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Abstract

We address mixed-integer linear bilevel programming. A discussion of
the relationships between the optimistic and the pessimistic setting is
presented, providing necessary and sufficient conditions for them to be
equivalent. A new class of inequalities, the follower optimality cuts, is
introduced and a related single-level non-compact reformulation of the
problem is derived. The same is done for a revision of a family of known
inequalities, the no-good cuts. A polyhedral comparison of the two for-
mulations is carried out. Finally, we present a branch-and-cut algorithm
based on the follower optimality cuts and discuss computational results,
comparing our algorithm with the best approaches in the literature, to
show its effectiveness.

Keywords: Bilevel programming, Optimistic setting, Pessimistic setting,
No-good cuts, Follower optimality cuts, Discrete optimization, Polyhedral
study, Branch-and-cut.

1 Introduction

The bilevel programming framework corresponds to a hierarchical decision mak-
ing process, where two players are involved. The upper level player, or leader,
makes some decisions, while the lower level one, or follower, tries to satisfy its
own purposes, within the restrictions imposed by the leader. This hierarchical
structure naturally applies to many real problems, where it commonly hap-
pens that several stakeholders, with possibly conflicting interests, are involved
in the decision process. Bilevel aspects are also hidden in single-level program-
ming. Indeed, the Benders decomposition procedure [4] derives from a bilevel
interpretation of a single-level problem; the separation problem for single-level
branch-and-cut algorithms is closely related to bilevel programming [24]; and ro-
bust optimization has close connections with bilevel programming [5]. A generic
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mixed-integer linear bilevel programming problem, that we denote by LBP, can
be written as follows.

LBP min cTx + dTy

Ax + Ly ≥ b

x ∈ X
y ∈ Y
y ∈ arg min fTη

Hη ≥ r−Gx

η ∈ Y

Sets X and Y possibly contain integer restrictions and bounds on some of the
variables. The x variables are controlled by the leader and the y ones by the
follower. Ax + Ly ≥ b and Gx + Hy ≥ r are the leader and the follower
constraints, that we denote by Φ and Ψ. The lower level problem corresponding
to leader choice x, is the follower problem below.

foll(x) min fTy

Hy ≥ r−Gx

y ∈ Y

The right-hand-sides of the follower problem depend on the leader variables. Let
P (x) = {y ∈ Y : Hy ≥ r −Gx} be the feasible region of the follower problem
for a given x. If foll(x) admits an optimal solution, opt(x) is the corresponding
optimal value and Z(x) is the set of the optimal solutions. Otherwise, Z(x) = ∅,
that is, leader solution x cannot be completed by a suitable follower solution y
and, hence, it must be discarded.

An important aspect of a bilevel problem is the possible cooperation between the
leader and the follower. In an optimistic setting, a certain level of cooperation
is assumed. If so, when the solution of the follower problem is not unique, the
follower is expected to choose the solution y∗ ∈ Z(x) that better meets the
leader desires. That is, y∗ must minimize dTy among the solutions (x,y),y ∈
Z(x) that satisfy Φ. The alternative setting is called pessimistic, as the follower
can choose any solution among the optimal ones and, then, one must assume
that the worst one from the leader point of view is selected. Indeed, the follower
is supposed to select a solution y∗ ∈ Z(x) such that (x,y∗) is not feasible for
Φ, if one exists; otherwise, it is assumed to choose a solution that maximizes
dTy [25]. Therefore, solutions (x,y) with y ∈ Z(x) that do not satisfy Φ, have
consequences that depend on the setting. For the optimistic problem, a solution
with such property authorizes the leader to force the follower into discarding
solution y. On the contrary, in the pessimistic setting, it allows the follower to
forbid leader solution x.
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1.1 The literature

Bilevel programming problems are very hard, both theoretically and computa-
tionally. Even when the leader and the follower variables are continuous, the
problem is strongly NP-hard in both the optimistic [20] and the pessimistic
setting [34]. In the optimistic case, if the lower level problem is a linear pro-
gramming one, it is possible to use linear duality to reduce LBP to a single-level
(quadratic or mixed-integer) problem [33]. This is not possible, in general,
for pessimistic problems, which are significantly more complicated than their
optimistic counterparts [35]. For general results on bilevel programming and
additional references, we address the reader to surveys [7, 10, 23, 31] and books
[2, 9]. For the non-linear case, see also [14, 19, 34] and references therein. We
restrict here to mixed-integer linear bilevel programming problems.

The bilevel case is far less well understood and theoretically characterized than
single-level mixed-integer linear programming. No polyhedral results are cur-
rently available in bilevel optimization. No study of the relationship between
the optimistic and the pessimistic setting is known. Due to the nature of the
problem and to the lack of an established theoretical infrastructure, it is difficult
to devise an approach to solve bilevel problems. The linear relaxation of the
problem is not a relaxation in the bilevel context and the only known relax-
ation is the high-point one [3], where the optimality of the follower variables is
relaxed. Differently from the linear relaxation in the single-level setting, when
the high-point relaxation is unbounded, the bilevel problem is not guaranteed
to be unbounded too. There is no established general solution framework to
solve bilevel problems and several approaches have been proposed.

The common idea behind these approaches is to use a branch-and-cut algorithm
that starts from the high-point-relaxation of the problem. Integer solutions
(x,y) such that y is not optimal for foll(x), are eliminated by suitable cut-
ting planes or branching rules. There is no bilevel theoretical condition to treat
fractional vertices, because the follower problem is meaningless, if the leader
variables are fractional. No bilevel algorithm currently available in the litera-
ture uses bilevel cuts to separate fractional points: they either just branch on
fractional solutions (e.g., [13]) or rely on standard single-level cuts for fractional
vertices not belonging to the integer hull of the high-point relaxation (e.g., [16]).
Bilevel cuts are used only on integer solutions and they are alternative, more
or less clever, implementations of the same notion: the definition of the bilevel
feasibility. As a consequence, differently from the valid inequalities used for
single-level problems, they cannot, in general, be used incrementally and each
class comes with a dedicated algorithm. In fact, if an integer solution cannot
be removed by a class of inequalities, then it is feasible for the problem and no
other class of bilevel cuts can eliminate it.

For the optimistic setting, the first approach for integer variables is outlined
in [3]. A branch-and-cut algorithm using no-good cuts to enforce bilevel feasi-
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bility is proposed in [13]: those inequalities use a slack argument to eliminate
an infeasible solution and require all coefficients and variables to be integer.
The authors also mention the possibility to use indicator variables. In [35], the
authors consider problems where G is integer and develop an algorithm where
infeasible integer solutions are eliminated by suitable branching rules. In [25],
a branch-and-cut approach based on the value function is proposed: it requires
indicator variables and the integrality of Gx to enforce the bilevel feasibility
of the produced solutions, obtained by adding bigM type constraints. In [32],
an algorithm for problems with integer parameters and variables is introduced:
it is based on the notion of scoop and uses a dedicated branching approach to
eliminate bilevel infeasible points. In [16], the authors define bilevel free sets,
obtained by solving scoop problems, and use them within an algorithm based
on intersection cuts, where some results require the integrality of Gx + Hy− r.
In [28], an algorithm based on Benders decomposition to find an ε-optimal so-
lution is outlined. The problem with upper level continuous variables and lower
level integer ones turned out to be very hard, as the optimum may not even be
attained [3]. In [21], the authors give the theoretical description of an algorithm
that either solves the problem to optimality, if the optimum can be attained, or
provides an approximate solution, if this is not the case.

On the contrary, the pessimistic setting received far less attention than its opti-
mistic counterpart. Indeed, the hardness of bilevel optimization also comes from
the fact that formulation LBP is somehow incomplete, as it does not incorporate
any information on the policy (optimistic or pessimistic) to be used to select
an optimal solution of the follower problem. While there exists a natural way
to impose that an optimistic solution is selected, it is not so for the pessimistic
setting, making the problem harder to solve. None of the frameworks mentioned
above considers the pessimistic case, apart from [25]. An alternative approach
can be found in [36]. A theoretical study can be found in [11].

1.2 The contribution

The aim of the paper is to study bilevel mixed-integer programming, both in
the optimistic and in the pessimistic version. We consider problems with integer
leader variables, whereas no restriction is imposed on the follower ones. Under
the same assumptions in [16], the approach may be generalized to include frac-
tional leader variables, as discussed in §2.2. We first address the relationship
between the optimistic and the pessimistic setting and derive, for the first time
in the literature, necessary and sufficient conditions for the feasible region of
the two problems to be the same, which gives us a sufficient condition for the
two policies to provide the same optimum.

After that, we present a non compact single-level reformulation of the bilevel
problem based on a new class of inequalities, the follower optimality cuts. In-
stead of using scoops and branching [32, 35], intersection cuts [16], integer slacks
[13] or indicator variables [25], our inequalities are bigM constraints that directly
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impose the feasibility by binarization [27]. Binarizing the integer variables has
known disadvantages, due to the increasing in the number of variables. How-
ever, it was proved that it may lead to stronger theoretical properties and to
significantly smaller search trees, with respect to integer approaches [6, 8, 27].
The same binarization technique can be used on the no-good inequalities, mak-
ing the related approach more general than the original one. When the variables
are binary, no binarization is required: the binarized no-good inequalities coin-
cide with the original definition in [13] and, both the no-good inequalities and
the follower optimality cuts, define a single-level reformulation of the problem
in the original space. No other approach in the literature has this property.

Then, we present a theoretical comparison between the formulations obtained
by no-good cuts and by the follower optimality cuts, thus investigating the rela-
tive strength of the inequalities. This study provides the first polyhedral results
in bilevel optimization. We show that the no-good cuts are dominated by the
cover inequalities of the follower optimality cuts, while, in general, neither the
follower optimality cuts dominate the no-good cuts nor the opposite. These re-
sults are independent of binarization, as they are obtained for binary problems,
where no binarization is applied.

Finally, we describe a branch-and-cut algorithm based on the follower optimality
cuts to be used to solve a bilevel problem. We also generalize to the pessimistic
setting the approach based on the no-good inequalities, which were used, so far,
only for optimistic problems. In both cases, we can solve LBP by using a stan-
dard branch-and-cut, much easier to implement than the approaches proposed
so far in the literature. All decisions made during the algorithm are independent
of binarization. We show that, unlike previous approaches, under some assump-
tions, the follower optimality cuts can be used to separate fractional vertices as
well, thus providing the first example of bilevel cuts able to do that.

A computational testing is conducted to evaluate the proposed algorithm, us-
ing instances from the literature. The results demonstrate that the algorithm
based on the follower optimality cuts largely outperforms the other approaches
on pessimistic problems and on optimistic integer and mixed-integer problems.
As discussed in the computational part, the approach has some difficulties on
interdiction instances, where [16, 32] have better results.

In §2, we introduce the notation and the assumptions and present some pre-
liminary results. In §3 and §4, we define single-level reformulations for both
versions of the problem and theoretically compare the follower optimality cuts
and the no-good ones. In §5, we outline the algorithm to solve LBP. In §6, we
discuss the computational experience. Conclusions are given in §7.
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2 Notation and definitions

The relevant notation that is used throughout the paper is summarized in Table
1. The notation that is mostly used in a single section, can be found in the
corresponding section. For a matrix T, Tj denotes its j-th column and Ti its
i-th row. Let P = {(x,y) : Ax + Ly ≥ b,Gx + Hy ≥ r,x ∈ X,y ∈ Y } be the
set of the solutions satisfying both Φ and Ψ. Let proj(P,x) = {x : ∃y such that
(x,y) ∈ P} be the projection of P in the space of the x variables.

symbol meaning ref.
LBP the bilevel problem §1
x, y leader and follower variables §1
c, d and f leader objective for x, y and follower objective §1
Ψ, Φ leader and follower constraints Ax + Ly ≥ b, Gx + Hy ≥ r §1
foll(x), P (x) the follower problem for x and its feasible region §1
Z(x), opt(x) optimal solutions and optimal value of foll(x) §1
P , proj(P,x) {x ∈ X,y ∈ Y : (x,y) satifies Φ,Ψ}, its projection in the x space §2
v(µ) current value µ of a variable minus the lower bound §2.1

uL, `L, uF , `F upper and lower bounds on the leader and follower variables §2.2
B and B(s) {(x,y) ∈ P : y ∈ Z(x)} and its projection in the space x = s §2.3
Zf (x) (Zi(x)) {y ∈ Z(x) : (x,y) satisfies (does not satisfy) Ψ} §2.3

Yo(x) (Yp(x)) {y∗ ∈ Zf (x) : dTy∗ ≤ (≥)dTy, for all y ∈ Zf (x)} §2.3
Opt, Pess set of the bilevel optimistic and pessimistic feasible solutions §2.3
worst(x), optw(x) the worst case problem for x and its optimal value §2.3
HRP the high-point-relaxation §2.4
N , F set of the indices of the leader and follower variables §3.1,3.2
feas(x) the problem that tests if Zi(x) 6= ∅ §4.1

Table 1: summary of the notation

2.1 Binarization

Let z be an integer variable with known lower and upper bounds, that is, τ ≤
z ≤ θ. If not binary, it can be binarized by adding to the problem variables
z1, . . . , zθ−τ , together with the following constraints [27].

z = τ + z1 + z2 + . . .+ zθ−τ

zk ≤ zk−1 k = 2, . . . , θ − τ
zk ∈ {0, 1} k ∈ {1, . . . , θ − τ}

In this way, z is expressed as the sum of its lower bound and a set of binary
variables, while the precedence constraints are used to reduce symmetry. When
z takes integer value µ, let v(µ) = µ− τ , that is, z1 = . . . = zv(µ) = 1, whereas
zv(µ)+1 = . . . = zθ−τ = 0. This particular binarization scheme is proved to have
better theoretical properties than other schemes [8].

2.2 Assumptions

We suppose that P is a bounded polyhedron and that the leader variables are
integer. Being P bounded, guarantees that the high-point-relaxation of the
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problem is not unbounded and that there are finite lower and upper bounds on
the variables. The existence of finite bounds is needed for binarization. The
integrality of x is required to generate the proposed follower optimality cuts.
The no-good cuts also require the integrality of y. We denote by `L, `F and
uL,uF the lower and upper bounds on the leader and the follower variables.
By the same argument used in [16], we may admit fractional leader variables,
if any such variable xi has the property that Gi = 0 and, in the pessimistic
case, L = 0. If so, the fractional variables do not affect the follower problem
or the feasibility of a solution (x,y),y ∈ Z(x) with respect to Φ and, hence,
they play no role in the proposed approach. However, in the presentation of
our theoretical results and in the algorithm, we always assume that the leader
variables are integer.

We assume, without loss of generality, that there is no follower constraint i ∈ Ψ
with Hi = 0 and that the follower problem is not unbounded. In fact, if the
follower problem is unbounded for some x, then it is unbounded for any x and
the bilevel problem is infeasible [35]. The assumptions above do not guarantee
that LBP admits a feasible solution. Indeed, if for each x ∈ proj(P,x) and
y ∈ Z(x), we have that (x,y) does not satisfy Φ, then LBP is infeasible in
the optimistic setting. For the pessimistic case, one y ∈ Z(x) with (x,y) not
satisfying Φ for any x ∈ proj(P,x), suffices for the problem to be infeasible.

2.3 Bilevel feasibility and optimal solutions

Let B be the set of the pairs (x,y) ∈ P such that y is lower level optimal for x,
that is, B = {(x,y) ∈ P : y ∈ Z(x)}. Let B(s) be its projection in space where
the leader variables are fixed to values s, that is, B(s) = {(s,y) ∈ B}. Denote
by Zf (x) = {y ∈ Z(x) : Ly ≥ r − Ax} the set of the optimal solutions y of
foll(x) such that (x,y) satisfies Φ. Let Zi(x) = Z(x) \ Zf (x) be the set of the
optimal solutions y of foll(x) with the property that (x,y) is not feasible for
Φ.

Belonging to B is, in general, a necessary but not sufficient condition for a
pair (x,y) to be bilevel feasible. Indeed, extra conditions are needed to ensure
that the policy (optimistic or pessimistic) is also enforced. For a given leader
solution x, let Yo(x) = {y∗ ∈ Zf (x) : dTy∗ ≤ dTy, for all y ∈ Zf (x)} and
Yp(x) = {y∗ ∈ Zf (x) : dTy∗ ≥ dTy, for all y ∈ Zf (x)}. Suppose that Z(x) 6= ∅
and Zi(x) = ∅. Then, Yp(x) is the set of the optimal solutions of the worst case
problem below. Denote by optw(x) its optimal value.

worst(x) max dTy

Hy ≥ r−Gx

fTy ≤ opt(x)

y ∈ Y
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Let Opt and Pess be the sets of the feasible solutions of optimistic and pes-
simistic LBP. Any (x,y) ∈ Opt must satisfy: (x,y) ∈ B; y ∈ Yo(x). Any
(x,y) ∈ Pess must satisfy: (x,y) ∈ B; Zi(x) = ∅; y ∈ Yp(x). In the optimistic
case, the objective function guarantees that we can find a solution in Opt simply
optimizing over B, without the need of other explicit conditions.

Theorem 1. Optimistic LBP can be rephrased as min{fTx+cTy : (x,y) ∈ B}.

Proof. Although B is not a formulation, as it includes integer pairs (x,y) not
belonging to Opt, those solutions are never optimal. Suppose not. Let (x,y) ∈
B be an optimal solution of the problem such that y ∈ Z(x) \ Yo(x) and let w
be a follower solution in Yo(x). Then, dTw < dTy and, hence, (x,y) cannot be
optimal, as (x,w) has a smaller objective value.

The compliance with the optimistic policy is guaranteed only for the optimal
solutions and not for all the pairs in B. However, with an abuse of notation,
in most of the literature the pairs in B are defined as optimistic bilevel feasible
(see e.g., [25] section 2.1, [16] section 1 and [32] section 3). Moreover, all bilevel
feasibility cuts for the optimistic problem, including the ones introduced in this
paper, refer to the reformulation of the problem in Theorem 1 and, hence, they
only eliminate pairs not belonging to B, whereas they are not able to cut solu-
tions in B \Opt.

Unfortunately, Theorem 1 does not apply to the pessimistic case. In addition,
in general, separating over B is NP-hard.

2.4 The high-point relaxation

The only known single-level relaxation of LBP is the high-point (HPR) one [3].
LBP is collapsed into a single-level problem, by relaxing the optimality of the
y variables for the follower problem.

HPR min cTx + dTy

Ax + Ly ≥ b

Gx + Hy ≥ r

x ∈ X
y ∈ Y

Suppose that G = 0. Then, the feasible region of the follower problem and
its optimal value, denoted by opt, are independent of x. If so, optimistic LBP
corresponds to HPR with the additional constraint fTy ≤ opt. When L = 0
and G = 0, the pessimistic problem reduces to solve HPR with the additional
constraints fTy ≤ opt and dTy ≥ optw, where optw is the optimal value of the
worst case problem, which is also independent of x. If f = 0, then Z(x) = P (x)
for any x ∈ proj(P,x) and, hence, P = B. It follows by Theorem 1, that opti-
mistic LBP can be reduced to solve HPR. It is not so for the pessimistic case,
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see §2.5.

If HPR does not admit a feasible solution, then LBP is trivially infeasible either,
both in the optimistic and in the pessimistic setting. If HPR is unbounded, LBP
may be infeasible, unbounded or admit an optimal solution, possibly depending
on the setting. Suppose that HPR is unbounded, although any x has finite
bounds, and denote by (δ,γ) an unbounded ray.

Theorem 2. If HPR is unbounded, LBP may admit a finite optimum only if,
for all (δ,γ), fTγ > 0 in the optimistic case and fTγ ≥ 0 in the pessimistic
one.

Proof. The proof for the optimistic case can be found in [35]. Consider the
pessimistic problem. If any x is bounded, each unbounded ray (δ,γ) of HPR
has the property that δ = 0, Lγ ≥ 0, Hγ ≥ 0 and dTγ < 0. If fTγ < 0,
then γ is an unbounded ray of the follower problem as well. As a consequence,
LBP is infeasible. Then, suppose that fTγ ≥ 0. If fTγ > 0 for all the rays,
then no unbounded solution can be optimal for the follower problem and LBP
may admit an optimal solution. Assume that fTγ = 0 for some γ and that the
problem is not infeasible. In the pessimistic setting, for x such that Zi(x) = ∅,
the follower is supposed to select the worst solution in Z(x) from the leader
perspective, that is, the one maximizing dTy. Then, no unbounded solution
will be selected and LBP may admit an optimal solution.

2.5 Conditions for Opt = Pess

In general, sets Opt and Pess may be different, possibly leading to different solu-
tions for the optimistic and the pessimistic problem. Now we provide necessary
and sufficient conditions to have Opt = Pess, which is a sufficient condition for
the optimistic and the pessimistic problem to have the same optimal solutions.

Theorem 3. Opt = Pess if and only if Pess = B.

Proof. Suppose that Opt 6= B. Let (x,y) be a pair in B \Opt. Since (x,y) ∈ B,
then y ∈ Zf (x) and, since (x,y) /∈ Opt, there exists another solution w ∈ Zf (x)
such that dTw < dTy. If so, then (x,w) ∈ B \Pess and Opt 6= Pess. Suppose
now that Pess 6= B and let (x,y) be a pair in B \Pess. Since (x,y) ∈ B, then
y ∈ Zf (x) and, since (x,y) /∈ Pess, either Zi(x) 6= ∅ or there exists w ∈ Zf (x)
such that dTw > dTy. The former implies that there is no pair in Pess for
the given x, whereas there exists a pair for x in Opt, as y ∈ Zf (x) 6= ∅. The
latter means that any pair (x,yp) ∈ Pess has the property that dTyp ≥ dTw.
On the contrary, any pair (x,yo) ∈ Opt satisfies dTyo ≤ dTy. Then, dTyo ≤
dTy < dTw ≤ dTyp and Opt 6= Pess.

Now we investigate which are the properties that must be satisfied for a problem
to have Opt = B and Pess = B.

Definition 1. LBP is d-insensitive if, for all x ∈ proj(P,x) and y ∈ Zf (x),
dTy = ω(x).
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Problems with such property represent cases where the leader is interested in
the optimal follower value (or in the existence of a feasible solution for the
follower, if f = 0), but it is not interested in distinguishing among the follower
optimal solutions [4, 24, 26]. Sufficient, but not necessary, conditions for being
d-insensitive are that the follower problem admits a unique solution for every
x ∈ proj(P,x) or that ∃k such that d = kf .

Theorem 4. Opt = B if and only if LBP is d-insensitive.

Proof. If the problem is d-insensitive, then all the solutions in Zf (x) minimize
dTy and Opt = B. Suppose now that Opt 6= B. Then, there exists (x,y) ∈ B
such that ∃z ∈ Zf (x) with the property that dTy > dT z. It follows that not all
the solutions in Zf (x) have the leader objective value and, hence, LBP is not
d-insensitive.

This condition is sufficient for the optimistic problem, but not for the pessimistic
one. In fact, there may exist a y ∈ Zi(x), making x infeasible and, as a result,
Pess 6= B.

Definition 2. LBP is Φ-independent if, for any x ∈ proj(P,x), either Zf (x) =
∅ or Zi(x) = ∅.

This implies that Zi(x) = ∅ for all x such that there exists y with the property
that (x,y) ∈ B. A sufficient, but not necessary, condition for the problem to
be Φ-independent is that L = 0, that is, the leader constraints do not depend
on the follower variables.

Theorem 5. Pess = Opt if and only if LBP is Φ-independent and d-insensitive.

Proof. Assume that LBP is not Φ-independent. Then, there exists x ∈ proj(P,x)
such that both Zi(x) and Zf (x) are non-empty. It follows that no pair includ-
ing x belongs to Pess and, hence, Pess 6= B and, by Theorem 3, Pess 6= Opt.
Suppose now that the follower problem is Φ-independent, but not d-insensitive.
Then, there exists x ∈ proj(P,x) and y,w ∈ Zf (x) such that dTy < dTw. It
follows that (x,y) ∈ B \ Pess and, hence, by Theorem 3, Pess 6= Opt. As-
sume now that LBP is Φ-independent and d-insensitive. Therefore, Zi(x) is
surely empty for the pairs (x,y) ∈ B and that Zf (x) = Yo(x) = Yp(x). Hence,
Pess = B and, by Theorem 3, Opt = Pess.

Consider a bilevel problem with f = 0. Optimistic LBP reduces to HPR. On the
contrary, in the pessimistic setting we still have to solve a bilevel programming
problem. However, if f = 0 and the follower problem is Φ-independent, then
the pessimistic problem can be solved as an optimistic one, replacing f by −d.

3 Single-level reformulations for optimistic LBP

Consider the optimistic problem. We want to derive a single-level, possibly
non-compact, reformulation of the bilevel problem by adding to HPR some
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valid inequalities to eliminate integer pairs (x,y) ∈ P \ B. In this way we
obtain the formulation of the problem described in Theorem 1. We consider
two alternative sets of inequalities: our version of the no-good cuts introduced
in [13] (see §3.2); the optimistic follower optimality cuts, introduced here for the
first time (see §3.1). Then, we compare the obtained formulations, to evaluate
the relative strength of the inequalities.

3.1 The optimistic follower optimality cuts

Denote by N the set of the indices of the leader variables. Consider a pair
(s,η) ∈ P , where η is not optimal for foll(s). Since (s,η) ∈ P , then P (s) 6= ∅
and foll(s) is feasible. Pair (s,η) can be eliminated by the optimistic follower
optimality (OFO) cut (1).

fTy ≤ opt(s) +M(
∑

i∈N :si>`Li

(1− xv(si)
i ) +

∑
i∈N :si<uL

i

x
v(si)+1
i ) (1)

Those cuts are a sort of integer Benders optimality cuts for B(s), made globally
valid by the bigM part. They also resembles the L-shaped cuts used in two-stage
stochastic programming [22]. Consider now the model obtained from HPR by
adding to P an OFO cut for every integer x ∈ proj(P,x). We denote it by
oSLF and its feasible region by Pol(oSLF). Formulation oSLF is non-compact,
as it may include an exponential number of OFO inequalities.

Theorem 6. The OFO inequalities are valid for B and Pol(oSLF) = B.

Proof. If x = s, the OFO inequality reduces to fTy ≤ opt(s), which is valid for
B(s), as it forces to choose a follower solution y, whose follower objective cost
is optimal for the given leader choice s. If xi 6= si for some i ∈ N , then the
bigM part deactivates the constraint, making it valid for B. In the binarized
setting, to ensure that xi 6= si, we must ensure that either xi is decreased by at

least one (at least x
v(si)
i becomes 0), or xi is increased by at least one (at least

x
v(si)+1
i becomes 1). Since oSLF contains an OFO inequality for any integer

x ∈ proj(P,x), then Pol(oSLF) = B.

3.2 The binarized no-good cuts

Assume now that both the leader and the follower variables are integer. An
integer pair (s,η) ∈ P , with η not optimal for foll(s), can be eliminated by
the no-good cut (2). The original definition of no-good cuts requires x and y to
satisfy a slack condition [13]. This approach limits their application to problems
where all the parameters are integer. Here, we provide an alternative definition
based on the binarization of the variables, which extends their application to
problems where some data are not integer. Denote by F the indices of the
follower variables.∑

i∈N :si>`Li

(1− xv(si)
i ) +

∑
i∈N :si<uL

i

x
v(si)+1
i +
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+
∑

i∈F :ηi>`Fi

(1− yv(ηi)
i ) +

∑
i∈F :ηi<uF

i

y
v(ηi)+1
i ≥ 1 (2)

This version of the no-good inequalities coincides with the original definition in
[13], if x and y are binary variables. Denote by oSLG the formulation obtained
from HPR by adding to P a no-good cut for every integer pair (x,y) such that
y /∈ Z(x). Let Pol(oSLG) be its feasible region.

Theorem 7. The binarized no-good cuts are valid for B and Pol(oSLG) = B.

Proof. Any no-good cut eliminates a single integer solution not belonging to B.
Then, Pol(oSLG) = B.

3.3 OFO and no-good cuts

The two inequalities give rise to different single-level reformulations of the prob-
lem, oSLF and oSLG. Also note that none of the two is a formulation in the
proper sense, but they can be used, with little abuse of notation, given Theorem
1. The no-good cuts are nicer, as they do not include bigM coefficients. More-
over, they are somehow more general than the follower optimality cuts, because
they can be used to eliminate solutions that are unwanted for any reasons and
not only because they are bilevel infeasible. However, it also makes them weaker
than the follower optimality cuts in the bilevel setting. In fact, the solutions y of
the follower problem that are not optimal for leader choice x, must be cut one by
one by the no-good inequalities, whereas a single OFO cut eliminates them all,
leading to more efficient algorithms. A computational comparison confirming
this argument can be found in §6. Below, we provide a theoretical comparison
of the inequalities. The results we derive are independent of binarization, as
they are obtained for binary problems, where no binarization is applied.

Theorem 8. Neither the OFO inequalities dominate the no-good cuts nor the
opposite.

Proof. Consider the bilevel programming problem below.

minx+ y3

x ≤ 0

y ∈ {0, 1}4

y ∈ arg min 3η1 + η2 + η3 + η4

3η1 + η2 + η3 + η4 ≥ 3 + 3x

η ∈ {0, 1}4

The OFO cut corresponding to x = 0 is 3y1 + y2 + y3 + y4 ≤ 3 + Mx, while
the no-good cuts associated with solutions not optimal for the follower problem
when x = 0, are reported below.

(0, (1, 0, 0, 1)) : 1− y1 + y2 + y3 + 1− y4 + x ≥ 1

12



(0, (1, 0, 1, 0)) : 1− y1 + y2 + 1− y3 + y4 + x ≥ 1

(0, (1, 0, 1, 1)) : 1− y1 + y2 + 1− y3 + 1− y4 + x ≥ 1

(0, (1, 1, 0, 0)) : 1− y1 + 1− y2 + y3 + y4 + x ≥ 1

(0, (1, 1, 0, 1)) : 1− y1 + 1− y2 + y3 + 1− y4 + x ≥ 1

(0, (1, 1, 1, 0)) : 1− y1 + 1− y2 + 1− y3 + y4 + x ≥ 1

(0, (1, 1, 1, 1)) : 1− y1 + 1− y2 + 1− y3 + 1− y4 + x ≥ 1

Fractional solution (0,ν) = (0, (1/3, 1, 1, 0)) satisfies the OFO inequality, but
it violates the no-good cut for (0, (1, 1, 1, 0)). Fractional solution (0,η) =
(0, (1, 1/2, 1/2, 1)) satisfies the no-good cuts, but not the OFO inequality.

Let Π = {σ ∈ {0, 1}|S| :
∑
i∈S+ α

+
i σi +

∑
i∈S− α

−
i σi ≤ γ} be a binary knapsack

set, where α+ > 0, α− < 0 and S = S+ ∪ S−. A cover is a set C = C+ ∪ C−
with C+ ⊆ S+, C− ⊆ S− and

∑
i∈C+ α

+
i > γ−

∑
S−\C− α

−
i . The corresponding

cover inequality is
∑
i∈C+ σi −

∑
i∈C− σi ≤ |C+| − 1 and it is valid for Π. C

is a minimal cover if the removal of an element makes it not a cover anymore.
If the variables are binary, any OFO inequality is a binary knapsack. Given a
vector z, let I>(z) be the indices of the positive entries of z and let I<(z) be
the indices i such that zi < 0. If z is a binary vector, then I1(z) is the set of
the indices i with zi = 1, whereas I0(z) is the set of the entries taking value 0.

Theorem 9. If x and y are binary, for any leader solution s, the cover inequal-
ities of the OFO cut dominate the no-good cuts.

Proof. Consider again the problem in the proof of Theorem 8. Solution (0,η) =
(0, (1, 1/2, 1/2, 1)) satisfies the no-good cuts, but it violates the cover inequality
y1 + y2 − x ≤ 1. Let us now prove that there is no solution satisfying the cover
inequalities, but not the no-good cuts. The x part of the cover and the no-good
cuts is the same, as any xi belongs to any cover because of the bigM. Then,
assume that x = s to get rid of it. Then, the OFO inequality becomes knapsack
fTy ≤ opt(s), with S+ = I>(f) and S− = I<(f). The no-good cuts reduce
to

∑
i∈I0(η) yi +

∑
i∈I1(η)(1 − yi) ≥ 1, for all η ∈ P (s) \ Z(s). Suppose that

there is a fractional solution (s,ν) that satisfies the cover inequalities of the
OFO cut for s, but it violates the no-good cut for a given η. Consider now sets
C+ = I1(η) ∩ I>(f) ⊆ S+ and C− = I0(η) ∩ I<(f) ⊆ S−. Since η /∈ Z(s), then∑
i∈I1(η) fi > opt(s). Therefore,

∑
i∈I1(η)∩I>(f) fi > opt(s) −

∑
i∈I1(η)∩I<(f) fi

or, equivalently,
∑
i∈C+ fi > opt(s)−

∑
i∈S−\C− fi. If follows that C = C+∪C−

is a cover of the OFO cut and the corresponding cover inequality is
∑
i∈C+ yi−∑

i∈C− yi ≤ |I1(η) ∩ I>(f)| − 1. If the no-good cut for (s,η) is violated by
(s,ν), then we have that

∑
i∈I1(η) νi −

∑
i∈I0(η) νi > |I1(η)| − 1. Therefore,∑

i∈I1(η)∩I>(f) νi +
∑
i∈I1(η)∩I<(f) νi −

∑
i∈I0(η)∩I>(f) νi −

∑
i∈I0(η)∩I<(f) νi >

|I1(η)| − 1. Since 0 ≤ ν ≤ 1, then
∑
i∈I0(η)∩I>(f) νi ≥ 0 and |I1(η) ∩ I<(f)| ≥∑

i∈I1(η)∩I<(f) νi. Hence,
∑
i∈I1(η)∩I>(f) νi+|I1(η)∩I<(f)|−

∑
i∈I0(η)∩I<(f) νi >

|I1(η)| − 1. It follows that
∑
i∈C+ νi −

∑
i∈C− νi > |C+| − 1 and, then, (s,ν)

violates the cover inequality for C and we have a contradiction. Therefore, any
solution satisfying the cover inequalities also satisfies the no-good cuts.
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3.4 Strengthening the optimistic cuts

OFO and no-good cuts, can be strengthened by eliminating some variables from
it. To do that, we must prove that the considered inequality remains valid for
B, independently from the value of the eliminated variables. All the conditions
we provide are independent of binarization.

Theorem 10. The following results hold:

1. let x,µ ∈ proj(P,x): if ∃z ∈ Z(x) ∩ P (µ), then fTy ≤ opt(x) is valid for
B(µ);

2. let (x,y), (x,ν) ∈ P : if y ∈ P (x)\Z(x) and fTν ≥ fTy, then (x,ν) /∈ B;

3. let (x,y), (µ,y) ∈ P : if y ∈ P (x) \ Z(x) and ∃z ∈ Z(x) ∩ P (µ), then
(µ,y) /∈ B.

Proof. If ∃z ∈ Z(x) ∩ P (µ), then opt(µ) ≤ opt(x). It follows that fTy ≤
opt(x) ≤ opt(µ) is valid for B(µ). If y ∈ P (x) \ Z(x), then fTy > opt(x).
Therefore, if fTν ≥ fTy, then fTν ≥ fTy > opt(x) and, hence, ν /∈ Z(x). If
∃z ∈ Z(x) ∩ P (µ), then opt(µ) ≤ opt(x). It follows that y /∈ Z(µ).

A simple case where ∃z ∈ Z(x) ∩ P (µ) is when P (x) ⊆ P (µ).

Definition 3. A leader variable xi is positively redundant if Gi ≥ 0, whereas
xi is negatively redundant if Gi ≤ 0. A variable that is either positively or
negatively redundant is said coherent.

When we increase a positively redundant variable or decrease a negatively re-
dundant one, the feasible region enlarges. Hence, all solutions µ obtained from x
increasing a positively redundant variable or decreasing a negatively redundant
one have the property that P (x) ⊆ P (µ).

Theorem 11. The following strengthening is correct for the OFO and the no-

good cuts: if xi is positively redundant, then remove x
v(si)+1
i ; if xi is negatively

redundant, then remove x
v(si)
i ;

Proof. We must prove that fTy ≥ opt(s) is valid for B(µ) for any µ obtained
from s by arbitrarily setting the values for the removed variables. The re-
moval allows to arbitrary increase the positively redundant variables or de-
crease the negatively redundant ones. Since the increasing (decreasing) of a
positively (negatively) redundant leader variable enlarges the feasible region,
that is, P (s) ⊆ P (µ), it follows that the strengthening is correct.

This strengthening is somehow exact, as P (s) ⊆ P (µ) for any considered µ and
hence, it preserves all the solutions in Z(s). However, one can use a weaker
requirement to perform an additional strengthening of the OFO cuts. Indeed,
we only need to preserve one optimal solution, that is, if there exists a solution
z ∈ Z(s) such that z ∈ P (µ) for any µ obtained by arbitrarily changing the
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values of the removed variables, we have a correct strengthening.

Let Vj be the indices of the follower constraints that depend on leader variable
xj , that is, Vj = {i ∈ Ψ : gij 6= 0}. For any i ∈ Ψ, let LVi be the set of the
leader variables appearing in the constraint, that is LVi = {j ∈ N : i ∈ Vj}.

Definition 4. A leader variable xi is singular for leader solution s if, for each
k ∈ Vi, one of the following conditions is satisfied: |LVk| = 1; for any leader
variable xj ∈ LVk, j 6= i, either sj = `Lj and xj is positively redundant, or

sj = uLj and xj is negatively redundant. Variable xi is singular independently
of s, if the first condition holds.

Given an integer vector z, let zi+ be the vector having zi+j = zj for i 6= j and

zi+i = zi + 1. In the same way, zi− is the vector with zi−j = zj for j 6= i and

zi−i = zi − 1. Let s be a leader solution and let y be an optimal solution of
foll(s).

Theorem 12. The following strengthening is correct for the OFO cuts: if xi is

singular, si = uLi − 1 and y ∈ P (si+), then remove x
v(si)+1
i ; if xi is singular,

si = `Li + 1 and y ∈ P (si−), then remove x
v(si)
i .

Proof. We must prove that, for any leader solution µ obtained from s arbitrarily

increasing (decreasing) xi for which x
v(si)+1
i (x

v(si)
i ) has been removed, it holds

that y ∈ P (µ) and, hence, opt(µ) ≤ opt(s). Any singular variable can share a
follower constraint only with redundant variables, that can change only in the
direction of their redundancy, thus enlarging the feasible region. Let k be a

constraint in Vi for singular variable xi. If k is satisfied by (si+,y) (if x
v(si)+1
i

was removed) or by (si−,y) (if x
v(si)
i was removed), then it remains satisfied

for any modifications of the redundant variables in k. Moreover, since k only
contains singular variable xi, it is also satisfied for any changing of the other
singular variables and, hence, if y ∈ P (si+) (y ∈ P (si−)), it also belongs to
P (µ).

For the no-good cuts, we can also remove some y variables.

Theorem 13. The following strengthening is correct for the no-good cuts: if

fi ≥ 0, then remove y
v(ηi)+1
i ; if fi ≤ 0, then remove y

v(ηi)
i .

Proof. If fi ≥ 0, for any solution ν obtained by increasing yi with respect to ηi,
we have that fTν ≥ fTη. The same happens when fi ≤ 0 and yi is decreased.
Therefore, if η is not optimal for foll(s), ν is not optimal as well.

4 Single-level reformulations for pessimistic LBP

Consider pessimistic LBP. As done in the optimistic case, we want to define a
single-level non-compact reformulation of the problem. The property outlined
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in Theorem 1 does not hold anymore and we must exclude from B both the
pairs (x,y) with Zi(x) 6= ∅ and the ones with y /∈ Yp(x). Pairs (x,y) ∈ P \ B
can be eliminated using the same cuts applied in the optimistic framework
(optimistic follower optimality or no-good cuts). If leader solution x has the
property that Zi(x) 6= ∅, then no (x,y) is feasible for the pessimistic problem.
Those solutions are eliminated by the restricted no-good inequalities (see 4.1).
Pairs (x,y), where Zi(x) = ∅ but y ∈ Zf (x) \ Yp(x), are treated using either
the pessimistic follower optimality cuts, introduced here for the first time (see
§4.2), or the no-good cuts, used here for the first time in a pessimistic setting
(see §4.3).

4.1 Restricted no-good inequalities

Let (s,η) ∈ B be a pair such that η ∈ Z(s), but Zi(s) 6= ∅. Then, the current
leader solution can be eliminated by the restricted no-good inequality below∑

i∈N :si>`Li

(1− xv(si)
i ) +

∑
i∈N :si<uL

i

x
v(si)+1
i ≥ 1 (3)

which is trivially valid for Pess, as it imposes to increase or decrease at least one
entry of the current infeasible s. To verify if Zi(s) 6= ∅, one can solve problem

feas(s) max
∑
i∈Φ

δi

Hy ≥ r−Gs (4)

fTy ≤ opt(s) (5)∑
j∈P

lijyj + δi ≤ bi −
∑
j∈N

aijsj +Mi(1− φi) i ∈ Φ (6)

δi ≤ φi i ∈ Φ (7)

φ ∈ {0, 1}|Φ|, δ ≥ 0,y ∈ Y

Constraints (4) and (5) guarantee that y ∈ Z(s). When φi = 1, the bigM part
of constraint (6) disappears and, if δi > 0, it follows that LiTy < bi − AiT s.
Hence, leader constraint i ∈ Φ is violated by (s,y) and Zi(s) 6= ∅. If φi = 0, then
δi = 0 by constraints (7), while constraint (6) is deactivated by the bigM part.
If foll(s) is feasible, then feas(s) is feasible either, as any solution y ∈ Z(s)
can be completed by δ = φ = 0. Moreover, feas(s) is not unbounded, as all
the variables in the objective function are bounded from above.

4.2 The pessimistic follower optimality cuts

Let (s,η) ∈ B be a pair such that Zi(s) = ∅ but η /∈ Yp(s), which can be checked
by solving worst(s). It can be eliminated by the pessimistic follower optimality
(PFO) cut (8).

dTy ≥ optw(s)−M(
∑

i∈N :si>`Li

(1− xv(si)
i ) +

∑
i∈N :si<uL

i

x
v(si)+1
i ) (8)
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Denote by pSLF the formulation obtained from HPR by adding to P an OFO
cut for every integer x ∈ proj(P,x); a restricted no-good cut for every integer
x ∈ proj(P,x) having Zi(x) 6= ∅; a PFO cut for every integer x ∈ proj(P,x)
with Zi(x) = ∅. Let Pol(pSLF) be the feasible region of pSLF.

Theorem 14. The PFO inequalities are valid for Pess and Pol(pSLF) = Pess.

Proof. When x = s, the PFO inequality reduces to dTy ≥ optw(s), which forces
to choose a solution y ∈ Yp(s). When there exists i ∈ N such that xi 6= si,
then the PFO cut is deactivated by the bigM part. Therefore, the inequalities
are valid for Pess. The OFO inequalities are valid for B ⊇ Pess by Theorem 6
and the restricted no-good cuts are also trivially valid. Consider an integer pair
(x,y) ∈ P . If y /∈ Z(x), then (x,y) is eliminated by an OFO cut and it does not
belong to Pol(pSLF). If y ∈ Z(x) but Zi(x) 6= ∅, then (x,y) is excluded by a
restricted no-good cut. If y ∈ Z(x) and Zi(x) = ∅ but y /∈ Yp(x), then (x,y) is
cut by a PFO inequality. Hence, any remaining pair in P that has not been cut
either by an OFO or by a PFO or by a restricted no-good inequality, belongs
to Pess. It follows that pSLF is a (non-compact) single-level reformulation of
pessimistic LBP.

4.3 The pessimistic no-good cuts

Although the no-good inequalities have been used, so far, only in the optimistic
setting, they are general-purpose cuts that eliminate a single solution, without
specifying the reason of the infeasibility. Therefore, they can be used in a
pessimistic framework too. We denote by pSLG the formulation obtained from
HPR by adding to P a no-good cut for every integer (x,y) ∈ P \B, a restricted
no-good cut for every x ∈ proj(P,x) having Zi(x) 6= ∅ and a no-good cut for
every integer (x,y) ∈ B with Zi(x) = ∅, but y /∈ Yp(x). We call optimistic
no-good cuts the inequalities generated to eliminate (x,y) /∈ B and pessimistic
no-good cuts, the ones that are added to forbid (x,y) with y /∈ Yp(x). Let
Pol(pSLG) the feasible region of formulation pSLG.

Theorem 15. The pessimistic no-good cuts are valid for Pess and Pol(pSLG)
= Pess.

Proof. Consider an integer pair (x,y) ∈ P . If (x,y) /∈ B, then it is eliminated
by an optimistic no-good cut. If (x,y) ∈ B but Zi(x) 6= ∅, then it is excluded
by a restricted no-good cut. If (x,y) ∈ B and Zi(x) = ∅ but y /∈ Yp(x), then
(x,y) is cut by a pessimistic no-good inequality. Hence, any remaining pairs
in P belong to Pess and pSLG is a (non-compact) single-level reformulation of
pessimistic LBP.

4.4 PFO and no-good cuts

Is is easy to see that the relationship between the PFO cuts and the pessimistic
no-good inequalities is the same we described for the OFO cuts. We give here
the result without proof, which is analogous to the one in §3.1.
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Theorem 16. Neither the PFO inequalities dominate the pessimistic no-good
cuts nor the opposite. If the variables are binary, for any leader solution, the
cover inequalities of the PFO cut dominate the pessimistic no-good cuts.

As it happens for the OFO cuts, the PFO cuts only depend on the current leader
solution x, but not on the current follower choice y. On the contrary, in the
no-good cuts the same leader solution may appear in several inequalities.

4.5 Strengthening the pessimistic cuts

Giving conditions to strengthen the pessimistic cuts is much harder than for
their optimistic counterparts.

Theorem 17. The following results hold:

1. let x,µ ∈ proj(P,x) such that Zi(x) = Zi(µ) = ∅ and ∃y ∈ Yp(x)∩Z(µ),
then dTy ≥ optw(x) is valid for Yp(µ);

2. let x,µ ∈ proj(P,x) such that Zi(x) = Zi(µ) = ∅, ∃y ∈ Yp(x)∩Z(µ) and
w ∈ Z(x) \ Yp(x), then w /∈ Yp(µ);

3. let (x,w), (x,ν) ∈ P such that Zi(x) = ∅, if w ∈ Zf (x) \ Yp(x) and
dTν ≤ dTw, then ν /∈ Yp(x).

Proof. If ∃y ∈ Yp(x) ∩ Z(µ), then optw(µ) ≥ optw(x). Therefore, dTy ≥
optw(µ) ≥ optw(x) is valid for Yp(µ). If w ∈ Zf (x) \ Yp(x), it follows that
dTw < optw(x) and, hence, dTw < optw(µ). It follows that w /∈ Yp(µ). If
w ∈ Zf (x) \ Yp(x), then dTw < optw(x). Since dTν ≤ dTw < optw(x), then
ν /∈ Yp(x).

The results above do not automatically translate into strengthening conditions
for the pessimistic cuts, as there is no easy way to detect when there exists
y ∈ Yp(x) ∩ Z(µ). However, when f = 0, it follows that P (x) = Z(x) for any
x ∈ proj(P,x). Therefore, a sufficient condition is P (x) ⊆ P (µ). Let s be the
current leader solution and let w be an optimal solution of worst(s).

Theorem 18. The following strengthening is correct.

1. For the pessimistic no-good cuts: if di ≥ 0, then remove y
v(ηi)+1
i ; if di ≤ 0,

then remove variable y
v(ηi)
i .

2. If f = 0, for the PFO cuts: if xi is singular, si = uLi − 1 and w ∈ P (si+),

then remove x
v(si)+1
i ; if xi is singular, si = `Li + 1 and w ∈ P (si−), then

remove x
v(si)
i .

3. If f = 0, for the pessimistic no-good cuts and for the PFO cuts: if xi is

positively redundant, then remove x
v(si)+1
i ; if xi is negatively redundant,

then remove x
v(si)
i .
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4. If f = 0, for the restricted no-good cuts: if xi is positively redundant and

Ai ≤ 0, then remove x
v(si)+1
i ; if xi is negatively redundant and Ai ≥ 0,

then remove x
v(si)
i .

Proof. See Definitions 3 and 4 in §3.4 for coherent, redundant and singular
variables. Consider the restricted no-good inequalities. If there exists (s,η)
with η ∈ Z(s) not satisfying i ∈ Φ and f = 0, then η remains feasible (and
optimal) for any µ such that P (s) ⊆ P (µ). This is the case for µ derived from s
increasing a positively redundant variable or decreasing a negatively redundant
one. If we also have that Ai ≤ 0 for the positively redundant variables and
Ai ≥ 0 for the negatively redundant ones, then (µ,η) does not satisfy i ∈ Φ
as well. The proofs of the other results are omitted, as similar to the ones of
Theorems 11, 12 and 13.

5 The branch-and-cut algorithm

We can now define a branch-and-cut algorithm to solve the problem. HPR is
used as initial formulation and valid inequalities are generated on the fly, to
eliminate integer solutions that are not feasible for the bilevel problem. De-
pending on the cuts that are used (follower optimality or no-good) and on the
setting (optimistic or pessimistic), we can define four versions of the algorithm:
Fo, optimistic setting with OFO cuts; Go, optimistic setting with no-good cuts;
Fp, pessimistic setting with restricted no-good, OFO and FPO cuts; Gp, pes-
simistic setting with restricted, optimistic and pessimistic no-good cuts.

Theorem 19. Fo, Go, Fp and Gp are correct and terminate in a finite number
of steps.

Proof. The correctness comes from the validity of the generated cuts, that define
single-level reformulations of the problem. The finiteness comes from the finite
termination of the general branch-and-cut algorithm. Moreover, the number of
leader solutions is finite, because of the finite bounds.

5.1 Preprocessing

Before solving the problem, some variables can be fixed according to the result
below.

Theorem 20. For every follower variable yi, the fixing below is correct: if
fi < 0 and Hi ≥ 0, then set yi to the upper bound, independently of the setting;
if fi > 0 and Hi ≤ 0, then set yi to the lower bound, independently of the
setting; if fi = 0, Hi ≥ 0, Li = 0 and di ≥ 0 (di ≤ 0), then set yi to the upper
bound in the pessimistic (optimistic) setting; if fi = 0, Hi ≤ 0, Li = 0 and
di ≤ 0 (di ≥ 0), then set yi to the lower bound in the pessimistic (optimistic)
setting.
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Proof. The proof for fi 6= 0 can be found in [16]. If Li = 0, then yi does not
appear in the leader constraints. If fi = 0 and Hi ≥ 0 (Hi ≤ 0) we can increase
(decrease) the value of yi, without affecting the optimality or the feasibility of
the follower problem. In a pessimistic perspective, the follower is supposed to
choose the worst possible solution from the leader point of view, among the
optimal ones. Then, if di ≥ 0 (di ≤ 0), the follower is assumed to choose the
largest (smallest) possible value for yi. Hence, we can fix yi to its upper (lower)
bound. In the optimistic problem, the follower is assumed to choose the best
solution for the leader, then we can set yi to the upper (lower) bound if di ≤ 0
(di ≥ 0).

Before solving the pessimistic problem, we check if any of the conditions in §2.5
is satisfied. The binarization procedure is applied to the integer variables in the
master problem used to define the cuts, that is, to the x variables for Fo and
Fp and also to the y variables, that are required to be integer, for Go and Gp.

5.2 Separation of integer vertices

Integer solutions are treated as follows. We first solve foll(x) to test if current
solution (x,y) belongs to B. The follower problem can never be infeasible
at this stage, as P (x) 6= ∅ for all (x,y) ∈ P . If fTy > opt(x), then the
current solution is eliminated by an OFO or a no-good cut. Otherwise, in
the optimistic setting it is feasible under the reformulation of the problem in
Theorem 1. In the pessimistic case, after solving foll(x) and having verified
that (x,y) ∈ B, we must exclude solutions with Zi(x) 6= ∅ by solving feas(x).
If no restricted no-good cut is generated, we solve worst(x) to test if y ∈ Yp(x).
If dTy = optw(x), then y ∈ Yp(x). Otherwise, a PFO or a pessimistic no-good
inequality is generated.

5.3 Separation of fractional vertices

In all the approaches in the bilevel literature, separation is performed only on
integer solutions. On the contrary, the follower optimality cuts can be used
also on some fractional vertices. Indeed, they only require the integrality of the
current x solution to define foll(x) and the violated inequality, if any, while the
y variables can be fractional, as only value fTy matters. Then, they can be
used any time the current x is integer, irrespective of y. The same applies to
the restricted no-good inequalities and to the PFO inequalities.

Assume now that, in current solution (s,η), s is fractional. Under some assump-
tions, we can define an equivalent integer leader solution µ with the property
that, if fTη > opt(µ), then the OFO inequality for µ also eliminates fractional
vertex (s,η). Suppose that any fractional component of x corresponds to a
binary coherent variable (see Definition 3 in §3.4). Let µ be the integer leader
solution obtained by rounding si to 1 if Gi ≤ 0 and to 0 if Gi ≥ 0.
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Theorem 21. If violated by (µ,η), the OFO inequality for µ is also violated
by (s,η).

Proof. When we strengthen the OFO inequality for µ according to Theorem
11, it does not contain any leader variable xi that was fractional in solution s.
Then, if the inequality is violated by (µ,η) it is also violated by (s,η).

For the pessimistic problem, the same result holds for the restricted no-good
inequalities and the PFO cuts, under some assumptions. The proof is omitted,
being similar to the previous one.

Theorem 22. Suppose that f = 0. If the restricted no-good cut eliminates µ,
it also eliminates s, provided that Ai ≤ 0 for the positively redundant variables
and Ai ≥ 0 for the negatively redundant ones. If the PFO inequality for µ is
violated by (µ,η), it is also violated by (s,η).

5.4 Computing bigM values

Suitable bigM values for the OFO and the PFO cuts are the maximum of fTy
and the minimum of dTy over P . Values Mi for feas(x) can be computed
maximizing LiTy over {y ∈ Y,x ∈ X : Hy + Gx ≥ r}. If the variables are
coherent (see Definition 3 in §3.4), better bigM values for the OFO cuts can be
computed, at the expenses of solving the follower problem multiple times. Let
x = s, let ∆ be the variables in the cut and let Γ be the variables not appearing

in the cut. Due to Theorem 11, for each i ∈ ∆, either x
v(si)
i is in the cut

(Gi ≥ 0) or x
v(si)+1
i is in the cut (Gi ≤ 0), but not both. Order the variables

in ∆ arbitrarily and sequentially compute bigM values according to the order.
For any leader variable j ∈ ∆, let ∆− = {i ∈ ∆ : i ≤ j} and ∆+ = ∆ \ ∆−.
Solve the problem below: if a feasible solution exists, set Mj = optj − opt(s),
where optj is the optimal value of recj .

recj min fTy

Hy ≥ r−Gx

y ∈ Y
xi = uLi i ∈ Γ ∪∆− : Gi ≤ 0

xi = `Li i ∈ Γ ∪∆− : Gi ≥ 0

xi = si i ∈ ∆+

Theorem 23. Values Mj are correct for the OFO cut, if the variables are
coherent.

Proof. When optj is computed, the variables in ∆− ∪ Γ take the worst possible
value, while the others do not change. Then, for any solution where the variables
in ∆− ∪ Γ take any value, while the others do not change, the optimal solution
of the follower problem is no larger than optj and the OFO cut is valid. If some
variable i > j changes, the cut is deactivated by Mi.
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The same can be done for the PFO cuts, under the same assumptions, maxi-
mizing dTy for problems having f = 0. The proof is omitted.

Theorem 24. Values Mj = optw(s)−optj computed solving recj after replacing
the objective function by dTy, are correct for the PFO cut, if f = 0 and the
variables are coherent.

5.5 Generating feasible solutions

Feasible solutions can be generated during the algorithm. Let (s,η) be the
current integer solution. In the optimistic case, either it is feasible, or (s, z(s)) ∈
B, where z(s) is the optimal solution of foll(s) computed in the separation
phase. Similarly, if (s,η) is removed by a PFO or a pessimistic no-good cut,
then solution (s,w(s)) is feasible, where w(s) is the computed optimal solution
of worst(s).

6 The experiments

We implemented and tested, on a set of benchmark instances, the algorithms
defined in §5.

6.1 The instances

The optimistic test-bed includes: S1o, 50 problems with integer leader and fol-
lower variables, originally introduced in [12] and downloaded from [15]; S2o,
100 problems with integer leader variables and mixed-integer follower variables,
originally introduced in [35] and provided by the authors of [25]; S3o, 60 large
instances with integer leader variables and mixed-integer follower variables, orig-
inally introduced in [16] and downloaded from [15]; S4o, 100 problems with
integer leader and follower variables, originally derived in [32] from the ones of
S2o; S5o, 80 combinatorial clique interdiction instances, originally introduced
in [30] and downloaded from [29].

Most of the above instances cannot be used for the pessimistic problem, as
the optimistic and the pessimistic framework produce the same solution, either
because they are theoretically equivalent by Theorem 5 (S5o) or because the
follower problem admits a unique solution in most of the cases [25]. Therefore,
the pessimistic test-bed includes: S1p, the (three) instances of S1o where the
optimistic and the pessimistic framework have different solutions; S2p and S3p,
each including 100 problems with integer leader variables and mixed-integer fol-
lower ones, originally introduced and provided by the authors of [25]; S4p, 60
large instances with integer leader variables and mixed-integer follower variables,
obtained from S4o by randomly setting fi to 1 or 0 with probability α = 0.15
and 1− α, respectively.

22



Since S2o and S3o contain continuous lower level variables, they cannot be
solved by Go, which requires all the follower variables to be integer. For the
same reason, Gp can be used only on S1p.

6.2 The implementation details

The experiments run on a 2 cores Intel i7-6600U @ 2.6 GHz with 20GB RAM.
The algorithms are implemented in C/cpp under Linux, using CPLEX 12.6 with
the following setting: time limit of 3600 seconds; no probing, cuts and heuristics.
For instances of S1o, whose bounds on the variables are quite poor, we recom-
puted, during preprocessing, the upper bounds on any variable to be binarized.
The strengthening conditions on singular variables (see Definition 4) are used
only for the variables being singular for any leader solution. In the standard
implementation, we do not generate cuts from fractional solutions, recompute
bigM values using Theorems 23 and 24 or compute a lower bound for fTy in
preprocessing. In an improved setting, which is applied only on S5o, we also
use all these features.

We compare our results with the ones of the algorithms in [16, 25, 32, 35], de-
noted by A1, A2, A3, A4 respectively. A1 is tested on a cluster consisting of
Intel XEON E52670v2 @ 2.5 GHz with 12GB RAM, using cplex 12.8 and multi-
thread (4 threads); the results for A2 were obtained on a 2 cores Intel i7-3537U
@ 2 GHz with 8GB RAM, using cplex 12.6 within an algorithm coded in Java
under Windows; A3 is implemented in Matlab using TOMLAB/CPLEX on a
desktop computer with 3GB RAM and a 2.4 GHz CPU.

For a comparison the machines, see [1], a website that produces scores to evalu-
ate the CPU performances: the higher the CPU mark rating, the better the ma-
chine. The values are: 11525 for the machine used by A1 (1592 single thread);
2356 for the machine used by A2 (1456 single thread); 3545 for the machine
used in the present manuscript (1886 single thread). No details are provided for
the machine used by A3, making it impossible to compute a rating for it. The
approaches developed in the present manuscript use the solver default option
for the threads (single-thread for problems where user defined cutting planes
are added), A1 is parallel (4-thread), no specification is provided for the others.

The tables are in the standard format used in the bilevel literature [16, 25, 30,
32, 35]. For each algorithm and instance of S1o and S1p, we report the solution
time (in seconds), if the problem has been solved to optimality, or the final gap,
if the problem has not been solved to optimality by the considered approach.
For S2o–S5o, S2p–S4p, each line of the corresponding tables represents a class
that contains 10 instances and average solution times are reported. The best
results are in bold. The times used in the tables for Fo, Go, Fp and Gp are
overall times and include input, preprocessing and solution time. The times
for the other approaches are the ones given in the corresponding papers. The
results for A4 are taken from [25], where the algorithm was reimplemented and
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run on the same machine. No total times for A3 are given in [32] and we had
to derive them from the available information, as discussed in the comment for
Table 3.

6.3 The results for the optimistic framework

Table 2 presents a comparison between Fo, Go and A1 for S1o. Both Fo and
A1 are able to solve all the instances, whereas Go could solve only 48 of the
50 instances in the given time limit. Fo is the best approach in most cases, in
particular on instances 20-20-50-0110-10-10, 20-20-50-0110-15-5 and 20-20-50-
0110-15-6, which resulted to be the hardest ones in this set. It requires a total
average time that is more than 10 times smaller than the one for A1.

problem Fo Go A1 problem Fo Go A1
20-15-50-0110-10-1 1 0 1 20-20-50-0110-15-5 37 22.45% 1392
20-15-50-0110-10-10 0 0 0 20-20-50-0110-15-6 5 582 50
20-15-50-0110-10-2 2 18 8 20-20-50-0110-15-7 0 0 0
20-15-50-0110-10-3 1 3 2 20-20-50-0110-15-8 0 0 0
20-15-50-0110-10-4 0 1 1 20-20-50-0110-15-9 0 0 0
20-15-50-0110-10-5 0 0 0 20-20-50-0110-5-1 0 0 0
20-15-50-0110-10-6 1 5 16 20-20-50-0110-5-10 1 0 0
20-15-50-0110-10-7 0 0 0 20-20-50-0110-5-11 0 0 0
20-15-50-0110-10-8 0 0 0 20-20-50-0110-5-12 0 0 0
20-15-50-0110-10-9 0 0 1 20-20-50-0110-5-13 0 1 0
20-20-50-0110-10-1 0 2 2 20-20-50-0110-5-14 1 0 0
20-20-50-0110-10-10 189 6.12% 2927 20-20-50-0110-5-15 0 0 1
20-20-50-0110-10-2 0 1 1 20-20-50-0110-5-16 0 0 0
20-20-50-0110-10-3 0 0 0 20-20-50-0110-5-17 0 0 0
20-20-50-0110-10-4 0 0 1 20-20-50-0110-5-18 0 0 0
20-20-50-0110-10-5 0 1 0 20-20-50-0110-5-19 0 0 0
20-20-50-0110-10-6 6 8 10 20-20-50-0110-5-2 0 0 0
20-20-50-0110-10-7 0 0 0 20-20-50-0110-5-20 0 1 0
20-20-50-0110-10-8 9 157 15 20-20-50-0110-5-3 0 0 0
20-20-50-0110-10-9 1 1 0 20-20-50-0110-5-4 0 0 0
20-20-50-0110-15-1 0 0 0 20-20-50-0110-5-5 0 0 0
20-20-50-0110-15-10 0 0 0 20-20-50-0110-5-6 0 0 0
20-20-50-0110-15-2 0 0 0 20-20-50-0110-5-7 0 0 0
20-20-50-0110-15-3 0 2 3 20-20-50-0110-5-8 0 0 0
20-20-50-0110-15-4 1 10 5 20-20-50-0110-5-9 0 0 0
best approach 46/50 33/50 33/50
avg time/solved 5.8 48/50 88.72

Table 2: results on S1o

Table 3 refers to S2o and S4o. For S2o, we report the comparison between Fo
and A1, A2 and A4. Fo is the best algorithm on almost all the considered 10
classes, with an overall average time that is 4 times smaller than A1.

For S4o, we report the comparison between Fo, Go and A3. The times for A3
are obtained by summing the times to find and certify the optimal solution (last
two values of each line of Table 5 in [32]) and considering, for each class, only the
best option among the six versions of the algorithm. For different groups, the
best option may correspond to different approaches. Fo is the best algorithm
by more than one order of magnitude. Both Go and Fo largely outperform
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A3. Moreover, in Table 5 of [32], the authors also report the results obtained
on those instances by the algorithms in [3, 13, 35]. Go and Fo are better than
them all. It also follows that our implementation of the no-good cuts with
binarization and strengthening, outperforms the original implementation with
integer slacks.

S2o S4o
n1 n m Fo A1 A4 A2 A3 Go Fo
10 20 8 0.44 2.6 0.9 1.5 0 0.44 0.1
60 120 48 1 0.9 23.8 16.3 3 0.6 0.3
110 220 88 0.9 2.8 58.1 56.8 18 1.0 0.3
160 320 128 0.8 2.1 96.8 17.8 22 1.3 0.3
210 420 168 1.1 2.6 547.9 69.1 35 2.5 0.6
260 520 208 1.9 5.0 547.5 75.5 46 4.5 0.8
310 620 248 2.8 9.4 2153.3 152.9 67 8.2 1.3
360 620 248 3.1 14.4 1623.1 163.4 54 12.6 1.5
410 720 288 3.1 18.7 2178.6 157.9 141 19.6 1.6
460 920 368 5.5 13.1 4544.2 264.4 153 25.5 2.3
best approach 9/10 1/10 0/10 0/10 1/10 0/10 9/10
avg time 2.06 8.16 1177.42 97.56 53.9 7.62 0.91

Table 3: results on S2o and S4o

In Table 4, we report results on S3o, S4p and S5o. For S3o, Fo is by far the
best approach, being able to solve all the instances with computing times that
are 50 times faster than A1.

S3o S4p S5o
n1 Fo A1 Fo Fp v d Fo A1
500 6.4 407.3 7.0 55.3 8 0.7 0.1 0.1
600 6.7 428.6 7.9 58.4 8 0.9 0.3 0.2
700 11.8 635.8 15.1 122.1 10 0.7 0.3 0.3
800 14.8 678.7 19.2 145.1 10 0.9 1.4 0.7
900 22.8 642.6 31.1 241.0 12 0.7 0.9 0.8
1000 28.3 1342.2 41.5 299.9 12 0.9 5.6 1.9

15 0.7 7.5 2.2
15 0.9 30.7 12.6

best approach 6/6 0/6 2/10 10/10
avg time 15.14 689.2 20.3 153.63 5.85 2.35

Table 4: results on S3o, S4p and S5o

S5o contains combinatorial interdiction problems, which represent the worst
case for an algorithm entirely based on the optimal follower value like Fo. In
fact, not only the leader has no information on the follower problem, but also
its objective function (c = 0 and d = −f) drives it exactly in the opposite
direction. Approaches less dependent on the follower problem are expected to
be more effective on such instances. However, our results show that, although
solved ignoring the structure of the problems, the performances of Fo are not
completely bad on such set. A1 outperforms Fo, being twice as fast, while Go
can solve none of the instances. Neither Fo nor A1 (see Table 3 of [17]) is able

25



to solve to optimality the instances in Table 5 of [32]. Therefore, A3 is, possibly,
the general purpose algorithm that performs better on interdiction problems,
for which there also exist many dedicated approaches [17, 30].

6.4 The results for the pessimistic framework

S2p S3p S1p
n1 n m Fp A2 Fp A2 problem Fp Gp
10 20 8 6.8 1.7 3.33 1.2 20-20-50-0110-15-10 0 0
60 120 48 7.0 11.6 3.2 17.7 20-20-50-0110-15-3 1 15

110 220 88 4.0 46.7 3.5 73.1 20-20-50-0110-15-5 93 26.94%
160 320 128 20.0 172.0 9.8 106.6
210 420 168 20.5 105.8 17.8 202.1
260 520 208 18.9 282.3 15.9 79.2
310 620 248 30.9 162.3 29.6 169.7
360 620 248 25.8 176.8 23.8 110.9
410 720 288 48.8 578.2 40.0 422.6
460 920 368 64.1 207.0 43.3 161.3
best approach 9/10 1/10 9/10 1/10 3/3 1/3
avg time/solved 24.68 174.44 19.02 134.44 31.33 2/3

Table 5: results on S1p, S2p and S3p

In Table 5 we report the results on S1p, S2p and S3p. For S1p, Fp performs
better than Gp, which is slower and not able to solve all the instances. It also
largely outperforms A2 on S2p and S3p. Moreover, it can also handle the
larger instances of S4p, as reported in Table 4.

6.5 Sensitivity analysis

In order to evaluate the additional effort needed to solve the pessimistic case, in
Table 4 we present results for both the optimistic and the pessimistic version for
S4p. The table shows that the pessimistic setting requires, on average, about
seven times the computational effort needed to solve the optimistic version of
the problem, confirming to be a much harder case. From the same results, one
can also see how the computing time grows according to the size and to the
setting (optimistic or pessimistic). The pessimistic and the optimistic problem
have a similar trend, where the average time for the larger instances is about 5
times the one required by the smallest one. Roughly speaking, the solution time
doubles at every increasing in the number of the leader (and follower) variables
by 200.

The effect of the binarization is very limited in the considered cases. No bina-
rization is needed in the binary instances. Fo and Fp only require binarization
for the integer leader variables (and not for all the variables of the problem)
and only in the master problem (no binarization is needed for the separation
problems). For most of the instances, the number of the leader variables in
the binarized version is less than 10 times the number of original integer leader
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variables. Recall that we recompute the bounds for the variables to be binarized
in S1o, to have tighter values and, hence, less binarized variables.

7 Conclusions

We studied mixed-integer linear bilevel programming. An investigation of the
relationships between the optimistic and the pessimistic setting is presented, as
well as necessary and sufficient conditions for them to have the same feasible
region. We introduced a new class of cuts, the follower optimality ones. They
allow to reformulate the bilevel problem as a non-compact single-level one. We
also derived a single-level formulation using the no-good cuts in a binarized
version. A polyhedral comparison of the two formulations is discussed. We
devised a branch-and-cut algorithm based on the follower optimality cuts to
solve the problem and present a computational testing. The results shows that
the proposed approach outperforms all other cutting plane approaches in the
literature on integer and mixed-integer optimistic and pessimistic problems,
sometimes by orders of magnitude.
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