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Abstract. We study decomposition algorithms for risk-averse multistage stochastic programs5
with expected conditional risk measures (ECRMs). ECRMs are attractive because they are time-6
consistent, which means that a plan made today will not be changed in the future if the problem is7
re-solved given a realization of the random variables. We show that solving risk-averse problems based8
on ECRMs is as complex as solving risk-neutral ones. We consider ECRMs for both quantile and9
deviation mean-risk measures, deriving the Bellman equations in each case. We illustrate our results10
with extensive numerical computations for problems from two applications: hydrothermal scheduling11
and portfolio selection. The results show that the ECRM approach provides higher expected costs in12
the early stages to hedge against cost spikes in later stages for the hydrothermal scheduling problem.13
For the portfolio selection problem, the new approach gives well-diversified portfolios over time.14
Overall, the ECRM approach provides superior performance over the risk-neutral approach under15
extreme scenario conditions.16

Key words. Multistage stochastic programming, decomposition algorithms, expected condi-17
tional risk measures18

AMS subject classifications. 90-08, 49M2719

1. Introduction. The presence of uncertainty in real-life problems has been20

widely recognized, and extensive research has been developed to incorporate such ran-21

domness into the decision-making process. Customer demand in production planning22

and supply chain management, rainfall in hydrothermal scheduling, and the return on23

assets in financial problems are only a few examples of random elements that should24

not be left out of a realistic model. In the operations research literature, there are25

several approaches to deal with such problems such as simulation-optimization [16]26

and robust optimization [5]. In this work, we focus on stochastic programming (SP),27

a framework whose defining characteristic is the assumption of full knowledge of the28

distribution of the random parameters [6, 34].29

SP is a very popular approach to cope with uncertainty within an optimization30

model, and its tools have been applied to a wide variety of practical problems [39].31

The classic two-stage SP problem with recourse, which was established with the early32

works [10, 38], has been used in recent decades for applications in transportation33

planning [3], health care [11] and energy management [25], among others.34

In classical two-stage stochastic programming (TSSP), the decision-maker aims at35

minimizing expected costs by selecting a first-stage decision based on the knowledge36

of the distribution of the parameters. Recourse actions taken in the second stage37

aim at minimizing the expected cost incurred by the first-stage decision as a result38

of deviations from the goals or targets. Minimizing costs on average is not the only39

possible goal: in finance the decision-maker might want to avoid periods with extreme40

losses, or in health care management more stable solutions that take into account the41

patients’ welfare may be desirable. In those situations, it is natural to include risk42
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aversion in the problem with the goal of having less variability in the solution. While43

there is still active research in the area, risk-averse TSSP is well understood (see for44

example [22] and [34]), and the resulting problems can be efficiently solved in practice45

[24], [36]. Several different risk measures are available in the literature, and tractable46

formulations exist to incorporate them into TSSP [1], [9], [32].47

Some problems are inherently dynamic, in the sense that sequential decisions48

need to be implemented to properly capture the essential elements of the model. For49

example, in hydrothermal scheduling problems it is probably not optimal to use all50

the water available in the reservoirs in the first period because having to rely solely51

on thermal plants on subsequent stages would be too expensive. For those situations,52

multistage stochastic programming (MSSP) is an adequate framework since at every53

stage the decision-maker has to optimize present plus expected future costs, and the54

goal is to minimize costs across the entire horizon under consideration.55

MSSP problems are challenging to solve. One of the most popular methods is the56

stochastic dual dynamic programming (SDDP) algorithm [28], which was developed57

to solve risk-neutral, hydrothermal scheduling problems where the goal is to minimize58

expected operation costs. The algorithm has been widely adopted by academia and59

industry, and it is one of the most efficient techniques to deal with large-scale problems60

with hundreds of stages.61

Unlike the TSSP case, risk-averse extensions to MSSP are much more challeng-62

ing. The majority of the papers in the literature of risk averse MSSP uses a nested63

formulation of the problem and replaces the expected value by some risk measure.64

The works [19], [30] and [35] use a nested formulation to include risk aversion into65

MSSP, and consider a convex combination of Conditional Value-at-risk (CVaR) and66

expected value as the risk measure.1 Those three papers use some form of SDDP to67

solve the resulting problem.68

Their approach, albeit valid, is problematic for two reasons. First, in a nested69

formulation it is very hard to interpret what is being measured, that is, how exactly70

risk is being captured by a sequence of nested CVaRs. Second, and most important for71

our work, the application of SDDP is not as simple as the risk neutral (expected value)72

case. In particular, an upper bound for the optimal value is not readily available. In73

[30] an inner approximation for evaluating the upper bound is proposed, but the74

construction is computationally expensive. In [19] a method that depends on both75

the risk measure and on specific characteristics of the problem is derived. Finally, in76

[35] the authors use a stopping criteria based on the stabilization of the lower bound.77

Other approaches include [26], where the authors apply mean-risk multistage78

stochastic integer programs to optimize the flu shot design for seasonal influenza.79

Risk measures used to formulate this problem include the absolute semideviation80

and the expected shortage. A branch-and-price algorithm is developed to solve the81

models. Finally, in [4] the authors use a minimax approach and propose a global,82

end-of-horizon risk measure that can be implemented in practice.83

A different approach, which was originally proposed in [29], involves using the84

conditional expectation of a risk measure at every stage. In the original paper the85

authors consider only the CVaR, and in [18] the measure is called m−CVaR. In86

[17] the authors extend the original definition by allowing risk measures that are87

translation-invariant and monotone, and called them Expected Conditional Risk Mea-88

sures (ECRMs). ECRMs are attractive because they are time-consistent, that is, a89

plan made today will not be changed in the future if the problem is re-solved given a90

1The work [35] considers additionally a mean-upper semideviation risk measure.
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realization of the random elements within the formulation. Moreover, ECRMs have91

a particular nested structure which is amenable to decomposition algorithms. In92

[17] a pension fund problem for the CVaR case is formulated and solved, but no de-93

composition algorithm is proposed to solve the problem because the problem has a94

deterministic equivalent formulation that is tractable and is solved to optimality.95

Our first contribution to the theory for stochastic programming is the introduction96

of the risk-neutral convertible (RNC) property. In words, a risk-averse formulation has97

this property if it can be converted to a risk-neutral MSSP. The concept is related—98

but different—to the polyhedral risk measures proposed in [14], which are defined as99

optimal values of RNC problems. We will show that ECRMs satisfy this property,100

which makes it possible to use standard solution methods such as the SDDP algorithm101

exactly as it is done in the risk neutral case to solve the problem.102

The second contribution is providing explicit Bellman equations for the ECRMs103

that we propose in this work, which are based on the expected excess, quantile devia-104

tion, conditional value-at-risk, and absolute semideviation. In each case, we are able105

to obtain the corresponding risk-averse MSSP formulation in a recursive form, and106

since they are RNC such measures can be used within the SDDP algorithm.107

The final contribution is a report on extensive numerical experiments of ECRMs108

in a large-scale hydrothermal scheduling problem with 84 stages, and a portfolio109

selection problem with 16 stages and five industry sectors. We show the effects of110

different risk measures in the solution of each of those problems, and discuss some111

managerial insights that can be extracted from the results.112

The rest of the paper is organized as follows: We cover the preliminaries includ-113

ing an overview of deviation and quantile risk measures and definition of coherence114

in section 2. We derive Bellman equations for MSSPs with ECRM in section 3 based115

on the risk measures discussed in section 2. In section 4 we introduce two applica-116

tions, a hydrothermal scheduling and a portfolio selection problem, and report on the117

computational results of implementing MSSPs with ECRM on the two applications118

in section 5. We end the paper with some concluding remarks in section 6.119

2. Preliminaries. In this section, we discuss two important classes of risk mea-120

sures and provide examples of each class. For simplicity, we present static versions of121

the risk measures, and discuss them in the multistage context later. In all examples122

presented in this section, the risk measures are functions from L1 to the real numbers,123

where124

L1 := {Y |Y is a random variable with E[Y ] <∞}.125

There are several different ways of categorizing risk measures, either by their theoret-126

ical properties (polyhedral, distortion, coherent) or by the type of application one is127

interested in (deviation measures, quantile measures, drawdown measures, etc.). In128

this discussion, we focus on deviation risk measures and quantile risk measures.129

2.1. Deviation risk measures. Deviation risk measures capture the average130

deviation of outcomes with respect to a certain threshold. Our first example is the131

expected excess (EE), which reflects the expectation of the excess over a given target.132

As before, Y ∈ L1 and let ζ ∈ R be a target defined by the decision-maker. Then,133

EE is defined as134

EEζ(Y ) = E[(Y − ζ)+].135136
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Similar to EE, the absolute semideviation (ASD) reflects the expectation over a target.137

However, for ASD the target is the average of the random variable under consideration:138

ASD(Y ) = E[(Y − E(Y ))+].139140

2.2. Quantile Risk Measures. Quantile risk measures capture the average141

deviation of outcomes with respect to a specified quantile. In this work we focus142

on two quantile measures, Conditional Value-at-Risk (CVaR) and Quantile Deviation143

(QDEV). Given α ∈ (0, 1), and a random variable Y ∈ L1, CVaR is defined as:144

CVaRα(Y ) = Min
η∈R

{
η +

1

1− α
E(Y − η)+

}
,(2.1)145

146

where (Y − η)+ = max{Y − η, 0}. CVaR reflects the conditional expectation of the147

(1 − α)100% worst outcomes for a given level α ∈ (0, 1). An optimal solution η∗ in148

problem (2.1) is the α Value-at-Risk of the random variable Y [32].149

Given α ∈ (0, 1) and ε1, ε2 > 0 such that α = ε2/(ε1 + ε2) and a random variable150

Y ∈ L1, the quantile deviation (QDEV) is defined as151

QDEVε1,ε2(Y ) = Min
η

E(ε1[η − Y ]+ + ε2[Y − η]+).152
153

Unlike CVaR, QDEV is a two-sided quantile risk measure which can capture expected154

deviation of a random variable both above and below the η level.155

When we move to an optimization setting, it is useful to consider the mean-risk156

versions of those measures. In general mean-risk problems can be written as157

Min
x∈X

E[f(x, ω̃)] + λD[f(x, ω̃)],(2.2)158
159

where f(·, ω̃) is assumed to be convex, and f(x, ·) has finite expectation. The risk mea-160

sure D in formulation (2.2) can be replaced by any of the risk measures we presented,161

transforming the objective into a combination of expected value and risk.162

2.3. Coherent Risk Measures. The properties of coherence were originally163

proposed by [2] in an attempt to make explicit desirable characteristics a risk measure164

should have. The properties are also guided by tractability, since it is important in165

practice to be able to solve a problem with a given risk measure. For completeness,166

we state here the axioms of coherence:167

• Axiom 1. Translation invariance:168

If a ∈ R and Y ∈ L1, then ρ(Y + a) = a+ ρ(Y ).169

• Axiom 2. Positive homogeneity:170

If c ≥ 0 and Y ∈ L1, then ρ(cY ) = cρ(Y ).171

• Axiom 3. Monotonicity:172

If Y1 ≤ Y2, with Y1, Y2 ∈ L1, then ρ(Y1) ≤ ρ(Y2).173

• Axiom 4. Convexity:174

If λ ∈ (0, 1) and Y1, Y2 ∈ L1, then ρ(λY1 +(1−λ)Y2) ≤ λρ(Y1)+(1−λ)ρ(Y2).175

Tables 1 and 2 summarize the properties that quantile and deviation risk measures176

satisfy, both as stand-alone measures and as mean-risk measures, as described in (2.2).177

To differentiate the pure risk measure from its mean counterpart, we add a letter ‘M’178

before the abbreviation to indicate mean-risk. For example, mean expected excess is179

denoted MEE and mean ASD as MASD.180
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Table 1
Properties of Risk Measures.

Risk Translation Positive Monotonicity Convexity
measure invariance homogeneity

EE 7 7 3 3
ASD 7 3 7 3

QDEV 7 3 7 3
CVaR 3 3 3 3

Table 2
Properties of Mean Risk Measures.

Mean-risk Translation Positive Monotonicity Convexity
measure invariance homogeneity

MEE 7 7 3 3
MASD 3 3 3 3
MQD 3 3 7 3

MCVaR 3 3 3 3

3. Multistage Stochastic Programming with ECRM. Following the no-181

tation in [17], let (Ω,F ,P) be a probability space, let F1 ⊂ F2 ⊂ . . . ⊂ FT be sub182

sigma-algebras of F , with F1 = {∅,Ω}, and FT = F . Spaces Zt are composed of183

Ft-measurable functions from Ω to R, and Z = Z1 × . . . × ZT . A multiperiod risk184

function F is simply a function from Z to R. Our focus in this work is to study185

multiperiod risk measures in the context of MSSP. Our object of study is the ECRM,186

which is defined as follows:187

F(Z1, · · · , ZT ) =Z1 + ρ2(Z2) + Eξ2 [ρ
ξ[2]
3 (Z3)] + Eξ[3] [ρ

ξ[3]
4 (Z4)] + · · ·+(3.1)188

Eξ[T−1]
[ρ
ξ[T−1]

T (ZT )],189
190

where Zt ∈ ZT and the subscript in E indicates that the expectation is with respect191

to the corresponding variables, and dependence on the whole history of the process192

up to time t is denoted by ξ[t]. Risk measure ρ
ξ[t−1]

t (Zt) is a one-period conditional193

risk measure in stage t, given the history of the process up to time t− 1. Unlike the194

nested approach where the risk measure in every stage t captures uncertainty from195

stage t up to the last stage, evaluation of the risk in ECRM is stage-based.196

Using the law of total expectation, equation (3.1) is equivalent to197

F(Z1, · · · , ZT ) =Z1 + ρ2(Z2) + Eξ2 [ρ
ξ[2]
3 (Z3) + Eξ[2]ξ3

[ρ
ξ[3]
4 (Z4) + · · ·+(3.2)198

Eξ[T−2]

ξT−1
[ρ
ξ[T−1]

T (ZT )]]],199
200

where the superscript in the expectation denotes that it is conditional on some random201

variable. In the next subsections, we use equation (3.2) as a basis to derive dynamic202

programming formulations for risk-averse MSSP problems with ECRMs.203

3.1. Bellman Formulations for ECRMs. This subsection presents the ex-204

plicit Bellman formulations for ECRMs when the inner risk measure in (3.1) is one of205

the risk measures presented in Section 2. In all cases we use the mean-risk version of206

those measures because they are more general than the measures themselves, and as207

shown in Table 2, they have more desirable properties in most cases.208
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3.1.1. ECRM with Mean Expected Excess. Using equation (3.2), the opti-209

mization problem formulation for ECRM with mean expected excess E-MEE is written210

as follows:211

Min g1(x1) + MEE(g2(x2, ξ2)) + Eξ2 [MEEξ[2](g3(x3, ξ3)) + Eξ[2]

ξ3
[MEEξ[3](g4(x4, ξ4))

(3.3)

212

+ · · ·+ Eξ[T−2]

ξT−1
[MEEξ[T−1](gT (xT , ξT ))|ξ[T−2]] · · · |ξ[2]]]213

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, · · · , T,214215

where Xt(x[t−1], ξ[t]) represents the feasible set at every stage t = 1, . . . , T . Using216

MEE(Z) = E(Z) + λE[(Z − ζ)+] = E[Z + λ(Z − ζ)+], formulation (3.3) is rewritten217

as follows:218

Min g1(x1) + Eξ2 [g2(x2, ξ2) + λ2(g2(x2, ξ2)− ζ2)+]+219

Eξ2 [Eξ[2]ξ3
[g3(x3, ξ3) + λ3(g3(x3, ξ3)− ζ3)+]220

+ Eξ[2]ξ3
[Eξ[3]ξ4

[g4(x4, ξ4) + λ4(g4(x4, ξ4)− ζ4)+] + · · ·(3.4)221

+ Eξ[T−2]

ξT−1
[Eξ[T−1]

ξT
[gT (xT , ξT ) + λT (gT (xT , ξT )− ζT )+]] · · · ]]222

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, · · · , T.223224

Note that each stage t has its own target ζt, which represents the decision-maker’s225

target for the immediate cost.226

Let us now write Bellman equations for the problem. The formulation can be227

written as228

Min
x1

g1(x1) + Eξ2 [Q2(x1, ξ2)]

s.t. x1 ∈ X1,
(3.5)229

230

where for t ∈ {2, · · · , T − 1} we have231

Qt(xt−1, ξ[t]) = Min
xt

gt(xt, ξt) + λt(gt(xt, ξt)− ζt)+ + Eξt+1
[Qt+1(xt, ξt+1)|ξ[t]]

s.t. xt ∈ Xt(x[t−1], ξ[t]),
(3.6)232

233

and for t = T the problem can be written as234

QT (xT−1, ξT ) = Min
xT

gT (xT , ξT ) + λT (gT (xT , ξT )− ζT )+

s.t. xT ∈ XT (x[T−1], ξ[T ]).
(3.7)235

236

To linearize the deviation function (gt(xt, ξ̃t)− ζt)+, we use auxiliary variables ut, t ∈237

{2, · · · , T − 1}:238

Qt(xt−1, ξ[t]) = Min
xt,ut

gt(xt, ξt) + λtut + Eξt+1
[Qt+1(xt, ξt+1)|ξ[t]]239

s.t. xt ∈ Xt(x[t−1], ξ[t])240

ut ≥ gt(xt, ξt)− ζt,241

ut ≥ 0.242243

A similar substitution is done for the last stage.244
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3.1.2. ECRM with Mean Quantile Deviation. We now present the multi-245

stage formulation for ECRM with mean quantile deviation E-MQD:246

Min
x1,··· ,xT

g1(x1) + MQD(g2(x2, ξ2)) + Eξ2 [MQDξ[2](g3(x3, ξ3))247

+ Eξ[2]ξ3
[MQDξ[3](g4(x4, ξ4))(3.8)248

+ · · ·+ Eξ[T−2]

ξT−1
[MQDξ[T−1](gT (xT , ξT ))|ξ[T−2]] · · · |ξ[2]]]249

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, · · · , T.250251

Given α ∈ (0, 1) and ε1, ε2 ≥ 0 such that α = ε2/(ε1 + ε2), the mean quantile252

deviation can be written as253

MQD(Z) = E(Z) + λMin
η∈R
{E[ε1(η − Z)+ + ε2(Z − η)+]}254

= Min
η∈R
{E[Z + λε1(η − Z)+ + λζ2(Z − η)+]}255

= Min
η∈R
{λε1η + (1− λε1)E[Z] + λ(ε1 + ε2)E[(Z − η)+]}256

= Min
η∈R
{λε1η + E[(1− λε1)Z + λ(ε1 + ζ2)(Z − η)+]}.257

258

Substituting the last expression in problem (3.8) gives259

Min
x1

g1(x1) + Min
η2,x2

{λ2ε1η2 + Eξ2 [(1− λ2ε1)g2(x2, ξ2)260

+ λ2(ε1 + ε2)(g2(x2, ξ2)− η2)+]}261

+ Eξ2 [Min
η3,x3

{λ3ε1η3 + Eξ[2]ξ3
[(1− λ3ε1)g3(x3, ξ3) + λ3(ε1 + ε2)(g3(x3, ξ3)− η3)+]}262

+ Eξ[2]ξ3
[Min
η4,x4

{λ4ε1η4 + Eξ[3]ξ4
[(1− λ4ε1)g4(x4, ξ4) + λ4(ε1 + ε2)(g4(x4, ξ4)− η4)+]}263

+ · · ·+ Eξ[T−2]

ξT−1
[ Min
ηT ,xT

{λT ε1ηT + Eξ[T−1]

ξT
[(1− λT ε1)gT (xT , ξT )264

+ λT (ε1 + ε2)(gT (xT , ξT )− ηT )+]}] · · · ]]265

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, . . . , T.266267

Let us now write Bellman equations for the problem. The formulation can be268

written as269

Min
x1,η2

g1(x1) + λ2ε1η2 + Eξ2 [Q2(x1, ξ2, η2)](3.9)270

s.t. x1 ∈ X1,271272

where for t ∈ {2, · · · , T − 1} we have273

Qt(xt−1, ξ[t], ηt) = Min
xt,ηt+1

(1− λtε1)gt(xt, ξt) + λt(ε1 + ε2)(gt(xt, ξt)− ηt)+274

+ λt+1ε1ηt+1 + Eξ[t]ξt+1
[Qt+1(xt, ξt+1, ηt+1)](3.10)275

s.t. ηt+1 ∈ R, xt ∈ Xt(x[t−1], ξ[t]),276277

and for t = T the problem can be written as278

QT (xT−1, ξT , ηT ) = Min
xT

(1− λT ε1)gT (xT , ξT ) + λT (ε1 + ε2)(gT (xT , ξT )− ηT )+

(3.11)
279

s.t. xT ∈ Xt(x[T−1], ξ[T ]).280281
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To linearize the deviation function (gt(xt, ξt)− ηt)+, we use auxiliary variables ut, t ∈282

{2, · · · , T − 1}:283

Qt(xt−1, ξ[t], ηt) = Min
xt,ηt+1,ut

(1− λtε1)gt(xt, ξt) + λt(ε1 + ε2)ut + λt+1ε1ηt+1+284

Eξ[t]ξt+1
[Qt+1(xt, ξt+1, ηt+1)]285

s.t. ut ≥ gt(xt, ξt)− ηt,286

ηt+1 ∈ R, ut ≥ 0, xt ∈ Xt(x[t−1], ξ[t]).287288

A similar substitution is done for the last stage.289

3.1.3. ECRM with Mean Conditional Value-at-Risk. In [17] the authors290

present ECRM for CVaR. We now extend the derivation for the mean-CVaR:291

Min
x1,··· ,xT

g1(x1) + MCVaR(g2(x2, ξ2)) + Eξ2 [MCVaRξ[2](g3(x3, ξ3))+

(3.12)

292

Eξ[2]ξ3
[MCVaRξ[3](g4(x4, ξ4)) + · · ·+ Eξ[T−2]

ξT−1
[MCVaRξ[T−1](gT (xT , ξT ))|ξ[T−2]] · · · |ξ[2]]]293

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, . . . , T.294295

Before writing the Bellman equations we express the mean-CVaR in the following296

form:297

MCVaRα(Z) = (1− λ)E(Z) + λMin
η∈R
{η +

1

(1− α)
E[(Z − η)+]} =298

Min
η∈R
{λη + E[(1− λ)Z +

λ

(1− α)
(Z − η)+]}.299

300

The optimization problem formulation (3.12) is equivalent to the following formula-301

tion:302

Min
x1

g1(x1) + Min
η2,x2

{λ2η2 + Eξ2 [(1− λ2)g2(x2, ξ2) +
λ2

(1− α)
(g2(x2, ξ2)− η2)+]}303

+ Eξ2 [Min
η3,x3

{λ3η3 + Eξ[2]ξ3
[(1− λ3)g3(x3, ξ3) +

λ3

(1− α)
(g3(x3, ξ3)− η3)+]}304

+ Eξ[2]ξ3
[Min
η4,x4

{λ4η4 + Eξ[3]ξ4
[(1− λ4)g4(x4, ξ4) +

λ4

(1− α)
(g4(x4, ξ4)− η4)+]}+ · · ·305

+ Eξ[T−2]

ξT−1
[ Min
ηT ,xT

{λT ηT + Eξ[T−1]

ξT
[(1− λT )gT (xT , ξT )306

+
λT

(1− α)
(gT (xT , ξT )− ηT )+]}] · · · ]]307

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, . . . , T.308309

Let us now write Bellman equations for the problem. The formulation can be310

written as311

Min
x1,η2

g1(x1) + λ2η2 + Eξ2 [Q2(x1, ξ2, η2)](3.13)312

s.t. x1 ∈ X1,313314
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where for t ∈ {2, · · · , T − 1} we have315

Qt(xt−1, ξ[t], ηt) = Min
xt,ηt+1

λt+1ηt+1 + (1− λt)gt(xt, ξ̃t) +
λt

(1− α)
(gt(xt, ξ̃t)− ηt)+

(3.14)

316

+ Eξ[t]ξt+1
[Qt+1(xt, ξt+1, ηt+1)]317

s.t. ηt+1 ∈ R, xt ∈ Xt(x[t−1], ξ[t]),318319

and for t = T the problem can be written as320

QT (xT−1, ξ̃T , ηT ) = Min
xT

(1− λT )gT (xT , ξ̃T ) +
λT

(1− α)
(gT (xT , ξ̃T )− ηT )+(3.15)321

s.t. xT ∈ Xt(x[T−1], ξ[T ]).322323

To linearize the deviation function (gt(xt, ξ̃t) − ηt)+, we use auxiliary variables324

ut, t ∈ {2, · · · , T − 1}:325

Qt(xt−1, ξ[t], ηt) = Min
xt,ηt+1

λt+1ηt+1 + (1− λt)gt(xt, ξ̃t) +
λt

(1− α)
ut326

+ Eξ[t]ξt+1
[Qt+1(xt, ξt+1, ηt+1)](3.16)327

s.t.ut ≥ gt(xt, ξ̃t)− ηt,328

ut ≥ 0,329

ηt+1 ∈ R, xt ∈ Xt(x[t−1], ξ[t]).330331

A similar reformulation is done for the last stage.332

333

Remark: As Bellman equation (3.14) shows, ηt is known in stage t since it is an334

argument for function Qt. Therefore, it is a decision variable in stage t− 1 and thus335

a parameter in stage t.336

3.1.4. ECRM with Mean Absolute Semideviation. The optimization prob-337

lem formulation for the ECRM with mean absolute semideviaton E-MASD can be338

written as follows:339

Min g1(x1) + MASD(g2(x2, ξ2)) + Eξ2 [MASDξ[2](g3(x3, ξ3))340

+ Eξ[2]ξ3
[MASDξ[3](g4(x4, ξ4))(3.17)341

+ · · ·+ Eξ[T−2]

ξT−1
[MASDξ[T−1](gT (xT , ξT ))|ξ[T−2]] · · · |ξ[2]]]342

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, . . . , T.343344

We can rewrite MASD as follows:345

MASD(Z) = E(Z) + λE[(Z − E(Z))+] = (1− λ)E(Z) + λE[max{Z,E(Z)}]
= E[(1− λ)Z + λmax{Z,E(Z)}].

(3.18)346

347
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Using (3.18), formulation (3.17) can be rewritten as follows:348

Min g1(x1) + Eξ2 [(1− λ2)g2(x2, ξ2) + λ2 max{g2(x2, ξ2),Eξ2 [g2(x2, ξ2)]}]349

+ Eξ2 [Eξ[2]ξ3
[(1− λ3)g3(x3, ξ3) + λ3 max{g3(x3, ξ3),Eξ3 [g3(x3, ξ3)]}]350

+ Eξ[2]ξ3
[Eξ[3]ξ4

[(1− λ4)g4(x4, ξ4) + λ4 max{g4(x4, ξ4),Eξ4 [g4(x4, ξ4)]}] + · · ·351

+ Eξ[T−2]

ξT−1
[Eξ[T−1]

ξT
[(1− λT )gT (xT , ξT )352

+ λT max{gT (xT , ξT ),EξT [gT (xT , ξT )]}]] · · · ]]353

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, . . . , T.354355

The Bellman equations for E-MASD are much more involved. The reason is356

because the problem does not have block angular structure, as pointed out by [9]. In357

practice it means that the problem cannot be decomposed by scenarios because there358

is a linking constraint based on the average of all realizations for a given node. In359

their work [9], the authors propose a decomposition scheme for the two-stage MASD360

problem which relies on an explicit formula for the second stage problem in order to361

construct a subgradient for expected second stage costs. In the multistage setting,362

due to the implict expression for the future cost function, closed-formulas are not363

available and the proposed methodology cannot be applied directly.364

The vast majority of multistage models can be decomposed by scenarios at each365

node, which in the literature is referred to as hazard-decision (HD) framework. The366

concept was originally proposed in [27] in the context of hydrothermal scheduling367

problems, and the SDDP algorithm was originally designed to handle HD formulations368

only. In this framework, at every stage the current uncertainty is revealed and the369

decision-maker has to choose a course of action taking into account current and future370

costs.371

Whenever there is a constraint that couples the possible scenario realizations one372

is forced to use the decision-hazard (DH) framework, which explicitly considers those373

realizations simultaneously. In this framework, the decision has to be taken without374

knowing neither the stage uncertainty nor the future realizations of the process. An375

example is [37], where the authors consider CVaR in the constraints and are forced to376

use a DH formulation to solve the problem since all scenarios are needed to compute377

the CVaR at every stage. Formal definitions of the two frameworks can be found in378

[7], where the author shows that DH formulations can be written as HD formulations379

by extending the representation of each node in a policy graph.380

For the first stage we have381

Min
x1

g1(x1) + Eξ2 [Q2(x1)]

s.t. x1 ∈ X1.
(3.19)382

383

We define Nt as the number of outcomes of the random variable ξt and Ωt as the set384

that contains all possible histories of the process up to time t. By denoting ξit as the385
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i-th possible realization of random variable ξt, we have for t ∈ {2, · · · , T − 1}386

Qt(xt−1) = Min
xt,νi

t

(1− λt)
1

Nt

Nt∑
i=1

gt(xt, ξ
i
t) + λt

1

Nt

Nt∑
i=1

νit + Eξ[t]ξt+1
[Qt+1(xt)](3.20)387

s.t. xt ∈ Xt(xt−1, ξ[t]), ξ[t] ∈ Ωt,(3.21)388

νit ≥ gt(xt, ξit) ∀ i = 1, . . . , Nt,(3.22)389

νit ≥
1

Nt

Nt∑
i=1

gt(xt, ξ
i
t), ∀ i = 1, . . . , Nt.(3.23)390

391

Constraints (3.21) have to hold for each process history. Constraints (3.22) and (3.23)392

linearize the max function in (3.18), and the auxiliary variable νit stores deviations393

from the mean at each scenario. Constraint (3.23) is somewhat similar to the CVaR394

constraint in [37] because it links all Nt realizations at the current stage.395

For the last stage we have396

QT (xT−1) = Min
xT ,νi

T

(1− λT )
1

NT

NT∑
i=1

gT (xT , ξ
i
T ) + λT

1

NT

NT∑
i=1

νiT397

s.t. xT ∈ XT (xT−1, ξ[T ]), ξ[T ] ∈ ΩT ,398

νiT ≥ gT (xT , ξ
i
T ) ∀ i = 1, . . . , NT ,399

νiT ≥
1

NT

NT∑
i=1

gT (xT , ξ
i
T ), ∀ i = 1, . . . , NT .400

401

Next, we address the risk-neutral convertible property of MSSPs with ECRM.402

3.2. Risk-Neutral Convertible Property of MSSPs with ECRM. The403

Bellman equations presented in previous subsections are similar to Bellman equations404

for risk-neutral MSSPs. Such similarity has important algorithmic consequences since405

risk-neutral MSSPs can be efficiently solved by decomposition schemes without sig-406

nificant changes. We now define a property that lays down the necessary structure a407

MSSP must have to be amenable to decomposition algorithms. Since DH formulations408

can be converted to HD formulations, the definition is based on HD MSSPs.409

Definition 3.1. Consider a risk averse formulation of an MSSP problem. The410

formulation is said to be risk-neutral convertible (RNC) if it can be written in the411

following form:412

Min
x1,...,xT

Eξ1,...,ξT [g1(x1) + g2(x2, ξ2) + . . . , gT (xT , ξt)]413

s.t. xt ∈ Xt(x[t−1], ξ[t]), t = 1, . . . , T.414415

Importantly, the constraints defined by Xt have to be explicit functions, e.g., in the
linear case we must have

Atxt ≤ ξt −
t−1∑
m=1

Bmxm

for matrices At and Bm,m = 1, . . . , T − 1. Equivalently, a problem is RNC if it can416

be written in recursive form:417

Min
x1

g(x1) + Eξ1 [Q2(x1, ξ1)]418

s.t. x1 ∈ X1,419420
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12 M. KHATAMI, T. SILVA, B.K. PAGNONCELLI AND L, NTAIMO

where421

Qt(xt−1, ξ[t]) = Min
xt

g(xt, ξt) + Eξt+1

[
Qt+1(xt+1, ξ[t])

]
(3.24)422

s.t. xt ∈ Xt(x[t−1], ξ[t]).(3.25)423424

The explicit Bellman equations presented in the previous subsection prove that E-425

MEE, E-MQD, E-MCVaR, and E-MASD have RNC formulations. It is worth noting426

that the nested formulation proposed in [19] does not have this property because427

the value function is present in the constraints. More importantly, being RNC, risk-428

averse problems with ECRMs can be solved using the SDDP as if the problem were429

risk neutral. Moreover, convergence properties derived for the risk-neutral case (e.g.430

[31, 33]) can be directly applied to problems with ECRMs, and upper bounds are431

automatically available. To have a self-contained paper we provide a description of432

the SDDP algorithm in the accompanying supplement to this paper.433

4. Applications. We consider two different applications for the ECRM ap-434

proach. The first application is a hydrothermal scheduling problem. This problem435

involves the planning and operation of an energy systems to minimize total costs un-436

der uncertainty. Typically, inflows are uncertain during the planning horizon, and437

demand follows a deterministic pattern. The goal is to determine a configuration of438

the electrical network, with its generating units, transmission lines, bars and demand439

in each bar, and to find an operation schedule of each component in the system to440

meet the load demand of each bar at the lowest possible cost. The second application441

is a portfolio selection problem, where the decision-maker has to determine how to442

invest their funds among a given set of assets over a planning horizon. The future443

returns for each asset are unknown, and the goal is to maximize expected returns444

while controlling for the risk of the investments. Next, we provide further details of445

each application and state the ECRM formulation for each problem, and for different446

risk measures.447

4.1. Hydrothermal Scheduling Problem. Long-term hydrothermal schedul-448

ing problems were the main motivation behind the development of SDDP, and those449

problems still make extensive use of the algorithm to obtain solutions to realistic in-450

stances, with 100 or more stages. The planning and operation of electrical systems aim451

at minimizing the expected value of the total cost of operation, subject to satisfying452

the demand in each bar of the system. The solution gives an optimal configuration of453

the electrical network, with its generating units, transmission lines, bars and demand454

in each bar, finding an operation schedule at the lowest possible cost.455

We use the following notation to define the hydrothermal scheduling problem:456
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vt Storage level.
yt Water spillage (st) and water release (ut).
gt Thermal generation.
ft Power flow.
dt Demand in each node.
at,i Random inflow outcomes for each scenario (i ∈ Ωt).
pt,i Probability associated with random inflow outcomes

for each scenario (i ∈ Ωt).
A Assigns thermoelectric generation units to buses.
B Assigns hydro generation units to buses.
C Incidence matrix.
H Water balance of each reservoir.
τ Discount factor for net present value (NPV).
lt Amount of load shedding.
cl Load shedding cost.

457

458

The risk-neutral monthly hydrothermal scheduling problem can be stated as fol-459

lows:460

Qt(vt−1, at,i) = Min
{yt,gt,ft,vt}∈Xt

c>gt + c>l lt + τ
∑
i∈Ωt

pt,iQt+1(vt, at+1,i),461

s.t. Agt +Byt + Cft = dt − lt,462

vt +Hyt = vt−1 + at,i,463

ft ∈ Ft,yt ∈ Yt,gt ∈ Gt, vt ∈ Vt.(4.1)464465

The objective function involves minimizing the current generation and expected future466

cost, with a discount factor τ . The first constraint in (4.1) models the system power467

flow to meet the demand in each node, while the second constraint balances storage468

levels with the system state and inflows. The last set of constraints are the decision469

variables’ lower and upper bounds. We point out that problem (4.1) has complete470

recourse. To avoid repetition and to improve the flow of the exposition, the mathe-471

matical models for different ECRM risk measures are presented in the supplement to472

this paper.473

4.2. Portfolio Selection Problem. We consider a portfolio selection problem474

with N risky assets plus a risk-free one, which will be cash. At each time period t475

the decision-maker has to allocate the current wealth among the N + 1 investment476

possibilities, and a cost is incurred for each transaction. The quantity ri,t represents477

the excess return of asset i with respect to cash in time period t.478

A fundamental assumption of the SDDP is that the underlying process has to479

be stage-wise independent. Since in most applications such an assumption is too480

restrictive, it is necessary to find ways around it to apply the algorithm in practice.481

For hydrothermal models it has been observed that autoregressive (AR) process are482

an excellent fit for inflows. As shown in [21], by increasing the state space it is possible483

to construct a stagewise independent model using AR processes.484

In finance the task is more challenging. First of all, there is no consensus to which485

process better describes the dynamics of returns. Second, in case one process, or a486

family of processes is identified, it is unclear if it will be possible to include it in SDDP.487

It is widely accepted that financial returns series have nonlinear temporal dependence488

[8, 23], and incorporating a model with those characteristics within SDDP would be489

a formidable challenge.490
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An alternative is to use Markov chains. Instead of choosing a process, one can491

define states of the economy at every time period, such as bear, bull and average,492

and within each state generate data according to a factor model. The Markov chain493

approach has been used in two recent publications [20, 37], and the resulting models494

are slightly more involved but still amenable to SDDP. To formalize the portfolio495

selection problem, we will use the following notation:496

497
N Number of risky assets.
A Set of risky assets, A = {1, · · · , N}.
K Set of market states, indexed j, k.
c Transaction costs, in percentage.
ut Amount of money allocated in each risky asset at stage t.
ui,t Amount of money allocated in risky asset i at stage t.
at Amount of money allocated in risk-free asset at stage t.
dt Amount (in money) sold of each risky asset at stage t.
bt Amount (in money) bought of each risky asset at stage t.

rjt (s) Returns for each risky asset at stage t at market state j
and scenario s.

Pk|j Transitional probability from state j to state k.
ps|k Probability of scenario s on state k.

498

499

The portfolio selection problem is usually formulated as a maximization problem,500

but to be consistent with the generic formulations we have presented, we will cast it501

as a minimization problem. We begin with a monthly risk-neutral asset allocation502

problem (hazard-decision) which can be stated for a given j and t as follows:503

Qjt (ut−1, r
j
t (s)) = −u>t−1r

j
t (s) + Min

ut,bt,dt

c>(bt + dt) +
∑
k∈K

Qkt+1(ut)Pk|j(4.2)504

s.t. at + (1 + c)
>
bt − (1− c)

>
dt = at−1,505

ui,t − bi,t + di,t = (1 + rji,t(s))ui,t−1, ∀i ∈ A,506

ut,bt,dt ≥ 0,507508

with509

Qkt+1(ut) =
∑
s∈Sk

Qkt+1

(
ut, r

k
t+1(s)

)
ps|k.(4.3)510

511

The objective function involves minimizing current transaction costs and the future512

expected costs, while maximizing expected returns from the risky assets. The returns513

from funds invested in a risky-asset at time period t−1 are realized at the end of that514

time period, and the positions in each of the assets are a state variable represented515

by ut−1. The first constraint discounts the transaction costs from the risk-free asset,516

that has zero return. The second constraint registers the dollar amounts of assets517

bought and sold while rebalancing the portfolio. In this model we do not allow short518

selling, so every decision variable has to be nonnegative.519

In the last stage T , there is no optimization problem to be solved:520

QjT (uT−1, r
j
T (s)) = −u>T−1r

j
T (s).521522

We point out that this is a complete recourse problem, and the lowest possible return523

is -100%. Thus, given any ut and rt+1(s), it is possible to make an allocation that524
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satisfies all the constraints of problem (4.2). Risk-averse formulations for this problem525

are presented in supplement to this paper.526

5. Computational Study. To understand how the proposed ECRMs behave in527

practice and how different risk measures will impact decisions, an extensive computa-528

tional study was performed for our two applications. Both applications were construc-529

ted using real datasets used in several other studies. The models were implemented530

in Julia language 1.0.3 using SDDP.jl [12] and JuMP[13] frameworks to construct and531

solve SDDP decomposition. We used both Gurobi 9.0.2 and CPLEX 12.9.0.0 to solve532

the linear programming problems, and all experiments were conducted on a single533

Core i7-5820K 3.3GHz 64GB of memory with Ubuntu 18.04.534

5.1. Hydrothermal Scheduling Problem. Our hydrothermal scheduling in-535

stance has data from the Brazilian power system, and was discussed in [7]. Generation536

resources in this instance include four aggregated hydro plants in North, South, North-537

east, and Southeast regions, and 95 thermal plants spread throughout these regions.538

The instance consists of five lines connecting the four regions. Demand in each node539

is deterministic, but varies for different stages. Figure 1 gives an illustration of the540

topology of the instance.541

Fig. 1. An aggregated Brazilian interconnected power system [7].

The instance is solved for 84 stages (months). The amount of rainfall per month542

in each region is a random variable with 25 observations, resulting in 2584 scenarios.543

The random process is stage-wise independent, which is required by the SDDP al-544

gorithm. Data on constraints on hydro-electric generation, reservoir levels, and the545

initial amount of water in each reservoir is summarized in Table 3, and Table 4 shows546

the number of thermal plants in each region.547
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Table 3
Data for the hydro plants.

H1 H2 H3 H4
Initial reservoir 119428.8 11535.1 29548.2 6649.4
Max. reservoir 200717.6 19617.2 51806.1 12679.9
Max. hydro generation 45829.1 13381.8 9780.9 7740.2

Table 4
The data for thermal plants.

N S NE SE
# of Thermal Plants 0 17 36 42

We formulated the problem using MSSPs with E-MEE, E-MCVaR, and E-MQD548

and performed extensive numerical experiments in each case. E-MASD is more in-549

volved and we would not be able to solve large-scale instances as efficiently as we550

did for other ECRMs. The results show that E-MEE is the risk measure that better551

captures risk aversion in this problem. The solutions obtained for E-MCVaR and552

E-MQD were very similar to risk-neutral one for a wide range of parameter choices,553

showing that they did not capture risk-aversion well for this problem. We investigated554

the instance in detail and we observed that the quantiles for more extreme scenarios555

(high and low inflow) were cancelling out after averaging them with E-MCVaR and556

E-MQD . It is possible that such behavior would disappear for distributions with557

heavier tails, but since we are working with a real-world instance we did not want558

to alter the original data. Therefore, we report detailed computational results for559

E-MEE. We use the same target ζ for all stages, which is equal to the average of the560

90th-percentile of costs at every stage obtained from the risk-neutral policy.561

The MSSP with E-MEE was solved using the SDDP algorithm limiting the num-562

ber of iteration in 10000. In Figure 2 we report lower and upper bounds for one563

particular experiment. Such result is representative of all the different variations we564

solved for E-MEE, and we remind the reader that an attractive feature of ECRMs is565

that upper bounds can be directly obtained from SDDP.566

After solving the problem we evaluated the performance of the optimal policy for567

7500 randomly selected scenarios, and presented the results for different parameter568

choices. In all plots we show the 50%, 90%, 95%, and 99% quantiles of some per-569

formance measures (e.g. cost) for the optimal policy obtained from the risk-neutral570

and the MSSP with E-MEE over the same 7500 random scenario paths. We assume571

different levels of risk aversion by varying the value of λ ∈ {0.5, 5, 50, 100}.572

In the upper-left panel of Figure 3 we see that the risk-neutral policy has the lowest573

average cost until around stage 60, while E-MEE with λ = 100 has the highest. Such574

behavior is intuitive as the risk-averse model tends to save water in the reservoirs for575

drier months (or scenarios) in the future, and has to rely on expensive thermal plants576

in initial stages. The risk-neutral model starts using mostly the free hydro plants, and577

at some point ends up with low reservoir levels, which makes using thermal plants578

inevitable. A similar behavior occurs for the E-MEE with lower values of λ.579

When we move to the quantiles, we observe that having lower average costs hides580

cost spikes that can have negative consequences in the system’s operation. Figure581

3 shows that the risk-neutral policy exhibits increasingly higher spikes for the 90%,582

95% and 99% quantiles, especially in later stages. It is also apparent that for higher583
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Fig. 2. Upper and lower bounds for EMEE λ = 0.1 (step = 100).

values of λ the spikes are very small or nonexistent, an advantage obtained by having584

higher average costs for the early stages. We believe the insights are useful from a585

decision-maker perspective: minimizing expected costs is certainly not the only goal,586

and if the consequences of having extreme costs are severe (e.g. blackouts) it may587

very well be worth to pay a premium in the first stages to avoid the possibility of588

price spikes.589

Fig. 3. Stage-wise cost of MSP with E-MEE for different λ values vs. risk-neutral.

Figure 4 represents average and quantiles of the reservoir levels in Southeast590
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region of Brazil. We see that the E-MEE with higher values of λ store more water in591

the reservoir, and that the risk-neutral policy has the lowest reservoir levels across all592

stages, and for all quantiles.593

Fig. 4. Stage-wise reservoir level of MSP with E-MEE vs. risk-neutral in the Southeast.

The reservoir levels associated with different policies follow the same pattern in594

the South and Northeast regions. A different pattern occurs in the Northern region as595

there are no thermal plants in this area, leaving the hydro plant as the only available596

source of electricity generation in the region. Figures for these regions are included597

in the supplement to this paper.598

5.2. Portfolio Selection Problem. As mentioned in Section 4.2, the key el-599

ement in our portfolio selection problem is how to model asset’s returns. We use600

data from five industry sectors taken from Kenneth R. French website2. The data601

comprises 50 years of monthly returns, and the descriptive statistics are summarized602

in Table 5.

Portfolio Mean St. dev.
Cnsmr 0.0099 0.0456
Manuf 0.0090 0.0447
HiTec 0.0095 0.0559
Hlth 0.0101 0.0489
Other 0.0088 0.0534

Table 5
Mean and standard deviation for the five-industry data obtained from Kenneth R. French web-

site, from 1970 to March 2020.

603

In our computational study we use a Markov chain that is constructed using a604

Hidden Markov Model (HMM). The HMM is used to estimate the transition probabili-605

2urlhttp://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data library.html
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ties of the Markov chain and the distribution of returns of each state. The estimation606

procedure considers three states in the Markov chain, and the transition matrix is607

shown in Table 6.608

Table 6
Matrix of states and transition probabilities.

From\To State 1 State 2 State 3
State 1 0.29 0.43 0.28
State 2 0.06 0.35 0.59
State 3 0.13 0.38 0.49

We consider the five-factor model described in [15] to obtain the expected returns609

under each state, as shown in in Table 7.

Table 7
Expected returns for each investment, under each state.

State Cnsmr Manuf HiTec Hlth Other
1 -0.0654 -0.0651 -0.0779 -0.0589 -0.0850
2 0.0482 0.0443 0.0532 0.0470 0.0534
3 -0.0019 -0.0008 -0.0045 -0.0026 -0.0038

610

Similar to HSP, for all risk measures, we limit the number of iteration; however,611

in this case, the SDDP algorithm was limited to 5000 iterations. After solving the612

problem, we evaluated the optimal policy’s performance for 1000 randomly selected613

scenarios and presented the results for different parameter choices.614

615

Remark: We present formulation (4.2)-(4.3) as a minimization problem to follow the616

convention adopted in the whole paper. However, for a portfolio selection problem617

it is not natural to say that negative values are better than positive ones. For the618

presentation of results we inverted the sign of the objective function values, and in619

all figures higher values are better. For E-MCVaR, E-MEE, and E-MQD we report a620

series of three plots for each risk measure: the first shows the average losses for the621

50th, 10th, 5th and 1st percentiles for different values of λ. The second shows which622

percentage of the budget was allocated to the risk-free and and risky assets. Finally,623

the third plot shows an area graph with the average allocation at each stage for one624

specific choice of the parameters.625

5.2.1. E-MCVAR. In Figure 5, we observe that for the 50th quantile the risk626

neutral policy obtains higher average returns across all stages. As the value of λ627

increases, average returns decrease in an orderly fashion, aligned with our intuition628

that higher levels of risk aversion offer some protection at the expense of returns.629

As we move through the quantiles we see a smooth transition in terms of losses:630

in the 1% quantile all policies exhibit a similar behavior in terms of average losses.631

As we reach the 10% quantile we observe that the risk neutral policy can have much632

more severe losses than the risk-averse ones.633
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Fig. 5. Stage-wise average returns with 1000 simulations, comparing E-MCVaR(α = 0.9) and
risk-neutral.

As we move to Figure 6 we can identify which decisions led to the average returns634

observed in Figure 5. The risk-neutral policy never allocates the budget to the risk-635

free option, investing all on the risky assets at every stage. As λ grows the risk-636

averse policy allocates around 20% to risk-free assets. When λ = 0.131 this value637

doubles, reaching 40%. As λ grows the policy becomes overly conservative and invest638

everything in the risk-free asset.639

Fig. 6. Stage-wise average allocation with 1000 simulations for E-MCVaR (α = 0.9).

We end this section showing in detail the solution for one specific risk-averse case.640

When λ = 0.131 and α = 0.9, the average allocation across stages is given by Figure641

7. A few comments are in order. First, it is interesting to notice the balance between642

risk and return: even though the majority of the portfolio is invested in cash (starting643
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above 50% and ending below 40%) a significant portion is invested in risky assets.644

Consumer goods (Cnsmr) has close to 25% of investments, and it is a somewhat safe645

alternative: it has the lowest standard deviation, it offers attractive returns under646

state 2 (as shown in Table 4), and lower or comparable losses in the other states647

with respect to other alternatives. A similar case can be made for health companies648

(Hlth). Manufacturing (Manuf) is an intermediate choice, and the average exposure649

was slightly below 15% across all stages. High technology companies (Hitec) and the650

class Other receives little and no investment, respectively: their potential losses are651

high, and for this choice of λ the expected returns were not attractive enough to652

justify allocating a significant portion of the budget in those assets. In summary, the653

portfolio ends up highly diversified, which is a fundamental property for using the654

solution in practice.655

Fig. 7. Stage-wise average allocation with 1000 simulations, for E-MCVaR (α = 0.9 and
λ = 0.131).

5.2.2. E-MEE. For the E-MEE we consider the same threshold ζ used for the656

Hydrothermal scheduling problem. In Figure 8 we observe a similar pattern to the E-657

MCVaR case: higher returns for the 50% quantile, and high potential losses (around658

5%) for the other quantiles. We highlight two important differences here: first, the659

differences between the RN and risk-averse policies is more pronounced, and occurs660

at all quantiles showed. Second, and perhaps most important, the results are less661

sensitive to the choice of λ, and the differences in the solutions can be observed for662

values of λ between zero and 1,000.663
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Fig. 8. Stage-wise average returns with 1000 simulations, comparing E-MEE and risk-neutral.

Figure 9 shows that even for very high levels of risk aversion the solution still664

has around 40% invested in risky assets. The reason is that for E-MEE we have a665

threshold, and the model assumes losses are limited. In practice, this means that666

the rest of cash can be allocated more freely among the risky assets aiming at higher667

returns.668

Fig. 9. Stage-wise average allocation with 1000 simulations, for E-MEE.

We show in Figure 10 the average allocation for λ = 100. More than half of the669

portfolio is allocated to cash since a value of 100 gives significant weight to the risk670

component of E-MEE. It is interesting to note how evenly spread are the remaining671

40% among the risky assets. The solution is extremely balanced and diversified, using672

all five risky asset investment options.673
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Fig. 10. Stage-wise average allocation with for 1000 simulations, for E-MEE with λ = 100.

We conclude our numerical illustrations with the results for E-MQD. Figure 11 is674

similar to Figure 5, which is not surprising since both are quantile deviation measures.675

Differences between the risk-neutral and risk averse policies are more significant for676

the 5th and 10th quantiles.677

We can observe that Figures 12 and 13 are similar to what observed for other678

ECRMs. For the more conservative values of λ the allocation in cash is around 40%,679

and there is diversification in the allocation of risky assets among the five remaining680

alternatives.681

Fig. 11. Stage-wise average returns for 1000 simulations, comparing E-MQD (ζ1 = 0.1 and
ζ2 = 0.9) and risk-neutral.
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Fig. 12. Stage-wise average allocation with 1000 simulations, for E-MQD (ζ1 = 0.1 and ζ2 = 0.9).

Fig. 13. Stage-wise average allocation with 1000 simulations, for E-MQD (ζ1 = 0.1, ζ2 = 0.9
and λ = 1.31).

6. Conclusion. In this work we studied decomposition algorithms for risk-averse682

MSSP with expected conditional risk measures (ECRMs). ECRMs are683

time-consistent, and we show that solving risk-averse problems in the ECRM frame-684

work is just as complex as solving risk-neutral ones. We consider ECRMs for both685

deviation and quantile mean-risk measures and derive Bellman equations for each686

case. We implemented the SDDP algorithm for risk-averse problems with ECRMs687

and illustrate our approach with an extensive numerical study of problems arising in688

two applications: hydrothermal scheduling and portfolio selection. For the first prob-689

lem the E-MEE had the best performance, generating polices significantly different690
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than the risk neutral case. In particular, we observed that higher average costs in the691

first stages avoided potential costs spikes at later stages. In other words, the E-MEE692

policy saved water and for that reason coped better with scenarios where expensive693

thermal plants were needed.694

For the second application E-MCVaR, E-MEE and E-MQD offered meaningful695

risk control. In all risk-averse cases the investment policy had lower returns for the696

50th quantile than those of the risk neutral policy, but controlled losses better for697

more extreme quantiles. For higher values of λ we observed that between 40% and698

60% of the portfolio was invested in cash. Interestingly, the remaining portion was699

well diversified among the risky options, which is fundamental property if a model is700

used in practice.701

Future work includes developing ECRMs for convex risk measures such as the702

entropic risk measure, and comparing our results with other MSSP risk frameworks703

such as the nested CVaR, and multistage distributionally robust models.704
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