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Abstract

A trust-region algorithm using inexact function and derivatives values is introduced
for solving unconstrained smooth optimization problems. This algorithm uses high-order
Taylor models and allows the search of strong approximate minimizers of arbitrary order.

The evaluation complexity of finding a g-th approximate minimizer using this algorithm

is then shown, under standard conditions, to be O(minje(y, . 4 ej_(ﬁl)) where the ¢; are

the order-dependent requested accuracy thresholds. Remarkably, this order is identical
to that of classical trust-region methods using exact information.

Context: The material of this report is part of a forthcoming book of the authors on the evaluation com-

plexity of optimization methods for nonconvex problems.

1 Inexact Algorithms Using Dynamic Accuracy

Most of the literature on optimization assumes that evaluations of the objective function, as
well as evaluations of its derivatives of relevant order(s), can be carried out exactly. Unfor-
tunately, this assumption is not always fulfilled in practice and there are many applications
where either the objective-function values or those of its derivatives (or both) are only known
approximately. This can happen in several contexts. The first is when the values in questions
are computed by some kind of experimental process whose accuracy can possibly be tuned
(with the understanding that more accurate values maybe be, sometimes substantially, more
expensive in terms of computational effort). A second related case is when objective-function
or derivatives values result from some (hopefully convergent) iteration: obtaining more accu-
racy is also possible by letting the iteration converge further, but again at the price of possibly
significant additional computing. A third context, quite popular nowadays in the framework
of machine learning, is when the values of the objective functions and/or its derivatives are
obtained by sampling (say among the terms of a sum involving a very large number of them).
Again, using a larger sample size results in probabilistically better accuracy, but at a cost.
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Extending ideas proposed in [1}(1), this report discusses a trust-region algorithm which can
handle such contexts, under what we call the “dynamic accuracy” requirement: we assume
that the required values (objective-function or derivatives) can always be computed with an
accuracy which is specified, before the calculation, by the algorithm itself. 1t is also under-
stood in what follows that the algorithm should require high accuracy only if necessary, while
guaranteeing final results to full accuracy. In this situation, it is hoped that many function’s
or derivative’s evaluations can be carried out with a fairly loose accuracy (we will refer to

these as “inexact values”), thereby resulting in a significantly cheaper optimization process.

2 Taylor decrements and enforcing accuracy

We consider the problem of minimizing a smooth, potentially nonconvex, function f from
R" into IR without constraints on the variables. This problem has generated a literature
too abundant to be reviewed here, but it is probably fair to say that trust-region methods
feature among the most successful algorithms for its solution, showing excellent practical
performance and solid theoretical background (see [8] for an in-depth discussion). These
methods are based on using n Taylor-series models, which clearly depend on values and
derivatives of the objective function at a sequence of points (iterates), but in the scenario we
are about to consider, we do not assume that we can calculate them exactly. That is, rather
than having true problem function and derivatives values, f(x) and V2 f(z) for j € {1,...,q}

at x, we are provided with approximations f(z) and Vif (z)—here and hereafter, we denote
inexact quantities and approximations with an overbar.

Consequently, while high-degree exact approaches (see [4, 3, 7, 2] for instance) deal with
a p-th degree Taylor-series approximation

p
1
Trp(x,s) = +Z V’ [s)" = Ty p(,0) Z;Vszpfw)]v ofs]’

of f for perturbations s around x, in our new framework, we have to be content with an
inexact equivalent

p

'L 1 Xeal %
Typ(x,s) ) + Z VZ =Typ(x,0) + Z 5[Vva/p($vU)]v:0[5] .
! — il

It is therefore pertinent to investigate the effect of inexact derivatives on such approximations.
As we shall see, for our purposes it will be important to achieve sufficient relative accuracy
on the value of the Taylor model. More specifically, we will be concerned with the Taylor
decrement defined, at x and for a step s, by

ATLP(%S) = Tfp(x 0) = Typ(x,s)
= —Z ([VoTrp( ) ]o=ols]'

= 1

=Y vl
=1

W For regularization methods.



Cartis, Gould, Toint — Strong Complexity for Inexact Trust Region 3

While our traditional algorithms depend on this quantity, it is of course of the question to use
them in the present context, as we only have approximate values. But an obvious alternative
is to consider instead the inexact Taylor decrement

1 . ,
ATy j(x,8) C Ty i(x,0) = Ty (. s) Zﬁ (VT (x,v)]u=ols]". (2.1)
i=1
We shall suppose in what follows that a relative accuracy parameter w € (0, 1) is given, and
we will then require that

AT (2, 8) — ATy (2, 8)] < wAT (2, s) (2.2)

whenever ATy, (z,s) > 0. It is not obvious at this point how to enforce this relative error
bound, and we now discuss how this can be achieved.

But Taylor models also occur in termination rule for high-order approximate minimizers.
In particular, it has been argued in [7] that “strong” approximate ¢-th order minimizers satisfy
the necessary optimality condition

5]
¢f,3( ze) < J—J' forall je{l1,...,q}. (2.3)
for some d; € (0,1), where
¢%;(x) = f(z) — min Ty (x,d), (2.4)

which is the largest decrease of the j-th order Taylor-series model T j(x,s) achievable by a
point at distance at most § from x. Note that gb5 ( ) is a continuous function of = and §
for f € C7 [13, Th. 7]. Tt is also important to observe that ¢5]( x) is independent of the
value of f(xr), because the zero-th degree terms cancel 1n (2.4). In what follows, we will
mostly consider d < 1, but this is not necessary. Thus qbf, y (z) is itself based on a Taylor-
series model and thus is of importance since we plan to use (2.3) as a termination rule for
our proposed algorithm. This reinforces the need to understand how to enforce the accuracy
which is necessary for the algorithm to finally produce an exact approximate minimizer.

2.1 Enforcing the relative error on Taylor decrements

For clarity, we shall temporarily neglect the iteration index k. While there may be circum-
stances in which (2.2) can be enforced directly, we consider here that the only control the
user has on the accuracy of ATy ;(x,s) is by imposing bounds on the absolute errors of the

derivative tensors {V% f(z)}/_;. In other words, we seek to ensure (2.2) by selecting absolute
accuracies {¢;}]_; such that the desired accuracy requirement follows whenever

IVEf(z) = Vo f@)ll < G for i€ {1,... 7}, (2.5)

where || - || denotes the Euclidean norm for vectors and the induced operator norm for matrices
and tensors. As one may anticipate by examining (2.2), a suitable relative accuracy require-
ment can be achieved so long as AT} j(x, s) remains safely away from zero. However, if exact
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computations are to be avoided, we may have to accept a simpler absolute accuracy guarantee
when ﬁﬁj (x, s) is small, but one that still guarantees our final optimality conditions.

Of course, not all derivatives need to be inexact in our framework. If derivatives of order
i€ & CH{l,...,q} are exact, then the left-hand side of (2.5) vanishes for i € £ and the choice
(i = 0 for i € & is perfectly adequate. However, we avoid carrying this distinction in the
arguments that follow for the sake of notational simplicity.

We now start by describing a crucial tool that we use to achieve (2.2), the VERIFY algorithm,
stated as Algorithm 2.1 below. We use this to assess the relative model-accuracy whenever
needed in the algorithms we describe later in this section.

To put our exposition in a general context, we suppose that we have a Taylor series T,.(x, v)
of a given function about x in the direction v, along with an approximation T',.(z,v), both of
degree 7, as well as the decrement AT,.(x,v). We suppose that a bound & > ||v|| is given, and
that required relative and absolute accuracies w and £ > 0 are on hand. Moreover, we assume
that the current upper bounds {(;}j_; on absolute accuracies of the derivatives of Tr(x,v)
with respect to v at v = 0 are provided. Because it will always be the case when we need it,
we will assume for simplicity that AT, (z,v) > 0. Moreover, the relative accuracy constant
w € (0,1) will fixed throughout the forthcoming algorithms, and we assume that it is given
when needed in VERIFY.

Algorithm 2.1: The VERIFY algorithm

accuracy = VERIFY((S,TTT(:U, v),{G}i—1s f)

If 7 r 5
AT, (z,v) >0 and z;(:,l' < wAT(z,v), (2.6)
set accuracy to relative. =
Otherwise, if roog 5"
Z;CZZ' Swfﬁy (2.7)

set accuracy to absolute.

Otherwise set accuracy to insufficient.

It will be convenient to say informally that accuracy is sufficient, if it is either absolute
or relative.

We may formalise the accuracy guarantees that result from applying the VERIFY algorithm
as follows.
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Lemma 2.1 Let w € (0,1] and 4, ¢ and {¢;}'_; > 0. Suppose that AT, (x,v) > 0, that
accuracy = VERIFY((S,E(Q:, v),{G}iz1s f)
and that
H [ViTT(:L‘,U)L:O - [vf’TT(x’U)L:oH <G for ie{l,...,r} (2.8)

Then
(i) accuracy is sufficient whenever

ZQZ, < wé—, (2.9)
=1

(ii) if accuracy is absolute,
_ o S5
max [ATT(x,v), |AT, (2, w) — ATT(x,w)H < fﬁ (2.10)

for all w with [Jw]] <.
(i1i) if accuracy is relative, AT, (z,v) > 0 and

|AT, (2, w) — AT, (z,w)| < wAT,(z,v), for all w with |Jw|| <4, (2.11)

Proof. We first prove proposition (i), and assume that (2.9) holds, which clearly ensures
that (2.7) is satisfied. Thus either (2.6) or (2.7) must hold and termination occurs, proving
the first proposition.

It follows by definition of the Taylor series, the triangle inequality and (2.8) that

|AT, (2, w) — AT, (z,w)| = Z (Vo T (@, w) —i'ViUTr(x,w))[w]l

i=1 ’
|| Vi, T (2, w) = Vi, T (2, w) | [Jw]]
<> g (2.12)

ifl )
wll?
yoll
1.
=1

Consider now the possible sufficient termination cases for the algorithm and suppose
first that termination occurs with accuracy as absolute. Then, using (2.12), (2.7) and
w < 1, we have that, for any w with ||w|| <9,

T’

AT, (2, w) — AT, (, w) Zg.— <we <5— (2.13)

rl =
If AT,(z,v) = 0, we may combine this Wlth (2.13) to derive (2.10). By contrast, if
AT, (z,v) > 0, then since (2.6) failed but (2.7) holds,

WAT, (z,w) < ZQ— <w§5—
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Combining this inequality with (2.13) yields (2.10). Suppose now that accuracy is
relative. Then (2.6) holds, and combining it w1th (2 12) gives that

5t
‘ATT T, w) — ATT(w,w ZQ,— < wAT (2, v,),
=1
for any w with ||w| < ¢, which is (2.11). O

Clearly, the outcome corresponding to our initial aim to obtain a relative error at most w
corresponds to the case where accuracy is relative. As we will shortly discover, the two
other cases are also needed.

2.2 Computing the approximate optimality measures

Our next concern is how one might compute an optimality measure, given an inexactly com-
puted ATy ,(x,s). Using the crucial measure of optimality

) def
, = max ATy (x,d 2.14
4(x) % o ATy (o), (214)
is out of the question, but an obvious alternative is to consider instead the inexact measure
&7 (@) max AT} (x, d) (2.15)

lldll <o

that depends on an equivalent sufficiently accurate inexact Taylor decrement. We immediately
—0 .. - .

observe that ¢ ;(z) is independent of the value of f(zy). Natural questions are then how

well a particular 5;3](9:) approximates gi)‘sﬁ j(a:) and, if there is reasonable agreement, what is
a sensible alternative to the stopping rule (2.3)?

We answer both questions in Algorithm 2.2 below, which shows one way to compute
@fe](:r) For analysis purposes, this algorithm involves a counter i of the number of times
accuracy on the derivatives has been improved.

Observe that known values of derivatives for ¢ < j may be reused in Step 1.1 if required.

We now establish that Algorithm 2.2 produces values of the required optimality measures
that are adequate in the sense that either an approximate minimizer is detected or a suitable
approximation of the exact optimality measure is obtained.

Lemma 2.2 If Algorithm 2.2 terminates within Step 1.3 when accuracy;is absolute,
then ‘
5 It

d>f’f](xk) < e]?. (2.18)

Otherwise, if it terminates with accuracy; as relative, then

(1 w)@f () < () < (14 W)B 1 (x1). (2.19)

Moreover, termination with one of these two outcomes must occur if

w 5]1
max sz<_4 7 ,7'

2.20
1€{1,....5} ( )
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Algorithm 2.2: Computing ajcj(ﬂf)

The iterate zy, the index j € {1,...,q} and the radius §; € (0,1] are given, as well as
the constant v € (0,1). The counter i¢, the relative accuracy w € (0, 1] and the absolute
accuracies bounds {(;;, }i_, are also given.

Step 1.1: If they are not yet available, compute {Vi f(xy) g:l satisfying

IV F(an) = Vif ()]l < Gig, for i€ {1,...,5}.

Step 1.2: Find —
P o di; = arg max ATy j(xy,d)
lldl| <

and the corresponding Taylor decrement ﬁf,j (g, dy,j). Compute

accuracy; = VERIFY <5k,ﬁf7j (Tks dij)s {Cisi }gzl, %ej). (2.16)
Step 1.3: If accuracy;is sufficient, return

76 JE—
qbfljj(fl‘k) = ATﬁj(ﬂik, dkvj)'
Step 1.4: Otherwise (i.e. if accuracy;is insufficient), set

Giic+1 = V¢Gisie for e {l,...,j}, (2.17)

increment i¢ by one and return to Step 1.1.
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Proof. Consider j € {1,...,q}. We first notice that Step 1.1 of Algorithm 2.2 yields
(2.8) with T, = Tﬁc and r = j, so that the assumptions of Lemma 2.1 are satisfied.
Note first that, because Step 1.2 finds the global maximum of ATy j(zg, d), we have that
ATy j(xg, dy ) > 0. Suppose now that, in Step 1.2, the VERIFY algorithm returns accuracy
= absolute and that ﬁf’j(xk,dk) = 0. This means that zj is a global minimizer of
Tt i(zk,d) in the ball of radius 0y ; and ATy j(x,d) < 0 for any d in this ball. Thus, for
any such d, we obtain from (2.10) with { = le; that
51

ATy j(g, d) < ATy j(xy, d) + | ATy (2, d) — ATy j(zy, d)| < Le ;;j,

which implies (2.18). Suppose next that the VERIFY algorithm returns accuracy = absolute
but now ATy ;(zg,dk ;) > 0 and thus dj, ; # 0. Using the fact that the nature of Step 1.2

ensures that AT (zg,d) < ATy j(zg,dg ) for d with ||d|| < &, we have, using (2.10)
with & = le;, that, for all such d,

ATfJ(.xk, d) S ﬁﬁj(:vk, d) + ’ﬁﬁj(.ﬁk, d) — ATfyj(.Z‘k,d)l
< ATypj(wn, dig) + |ATy(2x, d) = ATy j(zx, d)|

57 .
kg
< € Fi

yielding (2.18). If the VERIFY algorithm returns accuracy = relative, then, for any d
with ||d|| < 0y ;,

ATfJ'(:Uk, d) S ﬁf,j(xk, d) + ‘ﬁﬁj(xk, d) — ATfJ(.%k, d)‘
(1 + w)ﬁﬁj(mk, dkﬂ‘).

A

Thus, for all d with ||d|| < 0y ;,
max O,ATfyj(mk,d)] < (14 w)max {O,Eﬁj(wk,dk’j)}
= (1w ()
and the rightmost part of (2.19) follows. Similarly, for any d with ||d|| < dy ,
ATyj(xp,d) = ATypj(w,d) — [ATy;(2k, d) — ATy j(wp, d)
> ATy (g, d) — wATy j(zg, di ;).

Hence

| dﬁ?gg}i_ATf,j(wk’d) 2 hex ATy j(zk, d) — wATy (g, di,j)]
>0k,g —RyJ

= (1 — W)TTf’j((I}k, dk,j)-

Since ATy ;(xk,dy,;) > 0 when the VERIFY algorithm returns accuracy = relative, we
then obtain that, for all ||d|| < dj ;,

max |0, maxq<s, , ATr (2, d)| > (1 —w)ATyj(2k, dy ;)

= (1-w)d} (@),
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which is the leftmost part of (2.19). In order to prove the last statement of the lemma,
suppose that (2.20) holds. Then

S L 3 %
i — < max (;; = < (exp(1)—1)dr max (. <20 max (i < lwei—=%
;Q’ZC il T ief{l,..5) Givic ; il ~ (exp(1)—1) R ety Giig < R ielloi} Giic < 3 741
and Lemma 2.1 (i) then ensures that the call to VERIFY in Step 1.2 returns accuracy; as
sufficient, causing Algorithm 2.2 to terminate in Step 1.3. o

Notice that if we apply Algorithm 2.2 for all j € {1,...,¢} and each returned accuracy; is
absolute, the bound (2.18) then ensures that zj is an (e, d;)-approximate g-th-order mini-
mizer. Moreover, (2.10) then guarantees that

P e % for je{1 q} (2.21)
f,j ~ 1 + w j! geeey . .

If accuracy;is relative and (2.21) holds for = x, and § = J;, the same is true because of

(2.19). Thus checking (2.21) is an adequate verification of the j-th order optimality condition.

Moreover, the call the VERIFY in Step 1.1 must return relative if (2.21) fails. Importantly,

. . —6; . .
these conclusions do not require that the {¢ 74(@) ;1-:1 use the same set of approximate deriva-
tives for all j € {1,...,q}, but merely that their accuracy is deemed sufficient by the VERIFY
algorithm.

3 The TtrepA algorithm and its complexity

In what follows, we shall first consider an trust-region optimization algorithm, named TRgDA
(the DA suffix refers to the Dynamic Accuracy framework) whose purpose is to find a vector
x = x, for which (2.21) holds for some vector of optimality radii § € (0, 1]?. This is important
as we have just shown (in Lemma 2.2) that any zj investigated by Algorithm 2.2 for all
j €{1,...,q} is either directly an (e, §)-approximate g-th-order minimizer of f(z) because of
(2.18) or will be if (2.21) holds at x = xj, because of (2.19).

An initial outline of the TRgDA algorithm is presented on the next page.

This algorithm does not specify how to find the step required in Step 2. This vital
ingredient will be the subject of what will follow. In addition, we stress that although (3.3)
and (3.4) might suggest that we need to know the true f, this is not the case, rather we simply
need some mechanism to ensure that xj and z+ sy, satisfy the required bounds. These bounds
are needed to guarantee convergence. Notice that the value of ajfk](xk) and ATy j(x, si) do
not depend on the value of f(x), and so Step 1 and 2 are also independent of this value.
In particular, this allows to postpone the choice of f(xg) to Step 3. At iteration k, a new
value of f(z)) has to be computed to ensure (3.4) in Step 3 only when ATy ;(zg_1, Sk—1) >
ATy j(zg, si). If this is the case, the (inexact) function value is computed twice rather than
once in that iteration. Finally note that the choice ¥ = 1 is acceptable since we have assumed
that ¢; <1 forall j € {1,...,q}.

As usual for trust-region algorithms, iteration k is said to be successful when pg > 1; and
Tk41 = Tk + Sk, and we define S, S, and U}, as

SYkeN|p,>m} and UL N\S, (3.7)
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Algorithm 3.1: Trust Region with Dynamic Accuracy
(TR¢DA, basic version)

Step 0: Initialisation. A criticality order ¢, a starting point xg and an initial trust-
region radius Ag are given, as well as accuracy levels € € (0,1)? and an initial set
of bounds on absolute derivative accuracies {ij}?:l. The constants w, 9, k¢, 71,
N2, Y1, Y2, 3 and Apax are also given and satisfy

Vel glin }6j71]7 Ag<Apax, 0<m < <1, 0< <1<y <ns,
J€l,09

wE (O,min [%m,%(l —772)}) and (jo < ke for je{1,...,p}.
Set k=0 and ic = 0.

Step 1: Termination test. Set d; = min[Ag,J]. For j =1,...,q,

1. Evaluate V2 f (zx) and compute ajcljj (k) using Algorithm 2.2.
2. If

s e\ o
Thion > (125) % (3.)

go to Step 2 with d, the optimality displacement associated with afc'fj ().
If the loop on j finishes, terminate with . = x and . = J.

Step 2: Step computation. If Ay <9, set sy = di, and AT} j(zy, si) = ATy j(wk, di).
Otherwise, compute a step sy such that ||sg|| < A,

ﬁf,j(xkask) > ﬁf}j(l‘k,dk) (32)
and (2.2) holds—see Algorithm 3.2 below for details.

Step 3: Accept the new iterate. Compute f(x) + s) ensuring that
|?($k: + Sk) — f($k + Sk)‘ < wﬁﬁj(fﬁk, Sk). (3.3)

Also ensure (by setting f(xy) = f(zx_1 + sk_1) or by recomputing f(x;)) that
[f(zr) = f(x)| < ATy j (g, sx)- (3.4)

Then compute

_ flxk) = flor + sk)
T ATy ens) 35

If pr, > m1, then set xx11 = xx + Sk; otherwise set xy11 = T

Step 4: Update the trust-region radius. Set

V1A%, Y2 Ak] if pr < m,
Apy1 €9 [128k, Akl if pr € [n1,m2), (3.6)
[Ag, min(Amax, 1348%)]  if pr > n2,

Increment k by one and go to Step 2 with dx11 = d, if 2311 = x and Agyq > 6,
or to Step 1 otherwise.
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the sets of successful and unsuccessful iterations, respectively, and

Se Y {je{o,... kY| p;=m} and U, E{0,... k}\ Sk (3.8)

the corresponding sets up to iteration k. Notice that x4 = zp+sg for k € S, while x4 = g,
for k e U.

For future reference, we now state a property of the TRgDA algorithm that solely depends
on the mechanism (3.6) to update the trust-region radius.

Lemma 3.1 Suppose that the TR1 algorithm is used and that Ap > Ap, for some

Anin € (O, Ao]. Then
1 Amin
og AO

lo 1
k§\3k1<1+ g73>+
Proof. Observe that (3.6) and our assumption imply that

| log 2| | log 72|

Aip1 <4, €8, and A <A, i €U.
Using our assumption, we thus deduce inductively that
Skl U
Auin < Ay, < A4

which gives that
ISkl U

| Amnin
RS Ay

and we obtain inequality (3.9) by taking logarithms on both sides and recalling that
72 € (0,1) and that k = |Sk| + [Ug|. O

In words, so long as the trust-region radius is bounded from below, the total number of
iterations performed thus far is bounded in terms of the number of successful ones. Note that
this lemma is independent of the specific choice of sy.

3.1 Computing the step s;

We now have to specify how to compute the step s; required by Step 2 whenever Ag > 19, in
which case d;, = . While any step satisfying both ||si|| < Ay and (3.2) is acceptable, we still
have to provide a mechanism that ensures (2.2). This is the aim of Algorithm 3.2.

The next lemma reassuringly shows that Algorithm 3.2 must terminate, and provides
useful details of the outcome.



Cartis, Gould, Toint — Strong Complexity for Inexact Trust Region

Algorithm 3.2: Detailed Step 2 of the TRgDA algorithm when Ap > ¢

The iterate zy, the relative accuracy w, the requested accuracy €; € (0, 1]9, the constants
v¢ € (0,1), the counter i¢c and the absolute accuracies {(j; }7_, are given. The index
j€{1,...,q}, the optimality displacement dj and the constant ¢ € (0, 1] are also given
such that, by (3.1),

€j 19j
1+wj!’

ﬁf}j(l‘k,dk) > (3.10)

Step 2.1: If they are not yet available, compute {V¢ f (xk)}le satisfying

IVLf(xx) = Vi f(zr)]| < G, for i€ {1,...,j}.

Step 2.2: Step computation. Compute a step s such that ||s;|| < Ay and yielding
a decrease AT} ;(xy, s) satisfying (3.2). Compute

accuracys =

VERlFY(HSkILTTm(mka s {Giiic ot 1

16—]|; w) (max [1199, [ skl] )J) (&1

Step 2.3: If accuracy, is relative, go to Step 3 of Algorithm 3.1 with the step s and
the associated AT} ;(z, sk)-

Step 2.4: Otherwise, set

Gijier1 = Y¢Gig. for i e {1,...,4}, (3.12)

increment ¢¢ by one and go to Step 2.1.

12
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Lemma 3.2 Suppose that the detailed Step 2 given by Algorithm 3.2 is used in the
TRgDA algorithm whenever A, > 1. If this condition holds, the outcome of the call to
VERIFY in Step 2.2 is relative and termination must occur with this outcome if

wyi L
i < ————— € 3.13
By e = I+ ) &1
. In all cases, we have that AT} ;(zy, s;) > 0 and
|ATy j (i, k) — ATy (g, sk)’ < wATy (g, sk)- (3.14)

Proof. Suppose first that Ay < 9. Then s = di and (3.1) gives ﬁﬁj(xk,sk) > 0.
Moreover, our comment at the end of Section 2.2 shows that the outcome of the VERIFY
algorithm called in Step 1.1 for order j must be relative. Lemma 2.1(iii) then ensures
that (3.14) holds.

Suppose now that Ap > 9 and thus 6 = . We therefore have that Algorithm 3.2 was
used to compute si. Because derivatives may be re-evaluated within the course of this
algorithm, we need to identify the particular inexact Taylor series we are considering:
we will therefore distinguish Tgyj (g, di), AT fo ;(@k, di) and the corresponding accuracy
bounds {¢? g:l using the derivatives {Vi f(xy) g:l available on entry of the algorithm |,
from T}F,j (zk, dg), TT;j(xk, di) and {¢;"}/_, using derivatives after one or more executions
of Step 2.4. By construction, we have that

Gh< ¢ for ie{l,...,j}. (3.15)

We also note that, by (3.1) and (3.2),

e; I
E(},j(xka 52) > E(}J(xk, dy) > J

el (3.16)

where s) is computed using T?J.
Observe now that the TRgDA has not terminated at Step 1 and thus that (3.1) holds. This
in turn implies that

97
2A7f7j(‘rkadk) > (1 +Wk)Ajf7j($k7dk) > ejﬁ
since w < 1, and hence the call the VERIFY in Step 1.2 of Algorithm 2.2 has returned
accuracy; as relative. Therefore (2.6) must hold with ¢; = ¢?, § = ¥ and & = lej,

yielding that
j .
,'91
i=1 )
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As a consequence, we find that

ATf}j(JIk,dk) > H(},j(xk,dk) - ‘E(}J(Clik,dk) - ATf’j(J}k,dk)‘

,197,
Ti § : 0~
> (1—w)A7fE](a:k,dk)
1— o
> 1o yil

from the triangle inequality, (2.12), the definition of {CO 7_1, the fact that ||dy|| < 0, =0
and (3.16). Using similar reasoning, but now with (3.15), we also deduce that

TT}:j('xk’dk) = ATfJ(mﬂdk) - ‘T,T}—,j(fzkvdk) - ATf}j(.’Ek,dk)‘

v

+
ATy j(xk, dr) ZCJ ar (3.19)
0191
> ATy j(xk, di) Z

Combining this with (3.17) and (3.18)

ATy (wn,de) > ATy j(2k,di) — wATY (g, di)

> ATy j(wg, dy) — (%) ATy, j(xk, di)
1 —w w ¥

= m(l 1—w) €T

S R
41+ w) JU

where we have used the fact that w < 1(1 —1n2) < 1 to deduce the last inequality. Hence,
because of (3.2),

) J
o 1’; > 0. (3.20)

ATy (wr, 8) = AT} j(zx, di) > 10+

fid

Suppose now that ATy ;(zy, sg) is any of A7f07j(xk, S) or Ej(aﬁk, sk), and that the call
to VERIFY in (3.11) returns absolute. Applying Lemma 2.1 (ii), we deduce that

€ VI HSkHJ € I
ATf,j(xkask) < 11 z ; T TG J TR
(1+w) max [9,||s]] 7" (1+w) jt

which contradicts both (3.16) and (3.20). This is thus impossible and the call to VERIFY
n (3.11) must also return either relative or insufficient. It also follows from (3.16)
and (3.20) that

wej ’ng

ATy . ——J 0, 3.21
w f,]($k73k) > 4(1+CU) ]' > ( )
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and thus if Step 2.4 continues to be called, ultimately (3.12) will ensure that

wej 9 o
This and (3.21) then imply that eventually (2.6) in the call to VERIFY in (3.11) will hold, and
hence accuracy; is relative. Thus the exit test in Step 2.3 will ultimately be satisfied,
and Algorithm 3.2 will terminate in a finite number of iterations with ﬁf,j(xk, sk) > 0,
because of (3.16) and (3.20), and accuracy; as relative. We may then apply Lemma 2.1
(iii) to obtain (3.14). Finally observe that, since ¥ < 1, we have that

J ; J g
9 V!
; gi,igﬁ < iel{??ilffj} Giyie ; o < (exp(1) — 1)191'6?11%}'{7],} Gijie < 2192’6?;?).%} Giie -
Combining this with (3.13) and using (3.21), we deduce that (2.6) in the call to VERIFY
in (3.11) will hold, accuracy, is relative, and termination of Algorithm 3.2 in Step 2.3

will occur. O

The aim of the mechanism of the second item of Step 2.2 should now be clear: the choice
of the last argument in the call to VERIFY in (3.11) is designed to ensure that the outcome
absolute cannot happen. This is achieved by ensuring progressively shorter steps are taken
unless a large inexact decrement is obtained. Observe that the choice s = di is always
possible and guarantees that inordinate accuracy is never needed.

Observe that the mechanism of Algorithm 3.2 allows loose accuracy if the inexact decrease
ATy j(zg, si) is large—the test (2.6) will be satisfied in the call to VERIFY in Step 2, and thus
VERIFY ignores its last, absolute accuracy argument (£) in this case—even if the trust-region
radius is small, while it demands higher absolute accuracy if a large step results in a small
decrease.

For future reference, we note that the last argument in the call to VERIFY in (3.11) satisfies

) j . j
€5 ) €; i

- > -
41+ w) max [0, [|skll]” 4(1+ w) max 1, Amax]’

(3.23)

3.2 Evaluation complexity for the TR¢DA algorithm

We are now ready to analyse the complexity of the TRgDA algorithm of on page 10, where
Step 2 is implemented as in Algorithm 3.2. We first state our assumptions.

AS.1 The function f from IR" to IR is p times continuously differentiable and each of its

derivatives Vfﬁ f(z) of order ¢ € {1,...,p} is Lipschitz continuous, that is, for every
j €{1,...,p} there exists a constant Ly ; > 1 such that, for all 2,y € R",
IV3f(x) = Vif W)l < Lyjlle —yll, (3.24)

AS.2 There is a constant fi, such that f(z) > fioy for all x € R™.

For simplicity of notation, define

def
Ly = max|l, max L¢,|. 3.25
f [ el g} 1.4 ( )
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The Lipschitz continuity of the derivatives of f has a crucial consequence.

Lemma 3.3 Suppose that AS.1 holds. Then for all x,s € IR,

Ly ,
S+ ) = Tpg( ) < 7 g sl (3.26)

Proof. See [6, Lemma 2.1] with = 1. O

We start our analysis with a simple observation.

Lemma 3.4 At iteration k before termination of the TRqDA algorithm, define

—
~  qef Jlori(x
drn def M, (3.27)
b 5‘]1

where j is the index for which ajcljj (xr) > €/(1 +w)5,i/j! in Step 1 of the iteration. Then

€min

in g > 3.28
z‘eg)l,%{l,k} i 2 14w ( )
where €min = minje(y . gy €. Moreover,
~
Ty j(xx, 0) — Ty (e, sx) > ¢ f,kﬁ (3.29)

Proof. Let k£ be the index of an iteration before termination. Then the mechanism of
Step 1 ensures the existence of j such that

J J
—0k & O ~ _Cmin Oy,

. £, 3.30
%m@w>1+wj!_1+w<ﬂ (3.30)

The definiton of (Z 7,k then directly implies that
o ‘
Ok = 1+w
Since termination has not yet occurred at iteration k, the same inequality must hold for
all iterations i € {0,...,k}, yielding (3.28). The bound (3.29) directly results from

€min

(3.31)

s ~
Tyj(xk, 0) = Tpj(zn, sx) = T j(xr, 0) = Ty j(g, di) = o7 j(2x) = ¢f,k7’f,

where we have used (3.2) to derive the first inequality and the definitions of gfckj(xk) and
5 1,k to obtain the equalities. O
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We now derive an “inexact” variant of the condition that ensures that an iteration is very
successful.

Lemma 3.5 Suppose that AS.1 holds, and that gf,k is defined by (3.27). Suppose also
that

. 1—mn2 -
Ay < T T .32
E < mln{ﬁ, Fmax[L, L] Qbf,k} (3.32)

at iteration k of Algorithm 3.1. Then p > 179, iteration k is very successful and Ay >
Ay

Proof. We first note that (3.32) implies that d; = min[J, Ag] = Aj. Then we may use

(3.5), the triangle inequality, (3.3) and (3.4) and (3.14) (see Lemma 3.2) successively to
deduce that

fan+sk) = Trj(n, s)l
Avaj('xk‘a Sk)

1 _
< m [|f($k: +sx) — f(zr + si)l

o — 1] <

+If @k + i) — T (@r, se)| + [Ty (@n, sk) — Tj (g, Sk)’}

1 —
ANT. (7 c.) — Ty AT . .
ATfyj(iL‘k, Sk) |:|f(l'k + Sk) fiJ (.Tk, 8k>| + SW fid (%k, Sk)i|

IN

Invoking (3.26) in Lemma 3.3, the bound ||sg| < Ap = 0k, (3.25), (3.29), the fact that
w < 1(1 —mn2), and (3.32), we deduce that

Ly, o0t LA
‘pk—l‘ S.m—kj/\+3WS#+%(l—n2)§l—n2
(J+1) 605k Ork
and thus that pg > 72. Then iteration k is very successful and (3.6) then yields that
Apy1 > Ag. O

This allows us to derive lower bounds on the trust-region radius and the model decrease.

Lemma 3.6 Suppose that AS.1 holds. Then, for all k£ > 0,

Ay, > min< ¥, in ¢, 3.33
k_mm{ HAiefgl’}?k}¢f,} (3.33)

where ¢ ¢ is defined in (3.27) and

def 1(1 —12) Aomin;e(y,.. q} 56,;‘
A = ———2min |9, ‘
max|[1, Ly] 2q(maxieqy,.. gy IVESf (o) + K¢)

(3.34)
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Proof. Note that, using (3.27), (2.4) and the bounds ||VZ f(z0)|| < ||VL f(20)|| + K¢ and
do,; < 1, we have that

.1 790,54
J! Qbf?f (zo)

5,0 < max -
max ||V: f(x j
) sy 1Ve/ (ol 5~ fh
< max - :
je{L,ma} 3. periil
e |V f (o)l
< gt T )~ 1)
min _ dp -
Je{l,..at 7
max ||V.Lf(xo)| + &
< que{lwq}H 2 f( ')H ¢
- min 4} .
je{l,gy

and thus, since (1 —n2) < 1,

1-— A A
RA § M min 19, Aio S Aio
max[1, L] bro dro

As a consequence, (3.33) holds for k& = 0. Suppose now that k£ > 1 is the first iteration
such that (3.33) is violated. The updating rule (3.6) then ensures that

min ggfﬂ- and Ap_; <. (3.35)

Ap_1 <
el Ly i€{o,..k}

Moreover, since

o~

Gfk—12> min  ¢r; > min oy,

i€{0,...,k—1} "7 7 i€{0,....k}
we deduce that
Ay Ay Ag_ 1-—
Aklg 'klA < .k LI L772' (3.36)
k-1 z'e{oI,I.l..l,II:—u Ori z'e?lof.l.l,k} Ori d

Lemma 3.5 and the second part of (3.35) then ensure that Ax_; < Ag. Using this bound,
the second inequality of (3.36) and the fact that (3.33) is violated at iteration k, we obtain
that

Ap_q Ap 1—no

n o mn Lf77
min i min i
ief0mk—1} 1T icfon.my T

As a consequence (3.33) is also violated at iteration & — 1. But this contradicts the as-
sumption that iteration k is the first such that this inequality fails. This latter assumption
is thus impossible, and no such iteration can exist. |
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Lemma 3.7 Suppose that AS.1 holds. Then, for all k£ > 0 before termination,

Lt
Tyj(wg, 0) — Ty j(zp, ) = ‘;, elt (3.37)
where R
e (3.38)

Proof.  Suppose first that A > 9 and therefore d;, = 9. Then (3.29) and the bound
¥ > €min give that

Ty (24, 0) = T > P 5> Vg, > Ghin Cmin
13(@; 0) = Ty (ks 1) > TR L e

which yields (3.37) since ka < 1. If A <49, then 0 = Ag, and (3.33) implies that

8 > min < 0, in G0
k_mm{ HAie{moH.l,k}(bf’z}

Therefore, using (3.29) again,

~ ~ )/
Ty j(wk, 0) = Ty j(wg, 8) = =y¢ykmin {19, KA min ¢f,k}
: 1€{0,...,k}

min< Y, kA min _ ¢rp .
{ ’ Ze{077k} f7

S

(3.39)
>

2=

Moreover, if termination hasn’t occurred at iteration k, we have that (3.28) holds, and,
because ks < 1 and ¥ > €pin, (3.39) in turn implies (3.37). O

We may now state the complexity bound for the TRgDA algorithm.
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Theorem 3.8 Suppose that AS.1 and AS.2 hold. Then there exist positive constants
KTreoar FTrepa» KTrapar FTraoar ATrgoa @A Krpepa such that, for any e € (0,1]7, the TRgDA
algorithm requires at most

def f(:l:o) — flow B . c
#5 = Ko —% log( min € ||+ &
TRqDA TRqDA . TRqDA TRqDA
g g min /™! 4 je{lymay ‘

j€{l g} 7 (3.40)

:O( max e»(qH))
j6{17"'7q} ]

(inexact) evaluations of f and at most

def f(mo) — f1 .
D lef p o E F
#Trapa — KTReDA mi €q+“i + KTrgpA log je?lnn a3 €5 || T KTrqpA
3 1 - ] EARAS]
J€{1,....q} (3.41)

:O( max 6»(q+1)>
j6{17"'7q} ]

(inexact) evaluations of {V£ };I-:l to produce an iterate x. and an optimality radius J. €
(0, 1] such that ¢6ffq(xe) < €8/ for all j € {1,...,q},

Proof. If 7 is the index of a successful iteration before termination, we have that

f@) = f(wiv) = [f(@) = fl@ien)] — 20AT (w4, 1)
nlﬁf,j (l’i, Si) — QUJHﬁj (l’i, Si)

Y

(3.42)

g+1
(m = 2w)ks g1
ql €min

v

>0

using successively (3.3) and (3.4) (3.5), (3.37) and the requirement that w < 1m;. Now
let k be the index of an arbitrary iteration before termination. Using AS.2, the nature of
successful iterations and (3.42), we deduce that

F(@0) = fiow = f(z0) = f(xr1) = D _[F(2i) = F(@i1)] = ISkl [K5rgon] " €hins

1€SK
where
s ¢ (3.43)
K = s .
TRqDA (771 _ QW)H?H
and thus that the total number of successful iterations before termination is given by
f(@o) — fi
Skl < Kiron ™ i1 (3.44)
€min

Observe now that combining respectively (3.33), (3.34) and (3.28), we obtain that

Ay > min(9, Ag) > min (9 in ¢r; | = in g > : 3.45
) > min (4, k)mln< ,HAie{rrlQ}fik}¢f,z> HAiean}gk}aﬁf7z,H5emln, (3.45)
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We may then invoke Lemma 3.1 to deduce that the total number of iterations required is
lo

bounded by
Ks
log | — + 1.
|10g72> [og 2] g(%)’)

and hence the total number of approximate function evaluations is at most twice this
number, which yields (3.40) with the coefficients (3.43),

(110s(eunn)l +

def log 3 def 2
s 25 (14 ) ™ (340
and
Kopon = og (22 —i—éﬁ-? (3.47)
TROA = Tlog | |2 \ Ag [log(vo)l '

In order to derive an upper bound on the the number of derivatives’ evaluations, we
now have to count the number of additional derivative evaluations caused by the need to
approximate them to the desired accuracy. Observe that repeated evaluations at a given
iterate x; are only needed when the current values of the absolute errors are smaller than
used previously at xx. These absolute errors are, by construction, linearly decreasing with
rate ¢, Indeed, they are initialised in Step 0 of the TRgDA algorithm, decreased each time
by a factor v in (2.17) invoked in Step 1.4 of Algorithm 2.2, down to values {(j;, }?:1
which are then passed to the modified Step 2, and possibly decreased there further in
(3.12) in Step 2.3 of Algorithm 3.2 again by successive multiplication by ~.. We now
use (2.20) in Lemma 2.2 and (3.13) in Lemma 3.2 to deduce that the maximal absolute
accuracy, max;e(1,....j} Giic, Will not be reduced below the value

w 51_1 w 5i_1 w 51_1
in | —e€; ; = ; 3.48
P LY T8 w) P S1+w) 7 (348)
at iteration k. But we may now deduce from (3.45) that
(5k = min(ﬁ, Ak) Z K§€min- (349)

This and (3.48) in turn implies that no further reduction of the {(; ;1-:1, and hence no fur-

ther approximation of {V?cf (:L‘k)}?:l, can possibly occur in any iteration once the largest
initial absolute error max;c(1, . 41 j0 has been reduced by successive multiplications by
¢ sufficiently to ensure that

i<t Ciol < wiel el e W (Ks€min)? ! LW 8! (3.50)
LAY SR80 W) S8 rw) YT 1 S8l trw) Y

Since the (jo are initialised in the TRgDA algorithm so that max;c(y . 41 CGo < kg, the
bound (3.50) is achieved once i¢, the number of decreases in {Cj}?:p is large enough to
guarantee that

—1
def WK

,Lg < . prm— —_—
’)/: K¢ Race€min where Race = ( ),
which is equivalenl to asking

iclog(¢) +1og (k¢) < qlog (émin) + 10g(Kace)- (3.51)
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We now recall that Step 1 of the TR¢DA algorithm is only used (and derivatives evaluated)
after successful iterations. As a consequence, we deduce that the number of evaluations
of the derivatives of the objective function that occur during the course of the TRpDA
algorithm before termination is at most

|Sk| + i¢,min (3.52)

i.e., the number iterations in (3.44) plus

3 . dﬁf 1 . %
¢, min = \}Og(,yg) {QI log (Emln) ‘ + ’10% ( K¢ )‘}J

< 24— |log (emin +7‘lo dcc)‘—kl
< ozt o8 (o)l + gty flos (

the smallest value of i that ensures (3.51). Adding one for the final evaluation at termi-
nation, this leads to the desired evaluation bound (3.41) with the coefficients
E def q lOg (K/acc> ’ + 2
K¢

D _ s lef def 1
KTrgpa = FTRsDA?  FTRqDA — and ry

|log | TROA T Tlog (¢)]

4 Discussion of the TrepA algorithm

In order to further avoid overloading notation and over-complicating arguments, we have made
a few simplifying assumptions in the description of the TRgDA algorithm. The first is that,
when accuracy is tightened in Steps 1.4 and 2.4, we have stipulated a uniform improvement
for all derivatives of orders one to ¢q. A more refined version of the algorithm is obviously

possible in which the need to improve accuracy for each derivative is considered separately,

and that requires sufficient accuracy on each of the approximate derivatives {V]xf (xk) 4

Assuming that ||sg|| < 1 and remembering that ||dg| < dr <9 < 1, we might instead con51der
imposing derivative-specific absolute accuracy requirements

IVEf(xx) = Vo f (i)l < 3 stk k), (L1, q}), (4.1)

and

IVEf () = Vi f (@)l < 3ds ”gATf,j(xkvdk) Gefl...,qhte{l,....5}), (42)
rather than (2.2) applied to the directions s, and dj (remember that they are the only
directions used in the VERIFY tests in Algorithms 2.2 and 3.2.) One can then verify that
(2.2) still holds for suitable z and s in the computation of my(sg) and 5‘}’“](:%) To see this,

consider the accuracy of the Taylor series for f evaluated at a general step s, where s is either
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sk or di. Using (4.1) or (4.2), we have that, for any j € {1,...,q},

J ¢
_ e
T} (w,) ~ ATpy(en ) < 3T F ) - Y pa)]

IN

I
L—
A(g\“
|
~_
)
>
g
<
=
T
&

j
1 N
< % Zﬂ) WATY (2, 5)
< wATYy j(z, 5).

Thus (4.1) and (4.2) guarantee that (2.2) holds both for x = z; and s = s when ||sg]| < 1

and for x = x; and s = dj, as occurring in the computation of atsfk](a:k)

Of course, the detailed “derivative by derivative” conditions (4.1) and (4.2) make no
attempt to exploit possible balancing effects between terms of different degrees £ in the Taylor-
series model and, in that sense, are more restrictive than (2.2). However they illustrate
an important point: since the occurrence of small ||sg|| < 1 and ||dg| can be expected to
happen overwhelmingly often when convergence occurs, the above conditions indicate that
the accuracy requirements on derivatives become looser for higher-degree derivatives. This is
reminiscent of the situation where a quadratic is minimized using conjugate-gradients with
inexact products, a situation for which various authors [16, 17, 11] have shown that the
accuracy of the products with the Hessian may be progressively relaxed without affecting
convergence.

A second simplifying feature of the TRgDA algorithm relates to the insistence that the
absolute accuracies {G; ;. }_, are initialised in Step 0 once and for all. As a consequence, the
accuracy requirements can only become more severe as the iteration proceeds. This might
well be viewed as inefficient because the true need for accurate derivatives depends more on
their values at a individual rather than the evolving set of iterates. A version of the algorithm
for which the {Civic }4_, are reinitialised at every successful iterate is of course possible, at a
moderate increase in the overall complexity bound. Indeed, in such a case, the number of
“additional” derivatives evaluations i¢ max (in the proof of Theorem 3.8) would no longer need
to cover all iterations, but only what happens at a single iterate. Thus the logarithmic term
in €y is no longer added to the number of successful iterations, but multiplies it, and the

*(q+1))_

worst-case evaluation complexity for the modified algorithm becomes O (| log(€min) |€15,

5 Conclusions

We have presented an inexact trust-region algorithm using high-order models and capable of
finding high-order strong approximate minimizers. We have then shown that it will find such

. o . . —(g+1)\ . .
a ¢-th order approximate minimizer in at most O <m1nje{17m7q} € (a+ )) inexact evaluations

of the objective function and its derivatives. Obviously, the results presented also cover the
case when the function and derivatives evaluations are exact (and w can be set to zero).
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