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Abstract

Less-than-Truckload (LTL) carriers transport freight shipments from origins to destinations
by consolidating freight using a network of terminals. As daily freight quantities are uncer-
tain, carriers dynamically adjust planned freight routes on the day of operations. We introduce
the Dynamic Freight Routing Problem (DFRP) and model this problem as a Markov Decision
Process (MDP). To overcome the curses of dimensionality of the MDP model, we introduce an
Approximate Dynamic Programming (ADP) solution approach that uses a lookup table to store
value function approximations, and introduce and compare a number of aggregation approaches
which use features of the post-decision state to aggregate the post-decision state space, thereby
reducing the number of entries in the lookup table. Furthermore, since the decision subproblems
are integer programs (IPs), we present a framework for integrating lookup tables into the deci-
sion subproblem IPs. This framework consists of: (1) a modeling approach for the integration of
lookup table value function approximations into subproblem IPs to form extended subproblem
IPs, (2) a solution approach, PDS-IP-Bounding, which decomposes the extended subproblem
IPs into many smaller IPs and uses dynamic bounds to reduce the number of small IPs that
have to be solved, and (3) an adaptation of the ε-greedy exploration-exploitation algorithm for
the IP setting. Our computational experiments show that despite the post-decision state of
the DFRP being high-dimensional, a two-dimensional aggregation of the post-decision space
is able to produce policies that outperform standard myopic policies. Moreover, our experi-
ments demonstrate that the PDS-IP-Bounding algorithm provides computational advantages
over solving the extended subproblem IPs using a commercial solver.

1 Introduction

Less-than-truckload (LTL) carriers are freight consolidation carriers that collect and transport
freight shipments from origins to destinations. Since individual shipments are typically small in size
relative to the size of trailers, it is not economically feasible to transport them directly from origins
to destinations, and therefore, consolidation of shipments from multiple shippers is necessary for
a profitable operation. To facilitate consolidation, LTL carriers operate a hub-and-spoke network
of terminals, referred to as the linehaul network. The spokes in this network are called end-of-line
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(EOL) terminals and collect freight from shippers located in their area of service. The hubs are
called breakbulk (BB) terminals and are larger terminals which, in addition to collecting freight,
serve as major consolidation hubs for freight.

Much of the literature on LTL carriers focuses on tactical planning – generally referred to as
service network design (see, for example, Crainic (2000), Jarrah, Johnson, and Neubert (2009),
Erera et al. (2013a), Lindsey, Erera, and Savelsbergh (2016) or Baubaid, Boland, and Savelsbergh
(2020)). Examples of such tactical decisions include determining the number of trailers to operate
between any two terminals (if any), the schedules of those trailer movements, and a load plan for
the various origin-destination pairs in the network. Load plans dictate the sequence of terminals
in the linehaul network that freight shipments will follow starting with the origin terminal and
concluding with the destination terminal. Therefore, a load plan also prescribes how freight will
be consolidated.

Traditionally, load plans for LTL carriers were such that all shipments arriving at a terminal
i with terminal d as their ultimate destination are placed on trailers headed to the unique next
terminal j. In other words, the next terminal is determined by the current location of the shipment
and its ultimate destination, regardless of where that shipment originally came from. Moreover,
there is a single next terminal option for a given pair of current location and ultimate destination.

Recently, Baubaid, Boland, and Savelsbergh (2020) have shown that to accommodate inherent
demand uncertainty, relaxing the uniqueness requirement by allowing two next terminal options
for location-destination pairs can lead to substantial savings. Furthermore, they show that these
savings are comparable to the savings generated when operating with a load plan in which, for each
location-destination pair, all terminals can be next terminal options – a plan which is much more
complex to manage operationally. They refer to load plans with two next terminal options as 2-alt
load plans, whereas traditional load plans are referred to as 1-alt load plans. Figure 1 depicts, for
a single destination, d, an example of a 2-alt load plan superimposed on a 1-alt load plan. The
arrows in the figure show the next terminal options which freight with destination d can be sent to
when located at any of the other terminals in the network.

This work is motivated by the findings in Baubaid, Boland, and Savelsbergh (2020) and focuses
on how to effectively operate a 2-alt load plan. Although the ideas explored here can be applied to
a more general load plan structure, we restrict our attention to 2-alt load plans due to the benefits
they provide relative to the operational overhead they incur. Specifically, this paper studies the
operational decisions that LTL carriers have to make dynamically on a day-to-day basis to route
freight shipments from origins to destinations. Allowing for an additional next-terminal option
for location-destination pairs means that carriers have to dynamically make decisions related to
which of those two next terminals a particular shipment will be sent to – in addition to when
it will be dispatched (the only decision for a 1-alt load plan). Moreover, these decisions have to
be made recognizing that an uncertain number of new shipments will be collected from shippers
and enter the linehaul network the next day. The problem is further complicated by the scale of
operations of these carriers; for instance, an LTL carrier can operate a linehaul network of around
150 terminals while handling around 10,000 commodities (defined here as shipments with the same
origins, destinations, collection time, and due time) each week (Lindsey, Erera, and Savelsbergh
(2016)).

We seek to model this dynamic freight routing problem to address the following question: “What
kind of decision-making tool is needed to make good routing decisions in a 2-alt load plan setting
in the presence of demand uncertainty?”. For the purpose of this study, we will assume that the
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Figure 1: Example of a load plan (shown only for destination d); squares represent BB terminals
and circles represent EOL terminals; solid lines depict the 1-alt load plan, and solid and dashed
lines together depict the 2-alt load plan.

tactical plan is determined a priori and is fixed for the operating season. This means that we are
given, for each day of the week, the number of trailers that operate between every pair of terminals
in the linehaul network. For simplicity, we consider an idealized setting in which we assume that all
trailer movements take a single day to complete. In addition, we assume that we are given a set of
commodities along with distributional information for their daily quantities (measured in pallets).
Furthermore, the trailer movement patterns and the commodity patterns repeat from week to week
in the operating season. Although our focus here is on the LTL/freight industry, our model is
general enough to adapt to any dynamic routing system, e.g., that of the express parcel industry.
We will refer to this problem as the Dynamic Freight Routing Problem (DFRP).

This paper makes the following contributions to the literature. We first introduce the DFRP and
model this problem as a Markov Decision Process (MDP). Due to the scale of the problem, solving
the MDP exactly is hopeless except for the smallest of instances, and so we introduce an offline-
online Approximate Dynamic Programming (ADP) solution approach which helps overcome the
infamous “curses of dimensionality”. The ADP solution approach consists of an offline learning or
training phase in which the values of different states are learned via simulation, followed by an online
execution or testing phase (which corresponds to implementation in practice), and uses a lookup
table as the value function approximation method to store the learned values of the states. At each
decision epoch in the ADP algorithm, we solve an integer program to determine the best decision
to implement. Such a decision is selected based on the one-period contribution to the reward,
and an estimate of the reward-to-go represented by the values of the states in the lookup table.
We contribute to the ADP literature by investigating and providing a framework for integrating
lookup tables into integer programs (IPs) to solve the decision subproblem in the ADP algorithm.
To the best of our knowledge, this has not been previously studied. The framework consists of:
(1) a modeling approach for the integration of lookup table value function approximations into
decision subproblem IPs to form extended decision subproblem IPs, (2) a solution approach, PDS-
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IP-Bounding, which decomposes the extended subproblem IPs into many smaller IPs and uses
dynamic bounds to reduce the number of small IPs that have to be solved, and (3) an adaptation
of the ε-greedy exploration-exploitation algorithm for the IP setting. Furthermore, the use of lookup
tables (and indeed the integration of lookup tables with an IP) poses size issues that we overcome
by aggregating the space of post-decision states (the state of the system right after our decision
is implemented and before the uncertainty of the next decision epoch is revealed). We, therefore,
compare different aggregation schemes for our problem context, and show that despite the original
post-decision state being high-dimensional, by using relatively simple features to “summarize”
them, high-quality policies can be produced.

The rest of this paper is organized as follows. In Section 2, we review relevant literature. In
Section 3, we state and formally model the DFRP. In Section 4, we present the ADP solution
approach which uses lookup tables to store value function approximations and discuss various
state aggregation approaches for our problem context. We also demonstrate how to integrate
lookup tables with the (mixed-)integer programs that need to be solved at each decision epoch,
and present a solution approach for these extended (mixed-)integer programs that exploits their
inherent structure. In Section 5 we present our computational study in which the various state
aggregation approaches are compared, and the effectiveness of our solution approach demonstrated.
Finally, we conclude the paper with a summary and discuss future research directions in Section 6.

2 Literature Review

This paper focuses on the linehaul operations of LTL carriers. That is, we focus on the inter-
terminal operations as freight shipments travel between linehaul terminals on their way from origins
to destinations. This is in contrast with city operations, which involve the pickup/delivery of
shipments from/to individual customers in a relatively small geographical region served by each of
the terminals. Since city operations can be modeled as standard vehicle routing problems, they have
been studied extensively in the literature. With recent advances in technology, dynamic variants of
these problems have also been studied. For a review of dynamic vehicle routing problems we refer
the reader to Pillac et al. (2013) and Ritzinger, Puchinger, and Hartl (2016).

When considering a carrier’s linehaul operations, the decisions that have to be made can ei-
ther be strategic, tactical, or operational. Strategic decisions primarily consist of determining the
location of the linehaul terminals and how the terminals should be connected. Examples of these
problems for LTL carriers can be seen in Cunha and Silva (2007), Campbell (2009), Lin and Lee
(2018), and, for a more general reviews of hub/terminal location problems, Alumur and Kara (2008)
and Campbell and O’Kelly (2012).

Much of the literature on the linehaul operations of LTL carriers focuses on tactical planning.
Service Network Design (SND), for instance, is a class of tactical planning problems (not necessarily
specific to LTL carriers) that is used ahead of each operating season to determine: (1) the number
and types of trailers needed by the carrier, (2) their schedules and movements, and (3) a freight flow
plan, which dictates how freight with a given origin and destination will travel through the linehaul
network. Therefore, the design of the service network determines how the carrier will meet the
demand of the upcoming operating season. We refer the reader to Crainic (2000) and Wieberneit
(2008) for reviews of this class of problems.

In the freight/LTL context, the freight flow plan is often referred to as a load plan. A common
load plan configuration that LTL carriers use in practice is to stipulate that each origin-destination
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pair will have a single freight flow path, and that, for each destination, all freight flow paths into
that destination must form an in-tree. This implies that there is only a single next terminal option
in freight flow paths for shipments that are at an intermediate terminal and headed to the same
destination. To the best of our knowledge, Powell and Sheffi (1983) was the first work on designing
load plans for LTL carriers. In addition to introducing the load planning problem, they present a
mathematical formulation for the problem along with a local improvement heuristic. The work was
subsequently extended in Powell (1986), Powell and Sheffi (1989) and Powell and Koskosidis (1992).
Jarrah, Johnson, and Neubert (2009) model the load planning problem on a time-space network
to accurately represent consolidation timings, and present a heuristic that uses decomposition
techniques combined with slope scaling to solve large-scale instances. Erera et al. (2013a) and
Lindsey, Erera, and Savelsbergh (2016) develop IP-based neighborhood search methods for solving
large-scale instances of the load planning problem. Our study in this work is motivated by Baubaid,
Boland, and Savelsbergh (2020) which considers slightly relaxing the in-tree load plan requirements
by allowing freight at an intermediate terminal that is destined for a particular destination to be
dispatched on trailers heading to one of two possible next terminal options. The authors call this
type of load plan a 2-alt load plan, and show empirically that this produces considerable cost
savings (on the order of 6%) over in-tree load plans when operating in an environment in which
demand is uncertain. Furthermore, these cost savings are comparable to the savings achieved by
relaxing the load plan requirements completely. In this work, we, therefore, seek to gain insight
into how such a load plan can be implemented in practice operationally. Because these 2-alt load
plans allow for two options instead of the traditional one in the in-tree load plans, decisions have
to be made not only about when to dispatch a pallet from a terminal, but also where to send it to
next.

In terms of the decision hierarchy, the Dynamic Freight Routing Problem for LTL carriers that
we present and study in this work is a linehaul operational problem. In contrast to strategic and
tactical planning problems, there is relatively little literature on the daily linehaul operations of
an LTL carrier. The importance of using dynamic models in transportation/logistics, in general,
has been highlighted in works such as Powell, Jaillet, and Odoni (1995) and Powell (2003). As
most research in this area assumes traditional load plan structures, the majority of studies relate to
deciding the dispatch/closing timings of trailers (in environments where trailer dispatches are not
scheduled), some even considering only a single link for the purposes of their analysis. Kleywegt
and Papastavrou (1998) develop a Markov Decision Process model to study accepting customer
requests and trailer dispatching for a distribution problem between multiple origins and destina-
tions. Cheung and Muralidharan (1999) develop a simulation system that integrates many practical
operational decisions (e.g. work rules, load plan, trailer-closing policies, loading times) to study the
impact of these factors on service levels. Using this simulation model, they show that making de-
cisions about routing shipments dynamically can significantly improve service levels. Furthermore,
they formulate a dynamic programming model to determine a trailer-closing policy dynamically
depending on the state of the system. This work was further extended by Cheung and Muralid-
haran (2000), where the authors develop routing strategies that route shipments adaptively using
local/terminal real-time information. Shi et al. (2011) then extended this work by incorporating
a correction term in the model that accounts for the interactions of shipments in the system. In,
Erera, Karacık, and Savelsbergh (2008) and Erera et al. (2013b), the authors present algorithms
for creating cost-effective detailed driver schedules for tactical plans where they take various oper-
ational issues and regulations into account. Hejazi and Haghani (2007) present a decision-making
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framework for accepting or rejecting new requests based on the real-time status of the linehaul
network. Every time a new request arrives, a mixed-integer program is solved to determine what
changes would need to be made to profitably accommodate the new request, and a decision is
made based on some acceptance criteria to accept the request (and make the necessary operational
changes to trailer schedules and the load plan) or reject it. More recently, Simao and Powell (2019)
propose an IP lookahead approach to determine the load plan dynamically based on the state of
the shipments (both the ones in the system as well as the ones forecast to enter) and drivers in
the system. As this lookahead IP is too large to solve directly, they suggest a time-decomposition
approach in which small consecutive intervals of the horizon are solved at a time, and the results
of each linked together via simulation. Ridouane et al. (2020) design a decision support system for
daily load planning. Because of demand uncertainty, they consider the use of alternate paths for
freight if there is not enough capacity on the preferred path of the load plan, and use fast heuristics
to allow for near real-time load plan adjustments to improve on-time performance. They find that
it is possible to improve on-time performance without resorting to additional capacity.

A subset of the work on the operational aspects of LTL applications involves the use of Approx-
imate Dynamic Programming (ADP). ADP is a (heuristic) framework which is used to overcome
the curses of dimensionality exhibited by Markov Decision Process models, and has also been ap-
plied to a variety of transportation problems including full-truckload carriers (e.g. Powell, Simao,
and Bouzaiene-Ayari (2012)), driver scheduling (e.g. Powell, Shapiro, and Simão (2002)), and
dyanmic VRP problems (e.g. Ulmer, Mattfeld, and Köster (2017)) among many others. We refer
the reader to Powell (2011) for a comprehensive reference on ADP techniques, and Powell, Simao,
and Bouzaiene-Ayari (2012) for a reference on ADP in transportation problems. Topaloglu and
Powell (2006) present an ADP approach for solving dynamic stochastic integer multi-commodity
flow problems, a class of problems to which the DFRP belongs to. The authors compare the use
of linear, piece-wise linear, and hybrid value function approximations.

With regards to ADP approaches used in the LTL context, Dall’Orto et al. (2006) present a
model that is similar to the one we present in this paper, but only for a single node/terminal in the
network. The model decides not only which shipments to route to which next terminals, but also
dynamically decides the dispatching of trailers. Furthermore, they present a solution strategy that
is based on ADP techniques and approximate the value function (which represents the downstream
consequences of their decisions) using a linear model which estimates the unit value of having a
particular commodity at a particular location. In our work, not only do we consider the state of
the entire system, but we also use “features” in a lookup table approach to estimate the value of
states. Our goal is to gain insight into which features better capture the state of the system; these
can then be used to design or enhance heuristics for this problem, or to provide key performance
indicators that quantify the state of the system as a result of decisions made on a given day. Some
of the work has also focused on city operations, such as van Heeswijk, Mes, and Schutten (2015)
and later van Heeswijk, Mes, and Schutten (2019) who study the dispatching of freight received
by a terminal to local customers in the region. They model the problem as an MDP and use an
ADP framework (with linear value function approximations to estimate downstream costs). They
propose a number of basis functions for the linear value function approximation, and evaluate their
performance.

Finally, in this work, we make contributions to the general ADP methodology. In ADP, the
value function is approximated by one of many possible approaches; the most common two are using
linear functions of some features of the (post-decision) state variable or using lookup tables. Powell
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(2011) and Ulmer and Thomas (2019) discuss the advantages and disadvantages of each approach.
Generally speaking, lookup table approaches can produce accurate approximations (when given
enough computational time) but, in a basic implementation, would only provide values for states
actually visited in the ADP algorithm, i.e., the accuracy of a value of a state in the lookup table
is proportional to how many times that state has been visited in the training part of the ADP
approach. On the other hand, while linear (or piecewise-linear) models impose structure on the
value function, they offer a functional form that, once learned, can readily estimate a value for
any state in the model. Traditionally, most ADP problems in which the subproblem is a MIP
rely on linear functional forms to estimate the value function since they are easily incorporated
into the MIP (see Topaloglu and Powell (2006), Dall’Orto et al. (2006), Toriello, Nemhauser, and
Savelsbergh (2010), van Heeswijk, Mes, and Schutten (2019) for examples). To the best of our
knowledge, we are the first to provide a basic framework for integrating lookup tables into a MIP
framework.

3 The Dynamic Freight Routing Problem for LTL Carriers

In this section, we first define the DFRP and then present an MDP model for the DFRP. We
assume that the operating season’s tactical plan (the service network design) has been determined
exogenously and given is available as input to the DFRP, i.e., we are given the weekly trailer
movement patterns and a 2-alt load plan (two next terminal options for all location-destination
pairs). Although our presentation assumes a 2-alt load plan structure, any type of load plan can
be used.

3.1 Problem Statement

The Dynamic Freight Routing Problem for LTL carriers (DFRP-LTL) is an operational problem
in which multiple freight shipments are dynamically routed through the carrier’s linehaul network
from origins to destinations. The goal is to make routing decisions for the freight so as to maximize
the profits for the carrier.

In our setup, we assume that trailer movement patterns and demand patterns repeat weekly
throughout the operating season (demand patterns repeat weekly, but are stochastic). Since the
operating season is relatively long compared to the representative week that we model, we will
assume an infinite horizon for this problem. We also discretize time into days, i.e., each time period
represents one day of operations. This level of discretization is appropriate for this application
considering that, each workday, LTL carriers typically collect freight during the day from shippers,
and collected freight enters the linehaul network in the evening hours (around 7 P.M.) when drivers
bring that freight to their respective end-of-line terminals. The collection of freight from shippers
during the day is known as the city operation (a typical vehicle routing problem with the terminal
as the depot) and is not modeled explicitly in this research. We, therefore, take the start of each
operational day (around 7 P.M.) to represent a decision epoch in the model, where routing decisions
need to be made for freight that is currently at a line-haul network terminal (and that is yet to
be delivered to its ultimate destination). Such freight can either be: (1) new freight that has been
collected in the city operation and brought to that terminal, or (2) transiting freight that is passing
through that terminal on its way to its ultimate destination. The number of pallets of a shipment
represents its quantity.
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Since many aspects of this problem repeat cyclically, we use a cycle length T to capture the
length of the desired cycle (e.g., a week) and use the set T = {0, 1, 2, . . . T − 1} to represent the
days in a cycle (we use cycle and week interchangeably). We represent the operations of the line-
haul network of the carrier by a wrap-around time-space network G = (N ,A) with cycle length T .
Each node in this network, n = (i, τ), i ∈ L, τ ∈ T represents a terminal location i (in a set of
terminal locations, L) and a day τ (in the set T ). The set A consists of two sets of arcs: (1) a
set of movement arcs, M, whose elements are of the form ((i1, τ1), (i2, τ2)), i1 6= i2 and represent
scheduled trailer dispatches from terminal i1 to terminal i2 leaving on day τ1 and arriving on day
τ2, and (2) a set of inventory arcs, I, whose elements are of the form ((i1, τ1), (i2, τ2)), i1 = i2 and
represent holding freight at terminal i1 from day τ1 to day τ2. Note that in some cases, we will use
the term flat network to refer to the linehaul network without the time dimension, i.e., the graph
Gflat = (L,Aflat) where Aflat represents how the terminals are connected.

For simplicity’s sake, we assume that all movement arcs m ∈ M have a travel time of one
day. As long as all travel times consist of multiples of some base time period, this is without
loss of generality as multi-period arcs can be handled by adding dummy nodes to the set L and
breaking down such arcs to accommodate this. This approach of handling multi-period travel arcs
is the one we will assume to simplify the presentation. Alternatively, these arcs can be handled
by augmenting the state vector to include expected arrival times of pallets traveling on such arcs
as in Topaloglu and Powell (2006). In our setting, therefore, freight will always be located at
the terminals as opposed to being in transit on a trailer at the start of a decision epoch. Note
that arcs starting from the nodes of day T − 1 will wrap around and have their end points on
day (T − 1 + 1) mod T = 0. Associated with each movement arc m = ((i1, τ1), (i2, τ2)) ∈ M
is a number Qi1i2τ1 representing the capacity given by the tactical plan on the scheduled trailers
traveling on that arc. Similar to the movement arcs, we assume that all inventory arcs are of the
form ((i1, τ1), (i2, τ1 + 1)), i1 = i2, i.e., inventory arcs have a duration of one day. Note that we
assume that inventory arcs are uncapacitated, and therefore, holding a pallet at a terminal is always
a feasible option.

As mentioned above, in our setting, demand patterns also repeat from week to week, but are
stochastic. Specifically, we define a commodity as a group of pallets that share a common set of
attributes: origin o, destination d, availability day e ∈ T , and due day l ∈ T . Associated with each
commodity is a random variable Do,d,e,l ∈ Z≥0 with finite support which represents the number of
pallets that originate at origin o on day e and are promised to be delivered by day l at location
d, with distributional information available for each. We also assume that the random variables
Do,d,e,l and Do′,d′,e′,l′ are independent for e 6= e′ (this allows for the optimal policy to be Markovian
and deterministic; Topaloglu and Powell (2006)). Note that the origin and destination are terminals
in the network as far as the linehaul network is concerned; but the actual pickup/delivery operation
from/to the shipper/consignee is part of the city operation, and is exogenous to the problem. We
also note that the due day is not considered a hard deadline, and that freight is allowed to be
delivered late subject to penalties. However, freight that is in danger of being “too late” (we use a
parameter to specify how many days past the due day is considered “too late”) will be outsourced
to a third-party carrier and will incur outsourcing penalties. The details of the penalties associated
with pallets delivered late or outsourced are discussed in Section 3.2. To illustrate the commodity
information, consider the commodity (i1, i5, 2, 0). This is a commodity that becomes available at
terminal i1 on day 2, and whose delivery is promised by day 0 (of the following week) at terminal
i5. The random variable determining the quantity of this commodity is Di1,i5,2,0, and in a given
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week, the value of this random variable is realized.
Finally, we note that pallets can leave the system in one of two ways: (1) they are delivered

either on time (by the due day) or late, or (2) their delivery is outsourced by a third party. We
also stipulate that the sojourn time for each commodity (defined as the total time a commodity
can possibly be in the system) is no more than T , and therefore, an “instance” of a commodity is
delivered (either by the carrier or by a third party) before a new instance can potentially appear.

3.2 Markov Decision Process Model for the DFRP

In this section, we formally model the DFRP as a Markov Decision Process (MDP). To that end,
we will define each of the components of the MDP in turn.

3.2.1 State

As described in Section 3.1, we discretize time into days and take the start of each operational day
to represent a decision epoch. The state of the system at the beginning of decision epoch t ∈ Z≥0 is
partly determined by the number of pallets with a given ultimate destination and due day, or (d, l)
pair, that are present at each of the locations in the set L at the start of that decision epoch. Note
that an implicit assumption here is that we do not differentiate commodities by their origins; such a
differentiation may be necessary if, for example, commodities with the same (d, l) pair but different
origins or availability times have different revenues or penalties. While we do not consider such
differences for simplicity’s sake, they can be accommodated by adjusting the definition of the state
variable to differentiate individual commodities but this adjustment is at the expense of increasing
the size of the state vector. We let Rdlit be an “inventory vector” representing the number of pallets
that are present at terminal i ∈ L at the beginning of decision epoch t and that should be delivered
to terminal d ∈ L by day l ∈ T .

In addition, we need to specify the trailer capacity available at a decision epoch in our state
variable as that information is needed to determine the set of feasible decision vectors. To do this, it
suffices to include the corresponding day of the cycle for that decision epoch in the description of the
state vector as that determines the trailer movement patterns for the day. Therefore, the complete
state of this system at decision epoch t, is taken to be St = ([t], Rt) where Rt = (Rdlit )l∈T , i,d∈L, i 6=d
and [t] := t mod T . The inclusion of the day of the cycle in the state variable also allows the
problem to be transformed from a non-stationary periodic MDP model to an “augmented” MDP
that is stationary (Riis (1965) and Veugen, van der Wal, and Wessels (1983)). Since the problem
then becomes a stationary (discounted) infinite horizon Markov Decision Process, we can rely on
MDP theory to conclude that there exists a deterministic stationary policy that is optimal (under
some mild conditions that are satisfied here; Puterman (2005)). Having a stationary policy that is
optimal on this “augmented” MDP is equivalent to saying that the policy may be day-differentiated
for the MDP model that does not include [t] in the state vector, i.e., if two vectors Rt1 and Rt2 are
such that Rt1 = Rt2 , but [t1] 6= [t2], then the decisions chosen by the policy need not be the same.

3.2.2 Decisions

Our only decisions in this model are routing decisions. Let xdlijt represent the number of pallets with
ultimate destination d and due day l that are loaded onto trailers traveling along arc ((i, [t]), (j, [t+
1])) ∈ A; this represents movement of freight if i 6= j and represents holding freight at terminal i
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if i = j. Therefore, a decision vector at decision epoch t is denoted by xt = (xdlijt)l∈T , i,j,d∈L, i.e., a
routing decision for all pallets that are currently in the system. If the process is in state St at the
beginning of decision epoch t, the set of feasible decisions is then given by

X (St) = {xt :
∑

j∈L:((i,[t]),(j,[t+1]))∈A

xdlijt = Rdlit ∀i, d ∈ L, l ∈ T ,

∑
l∈T

∑
d∈L

xdlijt ≤ Qij[t] ∀((i, [t]), (j, [t+ 1])) ∈M,

xdlijt ∈ Z≥0 ∀l ∈ T , i, j, d ∈ L,
xt ∈ Y},

(1)

where Y defines the set of routing decisions that complies with the imposed 2-alt load plan structure.

3.2.3 Transitions

We describe how the system transitions from decision epoch t to decision epoch (t+1) in two steps.
As the transition of the [t] part of the state variable is clear, we focus on the transitions of the Rt
part of the state variable. First, the system transitions deterministically from Rt to a post-decision
state R̄t which is the state of the system after implementing feasible decision xt ∈ X (St) but just
before the uncertainty of the next decision epoch is revealed, i.e., before new freight enters the
system. Next, a probabilistic transition from R̄t to state Rt+1 occurs.

An important part of the deterministic transition in our setting is the outsourcing of pallets
that are expected to be “too late”. These pallets are assumed to be delivered by a third party and
are subject to an outsourcing penalty. A pallet can be late by up to p days before it is deemed “too
late” with p being the parameter controlling this tolerance. We assume that pallets are outsourced
as soon as it becomes clear that the pallet will arrive too late. Outsourcing is handled as part of
a transition: at decision epoch t, say a pallet with destination d is at location i, and a decision is
made to send the pallet from location i to location j, then if the shortest path in the time-space
network G from j to d is such that the earliest possible arrival time for this pallet is p days after its
due day, then the outsourcing penalty is assessed at time t and the pallet will be outsourced and
removed from the system, i.e., it will not appear in decision epoch t+ 1.

Therefore, if the process is in state Rt, and feasible decision xt ∈ X (St) is taken, then the
process transitions to the post-decision state R̄t = (R̄dlit ) given by

R̄dli,t =

{∑
j∈L:((j,[t]),(i,[t+1]))∈A x

dl
jit ∀d ∈ L, i ∈ L, l ∈ T , i 6= d, ∆out

(
t+ 1, i, d, p

)
= 0,

0, otherwise,
(2)

where ∆out
(
t + 1, i, d, p

)
returns the value 1 if a pallet will be outsourced (arrives p or more days

after the due day l) based on the shortest path in the time-space network G from i to d starting
at time t + 1, and 0 otherwise. Given the wrap-around nature of the network, ∆out would first
determine whether or not a given due day l is in the past or in the future by leveraging the sojourn
time assumption stated at the end of Section 3.1. Then, based on where that day actually is relative
to the current day, it determines whether or not the pallet will inevitably be outsourced. The post-
decision update above captures how many pallets of each (d, l) pair are at each terminal just before
the uncertainty of the next decision epoch is revealed. The update also reflects the removal of
pallets that are delivered to their ultimate destinations and pallets that will be outsourced.
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Then, the (probabilistic) transition from the post-decision state to the next state is given by

Rdli,t+1 = R̄dli,t +Di,d,[t+1],l ∀d ∈ L, l ∈ T , i 6= d. (3)

3.2.4 Rewards

When the process is in state St and feasible decision xt ∈ X (St) is taken, then the one-period
contribution/reward to the objective function is composed of three parts:

1. Revenue for delivering a pallet to its final destination:

C1
t (St, xt) = β

∑
d,l,i,j

xdlijt1{j=d},

where β is a per-pallet revenue. Note that this does not include outsourced deliveries.

2. Penalty paid for delivering freight late to its ultimate destination:

C2
t (St, xt) = −clate

∑
d,l,i,j

Λ (t, l, p)xdlijt1
{
j=d ∧ ∆late

(
t,l,p
)

=1
},

where clate is a per pallet per day penalty for late delivery, ∆late
(
t, l, p

)
returns the value

1 if a pallet will be late if delivered to its ultimate destination d by the end of decision
epoch t (0 otherwise), and Λ (t, l, p) returns the number of days a pallet will be late if j =
d and ∆late

(
t, l, p

)
= 1 (0 otherwise). Therefore, this penalty is proportional to the number

of days a pallet is late as well as the quantity.

3. Penalty paid for commodities that are delivered by a third party:

C3
t (St, xt) = −cout

∑
d,l,i,j

δ(j, d) xdlijt1
{
j 6=d ∧ ∆out

(
t+1,j,d,p

)
=1

},
where cout is a per pallet outsourcing penalty, and δ(j, d) is the shortest path from terminal j
to destination d in the flat network Gflat, i.e. the outsourcing penalty is proportional to the
remaining travel distance in the linehaul network for that pallet.

Thus, the total contribution to the objective function is given by Ct(St, xt) = C1
t (St, xt)+C

2
t (St, xt)+

C3
t (St, xt). Note that we take the cost parameters β, clate and cout to be the same for all commodi-

ties for convenience.

3.2.5 Policy

A policy π is a function that maps each state St to a feasible decision vector Xπ(St) ∈ X (St), where
Xπ(St) is the decision induced by the policy π for state St. Note that since the time-space network
repeats in a cyclical fashion, we seek a deterministic stationary policy where the policy may be
day-differentiated from the perspective of the Rt part of the state variable (recall that the day of
the cycle is part of the state variable, i.e., St = ([t], Rt)), and where the expected total discounted
reward is maximized, i.e.,

π∗ = arg max
π

E
{ ∞∑
t=0

γtCt(St, X
π(St))

∣∣∣∣S0

}
,
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where S0 is an initial state and 0 < γ < 1 is an appropriate discount factor.
The Bellman optimality equation for this problem can be written as

V ∗(St) = max
xt∈X (St)

{
Ct(St, xt) + γE

[
V ∗(St+1)

∣∣∣∣St]}, ∀St. (4)

where V (St+1) represents the value of being in state St+1 (given by the transition partly described
in Equation (3)), and represents the expected total future reward from that state onwards. We
choose an optimal decision at each decision epoch according to the decision rule

Xπ∗(St) = arg max
xt∈X (St)

{
Ct(St, xt) + γE

[
V ∗(St+1)

∣∣∣∣St]}, ∀St. (5)

That is, we choose a feasible decision that optimizes the sum of the one-period reward and the
discounted expected reward-to-go for the states we might transition to in the next decision epoch.

4 Approximate Dynamic Programming Heuristic

The MDP presented in Section 3.2 can only be solved for small instances. Complex dynamic opti-
mization problems such as the DFRP suffer from the well-known curse of dimensionality, rendering
the exact solution of all but the smallest of instances beyond our reach. Therefore, we have to
resort to heuristic approaches such as ADP.

In this work, we use a version of ADP called Approximate Value Iteration (AVI). This approach
is essentially a combined simulation and learning approach that steps forward in time learning the
values of different states as the algorithm progresses. Since we modeled the problem as an infinite
horizon MDP, we will use a finite simulation horizon H to approximate the infinite horizon, where
H (possibly > T ) is a long-enough simulation horizon, chosen such that any additional discounted
rewards that are accumulated in the simulation beyond H are negligible.

Before describing the specifics of the AVI algorithm, we first note that using the definition of
the post-decision state, we can re-write Equation (5) as

Xπ(St) = arg max
xt∈X (St)

{
Ct(St, xt) + γV̄ (S̄t)

}
. (6)

where V̄ (·) is a value function defined on the post-decision states S̄t (Powell (2011)). The AVI
algorithm, therefore, seeks to learn/approximate this value function through a number of simulation
iterations. In this work, we use a lookup table to store and update the approximated values for the
post-decision states that we visit in our simulation.

The idea of AVI is as follows. For each post-decision state, we have a value V̄ πt,N (S̄t) that
corresponds to the current approximation of the value of being in this post-decision state (where
πt,N is the incumbent policy at time t and iteration N). This value will be updated as the algorithm
progresses.

We first set a maximum number of simulation iterations, Nmax. We start the procedure with
an initial state S0 and initial approximation values for all post-decision states, V̄ π0,0(S̄t). During a
simulation iteration, N , at any decision epoch t < H, we find ourselves in a state SNt . We then need
to choose a decision vector and an associated post-decision vector to transition into the next state
at time t+ 1. How we go about finding such a vector depends on whether we are in an exploration
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step (which we are in with probability ε) or an exploitation step (probability 1 − ε). That is,
we deal with the exploration-exploitation question using a standard ε-greedy algorithm which we
adopt due to its simplicity. In an exploitation step, we solve Equation (6) using the most recent
value function approximations for the post-decision states. On the other hand, in an exploration
step, we randomly select a decision vector and an associated post-decision vector. The purpose of
exploration steps is to avoid getting stuck in local optima and to force the algorithm to explore
more of the post-decision state space thereby visiting states that it might not otherwise visit, and
consequently observe their values. The details of how we select decision vectors and post-decision
vectors in an exploration step follow in Section 4.1. Regardless of the current step type, we obtain
a decision vector xNt , and a corresponding post-decision state vector S̄Nt . Let

v̂Nt := Ct(S
N
t , x

N
t ) + γV̄ (S̄Nt ). (7)

We use this value to update the value of the previous post-decision state V̄ πt,N (S̄Nt−1) using the
expression:

V̄ πt+1,N (S̄Nt−1) = (1− αn−1)V̄ πt,N (S̄Nt−1) + αt,N v̂
N
t (8)

where αt,N is a parameter called the step size (its value in our implementation is actually post-
decision-state-specific and depends on the number of times a post-decision state’s value has been
updated). From the post-decision state vector S̄Nt , we then simulate the arrival of new commodities
and their quantities according to their distributions, and complete the probabilistic transition to a
new state SNt+1 using Equation (3). This process for simulation iteration N repeats until decision
epoch t = H, after which it terminates, and a new iteration N + 1 is started. After iteration
N = Nmax is completed, the AVI algorithm terminates.

Our ADP algorithm consists of two phases. The first phase is an offline learning phase where the
value function approximations are learned and updated in the lookup table. Its steps correspond
exactly to the AVI algorithm that we outlined above. We note that the exploration probability,
ε, can either be fixed throughout the training phase or be made to decrease with the iteration
counter, N ; we adopt the former for simplicity. The second phase is an online execution phase
where the policy induced by the lookup table values (at the end of the learning phase) is fixed, i.e.,
the lookup table values are no longer updated. In addition to the lookup table values being fixed in
all simulation iterations, this phase consists purely of exploitation steps, i.e. it is the optimization
of Equation (6) that determines the choice of action and post-decision state at every decision epoch.
Other than that, the steps of the execution phase are identical to that of the learning phase. In our
work, we use the execution phase as a testing phase to evaluate the policy induced by the lookup
table values by performing a number of AVI iterations with the now-fixed lookup table.

4.1 Integration of Lookup Tables with IPs

Our AVI implementation relies on a lookup table to store the value function approximations. Fur-
thermore, as mentioned above, we need to solve Equation (6) at every decision epoch to determine
the choice of decision and post-decision state vectors. For the DFRP, this involves solving an IP
that integrates the most recent approximation values in the AVI algorithm into the model. In this
section, we demonstrate how we can integrate these values to construct the IP we need to solve at
every decision epoch.

During a simulation run, N , and at decision epoch t, the AVI algorithm is in state St, and
we need to solve the decision epoch subproblem (6) to determine a transition to the next decision
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epoch. Note that we suppress the iteration number, N , in the notation for the state variable to
reduce notational clutter as it should be understood that all of this occurs in some simulation
run. Recall that the feasible set of the decision epoch subproblem (given by (1)) consists of integer
points. Therefore, even ignoring the reward-to-go term in Equation (6), we would still need to solve
an IP to find a decision vector. To add the reward-to-go term, we extend the IP to embed the most
recent lookup table values in the model.

The first step is determining which post-decision state vectors are compatible with the current
state St. For the current state, a post-decision state vector, S̄t is compatible if there exists a
decision vector that can be used to transition from the current state to that post-decision state using
Equation (2). Because enumerating a number of potential post-decision states and checking their
compatibility is considerable work, we instead rely on the IP itself to determine which post-decision
state vectors are compatible with the current state. To that end, we enumerate a superset of the set
of feasible post-decision vectors and use this superset to define the extended IP. The enumeration
of this superset is done by checking what possible values each entry in the post-decision vector can
take, and then taking the cross-product of all those possible values. This naturally results in a large
number of vectors, most of which will be incompatible, but we mitigate this by using aggregation
(Section 4.2) and a decomposition solution approach (Section 4.3). We denote this enumerated
superset by Pt.

To integrate the lookup table values into the IP, we introduce the following new binary decision
variables:

zp =

{
1, if post-decision state vector p is chosen,

0, otherwise,
∀p ∈ Pt.

Furthermore, as we check compatibility of post-decision state vectors within the IP, we add variables
R̄dli,t that determine the value of the components of the post-decision vector in the model, and then
match the resulting vector to a vector p ∈ Pt (and set its corresponding zp value to 1). For
exploitation steps, we can then write the extended decision epoch subproblem (EDES) IP as follows:

max
xt,z

Ct(St, xt) + γ
∑
p∈Pt

V̄ πt,N (p)zp, (9a)

s.t. xt ∈ X (St), (9b)∑
p∈Pt

zp = 1, (9c)

R̄dli,t =
∑

j∈L:((j,[t]),(i,[t+1]))∈A

xdljit, ∀d ∈ L, i ∈ L, l ∈ T , i 6= d, ∆out
(
t+ 1, i, d, p

)
= 0,

(9d)

R̄dli,t =
∑
p∈Pt

pdli,tzp, ∀i ∈ L, d ∈ L, l ∈ T , i 6= d, (9e)

zp ∈ {0, 1}, ∀p ∈ Pt. (9f)

In the above model, V̄ πt,N (p), represents the most recent entry in the lookup table for post-decision
state vector p. The objective function in this model is just a re-formulated version of that of
Equation (6). Since only one zp variable can be equal to one, the two expressions are equivalent.
Constraints (9b) ensure that the selected decision vector is feasible. Constraints (9d) and (9e) are

14



the aforementioned compatibility constraints that check for compatibility between the current state,
feasible actions, and potential post-decision state vectors. In addition, they ensure that the correct
zp variable is set to one, i.e., for the vector p whose components exactly match the post-decision
state vector determined by the model. We denote by (x∗t , z

∗) the optimal solution of this extended
IP, and it is this solution that is used to transition to the next decision epoch in the AVI algorithm.

We use a similar model in exploration steps in the learning phase, but the difference here is that
we would like to encourage the algorithm to choose a state vector that is not necessarily optimal
with respect to Equation (9a). To accomplish that, we replace the values V̄ πt,N (p) in (9a) with
randomly generated coefficients drawn from a uniform distribution U ∼ [a, b] where a and b are
either pre-specified numbers or set as the minimum and maximum current values in the lookup
table. Although simple, this resulted in considerable improvements in the values of the resulting
policies as seen in Section 5.4.

It is clear, however, that the size of this IP can become an issue. Specifically, the number of
z variables is proportional to the number of enumerated post-decision state vectors (which may
indeed be quite large). In addition, the number of constraints (9d) and (9e) is proportional to
the dimensions of the post-decision state variables. To help alleviate this issue, in Section 4.2, we
consider aggregation schemes that will help reduce both the dimensionality of the post-decision
state vectors and the number of enumerated post-decision vectors at each decision epoch, thereby
reducing the size of this extended IP. Furthermore, in Section 4.3, we present a solution approach
for this extended IP that takes advantage of its inherent structure and that can be more efficient
than solving the extended IP directly.

4.2 Aggregation Approaches

A major challenge when using a lookup table as the form of the value function approximation is
that the accuracy of its entries is a function of how many observations we have for the corresponding
post-decision states. Therefore, the more times we visit a post-decision state in the AVI algorithm,
the more accurate its value will be in the lookup table. However, the number of possible post-
decision states grows rapidly with the number of terminals and the number of commodities. This
is not only a problem for the accuracy of the values in the lookup table, but also for the size of
the EDES IP as discussed in Section 4.1. Aggregation, therefore, helps reduce the number of post-
decision states and their dimensionality by grouping “similar” post-decision vectors together and
simplifying their representation. In this section, we present a number of aggregation approaches
for the DFRP, and we compare their performance later in Section 5.2.

An aggregation of the post-decision state space is a function U : P 7→ Q where typically Q is of
a much smaller dimension than P. An aggregation scheme addresses the question: “Is it possible
to come up with more compact representations of the post-decision state space such that different
post-decision state vectors that are similar (with respect to a set of problem features) are mapped
into the same compact representation and share the same lookup table entry?”. Therefore, after
aggregation, the lookup table entries will consist of entries for the aggregated post-decision state
vectors. Ideally, an aggregation should have the following features (but there are inherent trade-offs
here): (1) the space Q is low-dimensional, and (2) the aggregation captures or retains most of the
problem’s important features and such features should inform the approximated values in the lookup
table. Furthermore, because of the structure of our EDES IP, we also would like our aggregation
to be expressible in the context of an IP, i.e., we should be able to replace constraints (9d) with
whatever new definition we obtain for an aggregation post-decision state so that the extended IP
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can internally perform this mapping.
The expected reward-to-go in Bellman’s equation can be seen as consisting of two main parts:

(1) the expected reward that we earn in the future from commodities that are in the system
at time t but have not yet generated a reward, and (2) the expected reward that we earn from
commodities that will enter the system in future. In this work, we focus on the former when
developing aggregation schemes since as rewards are discounted, it is likely that commodities that
are currently in the system will become reward-generating earlier than commodities that are not
yet in the system. Therefore, “prioritizing” these commodities when choosing a post-decision state
is likely to be more beneficial.

To ensure that the aggregation captures the essence of a post-decision state for commodities in
the system, there are a number of important post-decision state features that we should consider.
These include the current location of pallets (and how that relates to their ultimate destination),
their due days, their quantities, and the transportation capacity of the network (which the com-
modities will ultimately compete for). Below, we propose a number of aggregation schemes for the
DFRP, which we later compare computationally. In all the aggregation schemes presented below,
although we focus on aggregating the inventory vector component of the post-decision state vector,
R̄t, we note that our lookup table approximations are day-differentiated, i.e. the lookup table
entries are stored in the form ([t],U(R̄t)). Including the day of the cycle helps capture demand
and capacity patterns, and preliminary experiments showed benefits when including the day of the
cycle in the aggregated representation.

Slacks: In this scheme, we have an aggregated post-decision state vector with dimension T −1
and elements R̄jt =

∑
S(i,t,d,l)=j R̄

dl
it for j ∈ [−p, T−1−(p+1)]. In other words, this vector captures

and tallies the number of pallets in the post-decision state vector that have slack values equal to
j. Specifically, if we let, l̄ be the decision epoch in which delivery of a pallet is promised (for a
commodity with due day l), then we can define the slack S(i, t, d, l) as l̄− (t+ 1 + δ[t+1](i, d)). This
value can be negative if the earliest the pallet can arrive is beyond the promised delivery decision
epoch. While it captures due days and incorporates information on how soon the pallets can arrive
at their destinations, this aggregation does not consider any capacity information as it considers
each pallet individually and does not account for any interactions between pallets.

Total Slack + Congestion (Lookahead): In this scheme, we use a compact two-dimensional
aggregated post-decision state vector. The first component of this aggregated vector represents the
total slack in the system, i.e., the sum of the slack values of all the pallets in the post-decision
state (where slack values are defined as above). The second component is a congestion measure
introduced to capture capacity interactions between commodities that are at the same location in
the post-decision state, and are headed to the same destination (since they have the same alts and
will likely compete for capacity). Specifically, this component captures the total capacity deficit
across all terminal-destination pairs in the post-decision state. Some pairs may have no outgoing
capacity in the post-decision state (on day [t + 1]), but may have considerable outgoing capacity
on day [t+ 2]. To capture this, we “look ahead” to find the earliest positive outbound capacity and
use that to compute the capacity deficit. That is, if we let κtid denote the total outgoing capacity
on decision epoch t for terminal-destination pair (i, d) according to the 2-alt load plan, then we
define the outgoing capacity of terminal-destination pair (i, d) in the post-decision state as κid = κt

∗
id

where t∗ = min{`|` ≥ t + 1 ∧ κ`i,d > 0}. Then, we can write the second component in the vector

as
∑

i,d max{
∑

l R̄
dl
it − κid, 0}. Note that this “lookahead” effectively collapses the time dimension

and, therefore, does not take waiting into account. In some cases, waiting can still allow the pallets
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Figure 2: Illustration of pallet-days congestion measure.

to reach their destinations and thus might be favorable, but waiting can be detrimental if it causes
pallets to be late or outsourced. Preliminary experiments showed that incorporating this lookahead
is beneficial in our instance settings.

Total Slack + Congestion (Pallet-Days): In this scheme, we again use a compact two-
dimensional aggregated post-decision state vector similar to Total Slack + Congestion (Lookahead).
While the first component here is exactly the same as the one used in the Lookahead variant, we
modify the congestion component to address the waiting issue discussed above. Specifically, the
congestion component now represents the total number of pallet-days required to clear out any
deficits remaining from terminal-destinations pairs in the post-decision state. We illustrate this
congestion component for a single terminal-destination pair in Figure 2. In this figure, a portion of
the time-space network for terminal i is shown for 3 time periods starting from time period t+ 1;
the horizontal arrows indicate holding arcs while the diagonal arrows indicate the total outgoing
capacity from terminal i that is available for destination d according to the 2-alt load plan. In the
first example shown in Figure 2a, suppose a decision vector at time t sends a total of 5 pallets to
terminal i (destined for d). Then, since there is sufficient outgoing capacity on that load plan to
handle those 5 pallets, there is no deficit, and the congestion measure in this case is zero. However,
in Figure 2b, we send a total of 13 pallets to terminal i at time t (destined for d), and we will
have a deficit of 3 pallets in the post-decision state that need to be cleared from terminal i. Since
there is no outgoing capacity at time t + 2, those 3 pallets are expected to remain in the system
for two time periods until they can be moved out of terminal i, so the pallet-days congestion
measure’s value is 3 · 2 = 6. As this accounts for time and capacity, this is an improvement over
the Lookahead congestion measure. However, the number of pallet-days vectors can be quite large,
and in Section 5.2, we discuss how we use scaling/partitioning in our implementation to handle
this issue.

Finally, observe that all three aggregation schemes are expressible in the EDES IP; we omit the
presentation for the sake of brevity.

We have also experimented with a hierarchical decision-making process:

1. We first solve the EDES IP using the Slacks aggregation scheme and obtain the optimal
objective function value, v̂t.

2. We add the following constraint to the IP:

Ct(St, xt) + γ
∑
p∈Pt

V̄ πt,N (p)zp ≥ v̂t,

and re-optimize the IP with the objective of maximizing the projected profit for all com-
modities currently in the system. We define the projected profit as the profit obtained by

17



emptying out the system, i.e., delivering or outsourcing all the pallets currently in the system
at time t. To optimize for this projected profit, we need to optimize over a maximum horizon
with length equal to the cycle length T (with all its associated arcs and their capacities) that
ensures all commodities can leave the system either via delivery or outsourcing. This means
new variables will be added to the model for future time periods (from t to t + T ). We do
not consider new arrivals in this optimization and are only concerned with commodities that
are currently in the system.

However, our experiments showed that this hierarchical decision-making process did not yield poli-
cies that were consistently or noticeably better.

4.3 Extended IP Solution Algorithm

In this section, we present an exact solution algorithm for the EDES IP (9). This algorithm solves
the extended IP by solving many small IPs where each IP corresponds to a single post-decision
vector. Furthermore, it incorporates dynamic bounds to eliminate post-decision state vectors from
consideration thereby reducing the number of small IPs that have to be solved.

The approach heavily relies on fixing a potential post-decision state vector, R̄t, in the EDES IP
(9). Notice that by fixing a potential post-decision state vector, the problem reduces to finding a
decision vector (if the post-decision state vector is compatible with the current state) that optimizes
the one-period reward Ct(St, xt). This IP is much smaller in size and we will refer to it as the post-
decision state IP (PDS IP).

The approach is motivated, in part, by the fact that most likely only a small percentage of the
commodities in the system at time t are reward-generating, and, therefore, that the majority of
the reward comes from the reward-to-go part of the objective function (especially after the values
in the lookup table have been updated). For this reason, we will sort the potential post-decision
state vectors that we enumerate at time t in non-increasing order of their current lookup table
values, i.e., V̄

πt,N
t (p(1)) ≥ V̄

πt,N
t (p(2)) ≥ · · · ≥ V̄

πt,N
t (p(|Pt|)). Our approach relies on going through

this ordered list starting from V̄
πt,N
t (p(1)), solving a small PDS IP for each vector to determine its

value, and keeping track of the best objective found in the process.
Furthermore, we incorporate a simple bounding mechanism to enhance this search procedure.

Specifically, we first solve the EDES myopically, i.e., with only the one-period reward term of the
objective function and without any consideration of the reward-to-go of the post-decision state
we will end up in. That will give us an upper bound on the one-period reward we can earn in
that decision epoch, which we will call cUB. Then, going down the sorted list of enumerated post-
decision state vectors, as soon as a compatible vector is found with objective value v̂pt for the EDES
IP, we can remove from the list all vectors whose lookup table value are less than or equal to

vcutofft :=
v̂pt−cUB

γ , as they cannot yield a better objective value for the EDES IP. This reduces the
number of PDS IPs that we need to solve. For an illustration of this idea, see Figure 3. In this
example, the first vector in the list was found to be incompatible. The second vector, however, was
found to be compatible with an objective value of v̂pt for the EDES IP, and so any vector with a

lookup table value less than or equal to vcutofft was removed from the list.
This means that we can terminate the search procedure as soon as we find a vector that is

compatible and has an objective function value for the EDES IP that is provably optimal. As
we check post-decision state vectors in non-increasing order of their values, it is easy to see that
when checking the jth vector, an upper bound on the objective value of the EDES is given by
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Non-increasing order

Figure 3: Example illustrating the bounding idea for post-decision state vectors whose PDS IPs
need to be solved; circles represent the lookup table values of the vectors arranged on the number
line (stacked circles indicate that multiple vectors have the same value); black-filled circles represent
vectors that need not be considered.

V̄
πt,N
t (p(j)) + cUB. Therefore, this implies that as soon as a vector achieves a PDS IP objective

value of cUB the algorithm can terminate having found a provably optimal solution.
Putting all of this together, in Algorithm 1, we present the pseudocode detailing the steps of

the algorithm (which we call PDS-IP-Bounding) to solve the EDES IP for decision epoch t.
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Algorithm 1 PDS-IP-Bounding

Input: Pt.
1: Initialize: v̂bestt = −∞, xbestt = ∅, pbestt = ∅.
2: Determine cUB by solving Model (9) myopically.
3: PDSList← Sort vectors in Pt in non-increasing order of their lookup table values.
4: while PDSList 6= ∅ do
5: p← First vector in PDSList.
6: Remove p from PDSList.
7: Solve PDS IP for vector p.
8: if p is compatible then
9: v̂pt ← Objective value for EDES IP for vector p.

10: if v̂pt = V̄
πt,N
t (p) + cUB then . Checking for optimality.

11: v̂bestt ← v̂pt .
12: Update decision vector, xbestt , and post-decision state vector, pbestt .
13: Optimal solution found. Go to line 24.
14: end if
15: if v̂pt > v̂bestt then
16: v̂bestt ← v̂pt .
17: Update decision vector, xbestt , and post-decision state vector, pbestt .
18: end if
19: Remove all post-decision state vectors with lookup table values less than or equal to

v̂pt−cUB

γ from PDSList.

20: else
21: Go to line 4.
22: end if
23: end while
24: return Optimal solution: (v̂bestt , xbestt , pbestt ).

5 Computational Experiments

We conduct a set of computational experiments to:

1. demonstrate the effectiveness of the exploration scheme proposed in Section 4.1 for the IP
decision subproblems,

2. compare (as part of the ADP solution approach) the various aggregation approaches proposed
in Section 4.2 in terms of the quality of the policies they produce as well as the runtimes of
their corresponding ADP algorithms, and

3. demonstrate the effectiveness of the PDS-IP-Bounding algorithm for solving the EDES IPs
proposed in Section 4.3 compared to directly solving them as given by Equations (9) using a
commercial solver.

We organize this section as follows. First, we describe the instance generation procedure and
relevant problem parameters in Section 5.1. Next, in Section 5.2, we compare the aggregation
approaches for the post-decision states, and benchmark them against a standard myopic policy. In
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Section 5.3, we analyze the performance of the proposed PDS-IP-Bounding algorithm for solving
the EDES IPs. Finally, in Section 5.4, we demonstrate the effectiveness of the exploration scheme
in the context of our EDES IPs.

All algorithms were coded in Python and all experiments were performed on a 20-core machine
with Intel(R) Xeon(R) 2.30GHz processors and 256 GB of RAM running Red Hat Enterprise Linux
Server 7.6, and with Gurobi 9.0.1 as the IP solver.

5.1 Instances and Model Parameters

After specifying a cycle length, T (we use T = 5), our instances are generated using a three-step
procedure:

1. Generation of network topology: We generate the linehaul network, Gflat, as a layered graph
with four layers. The first layer contains a set of origin EOL terminals (origin layer), the
second and third layers contain sets of BB terminals, and the final layer contains a set of des-
tination EOL terminals (destination layer). In our implementation, only nodes in consecutive
networks are connected with the arcs always directed towards the destination layer, and we
include all such arcs. An example of a layered network (for one of the configurations that we
use) can be seen in Figure 4. We will use the configuration of the network, i.e. the number
of nodes in each layer starting with the origin layer and ending with the destination layer,
to partially differentiate our instances. For example, the network in Figure 4 will be referred
to as a 4-3-3-3 instance. One could think about this layered structure as an abstraction of
the transcontinental part of a U.S. carrier’s service network; in particular, the origin layer
may contain terminals on the East Coast while the destination layer may contain terminals
on the West Coast, and the two intermediate layers are BB terminals that are somewhere in
between.

Origin layer Destination layer

Figure 4: Example of layered network (4-3-3-3).

2. Generation of commodities: For each instance, and for each origin-destination pair, (o, d),
we include a commodity of the form (o, d, 0, 4) and one of the form (o, d, 3, 2), i.e. since the
minimum number of hops across the graph is three, each commodity has one day of slack
while making that journey. Therefore, for a 4-3-3-3 instance, for example, the number of
commodities is 4 · 3 · 2 = 24. Depending on the instance, commodity demands either follow a
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uniform distribution over a common support of [0, q] where q is a user-defined parameter for
the maximum number of pallets for a commodity, or a discrete triangular distribution (Koko-
nendji and Zocchi (2010)) with a randomly generated mode, and a minimum and maximum
of zero and q, respectively. We assume that all commodity random variables are mutually
independent for convenience.

3. Determining the load plan and capacity: To determine the service network for the instances,
our overall objective is to have, for each commodity, two types of paths: (1) tightly capacitated
paths that enable pallets of that commodity to reach their destination one time period early,
and (2) paths with more capacity that enable the commodities to arrive exactly on time (and
some options that enable the pallets to arrive late). The network Gflat is first converted
into a wrap-around time-space network, G, by adding inventory arcs, and replicating arcs,
(i, j) ∈ Gflat so that on each day τ ∈ T , there is a copy, ((i, τ), (j, (τ + 1) mod T )), of the
original arc (i, j). Then, we use the following two-phased approach to design the service
network:

a. We first remove the (intermediate-layer) BB terminals from the bottom half of the graph;
when “splitting” the graph into halves and the number of terminals in a layer is odd, the
bottom half has the smaller number of terminals. Next, we solve a 2-alt deterministic
optimization problem (Baubaid, Boland, and Savelsbergh (2020)) using the expected
demand values and a uniform trailer capacity of Q̄ while stipulating the two following
conditions: (1) nodes in the origin layer only have one alt available in this phase thereby
choosing a single alt to the BB terminals in the top half of the first intermediate layer,
and (2) 80% of the expected demand of each commodity arrives exactly on time, and
20% arrives one day late (we set p = 1).

b. Add the BB terminals back, and augment the design obtained in Part a. by solving a
2-alt deterministic optimization problem using 20% of the expected demand values and
with a trailer capacity of Q̄ while requiring that: (1) flows into the destinations arrive
one day early, and (2) nodes in the origin layer have to have outgoing flows going through
a BB in the bottom half of the first intermediate layer (the second alts for the origin
nodes).

Thus, the top half of our network should have reasonable capacity to service commodity
demands with the catch that they will “only” arrive on time, while the quicker paths in the
bottom half arrive earlier but are tightly capacitated and may easily result in congestion.
As alts primarily help alleviate congestion, this congestion element is useful in our instance
design to see if our approach can exploit the alt structure and avoid situations which result
in congestion.

We summarize the instance settings in Table 1. The first two digits of the instance label indicates
the number of terminals in the origin layer, followed by three single digits for each of the remaining
three layers; U/T represents the demand distribution (uniform and triangular, respectively); and
this is followed by the value of q = Q̄.

We use γ = 0.8 as the discount factor, β = 3 as the revenue for the delivery of a pallet (only
applies if delivered by the carrier), clate = 2 as the penalty for delivering a pallet late, and cout = 1 as
the penalty for outsourcing the delivery of a pallet. We set ε = 0.15 as the probability that a training
decision epoch is an exploration step; preliminary experiments with a few instances has shown this
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Table 1: Instance settings

Instance No. of EOLs No. of BBs Total No. of Commodities q Q

04333-U-5 7 6 24 5 5
06333-U-5 7 6 24 5 5
08433-U-5 11 7 48 5 5
10433-U-5 13 7 60 5 5
04333-U-10 7 6 24 10 10
04333-T-5 7 6 24 5 5
06333-T-5 7 6 24 5 5
08433-T-5 11 7 48 5 5
10433-T-5 13 7 60 5 5
04333-T-10 7 6 24 10 10
12544-U-5 16 9 96 5 5
06333-U-10 7 6 24 10 10
08433-U-10 11 7 48 10 10
10433-U-10 13 7 60 10 10
12544-U-10 16 9 96 10 10
12544-T-5 16 9 96 5 5
06333-T-10 7 6 24 10 10
08433-T-10 11 7 48 10 10
10433-T-10 13 7 60 10 10
12544-T-10 16 9 96 10 10

value to provide substantial improvements to the resulting policy. For AVI, we set H = 20 as
the finite simulation horizon length, i.e., there are 4 cycles in each AVI iteration. We initialize all
entries in the lookup table to be zero at the start of training, and set α := 1/Θ(S̄a, N) where Θ(S̄a, N)
is a function that keeps track of the number of times a particular entry S̄a = ([t],U(R̄t)) in the
(aggregated) lookup table has been observed up to AVI iteration N and time period t.

To ensure that our ADP algorithm learns a good policy no matter the starting state, we follow
the approach of van Heeswijk, Mes, and Schutten (2019) to generate a set of realistic initial states,
Sinitial, which we will sample from at the start of the ADP training and testing iterations. To
accomplish this, we add an ‘initialization’ phase (prior to training) which is used to build the set
Sinitial (initialized to be empty). We run 50 AVI initialization iterations; in each of these, AVI starts
from a randomly generated initial state vector (which is most likely not realistic), and follows a
myopic policy, i.e., a policy that completely disregards the reward-to-go component in the objective
function of the decision epoch subproblems. The state encountered at decision epoch t = H

2 = 10
in each iteration is then added to the set Sinitial (this helps to avoid any warm-up or cool-down
effects). Subsequently, in the training phase of ADP, we perform 1,000 AVI iterations (a total of
20,000 time periods), and at the start of each, we sample a random initial state from Sinitial with a
probability proportional to the frequency of initialization iterations with which it was observed. In
the testing phase of ADP, we perform 200 AVI iterations (4,000 time periods) with the fixed policy,
but each batch of 25 iterations will start from the same randomly sampled initial state. That is, for
each of the initial states sampled in testing, we perform 25 sample paths with the goal of getting an
accurate estimate for the value of that initial state. As a consequence, a maximum of eight initial
states will be drawn from Sinitial in testing.
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5.2 Analysis of Aggregation Approaches

To ensure a valid comparison in this experiment, for a given instance and phase (initialization,
training, and testing), we use the same sample paths across all aggregation approaches. All ADP
runs of this experiment utilized the PDS-IP-Bounding algorithm to solve the EDES IPs.

For the Total Slack + Congestion (Pallet-Days) scheme, we scale the aggregated post-
decision state space along the congestion measure axis to reduce the number of PDS vectors.
Specifically, we present two scaling variants:

1. Fixed Scaling: The total number of pallet-days is divided by 30 and rounded down, e.g., PDS
vectors with the same total slack component and with a total number of pallet-days in the
range from 0 to 29 all share a single lookup table cell.

2. Varying Scaling: The total number of pallet-days is divided by the number of terminal-
destination pairs in the PDS vector for which we might find a positive number of pallets
and rounded down, i.e., an “average” number of pallet-days is computed. The number of
terminal-destination pairs in the PDS vector for which we might find a positive number of
pallets can be determined at the start of each time period before setting up the PDS IP and
passed along to the IP as a parameter.

In columns 3-6 of Table 2, we compare the average total testing (discounted) sample path
reward (taken over the 200 testing sample paths) for the aggregation schemes: Slacks, Total
Slack + Congestion (Lookahead), Total Slack + Congestion (Pallet-Days Varying),
and Total Slack + congestion (Pallet-Days Fixed). Because the Slacks scheme was
relatively time-consuming to solve on many of the instances, we limit our runs for this approach
to instances for which the total runtime is less than 100 hours. We include averages for the first
ten instances (which are those for which Slacks values were obtained) and overall averages for the
other aggregation approaches in the penultimate pair of rows.

Initially focusing on the first ten instances, we observe that the two TS+C (Pallet-Days)
variants offer an improvement over the other two aggregation approaches. In particular, their
policies offer an average improvement of about 8% over the Lookahead variant. On the other
hand, the average improvement over the Slacks aggregation scheme is less pronounced, although
there is a noticeable improvement in the case of the U instances. The improvement in performance
offered by the TS+C (PD) variants is even more pronounced when all 20 instances are considered.
In particular, the policies found by the two TS+C (PD) variants yielded a much higher overall
average improvement of 28-29% over TS+C (L). These two approaches perform fairly evenly with
TS+C (PD Fixed) performing slightly better overall.

Despite the TS+C (PD) variants performing only marginally better than Slacks on the first
ten instances, we argue that they are the better choices for an aggregation scheme. While the first
component of the TS+C (PD) aggregation representation is an aggregated version of the Slacks
vectors, which may reduce its accuracy, the second component contains additional information
about a different aspect of the system. In particular, TS+C (PD) captures capacity/congestion
information whereas Slacks does not. Furthermore, the TS+C variants offer a more compact
representation of the post-decision state when compared to Slacks. The competitive performance
of Slacks on the first ten instances is most likely because of the equivalence between capac-
ity/congestion and slack values in the paths created by our instance generation procedure in the
service network. Recall that we create paths that arrive a day early (a slack of 1) that are tightly
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Table 2: Average ADP testing reward for aggregation approaches

Instance Myopic Slacks TS+C (L) TS+C (PD Var) TS+C (PD Fix)

04333-U-5 59.93 84.47 96.68 96.77 98.62
06333-U-5 -3.57 64.65 86.44 79.67 74.45
08433-U-5 163.25 220.81 183.99 223.33 244.15
10433-U-5 73.85 200.16 174.53 206.16 197.45
04333-U-10 93.54 172.45 168.82 189.79 174.91
04333-T-5 64.66 103.62 107.92 108.76 108.91
06333-T-5 105.31 161.13 158.00 163.51 163.84
08433-T-5 261.09 228.31 224.02 217.06 228.40
10433-T-5 208.48 283.07 227.99 280.05 267.86
04333-T-10 127.79 176.38 179.43 174.66 178.52

12544-U-5 214.47 - 287.97 307.79 311.79
06333-U-10 -21.47 - 81.84 144.81 162.76
08433-U-10 351.83 - 334.35 429.82 408.97
10433-U-10 399.61 - 426.38 520.65 508.77
12544-U-10 502.76 - 337.89 539.35 648.14
12544-T-5 213.47 - 314.36 329.62 340.61
06333-T-10 16.17 - 148.65 173.54 178.36
08433-T-10 316.77 - 376.29 402.57 458.35
10433-T-10 489.81 - 406.19 589.12 585.99
12544-T-10 886.10 - 477.13 966.91 863.36

Average (First 10) 115.43 169.51 160.78 173.98 173.71
Overall Average 226.19 - 239.94 307.20 310.21

% Impr. Myopic (First 10) - 46.84 39.29 50.72 50.49
% Impr. - - 6.08 35.81 37.14
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capacitated, and paths that arrive on time (a slack of 0) that are less capacitated. Therefore, it
is likely that the ADP algorithm was able to learn to avoid paths that offer lower slack values
(and therefore more congestion) by virtue of this equivalence. However, in much larger real-world
settings where there may exist multiple paths with the same slack values but different capacities,
the addition of the congestion measure would provide more useful information about the state of
the system.

We also include in Table 2 the reward values obtained by using a standard myopic policy which,
at each time period, optimizes only the one-period reward without any explicit regard for the impact
of the resulting decisions on future time periods. Due to the nature of the immediate reward of the
DFRP, it is highly likely that there will be many optimal solutions for the myopic IP: for instance,
there might be many feasible decision vectors that result in zero immediate reward (no pallets
lost to outsourcing but no pallets delivered). To ensure that the myopic policy chooses decisions
that are reasonable, we introduce a small positive reward into the objective function for moving
pallets closer to their destinations. This reward is proportional to the reduction in the shortest
path distance to pallets’ destinations in the service network G (and is allowed to be negative). It
is only used in the myopic IP to choose reasonable decisions – decisions that move pallets closer to
their destinations as is commonly done in practice by local terminal dispatchers – and is subtracted
from the objective function value after the IP is solved. We also include in the last pair of rows the
percentage improvement in the average reward values that the ADP approaches provide over the
myopic approach.

We first note that all four ADP approaches yield improvements over the myopic policy. This
demonstrates that the ADP approaches are capable (to varying degrees) of learning how to avoid
some of the pitfalls that the myopic approach will run into. Even when the myopic policy was unable
to find a policy with a positive total reward such as in the cases of 06333-U-5 and 06333-U-10, the
ADP approaches were able to find policies that have high positive reward values. On average, the
TS+C (L) approach yielded a 6% improvement over the myopic policy when all 20 instances are
considered, but notably seemed to struggle on the largest two instances, 12544-U-10 and 12544-T-
10 falling behind the myopic policy. On the other hand, the two TS+C (PD) approaches yielded
substantial improvements of 35-37% over the myopic value. Furthermore, they are more consistent
and perform much better on the largest two instances unlike their (L) counterpart.

Since the myopic policy prefers to keep pallets moving along the shortest path in the network
G, this will likely cause congestion as the pallets are funneled through the more capacitated paths
in the service network. On the other hand, the ADP approaches are able to learn (through the
features we use) the value of different post-decision states, identify better system states, and exploit
the availability of the alts in the service network, thereby leading to higher reward values. Figure 5
shows the average performance metrics (taken over all 20 instances), % On Time, % Late, and %
Outsourced, which highlight where the differences in the average reward values are coming from.
These percentages are based on commodities whose entire sojourn time fits within the time period
window [5, 15] within an AVI iteration to avoid warm-up and cool-down effects, i.e., they are
computed for these commodities in each sample path in the testing phase, and the average over all
testing sample paths is reported in the table. We observe that, on average, the two TS+C (PD)
schemes exhibit a much higher on-time delivery percentage than the Myopic approach and even the
TS+C (L) approach. Namely, the on-time percentage jumps from about 60% in the Myopic case
to just under 77% in the TS+C (PD) approaches. This is coupled with a noticeable decrease in
the percentage of outsourced pallets from 37% to about 21%. Thus, we see that, overall, the ADP
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approaches manage to deliver more pallets on time (and sometimes even more late, especially in the
TS+C (L) and the TS+C (PD Var) cases), while avoiding the capacity traps that cause pallets
to be lost to outsourcing. We depict a 3D visualization of the final (learned) lookup table for the
instance 6333-T-10 with TS+C (PD Fix) in Figure 6. The figure shows that, generally speaking,
states with the highest reward values (darker) are concentrated more in the area of the graph with
high total slack and low congestion values which is to be expected. Therefore, choosing decision
vectors that result in higher total system slack (e.g., by moving pallets closer to their destinations)
and lower congestion measures (e.g., making use of alts to balance the distribution of pallets) are
likely to yield higher rewards, and heuristics that attempt to find such decision vectors but that
are more efficient and less complex than an ADP algorithm may possibly be developed along these
lines.

0.00

20.00

40.00

60.00

80.00

100.00

120.00

Myopic TS+C (L) TS+C (PD Var) TS+C (PD Fix)

%
 o

f P
al

let
s

Approach

% On Time % Late % Outsourced

Figure 5: Performance metrics

Comparing the total runtimes (in hours) of these approaches in Figure 7, we immediately
observe from the first figure that, for the first ten instances, Slacks takes considerably more time
to run while the other approaches have more comparable runtimes. On average, the three TS+C
approaches offer almost a factor six speedup in runtime over Slacks, and, at least in the case of
TS+C (PD), similar (if not better) results. This gap in runtime is simply due to the Slacks
approach having a much larger superset size with many more PDS vectors enumerated compared
to the other three approaches. For example, in the case of the 10433-U-5 instance, the Slacks
approach enumerated, on average, supersets with about 261,751 PDS vectors per time period. This
is in contrast with the 24,610 and the 4,856 vectors per time period enumerated by the TS+C (L)
and TS+C (PD Fixed) approaches, respectively. From the second figure, we can see more clearly
that the two TS+C (PD) variants consistently outperform the TS+C (L) in terms of runtime.
Indeed, on average, the TS+C (PD) approaches are twice as fast as TS+C (L).
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Figure 6: Visualization of final lookup table for instance 6333-T-10 with TS+C (PD Fix)

These experiments demonstrate that despite the original post-decision state vector being high-
dimensional, a much simpler two-dimensional vector such as TS+C (PD) can produce a policy of
good quality and a more efficient approach. Finally, we point out that these reward-to-go elements
can also be used to augment (or design) other heuristics for this problem. For instance, in rolling
horizon solution approaches in which only short horizons can be used at a time (because of the
size of the instances to be solved), a reward-to-go approximation can help ensure that the decisions
made in the short horizons are less myopic.

5.3 Effectiveness of PDS-IP-Bounding Solution Approach

In this section, we demonstrate the effectiveness of the proposed PDS-IP-Bounding solution ap-
proach presented in Section 4.3. Our ADP approach involves enumerating the vectors of a superset,
Pt, which may be very large, and consequently affects the size and solution times of the correspond-
ing Extended IPs. The PDS-IP-Bounding solution approach provides a mechanism for working
around this limitation by solving a number of small PDS IPs instead of a monolithic Extended IP.

For this comparison, at each time period, we solve the encountered decision epoch subproblem
first as a monolithic Extended IP (using Gurobi), then we resolve the subproblem using the PDS-
IP-Bounding algorithm and use this latter solution to transition to the next state. We note that
all recorded times include any setup/overhead required by either of the two approaches, i.e., after
enumerating the superset, we record the full time it takes either approach to choose a decision
vector. In Tables 3-5, we report the following statistics (which are averaged over all decision epoch
subproblems):

• Ext. Time: The average runtime (in seconds) of solving the decision epoch subproblems
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using the Extended IP approach.

• PDS-IP Time: The average runtime (in seconds) of solving the decision epoch subproblems
using the PDS-IP-Bounding approach.

• % PDSs Discarded: The average percentage of PDS vectors in the superset Pt that were
discarded during the solution process in the PDS-IP-Bounding approach (due to bounding).

• # Enumerated Vectors: The average number of enumerated PDS vectors, i.e. the average
superset size.

• Speedup Factor (SF): The speedup factor PDS-IP-Bounding provides over Extended IP, i.e.
a speedup factor greater than one indicates that PDS-IP-Bounding is faster than Extended
IP, and vice versa.

To keep running times reasonable, a time limit of 900s was imposed on the Extended IPs and a time
limit of 120s on each individual PDS IP, as there were some cases in which the solver was unable to
close the gap causing the branch-and-bound tree to exhaust the system’s memory. We further note
that because of the increase in runtime due to the inclusion of the Extended IP solution approach,
a few more instances of the Slacks aggregation scheme were excluded from this experiment. We
also include separate averages for the six instances for which we present results (Avg. SF (Slacks)).

From Table 3, we observe that PDS-IP-Bounding provides a very significant speedup in runtime
in the six Slacks instances. Therefore, although the superset size is fairly large in the case of
Slacks (see Table 5), which consequently causes the Extended IP to be much larger in size, the
PDS-IP-Bounding algorithm is able to sidestep the issue and we are able to solve the subproblems
more efficiently. We also see that PDS-IP-Bounding provides a decent speedup in runtime for the
TS+C (L) approach in those same six instances. On the other hand, the Extended IP algorithm
turns out to be faster in the two TS+C (PD) approaches. Similarly, for the averages over all 20
instances, we see that PDS-IP-Bounding provides close to a two-factor speedup in runtime when
using TS+C (L), while becoming slightly more competitive in the case of TS+C (PD).

To further analyze these results, Table 4 shows the percentage of enumerated PDS vectors
that were discarded during the solution process. On average, we observe that PDS-IP-Bounding
only solves the PDS IPs corresponding to a very small percentage (less than 3%) of the superset
PDS vectors with the vast majority being discarded using its bounding mechanism. This is true
even in cases where Extended IP outperforms PDS-IP-Bounding in terms of runtime. While a
majority of the time in the Extended IP approach (roughly 70-80%) is spent loading the IP due
to the large superset size, the PDS-IP-Bounding approach is able to circumvent this issue and
find provably optimal solutions much quicker in the cases of Slacks and TS+C (L). As the %
PDS Discarded values are very high, it may be possible to implement more intelligent enumeration
schemes of the superset, thereby reducing these values. Regardless, the findings here suggest that
the PDS-IP-Bounding approach is generally less sensitive to the size of the superset compared to
solving an Extended IP. Clearly, the combination of efficient enumeration of vectors in the superset
(irrespective of their feasibility), and using the PDS-IP-Bounding approach, provides an efficient
solution approach, and helps sidestep the two issues of determining the feasibility of enumerated
PDS vectors (by relying on the IP) and that of the size of the resulting IP (by relying on PDS-IP-
Bounding).
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Table 3: Extended IP vs. PDS-IP-Bounding runtime comparison (overall)

Instance

Slacks TS+C (L)

Ext. Time (s) PDS-IP Time (s) SF Ext. Time (s) PDS-IP Time (s) SF

04333 - U - 5 1.30 0.50 2.59 0.19 0.17 1.11
06333 - U - 5 7.81 1.95 4.01 0.44 0.29 1.53
08433 - U - 5 15.56 2.89 5.38 0.62 0.43 1.44
10433 - U - 5 - - - 1.28 1.03 1.24
04333 - U - 10 - - - 0.65 0.31 2.09
04333 - T - 5 1.20 0.45 2.64 0.17 0.19 0.94
06333 - T - 5 9.16 1.14 8.03 0.35 0.29 1.21
08433 - T - 5 14.54 2.42 6.01 0.69 0.60 1.16
10433 - T - 5 - - - 0.97 0.55 1.78
04333 - T - 10 - - - 0.56 0.29 1.93
12544 - U - 5 - - - 2.59 2.51 1.03
06333 - U - 10 - - - 1.53 0.52 2.93
08433 - U - 10 - - - 2.66 1.01 2.64
10433 - U - 10 - - - 4.29 1.04 4.11
12544 - U - 10 - - - 10.61 5.78 1.83
12544 - T - 5 - - - 2.27 1.00 2.28
06333 - T - 10 - - - 1.70 0.78 2.19
08433 - T - 10 - - - 2.82 0.89 3.16
10433 - T - 10 - - - 3.87 1.29 2.99
12544 - T - 10 - - - 9.63 16.83 0.57

Avg. SF (Slacks) - - 4.78 - - 1.23
Avg. SF - - - - - 1.91

Instance

TS+C (PD Var) TS+C (PD Fix)

Ext. Time (s) PDS-IP Time (s) SF Ext. Time (s) PDS-IP Time (s) SF

04333 - U - 5 0.13 0.40 0.33 0.11 0.19 0.57
06333 - U - 5 0.23 0.47 0.48 0.19 0.31 0.63
08433 - U - 5 0.26 0.66 0.40 0.25 0.60 0.41
10433 - U - 5 0.28 0.86 0.32 0.30 0.80 0.38
04333 - U - 10 0.34 0.56 0.61 0.56 0.55 1.03
04333 - T - 5 0.11 0.33 0.35 0.09 0.23 0.41
06333 - T - 5 0.23 0.51 0.46 0.18 0.36 0.49
08433 - T - 5 0.29 0.84 0.34 0.43 1.02 0.42
10433 - T - 5 0.29 0.84 0.34 0.43 1.02 0.42
04333 - T - 10 0.35 1.10 0.32 0.24 0.78 0.31
12544 - U - 5 0.56 2.65 0.21 0.85 3.23 0.26
06333 - U - 10 0.66 0.67 0.99 0.51 0.47 1.09
08433 - U - 10 0.70 1.42 0.49 0.51 0.84 0.61
10433 - U - 10 0.92 1.55 0.59 0.80 0.95 0.84
12544 - U - 10 1.82 5.67 0.32 3.03 4.39 0.69
12544 - T - 5 0.70 1.92 0.37 0.88 2.13 0.41
06333 - T - 10 0.66 0.86 0.77 0.49 0.60 0.82
08433 - T - 10 0.69 1.20 0.57 0.63 0.80 0.79
10433 - T - 10 1.29 1.67 0.77 1.41 1.37 1.03
12544 - T - 10 1.85 4.77 0.39 2.66 5.07 0.52

Avg. SF (Slacks) - - 0.39 - - 0.49
Avg. SF - - 0.47 - - 0.61
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Table 4: PDS-IP-Bounding percentage of discarded vectors (overall)

Instances Slacks TS+C (L) TS+C (PD Var) TS+C (PD Fix)

04333 - U - 5 97.47 97.79 97.68 97.60
06333 - U - 5 96.60 98.01 97.76 97.81
08433 - U - 5 97.68 98.86 98.54 98.30
10433 - U - 5 - 98.52 98.45 98.51
04333 - U - 10 - 98.45 98.06 98.05
04333 - T - 5 97.82 98.35 97.71 97.63
06333 - T - 5 98.32 98.12 98.30 98.26
08433 - T - 5 98.01 98.45 98.36 98.14
10433 - T - 5 - 98.58 98.97 99.33
04333 - T - 10 - 98.34 98.19 97.96
12544 - U - 5 - 98.50 99.41 99.50
06333 - U - 10 - 98.53 98.11 98.17
08433 - U - 10 - 98.74 98.52 98.43
10433 - U - 10 - 99.52 99.14 98.88
12544 - U - 10 - 98.09 98.67 97.97
12544 - T - 5 - 99.46 99.17 99.34
06333 - T - 10 - 98.17 98.15 97.99
08433 - T - 10 - 99.56 99.32 98.98
10433 - T - 10 - 99.15 98.97 98.76
12544 - T - 10 - 98.24 98.77 98.50

Avg. % PDS Discarded (Slacks) 97.65 98.27 98.06 97.96
Avg. % PDS Discarded - 98.57 98.51 98.41
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Table 5: Superset sizes

Instance Slacks TS+C (L) TS+C (PD Var) TS+C (PD Fix)

04333 - U - 5 18,298.08 3,832.79 1,650.30 1,089.20
06333 - U - 5 52,568.09 9,280.59 3,092.28 2,428.59
08433 - U - 5 145,641.56 14,292.49 3,104.20 2,717.38
10433 - U - 5 - 24,610.89 4,861.84 4,856.81
04333 - U - 10 - 15,376.80 5,716.83 10,184.19
04333 - T - 5 17,023.97 3,586.59 1,368.11 939.75
06333 - T - 5 69,291.93 8,549.13 2,615.89 1,749.49
08433 - T - 5 155,652.82 16,256.07 3,912.76 3,147.67
10433 - T - 5 - 4,216.98 4,475.94 23,972.14
04333 - T - 10 - 14,057.39 5,805.88 3,733.76
12544 - U - 5 - 56,529.30 7,440.34 10,744.64
06333 - U - 10 - 34,416.72 11,219.25 8,428.02
08433 - U - 10 - 60,253.35 11,446.49 10,226.44
10433 - U - 10 - 103,725.49 16,656.76 17,205.76
12544 - U - 10 - 208,908.03 28,215.89 42,759.37
12544 - T - 5 - 56,670.83 6,937.40 10,581.60
06333 - T - 10 - 40,167.59 12,880.83 9,608.72
08433 - T - 10 - 66,705.42 12,017.51 11,117.27
10433 - T - 10 - 101,300.79 21,694.69 22,916.36
12544 - T - 10 - 215,092.77 29,094.07 48,760.97

Avg. # Enumerated Vectors (Slacks) 76,412.74 9,299.61 2,623.92 2,012.01
Avg. # Enumerated Vectors - 52,891.50 9,710.36 12,358.41
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Curiously, while the percentage of discarded PDS remains high in the two TS+C (PD) ap-
proaches, they do not exhibit the same speedup in runtime when we use PDS-IP-Bounding. How-
ever, further investigation suggested that this is a consequence of the scaling and not the congestion
measure itself; for two of the smaller instances, we were able to use a non-scaled version of TS+C
(PD) and the results showed that PDS-IP-Bounding offers a speedup in runtime as is the case with
Slacks and TS+C (L) – although its reward value were notably worse than the scaled versions.
There are two reasons why scaling/partitioning may have this impact. The first is that scaling
reduces the number of PDS vectors which enables a much smaller Extended IP, thereby reducing
its runtime. The second is that instead of fixing an individual PDS vector for each PDS IP, we now
fix a scaled vector, e.g. the endpoint of the partition, and the search space for the PDS IP now
involves finding a feasible decision vector whose resulting PDS vector maps to the scaled (fixed)
vector. This may explain why we see more extreme outliers in terms of individual PDS-IP-Bounding
runtimes. That is, due to the different nature of the PDS IPs, the solver either requires more time
to find an optimal solution, or exhausts the time limit trying to close the optimality gap. However,
removing these few extreme outliers, we can see a much better picture for PDS-IP-Bounding. For
example, for the 12544-T-10 instance with TS+C (PD Fix), we show in Figure 8 box plots com-
paring the individual runtimes for each time period after removing outliers, and we observe that
the quartile runtimes for PDS-IP-Bounding are noticeably lower than those of Extended IP. This
suggests that PDS-IP-Bounding is still offering advantages despite the average time period runtime
being distorted by the presence of these outliers. It also suggests that if sufficient computational
power is available, running both approaches in parallel for each decision subproblem and choosing
the solution found by the first approach to terminate might be a reasonable strategy for further
efficiency gains.
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Figure 8: Box plot for individual time period runtimes for instance 12544-T-10 with TS+C (PD
Fix)

There is also a noticeable difference between the overall average runtimes (which include training
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and testing) and their testing counterparts. In Tables 6 and 7, we show the runtime values and
the additional statistics taken only over the time periods of the 200 testing iterations. A higher
percentage of PDS IPs is discarded in the testing phase and, as a result, the speedup factors
are noticeably higher. One reason for these results is the presence of exploration decision epoch
subproblems in training. Recall that exploration decision epoch subproblems involve replacing the
lookup table values with randomly generated coefficients in the range of values of the current lookup
table (specifically, in the range of values of visited states, which are most likely nonzero values).
This is in contrast with their exploitation counterparts which typically involve a small number of
PDSs with a nonzero lookup table value. As a consequence of these artificial coefficients and the
change in the number and distribution of nonzero PDS values, we observed a slowdown in the
runtimes of exploration subproblems compared with their exploitation counterparts. This can be
seen in Figure 9 where we show the average runtimes for exploration and exploitation subproblems
for each of the two approaches. For brevity, we only show the results for the TS+C (PD Fix)
aggregation approach.

A second reason is that the first few training iterations involve a lookup table in which very
few states (if any) have been visited, and therefore, almost all enumerated PDS vectors in these
subproblems will have a value of zero, making it harder for the algorithm’s sorting and bounding
mechanisms to be effective in those early iterations. An illustration of the effect of this warm-up
phenomenon on the runtimes of the PDS-IP-Bounding approach can be seen in Figure 10, where
we plot the average runtime of the first 20 AVI training iterations (i.e., each point is an average of
the 20 subproblems comprising that AVI iteration) for the instance 12544-T-10 (with TS+C (PD
Fix)). By the 14th training iteration, this effect is diminished and PDS-IP-Bounding performs on
a similar level as Extended IP. It is possible to overcome this issue (and make the algorithm even
more efficient) by checking if none of the enumerated post-decision states have been previously
visited (and thus, have an initial value of zero). In such cases, the subproblem simply reduces
to optimizing the one-period reward and the algorithm does not have to go through the list of
enumerated PDS vectors as they become irrelevant, thereby drastically reducing the runtime in
such iterations.

5.4 Effectiveness of Exploration Scheme

In this section, we demonstrate the value of including some exploration in the training phase of the
ADP algorithm. While we adopt a standard ε-greedy algorithm, we adapt the standard mechanism
of choosing a random decision vector to accommodate our IP setting as described in Section 4.1. In
Table 8, we show that this mechanism with ε = 0.15 yields benefits by providing a noticeable 3.5-
fold improvement in the reward values compared to having no exploration at all, with the highest
improvements for the 12544-U-5 and 12544-T-5 instances. Once again, for brevity, we include only
the results for the TS+C (PD) Fix approach.

Naturally, exploration is vital in our instance settings because it enables the discovery of the
less-capacitated (albeit longer paths) which consequently results in improved policies with higher
rewards.
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Table 6: Extended IP vs. PDS-IP-Bounding runtime comparison (testing)

Instance

Slacks TS+C (L)

Ext. Time (s) PDS-IP Time (s) SF Ext. Time (s) PDS-IP Time (s) SF

04333 - U - 5 1.46 0.22 6.49 0.17 0.11 1.46
06333 - U - 5 10.79 0.41 26.62 0.47 0.22 2.12
08433 - U - 5 14.74 1.44 10.27 0.54 0.17 3.10
10433 - U - 5 - - - 1.34 0.33 4.08
04333 - U - 10 - - - 0.67 0.26 2.59
04333 - T - 5 1.29 0.18 7.10 0.17 0.14 1.20
06333 - T - 5 11.08 0.48 22.99 0.32 0.12 2.72
08433 - T - 5 12.65 0.54 23.26 0.68 0.36 1.88
10433 - T - 5 - - 0.93 0.27 3.51
04333 - T - 10 - - 0.52 0.16 3.25
12544 - U - 5 - - 2.20 0.28 7.91
06333 - U - 10 - - 1.38 0.16 8.44
08433 - U - 10 - - 2.80 0.31 9.16
10433 - U - 10 - - 6.05 0.49 12.42
12544 - U - 10 - - 11.36 1.25 9.06
12544 - T - 5 - - 2.23 0.43 5.24
06333 - T - 10 - - 1.81 0.17 10.51
08433 - T - 10 - - 2.47 0.17 14.16
10433 - T - 10 - - 3.39 0.34 9.91
12544 - T - 10 - - 11.54 0.79 14.68

Avg. SF (Slacks) - - 16.12 - - 2.08
Avg. SF - - - - - 6.37

Instance

TS+C (PD Var) TS+C (PD Fix)

Ext. Time (s) PDS-IP Time (s) SF Ext. Time (s) PDS-IP Time (s) SF

04333 - U - 5 0.13 0.51 0.25 0.10 0.11 0.93
06333 - U - 5 0.21 0.37 0.59 0.20 0.16 1.19
08433 - U - 5 0.29 0.44 0.66 0.28 0.58 0.48
10433 - U - 5 0.27 0.30 0.92 0.30 0.77 0.39
04333 - U - 10 0.34 0.35 0.97 0.45 0.27 1.63
04333 - T - 5 0.12 0.24 0.49 0.09 0.15 0.59
06333 - T - 5 0.24 0.28 0.84 0.18 0.22 0.82
08433 - T - 5 0.25 0.45 0.56 0.40 0.66 0.60
10433 - T - 5 0.25 0.45 0.56 0.40 0.66 0.60
04333 - T - 10 0.35 1.25 0.28 0.19 0.47 0.39
12544 - U - 5 0.52 4.61 0.11 0.83 0.77 1.08
06333 - U - 10 0.70 0.36 1.96 0.51 0.32 1.60
08433 - U - 10 0.83 0.96 0.87 0.52 0.52 1.00
10433 - U - 10 0.71 0.73 0.97 0.70 0.57 1.23
12544 - U - 10 1.65 5.78 0.29 2.11 3.39 0.62
12544 - T - 5 0.79 1.01 0.78 0.98 1.57 0.62
06333 - T - 10 0.85 0.83 1.02 0.46 0.46 0.99
08433 - T - 10 0.61 0.39 1.55 0.65 0.37 1.75
10433 - T - 10 1.28 0.97 1.33 1.25 0.57 2.19
12544 - T - 10 1.69 3.39 0.50 3.14 3.46 0.91

Avg. SF (Slacks) - - 0.57 - - 0.77
Avg. SF - - 0.78 - - 0.98
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Table 7: PDS-IP-Bounding percentage of discarded vectors (testing)

Instances Slacks TS+C (L) TS+C (PD Var) TS+C (PD Fix)

04333 - U - 5 99.29 99.20 99.46 99.38
06333 - U - 5 99.49 99.68 99.65 99.57
08433 - U - 5 99.26 99.91 99.89 99.83
10433 - U - 5 - 99.95 99.84 99.86
04333 - U - 10 - 99.59 99.68 99.64
04333 - T - 5 99.63 99.54 99.44 99.35
06333 - T - 5 99.68 99.90 99.85 99.77
08433 - T - 5 99.55 99.91 99.84 99.72
10433 - T - 5 - 99.90 99.94 99.96
04333 - T - 10 - 99.62 99.82 99.79
12544 - U - 5 - 99.98 99.95 99.95
06333 - U - 10 - 99.86 99.89 99.85
08433 - U - 10 - 99.96 99.95 99.92
10433 - U - 10 - 99.98 99.95 99.95
12544 - U - 10 - 99.98 99.89 99.98
12544 - T - 5 - 99.98 99.94 99.94
06333 - T - 10 - 99.94 99.88 99.78
08433 - T - 10 - 99.98 99.97 99.97
10433 - T - 10 - 99.98 99.97 99.97
12544 - T - 10 - 99.99 99.99 99.97

Avg. % PDS Discarded (Slacks) 99.48 99.69 99.69 99.60
Avg. % PDS Discarded - 99.84 99.84 99.81
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Figure 10: Training warm-up impact on runtime of PDS-IP-Bounding (12544-T-10 with TS+C
(PD Fix))

Table 8: The value of exploration

Instance Value w/ Exploration Value w/o Exploration Improvement Factor

04333 - U - 5 98.62 61.08 1.61
06333 - U - 5 74.45 47.67 1.56
08433 - U - 5 244.15 106.54 2.29
10433 - U - 5 197.45 61.37 3.22
04333 - U - 10 174.91 97.36 1.80
04333 - T - 5 108.91 66.24 1.64
06333 - T - 5 163.84 62.82 2.61
08433 - T - 5 228.40 100.82 2.27
10433 - T - 5 267.86 187.80 1.43
04333 - T - 10 178.52 90.67 1.97
12544 - U - 5 311.79 17.36 17.96
06333 - U - 10 162.76 32.74 4.97
08433 - U - 10 408.97 150.05 2.73
10433 - U - 10 508.77 258.90 1.97
12544 - U - 10 648.14 133.10 4.87
12544 - T - 5 340.61 50.46 6.75
06333 - T - 10 178.36 64.12 2.78
08433 - T - 10 458.35 217.45 2.11
10433 - T - 10 585.99 244.28 2.40
12544 - T - 10 863.36 280.16 3.08

Average 310.21 116.55 3.50
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6 Conclusions & Future Work

In this paper, we introduced and formulated the Dynamic Freight Routing Problem (DFRP) for
LTL carriers which models the daily routing of shipments from origins to destinations in the pres-
ence of demand uncertainty. We modeled this problem as a Markov Decision Process (MDP),
and presented an Approximate Dynamic Programming solution approach to overcome the MDP’s
curses of dimensionality. Our approach relies on using a lookup table to store value function ap-
proximations, and we compared a number of aggregation approaches and demonstrate that a two-
dimensional aggregation scheme is able to produce policies that are much better than a standard
myopic policy. We have also introduced a framework for integrating the lookup table architecture
into the IP decision epoch subproblems that need to be solved at every time period in the ADP
algorithm. This framework includes: (1) the modeling of these integrated/extended IPs, (2) a
solution approach which exploits their inherent structure and decomposes the problem into many
small post-decision state (PDS) IPs, and (3) an adaptation of the standard ε-greedy algorithm to
the IP setting. Our computational experiments show that there are computational advantages to
be gained by prioritizing solving the most attractive PDS IPs and using dynamic bounds.

Future work might compare using other forms of value function approximations to using a lookup
table approach for this class of problems. For example, linear value function approximations are
commonly used in IP settings since they are easy to integrate, and fairly flexible. In addition,
ReLU neural nets are becoming increasingly popular for approximating value functions and can be
integrated into ADP approaches which involve IP decision epoch subproblems. How these different
value function approximations compare in terms of policy quality and runtimes for this problem
class is a question worth addressing. Other research directions may include using insights from this
work to design efficient algorithms for solving large-scale and more realistic instances of this class
of problems. As we only consider somewhat of an idealized setting, solving real-life instances may
pose additional challenges and/or practical considerations that were not considered in this work
(e.g. incorporating daily demand forecasts, considering detailed terminal operations such as sorts,
adding a layer of decisions that relates to dynamic changes in trailer schedules to allow for more
flexibility and cost savings, etc.).
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