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Abstract

We investigate optimization problems with a non-smooth partial differential
equation as constraint, where the non-smoothness is assumed to be caused by
Nemytzkii operators generated by the functions abs,min and max. For the effi-
cient as well as robust solution of such problems, we propose a new optimization
method based on abs-linearization, i.e., a special handling of the non-smoothness
with proficient exploitation of the non-smooth structure. The exploitation of the
given data allows a targeted and optimal decomposition of the optimization prob-
lem in order to compute stationary points. This approach is able to solve the
considered class of non-smooth optimization problems in very few Newton steps
and additionally maintains reasonable convergence properties. Numerical results
for non-smooth optimization problems illustrate the proposed approach and its
performance.

Keywords: Non-Smooth Optimization, Constant Abs-Linearization, PDE Constrained Opti-
mization, Non-Smooth PDE, Elliptic Optimal Control Problem

1 Motivation and Introduction

Non-smooth PDE-constrained optimization problems are known to be difficult to handle, the-
oretically as well as algorithmically. The challenge usually lies in the fact that no adjoint
equation in the classical sense can be derived, which has a direct consequence on the develop-
ment of algorithms, since no reduced gradient is available for first-order methods. In this paper
we assume that the non-smoothness in the semi-linear elliptic state equation is caused by a
non-smooth superposition operator which can be decomposed into a finite number of smooth
functions and non-smooth Lipschitz-continuous operators abs,min and max. The presented al-
gorithm takes advantage of this structural assumption and specifically exploits the non-smooth
structure in the interest of solving the underlying optimization problem.
Non-smooth optimization problems with a partial differential equation (PDE) as constraint
that involves the mentioned non-smooth non-linear functions arise in many modern applica-
tions. For example, a corresponding semi-linear elliptic partial differential equation describes
the deflection of a stretched thin membrane partially covered by water, see [19]. Furthermore, a
similar non-smooth partial differential equation arises in free boundary problems for a confined
plasma, see, e.g. [19, 23]. Even nowadays, the optimization of such problems is challenging.
Therefore, often either the non-smoothness is regularized, i.e., the non-differentiable term is
replaced by a suitable smooth approximation to avoid dealing with the non-smoothness (see
e.g. [4] and [10]) or the semi-smooth Newton method is used. For example, in [9] a variant of a
semi-smooth Newton method is proposed to solve a specific non-smooth optimization problem
including the max operator.
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The intention of this paper is to propose an alternative idea for solving nonsmooth optimization
problems. To motivate the algorithm presented in this paper, let us consider the following
semi-linear non-smooth PDE constrained optimization problem with a typical tracking type
objective functional presented in [9]:

min
py,uq

1

2
}y ´ yd}

2
L2 `

α

2
}u}2L2

s.t. ´∆y ` `pyq ´ u “ f in Ω “ p0, 1q2

y “ 0 on BΩ ,

(1)

with desired state ydpx1, x2q “ sinpπx1q sinp2πx2q and `pyq “ maxp0, yq. Here f P L2pΩq is
chosen such that ´∆yd ` maxp0, ydq “ f holds. Obviously the non-differentiable operator
maxp0, yq represents a challenge for classical optimization methods. As presented in [9], due to
the choice of yd and f , the optimal state y˚ coincides with yd. Observing the desired state and
hence also the optimal state, one can see that the sign of yd, while only considering positive
and negative signs and setting signpydqpxq “ `1 (or equally possible ´1) for all x P Ω with
ydpxq “ 0 parts the domain Ω “ p0, 1q2 into two sections as can be seen in Fig. 1.

yd

signpydq ” ´1

signpydq ” `1

y˚

σ̄

x1

x2

Figure 1: Desired state yd with corresponding σ̄ “ signpydq and the optimal state y˚

for the optimal control problem (1).

This observation shows that the optimal state for Eq. (1) also optimally solves the following
optimal control problem

min
py,uq

1

2
}y ´ yd}

2
L2 `

α

2
}u}2L2

s.t. ´∆y ` y ´ u “ f in Ω` :“ p0, 1q ˆ p0, 1
2 q

´∆y ´ u “ f in Ω´ :“ p0, 1q ˆ p 1
2 , 1q

y “ 0 on BΩ ,

(2)

which can be abbreviated to

min
py,uq

1

2
}y ´ yd}

2
L2 `

α

2
}u}2L2

s.t. ´∆y ` 1
2 py ` σ̄yq ´ u “ f in Ω

y “ 0 on BΩ ,

(3)

where

σ̄pxq “ signpydpxqq @x P Ω

is defined by the desired state yd (see Fig. 1) and thus a known parameter. However, considering
the reformulation of the non-smooth max operator

maxp0, yq “ 1
2 py ` |y|q “

1
2 py ` signpyqyq (4)
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clearly reveals that the original non-smooth optimization problem Eq. (1) can be reformulated
as Eq. (3) by Eq. (4) and fixing signpyq to signpydq, which creates a smooth optimization
problem, since the non-smooth dependency of signpyq and y or |y| is eliminated. Hence, the
problem formulations given in Eqs. (2) and (3) are smooth in the conventional sense and thus
do not raise the difficulties of the non-differentiable state equation given in Eq. (1). In fact, this
kind of reformulation can be exploited in any tracking type optimization setting with certain
properties of the non-smoothness in the state constraint, which we will utilize in this paper.
The resulting fixing of the respective signs allows to effectively exploit the structure of the
corresponding original non-smoothness and yields an optimization problem, which does not
feature any non-smoothness. Motivated by this observation we present an efficient algorithm
which allows to solve non-smooth optimization problems given by Eq. (1) in a proper way by
exploiting the structure of non-smoothness of the operator `.
In the finite dimensional setting the unconstrained minimization of piecewise smooth func-
tions by successive abs-linearization without any regularization for the non-smoothness was
studied by Griewank, Walther and co-authors in [11, 14, 15] and related work. There, it is
always assumed that the non-smoothness of the considered optimization problem stems from
evaluations of the absolute value function only. Using well-known reformulations, this covers
the maximum and the minimum functions as well as complementarity problems. In [27] we
already extended and adapted the algorithmic idea of the approach in finite dimensions to
the infinite dimensional case, i.e., to PDE-constrained optimization problems with non-smooth
objective functionals. Although the resulting algorithm SALMIN presented in [27] can also
handle non-smooth optimization problems in function spaces by explicitly exploiting the non-
smooth structure, it is not applicable to the optimization problems considered in this paper.
The main difficulty involves the already mentioned challenge that the non-smoothness appears
in the state equation and thus no adjoint equation in the classical sense as well as no classical
reduced problem formulation can be derived. It is also important to note that the local model
generated in [27] for the non-smooth case does not support the classical chain rule. Hence,
one cannot directly handle the reduced unconstrained formulation. Therefore, we propose here
a penalty-based approach to treat the PDE constraint explicitly. Nevertheless, we follow the
idea for the finite dimensional case in that the key point of the optimization method under
consideration is the location of stationary points by solving a closely related smooth problem
exploiting the structure of the absolute value operator. Using classical methods for smooth
PDE-constrained optimization.
The paper is organized as follows. In Sec. 2, we introduce the considered problem class, discuss
its properties and propose a reformulation of the first order necessary optimality conditions.
The closely related smooth problems will be presented in Sec. 3 together with a solution
approach involving a penalty term and an analysis of the corresponding optimality conditions in
the continuous setting. Sec. 4 summarizes the resulting optimization algorithm. Furthermore,
the chosen discretization approach as well as the solution of the resulting finite dimensional
optimization problems are discussed. Numerical results for a collection of test problems are
presented and analyzed in Sec. 5. Finally, a conclusion and an outlook are given in Sec. 6.

2 The Problem Class, its Properties and a Reformulation

In order to illustrate our ideas, we consider the following optimization problem in the further
course of this paper, where we focus on real valued functions defined on a bounded Lipschitz
domain Ω Ă Rn, n P N. As a model problem we consider elliptic PDE-constrained optimization
problems of the form

min
py,uqPH1

0 pΩqˆL
2pΩq

J py, uq

s.t. ´∆y ` `pyq ´ u “ 0 in Ω

y “ 0 on BΩ ,

(5)
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with a semi-linear elliptic PDE constraint and a tracking type objective functional

J : H1
0 pΩq Ñ R, J py, uq :“

1

2
}y ´ yd}

2
L2 `

α

2
}u}2L2 ,

where yd P L
2pΩq denotes a given desired state. Hence, the functional J is twice continuously

Fréchet differentiable, convex and bounded from below.
The special and at the same time challenging feature of Eq. (5) is caused by the non-smooth
operator ` : H1

0 pΩq Ñ L2pΩq in the state equation. Throughout the paper, we assume that the
model problem Eq. (5) has the following properties:

Assumptions 2.1.

(i) The domain Ω Ď Rn with n P N, is an open, bounded and measurable domain that is
either convex and polygonal or has a C1,1-boundary.

(ii) The constant α ą 0 is a given Tikhonov parameter.

For the special feature of the state equation, i.e., the non-smooth operator `, we formulate an
individual set of assumptions:

Assumptions 2.2.

(i) The operator ` : L2pΩq Ñ L2pΩq, `pyqpxq “ `pypxqq denotes an autonomous Nemytzkii
operator induced by a non-linear and non-smooth function ` : R Ñ R which satisfies the
Carathéodory conditions, i.e., the mapping t ÞÑ `ptq is continuous on R.

(ii) The function ` : RÑ R is monotonically increasing, and satisfies the growth condition

|`ptq| ď K ` L|t| for all t P R (6)

for some constants 0 ď L,K ă 8. Furthermore, ` is locally Lipschitz-continuous, i.e.,
for all constants M ą 0 there exists a corresponding constant LpMq ą 0 such that

|`pt1q ´ `pt2q| ď LpMq|t1 ´ t2| for all ti P r´M,M s . (7)

(iii) The Nemytzkii operator ` is directionally differentiable in the sense of Hadamard, i.e.,

›

›

›

`py ` th̃q ´ `pyq

t
´ `1py;hq

›

›

›

L2
Ñ 0 , (8)

for tÑ 0` and h̃Ñ h P L2pΩq, at every y P H1
0 pΩq and in all directions h P L2pΩq, with

`1py; .q being locally Lipschitz-continuous and monotone, as well.

(iv) The operator ` can be expressed as finite composition of the absolute value function and
Fréchet differentiable operators.

Ass. 2.2 allows us to deal with nonlinear functions and their corresponding Nemytzkii operators.
Note that the Nemytzkii operator is not assumed to be differentiable. Indeed all considered
cases in this paper cover non-differentiable but Lipschitz-continuous Nemytzkii operators `.
Nevertheless, in the further course we will consider certain Nemytzkii operators derived from
`, and discuss their Fréchet differentiability. As already done in Ass. 2.2 (i) we will denote the
Nemytzkii operator as well as the inducing function having other domain and image spaces
with the same symbol, `. The assumption Ass. 2.2 (iv) refers to the fact that the Lipschitz-
continuous operator ` can be described by a so called structured evaluation presented in Ass. 2.8.
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On the Operator `

The well-definedness of Nemytzkii operators as well as their boundedness, continuity and dif-
ferentiability depend substantially on the properties of the inducing function as well as on
the considered function spaces. For a detailed study on Nemytzkii operators we refer to [3].
Nevertheless we want to point out, that the operator ` considered here fulfills the conditions
of Thm. 3.1 in [3] due to Ass. 2.2, thus ensuring boundedness and continuity. Furthermore, a
function ` : R Ñ R which satisfies Ass. 2.2 (i) and (ii) is bounded and satisfies the bounded-
ness condition |`p0q| ď K. Due to the assumptions on the generating function the Nemytzkii
operator ` admits some relevant properties like Lipschitz-continuity and monotonicity, itself.

Proposition 2.3. The Nemytzkii operator ` : L2pΩq Ñ L2pΩq induced by the function ` : RÑ R
which satisfies Ass. 2.2 (i) and (ii) is bounded, continuous and maximal monotone.

Proof. To show the boundedness, we use both the growth condition and the equivalence of
norms in finite dimensions. For y P L2pΩq we have

}`pyq}2L2 “

ż

Ω

|`pypxqq|2 dx ď

ż

Ω

pL|ypxq| `Kq2 dx

ď c̃

ż

Ω

L2|ypxq|2 `K2dx ď c̃
`

L2}y}2L2 `K2|Ω|
˘

,

for a positive constant c̃. Consequently the Nemytzkii operator ` is bounded in L2pΩq. To
prove the continuity of ` : L2pΩq Ñ L2pΩq, we consider some sequence tykukPN Ď L2pΩq
with yk Ñ y in L2pΩq. Hence, there exists some subsequence, denoted for simplicity also by
yk, with yk Ñ y almost everywhere on Ω. Then by exploiting the local Lipschitz-continuity
(7), Lebesgue’s dominated convergence theorem provides that the Nemytzkii operator ` is
continuous on the reflexive Banach space L2pΩq.
The monotonicity of the Nemytzkii operator follows directly from the monotonocity of the
inducing function. From p`psq ´ `ptqqps ´ tq ě 0 for all s, t P R, one can conclude that
x`pyq ´ `pvq, y ´ vyL2 “

ş

Ω
p`pypxqq ´ `pvpxqqqpypxq ´ vpxqq dx ě 0 holds for all y, v P L2pΩq,

where we denote by x¨, ¨yL2 the duality pairing on the space L2pΩq and its dual. The Nemytzkii
operator is hemicontinuous due to its continuity. Then it follows from [5] that the monotone
and hemicontinuous Nemytzkii operator is maximal monotone. This proves the assertions.

Due to the compact embedding H1
0 pΩq ãÑ L2pΩq the operator ` is also continuous from H1

0 pΩq
into L2pΩq. With BM p0q :“ ty P V : }y}V ďMu Ă V we denote the closed ball with radius M
in the considered Banach space V .

Proposition 2.4. The Nemytzkii operator induced by the function ` which satisfies Ass. 2.2 (i)
and (ii) is continuous in L8pΩq as well as in L2pΩq and locally Lipschitz for all p P r1,8s,
i.e.,

}`py1q ´ `py2q}Lp ď LpMq}y1 ´ y2}Lp @yi P BM p0q Ă L8pΩq , (9)

with some LpMq ą 0. Furthermore, the Nemytzkii operator ` “ `pyqpxq is monotone in y P
H1

0 pΩq for almost every x P Ω and locally Lipschitz-continuous, such that for every constant
M ą 0 there exists some L̃pMq ą 0 with

}`py1q ´ `py2q}L2 ď L̃pMq}y1 ´ y2}H1 @yi P BM p0q Ă H1
0 pΩq . (10)

Proof. To prove the first assertion, suppose y P L8pΩq. From Eq. (6) we get for the Nemytzkii
operator induced by ` that `pyp¨qq P L8pΩq. Hence, the considered Nemytzkii operator maps
the Banach space L8pΩq into itself. For y1, y2 P L

8pΩq with |y1|, |y2| ďM almost everywhere
on Ω, the local Lipschitz-continuity of ` implies for any p P r1,8q

}`py1q ´ `py2q}
p
Lp “

ż

Ω

|`py1pxqq ´ `py2pxqq|
p dx

ď LpMqp
ż

Ω

|y1pxq ´ y2pxq|
p dx “ LpMqp}y1 ´ y2}

p
Lp .
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Since y1, y2 P BM p0q Ă L8pΩq were chosen arbitrary, this proves Eq. (9) for p P r1,8q. For
p “ 8 the assertion follows similarly.
The monotonicity of the Nemytzkii operator ` follows directly from

x`py1q ´ `py2q, y1 ´ y2y “

ż

Ω

p`py1pxqq ´ `py2pxqqqpy1pxq ´ y2pxqq dx ě 0 (11)

since `pt1q ´ `pt2qpt1 ´ t2q ě 0 for all t1, t2 P R.
Due to the continuous embedding H1pΩq ãÑ L2pΩq there exists some positive constant c such
that }y}L2 ď c}y}H1 for all y P H1pΩq and therefore p “ 2 in Eq. (9) yields

}`py1q ´ `py2q}L2 ď L̃pMq}y1 ´ y2}L2 ď cL̃pMq}y1 ´ y2}H1 @y1, y2 P BM p0q Ă H1
0 pΩq . (12)

Existence of Solutions and Well-Posedness

Lemma 2.5. For every u P L2pΩq the PDE of the optimization problem (5) is non-linear, well
posed and has a unique solution y P H1

0 pΩq. If n ă 4 then the unique solution to Eq. (5) is
even continuous, i.e., y P H1

0 pΩq X CpΩ̄q.

Proof. The proof applies standard arguments for monotone operators. For a detailed proof
we refer the reader to [28]. Note that the existence of an unique solution y P H1

0 pΩq follows
from the assumptions on the generating function ` with the Browder–Minty theorem. The
boundedness and continuity of the solution follows from [8, Thm. 2.1] and [12].

Proposition 2.6. The optimal control problem (5) admits at least one solution.

Proof. See [28] and [24].

Due to our assumptions, the weak solution of the semi-linear PDE in Eq. (5) lies in the space

H∆ :“ tv P H1
0 pΩq|∆v P L

2pΩqu . (13)

The Control-to-State Operator

The solution or control-to-state operator Spuq “ y corresponding to the non-smooth state
equation given in Eq. (5) plays an important role in the analysis of the overall optimization
problem. Therefore we will state here some main properties and results:

Lemma 2.7 (The solution operator). Let ` : H1
0 pΩq Ñ L2pΩq be a non-smooth operator

satisfying Ass. 2.2 and Spuq “ y the solution operator associated with the PDE in Eq. (5).
Then S has the following properties.

i. The control-to-state operator Spuq “ y associated with Eq. (5) is a non-smooth operator.

ii. S is well-defined, bijective and globally Lipschitz-continuous as a function from L2pΩq to
its image space H∆.

iii. S is directionally differentiable in the sense that the directional derivative defined by

S1pu;hq ” lim
tÑ0`

1
t pSpu` thq ´ Spuqq (14)

exists for all u P L2pΩq and all directions h P L2pΩq. However S is not Gâteaux differen-
tiable.

iv. S : L2pΩq Ñ H∆ is Hadamard directional differentiable for all points and in all directions
in L2pΩq.

Proof. For the proof of these assertions, one can use similar arguments as in [9, Prop. 2.1]. For
a detailed proof we refer the reader to [28].
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As described in [9], the image space H∆ of the solution operator S equipped with the norm
} ¨ }H∆ induced by the scalar product

pv, wqH∆ :“

ż

Ω

∆v∆w `∇v ¨∇w ` vw dx

constitutes a complete normed vector space and thus a Hilbert space which in addition is also
compactly embedded in H1

0 pΩq, due to the compact embedding H1
0 pΩq ãÑ L2pΩq. Moreover,

by regularity theory for elliptic differential operators, the space H∆ is isomorphic to H1
0 pΩq X

H2pΩq (cf. [12, Lem. 9.17]). Furthermore if n ă 4, H∆ is continuously embedded into
H1

0 pΩq X CpΩ̄q. Due to Lem. 2.7 (ii) the Hilbert space H∆ represents the appropriate image
space for the considered solution operator S.
It should be noted that the algorithm proposed in Sec. 4 of this paper is not limited to this
specific class of semi-linear PDEs. Instead, the arguments can easily be adapted to more
general cases with, for example, a general linear elliptic differential operator of second order.
In addition to the assumptions on the non-smooth state equation given in Ass. 2.2, it can easily
be observed that the tracking type objective functional J : H1

0 pΩq ˆ L
2pΩq Ñ R in Eq. (5) is

weakly lower semi-continuous and twice continuously Fréchet differentiable.
One particular example of this class of model problems of non-smooth semi-linear elliptic
optimal control problems, where `pyq “ maxp0, yq, can be found in [9]. There the authors also
show that the resulting non-smooth control-to-state operator is directionally differentiable.
They also precisely characterize its Bouligand subdifferentials, derive first-order optimality
conditions using the Bouligand subdifferentials and use the directional derivative of the control-
to-state mapping to establish strong stationarity conditions.
Although the objective functional itself is convex, the optimization problem (5) is not convex,
which is why the existence of several locally optimal controls has to be taken into account.
Furthermore, due to the non-convexity of the above optimal control problem, necessary first-
order optimality conditions are no longer sufficient and the consideration of sufficient second-
order optimality conditions becomes necessary if one wants to compute an actual minimizer.
However, in this paper we limit our considerations to stationary points and an alternative way
of ensuring a minimum, hence second-order conditions will not be the subject of this paper.
For the optimization we have to take into account that it is usually not possible to realize
arbitrary controls u P L2pΩq. Therefore control constraints yielding a bounded and convex set
of admissible controls can be introduced into the model problem. In addition to the methods
presented here, the handling of such control constraints may include standard optimal control
methods for control constraints [24] or the application of an additional penalty term similar to
Eq. (46). However, this is not directly dealt with in this paper.
From now on we additionally assume n ă 4 for Ω Ď Rn. Note that so far all of the above
statements are valid regardless of the dimension n, except for the continuity of the solution of
the semi-linear PDE, see Lem. 2.5.

Reformulating the PDE Constraint

Next, we introduce an essential reformulation of the PDE constraint based on the idea described
in [13, 14]. For this purpose, we consider the Nemytzkii operator ` which is defined by the
non-linear part of the PDE. Inspired by the finite dimensional approach of Griewank and
Walther, we assume that the non-smooth operator ` can be described as a composition of
elemental functions that are either continuously Fréchet differentiable or the absolute value
operator. Subsequently, consecutive continuously Fréchet differentiable elemental functions
can be conceptually combined to obtain a representation, where all evaluations of the absolute
value functions can be clearly identified and exploited, see Ass. 2.8. For an illustration we refer
to Exam. 2.9.

Assumption 2.8 (Structured evaluation). Let ` : H1
0 pΩq Ñ L2pΩq be some non-smooth

Lipschitz-continuous operator satisfying Ass. 2.2 and s P N. Furthermore, let ψ1 : H1
0 pΩq Ñ

H1pΩq, ψi : H1
0 pΩq ˆ rH

1pΩqsi´1 Ñ H1pΩq with 2 ď i ď s` 1 be some Lipschitz-continuously
Fréchet differentiable operators. We assume that the considered non-smooth operator ` can be
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reformulated such that an equivalent representation of ` denoted by ˆ̀ can be obtained using the
structured evaluation given by

zi “ ψipy, pσjzjqjăiq
σi “ signpziq

*

i “ 1, . . . , s

ˆ̀py, σzq “ ψs`1py, pσiziq1ďiďsq with σz “ pσ1z1, . . . , σszsq ,

where the σi are called signature functions.

Note that the functions zi depend on the state y. Hence, whenever the dependency of a different
but explicit function v is meant, we will simply write zipvq.
Let us point out, that the switching functions zi in the structured evaluation procedure are
introduced as auxiliary functions for each argument of the absolute value operator, which
appear within the operator `. The absolute value operator is then substituted by σizi. By
applying this successively for all absolute value operators and their arguments one obtains an
equivalent reformulation of the original operator ` in terms of y and σizi.
It is worth emphasizing that whenever the structured evaluation is applicable it provides an
equivalent reformulation for the operator ` given by the operator ˆ̀. Therefore, ˆ̀ maps also
into the same function space as `, hence in the case under consideration into the Hilbert space
L2pΩq. Likewise, ˆ̀ also satisfies all assumptions in Ass. 2.2 itself.
Note that Ass. 2.8 ensures that the underlying non-smoothness does not contain any implicit
dependencies for the switching functions zi, such that the structured evaluation presented above
can always be applied to obtain an equivalent reformulation. However the notation pσjzjqjăi
indicates that ψi might depend explicitly on the previously defined switching functions zj with
j ă i. Hence, the switching function z1 is defined as the argument of the first absolute value
evaluation, i.e., as ψ1pyq.
In the finite dimensional case, one has zi P R and therefore σi P t´1, 0, 1u. For the infinite
dimensional setting considered here, one obtains zi P H

1pΩq and the functions σi are also
Nemytzkii operators defined by

σi : H1pΩq Ñ L8pΩq, rσipziqspxq “ signpzipxqq a.e. in Ω

as functions of zi. From now on we will omit the argument zi whenever referring to σi, for
brevity. The definition of σi ensures that σi “ σipziq P L

8pΩq holds. However, we recall that
σjzj “ abspzjq P H

1pΩq for the function zj P H
1pΩq defined by the corresponding structured

evaluation. Additionally, we will use the notation ˆ̀py, σzq “ `pyq for σz “ pσ1z1, . . . , σszsq
to refer explicitly to this particular representation of the non-smooth part `pyq based on the
corresponding auxiliary functions zi and σi, 1 ď i ď s defined by the structured evaluation. It
follows from the representation in Ass. 2.8 that ` is locally Lipschitz-continuous. Hence, ` and
therefore also the equivalent ˆ̀py, σzq are also continuous due to the assumed smoothness of ψi,
i “ 1, . . . , s, [18, Theo. 3.15] and [29, Cha. 1]. It is important to note, that the new function
ˆ̀py, wq is smooth i.e., Fréchet differentiable, in its two arguments y and w “ σz “ |z|, due to
the chosen formulation. This fact will be exploited later to define the closely related smooth
problems.
Using the well-known reformulations

min pv, uq “ pv ` u´ abspv ´ uqq{2 and
maxpv, uq “ pv ` u` abspv ´ uqq{2 ,

(15)

a large class of non-smooth functions is covered by this function model.
Exam. 2.9 provides an illustration of the structured evaluation and also deals with the image
and value spaces of the operators ψi.

Example 2.9. We examine the commonly used non-smooth operator max as well as an oper-
ator which features nested non-smoothness in the form of nested absolute value functions.
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(i) Consider the operator `pyq “ maxp0, yq, which satisfies the Carathéodory condition and
just like absp.q is globally Lipschitz-continuous with Lipschitz constant L “ 1 so that
the associated Nemytskii-operator maps L2pΩq into itself. Exploiting the identities (15),
we can reformulate ` as a function in terms of the absolute value function and smooth
elemental functions in the following way:

`pyq “ maxp0, yq “ 1
2 py ` |y|q .

The corresponding structured evaluation for `pyq “ maxp0, yq is given by

z1 “ ψ1pyq “ y
σ1 “ signpz1q

ˆ̀py, σzq “ ψ2py, σzq “ 1
2

`

y ` σ1z1

˘

with ψ1 : H1
0 pΩq Ñ H1

0 pΩq, y ÞÑ y and ψ2 : H1
0 pΩq ˆH

1
0 pΩq Ñ H1

0 pΩq, py, vq ÞÑ
1
2

´

y` v
¯

.

(ii) The non-smooth operator `pyq “ ´maxp|y ´ β1| ´ β2y, 0q admits nested absolute value
operators. Nevertheless, for β1, β1 ě 1 the inducing function ` is bounded, measur-
able, monotone and globally Lipschitz and hence also satisfies all assumptions required in
Ass. 2.2. Then the corresponding structured evaluation is given by

z1 “ ψ1pyq “ y ´ β1

σ1 “ signpz1q

z2 “ ψ2py, σ1z1q “ σ1z1 ´ βy
σ2 “ signpz2q

ˆ̀py, σzq “ ψ3py, σzq “ 1
2 pσ̄1z1 ´ β2y ` σ̄2z2q

with ψ1 : H1
0 pΩq Ñ H1pΩq, y ÞÑ y ´ β1, ψ2 : H1

0 pΩq ˆH1pΩq Ñ H1pΩq, py, vq ÞÑ v ´ β2y
and ψ3 : H1

0 pΩq ˆH
1pΩq ˆH1pΩq Ñ H1pΩq, py, v, wq ÞÑ 1

2 pv ´ β2y ` wq .

Next we state the equivalent reformulation of the optimal control problem (5) by means of the

structured evaluation. Inserting the formulation ˆ̀py, σzq with the functions σi and zi defined
by the structured evaluation of ` into the original optimal control problem (5), one obtains for
the functions y P H1

0 pΩq, z P rH
1pΩqss, u P L2pΩq and σi “ signpziq the optimization problem

with state constraints

min
y,z,u,σ

1
2}y ´ yd}

2
L2 `

α
2 }u}

2
L2

s.t. p∇v,∇yqL2 ` pˆ̀py, σzq ´ u, vqL2 “ 0 @v P H1
0 pΩq

pψipy, pσjzjqjăiq ´ zi, vqL2 “ 0 @v P H1
0 pΩq

σizi ě 0 a.e. in Ω

σi : Ω Ñ t´1, 0, 1u

,

/

.

/

-

@ i “ 1, . . . , s .

(16)

Here, rH1pΩqss denotes the product H1pΩq ˆ ¨ ¨ ¨ ˆH1pΩq of the Hilbert spaces the switching
function z “ pz1, . . . , zsq lives in. Note that the last two conditions in Eq. (16) ensure that
σizi “ abspziq holds.
At this point, the idea may arise that by reformulating and including functions with binary
values, the underlying optimization problem was made considerably more difficult and compli-
cated, since all derivative-based algorithms are not applicable due to the lack of continuity and
differentiability of the integer-valued functions. However, as we will see in the further course of
this paper and was already motivated in Sec. 1, we pursue a rather different strategy to exploit
an efficient and proficient handling of the absolute value operator based on the reformulation
given by the structured evaluation.

Definition 2.10 (Constant Abs-Linearization). For a given structured evaluation and the

resulting operator ˆ̀ described in Ass. 2.8 the constant abs-linearization is obtained by fixing all
σi for 1 ď i ď s to given σ̄i P L

2pΩq, σ̄i : Ω Ñ t´1, 1u for all 1 ď i ď s.
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In the context of constant abs-linearization, all σ̄i only take the values 1 and -1, but not 0.
This leads to the desired linearization since the dependency of zi and σi has been removed and
the term σ̄izi is linear in zi. The decision to assign only the values `1 or ´1 to σ̄pxq does not
influence the previous considerations, simply because if zi ą 0 and σi “ `1, or zi ă 0 and
σi “ ´1 respectively, then σizi “ abspziq is still valid. If zi “ 0, then even for σi ‰ 0 the
relationship abspziq “ σizi “ 0 is guaranteed. Hence, no longer considering zero as a value for
σ̄ does not pose any limitations.

Definition 2.11. Let ` : H1
0 pΩq Ñ L2pΩq be some Lipschitz-continuous operator satisfying

Ass. 2.2, s P N and ˆ̀ the resulting operator of structured evaluation described in Ass. 2.8.
Then a given function yd defines the switching function

zpydq :“ pz1pydq, . . . , zspydqq with

zipydq :“ ψipyd, pσjzjpydqqjăiq .

For some yd P L
2pΩq we denote by

σ̄d :“ σpzpydqq “ pσ1pz1pydqq, . . . , σspzspydqqq

“: pσ̄d1 , . . . , σ̄
d
s q

the signature functions defined by the desired state according to the corresponding structured
evaluation.

Next, we introduce the domain decomposition given by the signature functions σ̄d. To illustrate
the approach we will first consider the domain decomposition given by the sign of the desired
state yd for the case s “ 1 and z1 “ y

σ̄d “ signpz1pydqpxqq “

#

`1, for x P Ω`d :“ tx P Ω|ydpxq ě 0u,

´1, for x P Ω´d :“ tx P Ω|ydpxq ă 0u .
(17)

Hence, for the case s “ 1 the σ̄ defined by Eq. (17) decomposes the domain Ω into subdomains
such that Ω “ Ω`YΩ´ with σ̄dpxq “ `1 on Ω` and σ̄dpxq “ ´1 on Ω´. The same applies for
the case s ą 1, i.e. the case with more than one absolute value evaluation in the formulation
of `. Let us consider the following example.

Example 2.12 (Domain Decomposition by σ̄d).
We consider again Ω “ p0, 1q2 and

`pyq “ ´maxp|y ´ β1| ´ β2y, 0q “ ´
1
2 p|y ´ β1| ´ β2y `

ˇ

ˇ|y ´ β1| ´ β2y
ˇ

ˇq ,

with β1, β2 ě 1. Then by Ex. 2.9(ii) ˆ̀py, σzq “ ´ 1
2 pσ1z1 ´ β2y ` σ2z2q with z1 “ y ´ β1 and

z2 “ σ1z1 ´ β2y. For this particular example σ̄d is given by

σ1pydq “ signpyd ´ β1q,

σ2pydq “ signpσ1pydqyd ´ β2ydq “ signpsignpyd ´ β1qyd ´ β2ydq .

For ydpx1, x2q “ sinpπx1q sinp2πx2q, this yields

σ̄d1pydq ” ´1 and σ̄d2pydq “ signp´p1` β2qydq ” ´signpydq .

Hence, the domain Ω is decomposed into Ω “ Ω`1 Y Ω´1 “ Ω`2 Y Ω´2 with

Ω`1 “ H, Ω´1 “
`

p0, 1q ˆ p0, 1q
˘

and Ω`2 “
`

p0, 1q ˆ p 1
2 , 1q

˘

, Ω´2 “
`

p0, 1q ˆ p0, 1
2 q
˘

.

In this regard we would like to recall the variational form of the underlying PDE and also point
out the weak form of the equivalent reformulation using structured evaluation. One derives the
weak formulation of a non-linear elliptic PDE the same way as in the linear case by multiplying
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the equation with a test function, integrating the equation over the domain and then applying
partial integration to transfer a derivative to the test function. In the case of the non-linear
state equation in (5) we formally obtain the integral equation

ż

Ω

∇y ¨∇v ` `pyqv dx “
ż

Ω

uv dx . (18)

Due to the equivalent reformulation given by the structured evaluation Ass. 2.8, the decom-
position of the domain Ω into Ω “ Ω` Y Ω´ and considering the case s “ 1, Eq. (18) can be
reformulated into

ż

Ω

∇y ¨∇v dx`
ż

Ω`

ˆ̀py, σzqv dx`

ż

Ω´

ˆ̀py, σzqv dx “

ż

Ω

uv dx

ô

ż

Ω

∇y ¨∇v dx`
ż

Ω`

ˆ̀py,`zqv dx`

ż

Ω´

ˆ̀py,´zqv dx “

ż

Ω

uv dx .

Similarly, for a larger number s P N of absolute value evaluations, the integrals can be par-
titioned according to the decomposition of the domain Ω and the terms depending on the
respective σ̄di .

From now on we will use the notation ¯̀̄
σpy, zq :“ ˆ̀py, σ̄zq interchangeably. Applying the

constant abs-linearization, the resulting operator ˆ̀p¨, σ̄¨q “ ¯̀̄
σp¨, ¨q is smooth in both arguments.

In addition to Ass. 2.2 we also assume that the given non-smooth operator ` fulfills the following
property.

Assumptions 2.13 (The operator ¯̀̄
σ ). Let ` : H1

0 pΩq Ñ L2pΩq fulfill Ass. 2.2 and ¯̀̄
σpy, zq

be the corresponding structured evaluation, see Ass. 2.8, with subsequently fixed σ̄. We assume
that ¯̀̄

σ for fixed σ̄pxq P t´1, 1u is affine-linear in y and z on the respective subdomains given
by σ̄.

Note that an autonomous Nemytzkii operator ` is said to be affine linear, if its inducing function
has the form

`ptq “ f0 ` f1t for all t P R ,

with f0 P L
ppΩq and f1 P L

8pΩq; cf. [3].
At this point it should be pointed out that these requirements are indeed reasonable and can
be satisfied by a large class of optimal control problems. Once again we consider the operator
maxp0, yq as an example.

Example 2.14 (Affine-Linearity of ¯̀̄
σ). Consider `pyq “ maxp0, yq, then s “ 1 and by

Exam. 2.9 (i) ¯̀̄
σpy, zq “ ˆ̀py, σ̄zq “ 1

2 py ` σ̄1z1q with z1 “ y. Now fixing σ1 for example
to σ̄1pxq ” `1 on Ω yields ¯̀̄

σpy, zq “
1
2 py ` z1q “ y and therefore a linear operator. Alterna-

tively, σ̄ with σ̄1pxq “ `1 on Ω`, σ̄1pxq “ ´1 on Ω´ with Ω “ Ω` Y Ω´, e.g. Ω`,Ω´ as in
(2) yields

ˆ̀py, σ̄zq “

#

1
2 py ` z1q “ y, on Ω`

1
2 py ´ z1q “ 0, on Ω´ .

Proposition 2.15 (Differentiability of the Nemytzkii Operator ¯̀̄
σ). Let ` : H1

0 pΩq Ñ L2pΩq

fulfill Ass. 2.2 and ˆ̀py, σzq be given by Ass. 2.8 with ¯̀̄
σpy, zq “ ˆ̀py, σ̄zq satisfying Ass. 2.13 for

some fixed σ̄ P L2pΩq with σ̄pxq P t´1,`1u for all x P Ω. Then the induced Nemytzkii operator
¯̀̄
σ is Fréchet differentiable in L8pΩq as well as in L2pΩq.

Proof. See [24, Lemma 4.12] and [3].

Furthermore, according to [3] the Nemytzkii operator ¯̀̄
σ is weakly continuous since the gener-

ating function ¯̀̄
σpyq “ ˆ̀py, σ̄zq is affine.

Before characterizing the relation between local solutions of the model problem and its equiv-
alent reformulation we define the notion of local solutions for the two considered problem
formulations Eq. (5) and Eq. (16).
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Definition 2.16 (Local Solution). Let y˚ P H1
0 pΩq, z

˚ P H1pΩq and u˚, σ˚ P L2pΩq with
Ny Ď H1

0 pΩq, Nu Ď L2pΩq, Nz Ď H1pΩq and Nσ Ď L2pΩq local neighborhoods of y˚, u˚, z˚

and σ˚, respectively. A pair py˚, u˚q P Ny ˆ Nu is said to be a local solution to the original
optimization problem (5) if py˚, u˚q is feasible, i.e., satisfies the state constraint, and

Jpy, uq ě Jpy˚, u˚q for all py, uq P Ny ˆNu Ď H1
0 pΩq ˆ L

2pΩq that are admissible.

Similarly, py˚, z˚, u˚, σ˚q P NyˆNzˆNuˆNσ is said to be a local solution to the optimization
problem (16) if py˚, z˚, u˚, σ˚q satisfies the constraints in (16) and

Jpy, uq ě Ĵpy˚, z˚, u˚, σ˚q :“ Jpy˚, u˚q for all py, uq P Ny ˆNu Ď H1
0 pΩq ˆ L

2pΩq .

Note that the neighborhoods Ny and Nz are defined in the H1-norm whereas Nu and Nσ are
defined in the L2-norm.
The following lemma characterizes the essential relation between the solutions of the original
optimization problem (5) and the, according to Ass. 2.8 reformulated, optimization problem
(16) with additional equality and inequality constraints for the auxiliary functions z and σ.

Lemma 2.17. A pair py˚, u˚q P H1
0 pΩq ˆ L2pΩq with y˚ :“ y˚pu˚q is a local solution to the

original optimization problem (5) if and only if py˚, z˚, u˚, σ˚q P H1
0 pΩq ˆ H1pΩq ˆ L2pΩq ˆ

L2pΩq with σ˚i “ signpz˚i q and z˚i “ ψipy
˚, pσ˚j z

˚
j qjăiq for 1 ď i ď s is a local solution of the

optimization problem (16).

Proof. Assume that u˚ and the corresponding y˚ :“ y˚pu˚q are local solutions of the original

optimization problem (5). Considering the equivalent reformulation of the operator ` into ˆ̀ by
Ass. 2.8 and defining the auxiliary functions z˚i and σ˚i by

z˚i “ ψipy
˚, pσ˚j z

˚
j qjăiq, σ˚i “ signpz˚i q @ i “ 1, . . . , s , (19)

it follows that py˚, z˚, u˚, σ˚q is a local solution of the optimization problem (16). Here, the
additional equality and inequality constraints for the definitions of the additional functions z˚i
and σ˚i , 1 ď i ď s, ensure that σ˚i z

˚
i “ abspz˚i q P L

2pΩq is valid for 1 ď i ď s.
On the other hand, assume that py˚, z˚, u˚, σ˚q, with σ˚i defined by Eq. (19), is a local solution
for optimization problem (16). Then σ˚i z

˚
i “ abspz˚i q P L

2pΩq is valid for 1 ď i ď s and one
can replace in Eq. (16) σi accordingly, as well as zi by ψipy, pσjzjqjăiq for 1 ď i ď s, taking
the second equality condition in Eq. (16) into account. This then yields the optimal control
problem (5) with solution py˚, u˚q.

This observation motivates the optimization algorithm proposed in this paper. Note that
the derivation of meaningful optimality conditions for Eq. (16) does not succeed with classical
methods because of the non-smooth dependence of σ on z. However, if σ˚ is known and σ ” σ˚

is fixed accordingly, the optimality conditions can be derived using the formal Lagrange tech-
nique and adapted approaches to [7, 6] and [24, Sec. 6.2.2] for optimal control problems with
elliptic PDEs and pointwise state constraints since the non-smooth dependence of σ and z is
removed.

Definition 2.18 (Optimally Reachable).
Let yd P L

2pΩq and σ̄d be as defined in Def. 2.11. We call yd an optimally reachable desired
state if for the optimal solution py˚, u˚, z˚, σ˚q one has σ̄d “ σ˚ for almost all x P Ω with
σ˚pxq ‰ 0.

In the further course we will derive a necessary condition that allows us to easily check if
σ̄d ‰ σ˚. Nevertheless, we assume for this paper that the given desired state yd is always
optimally reachable:

Assumptions 2.19 (The optimally reachable desired state yd). From now on we assume that
the considered optimal control problem is such that the featured desired state yd is optimally
reachable in the sense of Def. 2.18 and hence σ̄d “ σ˚.
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In fact, this assumption is satisfied by virtually all of our numerical test problems.
Next, we examine the first-order necessary optimality conditions for Eq. (16) with fixed func-
tions σi ” σ˚i according to Eq. (19). In order to motivate the optimality system, a special
case is considered. If the considered optimization problem and the semi-linearity given by the
Nemytzkii operator ` is such that s “ 1 and σ˚ decomposes the domain into two separate
non-overlapping connected measurable subdomains Ω`,Ω´ such that Ω “ Ω` Y Ω´, then the
optimization problem Eq. (16) reads as

min
y,z,u

1
2}y ´ yd}

2
L2 `

α
2 }u}

2
L2

s.t. ´∆y ` ˆ̀py, σzq ´ u “ 0 in Ω

ψpyq ´ z “ 0 in Ω

y “ 0 on BΩ

z ě 0 a.e. in Ω`

z ď 0 a.e. in Ω´

(20)

with σ ” 0 and hence z ” 0 on the common interface Γ0 :“ Ω` X Ω´. Furthermore,
Γ` :“ BΩ X BΩ` and Γ´ :“ BΩ X BΩ´ denote the exterior boundary segment of Ω` and Ω´

respectively. Then by construction it holds that y “ 0 on Γ` Y Γ´ “ BΩ. See Fig. 2 for an
illustration of the decomposition of Ω into the subdomains Ω`,Ω´ and the resulting interface
Γ0.

Ω`

Γ0

Ω

Ω´
Ω`

Γ0

Ω

Ω´ Ω`

Ω´

Figure 2: Non-overlapping decompositions of Ω into Ω`,Ω´.

Based on the assumptions on the original problem and the resulting conclusions, the underlying
state problem yields a unique continuous state solution y for any control u P L2pΩq. Thus, due
to the continuity of ψ, the switching function z is also uniquely determined and continuous as
well. This yields in particular continuity of y and z across adjacent neighboring subdomains
of Ω.
The reformulated optimal control problem (20) with coupled constrained systems over the
subdomains is then given by

min
y,z,u

1
2}y ´ yd}

2
L2 `

α
2 }u}

2
L2 (21)

s.t. ´∆y ` ˆ̀py,`zq ´ u “ 0 in Ω` (22)

ψpyq ´ z “ 0 in Ω` (23)

z ą 0 a.e. in Ω` (24)

z “ 0 on Γ0 (25)

y “ 0 on Γ` (26)

´∆y ` ˆ̀py,´zq ´ u “ 0 in Ω´ (27)

ψpyq ´ z “ 0 in Ω´ (28)

´z ą 0 a.e. in Ω´ (29)

z “ 0 on Γ0 (30)

y “ 0 on Γ´ . (31)
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The constraints Eqs. (22)–(26) and Eqs. (27)–(31) then provide local solutions y`, z` and
y´, z´ with y` “ y´ on Γ0, y` “ y´ “ 0 on BΩ and z` “ z´ “ 0 on Γ0. The overall solution
then satisfies ypxq “ χΩ`pxqy

`pxq ` χΩ´pxqy
´pxq and zpxq “ χΩ`pxqz

`pxq ` χΩ´pxqz
´pxq.

The well-posedness of the original PDE provides the well-posedness of the constraints restricted
to the considered subdomains. Furthermore, the subproblem with the objective functional
(21) restricted to Ω` and constrained by Eqs. (22)–(26) represents an optimization problem
satisfying, e.g., the Slater constraint qualifications (CQs), such that the existence of associated
Lagrange multipliers is ensured. The same applies to the optimization problem restricted to
Ω´.

Remark 2.20 (On the Slater CQ). Due to the affine-linearity assumption, Ass. 2.14 all the
constraints of the problem formulations where σ is fixed are (affine-)linear, hence also in the
case where σ is set to σ˚. Considering the cones which are spanned by the inequality constraints
for z on Ω´ and Ω`, the Slater condition requires the interior of these cones to be non-empty
in CpΩ´q and CpΩ`q, respectively. Note, that for admissible controls u P L2pΩq which yield
a state y and therefore switching functions zi such that the inequality condition is a genuine
inequality σ̄ipxqzipxq ą 0 on the measurable subset Ω` Ď Ω (and respectively Ω´ Ď Ω), the
switching functions restricted to Ω` (and analogous to Ω´) are already elements of the interior
of the respective cone, due to the continuity of zi. Hence the interior of these cones is not empty,
satisfying the Slater CQ. If such a control u does not exist and only σ̄ipxqzipxq “ 0 for all x P Ω
is valid for a feasible σ̄, i.e., zi “ 0, then this condition can be ignored and zi can be removed
from the set of constraints. If this applies to all 1 ď i ď s then an optimal control problem with
an affine-linear PDE (in the sense of Ass. 2.13) remains.

The space MpΩq denotes the space of real regular Borel measures on Ω. Note that by the
Riesz-representation theorem MpΩq can be identified with the dual of C0pΩq, the space of
continuous functions on Ω which vanish on the boundary BΩ, and hence endowed with the
norm

}µ}M “ sup
vPC0pΩq,}v}L8ď1

ż

Ω

v dµ . (32)

Consequently, by considering the optimization problem partitioned into the subdomains, on
which σ˚ is constant, as well as the fact that σ˚ ” 0, z ” 0 on the interface Γ0, one can
adapt the theory of [6, 7] and [24, Sec. 6.2.1] to provide the existence of well-defined Lagrange
multipliers λ`P , λ

´
P , λ

`, λ´ and regular Borel measures µ`, µ´, i.e., µ˘ P MpΩ˘q. Composite
construction then yields for the Lagrangian that there exists a real regular Borel measure µ on
Ω, with µ “ µ|Ω` ` µ|Ω´ “ µ` ` µ´, an adjoint state λP “ λP |Ω` ` λP |Ω´ “ λ`P ` λ´P and a

multiplier λ “ λ|Ω` ` λ|Ω´ “ λ` ` λ´ P W 1,ppΩq, p P r1, n
n´1 q (see [24, Thm. 6.5]) such that

the associated Lagrangian is given by

Lpy, z, u, λP , λ, µq “ J py, uq|Ω` `
`

∇λP ,∇y
˘

L2pΩ`q
`
`

λP , ˆ̀py, zq ´ u
˘

L2pΩ`q

` pλ, ψpyq ´ zqL2pΩ`q ´

ż

Ω`
z dµ

` J py, uq|Ω´ `
`

∇λP ,∇y
˘

L2pΩ´q
`
`

λP , ˆ̀py,´zq ´ u
˘

L2pΩ´q

` pλ, ψpyq ´ zqL2pΩ´q `

ż

Ω´
z dµ

“ J py, uq `
`

∇λP ,∇y
˘

L2 `
`

λP , ˆ̀py, σzq ´ u
˘

L2

` pλ, ψpyq ´ zqL2 ´

ż

Ω

σz dµ .

The associated Lagrangian Lpy, z, u, λP , λ, µq then satisfies at the optimal solution, with σ
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Ω`

Ω

Ω0

Ω

Ω0

Ω´

Figure 3: Non-overlapping decompositions of Ω into Ω`,Ω´ and Ω0.

fixed to σ˚, the following first-order necessary conditions

0 “ DyLpδyq “ BJ
By δy `

`

∇λP ,∇δy
˘

L2 `
`

λP
B ˆ̀

By , δy
˘

L2 `
`

λ Bψ
By , δy

˘

L2 @δy P H
1
0 pΩq,

0 “ DuLpδuq “ BJ
Bu δu ´

`

λP , δu
˘

L2 @δu P L
2pΩq,

0 “ DλP
LpδλP

q “
`

∇δλP
,∇y

˘

L2 `
`

ˆ̀´ u, δλP

˘

L2 @δλP
P H1

0 pΩq,

0 “ DλLpδλq “
`

ψ ´ z, δλ
˘

L2 @δλ P H∆,

0 “ DzLpδzq “
`

λPσ
˚ B ˆ̀

Bz , δz
˘

L2 ´
`

λ, δz
˘

L2 ´

ż

Ω

σ˚δz dµ @δz P H∆,

0 “

ż

Ω

pσ˚zq dµ, µ ě 0,

with the space H∆ as defined in Eq. (13). Note that the arguments of the functions and

operators Lpy, z, u, λP , λ, µq, ˆ̀py, σ˚zq and ψpy, σ˚zq are omitted for brevity. The multiplier µ
is non-negative in the sense that

ż

Ω

ξpxq dµpxq ě 0 for all ξ P CpΩq with ξp.q ě 0 .

In constellations where σ˚ vanishes on a region of measure greater than zero (as illustrated
in Fig. 3), i.e., σ˚ ” 0 on Ω0, the above considerations still apply in an adapted manner with
homogeneous boundary conditions and adjusted regions.
Consequently, adapting the theory of [6, 7] and [24, Sec. 6.2.1] to the general case s P N, one
derives for the Lagrangian

Lpy, z, u, λP , λ, µq “ J py, uq `
`

∇λP ,∇y
˘

L2 `
`

λP , ˆ̀py, σzq ´ u
˘

L2

`

s
ÿ

i“1

`

λi, ψipy, pσjzjqjăiq ´ zi
˘

L2 ´

s
ÿ

i“1

ż

Ω

σizi dµ
(33)

at the optimal point with σi fixed to σ˚i the following first-order necessary conditions. By
DyL “ 0 one obtains the adjoint equation and by DuL “ 0 combined with complementary
conditions the optimality system. If the control u is assumed to be a solution of problem (5)
and y the associated state, i.e., solves the semi-linear PDE with right hand side u, then there
exist real regular Borel measures µi on Ω for 1 ď i ď s, i.e., µi P MpΩq. Furthermore, there
exist an adjoint state λP and Lagrange multipliers λi for 1 ď i ď s which are elements of
the Sobolev space W 1,ppΩq for all p P r1, n

n´1 q, such that the following optimality system is
satisfied:

0 “ DyLpδyq “ BJ
By δy `

`

∇λP ,∇δy
˘

L2

`
`

λP
B ˆ̀

By , δy
˘

L2 `

s
ÿ

i“1

`

λi
Bψi

By , δy
˘

L2 @δy P H
1
0 pΩq (34)

0 “ DuLpδuq “ BJ
Bu δu ´

`

λP , δu
˘

L2 @δu P L
2pΩq (35)

0 “ DλP
LpδλP

q “
`

∇δλP
,∇y

˘

L2 `
`

ˆ̀´ u, δλP

˘

L2 @δλP
P H1

0 pΩq (36)
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0 “ DλiLpδλiq “
`

ψi ´ zi, δλi

˘

L2 @δλi P H∆, i P Ns (37)

0 “ DzkLpδzkq “
`

λPσ
˚
k
B ˆ̀

Bzk
, δzk

˘

L2 ´
`

λk, δzk
˘

L2

`

s
ÿ

i“k`1

`

λiσ
˚
k
Bψi

Bzk
, δzk

˘

L2´

ż

Ω

σ˚k δzkdµk @δzk P H∆, k P Ns, (38)

0 “

ż

Ω

pσ˚i pxqzipxqq dµipxq, µi ě 0 i P Ns , (39)

with Ns :“ t1, . . . , su.

Note that the arguments of Lpy, z, u, λP , λ, µq, ˆ̀py, σ˚zq, ψpy, σ˚zq are omitted for brevity. In
these equations one obtains additional factors σ˚k due to the chain rule. In Eqs. (34)–(38)
σ˚ is fixed eliminating the non-smooth dependency of σi on zi. Therefore, no discussion of
generalized stationarity concepts is required.
Furthermore, in the case of optimally reachable desired states, the signature function σ̄d co-
incides almost everywhere with σ˚ (except for regions where σ˚ vanishes) and thus the above
considerations also apply to σ̄d.

Definition 2.21 (Stationary Point). Let py˚, u˚q P pH1
0 pΩq Y CpΩ̄qq ˆ L2pΩq be such that

Eqs. (34)–(38) hold. Then py˚, u˚q is called stationary point for the optimal control prob-
lem (5).

Rearranging the terms in the integrals, condition (38) yields for k P Ns that

ż

Ω

σ˚k δzkdµk “

˜

λPσ
˚
k
B ˆ̀py,σ˚zq
Bzk

´ λk `
s
ÿ

i“k`1

λiσ
˚
k

Bψipy,pσ
˚
j zjqjăiq

Bzk
, δzk

¸

L2

@δzk P H∆ .

By applying σ˚k as well as signpδzkq we define the function

rpσkq :“ |σk|λP
B ˆ̀py,σzq
Bzk

´ σkλk`
s
ÿ

i“k`1

|σk|λi
Bψipy,pσjzjqjăiq

Bzk
, (40)

to represent the modified right hand side. For this equation the signature function σ does not
depend on z and y and is treated as a separate variable. Exploiting the non-negativity of µk
according to Eq. (39), one obtains with the previously defined function evaluated at σ˚k that

0 ď

ż

Ω

|σ˚k ||δzk |dµk “ prpσ
˚
k q, |δzk |qL2

for all δzk P H∆ and k P Ns. Hence,

0 ď rpσ˚k q a.e. in Ω, k P Ns . (41)

The inequality (41) will later be used to verify that the determined solution is a stationary
point. Note that if yd is not optimally reachable in the sense of Def. 2.18, the constant abs-
linearized (CAL) problem given by σ̄d is not optimal, i.e., σ̄d ‰ σ˚. This can be verified by
means of the function r defined in Eq. (40). If r is negative at σ̄dk for all k P Ns the optimality
condition is not satisfied. Therefore, it can be easily detected whether a computed solution for
the CAL problem is stationary for the original nonsmooth problem (5).

3 Defining and Solving Constant Abs-Linearized Prob-
lems

Now, everything is prepared to introduce the new optimization algorithm. For fixed functions
σ̄di P L

2pΩq, σ̄di : Ω Ñ t´1, 1u for 1 ď i ď s, we define for py, z, uq P H1
0 pΩq ˆ rH

1pΩqss ˆ L2pΩq
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the CAL problem

min
y,z,u

J py, uq (42)

s.t. p∇v,∇yqL2 ` p ¯̀̄σdpy, zq ´ u, vqL2 “ 0 @v P H1
0 pΩq (43)

pψipy, pσ̄
d
j zjqjăiq ´ zi, viqL2 “ 0 @vi P H

1
0 pΩq @ i P Ns (44)

σ̄di zi ě 0 a.e. in Ω @ i P Ns . (45)

All functions occurring in this constant abs-linearized problem are smooth in the variables y, u
and z because the function ˆ̀p., .q is smooth in its arguments as mentioned already in the last
section. Therefore, standard smooth optimization methods can be used to solve the problem
(42)–(45).

The Lagrangian with Bi-quadratic Penalty

As mentioned already above, so far the solution of the non-smooth optimization problem using
a reduced formulation is not possible. The reason for this is the lack of the classical chain rule
as well as the non-smoothness of the control-to-state operator associated with the non-smooth
state equation. Due to the applied reformulation by means of the structured evaluation the
considered optimal control problem exhibits pointwise state constraints which might lead to
e.g. numerical difficulties due to the low regularity of the respective Lagrange multipliers, see
e.g. [7]. Hence several regularization methods (in the smooth PDE case) like the Moreau–
Yosida approximation [17], the Lavrentiev type regularization [21] or even barrier methods
like the interior point method [22] were proposed to overcome this difficulty and to allow
the application of e.g. semi-smooth Newton, SQP or active set methods. We propose for
the special problem class considered here a penalty-based approach to solve the optimization
problem (42)–(45), where the constraints (43) and (44) are handled explicitly. Methods based
on a reduced formulation will be subject of future research.
From a formal point of view, we treat the inequality constraints (45) with a penalty approach
such that the target function (42) is modified to obtain the augmented objective functional

min
y,z,u

J py, uq ` ν
ż

Ω

s
ÿ

i“1

´

maxp´σ̄di zi, 0q
¯4

dΩ (46)

with a penalty factor ν ą 0. In this context, as well as in the further course, ν describes a
non-negative constant penalty parameter for the inequality conditions on σizi. Here, we chose
the exponent 4 to ensure that the target function is twice continuously differentiable despite
the max function that is used for the formulation of the penalty function.
The modified target function (46) is then coupled with the equality constraints by means of
Lagrange multipliers yielding the Lagrangian

Lppy, z, u, λP , λ1, . . . , λsq “ J py, uq `
`

∇λP ,∇y
˘

L2 `
`

λP , ˆ̀py, σ̄zq ´ u
˘

L2

`

s
ÿ

i“1

`

λi, ψipy, pσ̄jzjqjăiq ´ zi
˘

L2 ` ν

ż

Ω

s
ÿ

i“1

´

maxp´σ̄izi, 0q
¯4

dΩ .
(47)

A similar penalty approach was studied in [26], where the logarithm was used as barrier func-
tion. Here, we employ the max-function since we have to evaluate the penalty function also at
z “ 0.
Alternatively to CALi method together with the bi-quadratic penalty one could also apply
a more common approach, the direct regularization and modification of the non-smooth Ne-
mytzkii operator in the state equation in order to obtain a Gâteaux differentiable operator,
which enables the standard way of deriving first-order optimality conditions by using adjoint
calculus. However, this procedure does not only require several additional assumptions on the
considered non-smooth optimization problem but also an asymptotic limit analysis for vanish-
ing regularization parameters to eventually provide an optimality system of weak stationarity
type. Hence, directly modifying the Nemytzkii operator does not result in a more efficient

17



approach compared to the method presented here. This fact is illustrated by the numerical
results presented in Sec. 5 providing a comparison between a method based on such a regular-
ization by direct modification and the CALi method.
Note, that in the case of such a direct regularization, the solution of a sequence of related
regularized auxiliary problems with assigned regularization parameters is required in order to
asymptotically approximate the solution of the original non-smooth problem. However, in the
considered setting the CALi approach does not require asymptotic approximations or adaption
of the parameter ν but instead only the solution of a single smooth problem as illustrated also
by our numerical results given in Sec. 5. Hence, it constitutes a different approach compared
to common regularization-based methods for non-smooth optimization.

Example 3.1. We consider `pyq “ maxp|y| ´ y, 0q. For the CAL optimization problem given
by

min
py,z,uqPH1

0ˆH
1ˆL2

1
2}y ´ yd}

2
L2 `

α
2 }u}

2
L2

s.t. p∇v,∇yqL2 `
`

1
2

`

σ̄1z1 ´ y ` σ̄2z2

˘

´ u, v
˘

L2 “ 0 @v P H1
0 pΩq

py ´ z1, vqL2 “ 0 @v P H1
0 pΩq

pσ̄1z1 ´ y ´ z2, vqL2 “ 0 @v P H1
0 pΩq

σ̄1z1 ě 0 a.e in Ω

σ̄2z2 ě 0 a.e in Ω ,

one obtains the Lagrangian

Lppy, z, u,λP , λ1, λ2q

“J py, uq `
`

∇λP ,∇y
˘

L2 `
`

λP ,
1
2

`

σ̄1z1 ´ y ` σ̄2z2

˘

´ u
˘

L2

`
`

λ1, y ´ z1

˘

L2 `
`

λ2, σ̄1z1 ´ y ´ z2

˘

L2

` ν

ż

Ω

2
ÿ

i“1

´

maxp´σ̄izi, 0q
¯4

dΩ .

Deriving Necessary Optimality Conditions for the Penalty Problem

A simple comparison of the equivalently reformulated problem and the penalty problem sug-
gests that a solution to the penalty problem is feasible for the original problem, if it satisfies
the condition

σizi “ abspziq a.e. in Ω . (48)

However, this provides no statement about the optimality of the solution. In addition, if the
condition Eq. (48) is not met, only a statement about the selected penalty parameter can be
made
For a CAL problem, the first-order necessary optimality conditions can now be derived from
the Lagrangian (47) using standard KKT theory for smooth PDE-constrained optimization
problems given that some regularity conditions (e.g. Slater CQ) are satisfied at the local
minimum. This yields the following necessary first order conditions
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0 “ DyLppδyq “ BJ
By δy `

`

∇λP ,∇δy
˘

L2 `
`

λP
B ˆ̀

By , δy
˘

L2

`

s
ÿ

i“1

`

λi
Bψipy,pσ̄

d
j zjqjăiq

By , δy
˘

L2 @δy P H
1
0 pΩq (49)

0 “ DuLppδuq “ BJ
Bu δu ´

`

λP , δu
˘

L2 @δu P L
2pΩq (50)

0 “DλP
LppδλP

q“
`

∇y,∇δλP

˘

L2 `
`

ˆ̀´ u, δλP

˘

L2 @δλP
P H1

0 pΩq (51)

0 “ Dλi
Lppδλi

q “
`

ψipy, pσ̄
d
j zjqjăiq ´ zi, δλi

˘

L2 @δλi
P H1

0 pΩq, 1ď iďs (52)

0 “ DzkLppδzkq “
`

λP σ̄
d
k
B ˆ̀py,σ̄dzq
Bzk

, δzk
˘

L2 ´
`

λk, δzk
˘

L2

`

s
ÿ

i“k`1

`

λiσ̄
d
k
Bψipy,pσ̄

d
j zjqjăiq

Bzk
, δzk

˘

L2 (53)

` ν

ż

Ω

´4σ̄dk maxp´σ̄dkzk, 0q
3 dx @δzk P H

1
0 pΩq, 1ďkďs

Definition 3.2 (KKT Point). Let ȳ P H1
0 pΩq, z̄ “ pz̄1, . . . , z̄sq P rH

1pΩqss, ū P L2pΩq. The
pair pȳ, z̄, ū, λ̄PDE , λ̄q is called a KKT point of the optimization problem (42)–(45) if there
exist multipliers λ̄P P H

´1pΩq and λ̄ “ pλ̄1, . . . , λ̄sq P rpL
2q˚ss such that Eq. (49)–(53) hold for

pȳ, z̄, ū, λ̄P , λ̄q. In this case pȳ, z̄, ūq is a stationary point of (42)–(45).

As one can easily see, the optimality conditions (34)–(37) coincide with the optimality con-
ditions (49)–(52). The following relation between the KKT point of the penalty problem
Eqs. (42)–(45) and the original optimization problem Eq. (5) can be derived.

Lemma 3.3. Let ȳ P H1
0 pΩq, z̄ “ pz̄1, . . . , z̄sq P rH

1pΩqss, ū P L2pΩq, λ̄PDE P H
´1 and λ̄ “

pλ̄1, . . . , λ̄sq P rpL
2q˚ss. Assume that the conditions Eq. (49)–(53) hold for pȳ, z̄, ū, λ̄PDE , λ̄q

together with Eq. (41) for all 1 ď k ď s. Then the pair pȳ, z̄, ū, λ̄PDE , λ̄q is a KKT point of
the optimization problem Eq. (33). Furthermore, pȳ, ūq is a stationary point of the original
problem Eq. (5).

Proof. We again point out that the optimality conditions (34)–(37) for the CAL problem with
σ˚ coincide with the optimality conditions (49)–(52) for the reformulated problem Eq. (16).
Hence, if one computes a solution of the penalty problem with the target function (46) and the
constraints (43)–(44), the necessary first order conditions (34)–(37) of the original optimization
problem are already satisfied. Consequently, the only condition to verify is Eq. (41). Since
the expressions on the right-hand side are completely independent of the Lagrange multiplier
µ of the original optimization problem, one can compute this quantity also for the solution of
the CAL problem. If it is non-negative, the computed solution pȳ, z̄, ūq of the CAL problem
fulfills the necessary first order conditions of the original optimization problem for the chosen
functions σ̄i P L

2pΩq. Hence, pȳ, z̄, ūq is a stationary point of Eq. (16) and by Lem. 2.17 it is
also a stationary point of Eq. (5).
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Original Problem `pyq

Equivalent Reformulation ˆ̀py, σzq, σz ě 0

CAL Problem ˆ̀py, σ̄dzq, σ̄dz ě 0

Penalty Problem ˆ̀py, σ̄dzq, νmaxp´σ̄di zi, 0q
4

(3
4
)–

(3
7)

Figure 4: The different optimization problems and how they relate to each other
.

Fig. 4 illustrates the nature of the relationships between the different problem formulations
that are derived and discussed in this paper. The acronym CAL abbreviates the term ‘constant
abs-linearized’.
Before we discuss the algorithm for solving these problems we would like to point out that also
more general nonlinear and non-autonomous Nemytzkii operators can be considered as far as
the generating function fulfills the growth condition

|`px, yq| ď c|y|p´1 ` hpxq for a.e. x P Ω

for all y P H1
0 pΩq, with c ě 0 and some h P LqpΩq, where the exponents p, q are chosen such

that H1
0 pΩq is compactly embedded into LppΩq and `p¨, yq P LqpΩq, i.e., 1 ă p ă 2n

n´2 (and

p ă 8), 1
p`

1
q “ 1. For the derivation of optimality conditions a norm gap has to be considered

for Nemytzkii operators that are not affine-linear, hence more caution should be devoted to
the considered domain and image spaces.

4 The Resulting Optimization Algorithm

Motivated by the observations of the last section, we propose the method stated in Algo. 1
to solve optimal control problems with non-smooth PDEs of the class considered here as con-
straints.

Algorithm 1 CALi

Input: Initial values: σ̄ ” σ̄d “ pσ̄1, . . . , σ̄sq, y, z “ pz1, . . . , zsq, u
Parameter: α ą 0, ν ą 0

Solve smooth penalty problem (46) with constraints (43)–(44) to obtain y, z, u, λP , λ

if Eq. (41) holds for k “ 1, . . . , s then
y, z, u stationary for original optimal control problem

end if

Since the proposed algorithm is essentially motivated by the special handling of the absolute
value function, i.e., the constant abs-linearization, we call the resulting optimization algorithm
CALi for Constant Abs-Linearization. Following standard practice for PDE-constrained op-
timization, we develop the algorithm in a function space setting. This has the advantage that
the associated algorithms are often able to provide mesh-independent convergence for a variety
of conform discretizations, see for example [1, 2, 16, 25]. As can be seen from the numerical re-
sults in Sec. 5, mesh independence is also an important feature of the algorithm presented here.
Obviously, one can use the preferred method to solve the smooth modified CAL optimization
problems.
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For the numerical results shown in the next section, we used a Finite-Element-Approach based
on FEniCS [20] to discretize the PDEs and to describe the other constraints in combination
with a Newton method for the solution of the smooth CAL problems.
For the initial state, control and parameters σ̄i, the non-linear variational Lagrange problem
is solved by Newton’s method using the derivatives calculated within FEniCS.

Finite Dimensional Formulation

In the last paragraph, the algorithm was presented and explained in the continuous function
space setting. Now, the natural question is how to put this into practice and, especially, how to
solve the given penalty problems. For the numerical treatment of the optimal control problem
(46) with the constraints given by Eqs. (43) and (44), the Lagrange equation (47) will be
discretized. For this purpose we apply a standard finite element method with piecewise linear
and continuous ansatz functions for the discretization of the functions y and ziσi, i “ 1, . . . , s,
and piecewise constant ansatz functions for the control u. The resulting problem is solved by
the Galerkin method within the open source finite element environment FEniCS.
Below we will discuss the spatial discretization of the constrained optimization problem (5),
which will result in a large-scale non-linear optimization problem. We focus on finite element
approaches with a quasi uniform triangulation Th “ tT1, . . . , Tmu, the vector space of test
functions V h :“ tvh P C0pΩ̄q : vh|Tj

P P1pT q @T P Th, vh|BΩ “ 0u “ spantξ1, . . . , ξnu and the
discrete control space Uh :“ spanteT : T P Thu where eT : Ω Ñ R denotes the characteristic
function for the simplex T P Th. The superscript h denotes the mesh size of the triangulation
and is given by

h :“ max
TPTh

diampT q .

In the following we denote by p¨, ¨qΩ the discrete finite dimensional scalar product over the
domain Ω. Then the discretization of Eq. (5) can be stated as

min
pyh,uhqPV hˆUh

Jpyh, uhq (54)

s.t. p∇yh,∇vhqΩ ` p`pyhq, vhqΩ ´ pu
h, vhqΩ “ 0 @vh P V h . (55)

For a given function yh P V h we denote by y “ py1, . . . , ynq
T P Rn its vector of coefficients

with respect to the basis tξ1, . . . , ξnu, i.e.,

yhpxq “
n
ÿ

i“1

yiξipxq .

Similarly, every discretized control function in the space Uh with u “ pu1, . . . , umq
T P Rm can

be written as

uhpxq “
m
ÿ

i“1

uieTi
pxq ,

where m is the total number of elements T in the triangulation Th. Taking into account that
the operator ` is non-linear, the above representations yield the following discretizations:

`pyhq “ `

˜

n
ÿ

i“1

yiξi

¸

and

p`pyhq, vhqL2 “

ż

Ω

`pyhqvhdx «
ÿ

TPTh

ż

T

`pyhqvhdx . (56)

The integrals over the elements T P T are approximated by some quadrature formula

ÿ

TPTh

ż

T

`pyhqvhdx «
ÿ

TPTh

nk
ÿ

k“1

ωk `

˜

n
ÿ

i“1

yiξipxkq

¸

n
ÿ

j“1

ξjpxkq , (57)
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with nk quadrature points per element T and corresponding weights ωk.
Hence, the naturally arising discretization for the non-smooth operator from Ass. 2.8 in the
finite element context is per quadrature point. This increases the number of absolute value
evaluations, but not the way they are nested.
As can be seen in Eq. (57), we would like to point out that the number of non-smooth functions
` in the discretized problem is per quadrature point. Compared with our substitution strategy
Ass. 2.8, this is not in perfect alignment with a representation by a finite element function
like the state y. Consequentially, the choice of this discretization and the execution of the
equivalent reformulation according to Ass. 2.8 leads to an increase of the polynomial degree due
to the multiplication σ̄izi in the discretized representation of the operator ˆ̀ in contrast to the
operator `. However, this specific discretization allows for a straight forward implementation
with FEniCS.
Inserting Eq. (56) into Eq. (55) and replacing v by ξ leads to:

ż

Ω

n
ÿ

k“1

∇ξjpxq ¨∇ξkpxqyk ` `
`

n
ÿ

i“1

yiξipxq
˘

ξjpxqdx “

ż

Ω

˜

m
ÿ

s“1

useTs
pxq

¸

ξjpxqdx , (58)

for 1 ď j ď n. By defining

Ajk :“

ż

Ω

∇ξjpxq ¨∇ξkpxqdx “ p∇ξj ,∇ξkqΩ,

bkpy
hq :“

ż

Ω

`
`

n
ÿ

i“1

yiξipxq
˘

ξkpxqdx

and

gj :“

ż

Ω

uhpxqξjpxqdx “

ż

Ω

˜

m
ÿ

s“1

useTs
pxq

¸

ξjpxqdx

Eq. (58) can be rewritten as

n
ÿ

k“1

Ajkyk ` bkpy
hq “ gj for 1 ď j ď n .

Here Ajk represent the entries of the stiffness matrix A. The discretization of the PDE results
in a non-linear system of algebraic equations, which we abbreviate as

Ay ` bpyq “ uTE , (59)

with the control matrix Eij :“ peTi , ξjq and y “ py1, . . . , ynq
T denoting the finite-element

approximation belonging to the right-hand side given by the discrete control u. To this end,
the function yh|Tk

on the linear element Tk, is realized in terms of its point values at preselected
sets of nodes scattered along the boundary of Tk. Note that in the above algebraic system
the vector u and the matrices A,E are constant since they are independent of the unknown
y1, . . . , yn. However, as previously mentioned, this non-linear algebraic equation is assumed to
be based on a reasonable approximation of the integral via quadrature.
Hence, the resulting discretized objective functional reads as

min
py,uqPRnˆRm

Jpy,uq “
1

2
py ´ ydq

TMpy ´ ydq `
α

2
uTDu .

Herein M P Rnˆn denotes the mass matrix Mij “ pξi, ξjqΩ and D the control mass matrix
with the entries Dij “ peTi

, eTj
qΩ, where D is a diagonal matrix because the interior of the

triangles are disjunct to each other.
Similar to the previously derived discretization, the discrete counterpart to the CAL problem
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Eq. (42)–(45) is given by:

min
pyh,zh,uhqPV hˆrV hssˆUh

Jpyh, uhq ` ν

ż

Ω

s
ÿ

i“1

max
`

´σ̄hi z
h
i , 0

˘4
dx

s.t. p∇yh,∇vhqΩ `
´

ˆ̀pyh, σ̄hzhq, vh
¯

Ω
“ puh, vhqΩ, @vh P V h

pzhi ´ ψipy
h, pσ̄hj z

h
j qjăiq, v

hqΩ “ 0 @ 1 ď i ď s, @vh P V h .

(60)

Note that zh “ pzh1 , . . . , z
h
s q P rV

hss. Hence, the inequality constraint from Eq. (45) is enforced
per quadrature point via our penalty approach.

The assumptions for the non-smooth operator ` are carried over from the continuous setting
into the discrete and hence once again we assume that the optimization problem Eq. (60) fulfills
some kind of constraint qualification to ensure that the Lagrange function and the Lagrange
multipliers are well-defined, i.e., the existence of the Lagrange multipliers is ensured. The
corresponding discrete Lagrange functional related to the penalty branch problem of system
Eq. (60) is now given by

Lppyh, zh, uh, λhP , λhq “ J pyh, uhq `
`

∇λhP ,∇yh
˘

Ω
` ν

ż

Ω

s
ÿ

i“1

´

maxp´σ̄hi z
h
i , 0q

¯4

dx

`
`

λhP ,
ˆ̀pyh, σ̄zhq ´ uh

˘

Ω
`

s
ÿ

i“1

`

λhi , ψipy
h, pσ̄hj z

h
j qjăiq ´ z

h
i

˘

Ω
.

(61)

The KKT system corresponding to Eq. (61) is then solved with a non-linear variational Newton
solver.

5 Numerical Results

For the numerical tests we considered two-dimensional examples defined below in Case 1 to
Case 4. In each example Ω was chosen to be the unit square, and we take as an initial guess
y ” 0, u ” 0, z1 ” 0, z2 ” 0. Furthermore, σ̄d1 and σ̄d2 are chosen such that they fit the ones
defined by the desired state yd.
We terminate the Newton iterations if the norm of the corresponding residuals becomes less
than 10´12.
All calculations were performed with FEniCS, version 2019.1.0, using the Python interface.

Case 1

min
py,uq

1

2
}y ´ yd}

2
L2 `

α

2
}u}2L2

s.t. ´∆y `maxp0, yq ´ u “ f in Ω “ p0, 1q2

y “ 0 on BΩ

with desired state

(a)

ydpx1, x2q “ sinpπx1q sinp2πx2q ,

(b)

ydpx1, x2q “

#

ppx1 ´
1
2 q

4 ` 1
2 px1 ´

1
2 q

3q sinpπx2q, if x1 ď
1
2

0, otherwise ,

where f P L2pΩq is chosen on the right hand side such that ´∆yd `maxp0, ydq “ f is
fulfilled.
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Case 2

min
py,uq

1

2
}y ´ yd}

2
L2 `

α

2
}u}2L2

s.t. ´∆y `maxp0, yq ` βminp0, yq “ u` f in Ω “ p0, 1q2

y “ 0 on BΩ ,

with the desired state chosen as

ydpx1, x2q “ 102px1 ´
1
2 q

3 sinp2πx1q sinpπx2q cospπx2q and β P p0, 1q .

Once again f P L2pΩq is set to the right hand side for the homogeneous state con-
strained with y “ yd and u “ 0.

Case 3

min
py,uq

1

2
}y ´ yd}

2
L2 `

α

2
}u}2L2

s.t. ´∆y ` y ` |y| ´ u “ f in Ω

y “ 0 on BΩ ,

with ydpx1, x2q “ expp´10px1 ´
1
4 q

3 ` px2 ´
1
2 q

2q sinp2πx1q sinp2πx2q ,

and f P L2pΩq set to the right hand side for the homogeneous state constrained.

Case 4

min
py,uq

1

2
}y ´ yd}

2
L2 `

α

2
}u}2L2

s.t. ´∆y ´maxp|y ´ β1| ´ β2y, 0q ´ u “ f in Ω

y “ 0 on BΩ ,

with β1, β2 ě 1, ydpx1, x2q “ sinpπx1q sinp2πx2q and f P L2pΩq set to the right hand
side for the homogeneous PDE.

The numerical results for these cases, considering different values of the mesh size denoted by h,
the penalty parameter α for the control in the objective functional, and the penalty parameter
ν in the bi-quadratic penalty term, are presented in Tab. 2–5. A commonly used method for
solving such non-smooth problems are semi-smooth Newton-like methods. Therefore, we also
provide a comparison with results obtained with a semi-smooth Newton approach. It can be
observed that in almost all cases only a few Newton iterations are needed to solve the problem
and to compute the stationary point.
Case 1 (a) and (b) represent examples already studied in [9]. The parameters were adopted
accordingly and the mesh size was reconstructed to match the one used in [9] in the best
possible way. Tab. 2 shows a comparison between the non-regularized approach presented
here and the proposed semi-smooth Newton’s method in [9]. It can be observed that in the
more involved example, according to [9], the approach presented here requires only one single
Newton step to compute the optimal solution. The semi-smooth Newton method on the other
hand requires an average of three to five Newton steps for the considered problem.
Furthermore, the quality of the resulting approximation is examined by the relative error
‖yh ´ y‖L2 { ‖y‖L2 . The fact that CALi converges in very few Newton steps is mainly due to
the fact that the reformulation described in Ass. 2.8 allows to exploit as much information as
possible given by the optimization problem and in particular by the given desired state yd. The
initial choice of σ “ pσ1, . . . , σsq motivated by the optimally reachable desired state already
provides the perfect guess for the σi.
It is important to highlight that having knowledge about the optimal CAL problem formulation
given by σ˚ for the examples considered here, since yd is optimally reachable and using this to
define the initial values accordingly, the operator rpσ̄dq given by Eq. (40) is always non-negative.
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CALi [9]

h α ν
‖yd´yh‖L2

‖yd‖L2
# Newton # Newton

3.009e-02 1e-4 100 1.787e-04 1 3
1.537e-02 1e-4 100 4.655e-05 1 3
7.728e-03 1e-4 100 1.176e-05 1 3
3.885e-03 1e-4 100 2.973e-06 1 3
2.828e-03 1e-4 100 1.576e-06 1 -

7.728e-03 1e-4 1e-3 1.176e-05 1 3
7.728e-03 1e-4 1e-2 1.176e-05 1 3
7.728e-03 1e-4 1e-1 1.176e-05 1 3
7.728e-03 1e-4 1.0 1.176e-05 1 3
7.728e-03 1e-4 50 1.176e-05 1 3
7.728e-03 1e-4 500 1.176e-05 1 3

7.728e-03 1e-2 100 1.202e-04 1 3
7.728e-03 1e-3 100 3.197e-05 1 3
7.728e-03 1e-6 100 5.697e-07 1 3
7.728e-03 1e-8 100 1.255e-07 1 3

Table 1: Numerical results in Case 1.

yd

σ̄d “ signpydq

Figure 5: Desired state yd which coincides with the optimal solution y and the corre-
sponding sign on Ω “ p0, 1q2 for Eq. (1).

Furthermore, Tab. 1 and 2 also reveal that the penalty parameter ν has no apparent effect on the
solution or even the number of Newton steps needed. This is due to the fact, that the desired
state is optimally reachable and hence the corresponding choice of σ̄d yields σ̄dz “ abspzq.
Consequently, the penalty term is zero. This observation was also made in all other test
cases. Hence, neither an asymptotic approximation nor a sophisticated selection of the penalty
parameter ν is necessary. Thus, in all remaining examples considered here, we always choose
ν ” 100 without further adjustment.
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CALi [9]

h α ν
‖yd´yh‖L2

‖yd‖L2
# Newton # Newton

3.009e-02 1e-4 50 5.764e-04 1 4
1.537e-02 1e-4 50 1.514e-04 1 5
7.728e-03 1e-4 50 3.790e-05 1 3
3.885e-03 1e-4 50 9.663e-06 1 3

3.009e-02 1e-4 100 5.764e-04 1 4
1.537e-02 1e-4 100 1.514e-04 1 5
7.728e-03 1e-4 100 3.790e-05 1 3
3.885e-03 1e-4 100 9.663e-06 1 3

7.728e-03 1e-4 1e-3 3.790e-05 1 3
7.728e-03 1e-4 1e-2 3.790e-05 1 3
7.728e-03 1e-4 1e-1 3.790e-05 1 3
7.728e-03 1e-4 1.0 3.790e-05 1 3
7.728e-03 1e-4 500 3.790e-05 1 3

7.728e-03 1e-2 100 8.106e-05 1 2
7.728e-03 1e-3 100 6.609e-05 1 2
7.728e-03 1e-5 100 1.237e-05 1 5
7.728e-03 1e-6 100 3.056e-06 1 no conv.

Table 2: Numerical results in Case 1.

It should be emphasized that in each test case, it is verified that the condition σz “ abspzq in
the integral sense holds for the resulting z. This has been computed for the cases 2–4, where
the maximal value of ‖σizi´|zi|‖L2 for i “ 1, 2 is always fairly close to zero, i.e., usually less
than 1e´ 7.

h α Objective
‖y´yh‖L2

‖y‖L2
‖σz´|z|‖L2 #Newt.

3.009e-02 1e-04 6.466e-06 7.843e-03 7.8e-07 2
1.537e-02 1e-04 4.441e-07 2.051e-03 2.4e-06 2
7.727e-03 1e-04 2.868e-08 5.191e-04 1.2e-08 2
3.885e-03 1e-04 1.971e-09 1.325e-04 3.9e-08 2
2.828e-03 1e-04 6.431e-10 7.231e-05 1.5e-08 2

7.727e-03 1e-2 3.985e-08 6.658e-04 1.2e-08 2
7.727e-03 1e-3 3.758e-08 6.251e-04 1.2e-08 2
7.727e-03 1e-5 1.510e-08 3.314e-04 1.2e-08 2
7.727e-03 1e-6 6.464e-09 2.193e-04 1.2e-08 2
7.727e-03 1e-7 3.118e-09 1.591e-04 1.2e-08 2

Table 3: Numerical results for case 2 with β “ 0.01.
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yd

σ̄d1

y

u

Figure 6: Desired state yd (top left) which coincides with the optimal solution y˚ (top
right), the corresponding sign σ̄d1 “ signpydq on Ω “ p0, 1q2 and the optimal control
(bottom right) for Case 2.

h α
‖y´yh‖L2

‖y‖L2
‖σz´|z|‖L2 #Newt.

3.009e-02 1e-04 4.426e-03 9e-07 1
1.537e-02 1e-04 1.056e-03 3e-06 1
7.728e-03 1e-04 2.920e-04 1e-08 1
3.885e-03 1e-04 7.382e-05 4e-08 1
2.828e-03 1e-04 3.912e-05 2e-08 1

7.728e-03 1e-02 4.340e-04 1e-08 1
7.728e-03 1e-03 4.064e-04 1e-08 1
7.728e-03 1e-05 1.138e-04 1e-08 1
7.728e-03 1e-06 4.336e-05 1e-08 1
7.728e-03 1e-07 2.989e-05 1e-08 1

Table 4: Numerical results for case 3.
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h α
‖y´yh‖L2

‖y‖L2
max
i“1,2

t‖σizi´|zi|‖L2u #Newt.

3.009e-02 1e-04 1.985e-04 6e-05 2
1.537e-02 1e-04 4.528e-05 3e-05 2
7.728e-03 1e-04 1.132e-05 3e-06 2
3.885e-03 1e-04 2.858e-06 3e-07 2
2.828e-03 1e-04 1.017e-06 1e-07 2

7.728e-03 1e-02 4.125e-05 3e-06 2
7.728e-03 1e-03 3.030e-05 3e-06 2
7.728e-03 1e-05 2.641e-06 3e-06 2
7.728e-03 1e-06 6.348e-07 3e-06 2
7.728e-03 1e-07 4.287e-07 3e-06 2

Table 5: Numerical results for case 4 with nested nonsmoothness and β1 “ 1.0, β2 “
2.0.

As additional observation, the numerical results suggest a further special property of the CAli
algorithm, namely mesh independence. Regardless of the mesh size of the discretization, the be-
havior for the relative error ‖yd ´ y‖L2 { ‖yd‖L2 with respect to different parameters α remains
the same. The mesh independence can also be observed in Tab. 2 for Case 1 since independent
of the mesh size only one Newton step is required. According to [1], for the Newton method in
the case of smooth optimization, the fact that the algorithm always requires the same number
of iterations, regardless of the mesh size, is known as strong mesh independence. Moreover, it
is clearly evident that in each parameter setting the desired condition σ̄izi “ abspziq for i P Ns
is met in the integral sense.

6 Conclusion and Outlook

We presented a new approach based on constant abs-linearization for the solution of optimiza-
tion problems constrained by non-smooth PDEs. For the considered class of genuinely non-
smooth problems, this approach enables the optimization without any substitute assumptions
for the non-smoothness. The key idea is to consider closely related but smooth optimization
problems and exploit the domain decomposition given by constant abs-linearization. Selective
choice of the CAL problem, given by the sign of the optimally reachable desired state, generates
a suitable reformulation of the original problem which yields the same optimal solution, but
can be solved using conventional methods for smooth optimization problems. Optimality con-
ditions for the considered formulations were derived and discussed. By treating the inequality
condition with a bi-quadratic penalty approach the sign condition could easily be incorporated
into the algorithmic framework. The type of discretization employed here was also presented
and critically examined. Finally, several non-smooth PDE-constrained problems that fit into
the considered setting were discussed. The corresponding numerical results clearly show also
the resulting mesh independence of the presented method.
We have shown that with the proposed decomposition strategy, the underlying PDE with
known optimal decomposition given by the signs of the desired state can be optimally solved
in a reduced and minimal number of Newton steps. A part of continued research, remains the
development of an efficient extension of the proposed approach for optimal control problems
with given yd which is not optimally reachable and hence unknown optimal σ̄.
Furthermore, the existence and uniqueness of solutions to the PDE with ` such that ˆ̀py, σ̄zq
not necessary affine-linear remain the subject of current research. An additional aspect for fu-
ture research is the investigation of a completely regularization-free solution method since the
presented approach is not completely without regularization due to the reformulated inequality
constraint on the switching and sign functions by means of a penalty regularization.
Moreover, it has been discussed, that in the optimally reachable case the penalty term vanishes
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and the condition Eq. (48) satisfied, such that no limit analysis has to be performed. However,
note that in the non-optimally reachable cases where the condition Eq. (48) might not be
fulfilled, only a statement about the selected penalty parameter ν can be made, but no efficient
strategy for switching the fixed σi can be derived. Hence, effective strategies for switching
between different CAL problems remain subject of further research.
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