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Abstract In supply chain optimization multiple objectives are considered simultaneously, for
example to increase resilience and reduce costs. In this paper we discuss the corresponding
bicriteria problems to find a good balance between these two objectives. We give a general
model for supply chain resilience that integrates strategic decisions with the operational level.
This modular model allows the flexible combination of various constraints, objectives and
different types of uncertainties. We treat uncertainties with a scenario-based approach.

The resulting models have continuous and discrete decision variables. The computation
of the Pareto frontier for these large-scale bicriteria mixed-integer problems creates a compu-
tational challenge. We illustrate and use the novel Adaptive Patch Approximation algorithm
to efficiently compute approximations of the Pareto frontier.

After presenting the theoretical advantages of the algorithm we compute the Pareto fron-
tier of several supply chain problems. Our analysis of the different shapes of Pareto frontiers
illustrates the characteristics of different types of bicriteria problems as well as the relevant
impact on decision makers.
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1 Challenges of optimizing supply chains

Due to changes in the economic environment there is a constant need for adapting and op-
timizing the supply chain to new circumstances. A reconsideration of existing supply chains
can for example be triggered by the ending of contracts, uncovered problems relating to qual-
ity and security in the supply chain or changes in demand. Supply chain optimization based
on mathematical models is essential to improve the performance of the supply chain in such
situations while fulfilling the constraints imposed by the previous configuration, guidelines
or other limits, The most prominent goals are the improvement of the resilience of the supply
chain and the reduction of costs.

The classical objective of minimizing the cost of operating a supply chain can be modeled
as a network flow problem. Apart from procurement costs that correspond to continuous
variables, in many cases also the organizational efforts have to be considered. For example
activating a supplier might incur a fixed cost required for its setup. In the mathematical model,
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the decision to activate a supplier is represented with a discrete variable. In total, we are thus
dealing with a mixed-integer problem (MIP).

Improving the resilience of a supply chain, i.e. the ability of a supply chain to adapt to
major changes, is a second important objective. We model resilience by considering a set of
possible scenarios in which a major deviation from the expected situation occurs, for example
the long-term disruption of a supplier. For each such scenario we allow a reaction in form of
a mitigation flow in the supply chain that decreases the impact of the deviation. The resulting
impact in each scenario can be aggregated to a single quantity that measures the resilience
of the supply chain: its ability to react to changes. We integrate two possible choices for this
modeling of risks. Following the robust approach, we consider the worst-case impact among
all scenarios. In the stochastic approach an average of the scenarios weighted according to the
estimates probabilities is taken. In this way we can optimize the decision on a strategic level
such that appropriate reactions on the operational level are enabled in case of a significant
deviation.

As discussed above there are several, often conflicting objectives like costs and resilience
in supply chain optimization. Thus it is important to identify all possible trade-offs. Since
there exist often different views on the relative importance of these different objectives due
for example to differing risk-taking attitudes, the whole range of possible trade-offs should
be available to a decision maker. This gives rise to a bicriteria optimization problem that
aims to compute a Pareto frontier of reachable optimal trade-offs, as shown in
While eliminating solutions that are clearly worse with respect to both objectives, the Pareto
frontier does not assume any priorities between the objectives. This provides an unbiased
basis for decisions by multiple stakeholders in a supply chain design decision whose views
on the relative importance of the various objectives are not aligned.

Figure 1 Example of a non-convex Pareto frontier of a bicriteria problem.
objective 2

objective 1

Since realistic supply chain models correspond to large-scale mixed-integer problems,
the computation of the corresponding Pareto frontiers poses a significant challenge as they
are non-convex and contain potentially infinitely many Pareto-efficient points. Particularly
in the context of supply chains where the number of discrete variables can get significantly
large, methods based on enumeration of all possible assignments or branch-and-bound can
have impractical running times. In this paper we thus use the novel Adaptive Patch Approx-
imation algorithm for the approximation of Pareto frontiers of such mixed-integer problems
(Diessel |2020a). The algorithm is based on iteratively combining adaptively chosen patches
to create a patchwork that approximates the Pareto frontier with increasing accuracy. The
algorithm obtains a provably almost-optimal convergence rate. Due to the inherent noise in
supply chain data, the provided approximations with small error are sufficient whereas an
exact computation of the Pareto frontier by existing algorithms becomes impractical.

For modeling a wide range of supply chain optimization problems we provide a frame-
work for optimizing the resilience of supply chains by combining the strategic level with the
operational level. The flexible nature of the framework allows to incorporate a wide range
of different objectives and constraints on the strategic and operational level. This allows us
to present a large list of such model components that can be combined to models for a large
range of supply chain design tasks. Using several of such models we examine the different
shapes of the corresponding Pareto frontiers, their relation to the types of used constraints
and their impact for decision makers.
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1.1 Related work
1.1.1 Supply chain models

For supply chain optimization, a wide range of different models focusing on various aspects
are available. For sustainable supply chain design Eskandarpour et al. (2015) give a survey
on optimization approaches that also include multicriteria models.

Since supply chains are inevitably affected by future events that are not yet fully known
during design, uncertainties are often connected to the optimization of supply chains. Govin-
dan, Fattahi, and Keyvanshokooh (2017) give a survey on supply chain optimization models
to cope with these uncertainties. As a specific type of uncertainty, optimal reactions to disrup-
tions in the supply chain in form of a mitigation are also an important topic in supply chain
optimization (Ali and Nakade 2015 Ivanov et al. 2017 Rajagopal, Prasanna Venkatesan,
and Goh 2017). Typically, individual models are however focused on a particular part of the
supply chain and type of uncertainty. For example, Cui, Ouyang, and Shen (2010) consider
a facility location problem faced with supplier disruptions. For managing such risks a large
range of different types of actions is possible (Tang 2006). The analysis of supply chain risks
is often done through simulation which prevents the systematic consideration of these risks
during optimization (Klibi and Martel 2012).

Due to the large variety of supply chain risks (Heckmann, Comes, and Nickel [2015)) for
which a large set of specialized models (Fahimnia et al. 2015) has been developed, flexible
models that can quickly be adapted to different situations are better suited for practical usage.
As the full elimination of risks is often not feasible, the resilience of a supply chain, i.e. the
possibility of a supply chain to react to a disrupting scenario with a sufficient reaction in
form of a mitigation, is a frequent goal for decision makers (Tomlin|2006; Kamalahmadi and
Parast|2016). This paper provides a flexible model of resilience that can incorporate different
types of objectives, constraints, sources of uncertainty and types of mitigation. By sharing a
common mathematical framework this enables supply chain optimization in a large range of
different industries and situations.

An analysis of the trade-offs between costs and risks is often done on a qualitative level
while quantitative studies are less common and are instead focused on a particular type of
model (Huang and Goetschalckx [2014; Mori et al.[2017). In this paper we aim to give a more
general illustration of effects on the trade-offs by various types of constraints. We achieve this
by comparing the Pareto frontiers between various types of models in a shared framework.

1.1.2 Bicriteria optimization
A bicriteria optimization problem has the form

min (g1(x),g2(x))
st.xeX

where X is the feasible set in objective space, and g; and g, are objective functions. Typi-
cally the set X is represented through inequalities. An objective vector (g (x), g2(x)) is called
nondominated in the case of minimization if there does nor exist another solution y € X
which is better with respect to both objectives, by fulfilling the inequalities g1 (y) < g1 (x) and
82(y) < g2(x) while (g1(x),82(x)) # (g1(y),82(»))-

The Pareto frontier consists of all nondominated solutions. The task of non-interactive
multicriteria optimization is the computation or approximation of Pareto frontiers. For a gen-
eral introduction to the theory of multicriteria optimization we refer to Ehrgott (2005)).

For problems with only continuous variables and linear constraints and objectives, the ap-
proximation of the Pareto frontier can be done with the Sandwiching algorithm which obtains
an optimal convergence rate (Rote|1992). With additional discrete variables, the approxima-
tion of the Pareto frontier becomes significantly more challenging. In this paper we consider
bicriteria convex mixed-integer problems which have the following structure

min (gl (c,d),gz(c,d))
s.t. hi(e,d) <0 foralliel
ceRF
dez™
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where the objective functions g; and g, are linear and the functions #;, i € I describing the
constraints are convex or linear. Due to the presence of the integral variables d the resulting
Pareto frontier is non-convex. The continuous part of variables ¢ can cause the existence
of an infinitely large set of nondominated solutions. Thus, for solving multicriteria mixed-
integer programs algorithms designed for pure integer or continuous problems cannot be
used. Instead, specific algorithms have to be created. For bicriteria mixed-integer programs
two major classes of algorithms are available:

— Branch-and-bound algorithms that perform recursive branching on some variables (Mavro-
tas and Diakoulaki [1998; Stidsen, Andersen, and Dammann 2014; Belotti, Soylu, and
Wiecek |2016; Cacchiani and D’ Ambrosio[2017)).

— Scalarization algorithms that combine objective functions to create single-objective prob-
lems that can be solved to obtain more information on the Pareto frontier (Vassilvitskii
and Yannakakis 2005; Kim and Weck 2006; Boland, Charkhgard, and Savelsbergh 2014;
Fattahi and Turkay 2018} Perini et al. [2019).

We use in this paper the new Adaptive Patch Approximation algorithm (Diessel [2020a)
that differs in many aspects from the previously used algorithms since it focuses directly
on obtaining approximations instead of the prevalent approach of the exact computation of
the whole Pareto frontier. The algorithm adaptively computes optimal patches to improve
the approximation to the Pareto frontier in each iteration as much as possible. This enables
theoretically-guaranteed almost-optimal convergence rates.

1.2 Our results and organization of this paper

Our general framework for modeling the optimization of resilience in supply chains is given
in The components for concrete models with a selection of possible constraints
and objectives are developed in[section 3| In|section 4 we describe the novel Adaptive Patch
Approximation algorithm for bicriteria mixed-integer programming and the underlying prin-
ciples. We illustrate the algorithm and its advantages along an example. We use this algorithm
to compute in the subsequent the Pareto frontiers of several supply chain models
with different choices for constraints and objectives. We discuss the corresponding Pareto
frontiers and their relation to the model type. We conclude with an outlook in

2 Modeling resilience in supply chains

As decisions have to be taken often ahead of time with limited information, supply chains
are faced with many risks. These risks itself cannot be prevented by companies as recent
examples of epidemics and other force majeure scenarios have shown. The supply chain
however can be designed to increase its resilience: the ability of a supply chain to react to
significant disruptions (Kamalahmadi and Parast|2016). We provide a flexible mathematical
model for supply chain resilience. By taking a bicriteria approach we can ensure that this
resilience is also achieved in a cost-effective way. The model is able to work with different
types of uncertainty like the following:

force-majeure events that lead to the disruption of some suppliers or supply lanes,
future actions by competitors, regulating agencies or clients,

severe misprediction of demand,

prizes of goods in the future.

To ensure that a supply chain is resilient its design needs to enable a good use of mitigation
in disruption scenarios (Tang 2006). We provide a general model that unifies all these types
of uncertainties and corresponding mitigation into a shared framework, using a three-stage
model. This flexible framework enables to quickly adapt the model to new types of uncer-
tainties. By sharing a common language for often separately treated uncertainties, also new
synergies and insights can be found. The presented stochastic or robust modeling allows for
the quantification of the resilience which enables a rigorous optimization.

Dealing with uncertainties also typically involves a trade-off between different objectives.
For example the trade-off between the usual costs of operating a supply chain and the risks
which it faces. Although the ideal goal for each of the decisions (e.g. lowering both costs and
risks) is shared by all stakeholders, the importance assigned to these different objectives is
often varying.
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To give an accurate view on the possible trade-offs we compute Pareto frontiers. This
allows to eliminate solutions that are worse with respect to every objective while not making
any assumptions on the relative importance of objectives. The Pareto frontier provides all
reasonable options for the design of the supply chain while not ruling out any meaningful
possibilities due to fixed priorities.

2.1 Scenario-based modeling of uncertainties

To model uncertainties, we make use of scenarios. Each scenario consists of a set of signifi-
cant changes to parts of the supply chain. For example, a scenario can consist of a force ma-
jeure event leading to the shutdown of a certain supplier. Similarly, a significantly increased
interest in a market for a product, increasing the demand, can be modeled as a scenario.

By creating a set of possible scenarios that could impact the decision and the objectives,
the decision maker models the uncertainties. The set of scenarios should be large enough
to cover all events that have a sufficient likelihood to occur, while ruling out extremely un-
likely events. By different choices for the set of scenarios, uncertainties on several scales can
be modeled. For operational planning, small scenario sets might be sufficient as the range
of possible events can be restricted. For strategic planning however, larger set of scenarios
considering more extreme events can ensure that also large-scale uncertainties are handled
appropriately.

Scenario based flow modeling A supply chain design can typically be described by flows of
goods or assets. We distinguish between two types of flows: The nominal flow corresponds to
the original situation not affected by any unplanned influence. For each scenario, a mitigation
flow can be chosen, that represents the reaction taken to the scenario, reducing its impact.
For example, when a supplier is disrupted additional material might be sent from alternative
suppliers.

2.2 A three-stage model for resilience

Our general model consists of three stages. In the first stage a nominal flow is chosen. Then
in the second stage some scenario arises. The exact scenario was not known before, but it is
known that the scenario is a member of a known set of possible scenarios. Depending on the
scenario, a reaction can be taken in form of the mitigation flow in the third stage. Each of
these mitigation flows can be chosen independently of each other to optimize the objective.

Constraints can link the mitigation flow to the nominal flow. Thus, the choice of the
nominal flow influences the options available for the mitigation flow. Hence, the nominal
flow should be chosen in such a way that preferable options are available for the mitigation
flow in most scenarios.

The objective function value obtained in a scenario depends on the nominal flow, the
scenario itself and the mitigation flow. As this creates a separate objective value for each
scenario, we use a way to scalarize this into a single value of resilience that quantifies the
impact of the uncertainty taking into account the mitigation. In our scenario-based
three-stage framework is illustrated.

Figure 2 Conceptual illustration of our scenario-based approach
mitigation flow 1

o)
Sce“a(\o
mitigation flow 2 the resulting resilience:

Nominal Flow

Scenario 2
K e
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First stage Second stage Third stage
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Quantifying the effect of the uncertainties To combine the information on the outcome in
several scenarios into one measure of resilience, we allow for two approaches.

In the robust approach, we consider the worst case of the several scenario objective values
g(f,x, f<x)). The aim is then to improve this worst case, i.e. making sure that none of the
scenarios x has an extremely bad impact on the objective g after taking into account the
nominal flow f and the mitigation flow f¥). Mathematically this corresponds to taking a
maximum-operator. The optimization task can thus be summarized as the following three-
stage expression

minmax ming(f,x, f*)).
f xeX f(x)
The corresponding approach can be seen as a special case of adjustable robust optimization
(Ben-Tal et al.[2004). A detailed discussion of adjustable robust optimization models in sup-
ply chains is provided by Diessel (2019).

Alternatively, in stochastic optimization models we measure the resilience as an average
of the objective values over the scenarios. The scenarios can be weighted according to the
estimated probability w(x) of each scenario x. In this way we model the expectation value
of the objective value obtained for a random scenario. In a mathematical model this can be
easily represented by a weighted sum, leading to an optimization problem of the form

min Z minw(x) ~g(f7x,f("))
f xeX f("‘)

This type of model corresponds to stochastic programming which aims to optimize the ex-

pected value of an optimization problem with random coefficients (Birge and Louveaux

2011).

3 A flexible supply chain modeling framework
3.1 Classification scheme

We use a field-notation similar to the notation for scheduling problems by Graham et al.

(1979) to describe biobjective supply chain problems following a scenario-based approach.

This allows a short and unambiguous notation for a wide range of supply chain problems.
The notation consists of

constraints for the nominal flow,
constraints for the mitigation flow,
terms for the first objective function,

— terms for the second objective function.

A bicriteria supply chain problem is then specified in the form
nominal constraints | mitigation constraints | objective function 1 | objective function 2.

The constraints for the nominal flow are independent of scenario and mitigation flow. The
constraints for the mitigation flow can integrate the corresponding scenario and mitigation
flow as well as the chosen nominal flow. The objective functions can depend on all of these
values however separately for each scenario and corresponding mitigation flow. The resulting
objective values in each of the separate scenarios need to be combined into a single number.
As discussed in there are two possibilities for this. A robust modeling cor-
responding to the objective g is written as max g, while a stochastic modeling is denoted as

Y

3.2 General model

Our supply chain models are based on network flows with additional constraints. In our base
model, we assume that there is only one commodity and that the nominal flow is steady over
time. It is possible to extend the model to include also a nominal flow varying over time or
the use of multiple commodities.

Our model is based on the following components:

— aset of suppliers S,
— a set of demand nodes D,
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— a set of nominal arcs R,
— a set of scenarios X,
— aset of mitigation arcs RW for each scenario x € X.

This basic model is illustrated in[Figure 3] We denote for some node v (which can be either
a supplier or a demand node) the set of outgoing nominal arcs by 61 (v) := {(v,u) | (v,u) € R}
and the set of ingoing arcs as 0~ (v) := {(u,v) | (u,v) € R}. The set of outgoing mitigation
arcs for scenario x is denoted by 8 (v), the set of ingoing arcs by 6. (v).

Figure 3 Our scenario-based model for a supply chain: a nominal flow determines the constraints for each of the
mitigation flows corresponding to a set of scenarios X = {x1,x2,x3,... }.
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For each nominal arc r € R there exists a variable f, € R>( for the nominal flow on this

arc. For each mitigation arc r € RW™ there is for every scenario x € X a variable fr(x) €R>o
for the mitigation flow over this arc in the scenario x.

3.3 Creating a corresponding MIP-formulation

The flexible nature of our framework allows the direct translation of a supply chain problem
given in the field notation

nominal constraints | mitigation constraints | objective function 1 | objective function 2

into a corresponding bicriteria MIP that can be directly solved. Each of the constraints cor-
responds to a set of linear inequalities, with possible additional variables which are listed in
Sections and [3.6] These inequalities and variables can then be combined in the de-
sired way to yield the full formulation of the bicriteria program corresponding to the supply
chain model. For a scenario set X we obtain the following formulation by combining all parts:

min (g1,82)
s.t.  linear inequalities corresponding to nominal constraints
linear inequalities corresponding to mitigation constraints for each x € X,r € RW
additional variables required for the nominimal constraints
additional variables required for the mitigation constraints for each x € X
additional variables required for the two objective functions
fr€Rspforeachr € R
fr(x) € Ry foreachx € X,r € RM
ey
In the case that the objective function g; has the robust form max g, the objective is represented
as a maximum over the scenarios, e.g. by the linear inequalities

g > g™ foreachx € X

where g™ is the objective value in scenario x € X.
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If g; is a stochastic objective )} g, we can represent it as

gi= Y wigt

xeX

where w) is the weight given to the scenario x, or 1 if it is not specified.

3.4 List of nominal constraints

We now describe a number of constraints regarding the nominal flow. For each of the con-
straints we describe the required attributes (for example capacity values), a mathematical for-
mulation of the constraint as well as a corresponding linear MIP-formulation with additional
variables when the nonlinearity of the constraint requires this. For each constraint we give an
abbreviation that we will use in our field notation. By combining the MIP-formulations for
each of the constraint types corresponding to a supply chain problem, a corresponding MIP
can be built. Due to space limitations we only list a selection of these constraints to show the
range of possibilities, however this list can be easily extended.

3.4.1 Demand fullfillment (DF)

Description: The constraint ensures that each demand node receives exactly the required
amount.

Required attribute: Nominal demand b; € R>( for each demand node d € D

Mathematical formulation:

Z fr=by foreachd € D.
red—(d)

3.4.2 Nominal arc capacity (NAC)

Description: This constraint limits the amount of flow over individual arcs.
Required attribute: Upper bound u, € R>U {eo} for each nominal arc r € R
Mathematical formulation:

fr <u,foreachreR

3.4.3 Supplier capacity (SC)

Description: The constraint limits the total flow from each supplier. This corresponds to the
limited production capacities of suppliers.

Required attribute: Limit C; € R>( on the capacity for each supplier s € §

Mathematical formulation:

Z fr <Cy foreachseS

redTt(s)

3.4.4 Number of active suppliers (NAS)

Description: The constraint ensures that only a limited number of suppliers are active sources.
This constraint is motivated by the desire to reduce the organizational overhead. For this
purpose it is often important to restrict the number of suppliers that have to be opera-
tionally managed in a supply chain.

Required attribute: Limit K € N on the number of active suppliers

Mathematical formulation:

{ses: ¥ f>o0)<k

redt(s)

MIP formulation: Introduce for each supplier s € S a binary variable a; € {0, 1} as an indi-
cator for the activation of supplier s. We add the constraints

Y fr <M foreach s € S,
redt(s)
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Y a <K,

seS

where M; is a constant that should be chosen as an upper bound on the sum },cs5+ ) fr
flowing out from s in a feasible solution. If a demand fulfillment (DF) constraint is present
we can choose My =Y 4cp f4- If a supplier capacity (SC) constraint is present, it can be
chosen as M = C.

3.5 List of mitigation constraints

In a similar format as the nominal constraints, we list possible mitigation constraints that limit
the mitigation flow, depending on the nominal flow and the scenario. Such a constraint can
only include mitigation flow variables from its corresponding scenario. The mitigation flows
are thus independent of each other.

3.5.1 Remaining arc capacity (RAC)

Description: This constraint limits the mitigation flow to the remaining arc capacity given
by the nominal flow.

Required attribute: Upper bound u, € R>( U {e} for each nominal arc r € R

Mathematical formulation: For each scenario x € X and mitigation arc r € R®) (assuming
this arc r is also present in the sets of nominal arcs) it should hold

fr+fr<x> < u,.

3.5.2 Remaining supplier capacity (RSC)

Description: This constraint ensures that the mitigation flow is using only the remaining
capacity of the suppliers. If a supplier is disrupted, this also limits the mitigation flow.
Required attributes: Nominal capacity C; for each supplier s € S; Scenario disruption value

D’§X> € [0, 1] for each supplier s € S and scenario x € X denoting the fraction of which the
capacity of the supplier is reduced in the scenario
Mathematical formulation:

Z fr(x>§(1—D/§x)> (Cs— Z f,) foreachs €S, xe€ X
(s)

redy (s) reét

3.5.3 Mitigation Arc Capacity (MAC)

Description: This constraint limits the amount of mitigation flow over each individual miti-
gation arc.

Required attribute: Capacity u € R U {0} for mitigation arc r € R™)

Mathematical formulation:

f,(x> < u£x> for each x € X, r € RY

3.5.4 Further constraints

A large set of possible further constraints which we do not describe in detail here can be
modeled with a MIP:

mitigation from depots that store limited amounts of material,

delays incurred by ramping up production,

transportation delays that limit the amount of mitigation,

cardinality constraints on the number of active suppliers or actively used arcs in mitiga-
tion.
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3.6 Objective functions

The objective functions can depend on both the nominal flow and the mitigation flow. For each
of the scenarios this results in a value of the impact after taking into account the mitigation.
The values are then combined into one objective value, taking a sum or maximum over all
scenario values as discussed in We assume that the optimization direction is
to minimize the objective function. For quantities that should be maximized the negative of
the value can therefore be taken.

3.6.1 Flow costs (FC)

Description: This objective measures the cost for the nominal and mitigation flow, propor-
tional to the flow units sent. In this cost purchasing prices, transportation costs and other
costs that are proportional to the amount of flow can be aggregated.

Required attributes: Cost ¢, € R>¢ for each nominal arc r € R and cost cﬁx) for each miti-
gation arc r € R™) ¢ R>p in scenario x € X

Objective term:
Yesit ¥
)

rer reR(

3.6.2 Unmitigated disruption amount (UDA)

Description: Measures the amount of flow that is disrupted but cannot be mitigated by the
mitigation flow at the demand site. It corresponds to the bottom-line impact of the disrup-
tion.

Required attribute: Disruption value D e [0,1] for each nominal arc r denoting which
fraction of the nominal flow on this arc is disrupted in scenario x € X, weight w; > 0 for
the loss at demand node d € D

Objective term:

demax{ Y oh- % ff”,O}
deD red=(d) red=(d)

MIP formulation: For each demand node d € D introduce a variable u; € R>¢ measuring
the unmitigated flow into d. Add the constraints

ug >y, p =Y fr(x) for each d € D.
res(d) res(d)

The objective function is then given as

Z Walg.

deD
3.6.3 Supplier activation costs (SAC)

Description: When a supplier is actively used, the operational management of the relation-
ship with the supplier requires some fixed cost. This objective function measures fixed
costs which occur once a supplier is actively used.

Required attribute: Fixed costs F; € R for each supplier s € S

Objective term:
YEA( Y £>0)
seS redt(s)

MIP formulation: Introduce for each supplier s € S a binary variable a; € {0, 1} as an indi-
cator for the activation of s. Add the constraints

Z fr < Mag foreachs € §
redt(s)

where M is a constant that can be chosen as in the NAS constraint (subsubsection 3.4.4).
Then the objective function is given as

Z Fsag.

ses
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3.7 Further objective functions

Several other objective functions can be modeled by using MIP-constraints:

— costs for the mitigation,

— quantity discounts or in general nonlinear pricing schemes which can be modeled with
binary variables that measure whether the thresholds have been met,

— non-financial objectives like environmental objectives regarding sourcing, production and
transportation.

A detailed overview on this kind of extensions is given by Ackermann et al. (2020).

4 The Adaptive Patch Approximation Algorithm

As shown by our supply chain models, integral variables are required to model many types of
constraints and objectives, for example cardinality constraints. At the same time a large num-
ber of continuous variables represent the flows in the supply chain. Hence, realistic supply
chain optimization deals with mixed-integer problems that have both a significant continu-
ous and discrete part. Computing the Pareto frontier of corresponding bicriteria problems is
thus a significant challenge due to the mixed-integer structure. Available bicriteria algorithms
which are focused on the exact computation of the full Pareto frontier would require a too
long running time for these problems. However, due to the inherent noise in the supply chain
data a good approximation of the Pareto frontier is sufficient.

Thus, we use the novel Adaptive Patch Approximation Algorithm that is focused on the
computation of increasingly better approximations to the Pareto frontier with a fast conver-
gence. This algorithm iteratively creates patchworks that provide increasingly good approx-
imations to the Pareto frontier. The algorithm is described in detail along with proofs on
convergence guarantees in Diessel (2020a). We describe here the main ideas of the algorithm
along an example and state theoretical results on the convergence.

4.1 The basis: Patches

Algorithms for continuous convex bicriteria problems like the Sandwiching algorithm (Rote
1992)) are based on the concept of interpolation: From two solutions convex combinations
can be created. Due to the convexity of the constraints all these convex combinations are also
feasible. In objective space, this corresponds to a segment of feasible objective vectors.

For mixed integer problems this is not possible for every choice of two solutions since we
cannot interpolate over the discrete variables. However, if we restrict us to pairs of solutions
that share the same values for the discrete variables, interpolation becomes also possible for
MIPs. Our algorithm is based on finding such patches: sets of solutions with shared values
for the discrete variables. Two solutions with shared values of the discrete values already give
rise to a segment patch by considering their convex combinations as illustrated in
We base our algorithm on searching these segment patches since they can be found by a
simple MIP.

Figure 4 A segment patch is created by a convex combinations of two solutions (cj,d) and (cz,d) with shared
values d for the discrete variables. This is possible since the feasible set in decision space is convex when restricted
to the continuous variables.
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The advantage of using patches in comparison to using single points is that Pareto fron-
tiers often have slopes which can be better approximated with line segments. The number
of needed patches is significantly smaller than the number of points needed for a similar
accuracy.

Many algorithms for bicriteria MIPs (e.g.: Mavrotas and Diakoulaki (1998)) first compute
individual nondominated solutions. The discrete variable values of such a solution are then
fixed and the Pareto frontier of the corresponding continuous bicriteria problem is computed.
Since the choice of the original nondominated solution did not take into account the shape
the Pareto frontier of the corresponding continuous problem, a large number of steps might
be needed. The Adaptive Patch Approximation Algorithm instead systematically searches
directly for good patches. By searching for a patch that optimally improves the quality of the
current approximation it can achieve a fast convergence.

4.2 The algorithmic steps along an example

We describe the algorithm by illustrating its steps on an example.

Basic setup Assume that we are given a bicriteria MIP, represented by two linear objective
functions and convex inequalities with continuous and discrete variables. The corresponding
Pareto frontier is non-convex but consists of a finite number of linear segments. Our goal is to
find an approximation of this Pareto frontier by combining several solutions. In this way we
get an approximate Pareto frontier that has only small differences to the true Pareto frontier,

as shown in [Figure 5|

Figure 5 Illustration of an approximation (black line) of the true Pareto frontier, the gray area represents the corre-
sponding approximation error.
82

difference to
true Pareto
frontier

approximation

81

The algorithm constructs an approximation consisting of as few segments as possible
while keeping the approximation error low. As a measure of the approximation error, we use
the difference volume between the approximation and the true Pareto frontier, i.e. the the gray
area in To ensure that we are not dependent on the ranges of the objective functions,
we scale the objectives such that the Nadir point has coordinates (1, 1) and the ideal point
coordinates (0,0).

Initialization Our algorithm proceeds iteratively. It starts with a crude approximation which
is improved in each iteration by adding an additional patch. In the beginning we compute
the lexicographic optima. By taking the solution which achieves minimal value for the first
objective, we obtain a valid solution for each bound on the first objective. Thus we get an
approximation consisting of a single horizontal segment extending from this lexicographic
optimum (Figure [6a).

Iterative approach 'We now search for a patch that optimally improves the approximation,
i.e. decreases the difference volume between true Pareto frontier and approximation as much
as possible. It can be shown that we can get within an constant factor of the maximal possible
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improvement by maximizing the integral improvement I4(s) obtained by the new segment
patch s and the approximation A, given by

Xa(s)
Ia(s) = /x o Ay(x) —sy(x)dx
1(s

where X; (s) and X, (s) are the x-coordinate of the left respectively right endpoint of the seg-
ment patch s and Ay (x) and s,(x) denote the y-coordinate corresponding to the x-coordinate
on the corresponding curve. By maximizing the improvement I4 (s) we obtain a patch that can
be inserted into the approximation, resulting in a better approximation as shown in Figure[6b]

82 82 82
- - |
81 81 81
(a) Initial approximation (b) After inserting the second (c) After inserting a third patch
patch

Figure 6 The first few iterations of the algorithm.

We now continue in this way. The approximation always consists of a set of segments.
To simplify the search, we compute a patch inside each region given by the segments of
the approximation. The region corresponding to a segment is an interval on the axis of the
first objective created by projecting the segment to this axis. Boundaries of these regions are
indicated in Figure [6b] as dotted vertical lines. Since the approximation is linear in each of
these regions, the expression for the improvement I, (s) becomes bilinear in the coordinates
of the two endpoints of the segment patch. This enables to formulate the maximization of
I4(s) as a efficient optimization problem, as discussed below.

In each iteration, we thus compute in each region a segment patch maximizing the im-
provement I (s). We then insert the patch which achieved the largest improvement value
into the approximation. This results then in a better approximation as shown in Figure
By repeating these steps yielding increasingly better approximations, the difference volume
quickly converges to 0.

Computing a segment patch We now discuss how a segment patch can be computed. Since
a segment patch is given by its two endpoints (x1,y;) and (x2,y2), it is sufficient to search
for two solutions with shared values of the discrete variables. We maximize the integral im-
provement /; with respect to a fixed reference segment s of the current approximation that has
endpoints (X (s),Y1(s)) and (X2(s),Y2(s)). [Figure 7| provides a geometric illustration of the
optimized quantity.

Figure 7 Illustration of the integral improvement /; of a segment patch with respect to the fixed reference segment
s.
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This leads to solving a MIP of the form given in (3).

x1/2+x/2-X(s) n +}’2>
XQ(S)—Xl(S) 2

max (xp —x) - <Y1 (s)+ (Ya(s) —Yi(s))

S.t. (C],d) eX
(c2,d) €X

@

3

=
)

The set of feasible solutions X C R¥ x Z™ can be represented by using the constraints and
variables from the original mixed-integer problem.

Our original objective is to maximize the integral improvement /; which we formulate as
follows. We denote by Ax the x-length of the segment patch and by Ay the average difference
in the y-direction of the segment patch and the reference segment of the approximation. The
integral improvement /;(s’) can then be represented as

L(s') = Ax- Ay

since the segment of the approximation is linear. These lengths Ax and Ay both depend lin-
early on the coordinates (x,y;) and (xz,y2) of the endpoints of the segment patch. They
can thus be represented with linear terms using the objective function values, yielding the
objective term found in (2).

The bilinear term Ax - Ay can be replaced by maximizing the logarithm

In(Ii(s")) = In(Ax- Ay) = In(Ax) +1In(Ay)

instead. Since the logarithm is a monotone function this yields an equivalent problem. Be-
cause the logarithm is also concave, we can approximate it from above using linear inequali-
ties. For this, only a relatively small number of linear inequalities is needed to get an approx-
imation with a constant factor close to 1 which is sufficient for our purposes. This yields a
linear formulation for the task of computing a segment patch, having the same structure as
the original MIP only with the continuous variables and constraints doubled.

4.3 Convergence results

The analysis of our algorithm is based on the segment patch complexity, which characterizes
the intrinsic difficulty of approximating a particular Pareto frontier.

Definition 1 (Segment patch complexity) The segment patch complexity N5w,(€) corre-
sponding to a bicriteria mixed-integer problem is the smallest number of segment patches
needed to create an approximation that achieves a difference volume of at most €.

Since the segment patch complexity describes the minimal size any output with the desired
accuracy must have, it provides a natural lower-bound for number of optimization steps that
need to be done by an algorithm.

Our algorithm is able to almost match that lower bound in terms of the number of MIPs it
needs to solve. In particular, it can be shown (Diessel [2020a)) that the number of MIPs solved
by the algorithm to reach a difference volume less than € is bounded by

O(Ns,,(e/2)a (N5, ,(€/2)) In(1/¢))

where o is the extremely slow-growing inverse Ackermann function. Thus, apart from the
logarithmic factor the number of MIP solves is essentially linear in the segment patch com-
plexity. This shows that the algorithm achieves an almost optimal convergence speed.
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4.4 Advantages of the algorithm

In summary, the algorithm provides the following advantages that are not possible with pre-
viously available algorithms

— The algorithm has a guaranteed almost-optimal convergence rate based on the intrinsic
difficulty of approximating a Pareto frontier.

— The algorithm can be stopped at any time while always providing a good guarantee on
the approximation quality. It is an anytime algorithm.

— The representation of the approximation of the Pareto frontier by a minimal number of
patches simplifies the subsequent usage of this approximation. The smaller number of
parts in the Pareto frontier makes it easier to represent and understand the results. Al-
ternative choices for the discrete variables are simpler to evaluate by the decision maker
since only a small number of discrete solutions are required. Also the task of navigating
on the Pareto frontier is simpler in comparison to an approximation provided by a large
number of individual points.

5 Trade-offs in supply chain models
5.1 Generation of example data

For generating realistic supply chain data used as attributes in our constraints and objectives
we use the open-sourced tool scgen (Diessel [2020b). The tool allows to randomly generate
values for the various attributes present in the constraints discussed above. Dependencies
between different attributes are treated automatically to ensure feasibility, e.g. capacity values
are adjusted to the demand values.

For each attribute a random distribution can be chosen. The tool also allows the modeling
of correlations. Data correlations are important since structural properties of real-world sup-
ply chains lead to dependencies with significant effects on the optimization. For example, a
supplier might be located in a remote area. Thus, the transportation costs from this supplier to
demand sites are generally larger. Such effects can be modeled by introducing a positive cor-
relation between the transportation costs over arcs coming from the same supplier. The tool
provides a simple specification of such correlations by introducing factors for each part that
are then shared between different attributes. For example in the case of flow costs between
suppliers and demand sites, each cost ¢, over an arc r is randomly generated. However, the
cost of the arc r from supplier s to demand site d has multiple components:

— acomponent due to specific properties of the supplier s (i.e. purchasing prices or location),

— a component due to properties of the demand site d (for example quality requirements),

— a component that is specific to this pair of supplier and demand site, for example the
geographical distance.

The tool allows to choose a distribution for each of those components. Then, values are gen-
erated for the components. The final value is then obtained by computing the product of these
random values. Note that the costs over arcs which have the same originating supplier share
the component value of this suppliers and are thereby correlated.

5.2 Experimental studies

In strategic decisions like the design of a supply chain, there are often multiple stakeholders.
As the Pareto frontier is independent of subjective views about the relative importance of the
conflicting objectives, it provides an objective account of the different options. This allows to
separate discussions on the objective implications of different solutions from the subjective
ranking of these alternatives.

We now describe some example problems in our supply chain framework to discuss the
main effects occurring in the corresponding Pareto frontiers. The configurations for the gen-
eration of our used supply chain data is available in the scgen-repository (Diessel |2020b)
in the bicriteria_sample_problems folder. For creating the MIPs corresponding to the
problems given in our field notation we combine the necessary inequalities and variables for
the constraints and objectives occurring in the fields according to (I)). We then compute the
corresponding Pareto frontiers with the Adaptive Patch Approximation algorithm to a high
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accuracy. To illustrate the possible variations between Pareto frontiers of different instances
of a problem type, we generate multiple instances from the same random distribution and
display the results side-by-side.

5.2.1 DF,5C,NAC | RSC,RAC | FC | max UDA

This problem represents the case of trade-off between the resilience (represented by UDA: the
risk after taking mitigation measures into account) and cost (represented by FC). By taking
the max-operator on UDA, we consider the worst-case risk. The constraints SC and NAC limit
the nominal capacity on a supplier- respectively arc-level. The mitigation flow is restricted by
the constraints RSC and RAC to the remaining capacity. This problem has been considered
in detail without the second objective function FC by Ackermann, Diessel, and Krumke 2020
using specialized cut-generation algorithms.

The Pareto frontiers corresponding to some instances of this problem with 10 suppliers
and 10 demand nodes are shown in They illustrate how resilience of the supply
chain can be increased (for example by diversifying the supplier base) without increasing the
costs too much. A decision maker obtains the information that resilience can be significantly
improved with some increase in costs. However, completely eliminating the risks is still not
possible.

Figure 8 Pareto frontier of an instance of DF,SC,NAC | RSC,RAC | FC | max UDA
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Properties of convex Pareto frontiers An effect often observed in practice is that supply chain
resilience can be significantly improved with just a small increase in cost. Only a complete
prevention of all risks is costly. The analysis of the convex Pareto frontier of the example
instance in [Figure §|confirms this intuition. It shows that large risks (corresponding to a large
value of the unmitigated disrupted amount UDA) are incurred by a solution with minimal
costs. With a small increase of the cost we can however improve the resilience (i.e. decreasing
the value of UDA) already by a significant amount. However improving the resilience to its
optimal value is relatively costly, as this is often only possible with a very diverse supply base
which requires to choose also more costly procuring options.

Note that the shape of the Pareto frontier as a convex curve with increasing slope is an
immediate consequence of the fact that we do not have any integral variables in this model
and all constraints are linear. Thus, also with changed instance data the Pareto frontier has
similar properties. In particular due to convexity a Pareto knee often occurs, i.e. there is a
point on the Pareto frontier with good values for both objectives where deviating from does
not give a significant improvement in any objective.

The convexity immediately implies a diminishing returns effect: For obtaining further
improvements on an already good objective value with respect to one objective function, an
increasingly larger price has to be paid for the other objective function. As this happens for
both objective functions, a good trade-off is typically found with medium values on both
objective function. The exact preferred situation however depends on the shape of the Pareto
frontier. The knowledge on the full Pareto frontier allows to make an informed decision on
this choice.

5.2.2 DF,SC | RSC,MAC | FC | L UDA

In this problem type, we combine the objective ) UDA that measures the average risk due to
unmitigated shortages with the total costs FC for the flow.
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The constraints RSC and MAC limit the amount of mitigation. Thus, the shortage risk can
only be reduced when the supply base is appropriately diversified. This limits the amount of
flow that is disrupted in a scenario. The small disrupted amounts can than be recovered by
the mitigation flow.

Figure 9 Example convex Pareto frontiers for DF,SC | RSC,MAC | FC | Y UDA
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The Pareto frontiers for instances of this problem type with 10 suppliers and 10 demand
nodes are illustrated in The convex structure can be clearly seen. Although the
Pareto frontier is actually piecewise linear (as each constraint is linear), it looks almost like
a differentiable curve, since the number of linear segments is relatively large. Due to the
stochastic type of the objective Y, UDA this effect is more pronounced than in|[Figure 8 where
an objective of robust type is used.

5.2.3 DF,SC,NAS | RSC,MAC | FC | max UDA

[Figure 10|shows Pareto frontier of instances of DF,SC,NAS | RSC,MAC | FC | max UDA with
8 suppliers and 10 demand nodes. Since the NAS constraint introduces some binary variables
into the model, we obtain a non-convex Pareto frontier. The Pareto frontier is still piecewise
linear and consists of convex parts, however the Pareto frontier overall is non-convex. Thus,
there is also no clear diminishing-returns effect. Instead, a reduction of the risk by the same
amount can have different trade-offs depending on the location on the Pareto frontier.

Figure 10 Example Pareto frontiers for DF,SC,NAS | RSC,MAC | FC | max UDA
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Properties of non-convex Pareto frontiers The presence of integral variables significantly
changes the structure of the Pareto frontier. In particular it is not convex anymore. Due to the
integrality constraints for some variables, at some positions a continuous trade-off can now
longer be made. For example to reduce the risks a little bit further some additional supplier
might need to be activated. But since the number of active suppliers is limited, some other
supplier must be deactivated. This causes a large change on the flow which can change the
risk value and the flow costs significantly. Thus, jumps occur in the Pareto frontier, where
a small further decrease in risks causes the costs to go up significantly. This discrete nature
complicates decision-making processes since small changes on limits for one objective func-
tion can have large consequences on the others. A fine-tuning to meet a particular target is
then often not possible.

The often complex structure of the Pareto frontier highlights the need to approximate it
completely in order to identify opportunities that might be overlooked by traditional manage-
ment practices that focus on incremental change.
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5.2.4 DF,SC,NAS | RSC,MAC | FC | L UDA

This model is a modified version of the previous supply chain problem. The change of the
objective from max UDA to ), UDA has a significant impact on the Pareto frontier. It cor-
responds to the change from a robust viewpoint, where the worst-case is considered, to a
stochastic viewpoint where the average is considered.

In the following the Pareto frontiers for instances of the supply chain prob-
lem DF,SC,NAS | RSC,MAC | FC | Y UDA are shown that use the exactly same data as the
previous instances with max UDA-objective shown in[Figure 10]

Figure 11 Pareto frontier for instance of DF,SC,NAS | RSC,MAC | FC | Y UDA
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The Pareto frontier is still non-convex. However the non-convexity is much less pro-
nounced than in the Pareto frontier of using the max-objective, even though the
same data is used. This is caused by the change from a robust max- to a stochastic sum-
objective: In the stochastic objective, several scenarios are considered simultaneously so that
the rate of change of the resilience with respect to a unit of flow is smaller. With a robust
objective, already a small change to some flows can have a large impact, if it affects the
worst-case scenario.

5.2.5 DF,SC|| SAC | FC

As an atypical example we consider in this supply chain problem a trade-off between two
types of costs. The fixed costs for activating some suppliers, corresponding e.g. to the orga-
nizational effort to establish a new supply chain, are represented by the SAC objective. The
other objective FC is the total flow cost which represents the ongoing costs for procuring
materials, based on purchasing amounts. The scenarios do not play any role.

In the corresponding Pareto frontiers shown in[Figure 12]we thus have a trade-off between
the one-time costs given by SAC and the recurring costs given by FC. A good choice for this
trade-off depends on the time span for which the supply chain will be operating as well as
the balance the decision maker aims to find between short-term and long-terms costs. The
information provided by the Pareto frontier enables a decision maker to choose a solution
that aligns their preferences with the objectively possible options given by the model.

Figure 12 Pareto frontiers for instances of DF,SC || SAC | FC
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The Pareto frontier to this problem type consists of just horizontal and vertical parts.
This is due to the fact that there is a finite number of nondominated points because the SAC
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objective only depends on discrete variables: a supplier is either activated or not. Thus, no in-
terpolation is possible on this SAC objective axis. Although on the other FC-axis, continuous
interpolation would be possible, these solutions will not be nondominated since there is no
continuous trade-off possible with the SAC objective.

Faced with a Pareto frontier of this type, a decision maker needs to choose between a
discrete set of nondominated alternatives. Thus, small adjustments to a solutions are some-
times not possible without incurring big changes in a different objective or loosing Pareto-
efficiency.

5.3 Running time benchmarks

To measure the efficiency of the Adaptive Patch Approximation algorithm, we compute
Pareto frontiers for increasingly large supply chains. This allows us to evaluate the depen-
dence of the running time on the size of the supply chain and the wanted accuracy. A compar-
ison to alternative algorithms for bicriteria MIPs has shown that the running time of the Adap-
tive Patch Approximation is competitive on synthetic benchmarks, in particular the number
of required MIP optimizations grows significantly slower than that of other algorithm with
increasing problem size (Diessel 2020a).

Computation configuration We used the original implementation of the Adaptive Patch Ap-
proximation algorithm (Diessel 2020a)) which we extended with a supply chain modeling in-
terface. For solving the mixed-integer programs formulated by the algorithm, we use Gurobi
version 8.1 (Gurobi Optimization, LLC [2018) with default settings. The benchmarks were
run on a personal laptop with an Intel i7-8665U CPU with 1.9 GHz and 16 GB RAM.

Benchmark problems For our measurements, we use instances of the supply chain problem
DF,SC| RSC,MAC | Y UDA | FC. We generate these instances randomly with varying size of
the supply chain according to a size parameter n. A supply chain of size n consists of n sup-
pliers and 2n demand nodes. For each supply chain we create 10 disruption scenarios, where
every supplier has an independent probability for failure of 20%. We generate the capacities
such that a meaningful trade-off occurs in the Pareto frontier as illustrated in

Figure 13 Pareto frontiers for supply chains of varying size n.
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In the average running times for computing the Pareto frontier within an accu-
racy of a given difference volume 8, of 10 random supply chains each with varying sizes
are shown. A difference volume of &y, < 0.01 corresponds to an error of the approximation
to the true Pareto frontier of about 1% of the trade-off range on average. The number of itera-
tions required by the Adaptive Patch Approximation algorithm is small, as shows.
In fact, the number of required iterations does not increase anymore after reaching a size of
about 12. The increase of the running times with larger supply chains is mainly due to the
increasing difficulty of solving the single MIPs. Note that with a supply chain size of n = 14
the number of continuous variables for the mitigation flows alone is

10[S|- |D| = 10n-2n = 200> = 20- 14> = 3920

which leads to a solving time of a few seconds per MIP.

The number of integral variables corresponding to the supplier activation constraint (SAC)
is n. Since we allow the activation of up to 5 suppliers there exist at least 2"~! many feasible
assignments. This shows that branch-and-bound methods are not feasible for such bicriteria
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supply chain problems since the number of feasible discrete assignments and thus number
of leaf nodes exceeds 2!3 = 8192 with a supply chain of size n = 14. For each of these
nodes, branch-and-bound methods would require the solution of bicriteria continuous prob-
lems, creating a computational effort infeasible for practice. Only by an adaptive choice of
the best patches as done by our algorithm, the number of required optimization runs can be
kept low.
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6 Conclusion

This paper illustrates the potential of using advanced multicriteria and modeling techniques
to solve a primary challenge for optimizing supply chains: identifying optimal trade-offs
between conflicting goals like the increase of resilience and the reduction of costs.

We provide a general framework for modeling resilience in supply chains. By adopting
scenario-based models, both robust and stochastic approaches are integrated. Together with
a diverse set of possible choices for constraints and objectives, this enables a systematic
treatment of different types of supply chain models. Using our methodology, corresponding
formulations of bicriteria mixed-integer programs can be created.

Using a novel algorithm for bicriteria optimization of convex mixed-integer problems, the
Adaptive Patch Approximation algorithm, we efficiently obtain good approximations to the
Pareto frontier despite the computational hardness of the underlying problems.

The non-convex structure of the Pareto frontiers for mixed-integer problems creates spe-
cial challenges for decision makers. By comparing multiple different models, we illustrate
the impact of constraints and objectives on the corresponding Pareto frontier. Our general
consideration of Pareto frontiers in supply chains provides practitioners with insights on the
typical structure of bicriteria problems faced by them.

6.1 Outlook

A bicriteria approach to supply chain optimization allows us to identify opportunities for in-
creasing the overall resilience and sustainability while still keeping other key performance
indicators like costs in balance. The numerical studies presented in this paper show that bi-
criteria optimization can be handled efficiently by using novel algorithms even in the case
of complex mixed-integer supply chain problems with large scenario sets. To apply complex
models in practice, however, concrete data on the supply chain networks, possible choices,
as well as predictions on future values along with appropriate estimations of the correspond-
ing uncertainty are needed. Case studies of the Pareto frontiers associated to supply chains
with real-world data would provide great opportunities to identify the underlying structure of
trade-offs between different objectives. This would also provide a quantitative basis for many
types of practical advice in supply chain management.
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