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MINIMIZATION OF L1 OVER L2 FOR SPARSE SIGNAL
RECOVERY WITH CONVERGENCE GUARANTEE*

MIN TAOf

Abstract. The ratio of the L1 and Ly norms, denoted by Li/Ls, becomes attractive due to
its scale-invariant property when approximating the Lo norm to promote sparsity. In this paper, we
incorporate the L /L2 formalism into an unconstrained model in order to deal with both noiseless and
noisy observations. To design an efficient algorithm, we derive an analytical solution for the proximal
operator of the L1 /Ls functional. Since the analytical solution depends on the sparsity of an unknown
signal, we develop a bisection search method to find the desired sparsity and the corresponding
solution to the proximal operator of L1/L2. With the new-developed solver of the proximal operator,
we propose a specific variable-splitting scheme for the alternating direction method of multipliers
(ADMM) so that we can establish its global convergence under mild assumptions and prove its
linear convergence rate under suitable conditions. Experimentally, we conduct extensive numerical
simulations to demonstrate the efficiency of the proposed approach over the state-of-the-art methods
in sparse signal recovery with and without noise.

Key words. Proximal operator, sparsity, alternating direction method of multipliers, nonconvex
optimization, global convergence, linear convergence
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1. Introduction. Compressive sensing (CS) is about finding a sparse signal
from a set of linear measurements subject to some sort of noise. It has attracted
tremendous interests and prompted developments in a variety of scientific disciplines,
including mathematics [13], statistics [37], information science [4, 5], and geophysics
[36]. The sparsity is measured by the Ly norm, i.e., the number of nonzero elements
of a vector. Mathematically, a fundamental problem in CS can be formulated as an
unconstrained model,

. 1 2
(1) min {clo + 514x - bl |

where A € R™*" (m < n) is referred to as a sensing matrix, b = Ax* + € is an
observation vector with an underlying signal x* and an additive noise term €, and
~v > 0 is called a regularization parameter to balance these two terms. Unfortunately,
the optimization (1.1) is NP-hard [32] to solve.

One popular approach in CS replaces the Ly norm by the L; norm, leading to a
so-called basis pursuit model [7]. The convex relaxation can be solved very efficiently
by various optimization techniques [12, 14]. Theoretically, a sufficient condition to
guarantee the exact recovery by the L; minimization is the restricted isometry prop-
erty (RIP) [4], while a sufficient and necessary condition is given in terms of null space
property (NSP) [8]. However, it is NP-hard to verify both RIP and NSP for a given
matrix [2, 38]. A computable condition for L;’s exact recovery is based on coherence
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[9] defined by

p(A) = max [{ai, a;)|

——_J with A= [ag, - ,a,].
2 il 8-+ 2l

The L; minimization has been shown effective in sparse signal recovery when the
coherence of the matrix A is small [5], while not working so well in the coherent
regime. It was reported that Ly — Lo [48, 27, 26] and transformed L, (TLy) [49, 50] give
superior performance over L1, especially for coherent matrices. On the other hand, the
resultant solution from the L; minimization often yields a biased estimation [31, 11].
To reduce the bias, there has been an increasing popularity to apply nonconvex terms
as alternatives to L,. For example, L, for p € (0,1) [42, 43] is a nonconvex regularizer
with a representative case of L;/y [45, 46]. The optimization methods to minimize
L, include reweighted least squares [6, 22] and a half-thresholding algorithm for L /o
[45]. However, L, only performs promisingly for incoherent matrices, and is even
worse than L in the coherent scenario.

This paper focuses on the ratio of Ly and Ly [10, 47, 34, 39], denoted by L1 /Ls, to
approximate the Lo norm, which is scale-invariant and parameter-free. L /Lo was first
proposed by Hoyer [16] in nonnegative matrix factorization, and later studied in [17]
when discussing desirable properties of sparse promoting regularizations. In addition,
the L1/Ls formulation has been successfully applied in blind deconvolution [20, 18]
and limited-angle CT reconstruction [40]. Theoretically, Yin et al. [47] established the
equivalence between L /Lo and Lo minimization when recovering nonnegative signals
from linear constraints. Recently, Rahimi et al. [34] proved that a sparse solution is
a local minimizer of the L;/Ls regularization subject to noiseless linear constraints
under a strong NSP condition. The current optimization techniques for the L;/Ls
minimization are limited to nonnegative constraints on the signal [10] as well as a
noiseless setting [47, 34], all lacking convergence guarantees. One exception is a very
recent work by Zeng et al. [51] that considered a series of constrained models involving
the L1 /Lo regularization with a linearly convergent algorithm based on a moving-ball
approximation.

In order to deal with the noise in the data, we propose an unconstrained formu-
lation by replacing the Lo norm in (1.1) with the Lq/Ly term, i.e.,

. x|l 1 2
1.2 F(x):= —||Ax — b||5.
( ) )13’151/% (X) ||X||2 + 2” X ||2
0
By defining O] =1, the feasible set for (1.2) is X = R"; and even so, F'(x) in (1.2)

10]]2
is not continuous at 0, but lower semi-continuous over X. A constrained L; /Ly model

was considered in [34] and solved via the alternating direction method of multipliers
(ADMM). If we apply the same strategy as in [34, Algorithm 3.1] to minimize (1.2),
we shall reformulate it as

[[allx

vz
st. u=XxX, v=X.

. 1
(1.3) miny uvex + §||Ax — b2

As (1.3) violates standard convergence assumptions in nonconvex optimization for
ADMM [23, 29, 15, 33, 41], the convergence of minimizing (1.3) via ADMM is hard
to establish, which motivates us to design a different splitting scheme so that ADMM
has guaranteed convergence.
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In this paper, we derive a closed-form solution to the proximal operator of the
Ly/Ly functional, which provides a successful practice of extending the well-known
Moreau’s proximal theory [35] to a nonconvex setting. As the analytic solution of
the proximal operator of L;/Ls depends on the true sparsity of the underlying sig-
nal, which is usually unknown, we develop a bisection search strategy to estimate the
sparsity level. Equipped with the new-developed solver of the proximal operator, we
propose a specific variable-splitting scheme to apply ADMM [23, 29, 33] for solving
(1.2), which involves a subproblem that can be solved either by the derived proximal
operator or by an inner-ADMM solver. We numerically demonstrate the efficiency of
either approach for the subproblem. By verifying the Kurdyka-Lojasiewicz (KL) prop-
erty of a merit function (defined later in (5.5)), we establish the global convergence
of ADMM under a mild condition. We conduct extensive experiments on construc-
ted examples, noisefree, and noisy cases to showcase the superior performance of the
proposed approach over the state-of-the-art in sparse signal recovery, especially when
dealing with noisy data. In summary, our contributions are threefold,

(1) We derive an analytic solution of the proximal operator of Li/Ls to enable

an efficient algorithm for the L;/Ls minimization.

(2) We design a specific variable-splitting scheme of applying ADMM, and es-
tablish its global convergence together with a linear convergence rate under
certain conditions.

(3) We compare several algorithms for minimizing the same L; /Lo model, shed-
ding lights on computational efficiency for such a nonconvex problem.

The rest of the paper is organized as follows. We describe the notations and
definitions of KL property/exponent in Section 2. The proximal operator for L;/Ls
is derived in Section 3, including existence/uniqueness analysis and a practical solver.
We elaborate on how to solve the unconstrained L;/Ls model (1.2) via ADMM in
Section 4, where two ways to solve for an ADMM subproblem are discussed. The
global convergence and convergence rate for the ADMM framework are analyzed in
Section 5. Section 6 devotes to extensive experiments to showcase the superior per-
formance of the proposed approach in sparse signal recovery with and without noise.
Conclusions are given in Section 7.

2. Preliminary. We start with some notations and definitions that are used
throughout the paper. We use a bold letter to denote a vector, e.g., x € R", and z;
denotes the i-th entry of x. We define [n] := {1,2,--- ,n} as an index set up to n, and
use the notation supp(-) to present the support set of a vector. Give a vector x € R"
and an index set « € [n], we use the notation of x, to denote a partial vector of x
with its entries in the index set of a. Given a closed set D € R™, the notation tp(x)
represents the indicator function for the set D, which takes the value 0 when x € D
and +oo otherwise. Given an index set Z, we use |Z| to denote the number of indices
in this set. The distance from a point x to a closed set D is denoted by dist(x, D), and
the projection of a point x onto D is referred as Projp(x). Given a matrix A € R™*"™
we use N(A), R(A) to denote its null space, range space, respectively. We use I, to
denote the n x n identity matrix, and ® to present the componentwise product. An
extended-real-valued function f: R™ — (—o00,+00] is said to be proper if its domain
domf := {x | f(x) < oo} is nonempty. A proper function f is said to be closed if it
is lower semi-continuous. For a proper closed function f and %X € domf, the regular
subdifferential Of(X) and the limiting subdifferential 8 f(x) [35] are defined as

PRLCECEIEE B

XX XAX Ix — x|

Af (%) := {v
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of (%) := {v‘ IxF 5 %, f(xF) = f(%),vF € df(xF) with vF — v}7

respectively. As an abuse notation, the standard “sign” function can be applied to a
vector as an elementwise calculation, i.e., sign(x) is defined as a vector of the same
length as x with its i-component equal to zero if x; = 0; otherwise being the sign of
each component of x. We define the subgradient of the L; norm as

1 z; >0,
(2.1) (SGN(x))i == { [-1,1] 2 =0,
-1 x; < 0.

Note that sign(x) and SGN(x) are different in that if z; = 0, we have (sign(x)); = 0
and (SGN(x)); returns an arbitrary number between —1 and 1. We say X # 0 is a
stationary point of (1.2), if it satisfies

(2.2) 0€cy <SGN(X) - Hxnli) + AT (A% —b).
2 [1%I3

Next, we review on Kurdyka-Lojasiewicz (KL) property and KL exponent [3].
The KL property (also known as KL inequality) was first introduced by Lojasiewicz
[25] for real analytic functions, and later extended to smooth functions [19]. Recently,
Bolte et al. [3] extended the KL concepts to nonsmooth subanalytic functions. KL
property is widely used in convergence analysis, while KL exponent plays a key role
in analyzing convergence rate.

DEFINITION 2.1. (KL property & KL inequality) We say a proper closed function
h :R"™ — (—o0,+00| satisfies the KL property at a point X € domdh if there exist
a constant a € (0,00], a neighborhood U of X, and a continuous concave function
¢: [0,v) = [0,00) with $(0) =0 such that

(i) & is continuously differentiable on (0,v) with ¢' > 0 on (0,v);
(i1) for every x € U with h(x) < h(x) < h(X) + v, it holds that

@' (h(x) — h(x))dist(0, dh(x)) > 1.
We can further restrict the KL property on a closed set Z, if it holds for every x € UNZ
with h(x) < h(x) < h(x) +v.
DEFINITION 2.2. (KL exponent) For a proper closed function h satisfying the KL

property at %X € domh, if the corresponding function ¢ can be chosen as ¢(s) = ags*~?
for some ag > 0 and 0 € [0,1), i.e., there exist ¢, € > 0 and v € (0,00] so that

(2.3) dist(0, 0h(x)) > c(h(x) — h(%))”

whenever || x —X|| < e and h(X) < h(x) < h(X)+v, then we say h has the KL property
at X with an exponent of 0. If h is a KL function and has the same exponent 6 at any
X € domoh, then we say that h is a KL function with an exponent of 6.

Similarly, we can define the KL exponent of h restricted on = when (2.3) holds
for “|x — %|| < ¢, x € 2 and h(X) < h(x) < h(X) + v” instead of “||x — k|| < e and
h(X) < h(x) < h(X) +v".

3. Proximal operator. Define a proximal operator of Ly /Lo with a parameter
p>0as

+ =|x .
[xllz 2 ?

i x
(3.1) Prole/Lz(q) = argmlnx<” I p” - ||2)

4
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Denote the objective function in (3.1) by

_ Xl e 2
(32) Hx) = b+ -l
Obviously if g = 0, the solution of (3.1) is 0. For the rest of the paper, we assume
q # 0. In what follows, we establish the existence of solutions of (3.1) and then derive
a closed-form solution of Proxf /L (@) in Section 3.1. In Section 3.2, we analyze
solution’s property of (3.1) when the sparsity is given and provide an explicit formula
to characterize the values of a := ||X||1, 7 := ||X|l2 when ¢ := ||X||o is given where X
denotes any optimal solution of (3.1). Since the closed-form solution involves nonlinear
equations and an (unknown) sparsity level of the underlying signal, Section 3.3 details
a practical way to find one of the solutions of Proxi1 /Ly (q) with given q € R™ and
p>0.

3.1. Analytical formula. We present the existence of a solution to Proxi1 /L (q)l
in Theorem 3.1. In Theorem 3.2, we characterize any global solution X with a closed-
form by splitting into two cases while the classification depends on the unknown values
of a := ||| and r := ||X||]2. Furthermore, we provide a characterization for one of
the global solutions with a closed-form in Theorem 3.3 by dividing into two cases only
relying on the proximal parameter p.

THEOREM 3.1. Given q (# 0) € R™ and p > 0, the solution set of (3.1) is
nonempty.

Proof. It follows from [35, Definition 1.23] and [35, Theorem 1.25] directly. 0

THEOREM 3.2. Given q # 0 € R™ and p > 0. We can sort q in a descending
order in a way of |qey| = lgo)| = -+ = ldom)| = 0, where {o(i)}j_, is a proper
permutation of [n]. Then the following assertions hold:

(i) For any optimal solution X of (3.1), it has the same descending order and

stgn pattern as q, €.,

|ZTo1)] > [Toe)| = -+ > |Tom)| and sign(Z,)) = sign(ge()), Vi € [n].

(ii) Furthermore, we denote an integer s as the number of elements in q with
the same largest magnitude, i.e., |qy(1)| = -+ = |Qo(s)| > |@o(s+1)|- For each
optimal solution X (t = ||X|lo, @ = [|X||1, 7 = ||X]|2), one of the following
assertions is satisfied with:

(a) If 0 < p < a/r3, then there exists one index j € [s] such that

= sign(ge)) © @oiy i =3
(3:3) To@) = { 0 otherwise.

(b) If p > a/r®, then there exists a pair of (a,r) such that (Q = 2221 l9i)|)

2

(3.4a) Z—S — pa+ pQ' — ; =0,
t
(3.4Db) r— (Z q?,(i)> r+ Qtp_ - 0,
i=1
and the r is also satisfied with
(35) do0] > - and [gin] < —
pr pr

5
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the solution X is characterized by

. Plao| — 2 .
(36)  mo = | w0 =TI 1<i<y

0 otherwise.

Proof. (1) The assertion holds obviously. Therefore, we can assume without loss
of generality that ¢ > g2 > -+ > ¢, > 0, then X has the same descending order as q
and is all nonnegative, i.e.,

Ty > >- 2>, =0.
Furthermore, we have the following assertion:
(3.7) Suppose Z;, T; > 0and ¢; > ¢; = T; > I;.

The proof is elementary and thus omitted here.
(ii) Since q # 0, thus x # 0. By invoking [30, Theorem 3.2.2 and Theorem 3.2.12],
the KKT conditions of (3.1) lead to

¢ _Ixh, o o

(3.8) = — o XteE—aq) =0,
[z 1[I

where ¢ € SGN(x). By the definitions of a,r, we express (3.8) for every component i,

1 a
(3.9) ;Ci - 773@' +p(@i —q;) = 0.

Since z; > 0 for 1 <14 < ¢, we have (; = 1, thus leading to

a 1
3.10 (ff)-i: i, 1<i<t.
(3.10) p=5)Ti= Pt~ <i<

For the assertion (a), we split into two cases to verify: (I) p— % < 0; (II) p— % = 0.
(I) If p— % < 0, then we can verify that the nonzero entries of X can take only
one nonzero value. Suppose not. It means that there are two different nonzero
entires in X, i.e., Z;, ; > 0 and without loss of generality ¢; > ¢;. Then, it
leads to #; < T; due to p — ;% < 0 which contradicts to (3.7). Thus, X can
take only one nonzero value for its entries. Before verifying the assertion (a),
we first show two facts:

Fact 1: If p—a/r3 < 0, then p < 1/¢3.
Fact 2: Suppose p € (0,1/¢?). Then, there exists a maximum inte-
GET Vmax € [8] such that 0 < p < L For each v € [Vmax|, the

VVmaxd:
corresponding vector () defined by
_(v) _ q1 1 < T < v
(3.11) i = { 0 otherwise,

is satisfied with the first-order optimality condition (3.8) and p < a/r3.
If Vmax > 1, one has H(xM) < H(x™)) for any v (1 < v < yax) where
H (x) is defined in (3.2).
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First, we prove Fact 1. We have verified that X has only one nonzero value
in its entries since p < a/’r?’. Thus, we assume z; = k for 1 <i¢ < v < s and
other entries are zero. It implies a = vk and r = \/vk. It follows from (3.10)
with ¢ = 1 that

1

(3.12) (p— ﬁ)n by

which leads to k = ¢;. Thus, p < ﬁ due to p < a/r®. Furthermore, we
1

have 0 < p < 1/¢? due to v > 1.

Next, we prove Fact 2. For the given p € (0, q%), there exists a maximum
1

integer Vmax € [s] such that 0 < p < . Then, each v € [Vyax] is also

1
VvV Vmax‘]f
satisfied with 0 < p < —1—. Next, we show that
Vva:

x , xrmax—1) - g(max) gre all satisfying (3.8) and p < a/r,

where x(*) is defined in (3.11). In order to show that (3.8) holds for each x*),
we only need to verify (3.9) holds for a’cz@) with ¢ = 1,...,n. We divide the
index set [n] into three subsets: (1) [v]; (2) {v+1,...,s}; 3) {s+1,...,n}.
First, (3.9) holds with ¢ = 1,...,v due to (3.12). Then, since there exist
a scalar £ € (0,1] such that pg; = ﬁ due to p < ﬁ, it leads to (3.9)
holds with ¢ = v + 1,...,s. Similarly, we can show that (3.9) holds with
i = s+ 1,...,n. Obviously, all these X*) (v € [Vmax]) are all satisfying
p < a/r®. Next, for any v (1 < v < vpax), we have

H(xW) - H(ExW)

where the last but one is due to 0 < p < ﬁq%. Thus,

HExW) < HEY), Y1 <v < vax.

By combining Facts 1-2, we see that (1) is a global solution of (3.1) when
0<p<a/rth

Suppose p — % = 0. Any X satisfying (3.8) and p = a/r® where a = [|X||;
and r = ||X||2, it holds that

(3.13) a=1/(p?q)) and r =1/(pq1),

due to pg; — % = 0 and p = %. Next, we show that supp(x) C [s]. In
order to do so, we only need to show that £,.1 = 0. Suppose not. Then,

'ndeed, any one-sparse solution with the support set on {j} where j € [s] and nonzero entry q;
is a global solution of (3.1) when 0 < p < a/r3. If s > 2, (3.1) has multiple one-sparse solutions.
All of them are with the same objective function value H. For conciseness, we only consider one of
them, i.e., x(1).
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ZTs+1 > 0. Furthermore, one has &1 > 0. Since g1 > ¢s+1, thus it yields that
1 > 541 due to (3.7). On the other hand, since (3.8) holds for i = 1,5+ 1,
one has pq; — ; = pQs+1 — = due to p — a/r = 0. It leads to ¢1 = gs+1
which contradicts to ¢; > qs+1 Thus, supp(x) C [s]. Since a > r, it leads
to p < 1/q3. If p < 1/¢3, as indicated in the proof to Fact 2, there exists a

maximum integer vmax € [$] such that p < Nl then

g xWma) are satisfied with (3.8) and p < a/r°.

Also, H(xW) < H(x™)), V1 < v < Vax Therefore, we only need to compare
the objective function values of H at X' and %. Since (%,q) = aq due to
supp(%) C [s], it leads to

H(X) =a/r + glli —q?
=1/(pg?) + g(r2 —2(%,q) + [|al|*)

p
= 1/(pg}) + 5(r* = 2aq: + [|a*)

= 1/(pq}) + £ (=1/(sa}) + llall*)

1 P2
= — + —_ q .
2o 21
Similarly, (*(1)) = 1+ 2(—¢? + ||q||?). Hence, one has H(xW) < H(x)

by using 3 ( 25 + pql > 1. Thus, if p < 1/¢}, (3.1) does not have a global

solution satlsfylng p=a/r3. If p=1/¢?, % is a global solution of (3.1) since
H(x) = H(x(M). For this case, X is just one-sparse solution ().
Combining (I) and (II), the assertion (a) of (ii) holds.
For the assertion (b) of (ii), suppose p > a/r®. By summing (3.10) from i =
1,...,t and using 3./_, #; = a, we obtain (3.4a). Together with ||X||s = r, we further
get

Y- (7)< (1 0 )

=1
1 ¢
= <(1 - pi?') ~ @ /W)) ’

which can be simplified as (3.4b). Using (3.10), we obtain an analytical solution of x

expressed in (3.6) as a general form (with sorting and sign). Note that the conditions

in (3.5) is necessary for guaranteeing Z; > 0 and Z;+1 = 0 from (3.9) and (3.10).
Therefore, the assertion (b) of (ii) follows directly. 0

From the above results, it seems to be not practical to use Theorem 3.2 to char-
acterize the optimal solutions of (3.1) since a and r are unknown. However, since we
only need to find one of the optimal solutions of (3.1) instead of all of them, it turns
to be possible to characterize one of them with a closed form in terms of the value of
p. We present this result in the following theorem.

THEOREM 3.3. Given q # 0 € R™ and p > 0. We can sort q in a a descending
order in a way of g1y = - -+ = Qo (s)l > [o(s+1)| = -+ = [qo(n)| = 0, where {o (i)},
is a proper permutation of [n] and s is an integer and denote the number of elements
in q with the same largest magnitude. Then, one of the following assertions holds:

8
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(i) If0<p< q%, (3.1) has a solution given by (3.3);
o(1)
(i) If p > q21 , (3.1) has a solution given by (3.6) such that (a,r) are satisfied
(1)

with (3.4) and (3.5) simultaneously.

Proof. (a) {0 < p < q%, the assertion follows from the proof to Item (ii) of
(1)
Theorem 3.2. (b) Suppose p > q21 . It implies that p > a/r®. Suppose not. If

(1)

p < a/r®, then p < 1/¢2 ) (see the cases (I) and (II) in the proof to Theorem 3.2).

Thus, p > a/r®. Then, the conclusion follows immediately by invoking Item (ii) of
Theorem 3.2. ]

3.2. Solution’s property when sparsity is given. As indicated by the as-
sertion (ii) in Theorem 3.3, the solution of (3.1) may not be unique when the sparsity
is unknown. We show in Example 3.4 that there are three solutions of (3.1) with two
different sparsity levels.

EXAMPLE 3.4. Letn =2 and ¢ = \/2(v/2 — 1). Consider an objective function

x| + |z 1 1
M+*(m1—q)2+*(ﬂcz—®2~

NCET 2

It has three global optimal solutions x; = (¢,0)T, xo = (0,¢)" and x3 = (¢,q) ",
X1, Xo are satisfying the assertion (a) of (ii) in Theorem 3.2 and x3 is satisfying the
assertion (b) of (ii) in Theorem 3.2. Clearly, they have different sparsity levels.

When the sparsity ¢ is given, we can prove the uniqueness of (a,r), leading to
the uniqueness of the solution to (3.1) in the sense of not considering inner rotation-
invariant property for these entries of X corresponding to these ¢; in the same magni-
tude. For this purpose, we introduce Lemma 3.5 to characterize a cubic function for
having a positive real root and Lemma 3.6 to guarantee there exists a unique pair of
(a,r) satisfying the nonlinear system (3.4).

LEMMA 3.5. Consider the following cubic polynomial for a single variable x,
G(z) =23 — px +v,
with >0 and v > 0. If G(z) = 0 admits a positive real solution, then its discrimi-
nant is nonpositive, i.e.,

2

4

w

(3.14) AB) =

SO,

SE

where we use AB) to denote the discriminant for a Srd-order polynomial. Then Car-
dano’s Formula [{4] shows that G(x) = 0 has three distinct real roots given by

(3.15) 1 =2pcos(n/3 — ¢/3), wa = —20co0s(¢/3), x3=2pcos(w/3+ ¢/3),
where ¢ := \/u/3 and ¢ := arccos %

Proof. We prove (3.14) by contradiction. Suppose A®) > 0, then we have

G(—v/uf3) - G(/uf3) = 4((v/2)* = (u/3)*) > 0,
9
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341

345

346
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which implies that both G(—+/u/3) and G(1/p/3) have the same sign. If both are
positive, then local maximum and minimum values of G(x) are positive, as +1//3
are roots of G'(x) = 0. Since G(z) is a cubic polynomial and lim,_,+, G(x) = 0o, G(x)
can only have one negative real root, which contradicts with the existence of a positive
real solution. If both G(—+/p/3) and G(1/u/3) are negative, we get G(—+/u/3) +
G(\/1/3) = 2v < 0, which contradicts with v > 0. Therefore, the assertion (3.14)
holds, and the root formula (3.15) is elementary. |

LEMMA 3.6. Under the same setting as in Theorem 3.3, there exists a unique pair
of (a,r) satisfying (3.4) when the sparsity is given.

1
Proof. We only need to consider the case of p > ——. For (3.4b), we have
(1)

S qg(i) > 0 as q # 0. We can rewrite (3.4a) as

tr? —a?
p(Q" —a) = 3 >0,

where the inequality is due to tr? > a?. It further follows from Theorem 3.1 that
there exists a solution to (3.1), which guarantees that (3.4b) has a positive solution
r > 0. Then by Lemma 3.5, (3.4b) has three real roots, i.e.,

r1 = 20cos(mw/3 — ¢/3), ro = —20cos(¢/3), r3 = 20cos(n/3 + ¢/3),

t

where o = ZE=1 qg(i)/?) and ¢ = arccos %.

On the other hand, (3.4a) is a quadratic polynomial of variable a with two roots

r3(p+ VA®R)

a4y = ——(——
2 ?

where A®) := p? — 4 (pQ! — L) denotes its discriminant. Due to the existence of the
solution, we have A(®) > 0, and we can further prove that ay > a_ > 0.

. . . a
When minimizing the ratio of the L; and Ly norms, i.e., —, we want to choose

r
the largest value for r and the smallest value for a. By simple calculations, the largest
positive root is ;. We then choose a smaller value between a; and a_, which should
also be larger than r;. Therefore, there is only one choice of (a,r) satisfying (3.4). O

3.3. Practical solver. Theorem 3.3 presents a closed-form solution of X €
Plrox'zl/L2 (q) in (3.1) that can be computed from (3.6), but it depends on the true
sparsity t (:= ||X||p). If ¢ is unknown, we consider a bisection search to find its value.
Suppose we have a lower bound and an upper bound, denoted by t; < ts, respectively.
We examine the middle point ¢ = %(tl +t5), and adopt an alternating updated scheme
to solve the nonlinear system (3.4) for (a,r) for the current sparsity ¢. Specifically

starting from an initial guess of ro, we define Q! and o = 4 /Z§=1 qi(i)/3 according to

10
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Theorem 3.2, then the pair (a,r) can be found iteratively,

4 t

1 NG . t U

(3.16a) (41=F "3 (PQ" = ).
re @)
(3.16b) ae+1 = ?(P — VAL,
t_

(3.16¢) (e41 = arccos (%),
(3.16d) ro41 = 20cos(m/3 — ¢pei1/3),

where ¢ represents the iteration number. If Ag_)l < 0 at a certain iteration ¢, we use

a rough estimation of 7 = 7, to update ¢ by examining whether |g,41)| > 1/(p7)

or not. If Aﬁ)l remains nonnegative, we iterate (3.16) until £ > £, or the relative
error of 7y and g, is less than € = le™2, leading to a pair of approximated solutions
denoted by (a,7) := (ag4+1,7e4+1). If the conditions in (3.5) hold, then we can obtain
a closed-form solution of X via (3.6) with (a,#); otherwise, we shall update t. In
summary, an overall algorithm for finding x € Prox’z1 /L (q) with given q € R™ and
p > 0 is presented in Algorithm 3.1. Heuristic though, Algorithm 3.1 works well in

practice, which motivates us to seek for theoretical rationales in the future.

4. Computational approach. We elaborate on how to minimize the uncon-
strained L;/Ly problem (1.2) via ADMM. In particular, we introduce an auxiliary
variable y such that (1.2) is equivalent to the following constrained formulation,

, eI
miny + &
(41) ,YEX ’YHXHQ (y)
s.t. X=Y,
where ®(x) := 3||Ax — b||3. We define the augmented Lagrangian of (4.1) as
x[1 B
(4.2) La(x,y,z) =7 HXHZ +®(y)+(z,x—y)+ §||X -yl3,

where z is the Lagrangian multiplier (or called dual variable) and 8 > 0 is a parameter.
The ADMM scheme iterates as follows,

k 2
4.3a xFt1 ¢ ar min, LT + é Hx —yk 4 z ,
( ) g 6X(7||X||2 9 y 6 2)
4.3b B aremin. o (@(v) 4 2l — xb+H _ 2|2
(4.3b) y' = argming e (@(y) + 5[y —x 3 15);
(43(7) Zk Tl — gk + ﬂ(Xk+1 _ yk+1).

The y-subproblem (4.3b) has a closed-form solution given by

1 ! ATb ZF
k+1 T k+1
y =|(I,+=4 A) <++X )
< B B B

Since we often encounter an under-determined system in CS, we apply the Sherman-
Morrison-Woodburg Theorem, leading to a more efficient y-update
1 1 AT+
k+1 T T\—1 k+1
vy =\(I,— A" (I,+=-AA") A><++x ),
( B B g g

11
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Algorithm 3.1 Finding the solution to Proxgl/L2 (q) in (3.1) via a bisection search

Require: p > 0 and q € R” with |g,1)| = = |¢o(s)] > [dos41)] =+ > |dom)l
Parameters: £,y (maximum iteration) and e (error tolerance)
if p <1/¢? then
T,(;) is computed by (3.3).
else
Set tl = 1, tg =n.
while t; —t; > 1 do
Set t = [(t1 +t2)/2], 70 > 0 and Flagl = 0.
for { =0: /. do

Compute Ag_)l by (3.16a).

if A <0 then
Set 7 = ry; Flagl = 1; break.
end if

Update (ag41,7041) via (3.16b)-(3.16d)
if |rep1 — re|/|re| < e then
Set 7 = ry11; break;
end if
end for
if Flagl =1 then
if |go(t4+1)] > 1/(p7"), then

t, =t,
else
to =t,
end if
else

Compute a via (3.16a)-(3.16b) with r, = 7.
Flag2 = (¢o(1) — 1/(p7))(1 — a/(p7?)) > 0,
if Flag2, then
if (4or+1) —1/(p7))(1 = a/(p*)) < 0 then,
compute X via (3.6).
else
t; =t.
end if
else
to =1
end if
end if
end while
end if
Output x.

as AAT has a smaller dimension than AT A.

As for the x-subproblem (4.3a), we adopt two ways to solve it. One is based on
the proximal operator (3.1), referred to as ADMM,,, while the other uses an iterative
scheme, referred to as ADMM;. Specifically by letting q = y* — z*/3 and p = 3/7,
we observe that the x-subproblem (4.3a) coincides with Prole Lo (q), which has a
closed-form solution (Theorem 3.3) and a practical solver (Algorithm 3.1).

12
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Algorithm 4.1 ADMM

Require: A € R™*" b e R™, ~,8,e >0, and kypax-
Initialize: y° = z°.
while k < kpax or ||xF71 — x¥[|/||x*|| > € do
Solving the x-subproblem (4.3a) via Algorithm 3.1 or (4.5).
Computing y*+! = (I,, — %AT(Im + %AAT)_lA)(%(ATb) + %zk + xFHD).
Updating z**! = z¥F + g(xF+1 — yk+1),
end while

For ADMM;, we introduce a variable u and rewrite (4.3a) as

. Ixl, B8
MmNy uex 7 ||u||2 + §||X - qH%

(4.4)
s.t. X =u.

The ADMM scheme to minimize (4.4) reads as

. X1 6 5 2
(4.5a) Xjy1 = arg min, ey (’y | H + §||X —ql3+ 5 [x —uy +Vj|2> )
[[ay]]2
. Xjtilli 90
(450) | wr = argmingen (15 4 Sy - vi13)
[[ull2
(4.5¢) Vit1 =V + (Xj41 — wjpa),

where v is the dual variable, ¢ is a positive parameter, and we use the subscript j
to index the inner iterations, as opposed to superscript k for the outer ones. The
x-subproblem (4.5a) can be solved by soft shrinkage, i.e.,

Bq+d(u; —v;) v >
B+6 "0+ B)ujllz )

where shrink(x, u) = sign(x) ® max(|x| — p,0). There is a closed-form solution for
the u-subproblem given by the same root formula of cubic polynomials as in [34].
We incorporate a warm-start strategy to accelerate its performance. Warm-start
means that we use x* as the initial point of x¢ in (4.5) in order to obtain x**1.
The convergence of (4.5) to a stationary point of (4.3a) can be established, which is
omitted as it is similar to the convergence analysis in Section 5. In practice, we use a
stopping condition of a maximum iteration number, denoted by jiax-

We summarize the overall ADMM framework (4.3) for minimizing the uncon-
strained Lq/Ly model (1.2) in Algorithm 4.1. In particular, we can use either Algo-
rithm 3.1 or (4.5) for solving the x-subproblem (4.3a). However, both ADMM,, and
ADMM; may go to stationary points that are not global solution, as illustrated in
Example 4.1.

Xj+1 = shrink (

EXAMPLE 4.1. Let m = 2 and n = 3, and the objective function be

T1| + |x2| + |2 1 1
(4.6) M+f(x1+x2—l)2+§(x2+x3—1)2.

Vit +azi+a23 2

We can verify that x* = (0,1,0) " is a global minimizer to this toy problem (4.6). We
run ADMM,, and ADMM; (jmax = 10) with five different initial points of (29,29, 29)

13
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TABLE 1
Comparison between ADMM), and ADMM; under different initial points.

Initial points Solution AbErr
ADMM,, ADMM; ADMM, ADMM;
(-1,1,-1)T (0,1.00,0) T (0,1.00,0) " 8.35e-07  4.60e-04
0,1,-1)7 (0,1.00,0) T (0,1.00,0) " 4.33e-07  8.62¢-06
(-0.2,0,0.2) T (0,1.00,0) T (1.00,0,1.00) " 2.10e-07  1.73e+00
(10,—-10,0)"  (6.75,-5.74,6.75)T  (6.99,-5.98,6.99)T  1.17e+01 1.21e+01
rand(3,1) (0,1.00,0) T (0,1.00,0) " 1.95e-08  3.70e-05

AbErr Objective

20 40 60 80 100 120 140 160

50 100 150 200 50 100 150 200

F1G. 1. Comparison between ADMM,, and ADMM; for minimizing (4.6) with two initial points:
(=1,1,-1)T and (—0.2,0,0.2) T, as shown on the top and bottom rows, respectively.

listed in Table 1 and report the results in terms of the final solution (“Solution”) and
the absolute error between x* and x* (ground-truth) (“AbErr”), showing that both
of ADMM,, and ADMM; reach stationary points, and even converge to the global
solution for some initial points. We also plot the absolute error between x* and x*
and the objective function of (4.6) evaluated at x* with respect to iteration count
k in Figure 1, which illustrates that ADMM,, converges much faster than ADMM.
Please refer to Section 6 for more comparison between these two methods.

5. Theoretical analysis. This section focuses on the analysis of the proposed
model (1.2) and the ADMM scheme (4.3). In particular, we establish the existence of
solutions to (1.2) in Section 5.1. We prove the subsequential convergence of the ADM-
M scheme (4.3) when minimizing the unconstrained L;/Ls model (4.1) in Section 5.2.

<

Finally, the global convergence and convergence rate are analyzed in Section 5.3

14
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416
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420
421
422
423

424

425
426
427
428

429

431
432
433

%1

5.1. Solution’s existence. Since 1 < Il < v/n, we have
Xl|2
F* = inf (’yxll + 1||Ax — b|%) < 0.
<\ x[l2 2

We define {x*} as a minimizing sequence of (1.2) if limy_,, F(x*) = F'*. Inspired by
[51], we only need to show that any minimizing sequence of (1.2) has an accumulation
point, which implies that the solution set of our model (1.2) is nonempty.

THEOREM 5.1. Ifb & N(AT), the optimal solution of (1.2) can not be 0.

Proof. Suppose that A = [a1, - ,a,,] with a; € R™. By the assumption b ¢
N(AT), there exists at least one index j such that a;rb # 0 and a scalar a # 0 such
that ||aa; — b|l2 < ||bl|2. With such «, we define a vector X € R™ as

L a i=g;
171 0 otherwise.
As F(x) < F(0), it implies that 0 can not be the global solution of (1.2). o
b3
2(vn—1)’

THEOREM 5.2. If A € R™*" is full row rank, b # 0, and 0 < v <

the optimal value of (1.2) is nonempty.

Proof. Thanks to Theorem 5.1, there exists a minimizing sequence of (1.2), de-
noted by {x*}, with x* # 0. Since A is full row rank, we define x := AT (AA")"1b.
As Ax = b, then we have F(x) < v4/n. In the following, we split into two cases to
verify:

(I) Suppose that there are a finite number of k such that x* ¢ N'(A). We remove these
terms from the sequence and still denote the remaining sequence by {x*} without loss
of generality. We see that

1
Wiz F(x) > F* = lim F(x*) >+ b3,
—00

I[bl13
2m-1)
(IT) Otherwise, there are infinite number of k such that x* ¢ N'(A). It implies there
exists a subsequence {x*i} C {x*} such that x*/ ¢ N'(A). Using the fact of Ax = b,
it leads to

which contradicts to 0 < v <

(5.1) \/omin(AT x5 l2 — [bll2 < [ Ax ]2 — [bl2 < [ Ax* — b, < 2VF

where amin(ATA) denotes the smallest nonzero eigenvalue of the matrix AT A. The
first and the last inequalities in (5.1) are due to x* & N(A) and the sequence {x*i}
such that [|[Ax* — b||2 < 2F(x*) < 4F* when j is sufficient large. Then it follows
from (5.1) that {x*} is bounded, and hence there exists a subsequence of {x¥i:}
convergent to a vector X, i.e., limy_,o xFi: = % and

lim F(x"¢) = F*,

t—o0
which implies that x € argminy, F'(x). Therefore, x is a global solution to (1.2). 0O

From Theorem 5.1, we see that 0 can not be a global solution of (1.2) under the
assumptions of Theorem 5.2 as A € R™*"™ being full row rank and b # 0 imply that
bgN(AT).

15
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5.2. Subsequential convergence. Following the convergence analysis [41, 33,
28], we prove in Lemma 5.3 that augmented Lagrangian function (4.2) is sufficiently
decreasing. For succinctness, we denote Ef‘l = Lao(xF, y*, 2F) and wF = (xF, y*, z").
We then prove in Theorem 5.4 that the sequence generated by (4.3) converges to a
stationary point of (4.1) when the sequence {x*} is bounded.

LEMMA 5.3. Let {w"} be the sequence generated by (/.3), then we have
B L?
652 s ch (5-5) v -y
where L := 00 (AT A) is the largest eigenvalue of AT A.

Proof. Tt follows from the optimality condition of (4.3b) that V®(y*+1) = zk+1
and similarly V®(y*) = z*. It is straightforward that V®(-) is Lipschitz continuous
with the constant L, which implies that

(5-3) 12" — 2"z = [Ve(y*) — Ve(y" )2 < Llly" — y" 2.
The convexity of ® also yields that
o(y*) 2 o(y" ) — (v —yF Ve (ytth).
Simple calculations lead to
Loa(x"HL yk 2b) — £ (kL kL gkt

B
= ®(y") = Sy + (2F, X = yh) 4 S =y

_ ((z’“‘l,xkﬂ _ yk+1> + éllxk+1 _ yk+1||%>

2
_ k k1 k1l ok oktly o Pkl k2 Lpok o kt1g2
=0 — o) — Ly my ) ST =yl - gl =2l
B 1 8 L?
> 5”3”“rl —y*II3 — BHZk —2"3 > (5 - F)Hylwr1 - y*II3-
Since £ 4(x**1,y* z¥) < L4(x*,y* z*) by (4.3a), the inequality (5.2) holds. 0

THEOREM 5.4. Let {wF} be the sequence generated by (4.3). If {x*} is bounded

and B > /2L, we have the following statements:
(i) The sequence {w"} has at least one accumulation point;
(ii) limg_so0 ||X* — xF+1| = 0, limp 00 ||ly* — y**1|| =0,
and limy,_, , |2F — 2"+ = 0;

(iii) Any accumulation point of {x*,y*} is a stationary point of (4.1).

Proof. (i) It follows from Lemma 5.3 that
(5.4) LhF <ol —elly® = y*3,

L2
with ¢ := g - ? By the assumption of 3 > v/2L, we have & > 0. Consequently, we

get L% < LY, and hence £ is upper bounded. On the other hand, we have

xF 153
£ =2+ ) + St -y H I + (VR -y
||Xk||1 k B—L, & k)2
> + O (x") + X" —y > 0.
||Xk||2 ( ) 2 ” ||2
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If {x*} is bounded and 8 > V2L > L, then ||x* — y*||, is bounded, leading to the
boundedness of {y*}. Note that

12°]13 = [IVe(y") — V&(0) + 2(0)[I3 < 2 (L?[ly"[13 + [2(0)[3) .

which implies that {z*} is bounded. Therefore, the sequence of {x*,y*, z*} is bounded
and hence it has at least one accumulation point.

(ii) By summing (5.4) from k = 0 to co and using £% > 0, we get that [ly* —
y**1|2 — 0 as k — oo. Then it follows from (5.3) that ||z* — z**1|y — 0 as k — .

By the z-update (4.3c), we have x* —x**1 = %(z’“rl —zF)— %(zkfzkfl)Jr(ka —y"),
leading to |[|x**1 —x*||, — 0 as well.
(iii) The proof is similar to [28, Theorem 2], thus we omit here. d

REMARK 5.5. In standard convergence analysis, one often encounters coercive
functionals such as L, and Ly — Ly to guarantee that the solution is bounded. Un-
fortunately, L1/Ls is not coercive, so we have to assume the sequence is bounded in
order to prove for convergence.

5.3. Global convergence and convergence rate. Theorem 5.4 establishes
the subsequential convergence of ADMM. To ease the global convergence and conver-
gence rate analysis, we introduce an auxiliary function, often referred to as a merit
function,

%11

(5.5) M(x,y) =~
[1x][2

B
£ () + S lx -y,

Using Lemma 5.3, we show the sufficient decay of the function M; see Lemma 5.6.
Then we provide an upper bound for the distance between the subgradient of M and
the zero vector in terms of residual between two adjacent iterates in Lemma 5.7.

LEMMA 5.6. Let {w*} be the sequence generated by (4.3) and M(x,y) defined in
(5.5). If B> 2L, then there exists a constant ¢ > 0 such that

(5.6) MMy < M(xF, %) — ey — y* 5.

Proof. By using Lipschitz continuity of V& and z*+! = V®(y**+1), we have

Lhit = V:jEHQ + Oy + (VO (y ), xF T —y* ) 4 gllxk+1 -y 3
> P+ Do gk
Additionally, due to z* = V®(y*), we get
et =l o) + (vl - v+ Dl - 8

, %% |1
=[xl

P+ 2l - yH3

Together with (5.2), the definition of M and (4.3¢), the above two inequalities lead
to
k+1 k41 k ok B L%k kg2
17
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It further follows from (5.3) that the inequality (5.6) holds with ¢; = p_L_ L
which is positive due to 8 > 2L. ]

LEMMA 5.7. Let {w*} be the sequence generated by (4.3). Then there eists a
constant co > 0 such that

dist(0, OM (xF 1, yF 1)) < colly* T — y*]o.

Proof. The optimality condition of x-subproblem (4.3a) leads to

%"+ k+1 k+1 k
0€~0 I, T2+ By -y

Denote &5 1= 271 — 28 4 B(yF — y" 1) + VO(xF1) — VO(y*+1), then we obtain

S e P Up(xhH K+l kel
1 €7 PEE + VO(x") + B(x y ),

which means that €Y1 € 9, M (x**+1, y**1). In addition, we define €57 := g(y*+! —
xFH1) € 9y M (xF+1 y*+1) and get €57 = 2F — 2F+! based on the z-update of (4.3c).
Denoting &+ = (€51 T (€571 ™) T, there exists a positive scalar ¢ such that

k k
I3 =l167 13 + 1€ 113 < Blly*™ — ¥*[13. 0

We are now ready to establish the global convergence and the linear convergence
rate of (4.3) in Theorems 5.8 and 5.9, respectively. The proofs of these two theorems
are given in the appendix.

THEOREM 5.8. Let {w*} be the sequence generated by (4.3). If b g N(AT), B >
2L, and {x*} is bounded, then {w"} has finite length, i.e., 3 po, |[W*T — wF|| < o0,
and hence {wF} converges to a stationary point of (4.1).

THEOREM 5.9. Let {wF} be the sequence generated by (4.3). If b & N(AT),

B > 2L, and {x*} is bounded, then {w"} converges to a stationary point w> =
(x,y%°,2%°). Let A := supp(x™). Define

Z:={x € R" | supp(x) = A, sign(x) = sign(x>)}.

We have the following statements:
(i) There exists an index K such that x* € Z and y* € Z when k > K.
(it) Suppose that A{ Ax = 0. Then, there exists a scalar 5 > 0 such that the
sequence of {w*} converges linearly when 0 < v < 7, i.e., there exist c; > 0
and v € [0,1) such that

(5.7) [wh — w| < ervh.

6. Experiments. We conduct extensive experiments to demonstrate the perfor-
mance of the proposed L;/Ly algorithms. Specifically in Section 6.1, we construct a
stationary point of the model (1.2) to show the efficiency of the proposed model (1.2),
as the ground-truth signal may not be the optimal solution to (1.2). We then compare
the Li/Lo model (1.2) with the state-of-the-art models in sparse recovery, including
Ly, Ly, [6] (L2 [45]), and L1 — Lo [28], for noiseless and noisy cases in Sections 6.2
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and 6.3, respectively. The initial value for all the nonconvex models is chosen to be
the L solution, i.e.,

. 1
(6.1) xY = arg min (fy||x||1 + §HAX — b||§) .

The stopping criterion is set to meet one of the conditions:

[* — x|

(6.2) RelChg := < Tol or kmax > 5n,

max{|[|x*[|z, [|Ix* |z, e}

for e = 10716, We set Tol as

10~° if 0 =0,
Tol = { 0.01 %0 ifo >0,

where o is the variance of the noise (¢ = 0 means the noiseless case).
We generate an s-sparse ground truth signal x* € R™ with each nonzero entry
following a Gaussian normal distribution. We consider two types of sensing matrices:
(1) Oversampled DCT: A = [aj, a9, ...,a,] € R™*"™ with each column

a 1 2wy 1
ji= ——=cos [ —— =1,...,n
] \/m F y J ) s 10y

where w € R™ is a random vector following a uniformly distribution on
[0,1] and F' € R, controls the coherence. A larger value of F yields a more
coherent matrix A.

(2) Gaussian matrix: we generate A subject to N'(0,Y) with the covariance ma-
trix ¥ = {(1 —r)I,(i = j) + r}, ;, for a positive parameter r. A larger value
of r is more difficult for recovery.

All these algorithms are implemented on MATLAB R2016a and the experiments

are performed on a desktop with Windows 10 and an Intel Core i7-7600U CPU proces-
sor (2.80GH) with 16GB memory.

6.1. Constructed stationary points. Given a dataset of (A4,v,x*), we want
to generate a vector b such that the sparse vector x* is a stationary point of the
unconstrained L; /Lo model (1.2). The vector b can be constructed in a similar way
as in [21] for L; and in [28] for Ly — Lo. In particular, we examine the first-order
optimality condition of (1.2),

(6.3) 7( v xx !1) + AT (Ax* —b) =0,

where w* € SGN(x*) defined in (2.1). We need to find w* such that w* — Bl

llx*13
R(AT). If there exists a vector y satisfying ATy = w* — XH>”<,*(H!1 and we define
2
b = ﬁ + Ax*, then x* is a stationary point to (1.2). In order to find such a

vector w* € R" numerically, we use an alternating projection method (APM). More
specifically, the projection onto the set of R(A") can be obtained by computing the
orthogonal basis U of AT. In short, the iteration starts at w® € SGN(x*) and iterates
as follows:

. x| x* x* |1 x*
kot~ Broae (17wt B Do

=13 <113
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values (right) using constructed examples based on oversampled DCT (top) and Gaussian matriz
(bottom).

If APM does not converge, we discard this trial. We can check whether APM is
successful by computing the following errors:

errl = norm(7y * (w/norm(x) — x * norm(x, 1) /norm(x)3) + A’ * (A% x — b));

err2 = max(max(w) — 1,min(w) + 1,norm(w(x > 0) — 1), norm(w(x < 0) + 1)]).

If err1 is small, it means that the optimality condition (6.3) holds (numerically), and
err2 = 0 confirms that w* € SGN(x*).

With the constructed datasets defined by (A, ~,x*, b), we compare three different
algorithms for solving (1.2): ADMM,,, ADMM;, and ADMM, last of which involves
using ADMM to solve the model (1.3). Since that ADMMj is similar to [34, Algorithm
3.1], the details are omitted here.

We test on two different types of matrices (oversampled DCT and Gaussian ma-
trix) with ground-truth signals of sparsity 5. The size of the sensing matrix is 64 x 256.
We set v = 0.001, 3 = 0.2, and the stopping condition given by (6.2) with Tol := 1078
due to unknown noise level. In Table 2, we provide the values of errl and err2 to
confirm the constructed solution x* is indeed a stationary point of (1.2) with a con-
structed dataset of (A4, b,~). We then compare three algorithms (ADMM,,, ADMM;
and ADMMy,) in terms of “AbErr” defined by ||x* — x*|2 and “Time” measured in
seconds. Table 2 clearly shows that both ADMM,, and ADMM; (with inner iteration
number jyax = 10) perform much better than ADMM; in terms of accuracy and effi-
ciency. Furthermore, we plot “AbErr” and objective values with respect to iteration
count £ in Figure 2, which shows that ADMM,, converges to the ground-truth solution
with the least number of iterations.

Since ADMM,; is not the focus of this work and is worse than ADMM,,/ADMM,;,
we exclude ADMM; in the rest of experimental comparisons.
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TABLE 2
Results for constructing stationary

Type.l errl: 6.27e-18 err2: 0

ADMM,, ADMM; ADMM;
AbErr  1.33e-06 6.02e-06  1.20e+-01
Time 0.33 0.68 0.15
Type.2 erril: 2.07e-17 err2: 0

ADMM,, ADMM; ADMM;
AbErr  4.27e-08 4.13e-07  1.03e+01
Time 0.03 0.67 0.15

6.2. Noisefree. In this section, we show the efficiency of the proposed algorithm,
i.e., L1/Ly via ADMM), in the noisefree case. We compare with other sparse recovery
models: Ly, Ly 5 [6], and Li-Lo [28] (note that L;-Ly is solved by the same ADMM
framework as the proposed approach), all in an unconstrained formulation. We use
the default setting for these methods, except that the stopping criteria are unified by
(6.2). We choose a very small regularization parameter v = 1076 for all these models,
since we shall put more weights on the fitting term in the noisefree case. We consider
over-sampled DCT matrix with ' = 10 and Gaussian matrix with » = 0.9 of size
64 x 1024, and the sparsity level ranging from 2 to 24 with an equal increment of 2.
As adopted in [48, 34], we evaluate the performance of sparse recovery in terms of
success rate, the rates of model failure and algorithm failure. Success rate is defined as
the ratio of the number of successful trials to the total number of trials, in which a trial
declared to be successful when the relative error of the reconstructed solution X to the
ground truth x* is less than 1072, Furthermore, we compare the objective function
F(-) at the ground truth x* and the reconstructed solution %. If F(x*) > F(%),
then x* is not a global minimizer, which is referred to as model failure. Otherwise,
we have algorithm failure, as the algorithm does not achieve a global solution. Note
that model/algorithm failure is evaluated by the corresponding objective function of
a model. We present success rates and rates of model/algorithm failure for various
models in Figure 3. For the oversampled DCT matrices with F' = 10, L;-Lo performs
the best, while Ly/Ly is the second best, and very close to Li-Ls. For Gaussian
matrix with r = 0.9, L, /5 performs the best, while L; /Ly is comparable to L; /5. The
experimental results are consistent with the literature [34, 27, 47], but it is worth
noting that Li/Ly is always the second best for both types of the sensing matrices.
Based on model/algorithm failure rates in Figure 3, we hypothesize that L;/Ls is not
sufficient to promote sparsity for the oversampled-DCT matrices, while we need to
work on algorithmic improvements of L /Ly for Gaussian matrices.

6.3. Noisy data. Here we provide a series of simulations to demonstrate sparse
recovery under a noisy setting. In particular, we consider two types of sensing ma-
trices: over-sampled DCT with F' = 5/10 and Gaussian matrices with » = 0.2/0.8.
We fix the ambient dimension and sparsity of the ground-truth signal x* as n = 1024
and s = 15, while varying the number of measurements m from 64 to 128 with an
equal increment of 4. The linear measurements are obtained by b = Ax* + €, where
€ follows the random Gaussian distribution with standard deviation ¢ = 0.05. For
all the competing methods, we set the regularization parameter v = 0.08, while using
the default setting for other algorithmic parameters. In Figure 4, we plot the absolute
error between the reconstructed solution (X) of a certain method to the ground-truth
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F1a. 3. Comparison results in the noisefree case based on the oversampled DCT matriz with
F =10 (left) and Gaussian matriz with r = 0.9 (right). From top to bottom: success rates, model
failures, and algorithm failures.

(x*), i.e., AbErr = ||Xx —x*||2, with respect to m (the number of measurements). If the
support A := supp(x*) of the ground-truth solution x* is known a priori, we use the
oracle solution o?tr(A] Ay)~! as a benchmark. For the oversampled DCT case, both
ADMM,, and ADMM; perform much better than the other competing methods. As
for the Gaussian case of r = 0.2, ADMM,,/ADMM; and L;-L, are nearly the same.
ADMM; is slightly better when r = 0.2, while ADMM,, is better for r = 0.8.

Finally, we list the means and standard deviations of computation time in Table
3 for both oversampled DCT and Gaussian matrices with different m. The proposed
ADMM,, approach is comparable to the popular methods of L;/, and Li-Ly in time,
while ADMM,; is nearly 2-3 times slower than ADMM,,. We also observe that ADMM,,
requires less iterations to satisfy the stopping criteria (6.2) when m increases, and as
a result, the computation time by ADMM,, is inversely proportional to m. The same
behavior is observed for Li-Lo in the case of Gaussian matrices.
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TABLE 3
Average computation time (standard deviation) for sparse recovery from moisy measurements.

m Ly [45) L1 — Ly [28)  ADMM,, ADMM;
oversampled DCT matrix with F' = 10

64 0.26 (0.10) 0.15 (0.04) 0.26 (0.11) 0.58 (0.08)
76 0.25 (0.08) 0.15(0.03) 0.23 (0.08) 0.58 (0.05)
88 0.27 (0.10) 0.17 (0.18)  0.21 (0.07) 0.60 (0.07)
100 0.28 (0.10)  0.18 (0.04)  0.20 (0.07) 0.61 (0.05)
112 0.28 (0.10)  0.19 (0.06)  0.21 (0.09) 0.63 (0.10)
124 0.31 (0.13)  0.21 (0.04) 0.20 (0.07) 0.64 (0.07)
Gaussian matrix with » = 0.8
64 0.31(0.24) 0.13 (0.05) 0.42 (0.46) 0.68 (0.11)
76 0.33 (0.25) 0.11 (0.04) 0.33 (0.44) 0.71 (0.12)
88 0.37 (0.27) 0.08 (0.03) 0.16 (0.22) 0.71 (0.12)
100 0.35(0.28)  0.07 (0.02) 0.10 (0.04) 0.72 (0.11)
112 0.41 (0.31)  0.07 (0.01)  0.09 (0.03) 0.71 (0.08)
124 0.47 (0.35)  0.07 (0.01) 0.08 (0.03) 0.74 (0.09)

7. Conclusions. We proposed an unconstrained L; /Lo model to deal with both
noiseless and noisy observations. We derived a closed-form solution of the proximal
operator of Ly /Lo, which involves a solution of a two-dimension nonlinear equations.
By verifying the solution’s uniqueness of (a,r) when the sparsity is given, we further
characterize a solution of the resultant nonlinear system. Thanks to the analytical
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formula, we developed a practical solver for the proximal operator of L;/Lo and
designed a specific splitting scheme to apply the ADMM framework when solving the
proposed unconstrained model. Under some mild conditions, the global convergence
of ADMM for such a nonconvex problem was established, and its linear convergence
rate was also analyzed under certain conditions. We demonstrated numerically that
the proposed model outperforms some state-of-the-art models in sparse recovery for
both noisefree and noisy data, and the proposed ADMM framework converges faster
to solutions with higher accuracy than other existing algorithms.

Appendix A. Proof of Theorem 5.8.
Proof. Clearly, 1||Ax — b||3 is a real analytic function. On the other hand, the

function Hilt is subanalytic, because its graph is a subanalytic subset in R*+!. If
at least one of the two subanalytic functions maps bounded sets to bounded sets,
then their sum is also subanalytic [3], which guarantees that the objective function
F' defined in (1.2) is subanalytic. Similarly, the merit function M defined in (5.5) is
also subanalytic.

Invoking Theorem 5.1, 0 cannot be the global solution of (1.2). Furthermore,
any accumulation point x> of the sequence {x*} generated by (4.3) cannot be 0.
Suppose not. Then, x* — 0. Thus, x**! — 0 due to ||x* — x**1|| - 0. In view
of (4.3a) and Theorem 3.2, one has y* — %zki — 0. On the other hand, y*s — 0
due to x* — y* — 0. Thus, z* — 0. Invoking z* = AT (Ay* — b) and letting
j — o0, it leads to 0 = A" b which contradicts to b ¢ N (A"). Invoking Lemma 5.7,
any accumulation point (x>, y>) of {(x*,y"*)} generated from (4.3) is satisfied with

0 € (OxM (x>, y%°), 0y M (x>, y%°)), x> =y*>.

Thus, (x*°,y°°) can not be (0,0).

Thus, we claim that there exists a sufficient small parameter ¢ > 0 such that x*°
not in the open ball B, = {x|||x||z < €}. By defining X = {x € R"|||x||2 > €} and
Y = {y € R"||lyll2 > €}, the merit function M (z,y)| 3y satisfies the KL property
due to M(z,y)| 5,y is continuous and closed on its domain. Therefore, the function
M (x,y) satisfies the KL property at the stationary point (x°°,x°°). The remaining
proof is standard and similar to [23, Theorem 4], thus omitted here. 0

Appendix B. Proof of Theorem 5.9.

Proof. (i) As proved in Theorem 5.8, the sequence of {w"} converges to a sta-
tionary point w™. First, we prove the assertion of supp(x*) = A when k is sufficient
large. Since x* — x>, there exists an index K such that supp(x*) = A when k > K.
Suppose not. Then, there exists a subsequence {x*s }321 such that supp(x¥i) # A
for all j. Next, we consider the support set sequence of {supp(x*7) 524. Since the
choices of the support set is finite, by invoking the Pigeonhole Principle and restrict-
ing the subsequence on hand, we have supp(x*i+) = A when t € k where K repre-
sents the subsequence. Consequently, A = A due to xFi+ — x> which follows from
xF — x*. Tt contradicts to supp(x*/) # A for all j. Next, we prove the assertion of
sign(x*) = sign(x>) when k is sufficiently large. Define the scalar

(B.1) w = inf |2°|,
iEA

and the open ball of B, (x*) := {x | [|x —x*[]z < w}. Since x* — x>, there exists
an index K1(> K) such that ||x* — x*|| < w when k > K. For these x*, it holds
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that supp(x*) = supp(x®) = A. Thus, for any i € A, sign(z¥) = sign(z$°) which
follows from |zf — 25°| < w and the definition of w in (B.1). Consequently, x* € =
when k£ > K;. Similarly, there exists an index K5 such that y’C € Z when k > Ko
since x* = y™. By setting K := max{K;, K5}, both of x*, y* € = when k > K.

(ii) First, we verify the following assertion: For the stationary point x>, there
exists a scalar 4 > 0 such that F is a KL function restricted on = with an exponent of
1/2 when 0 < v < 7. In order to do so, we introduce F : R* — R (a = |A]), defined
by

2 falp | 1 2
F(u) := —||[Azu — bl|*.
(u) ’YHUHQ + 2” AU ||

Obviously, F(x3) = F(x) when x € E. Define Z5 := {u € R* | u = x5, x € E}.
Since sign(u) is single-value when u € 23, F is differentiable on the set Zj, i.e.,

VE(u) =y (Slgn(“) - ”“”;u) + AT (Azxz —b), YueZ;.
[alz a3

Next, define the set X = {x € R"|||xz|]2 > €} where € < w and w is defined in (B.1).
Obviously, x> € X. In the following, we show that there exists a parameter ¥ > 0
such that when 0 < v < 74, it holds that

(B.2) IVE(xz) = VE(x¥)3)ll > 7llxz — (x¥)5ll, Yx€ENA,

sign(u)  Jlufhu
i [ufz full3
Lipschitz continuous with constant L := 6‘F on the set of 23 N X; 4 where

with 7 > 0. First, we illustrate that the function fi(u) :=

={uecR*|u=xz, xe X}

For any u, v € 25 N X3, we denote the scalars of a; := |[ul|1, ag := ||v]|1, 71 := ||ul|2,
ro 1= ||v||2 and the vector e, = sign((x>)z) € R* and it leads to
1f1(u )||
T —T1 aﬂ‘%’u — agrlv
= €a — 3.3
T17T2 1Ty

u—v r3rilas — aq| +rias(rd — ) + agrd|lu —v
g\/&H H2+ s571laz — ar| + riaz(ry - ?) + aord|| I
r172 (7”17“2)

Next, we prove (B.2). For any x € 2N X, it leads to

IVE(xx) = VE((x*)3)ll

= [ly(f(xa) = fu((x>)5)) + AL Az (x5 — (x*)3)
> [|AR Ax (xa = ()Rl = vl (xx) = F((x)x)l
> | Ay Ax(xx = (x¥) )l = vLlIxz = (x)5]

)&
> (omin(Af Ax) — L) x5 — (x™)5]-
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(AT A+
Let ¥ = Fmin(A3A45)  Gince A;{A]\ = 0, thus amin(A;—\rA;\) > 0 where oy (+) represents

the smallest eigenvalue. Consequently, 7 > 0. Let 0 < v < 7, the inequality (B.2)
holds with 7 := oyin (AL Ax) — vL > 0.

Furthermore, since the function f;(u) is Lipschitz continuous with constant L on
the set of 25 N Xj, it leads to

IVE(u) ~ VEV)]

= [[7(f1(u) = fi(v)) + Af Az (u— V)|
<vLju—v|[ + Ay Az(u - V)|

< (VL 4 omax (AL Ap))[u = V], Yu,v e S5 Xy

Thus, VF(u) is Lipschitz continuous on the set of Z5 N X5 with constant Ly =
~vL + JmaX(A;l—\—A]\), ie.,

IVE(xz) = VE(®))ll < Lilxs — (<®)zl, ¥xe=n L.
On the other hand, for any x € 2N X, we have
|F(x) = F(x)| = |F(xz) = F((x™)5)]
< (ex — ()8) V() 5) + “E s — )z %

Since x* is a stationary point of (1.2) in the sense of (2.2), it leads to that

(B.3) VF((x*)3) =0.
Consequently,
Px) —~ Fx®)| < 2 ey — ()3, ¥x €20 &,
By combining the above inequality with (B.2) and invoking (B.3), we have that
(B.4) |F(x) = F(x™)| < &|VE(x3)[?, VxeENX,

with ¢ := 25%)2 Finally, for x € B:={x € R" | x € ENU(x*) and F(x*) <

F(x) < F(x*®)+v}, where U(x>) is a neighborhood of x> and U(x>) C X, it yields
that

o . 2
dist“(0,0F (x)) = . Elgl%x) €]l
x €

. 2 _ - 2

>t sl = inf [VEGe) P
xeB

By combining the above inequality with (B.4), one has that F is a KL function

restricted on Z with an exponent of 1/2.

Finally, we have that M(x,y) is a KL function with an exponent of 1/2 at
(x*°,x°°) when it is restricted on Z x Z by following the proof to [24, Theorem
3.6]. In view of the assertion (i), both of x* and y* will enter into the set of = when
k > K. Thus, the assertion (5.7) follows directly by following the proof in [1]. We
omit the proof here for brevity. 0
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