3.2

Least squares on the spectrahedron
In this section, we consider the least squares problem over the spectrahedron:
minn

X∈S

s.t.

1
kAX − Zk2F
2
tr(X) = 1

(29)

X  0,
where A, Z ∈ Rm×n , with m > n, Sn denotes the vector space of symmetric matrices of order n equipped
with the trace inner product hX,Y i = tr(XY ) and induced norm kXk2F = hX, Xi, and X  0 means that X is
positive semidefinite.
Problem (29) is related to important applications in many areas. For example, in nonlinear optimization,
it can be used to estimate positive definite approximations for the inverse Hessian in quasi-Newton methods,
whereas in structural analysis it can be used to estimate the compliance matrix of an elastic structure (see
[29] for details).
Clearly, the feasible set C = {X ∈ Sn : tr(X) = 1, X  0} is convex and compact whereas the objective
function of (29) is strictly convex, provided rank(A) = n.
We remark that, for this feasible set, the computation of the exact orthogonal projection1 of a point
Y ∈ Sn onto C requires the full eigendecomposition of Y which is prohibitive for large values of n (for
1 with

respect to the Frobenius norm
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details, see [22, 16]). Since the projection problem is equivalent to (13) when B is a positive multiple of
the identity, and (13) in its turn is equivalent to (10) for any positive definite B, we expect that the cost
of solving (10) exactly becomes also prohibitive for large dimensions. Therefore, it seems reasonable to
consider inexact variable metric methods in this case.
Since C is neither polyhedral nor a finite intersection of easy convex sets, the approaches in [2, 7] are
not directly applicable.
On the other hand, if an ε-approximate solution of (10) is allowed (in the sense of (11)), one could employ, for example, the Frank-Wolfe algorithm [12] whose iteration cost is dictated by an extreme eigenpair
computation when C is the spectrahedron (see [17] and references therein). If only a few Frank-Wolfe iterations are required to achieve (11), then overall savings, in terms of computational effort, may be considerable
when running variants of Algorithm 1.
To numerically investigate this claim, we consider random instances of problem (29) and compare the
performance of variants of Algorithm 1 with SPG using exact projections [16] and an interior point method
[27].
The first group of problems consists of dense small problems with n < m ≤ 1000. The matrices A were
randomly generated with entries sampled from a uniform distribution in the interval [0, 1]. Then, given a
positive integer q, we build a symmetric matrix X̃ with q eigenvalues equal to 1/q, one equal to −1, and all
others equal to zero. Finally, we set Z = AX̃. In general, this procedure results in nonzero residue problems.
For this group of problems, we consider two variants of Algorithm 1, namely, “Inexact Newton” where
Bk = AT A and “Inexact SPG” where Bk = λk I, with λk as in (3), and compare them with the off-the-shelf
solver QSDP [27] which implements an interior point method for convex quadratic semidefinite programming problems.
Since the classic Frank-Wolfe is known for its slow O(1/ε) convergence [14], we consider a variant of
the conditional gradient proposed in [1], that we shall call FW-p. FW-p is specialized for the spectrahedron
and, by exploiting an estimate of the solution rank p, achieves O(κ log(1/ε)) convergence rate, where κ is
the condition number2 of the subproblem (10). This scheme fits well the Inexact SPG because Bk = λk I
implies in κ = 1. Preliminary experiments revealed that it also works fine with Inexact Newton as long as
Bk remains well-conditioned. Therefore, we adopt FW-p in our inexact methods except for Inexact Newton
in the first group of problems (which contains some ill-conditioned ones) for which we use the classic
Frank-Wolfe and limit the number of inner iterations to 500.
The tolerance in the stopping criterion kdk k < ε was set to ε = 10−3 , as well as the tolerance for the
duality gap in QSDP.
Concerning the parameter M of the nonmonotone line-search, we observed in preliminary numerical
experiments that the full-step (αk = 1) was always accepted in the “Inexact Newton”, so we kept M = 1 for
this variant. For the “Inexact SPG”, we did not observe a pronounced improvement for M = 5 or M = 10
for this test set, thus we decided to go on with the monotone line-search (M = 1).
For each problem, we consider 3 starting points given by X0 (γ) = (1 − γ)(1/n)I + γX̂, where X̂ = e1 eT1
2 Assuming

that the convex function q is α-strongly convex and β-smooth, the corresponding condition number is given by
κ = β/α. See [1] for details.
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n
10

m
100

q
4

50

200

4

50

200

10

100

400

5

200

800

5

200

800

20

400

1000

5

γ
0
0.5
0.99
0
0.5
0.99
0
0.5
0.99
0
0.5
0.99
0
0.5
0.99
0
0.5
0.99
0
0.5
0.99

it.
9
9
9
16
16
16
14
14
14
18
18
18
23
23
23
20
20
20
28
28
28

QSDP
time
1.24
0.67
0.55
2.54
1.98
1.54
1.54
1.43
1.30
4.11
3.23
3.07
11.04
11.31
11.38
10.53
8.84
8.83
74.01
72.10
73.05

f (Xk )
9.13
9.13
9.13
16.51
16.51
16.51
16.70
16.70
16.70
29.07
29.07
29.07
53.02
53.02
53.02
52.60
52.60
52.60
65.31
65.31
65.31

Inexact Newton
it. time f (Xk )
7
1.57
9.14
7
0.96
9.14
7
0.91
9.14
8
4.75 16.52
8
3.68 16.52
9
3.74 16.52
10 6.29 16.71
11 5.64 16.71
11 5.15 16.71
8
6.27 29.07
9
6.17 29.07
10 6.12 29.07
10 13.84 53.04
10 12.68 53.04
11 12.81 53.04
15 26.33 52.62
15 24.86 52.62
16 25.12 52.62
10 41.39 65.35
11 43.76 65.34
11 40.70 65.34

Inexact SPG
it time f (Xk )
12 0.23 9.13
17 0.21 9.13
16 0.18 9.13
38 0.70 16.51
34 0.57 16.51
44 0.72 16.51
28 0.56 16.70
34 0.57 16.71
48 0.78 16.70
42 0.93 29.04
54 1.03 29.06
55 1.17 29.07
74 2.72 53.01
48 2.21 53.20
54 2.16 53.11
34 1.08 52.64
37 1.75 53.03
46 1.83 53.06
43 4.57 66.28
60 8.65 66.14
71 9.13 66.19

Table 2: Numerical results for dense small problems.
(e1 is the first canonical vector) and γ ∈ {0, 0.5, 0.99}.
Table 2 brings the number of iterations, running time in seconds, and the achieved objective value
f (Xk ). The smallest running time for each problem is highlighted in bold. From these results, we observe
that the Inexact SPG variant of Algorithm 1 provides a non-negligible speed-up with respect to QSDP in all
problems. We point out that the number of inner iterations of ISPG was less than 50 in all problems. For
Inexact Newton (IN), the times were greater than QSDP in all problems but the last. We also notice that the
maximum number of 500 inner iterations was reached in the final iterations of IN for all problems.
We remark that the approximate optimal values do not match in some problems: a consequence of
different stopping criteria. Nevertheless, due to the speed-up of ISPG, we can afford to be more restrictive
in the stopping criterion. For example, if we decrease the tolerance of Inexact SPG to ε = 10−4 in the
problem defined by n = 400, m = 1000, q = 5 and γ = 0, it obtains f (Xk ) = 65.28 after 96 iterations in 12
seconds.
In the second group of problems, we consider sparse matrices with dimensions m > n ≥ 1000. The
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matrix A was build using the command sprand(m,n,1e-4) from Matlab, and X̃ = QDQT , where Q is the
product of a few Givens rotation matrices and D is a diagonal matrix with q entries equal to one and all
others equal to zero. This ensures that Z = AX̃ is also sparse.
For this second test set, the interior point solver QSDP was left out of comparison due to excessively
high running times. We replace it by a version of SPG where the projection is computed “exactly” as in
[16]. This version is referred in Table 3 as “Exact SPG”.
From Table 3, we observe that the Inexact SPG surpassed SPG with exact projections in the majority of
problems. Inexact Newton also shows a good performance and becomes faster than Exact SPG as n and m
increases.

4

Final remark

We proposed an inexact variable metric method (IVM), with a new inexactness criterion for its subproblems, for solving convex-constrained optimization problems. When necessary, such inexact solutions of the
subproblems can be obtained by using suitable iterative algorithms; for example, the conditional gradient
method (Frank-Wolfe) [11, 12] and its variants. Under mild assumptions, we proved that any accumulation
point of the sequence generated by the proposed method is a stationary point of (1). Preliminary numerical
experiments showed that the new algorithm works well and compares favorably with a previous IVM on linearly constrained problems, and with its exact version and the interior point method in [27] for semidefinite
least squares problems.
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A

Auxiliary lemma

Lemma 3. The exact solution yB (x) of (10) is a continuous function of B ∈ B and x ∈ C.
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Proof. Let x, z ∈ C and B, D ∈ B. It follows from Definition (1) that
hB(yB (x) − x) + ∇ f (x), yB (z) − yB (x)i ≥ 0,
hB(yB (z) − z) + ∇ f (z), yB (x) − yB (z)i ≥ 0.
Summing the above inequalities
hB(yB (x) − yB (z)) − B(x − z) + ∇ f (x) − ∇ f (z), yB (z) − yB (x)i ≥ 0,
and after some manipulation
−kyB (z) − yB (x)k2B + hB(z − x), yB (z) − yB (x)i + h∇ f (x) − ∇ f (z), yB (z) − yB (x)i ≥ 0.
Then,
1
kyB (z) − yB (x)k2 ≤ (kBkkz − xk + k∇ f (x) − ∇ f (z)k) kyB (z) − yB (x)k,
kB−1 k
where in the left hand side we used (9) and on the right hand side we used Cauchy-Schwarz inequality and
consistency of matrix norm.
Supposing yB (z) 6= yB (x), from the above inequality and Eq. (8), we arrive at
kyB (z) − yB (x)k ≤ L (Lkz − xk + k∇ f (x) − ∇ f (z)k) .

(30)

Since inequality (30) is also valid when yB (z) = yB (x), x, z and B were taken arbitrarily, the inequality is
valid for all x, z ∈ C and B ∈ B.
Now, again from Definition (1), we have in particular
hB(yB (z) − z) + ∇ f (z), yD (z) − yB (z)i ≥ 0,
hD(yD (z) − z) + ∇ f (z), yB (z) − yD (z)i ≥ 0.
Summing the above inequalities yields
hByB (z) − Bz + Dz − DyD (z), yD (z) − yB (z)i ≥ 0,
or, equivalently (after some manipulation),
hB(yB (z) − yD (z)) + (D − B)(z − yD (z)), yD (z) − yB (z)i ≥ 0.
The above inequality leads to
kyD (z) − yB (z)k2B ≤ h(D − B)(z − yD (z)), yD (z) − yB (z)i.
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Assuming yD (z) 6= yB (z), invoking (9) and the Cauchy-Schwarz inequality, we obtain
kyD (z) − yB (z)k ≤ kB−1 kkz − yD (z)kkD − Bk ≤ Lkz − yD (z)kkD − Bk,

(31)

where the last inequality follows from (8). On the other hand, from Definition (1), we also have
hD(yD (z) − z) + ∇ f (z), z − yD (z)i ≥ 0,
or, equivalently,
1
kz − yD (z)k ≤ kz − yD (z)kD ≤ k∇ f (z)k ≤ k∇ f (x)k + k∇ f (x) − ∇ f (z)k.
kD−1 k
Combining the last inequality with (31) and Eq. (8), we obtain
kyD (z) − yB (z)k ≤ kB−1 kkz − yD (z)kkD − Bk ≤ L2 (k∇ f (x)k + k∇ f (x) − ∇ f (z)k) kD − Bk,

(32)

Since (32) also holds when yD (z) = yB (z), and because z, B, D were chosen arbitrarily, we conclude that it is
valid for all z ∈ C and B, D ∈ B.
Finally, using (30), (32) and the triangle inequality, we find
kyB (x) − yD (z)k ≤ kyB (x) − yB (z)k + kyB (z) − yD (z)k
≤ L2 kz − xk + L(1 + LkD − Bk)k∇ f (x) − ∇ f (z)k + L2 k∇ f (x)kkD − Bk,
which, combined with the fact that ∇ f is continuous and B is compact, implies that yB (x) is continuous as a
function of x ∈ C and B ∈ B.
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