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Abstract

Amenability is a geometric property of convex cones that is stronger than facial
exposedness and assists in the study of error bounds for conic feasibility problems.
In this paper we establish numerous properties of amenable cones, and investigate
the relationships between amenability and other properties of convex cones, such as
niceness and projectional exposure.

We show that the amenability of a compact slice of a closed convex cone is equiv-
alent to the amenability of the cone, and prove several results on the preservation
of amenability under intersections and other convex operations. It then follows that
homogeneous, doubly nonnegative and other cones that can be represented as slices
of the cone of positive semidefinite matrices are amenable.

It is known that projectionally exposed cones are amenable and that amenable
cones are nice, however the converse statements have been open questions. We con-
struct an example of a four-dimensional cone that is nice but not amenable. We
also show that amenable cones are projectionally exposed in dimensions up to and
including four.

We conclude with a discussion on open problems related to facial structure of
convex sets that we came across in the course of this work, but were not able to fully
resolve.

1 Introduction

Amenability was introduced in [13] in the context of error bounds for convex cones. In
particular, consider the following conic feasibility problem

find z€KNV, (CFP)

where K is a closed convex cone and V is an affine subspace. If K is an amenable cone, there
are a number of techniques that simplify the study of error bounds for the system (CFP),
especially when the goal is to obtain bounds that hold without constraint qualifications,
see [13].

Given the ubiquity and the usefulness of error bounds throughout optimization (see,
e.g., [15, 11]), it is natural to try to develop our understanding of amenability. In this
work we extend the notion of amenable cones to arbitrary convex sets. Doing so allows
us to show that the intersection of amenable sets is amenable and that all affine slices
of an amenable cone must be amenable. Conversely, if a cone is generated by a compact
amenable slice, it must be amenable.

Amenability is a stronger form of facial exposedness, which is a notion that goes back
at least to the 1930s [24]. There are several other ways to strengthen the classical notion
of facial exposure that are commonly used in the literature. The notion of niceness (fa-
cial dual completeness) has its origins in optimality conditions for general conic convex



optimization problems and in the facial reduction algorithm of Borwein and Wolkowicz
[4], see Remarks 6.1 and 6.2 therein. (The name nice itself seems to have appeared later.)
Pataki has shown that nice cones admit extended duals that fix certain theoretical issues
related to classical Lagrangian duality [19]. Niceness also features in results on when a
linear image of a dual of a convex cone is closed [12, 17] and in the study of conic lifts of
convex sets: when a cone is nice, certain results related to lifts can be sharpened, see [9,
Corollary 1]. Pataki showed in [19] that nice cones are always facially exposed and con-
jectured that the converse was true. This was disproved in [22], where a four-dimensional
cone that is facially exposed but not nice is constructed. Niceness also appears to have
a direct relation to error bounds: necessary and sufficient conditions for niceness were
obtained using subtransversality-like tangential relations in [23]. It was shown in [13] that
amenable cones are nice. In this paper we show that nice cones are not always amenable.

Another notion that we pay close attention to in this paper is projectional exposedness,
which goes back to [4], also in connection to optimality conditions for conic convex opti-
mization problems and the so-called facial reduction algorithm. See also [2, 20, 26]. It was
shown in [13] that projectionally exposed cones are amenable. In this paper we show that
the converse is true in dimensions up to and including four. In particular, if there exists
an amenable cone that is not projectionally exposed, it must have dimension at least five.

Finally, we show that homogeneous and doubly negative cones cones are amenable,
in particular generalising the previously known result for symmetric cones [13]. This
contributes to the evidence that amenability is a valuable notion that captures the benign
properties of many important classes of structured cones.

This paper is organised as follows. Section 2 contains preliminaries on the facial struc-
ture of convex sets and cones: we state and provide references for known technical results
that are used throughout the paper.

In Section 3 we discuss basic properties of amenable sets. In Section 3.1 we extend the
definition of amenability from cones to to general convex sets, discussing the subtleties
related to non-compactness that are absent in the conic setting. (Specifically, see Exam-
ple 3.3 based on a geometric construction from [25]). We highlight the motivation via
subtransversality, proving that amenability of a face is equivalent to subtransversality of
the affine span of F' and the set C in Proposition 3.2. We also demonstrate that amenabil-
ity is preserved under some common convex operations, such as intersections and direct
products (see Proposition 3.4).

Section 4 is dedicated to showing that amenability of a cone is equivalent to the
amenability of its compact base. Studying amenability of slices often makes the geometry
more intuitive, and reduces the dimension of the problem.

In Section 5 we construct an example of a cone that is amenable but not nice (facially
dual complete).

Section 6 is dedicated to the relationship between amenability and projectional ex-
posure. We prove that for amenable cones, faces of codimension one are projectionally
exposed (see Theorem 6.2), and this allows us to conclude that all amenable cones in
spaces of dimension at most 4 are projectionally exposed (Corollary 6.4).

In the last section we state open questions related to facial structure of convex sets
and provide additional insights.

2 Preliminaries

Here we recall some facts about convex sets and their faces. We let £ denote some finite
dimensional Euclidean space equipped with an inner product (-, -) and an induced norm ||-||.



Let C' C & be a convex set. We denote its closure, relative interior, interior, affine hull,
dimension, span and orthogonal complement by clC,riC,int C, aff C, dim C, span C, C*,
respectively. The recession cone of C' is denoted by rec C' and its lineality space by linC,
so that lin C' = rec C' N (—rec C'). We denote by cone C' the cone generated by C, i.e.,

coneC = {\z |z € C,\ > 0}.
Given x € £, we define the distance from x to C as
dist(z,C) = inf{||lz — y| | y € C}. (2.1)

If U C € is an arbitrary subset, we denote by conv U the convex hull of U.

Throughout the paper we adopt the following convention. We will use C, F' for convex
sets and their faces, respectively. K, F will be used for convex cones and their faces,
respectively. We denote by S™ the space of n x n real symmetric matrices and by S* the
cone of n x n real symmetric positive semidefinite matrices.

2.1 On faces of convex sets

Here, we collect a few results and facts on faces of convex sets that will be useful in later
sections. First we recall that a closed convex set F' contained in C' is said to be a face
if the following condition holds: whenever z,y € C are such that ax + (1 — o)y € F for
some «a € (0,1), we have z,y € F. In this case, we write F' < C. Faces consisting of a
single point are called extreme points and the set of extreme points of C' will be denoted
by ext C. A face F' < C' is said to be proper if F # C. Given some convex subset S C C
we denote by minFace(S, C') the minimal face of C' containing S.
The minimal face can be characterized as follows:

F QC, F =minFace(S,C) <= ri(S)Nri(F)#0 <= r1i(S)CriF, (2.2)

i.e., the minimal face of C' containing S is the unique face such that the relative interior of
S intersects the relative interior of F. For the first implication, see [16, Proposition 3.2.2].
The second implication follows because ri(S) = ri(S N F) = ri(S) Nri(F) C ri(F) holds
when ri(S) Nri(F) # 0 and S C F (see [21, Theorem 6.5]).

A face F < C' is said to be facially exposed if there exists a supporting hyperplane H
of C such that F=CnNH.

Proposition 2.1 (Every proper face is contained in some proper exposed face). Let F' < C
be such that F # C. Then, there exists an exposed face F' 1 C satisfying F C F' and
F' +£C.

Proof. Because F' # C, we must have ri F N1iC = ) (see, e.g., [21, Corollary 18.1.2]).
This means that F' and C can be properly separated, i.e., there exists a hyperplane H
such that F and C belong to opposite closed half-spaces defined by H and at least one
among F' and C is not entirely contained in H (see [21, Theorem 11.3]). Because F' C C,
it must be the case that F' C H and that H is a supporting hyperplane of C'. Since the
separation is proper, there exists at least one point of C not in H. Therefore, the exposed
face F' := C' N H satisfies F' # C and F C F". O

The next proposition is well-known, but we could not find a concrete reference to it,
so we give a short argument.



Proposition 2.2. Let C1,Cy be closed convex sets such that C = C1 N Cy is non-empty.
Let F < C. Then, there are F1 < Cq, Fo < Cy such that

F=FnNFk,, I‘i(F) gri(Fl)ﬁri(Fg).
Proof. Let F} := minFace(F,C1) and F5 := minFace(F, Cs). By (2.2), we have
ri(F) Cri(F1) Nri(Fy).

In particular, F; and Fy have a relative interior point in common, so, we have ri(F7) N
ri(Fy) = ri(F1 N F3), see [21, Theorem 6.5]. Therefore,

I'I(F) - I'i(Fl N Fg) = I"i(Fl) N ri(Fg) (23)

Because Fy} < F; and Fy < Fy, we have that F; N Fy is a face of C. Since F is also a face
of C, (2.3) implies that F' = Fy N F. O

2.2 Cones and notions of facial exposedness

First, we recall that a closed convex cone K C & is said to be pointed if lin K = {0} and
full-dimensional if dim IC = dim €. A face F < K such that dim F = 1 is called an extreme
ray. If F ={ax | a > 0} we say that F is generated by x.

Here, we recall some properties stronger than facial exposedness for cones. We say
that a cone K is nice (or facially dual complete) if for every face F < K we have

Fr=K*+F*

where [C* is the dual cone of K, consisting of all linear functionals on £ that take non-
negative values on K. A face F < K is said to projectionally exposed if there exists an
idempotent linear map P : £ — & (i.e., a projection that is not necessarily orthogonal)
such that

P(K) = F.

K is said to be projectionally exposed if every face is projectionally exposed.
Finally, a convex cone K is said to be amenable, if for every face F < K there exists a
constant £ > 0 (possibly depending on F) such that

dist(x, F) < kdist(z,K), Vzx € spanF. (2.4)

Gathering several results in the literature we have the following.
Proposition 2.3 (Notions of exposedness). Consider the following statements.

(i) K is projectionally exposed.

(7i) K is amenable.
(131) KC is nice
(iv) K is facially exposed.
Then (i) = (i1) = (4i1) = (). If dim K < 3 then (iv) = (7).

Proof. The implication (i) = (i7) = (éi7) follows from Propositions 9 and 13 in [13]. The
implication (7i7) = (iv) comes from [18, Theorem 3].

Finally, Poole and Laidacker proved that when dim IC < 3, facial exposedness implies
projectional exposedness [20, Theorem 3.2]. O



2.3 On bounded linear regularity

We say that convex sets C1,...,Cp, C & satisfy bounded linear regularity if (;2, C; # 0
and the following error bound condition holds: for every bounded set B C &, there exists
kp > 0 such that

dist(z,C) < kp pax dist(z, C;), Vx € B. (2.5)

<i<m
In the next sections we will need the following result, see [3, Corollary 3] for a proof.

Proposition 2.4. Let Cq,...,C,, C & be such that C1,...,Cy are polyhedral sets and

k m
(mq)m A 16| 20
i=1 =kt 1

holds. Then, C1,...,Cy, satisfy bounded linear reqularity.

3 Amenable convex sets and their basic properties

The motivation for the notion of amenability in [13] was to obtain error bounds for conic
linear programs. Because of that, amenability was originally defined for cones only, as in
(2.4). Our first task is to extend this definition to arbitrary convex sets.

3.1 Definition of amenability for general convex sets

Let C be an arbitrary convex set and let F' < C' be a face. With that, we have
F=Cnaff F.

A first attempt at extending amenability (2.4) to general closed convex sets would be to
require the existence of some x > 0 such that

dist(z, F') < kdist(z,C), Vzx € aff F. (3.1)

Unfortunately, this is unlikely to hold for many reasonable sets, as we will see in Exam-
ple 3.3. The key is to restrict the validity of (3.1) to bounded sets as follows.

Definition 3.1 (Amenable faces and amenable sets). Let C' be a closed convex set and
F < C be a face. F' is said to be amenable if for every bounded set B, there exists a
constant k such that

dist(z, F') < kdist(z,C), Vze (aff )N B. (3.2)
If all faces of C are amenable, then C is said to be an amenable convex set.

Next, we advance the case that Definition 3.1 is reasonable by presenting a few equiv-
alences. Recall that C7 and Cy are subtransversal at x* € C7; N Cy [10, Definition 7.5] if
there is a neighbourhood U of z* and k > 0 such that

dist(z, C; N Cq) < k(dist(z, Cy) + dist(z, C2)), Vz € U. (3.3)

Proposition 3.2. Let C' be a conver set and let F < C be a face. The following are
equivalent:



(i) F is an amenable face of C.

(ii) C and aff F' are boundedly linearly reqular, i.e., for every bounded set B there exists
kg > 0 such that

dist(z, F') < kp max{dist(z, aff F'), dist(z,C)}, Vz € B. (3.4)

(131) C and aff F' are subtransversal at every point of F.

Proof. First, we observe that (3.2) is implied by (3.4), when C; = C, Cy = aff F and
x € aff F'. Therefore | (i) < (éi) | holds.

We move on to proving that | (i) = (i7) || Suppose F' is amenable, let B be an arbitrary
bounded set and let P denote the orthogonal projection operator onto aff F'. Since P is

nonexpansive, P(B) must be bounded as well. By the definition of amenability, there
exists x such that

dist(z, F') < kdist(z,C), Vze (aff )N P(B).
Given z € B, we have the following sequence of inequalities

dist(z, F) ist(z, aff F') 4 dist(P(z), F)

ist(z, aff F') + r dist(P(zx), C)

ist(z, aff F') + r(dist(z, C) + dist(x, aff F'))
+ 1)(dist(z, C) + dist(z, aff F'))

k + 1) max{dist(z, C), dist(z, aff F")}.

(VAN VAN VAN VAN VAN
BN

NS &

—

This shows that C' and aff F' are boundedly linearly regular.
Next, we check that | (ii) = (¢ii) | Let * € F and let U be any bounded neighbourhood
of z*. Since (i) holds, there exists x > 0 such that

dist(z, F') < k(dist(z, C) + dist(z, aff F)), Vx €U,

which shows that C and aff ' are subtransversal at z*.
Finally, we show that | (i7) < (¢i¢) | Suppose that aff F' and C' are subtransversal at

every € F. Let B be a bounded set and denote by B its closure. For every x € B, there
exists some open neighbourhood U, and a constant s, such that (3.3) holds. Since B is

compact, and the U, form an open cover for B, there are finitely many x1,...,z, such
that
l
BC|JUs,.
i=1

Therefore, if we set
K =max(Kg,,...,H~z,),

then, for every x € B, we have

dist(z, F) < k(dist(z, aff F) + dist(z, C)) < 2k max{dist(z, aff F'), dist(x,C)}.



Let K be a closed convex cone. In [13, Proposition 12] it was shown that a face
F < K satisfies (2.4) if and only if K and span F are boundedly linearly regular. Since
span F = aff F, in view of Proposition 3.2, we conclude that I is amenable as a cone
(i.e., (2.4) is satisfied for every face) if and only if K is amenable as a convex set (i.e.,
Definition 3.1 is satisfied).

Enforcing boundedness allows to prove closure of amenable sets under several common
operations, such as intersections, direct products, linear transformations and lifts (see
Proposition 3.4 and Theorem 4.5). The following example shows that boundedness cannot
be removed from Definition 3.1 when dealing with general convex sets.

Example 3.3 (Boundedness is essential in the definition of amenability). In the definition
of amenability, we require that (3.2) holds only when a bounded set B is specified and k
is allowed to change with B. Here, we show an example, based on Example 1 in [25], of
an amenable convex set for which (3.2) does not hold globally. We define C' as

C = {(“311 m) €82 |z > 1} . (3.5)

T12 T22

The set C'is the intersection of an ice-cream cone and a half-space, shown in Fig. 1. Second-

—_—

T

Figure 1: A subset of the 2 x 2 positive semidefinite cone described by (3.5) which shows
that amenability must be considered locally, in general.

order cones and half-spaces are amenable [13], and it will be shown in Proposition 3.4 that
intersections of amenable sets are amenable, so we conclude that C' is amenable.
Next we consider the following face of C

,_ r11 12 2
F._{<x12 1 ) ES+}.

F is indeed a face of C because it is obtained as an intersection of C' with the supporting
hyperplane

H:= {("”“ m) €82 | wyy = 1} = {z e8| (z,d) =1},

T12 X22
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where d € S_% is the matrix such that doo = 1 and is zero elsewhere. We note that the
affine hull of F'is H.
Next, we look at whether there could possibly exist some constant x > 0 such that

dist(z, F') < kdist(z, C), Va € aff F, (3.6)

i.e., whether amenability could hold globally. For concreteness, we use the distance on
S? induced by the Frobenius norm. So suppose that (3.6) holds and denote by P the
orthogonal projection operator onto aff F'. Similar to the sequence of inequalities in the
proof that (i) = (i) in Proposition 3.2, we have

dist(z, F) < (k + 1)(dist(z, O) + dist(x, aff F)), Vx € S* (3.7)
Next, we consider the following family of points indexed by € > 0:

(15 1)

We observe that z¢ € C, so dist(z¢,C') = 0. Furthermore dist(z¢, aff F') < e. Following
essentially the same line of argument presented in Example 1 of [25], we will derive a
contradiction as follows. Let y¢ € S? be such that z¢ + y¢ € F and

[yl = dist (2, F).

Using (3.7), we also have
ly€|| = dist(z€, F) < (k + 1)e. (3.8)

Since y5, + 5, = 1, we have y5, = —e. In view of the fact that 2 4+ y© must be positive
semidefinite, its determinant must be nonnegative so the following inequality must hold

v+ +1 (1+eys,)?
_ > (0
€24 €2 -

Therefore,

1 L 25 2
T@yatatT tui)

_ 1 2y§2 € \2
- 6(1+6) + € +(y12) .

yfl >

By (3.8), |y§s| is bounded above by (k + 1)e. We then have

G2kt 1)
Y = e(1+e) : ’
As € goes to 0, y§; goes to +o00, which contradicts (3.8). We conclude that (3.6) cannot
possibly hold.
Therefore, although C is amenable, the amenability of its faces must be considered
locally.



3.2 Basic properties of amenable convex sets
In this subsection we prove some basic properties of amenable convex sets.
Proposition 3.4 (Properties of convex amenable sets). Let C1,Cy C & be convex sets.

(1) If Cy and Cs are amenable then C1 N Cy is amenable.
(i) If C1 and Co are amenable then Cy x Cy is amenable.
(7i1) if A: E — & is an injective affine map, then A(Cy) is amenable if and only if C is
amenable.
(iv) If Cy is polyhedral, then it is amenable.
(v) Cy is amenable if and only if C1 N (lin Cy)* is amenable.

Proof. Let F be a face of C1NCs. By Proposition 2.2, there are faces Fy < Cq, Fy < Oy

such that
F=FnNFk,, I‘I(F) Qri(Fl)ﬂri(F2)

In particular, this implies that
ri(F1) Nri(Fz) # 0. (3.9)

Now, we are ready to show that F' is an amenable face of C. Let B be an arbitrary
bounded set. By (3.9) and Proposition 2.4, there exists & such that

dist(z, F') < k(dist(z, F1) + dist(z, F3)), Vz € B.

Since F; and F5 are amenable faces of C and C5 respectively, there are constants x1, ko
satisfying (3.4). It follows that

dist(z, F) < k(k1 dist(z, C1)+k1 dist(z, aff Fy)+kg dist(z, Cp)+ro dist(z, aff Fy)), Vo € B.
Since C C 7 and aff F' C aff I, we have
dist(x, C) < dist(z,C), dist(z,aff F7) < dist(z,aff F), Vz € B.

Analogous inequalities hold for C,Cy and F,aff F,. Letting x := 24 max(k1, k2), we con-
clude that
dist(z, F') < k(dist(z, C) 4 dist(z, aff F)), Vx € B.
By Proposition 3.2, this implies that F' is an amenable face of C.
(7i) | We assume & x & is equipped with a norm such that

Iz )l = Mzl + llyll,  V(z,y) € €.

Let F < Cq x Uy, then there are F; < Cq and Fy < C5 such that F' = F; x Fs.

Let B be a bounded set in & x £. We denote by B; and Bs the projection of B
on the first and second coordinate variables, respectively. Since Bj, Bs are bounded and
F1, F> are amenable faces, there are positive constants k1, kg satisfying the definition of
amenability (3.2). With that, let (z,y) € aff F' = (aff F}) x (aff F3) be such that (z,y) € B.
We have

dist((z,y), F') = dist(z, F1) + dist(y, F»)
< max{r1, ko }(dist(z, C1) + dist(y, Ca))
= max{m, RQ}(diSt’((w? y)7 C1 x CQ));



which completes the proof of item (ii). As a remark, we note that because of the equiv-
alence of norms on finite-dimensional spaces, it does not matter which norm we use in
& x &, except that the constants might change.

Since A is an injective affine map, there exists some injective linear map B and
Yo € € such that
A(z) = yo + B(x), Vo e &.

If B is the zero operator, we are done because a set with a single point is always amenable.
So, first suppose that C is amenable. We note that F' < C if and only if A(F) < A(Ch).
Furthermore, we have aff A(F') = A(aff F).

Let B C € be a bounded set and A(F) be a face of A(C}). Because A is injective,
A~1(B) is bounded in &, so there exists x > 0 such that

dist(z, F) < sdist(z,Cy), Vz € (aff F)N A™Y(B). (3.10)
Let omax and omin denote the maximum and minimum singular values of B, so that
Omax = max{[|[B(x)|| | =]l =1},  owmin = min{|[B(2)]| | lz[| = 1}.

Because B is injective and is not the zero operator, we have oy > 0.
Let A(x) € BN (A(aff F')), we have

dist(A(x), A(F)) = dist(B(z), B(F))
< Omax dist(z, F)
< omaxk dist(z, C1)

< @HdiSt(B(x),B(Cl))

min

Tmax dist(A(z), A(C1)),

Omin

where the second inequality follows from (3.10). This shows that .A(C1) is amenable. The
converse is analogous, so it is omitted.

First, we note that a closed half-space HT must be amenable. It only has two
faces, H™ itself and the underlying hyperplane which we denote by H. Since H is an affine
set, we have aff H = H, and the amenability condition (3.2) is satisfied.

We recall that a polyhedral set can always be expressed as an intersection of finitely
many closed half-spaces, so it must be amenable by item (7).

m Suppose that C] is amenable. Since lin C’lL is a subspace, by item (iv), lin C’lL
is amenable. Then, C; N (linCy)* is amenable by item (i). Conversely, suppose that
Cy N (linCy)* is amenable. Then, (C; N (lin Ci-)) x lin C is amenable by items (i) and
(4v). Since C1 is isomorphic to to (C1N(lin C1)+) x1in Cy, Cy is amenable by item (i74). [

In what follows, we recall that the doubly nonnegative cone D™ is the cone of n x n
symmetric matrices which are positive semidefinite and have nonnegative entries. Next,
a spectrahedral set C' is defined to be the intersection of an affine space V C §™ with the
cone of symmetric positive semidefinite matrices S or anything linearly isomorphic to
VN 8. Finally, we recall that a closed convex cone K is said to be homogeneous if its
group of automorphisms acts transitively in the interior of K.

Corollary 3.5 (More amenable cones). The following convex sets are amenable.

(i) The doubly nonnegative cone D".
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(i) Spectrahedral sets.
(7i1) Homogeneous cones.

Proof. The doubly nonnegative cone D" is the intersection of S and the cone of
symmetric nonnegative matrices, which are both amenable. Therefore, D" is amenable by
item (i) of Proposition 3.4.

Let V be an affine space. Because the cone of symmetric positive semidefinite
matrices S is amenable ([13, Proposition 33]) an intersection of the format V N ST or
anything linearly isomorphic to V N S} must be amenable by items (i), (¢ii) and (iv) of
Proposition 3.4.

(7i7) | Chua [6] (see also Proposition 1 and section 4 of the paper by Faybusovich [8])
showed that homogeneous cones are “slices” of the positive semidefinite cone. The precise
statement is that if I is a homogeneous cone in R™, there exists n > m and an injective

linear map M such that
M(riK) = (riS}) N M(R™),

see [6, Corollary 4.3]. In particular, we have M (KC) = 8% N M(R™), which shows that K
is a spectrahedral set and must be amenable by item (i7). O

Corollary 3.5 solves a few of the questions that were outlined in the conclusion of [13],
in particular whether homogeneous cones are amenable or not. In addition, although error
bounds for the doubly nonnegative cone were shown in [13], the amenability of D" was
left open.

We note that the amenability of D™ has the following curious consequences. First, it
shows that the completely positive cone CP™ is amenable for n < 4, since CP"™ = D" for
n < 4. However, CP" is not amenable for n > 5 because it is not facially exposed, see
[30]. Nevertheless, the fact that CP* is amenable gives an explicit example of a cone that
is amenable but whose dual cone is not: the dual of CP* is the cone of 4 x 4 symmetric
copositive matrices which is known to not be facially exposed.

Next, we will discuss some inheritance properties of amenability. In what follows we
say that a face F < C is mazimal if F # C and there is no face F' < C satisfying F # F,
F4Cand FIF <C.

Proposition 3.6 (Inheritance and transitivity of amenability). Let C be a closed convex
set. The following items hold:

(i) (Transitivity) Let F and F be faces satisfying F' < F < C, where F is an amenable
face of C. Then, F is an amenable face of F if and only if it is an amenable face of

C.

(i) (Inheritance) If C is amenable, then every face FF < C is an amenable conver set by
itself.

(7i1) C is amenable if and only if every maximal face F < C' is both an amenable face of
C and an amenable conver set by itself.

Proof. Suppose that F' is an amenable face of C. Since F C C, we have dist(z,C) <

dist(z, F). In view of Definition 3.1 and (3.2), F must be an amenable face of F as well.
Conversely, suppose that F' is an amenable face of F. By assumption, F' is an amenable
face of C', so by Proposition 3.2, for every bounded set B, there exists kg > 0 such that

dist(z, F') < kp max{dist(z, aff F), dist(x,C)}, Vx € B. (3.11)
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Similarly, since F is an amenable face of F, there exists #p > 0 such that
dist(z, F') < i pmax{dist(z, aff F), dist(z, F)},  Vz € B. (3.12)

Combining (3.11) and (3.12) and using the fact that dist(x,aff F) < dist(z,aff '), we
conclude that F is an amenable face of C.

Every face F' < C satisfies ' := C N aff F. Therefore, if C is an amenable cone,
by item (i) of Proposition 3.4, F' must be an amenable convex set by itself.

(7i7) | If C' is amenable, by item (i), all the maximal faces must be amenable convex
sets as well. Conversely, suppose that C' is such that every maximal face is an amenable
face and an amenable convex set by itself. Let F' < C be an arbitrary face. Because every
proper face is contained in a maximal face, F must be a face of some maximal face F. By
assumption, F is both an amenable face of C' and a convex amenable set by itself, so F
must be an amenable face of C' by item (7). O

Remark 3.7 (Set operations and notions of exposedness). Propositions 3.4 and Proposi-
tion 3.6 shows that amenability is preserved by quite a few set operations. We compare
briefly how other notions of exposedness fare in this regard. See Table 1 for a summary.

e Facial exposedness of convex sets is also preserved by finite intersections, direct
products, injective linear images. Also, polyhedral sets must be facially exposed,
which is a consequence of item (iv) of Proposition 3.4 and Proposition 2.3 (see also
[27, Corollary 2]). It is well-known, however, that facial exposedness does not satisfy
transitivity. That is, it can be the case that Fisa facially exposed face of F', F' is
a facially exposed face of C but F is not a facially exposed face of C. Homogeneous
cones are facially exposed [29].

e Niceness is only defined for cones but is also preserved by finite intersections (see
[18, Proposition 5]), direct products, injective linear images. Furthermore, niceness
is transitive and inherited by the faces of nice cones. The former follows directly
from the definition of niceness. The latter follows from the fact that a face F < K
satisfies F = K N span F and the intersection of nice cones is nice. Homogeneous
cones are nice, see [7, Proposition 4] and [6]. This also follows from Corollary 3.5
and Proposition 2.3.

e Projectional exposedness is also only defined for cones and it is preserved by di-
rect products and injective linear images. Polyhedral cones must be projectionally
exposed, see [2] and [26, Corollary 3.4]. Symmetric cones are known to satisfy a
stronger form of projectional exposedness where the projections can be chosen to
be orthogonal, see [13, Proposition 33], but it is unknown whether homogeneous are
projectionally exposed in general. Notably, it is not known whether projectional
exposedness is preserved by intersections. Nevertheless, projectionally exposedness
is transitive and is inherited by the faces of projectionally exposed cones, as shown
in Lemmas 2.2 and 2.3 of [26].

4 Slices of amenable cones

Let K be a pointed convex cone. Then, it can be shown that K is generated by a compact
“slice” as follows. Let e € ri £* and define

C={zxek|(zr,e)=1}

12



Facially Nice Amenable Projectionally
Exposed Exposed
Defined for convex sets v X v X
finite % v o
Preserved iir%tersections )
under irect v v v v
product
injective
linear image v v v v
Face transitive X v v v
Symmetric cones v v v v
Homogeneous cones v v v ?

Table 1: Relations between different notions

With that, C is compact and K is the cone generated by C. Naturally, many properties
of C' are transferred to K and vice-versa.

In this subsection, we take a look at how amenability is transferred from C' to K. We
start with the following observation.

Proposition 4.1 (Polyhedral cuts preserve amenability). Let I be an amenable closed
convex cone and let P be a polyhedral set. Then I N P is an amenable convex set. In
particular, if K is pointed, then IC is generated by a compact amenable slice.

Proof. Since P is polyhedral, K N P is amenable by items (7) and (iv) of Proposition 3.4.
For the second part, let e € ri * and define

C={zxek|(r,e)=1}

As remarked previously, C' is compact and is the intersection of X and the hyperplane
{z € & | (x,e) = 1}. Therefore, C' is amenable and K = cone C. O

Next, we take a look at the converse of Proposition 4.1 and check whether the cone
generated by an amenable compact convex set is amenable. This is a harder question and
requires some careful analysis. Before we state and prove the result in Theorem 4.5, we
need a few preparatory results.

Proposition 4.2. Let K = cone C, where C C & is a compact convex set contained in the
hyperplane
H={re&|(ea) =1},

where e € £ is nonzero. Then for every x € H \ (—K*)
dist(z, C) < ||e||r dist(z, ),
where r = maxy,eo ||ul|.

Proof. Let u € C and let v be such that (v,e) =0 and ||v|| # 0. Then

1 1 Ju — el
‘<u,v>': <u_ 26,v>‘ < 10T el (4.1)
[[ull ™ [l [[u] el [[v]] [Jull
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Observe that

e it S U o)
[l Jul? FulPlel? ="~ 72elP” |

Hence from (4.1) and (4.2) we have for any v € C and any v such that (v,e) = 0 that

[{w, o) < [vllflully /1 = He\|12r2 (4.3)

Since for every w € K we have w = Au where u € C' and A > 0, from (4.3) we obtain

1
[(w, v)| < olllwl/1 - o Y0 EK, Y st (v,e) =0 (4.4)

Now let z € H\ (—K*), and let y be the projection of = onto K. Since y € K = cone C,
there is z € C' and A > 0 such that y = Az. Moreover, since z ¢ —K* we know that y # 0,
hence A # 0. Since K is a cone, we deduce that (x — y,y) = (x — y, z) = 0, and hence

lz = 2[* = [lz = ylI* +2(z —y,y — 2) + lly = 2[I* = l|l= — y[I* + [ly — =]|*. (4.5)
Furthermore,
ly—==I1* = (y=2,y—2) = (y=2,y—a)+({y—2,2—2) = (y—2,2—2) = |{y—z,2-2)|. (4.6)

Since z,z € H, we have (x — z,e) = 0, and also either y — zisin £ (if A\ > 1) or z — y is
in I (if A <1). Hence from (4.4) and (4.6)

1
2 _
ly =27 =Ky — 2z = 2)[ < [ly — 2[l[l+ — z]| L e

In the case when A # 1 (and hence ||y — z|| # 0) we can cancel ||y — z||. Taking squares
on both sides and using (4.5) we have

1
2 2 2
o212 < llo =l + o =212 (1= 7).

hence
dis‘c(a:,C’)2 < ||z — Z||2 < He||2r2||a: — yH2 = He||27“2 dist(a;,/C)2.

When A =1, we have y = z, and hence

dist(z, C) < [lz = z|| = [l — y[| = dist (2, K) < [le[|r dist(z, £),

where the last inequality follows from observing that |le|| > mi) ﬁ > 1 O

Proposition 4.3. Suppose that I C £ is a closed convex cone. If dim K > 1, then there
exists o > —1 such that

sup (x,y) >« Vz €spank, ||z| =1.
yek[lyll=1
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Proof. Suppose that the statement is not true. Then there exists a cone I such that
dim K > 1 and a sequence (x,,) such that x,, € span K, ||z,|| =1 for all n, and

lim  sup (zp,y) =—1.
T yek lyll=1

Since K is closed, for every z,, there is y,, € K, ||yn|| = 1 such that

sup  (Zn,Y) = (Yn, Tn)-
yek,[lyl=1

Moreover, by compactness we can assume that x,, - Z € spankC, y, = y € K, ||z|| =1,
lg]l =1, and (Z,y) = —1, equivalently y = —z € K. Since dim KC > 1, there exists z € K,
||z|| = 1, such that z is linearly independent with z,y. We then have (z,Z) = a > —1, and
since z € K, ||z|| =1,

—1= lim sup (zp,y) > lm (x,,2) = (T, 2) = a,
T yeklyll=1 e

hence a@ < —1, a contradiction. O

Proposition 4.4. Let K C & be a closed convex pointed cone. Then for any face F <K
with dim F > 1 there exists § > 0 such that for any x € span F and any

y € Arg max(z, u) (4.7)
oy

we have
dist(z + ty, K) < dist(z, ), dist(z, F) < Sdist(z + ty, F), Vt>0. (4.8)

Proof. Assume that F < K is a face such that dim F > 1. From Proposition 4.3 we know
that there exists a constant o > —1 such that

sup (z,u) >« Vz€spanF, |z| =1 (4.9)
ueF,||ul|=1

We recall that for every cone we have ri F Nri F* # ()'. Therefore, there exists at least
one nonzero element of span F that belongs to —F*. In view of (4.9), it must be the case
. . . o 1
that « € (—1,0]. With that in mind, we let 3 := Tz € [1,400).
Let x € span F and suppose that y satisfies (4.7). Let z be the projection of x onto K.
Observe that since K is a cone, z € K and ty € F C K, we have z 4+ ty € K and hence we

have the first inequality of (4.8)
dist(z + ty, K) < ||(z + ty) — (2 + ty)|| = ||z — z|| = dist(zx, K).

To show the second inequality, first consider the case when z ¢ —F*. Then the
projection z of x onto F is not zero, moreover, the Arg max function (4.7) is single-
valued at x, and this unique value is y = z/||z||. Indeed, by the properties of the Moreau
decomposition, we have

(x—2z,2) =0 and z—2z€ —F". (4.10)

Mf ri FNri F* = 0, there is a hyperplane passing through the origin that properly separates F and F*.
Letting z denote the (nonzero) normal of this hyperplane, we may assume that (z,z) < (z,y) for every
x € F*,y € F. Therefore, z € F* N (—F) = {0}, which is a contradiction.
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For u € F such that ||u|| = 1 this yields
(z,u) < (z,u) < |[|2[[[[ul] = [|=]].

We conclude that

—~

g B L A

=] Izl
hence, y = z/||z|| satisfies (4.7). To show that such y is unique, assume that we have
another ¢ € F, ||y/|| = 1 such that (z,y) = (x,y’). Since F is pointed, the vectors y and
y' are noncollinear; moreover, y + 3’ € F. Hence, we have

<x y+y >> (z,y) + (z,y")
"Ny + ¢ Iyl + (11l

= (z,9),

contradicting the earlier established fact that y maximises the product (z,u) over u € F,
Jull = 1.
From (4.10) and the fact that y € F, we have

r+ty=x—z+z+ty. (4.11)
St eF

From (4.10) and y = z/||z||, we have (z — z,z 4+ ty) = 0. By the properties of the Moreau
decomposition and since (4.11) holds, z + ty must be the projection of x + ty onto F. We
conclude that if z ¢ —F* and t > 0 we have

dist(z + ty, F) = ||lx + ty — (z + ty)|| = ||z — z|| = dist(z, F). (4.12)

The second case to consider is when x € —F*. In this case the projection of x onto F is
zero, and

dist(z, F) = ||z]|. (4.13)
For every y as in (4.7) and every u € F, we have
(@, y)ull = (z, u). (4.14)

Using (4.14) and the fact that (z,y) <0 (since x € —F*), for all 0 < ¢ < —(x,y) and all
u € F such that (y,u) >0

(& +ty,u) = (z,u) + t{y,u) < (z,y)|ull = (2, y){y,w) = (@, y)(|u] - (y,w) <0.
On the the other hand, for all u € F such that (u,y) <0
(z +ty,u) = (z,u) + t(y,u) < (z,y)|ul| <0.

hence, 0 is the projection of z + ty onto F.
For t > —(x,y) let py = (x,y)y + ty. We will show that p; is the projection of = + ty
onto F. We have

z+ty = (z—(z,9)y) + o = (@ — (z,9)y) + (&, )y + ty.
—_————
eF
A computation using the fact that ||y|| = 1 shows that (z — (z,y)y,pt) = 0. Therefore,

by the properties of the Moreau decomposition, in order to show that p; is the desired
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projection, it suffices to check that z — (x,y)y € —F*. Solet u € F. In view of (4.14) and
(x,y) <0, we have
<0

hence, p; is indeed the projection of x + ty onto F.

So now we know that if 0 < t < —(z,y) then 0 is the projection of x + ty onto F.
Otherwise, if t > —(x,y), then p; is the projection of z + ty onto F. Then, from (4.9)
for every y as in (4.7) we have (z,y) > «|z|. With that and recalling (4.13), whenever
0 <t < —(z,y) we have

dist(z + ty, F) = ||z + ty||

> minla+tyl?
0<t<—(z,y)

= |lz])* = {w, y)?
> [|lz]*(1 — a?)
= dist(z, F)*(1 — o?).

On the other hand, if t > —(x,y), we have
dist(a + ty, F)? = |Jo + ty — pel|* = llz — (2, 9)yl* = l|2]|* = (z,9)* >
|2]|*(1 — o?) = dist(z, F)*(1 — a?).
In combination with (4.12), we deduce that for all 2 € span F and all ¢t > 0
B dist(x + ty, F) > dist(z, F),
where = max(1,1/1/(1 — a?)). O

Theorem 4.5 (From compact amenable slices to amenable cones). Let C' be a compact
convex set contained in the hyperplane

H = {a|{e,2) = 1},

where e is some nonzero vector in €. If C is amenable, then its conic hull K = cone C is
also amenable.

Proof. Let F be a face of IC. Our goal is to show that there exists a constant v such that

dist(z, F) < ydist(z,K) Vz € span F. (4.15)
| Case 1: dim F = 0] The statement is trivial for F = {0}, since in this case span F =
F.
‘Case 2: dimF =1 ‘ If F is one-dimensional and K is pointed, we have F = cone{z}
for some z € £, ||z]| =1, and —z ¢ K. Hence

v = dist(—z, ) > 0.

In this case for any x € span F there is some A € R such that z = Az. Whenever A > 0,
we have Ax € F' € K, and there is nothing to prove. If A < 0, then

dist(z, F) = ||z]| = |Al, dist(z, ) = [N dist(—z,K) = |A]y.
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Hence we have dist(x, F) < ydist(x, K) for all x € span F.

‘Case 2: dim F > 2‘ It remains to consider the case when dim F' > 2. There exists a
face E of C such that

F =coneE, aff ' =spanF NH.

Since C' is amenable and compact, there exists x > 0 such that
dist(z, F) < kdist(z,C) Vz € aff E. (4.16)
By Proposition 4.4 there exists 8 > 0 such that for any y defined by (4.7) we have
dist(z + ty, K) < dist(z, ), dist(x, F) < gdist(z + ty, F), Vi >D0. (4.17)
Furthermore, since C' is compact, there is an r > 0 be such that
lul| <r YueC. (4.18)

Fix x € span F. Choose any y satisfying (4.7). Since y € K and ||y|]| = 1, we have
y = v for some v € C' and A > 0. Hence (e,y) = A(e,v) = A > 0. Choose any ¢ such that

t > max {0,—223,—@7@},

then for Z = x + ty we have (e, Z) > 0 and

(z,y) = (x +ty,y) = (z,y) + t|y[]* >0,

ensuring that & ¢ —/*.

Let 2/ = ﬁi’ Then (z';e) = 1, so 2/ € H, and also 2’ ¢ —K*, since Z ¢ —K* and

(e,z) > 0. We have
dist(z, F) = (e, z) dist(z/, F), dist(z,K) = (e, z) dist(z’, K). (4.19)
Since 2’ € H \ —K*, we can applying Proposition 4.2 to obtain
dist(z', C) < |le||r dist(2’, K), (4.20)

where r comes from (4.18).
From F C F we obtain
dist(z', F) < dist(2/, E). (4.21)

We have collecting (4.17), (4.19) and (4.21)
dist(z, F) < Bdist(z, F) = B{e, z) dist(2', F) < Ble, z) dist(2/, E). (4.22)

Likewise, from (4.17), (4.19) and (4.20)

dist(z, K) > dist(z, K) = (e, 2) dist(2/, ) > ‘2 dist(a!, C). (4.23)

— Alellr
Observing that 2’ € aff E = H Nspan F and combining (4.16), (4.22) and (4.23), we have
dist(x, F) < Ble, z) dist(2/, E) < kB{e, z) dist(z’, C) < kfBr|e| dist(z, K).

We conclude that (4.15) is satisfied with v = Srr||e]|. O
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5 A nice cone that is not amenable

In this section, we produce an explicit example of a closed convex cone in the four-
dimensional Euclidean space that is nice but not amenable.
Let a: [0,27] — R3, B:[0,27] — R3 and ~ : [0, 7] — R3 be defined by

a(t) = (cost,sint, 1),

B(t) = (cost,sint,—1), (5.1)

1
~y(t) = (2 cos(2t) — 1,2sin(2t), 2 cost — 3 cos(3t)> .

Throughout this section we use the notation a, 8 and ~ to denote the maps defined in
(5.1) and also to denote the sets of points «/([0, 27]), B([0, 27]) and ([0, 7]). The intended
meaning should be clear from the context.

We let K = cone(C x {1}), with C' := conv(a U SU~y). The set C' is shown in Fig. 2.

Figure 2: The set C' is the convex hull of the three curves shown in black colour.

In the next subsection we will prove the following two propositions.
Proposition 5.1. The cone K = cone(C x {1}) is nice.
Proposition 5.2. The cone K is not amenable.

With that, we have the following theorem.
Theorem 5.3. There exists a nice cone KK C R* that is not amenable.

Proof of Theorem 5.3. Follows directly from Propositions 5.1 and 5.2. O

5.1 Niceness

Proposition 5.4. Extreme points of C' are precisely o U B U y. FEvery extreme point is
exposed.

Proof. From the definition of C' we have ext C' C awU S U~. Also note that v(0) = «(0) =
a(2r) and y(27) = B(0) = B(27). We will first show that for every ¢ € (0,27) the point
~(t) is exposed, and then that each point on « and 3 is also exposed.

Since the projection of v onto the zy-plane is the circle of radius 2 centred at (—1,0),
every line that exposes points on this circle as faces of the relevant disk lifts to a plane
that likewise exposes individual points v(t) for ¢ € (0, 27).
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The points «(0) = «a(27) and F(0) = [(27) are exposed by any plane that exposes
them as faces of the cylinder S = {(z,y,2)|2? + (y — 1)? < 4,—1 < 2 < 1} that includes
C as its subset.

For the remaining points on « and 8 we first observe that due to symmetry it is
sufficient to show that a(t) is exposed for all ¢ € (0,27) (indeed, observe that the linear
isometry T'(z,y, z) = (x,—y, —z) maps the set C' onto itself, swapping the bases: we have
B(2m —t) = T(«a(t)) for t € [0,2n] and v(m —t) = T'(v(t)) for t € [0,7]). The exposing
normals have the expression

p(t) = (cost,sint, u(t)),

where u(t) is chosen in such a way that all points of «a, 3,7 except for a(t) lie in the
negative half-space defined by the plane via a(t) with positive normal p(t). Explicitly the
following relations must be satisfied,

(p(t), a(s)) < (p(t),a(t)) Vs e€[0,2x]\{t}, Vte(0,2m); (5.2)
(p(t), B(s)) < (p(t),(t)) Vs e€[0,2n], Ve (0,2m); (5.3)
(p(t),v(s)) < (p(t),a(t)) Vsel0,2n], Vte (0,2n). (5.4)

Observe that (5.2) can be explicitly written as
costcoss +sintsins +u(t) < 1+u(t) Vsel[0,2x]\{t}, Vte(0,2m),

or equivalently cos(t —s) < 1. Since s —¢ € (—2m,0) U (0,27), this is satisfied for any
choice of the function u.
From (5.3) we have the requirement

cos(t —s) — 1

u(t) > 5

Since cos(t — s) — 1 < 0, it is sufficient to require that u(t) > 0.
Finally, equation (5.4) can be written explicitly as

(1 —2(s))u(t) > 2cos(t — s) —cost — 1,
where z(s) = 2 coss — £ cos(3s) is the last component of y(s). For s = 0 this is satisfied
trivially, and for s # 0 we have
2cos(t —s) —cost — 1
1—2z(s)

u(t) >

The function on the right-hand side is continuous on (0, 27] and goes to —oo when s — 0.
Hence it must attain a maximum on (0, 27]. We can set u(t) to be positive and larger than
this maximum. We conclude that any point on the curve « is an exposed face of C. [

Proposition 5.5. The only two-dimensional faces of C are the disk faces
F, :=conv q, Fg = conv .

These faces are exposed.
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Proof. We first show that F;, and Fj are exposed faces of C'. Observe that
(a(t),(0,0,1)) =1 Vte|[0,2n];
(B(t),(0,0,1)) =—-1<1 Vtel0,2n];
(v(t),(0,0,1)) <1 Vte (0,2m).

We deduce that the plane H defined by z = 1 supports C, and that (invoking Proposi-
tion 5.4) ext C N H = «, hence, conv « is an exposed face of C. The proof for Fj and the
plane z = —1 is analogous.

To show that there are no other two-dimensional faces, assume that I’ is a two-
dimensional face of C'. Then F' must contain at least three affinely independent points
of ext C = aU B U~ (see Proposition 5.4). In the case when at least two of these points
belong to either o or 8, the line segment connecting these two points intersects the rela-
tive interior of one of the disk faces, and hence the entire face F' must include this disk
face, which means that the face F' coincides with either F,, or Fjg. Therefore, for F' to
be different to F,, or Fjg each of the curves o and 3 can have at most one of these three
affinely independent points.

Suppose that o and § contain at least one point each, and consider the cylinder
conv(aU ) that is a subset of C'. Note that since the interior of this cylinder is nonempty,
the set C' is also three-dimensional. If these points have a different projection onto the xy
plane, then the line segment connecting them intersects the interior of the aforementioned
cylinder, hence, it intersects the interior of C', and the face F' has to be three-dimensional,
a contradiction.

If these two points correspond to the same value of the parameter ¢, then any support-
ing plane to C' that contains these two points must also be supporting to the cylinder.
The only one such supporting plane that does not cut through the rest of the set C' is
x = 2, corresponding to the value t = 0. This plane only contains two points of ext C,
a(0) = v(0) and 5(0) = v(27), hence, this plane can not be exposing a two-dimensional
face.

We conclude that at most one of the three points lies on U 3, and hence at least two
different points must be on v\ (U 3). Suppose that these points are y(t) and v(s), where
0 <t<s<2m. We will show that this arrangement is also impossible.

Assume the contrary. Then «(¢) and v(s) belong to some two-dimensional face F' < C,
and there must be a plane exposing F'; this plane must contain these two points. This
plane must also contain the tangent lines v(¢) + R~/(¢) and v(s) + R~/(s). This is only
possible if the vectors v(t) — v(s),7(t),7'(s) are linearly dependent.

Let

M= [y(t) —~(s) ~'(t) 7(s)]-
We would like to understand when this vanishes for 0 < t < s < w. After the change of
variables x = (s + t)/2 and y = (s — t)/2,

det(M) = —32 cos(y) sin(z) sin(y)* [6 + 3 cos(2z) + cos(2(z — y)) + cos(2y) + cos(2(z + y))] .
Furthermore, we have that

6 + 3 cos(2z) + cos(2(z — y)) + cos(2y) + cos(2(z + v))
=2+ 4cos(z)? + 6 cos(x)? cos(y)? + 2sin(z)? sin(y)?
>2 for all x,y.

Therefore, the only way that det(M) can vanish is if either cos(y) = 0 or sin(z) = 0 or
sin(y) = 0.
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e sin(y) = 0 if and only if s — ¢ is an integer multiple of 27. Since s,t € (0,7), this is
impossible.

e sin(z) = 0 if and only if s + ¢ is an integer multiple of 27. Since s,t € (0,7), this is
impossible.

e cos(y) = 0 if and only if s — ¢ is an odd multiple of 7. Since s,¢ € (0,7), this is
impossible.

O]

Proposition 5.6. The cone KL = cone(C x {1}) is facially exposed.

Proof. If C' is facially exposed, then K is also facially exposed (e.g., see [22, Proposi-
tion 3.2]). Therefore it is sufficient to demonstrate that C' is facially exposed.

We know from Propositions 5.4 and 5.5 that all zero-dimensional and two-dimensional
faces of the set C' are exposed. If there is a one-dimensional face that is not exposed, then
it must be a subface of some two-dimensional face that is exposed, see Proposition 2.1.
This is impossible, since the only two-dimensional faces of C' are disks by Proposition 5.5,
and so do not have one-dimensional subfaces. We conclude that all one-dimensional faces
are exposed. O

The next result will be useful in what follows. It was proved within [18, Theorem 3.
Recall that a face F < K is properly minimal if it does not coincide with the lineality
space of F and does not have any subfaces that strictly contain the lineality space. For
instance, properly minimal faces of a pointed cone are its extreme rays.

Theorem 5.7 (Pataki criterion). Let K C R"™ be a closed convex cone. If K is facially
exposed, and for some face F < K all properly minimal faces of F* are exposed, then
KC* + F+ is closed.

Proof of Proposition 5.1. The cone K is facially exposed by Proposition 5.6. Since every
face F of K of dimension 2 and less is polyhedral (as is the case for any closed convex
cone), we have from Theorem 5.7 that - + K* is closed for all such faces. To finish the
proof of facial dual completeness, it is sufficient to demonstrate that F- + K* is closed for
all three-dimensional faces F of K.

We know from Proposition 5.5 that the only three-dimensional faces of K are the
lifts of the disk faces conva and conv 3. We will show that F+ + K* is closed for F =
cone((conv a) x {1}). The proof for the second three-dimensional face is analogous due to
symmetry.

Let K = cone{C x {1}}, where C' = conv(a U 3). Since K C K, we have K* C K* and

K*+ F+FCc K+ F*.

We will show that K* 4 FL is closed and that K* 4+ F+ D K* + FL (and hence K* + F+ =
K*+ Ftis closed).
We note that K = {(a,b,c,t) —t <ec<t, Va?+ b?> < t}. Consider the face

F={(a,b,c,t) e K : =t} ={(a,b,t,t) : Va2 +b2 <t}

and note that F+ = span{(0,0,1,-1)}.
The dual cone of K is

K =A{(z,y,2,w) + Va2 +y? + [z Sw}.
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We can then directly compute K* + F+ as

(z,y,z,w) : JpeR st. Va2 +12+ |z —pl <w+ p}
(@,y,z,w) : uER st Va+ 12 < (w+p) + (2 — p),

Va2 + 2 < (w+p) = (2 — )}
{(z,y,z,w) : Ju R s.t. Vi + 2 <z +w, \/mgw—z—i—lu}
={(z,y,2,w) : Va2 +y® <z +w}.

This is the preimage of the second-order cone (which is closed) under the linear map
(,y,z,w) = (x,y,z+w) and so is a closed set (another way to see this is to observe that
K is a spectrahedron and F is a face of K). It follows that K£* + F is closed.

We now aim to show that K* 4+ F+ C K* 4 F+. We do this by identifying a particular
set E C K* and showing that an arbitrary element of the boundary of K*+F~ is contained
in £+ F*.

Let p(t) = (cos(t),sin(t),u(t)) be the choice of exposing hyperplane for the point
(cos(t),sin(t), 1) from Proposition 5.4. We know that

K*+ Ft =

{
{

(p(t),z) < (p(t), (cos(t),sin(t),1)) = 1+ u(t) for all x € C and all ¢t € [0, 27].

It then follows that (— cos(t), —sin(t), —u(t),1 +u(t)) € £*. Our aim is to show that any
element of K* + F+ can be expressed in the form

a(—cos(t), —sin(t), —u(t), 1 +u(t)) + £(0,0,1,—1)

for some t € [0,2n], some o > 0, and some 8 € R. Let (z,y,2,w) be an arbitrary
boundary point of K*, in other words, an arbitrary point satisfying /22 + y? = 2 + w.
Letting « = z + w = /22 + y? > 0, we can find ¢ such that (z,y) = a(— cos(t), —sin(t)).

Furthermore, given that particular ¢, we can write

o] =] s e [ =] 2 o)

where 8 = (2 + (2 + w)u(t)). Overall, then, we see that (x,y,z,w) € K* + F*. Since
(z,y,z,w) is an arbitrary element of the boundary of K*+ F -+ we have showed that the
boundary of K* + F1 is contained in K* + FL. By convexity, it follows that K£* + FL C
K* + F*. D

5.2 Non-amenability

Proof of Proposition 5.2. From Proposition 3.4 the intersection of two amenable sets is
amenable. Our goal is to show that the set C' that is the intersection of an affine subspace
with the cone K is not amenable, hence proving that K is not amenable.

By Proposition 5.5, the disk F' = conv « is a face of C. We will apply the definition of
amenability (Definition 3.1) to the bounded set B = {(z,y,1) : (z — 1)? + 3> < 1}.

Let w(t) = (2cos(2t) — 1,2sin(2t), 1) which lies in aff (F') N B. It is enough to show
that

dist(w(t), C)?

_— 0 t 0r.
dist(w(t), F2 0 8 7
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Now

dist(w(t), C)? < dist(w(t), v(t))?

= (1—(9/8)cos(t) + (1/8) cos(3t))?
9

_ Y48 10
= o4t O,

On the other hand, noting that (2 cos(2t) — 1)? + (2sin(2t))? = 5 — 4 cos(2t), we see that
dist(w(t), F)* = Jmin (u — 2cos(2t) + 1)2 + (v — 2sin(2t))?
u +v =1

= min 1 —2u(2cos(2t) — 1) — 2v(2sin(2t)) + (2cos(2t) — 1)% + (2sin(2t))?

u4v2=1

= (1—+/5—4cos(2t))?
= 16t* + O(¢%).
It then follows that
: 2 948 1 O(410
- d?st(w(t), 0) < im0 @) _ 0
t—0 dist(w(t), F)2 — t—=0 16t* + O(t%)

We deduce that there is no constant r satisfying the definition of amenability for the
set C' and its face F', and hence by the earlier observation the cone K is not amenable. [J

6 Amenability and projectionally exposed cones

The current situation is that the different notions of exposedness described in Proposi-
tion 2.3 all coincide in dimension three and there are examples in dimension four of facially
exposed cones that are not nice [22] and nice cones that are not amenable (Section 5).

The next natural question would be to clarify the relationship between amenability
and projectional exposedness. In this section, we will see, however, that if dim/C < 4,
amenability implies projectional exposedness, so any counter-example can only appear in
dimension five or more.

We start with the following technical criterion for projectional exposedness by Sung
and Tam. In what follows, for F < K, we define its conjugate face as F2 = K* N FL.

Theorem 6.1 (Sung and Tam’s criterion, item (a) of Theorem 3.2 in [26]). Let K be a
pointed full-dimensional closed convex cone and F <K be a face of codimension 1. Let w
be such that F2 = {aw | a > 0}.

Then, F is a projectionally exposed face if and only if w is not the limit of a convergent
sequence {wy} C K* such that the wy generate extreme rays distinct from F2.

Theorem 6.2. Let K be a full-dimensional pointed closed convex cone. If F QK is an
amenable face of codimension 1, then F is projectionally exposed.

Proof. Proposition 3.2 implies that K and span F are boundedly linearly regular. By [3,
Theorem 10], this means that the so-called property (G) holds for —K* and F*. That is,
denoting the unit ball in £ by U = {z | ||z|| < 1}, there exists o > 0 such that

UN(-K*+FH CaUn (=K +UNFH.

This implies that
UNK*+FH Ca(UnK*+UNFH. (6.1)
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Let w be such that ||w|| = 1 and F® = {Bw | f > 0} and suppose that F is not
projectionally exposed. Then, by Theorem 6.1, there exists a sequence {wy} C K* such
that w; — w and the wy, generate extreme rays that are all distinct from F2.

Because F has codimension 1, F* is the line generated by w. Therefore, (6.1) implies

UnK*+FH CalUnK* +{Bw]| B € [-1,1]}). (6.2)

Since 2a(wy — w) € K* + F+ and wy, — w — 0, in view of (6.2), for sufficiently large k,
there exists yp € U N K* and Sy € [—1, 1] such that

2a(wy, — w) = a(yk + frw).

wg, = % + (1 + ik) w. (6.3)

Since S € [—1,1], we have (1 — %) > 0. So, (6.3) implies that w lies in the extreme

Equivalently,

ray generated by wy (for sufficiently large k), which is a contradiction. Therefore, the
sequence {wy} cannot exist and F must be projectionally exposed. O

Next, we recall that a closed convex cone K is projectionally exposed if and only if its
“pointed component” K N lin K+ is projectionally exposed, see [26, Lemma 2.4] and its
proof. We also have the following well-known fact.

Lemma 6.3 (Folklore?). F < K is facially exposed if and only if F = FAA.

Proof. We note that F2 is always an exposed face of K* because if x € riF, we have
FA=K*N {x}*. Therefore, if F = F AA then F is facially exposed. Conversely, suppose
F is facially exposed and let s € K* be such that 7 = KN {s}L Then, s € F2. Let F be
the minimal face of K* containing s, we have s € ri F and F < F2. Therefore, FA2 <
FA=TF. Since, we always have F < FA2 for any face, this shows that F22 = F. O

Corollary 6.4. If K C & is closed convex cone of dimension dim/K < 4, then K is
amenable if and only if it is projectionally exposed.

Proof. By Proposition 2.3, projectionally exposed cones are amenable and the converse
holds if dim K < 3. So, we assume that dim K = 4 and that IC is amenable. Then, span IC
is linearly isomorphic to R* and the same isomorphism shows that K is linearly isomorphic
to a cone K C R* which is amenable (by item (iii) of Proposition 3.4) and full-dimensional.
Let K := KN (linK)L. By item (v) of Proposition 3.4, K is amenable. Furthermore, K
is projectionally exposed if and only if K is prOJectmnally exposed, because K and K are
linearly isomorphic and K is the pointed component of K.

K is an amenable pointed full-dimensional closed convex cone and we will show that
it is also projectionally exposed. For that, let 7 < K. If 7 = {0} or F = K, then the
zero map and the identity map are projections that map K onto {0} and K, respectively.
Next, we consider three cases.

‘Case 1: dim F = 1‘ In this case, F can be written as F = {ax | a > 0}, for some

nonzero z € K. Let Y€ K* be such that (x,z) = 1. At least one such z must exist because

2This fact is referenced in several articles but it is not completely trivial to find a proof. Barker used
the condition F = F2* as the definition of exposed face, see [1, Definition 2.A.9] and mentioned that this
coincides with the definition using exposing hyperplanes. Barker’s definition was adopted in some works
on convex cones in 80s, e.g., [28, 26]. We also noted that Brgndsted’s book is sometimes mentioned as
reference for the proof, but, actually, the proof is given for compact convex sets only, see [5, Theorem 6.7].
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otherwise we would have z € K*L = linK = {0}. With that, the projection defined by
P = 227 satisfies P(K) = F.

‘Case 2: dim F =2 ‘ The argument is essentially the same as [26, Corollary 4.8]. F can
be written as F = {ax + By | a > 0,3 > 0}, where x and y generate different extreme
rays of K denoted respectively by F, and F,.

Since K is facially exposed, F2 = K* N {z}+ and .7-"yA = K* N {y}+ must be different
faces of K* by Lemma 6.3. Furthermore, 5 and FyA are not contained in each other. In
particular, we can find z; € .7-"xA that does not belong to .7-"yA and, also, zo € FyA that does
not belong to ]—"xA. Rescaling z1, zo if necessary, we have

(x,21) =0,(z,20) = 1,(y, z21) = 1, (y, 22) = 0.

Therefore, the projection defined by P = 22 + y2! maps K to F.
‘Case 3: dimF =3 ‘ Follows by Theorem 6.2. O

7 Open Problems

In this section we outline some open questions related to the geometry of convex cones,
motivated by our study of amenability.

7.1 Characterisation of amenability and niceness via slices

The polar of the slice C of K studied in Section 5 is shown in Fig. 3. This set appears

Figure 3: The polar of the set C from Section 5.

to have a peculiar arrangement of faces adjacent to the two tips (dual to the disk faces
of C). The cone of feasible directions at each tip appears to be closed, however, the set
lacks the exactness of tangent approximation (ETA) property (see [14]) at these points.
In other words, there is no neighbourhood in which the set coincides with its tangent.
(Also note that there are sequences of extreme points converging to the tips, and hence
the conditions of Theorem 6.1 are not satisfied: we immediately see from this image that
the relevant cone is not projectionally exposed.) On the other hand, it appears—based
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on this and other known four-dimensional examples—that niceness in R?* corresponds to
the closedness of the set of feasible directions at extreme points of the polar that are
dual to the two-dimensional faces of the primal slice. We wonder if it is possible to
obtain a general characterisation of (and distinguish between) niceness, amenability and
projectional exposedness using these kinds of tangential properties pertaining to the polars
of slices.

7.2 Projectionally exposed cones

It was shown in [13] that projectionally exposed cones are amenable, however we do not
know whether the converse is false. We failed to construct an example of an amenable
cone that is not projectionally exposed. In view of Corollary 6.4, if such an example exists
it must be of dimension at least five.

In addition, as seen in Table 1, it is unknown whether homogeneous cones are projec-
tionally exposed and whether projectional exposedness is preserved under intersections.
We note that a positive answer to the latter would imply projectional exposedness of all
spectrahedral cones, including all the homogeneous cones.

7.3 Tangentially and strongly tangentially exposed cones

It was shown in [23] that necessary and sufficient conditions for niceness can be formulated
using a yet another strengthening of the notion of facial exposedness. Specifically, if a cone
KC is nice, then the tangent cone to every face of K is the intersection of the span of this
face with the tangent to the entire cone K (this condition is called tangential exposure).
If this condition is satisfied for all tangent cones of I, and recursively for all tangents
of tangents, then the cone is nice (this condition is called strong tangential exposure,
and the higher-order tangents are called lexicographic tangents). It is unknown what is
the relationship between these tangential conditions and the notions of amenability and
projectional exposure.
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