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Abstract

Minimax optimization has become a central tool for modern machine learning with applications
in generative adversarial networks, robust optimization, reinforcement learning, etc. These
applications are often nonconvex-nonconcave, but the existing theory is unable to identify and
deal with the fundamental difficulties posed by nonconvex-nonconcave structures. In this paper,
we study the classic proximal point method (PPM) for solving nonconvex-nonconcave minimax
problems. We develop a new analytic tool, the saddle envelope, generalizing the Moreau envelope.
The saddle envelope not only smooths the objective but can convexify and concavify it based on
the level of interaction present between the minimizing and maximizing variables. From this, we
identify three distinct regions of nonconvex-nonconcave minimax problems. For problems where
interaction is sufficiently strong, we derive global linear convergence guarantees. Conversely
when the interaction is fairly weak, we derive local linear convergence guarantees with a proper
initialization. Between these two settings, we show that PPM may diverge or converge to a limit
cycle and present a “Lyapunov”-type function limiting how quickly PPM can diverge.

1 Introduction

Minimax optimization has become a central tool for modern machine learning, recently receiving
increasing attention in optimization and machine learning communities. The problem of interest is
the following saddle point optimization problem:

min
x∈Rn

max
y∈Rm

L(x, y) , (1)

where L(x, y) is a differentiable function in x and y. Many important problems in modern machine
learning can be formulated as a minimax optimization problem with the form (1), and often the
objective L(x, y) is neither convex in x nor concave in y. For example,

• (GANs). Generative adversarial networks (GANs) [1] learn the distribution of observed
samples through a two-player zero-sum game. While the generative network (parameterized
by G) generates samples minimizing their difference from the true data distribution, the
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discriminative network (parameterized by D) maximizes its ability to distinguish between
these distributions. This gives rise to the minimax formulation

min
G

max
D

Es∼pdata [logD(s)] + Ee∼platent [log(1−D(G(e)))] ,

where pdata is the data distribution, and platent is the latent distribution.

• (Robust Training). Minimax optimization has a long history in robust optimization.
Recently, it has found usage with neural networks, which have shown great success in machine
learning tasks but are vulnerable to adversarial attack. Robust training [2] aims to overcome
such issues by solving the minimax problem

min
x

E(u,v)

[
max
y∈S

`(u+ y, v, x)

]
,

where u is a feature vector, v is its label, x is the model parameters being trained, y is an
adversarial modification, and S is the set of possible corruptions.

• (Reinforcement Learning). In reinforcement learning, the solution to Bellman equations
can be obtained by solving a primal-dual minimax formulation. Such an approach can be
viewed as having a dual critic seeking a solution satisfying the Bellman equation and a primal
actor seeking state-action pairs to break this satisfaction [3, 4].

The Proximal Point Method (PPM) may be the most classic first-order method for solving
minimax problems. It was first studied in the seminal work by Rockafellar in [5], and many practical
algorithms for minimax optimization developed later on turn out to be approximations of PPM,
such as Extragradient Method (EGM) [6, 7] and Optimistic Gradient Descent Ascent [8]. The
update rule of PPM with step-size η is given by the proximal operator:

(xk+1, yk+1) = proxη(xk, yk) := arg min
u∈Rn

max
v∈Rm

L(u, v) +
η

2
‖u− xk‖2 −

η

2
‖v − yk‖2. (2)

For convex-concave minimax problems, PPM is guaranteed to converge to an optimal solution.
However, the dynamics of PPM for nonconvex-nonconcave minimax problem are much more
complicated. For example, consider the special case of minimax optimization problem with bilinear
interaction defined as

min
x

max
y
L(x, y) = f(x) + xTAy − g(y). (3)

Figure 1 presents the sample paths of PPM from different initial solutions solving a simple two-
dimensional nonconvex-nonconcave minimax problem (3) with f(x) = g(x) = (x − 3)(x − 1)(x+
1)(x+ 3) and different interaction terms A. This example may be the simplest non-trivial example
of a nonconvex-nonconcave minimax problem. It turns out the behaviors of PPM heavily relies on
the scale of the interaction term A: when the interaction term is small, PPM converges to local
stationary solutions, as the interaction term increases, PPM may fall into a limit cycle indefinitely,
and eventually when the interaction term is large enough, PPM converges globally to stationary
solution. Similar behaviors also happen in other classic algorithms for nonconvex-nonconcave
minimax problems, in particular, EGM, which is known as one of the most effective algorithms
for minimax problem. See Figure 2 in Appendix A for their trajectories for solving this simple
two-dimension examples (the study of these other algorithms is beyond the scope of this paper).
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(a) A = 1 (b) A = 10 (c) A = 100

Figure 1: Sample paths of PPM from different initial solutions applied to (3) with f(x) = (x +
3)(x+ 1)(x− 1)(x− 3) and g(y) = (y + 3)(y + 1)(y − 1)(y − 3) and different scalars A. As A ≥ 0
increases, the solution path transitions from having four locally attractive stationary points, to a
globally attractive cycle, and finally to a globally attractive stationary point.

In practice, it is also well-known that classic first-order methods may fail to converge to a stable
solution for minimax problems, such as GANs [9].

The goal of this paper is to understand these varied behaviors of PPM when solving nonconvex-
nonconcave minimax problems. To do so, we develop a new analytic tool, the saddle envelope (see
Section 2), which is a natural extension of Moreau envelope [10] to a minimax problem. Though
sharing many similarities, the saddle envelope has fundamentally different properties compared to
Moreau envelope. Most outstandingly, the saddle envelope not only smooths the objective but also
can convexify and concavify nonconvex-nonconcave problems based on the level of the interaction
between x and y. Understanding this structure turns out to be the cornerstone of explaining the
above varied behaviors of PPM. Utilizing this machinery, we find that the three regions shown in
the simple two-dimensional example (Figure 1) happen with generality for solving (1). Informally
speaking,

1. When the interaction between x and y is dominate, PPM has global linear convergence to a
stationary point of L(x, y) (Figure 1 (c)). This argument utilizes the fact that, in this case,
the closely related saddle envelope becomes convex-concave thanks to the high interaction
terms, even though the original function L(x, y) is nonconvex-nonconcave.

2. When the interaction between x and y is weak, properly initializing PPM yields local linear
convergence to a nearby stationary point of L(x, y) (Figure 1 (a)). The intuition is that due
to the low interaction we do not lose much by ignoring the interaction and decomposing the
minimax problems to a nonconvex minimization problem and a nonconcave maximization
problem (where the local convergence of PPM is typical).

3. Between these interaction dominate and weak regimes, PPM may fail to converge at all and fall
into cycling (Figure 1 (b)) or divergence (see the example in Section 5.1). In this scenario, we
construct a “Lyapunov”-type function that characterizes how fast PPM may diverge and show
that the resulting diverging bound is tight for PPM by constructing a worst-case example.

3



Furthermore, we believe this saddle envelope will be broadly impactful outside its use herein
analyzing the proximal point method. We give it a full development in Section 2 that we believe
will be of independent interest. As a byproduct of our analysis of the saddle envelope, we clearly see
that the interaction term helps the convergence of PPM for minimax problems. This may not be the
case for other algorithms, such as gradient descent ascent (GDA) and alternating gradient descent
ascent (AGDA) (see Figure 2 in Appendix A for some examples and [11] for theoretical analysis).

We comment on the meaning of stationary points ∇L(z) = 0 for nonconvex-nonconcave problems.
By viewing the problem (1) as a simultaneous zero-sum game between a player selecting x and a
player selecting y, a stationary point can be thought of as a first-order Nash Equilibrium. That
is, neither player tends to deviate from their position based on their first-order information. One
can instead view the minimax problem as a sequential zero-sum game (where the minimizing
player selects x and then the maximizing player exploits that choice in choosing y). Unlike the
convex-concave case, the solutions between these two types of games no longer coincide and the
optimal (sequential) minimax solution need not be a stationary point. In this case, a different
asymmetric measure of optimality may be called for [8, 12, 9]. However such approaches are beyond
the scope of this paper as the limit points of the proximal point method are all stationary points.

In the rest of this section, we discuss the assumptions, related literature, and preliminaries that
will be used later on. In Section 2, we introduce the saddle envelope and develop its general theory.
In particular, we introduce the interaction dominance condition (Definition 2.9) that naturally
comes out as a condition for convexity-concavity of the saddle envelope. In Section 3, we present
the global linear convergence of PPM for solving interaction dominate minimax problems. In
Section 4, we discuss the behaviors of PPM in the interaction weak case and show that with a good
initialization, PPM converges to a local stationary point. In Section 5, we show that PPM may
diverge when our interaction dominance condition is slightly violated, showing the tightness of our
global convergence theory. Further, we propose a natural “Lyapunov”-type function that applies to
generic minimax problems, providing an upper bound on how quickly problems can divergence in
the difficult interaction moderate setting. This bound on PPM’s divergence is tight under our basic
assumptions as we provide a worst-case example.

1.1 Assumptions and Algorithms

Basic definitions and assumptions. We say a function M(x, y) is β-smooth if its gradient is
uniformly β-Lipschitz

‖∇M(z)−∇M(z′)‖ ≤ β‖z − z′‖

or equivalently for twice differentiable functions, if ‖∇2M(z)‖ ≤ β. Further, we say a twice
differentiable M(x, y) is µ-strongly convex-strongly concave for some µ ≥ 0 if

∇2
xxM(z) � µI , −∇2

yyM(z) � µI .

When µ = 0, this corresponds to M being convex with respect to x and concave with respect to y.
Throughout this paper, we are primarily interested in the weakening of this convexity condition

to allow negative curvature given by ρ-weak convexity and ρ-weak concavity: we assume that L is
twice differentiable, and for any z = (x, y) ∈ Rn × Rm that

∇2
xxL(z) � −ρI , −∇2

yyL(z) � −ρI . (4)
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Notice that the objective L(x, y) is convex-concave when ρ = 0, and strongly convex-strongly
concave when ρ < 0. Here our primary interest is in the regime where ρ > 0 is positive, quantifying
how nonconvex-nonconcave the given problem instance is.

Algorithms for minimax problems. Besides PPM, Gradient Descent Ascent (GDA) is another
classic algorithm for minimax problem (1). The update rule is given by[

xk+1

yk+1

]
=

[
xk
yk

]
− s

[
∇xL(xk, yk)
−∇yL(xk, yk)

]
, (5)

with stepsize parameter s > 0. However, GDA is known to work only for strongly convex-strongly
concave minimax problems, and it may diverge even for simple convex-concave problems [8, 13].

In this paper, we study a more generalized algorithm, damped PPM, with damping parameter
λ ∈ (0, 1] and proximal parameter η > 0. The damped proximal point method updates by[

xk+1

yk+1

]
= (1− λ)

[
xk
yk

]
+ λ proxη(xk, yk) . (6)

In particular, when λ = 1, we recover the traditional PPM (2). Interestingly, we find through our
theory that some nonconvex-nonconcave problems only have the proximal point method converge
when damping is employed (that is, λ < 1 strictly).

1.2 Related Literature.

There is a long history of research into convex-concave minimax optimization. Rockafellar [5] studies
PPM for solving monotone variational inequalities, and shows that, as a special case, PPM converges
to the stationary point linearly when L(x, y) is strongly convex-strongly concave or when L(x, y) is
bilinear. Later on, Tseng [6] shows that EGM converges linearly to a stationary point under similar
conditions. Nemirovski [7] shows that EGM approximates PPM and presents the sublinear rate of
EGM. Recently, minimax problems have gained the attention of the machine learning community,
perhaps due to the thriving of research on GANs. Daskalakis and Panageas [8] present an Optimistic
Gradient Descent Ascent algorithm (OGDA) and shows that it converges linearly to the saddle-point
when L(x, y) is bilinear. Mokhtari et al. [14] show that OGDA is a different approximation to PPM.
Lu [13] presents an ODE approach, which leads to unified conditions under which each algorithm
converges, including a class of nonconvex-nonconcave problems.

There are also extensive studies on convex-concave minimax problems when the interaction
term is bilinear (similar to our setting (1)). Some influential algorithms include Nesterov’s smooth-
ing [15], Douglas-Rachford splitting (a special case is Alternating Direction Method of Multipliers
(ADMM)) [16, 17] and Primal-Dual Hybrid Gradient Method (PDHG) [18].

Recently, a number of works have been undertaken considering nonconvex-concave minimax
problems. The basic technique is to first turn the minimax problem (1) to a minimization problem
on Φ(x) = maxy L(x, y), which is well-defined since L(x, y) is concave in y, and then utilize the
recent developments in nonconvex optimization [19, 20, 21, 22].

Unfortunately, the above technique cannot be extended to nonconvex-nonconcave setting, because
Φ(x) is now longer tractable to compute (even approximately) as it is a nonconcave maximization
problem itself. Indeed, the current understanding of nonconvex-nonconcave minimax problems
is fairly limited, in particular compared with the growing literature on nonconvex optimization.
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The recent research on nonconvex-nonconcave minimax problems mostly relies on some form of
convex-concave-like assumptions, such as Minty’s Variational Inequality [23] and Polyak-Lojasiewicz
conditions [24, 25], which are strong in general and successfully bypass the inherent difficulty in the
nonconvex-nonconcave setting. Such theory, unfortunately, presupposes the existence of a globally
attractive solution. As such, fundamental nonconvex-nonconcave structures like local solutions and
cycling are prohibited.

In an early version of this work [26], we presented preliminary results for analyzing nonconvex-
nonconcave bilinear problem (3). Simultaneous to (or after) the early version, [27] presents examples
of nonconvex-nonconcave minimax problems where a reasonably large class of algorithms do not
converge; [28] presents an ODE analysis for the limiting behaviors of different algorithms with
shrinking step-size (equivalently it studies the ODE when step-size of an algorithm goes to 0) and
shows the possibility to converge to an attractive circle; [29] utilizes tools from discrete-time dynamic
systems to study the behaviors of algorithms around a local stationary solution, which involves the
non-transparent complex eigenvalues of the Jacobian matrix at a stationary solution; [11] studies
higher-order resolution ODEs of different algorithms for nonconvex-nonconcave minimax problems,
which presents more transparent conditions for when a stationary solution is locally attractive, and
characterizes the threshold of phase transitions between limit cycles and limit points. Compared to
these recent works, we introduce new theoretical machinery, the saddle envelope, to directly analyze
nonconvex-nonconcave minimax problems, which enable us to obtain a global understanding of the
trajectories, as well as more transparent conditions under which the methods converges/diverges.

The idea to utilize a generalization of the Moreau envelope for nonconvex-nonconcave minimax
problems is well motivated by the nonconvex optimization literature. In recent years, the Moreau
envelope has found great success as an analysis tool in nonsmooth nonconvex optimization [30, 31, 32]
and in nonconvex-concave optimization [21]. There, the Moreau envelope provides an angle of attack
for describing stationarity in settings where gradients need not converge to zero even as first-order
methods converge. Although we identify a different primary barrier (PPM may not converge at
all as cycling and divergence arise from reasonable instances), we still find the Moreau envelope
provides the key insight. In our setting, the critical finding is that the saddle envelope can convexify
and concavify nonconvex-nonconcave problems, which has no parallel in the classic Moreau envelope.

1.3 Preliminaries

Review of convex-concave saddle point optimization. Strongly convex-strongly concave
minimax optimization problems minx maxyM(x, y) are well understood. The following lemma is
key to the convergence of gradient descent ascent on these problems. In the language of monotone
operators, this lemma corresponds to showing F (x, y) := (∇xM(x, y),−∇yM(x, y)) is locally
strongly monotone (or coercive). From this, the subsequent theorem below shows that gradient
descent ascent contracts towards a stationary point when strong convexity-strong concavity and
smoothness hold in a region around it. Proofs of these two standard results are given in Appendix B
for completeness.

Lemma 1.1. Suppose M(x, y) is µ-strongly convex-strongly concave on a convex set S = Sx × Sy,
then it holds for any (x, y), (x′, y′) ∈ S that

µ

∥∥∥∥[x− x′y − y′
]∥∥∥∥2

≤
([
∇xM(x, y)
−∇yM(x, y)

]
−
[
∇xM(x′, y′)
−∇yM(x′, y′)

])T [
x− x′
y − y′

]
.
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In particular, when ∇M(x′, y′) = 0, the distance to this stationary point is bounded by∥∥∥∥[x− x′y − y′
]∥∥∥∥ ≤ ‖∇M(x, y)‖

µ
.

Theorem 1.2. Consider any minimax problem minx∈Rn maxy∈RmM(x, y) where M(x, y) is β-
smooth and µ-strongly convex-strongly concave on a set B(x0, r)×B(y0, r) with r ≥ 2‖∇M(x0, y0)‖/µ.
Then GDA (5) with initial solution (x0, y0) and step-size s ∈ (0, 2µ/β2) linearly converges to a
stationary point (x∗, y∗) ∈ B((x0, y0), r/2) with∥∥∥∥[xk − x∗yk − y∗

]∥∥∥∥2

≤
(
1− 2µs+ β2s2

)k ∥∥∥∥[x0 − x∗
y0 − y∗

]∥∥∥∥2

.

Review of the Moreau envelope’s properties. Denote the Moreau envelope of a function f
with proximal parameter η > 0 by

eη {f} (x) = min
u

f(u) +
η

2
‖u− x‖2 . (7)

The Moreau envelope of a function provides a lower bound on it everywhere as all x ∈ Rn have

eη{f}(x) ≤ f(x) (8)

and if f is ρ-weakly convex and η > ρ, these functions are equal at the stationary points of f

eη{f}(x∗) = f(x∗) ⇐⇒ ∇f(x∗) = 0 . (9)

Moreover, for ρ-weakly convex functions, there is a nice calculus for the Moreau envelope. Its
gradient at some x ∈ Rn is determined by the proximal step x+ = argminu f(x) + η

2‖u−x‖
2 having

∇eη {f} (x) = η(x− x+) = ∇f(x+) . (10)

For twice differentiable f , the Moreau envelope is twice differentiable as well with Hessian

∇2eη{f}(x) = ηI − (ηI +∇2f(x+))−1 . (11)

From this formula, we can extract the following bounds related to smoothness and convexity

(η−1 − ρ−1)−1I � ∇2eη{f}(x) � ηI . (12)

These bounds ensure the Moreau envelope is has a max{η, |η−1 − ρ−1|−1}-Lipschitz gradient, which
simplifies for convex f (that is, ρ ≤ 0) to have an η-Lipschitz gradient. Noting that (η−1 − ρ−1)−1

always has the same sign as −ρ, we see that the Moreau envelope is (strongly/weakly) convex
exactly when the given function f is (strongly/weakly) convex.
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2 The Saddle Envelope

In this section, we develop a broad theory characterizing our core proof tool and innovation, the
saddle envelope. Formally, the saddle envelope with proximal parameter η > 0 is defined as

Lη(x, y) := min
u∈Rn

max
v∈Rm

L(u, v) +
η

2
‖u− x‖2 − η

2
‖v − y‖2 . (13)

Throughout our theory, we require that the parameter η is selected with η > ρ, which ensures the
minimax problem in (13) is strongly convex-strongly concave. As a result, the saddle envelope is well-
defined (as its subproblem has a unique minimax point) and often can be efficiently approximated.

The saddle envelope generalizes the Moreau envelope from the minimization literature to minimax
problems. To see this reduction, taking any objective L(x, y) = g(x) (that is, one constant with
respect to y) immediately recovers the Moreau envelope

Lη(x, y) = min
u

max
v

g(u) +
η

2
‖u− x‖2 − η

2
‖v − y‖2 = eη{g}(x) .

Throughout this section, we develop theory characterizing how the saddle envelope relates to L (in
Section 2.1), the calculus of the saddle envelope (in Section 2.2), and the smoothing and convexifying
effects of this operation (in Section 2.3). We take careful note throughout our theory of similarities
and differences from the simpler case of Moreau envelopes.

2.1 Relationship between the Saddle Envelope Lη and the Objective L

We begin by considering how the value of the Saddle Envelope Lη relates to the origin objective L.
Recall from (8), the Moreau envelope eη{f} provides a lower bound on f everywhere

eη{f}(x) ≤ f(x) , for all x ∈ Rn

and from (9), we know they must agree at their shared set of minimizers

eη{f}(x∗) = f(x∗) , for all x∗ ∈ argmin f = argmin eη{f} .

Sadly, neither of these properties carry over to the saddle envelope in such generality.
The saddle envelope fails to provide a lower bound like (8). Intuitively, this is due to minimax

optimization having a mixture of increasing and decreasing forces. If the objective function is
constant with respect to y, having L(x, y) = g(x), the saddle envelope becomes a Moreau envelope
and provides a lower bound for every (x, y),

Lη(x, y) = min
u

max
v
g(u) +

η

2
‖u− x‖2 − η

2
‖v − y‖2 = eη{g}(x) ≤ g(x) = L(x, y) .

Conversely, if the objective is constant in x, having L(x, y) = h(y), then it provides an upper bound

Lη(x, y) = min
u

max
v
h(v) +

η

2
‖u− x‖2 − η

2
‖v − y‖2 = −eη{−h}(y) ≥ h(y) = L(x, y) .

In generic settings between these extremes, the saddle envelope Lη need not provide any kind
of bound on L. The only generic relationship we can establish between the values of L and Lη
everywhere is that as η →∞, they approach each other. If the objective L is uniformly Lipschitz,
we can establish a constant bound on how far above or below L the saddle envelope Lη can be.
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Proposition 2.1. The saddle envelope has

lim
η→∞

Lη(z)− L(z) = 0 , for all z ∈ Rn × Rm

and if the objective function L is l-Lipschitz continuous, this difference is at most O(1/η)

|Lη(z)− L(z)| ≤ (3η − 2ρ)l2

2(η − ρ)2
, for all z ∈ Rn × Rm .

Proof. Consider the (η − ρ)-strongly convex-strongly concave proximal subproblem M(u, v) =
L(u, v) + η

2‖u − x‖
2 − η

2‖v − y‖
2 at some z = (x, y). Noting that ∇M(z) = ∇L(z), Lemma 1.1

bounds the distance from z to z+ = proxη(z) as

‖z+ − z‖ ≤ ‖∇L(z)‖/(η − ρ) .

Then continuity of the objective function gives the claimed limit as

lim
η→∞

Lη(z) = lim
η→∞

L(z+) +
η

2
‖x+ − x‖2 −

η

2
‖y+ − y‖2 = L(z) + lim

η→∞

η‖∇L(z)‖
(η − ρ)2

= L(z) .

If L is l-Lipschitz continuous, then ‖∇L(z)‖ ≤ l everywhere. Applying the constant bound
‖z+ − z‖ ≤ l/(η − ρ) lets us bound the difference between L and Lη as decreasing with O(1/η)

|L(z)− Lη(z)| = |L(z)− L(z+)− η

2
‖x+ − x‖2 +

η

2
‖y+ − y‖2|

≤ |L(z)− L(z+)|+
∣∣∣η
2
‖x+ − x‖2 −

η

2
‖y+ − y‖2

∣∣∣
≤ l‖z − z+‖+

η

2
‖z+ − z‖2

≤ l2

η − ρ
+

ηl2

2(η − ρ)2
=

(3η − 2ρ)l2

2(η − ρ)2
.

Unlike the lower bound relationship (8), the saddle envelope does satisfy a version of the
optimality relationship (9), albeit somewhat weakened. For generic L, the following proposition
shows the saddle envelope provides a lower bound on the original problem’s minimax solution. When
L is convex-concave, we can improve this result to recover (9), showing both functions have the
same minimax solutions and minimax objective values.

Proposition 2.2. The saddle envelope has optimal objective value bounded by

min
x∈Rn

max
y∈Rm

L(x, y) ≥ min
x∈Rn

max
y∈Rm

Lη(x, y) ≥ max
y∈Rm

min
x∈Rn

Lη(x, y) ≥ max
y∈Rm

min
x∈Rn

L(x, y) .

Proof. Consider an augmented version of (1) with the addition of two dummy variables u and v as

min
x

max
y
L(x, y) = min

x
min
u

max
y

max
v
L(u, v) +

η

2
‖u− x‖2 − η

2
‖v − y‖2 .

Equality holds here since the minimum value over x always occurs at x = u and the maximum value
over y always occurs at y = v. Interchanging the middle minimization and maximization operations
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can only decrease the objective value. Hence we have the claimed inequality

min
x

max
y
L(x, y) = min

x
min
u

max
y

max
v
L(u, v) +

η

2
‖u− x‖2 − η

2
‖v − y‖2

≥ min
x

max
y

min
u

max
v
L(u, v) +

η

2
‖u− x‖2 − η

2
‖v − y‖2

= min
x

max
y
Lη(x, y) .

Exchanging the remaining minimum and maximum can only further decrease the optimal value

min
x

max
y
Lη(x, y) ≥ max

y
min
x
Lη(x, y) .

Reexpanding the definition of Lη and again interchanging the middle minimum and maximum gives
our final claimed inequality

max
y

min
x
Lη(x, y) = max

y
min
x

max
v

min
u
L(u, v) +

η

2
‖u− x‖2 − η

2
‖v − y‖2

≥ max
y

max
v

min
x

min
u
L(u, v) +

η

2
‖u− x‖2 − η

2
‖v − y‖2

= max
y

min
x
L(x, y) .

Remark 2.3. The inequalities in Proposition 2.2 all arise from exchanging the order of a minimum
and a maximum. Famously, the minimax theorem tells us minimums and maximums can be exchanged
without changing the solution set or optimal value whenever the given objective is convex-concave
and satisfies a modest regularity condition (typically that the domain of one of the variables is
compact [33], but in our unconstrained setting of (1), strong convexity or strong concavity in one of
the variables would suffice). Thus the four optimization problems considered in Proposition 2.2 are,
in fact, all equivalent in more classic settings than our nonconvex-nonconcave focus here.

Remark 2.4. When viewed as a sequential game, the saddle envelope can be seen as adding a
quadratically penalized recourse phase:

min
x

max
y
Lη(x, y) = min

x
max
y

min
u

max
v
L(u, v) +

η

2
‖u− x‖2 − η

2
‖v − y‖2 .

After the minimizing agent declares x and then the maximizing agent declares y, the players can
change their strategies to any u and v, paying a penalty based on the square of the distance moved.
Adding this recourse naturally favors the minimizing agent, who previously had to select their strategy
with no information about the maximizing agent. This explains the direction of our inequality

min
x∈Rn

max
y∈Rm

L(x, y) ≥ min
x∈Rn

max
y∈Rm

Lη(x, y) .

2.2 Calculus for the Saddle Envelope Lη

Here we develop a calculus for the saddle envelope Lη, giving formulas for its gradient and Hessian
in terms of the original objective L and the proximal operator. These results immediately give
algorithmic insights into the behavior of the proximal point method. First, we show that a direct
generalization of the Moreau envelope gradient formula (10) holds, establishing that the gradient of
the saddle envelope is entirely determined by the proximal operator.
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Lemma 2.5. The gradient of the saddle envelope Lη(x, y) at z = (x, y) is given by[
∇xLη(z)
∇yLη(z)

]
=

[
η(x− x+)
η(y+ − y)

]
=

[
∇xL(z+)
∇yL(z+)

]
where z+ = (x+, y+) = proxη(z) is given by the proximal operator.

Proof. Notice that the saddle envelope can be described as the composition of Moreau envelopes

Lη(x, y) = min
u

(
max
v
L(u, v)− η

2
‖v − y‖2

)
+
η

2
‖u− x‖2

= min
u
−eη{−L(u, ·)}(y) +

η

2
‖u− x‖2

= eη{g(·, y)}(x)

where g(u, y) = −eη{−L(u, ·)}(y). Applying the gradient formula for Moreau envelopes (10) gives
our first claimed gradient formula in x of ∇xLη(x, y) = η(x− x+) since x+ is the unique minimizer
of u 7→ g(u, y) + η

2‖u− x‖
2. Likewise, exchanging the minimum and maximum defining the saddle

envelope (since η > ρ ensures the problem is convex-concave), gives the composition

Lη(x, y) = max
v

(
min
u
L(u, v) +

η

2
‖u− x‖2

)
− η

2
‖v − y‖2

= max
v

eη{L(·, v)}(x)− η

2
‖v − y‖2

= −eη{−h(x, ·)}(y)

where h(x, v) = eη{L(·, v)}(x). Then the Moreau envelope gradient formula (10) gives our first
claimed gradient formula in y of ∇yLη(x, y) = η(y+ − y) since y+ is the unique minimizer of
v 7→ −h(x, v) + η

2‖v − y‖
2. The second claimed equality is precisely the first-order optimality

condition for (2). That is,

∇xL(x+, y+) + η(x+ − x) = 0 ,

−∇yL(x+, y+) + η(y+ − y) = 0 .

Corollary 2.6. The stationary points of Lη are exactly the same as the stationary points of L.

Proof. First consider any stationary point z = (x, y) of L. Denote z+ = proxη(z) and the objective
function defining the proximal operator (2) as M(u, v) = L(u, v) + η

2‖u− x‖
2 − η

2‖v − y‖
2. Then

observing that ∇M(z) = 0, z must be the unique minimax point of M (that is, z = z+ = proxη(z)).
Hence z must be a stationary point of Lη as well since ∇Lη(z) = ∇L(z+) = ∇L(z) = 0.

Conversely consider a stationary point z = (x, y) of Lη. Then η(x− x+) = ∇xLη(z) = 0 and
η(y+ − y) = ∇yLη(z) = 0. Hence we again find that z = z+ = proxη(z) and consequently, this point
must be a stationary point of L as well since ∇L(z) = ∇L(z+) = ∇Lη(z) = 0.

Corollary 2.7. One step of the (potentially damped) PPM (6) on the original objective L is
equivalent to one step of GDA (5) on the saddle envelope Lη with s = λ/η.

Proof. Let (x+
k , y

+
k ) = proxη(xk, yk) and let (xk+1, yk+1) be a step of GDA on Lη(x, y) from (xk, yk)

with step-size s = λ/η. Then it follows from Lemma 2.5 that[
xk+1

yk+1

]
=

[
xk
yk

]
− s

[
∇xLη(zk)
−∇yLη(zk)

]
=

[
xk
yk

]
− λ

η

[
η(xk − x+

k )
−η(y+

k − yk)

]
= (1− λ)zk + λ proxη(zk) .
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Similar to our previous lemma, our next result shows that the Hessian of the saddle envelope at
some z is determined by the Hessian of L at z+ = proxη(z). This formula generalizes the Moreau
envelope’s formula (11) by considering an example that is constant with respect to y (i.e., setting
∇2
xyL(z) = 0 and ∇2

yyL(z) = 0).

Lemma 2.8. The Hessian of the saddle envelope Lη(z) is given by[
∇2
xxLη(z) ∇2

xyLη(z)

−∇2
yxLη(z) −∇2

yyLη(z)

]
= ηI − η2

(
ηI +

[
∇2
xxL(z+) ∇2

xyL(z+)

−∇2
yxL(z+) −∇2

yyL(z+)

])−1

where z+ = proxη(z) is given by the proximal operator. Since η > ρ, we have

∇2
xxLη(z) = ηI − η2

(
ηI +∇xxL(z+) +∇2

xyL(z+)(ηI −∇2
yyL(z+))−1∇2

yxL(z+)
)−1

,

∇2
yyLη(z) = −ηI + η2

(
ηI +∇yyL(z+) +∇2

yxL(z+)(ηI +∇2
xxL(z+))−1∇2

xyL(z+)
)−1

.

Proof. Consider some z = (x, y) and a nearby point z∆ = z + ∆. Denote one proximal step from
each of these points by z+ = (x+, y+) = proxη(z) and z∆

+ = (x∆
+ , y

∆
+ ) = proxη(z

∆). Then our
claimed Hessian formula amounts to showing[
∇xLη(z∆)
−∇yLη(z∆)

]
=

[
∇xLη(z)
−∇yLη(z)

]
+

(
ηI − η2

(
ηI +

[
∇2
xxL(z+) ∇2

xyL(z+)

−∇2
yxL(z+) −∇2

yyL(z+)

])−1
)[

∆x

∆y

]
+o(‖∆‖).

Recall Lemma 2.5 showed the gradient of the saddle envelope is given by ∇xLη(z) = η(x − x+)
and ∇yLη(z) = η(y+ − y). Applying this at z and z+ and dividing η, our claimed Hessian formula
becomes [

x∆
+ − x+

y∆
+ − y+

]
= η

(
ηI +

[
∇2
xxL(z+) ∇2

xyL(z+)

−∇2
yxL(z+) −∇2

yyL(z+)

])−1 [
∆x

∆y

]
+ o(‖∆‖) . (14)

Our proof shows this in two steps: first considering a proximal step on the second-order Taylor
approximation of L at z+ and then showing this closely matches the result of a proximal step on L.

First, consider the following quadratic model of the objective around z+:

L̃(z) = L(z+) +∇L(z+)T (z − z+) +
1

2
(z − z+)T∇2L(z+)(z − z+) .

Denote the result of one proximal step on L̃ from z∆ by z̃∆
+ = (x̃∆

+ , ỹ
∆
+ ). Since the proximal

subproblem is strongly convex-strongly concave, this solution is uniquely determined by[
∇xL̃(x̃∆

+ , ỹ
∆
+ )

−∇yL̃(x̃∆
+ , ỹ

∆
+ )

]
+

[
η(x̃∆

+ − x∆)
η(ỹ∆

+ − y∆)

]
= 0 .
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Plugging in the definition of our quadratic model L̃ yields[
∇xL(z+)
−∇yL(z+)

]
+

[
∇2
xxL(z+) ∇2

xyL(z+)

−∇2
yxL(z+) −∇2

yyL(z+)

] [
x̃∆

+ − x+

ỹ∆
+ − y+

]
+

[
η(x̃∆

+ − x∆)
η(ỹ∆

+ − y∆)

]
= 0 ,

=⇒
(
ηI +

[
∇2
xxL(z+) ∇2

xyL(z+)

−∇2
yxL(z+) −∇2

yyL(z+)

])[
x̃∆

+ − x+

ỹ∆
+ − y+

]
= η

[
x∆ − x+ − η−1∇xL(z+)
y∆ − y+ + η−1∇yL(z+)

]
,

=⇒
(
ηI +

[
∇2
xxL(z+) ∇2

xyL(z+)

−∇2
yxL(z+) −∇2

yyL(z+)

])[
x̃∆

+ − x+

ỹ∆
+ − y+

]
= η

[
∆x

∆y

]
,

=⇒
[
x̃∆

+ − x+

ỹ∆
+ − y+

]
= η

(
ηI +

[
∇2
xxL(z+) ∇2

xyL(z+)

−∇2
yxL(z+) −∇2

yyL(z+)

])−1 [
∆x

∆y

]
.

This is nearly our target condition (14). All that remains is to show our second-order
approximation satisfies ‖z∆

+ − z̃∆
+‖ = o(‖∆‖). Denote the proximal subproblem objective by

M∆(u, v) = L(u, v) + η
2‖u − x

∆‖2 − η
2‖v − y

∆‖2 and its approximation by M̃∆(u, v) = L̃(u, v) +
η
2‖u− x

∆‖2 − η
2‖v − y

∆‖2. Noting that ‖∇M̃∆(x+, y+)‖ = η‖∆‖, we can apply Lemma 1.1 to the

(η− ρ)-strongly convex-strongly concave function M̃∆ to bound the distance to its minimax point as

‖z+ − z̃∆
+‖ ≤

η

η − ρ
‖∆‖ .

Consequently, we can bound difference in gradients between L and its quadratic model L̃ at z̃∆
+

by ‖∇L(z̃∆
+ )−∇L̃(z̃∆

+ )‖ = o(‖∆‖). Therefore ‖∇M∆(z̃∆
+ )‖ = o(‖∆‖) and so applying Lemma 1.1

to the strongly convex-strongly concave function M∆ bounds the distance to its minimax point as
‖z∆

+ − z̃∆
+‖ = o(‖∆‖), which completes our proof.

A careful understanding of the saddle envelope’s Hessian allows us to describe its smoothness
and when it is convex-concave. This is carried out in the following section and forms the crucial
step in enabling our convergence analysis for nonconvex-nonconcave problems.

2.3 Smoothing and Convexifing from the Saddle Envelope

Recall that the Moreau envelope eη{f} serves as a smoothing of any ρ-weakly convex function since
has Hessian uniform bounds above and below (12). The lower bound on the Moreau envelope’s
Hessian guarantees it is convex exactly when the given function f is convex (that is, ρ = 0), and
strongly convex if and only if f is strongly convex.

Our Hessian formula in Lemma 2.8 allows us to generalize this result to the saddle envelope.
Outstandingly, we find that the minimax extension of this result is much more powerful than its
Moreau counterpart. The saddle envelope will be convex-concave not just when L is convex-concave,
but whenever the following interaction dominance condition holds with a nonnegative parameter α.
This relationship is formalized in our next proposition.

Definition 2.9. A function L is α-interaction dominate with respect to x if

∇2
xxL(z) +∇2

xyL(z)(ηI −∇2
yyL(z))−1∇2

yxL(z) � αI (15)

and α-interaction dominate with respect to y if

−∇2
yyL(z) +∇2

yxL(z)(ηI +∇2
xxL(z))−1∇2

xyL(z) � αI . (16)
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For any ρ-weakly convex-weakly concave function L, interaction dominance holds with α = −ρ
since the second term in these definitions is always positive semidefinite. As a consequence, any
convex-concave function is α ≥ 0-interaction dominate with respect to both x and y. Further,
nonconvex-nonconcave functions are interaction dominate with α ≥ 0 when the second term above
is sufficiently positive definite (hence the name “interaction dominate” as the interaction term of
the Hessian ∇2

xyL(z) is dominating any negative curvature in Hessians ∇2
xxL(z) and −∇2

yyL(z)).
For example, any problem with β-Lipschitz gradient in y has interaction dominance in x hold with
non-negative parameter whenever

∇2
xyL(z)∇2

yxL(z)

η + β
� −∇2

xxL(z)

since ηI−∇2
yyL(z) � (η+β)I. Similarly, any problem with β-Lipschitz gradient in x has interaction

dominance in y with a non-negative parameter whenever

∇2
yxL(z)∇2

xyL(z)

η + β
� ∇2

yyL(z) .

The following proposition derives bounds on the Hessian of the saddle envelope showing it is
convex in x (concave in y) whenever α ≥ 0-interaction dominance holds in x (in y). Further, its
Hessian lower bounds ensure that Lη is (η−1 + α−1)−1-strongly convex in x (strongly concave in y)
whenever α > 0-interaction dominance holds in x (in y).

Proposition 2.10. If the x-interaction dominance (15) holds with α ∈ R, the saddle envelope is
smooth and weakly convex with respect to x

(η−1 + α−1)−1I � ∇2
xxLη(z) � ηI ,

and if the y-interaction dominance condition (16) holds with α ∈ R, the saddle envelope is smooth
and weakly concave with respect to y

(η−1 + α−1)−1I � −∇2
yyLη(z) � ηI .

Proof. Recall the formula for the x component of the saddle envelope’s Hessian given by Lemma 2.8.
Then applying the interaction dominance condition (15) lets us lower bound this by

∇2
xxLη(z) = ηI − η2

(
ηI +∇xxL(z+) +∇2

xyL(z+)(ηI −∇2
yyL(z+))−1∇2

yxL(z+)
)−1

� ηI − η2 (ηI + αI)−1

= (η − η2/(η + α))I

= (η−1 + α−1)−1I .

Note that ηI+∇xxL(z+) is positive definite (since η > ρ) and ∇2
xyL(z+)(ηI+∇2

yyL(z+))−1∇2
yxL(z+)

is positive semidefinite (since its written as a square). Then the inverse of their sum must also be
positive definite and consequently

∇2
xxLη(z) = ηI − η2

(
ηI +∇xxL(z+) +∇2

xyL(z+)(ηI +∇2
yyL(z+))−1∇2

yxL(z+)
)−1 � ηI .

Symmetric reasoning applies to give the upper and lower bounds on ∇2
yyLη(z).
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Remark 2.11. Note that our definition of interaction dominance depends on the choice of the
proximal parameter η > ρ. In our convergence theory, we will show that interaction dominance with
nonnegative α > 0 captures when the proximal point method with the same parameter η converges.

Remark 2.12. Proposition 2.10 generalizes the Hessian bounds for the Moreau envelope (12) since
for any L(x, y) that is constant in y, the α-interaction dominance condition in x simplifies to simply
be ρ-weak convexity ∇2

xxL(z) + ∇2
xyL(z)(ηI − ∇2

yyL(z))−1∇2
yxL(z) = ∇2

xxL(z) � αI. Hence this
special case has α = −ρ and so our theory recovers the Moreau envelope’s bounds.

In addition to bounding the Hessians of the x and y variables separately, we can also bound
the overall smoothness of the saddle envelope. In the case of Moreau envelopes, the Hessian
formula (12) ensures the envelope is max{η, |η−1 − ρ−1|−1}-smooth. Our next result shows that the
saddle envelope maintains the smoothing nature of the Moreau envelope, possessing a uniformly
max{η, |η−1 − ρ−1|−1}-Lipschitz gradient regardless of the smoothness of the original function or
lack thereof.

Proposition 2.13. The saddle envelope has a uniformly Lipschitz gradient with constant

max{η, |η−1 − ρ−1|−1} .

Proof. Consider two points z = (x, y) and z̄ = (x̄, ȳ) and denote one proximal step from each of
them by z+ = (x+, y+) = proxη(z) and z̄+ = (x̄+, ȳ+) = proxη(z̄). Define the (η − ρ)-strongly
convex-strongly concave function underlying the computation of the saddle envelope at z as

M(u, v) = L(u, v) +
η

2
‖u− x‖2 − η

2
‖v − y‖2.

First we compute the gradient of M at z̄+ which is given by[
∇xM(z̄+)
∇yM(z̄+)

]
=

[
∇xL(z̄+) + η(x̄+ − x)
∇yL(z̄+)− η(ȳ+ − y)

]
=

[
∇xL(z̄+) + η(x̄+ − x̄+ x̄− x)
∇yL(z̄+)− η(ȳ+ − ȳ + ȳ − y)

]
= η

[
x̄− x
y − ȳ

]
.

Then applying Lemma 1.1, and noting that z+ = proxη(z) has ∇M(z+) = 0, we conclude that∥∥∥∥[x̄+ − x+

ȳ+ − y+

]∥∥∥∥2

≤ η

η − ρ

[
x̄− x
ȳ − y

]T [
x̄+ − x+

ȳ+ − y+

]
.

Recall from Lemma 2.5, the gradients of the saddle envelope are given by

∇Lη(z) = η

[
x− x+

y+ − y

]
and ∇Lη(z̄) = η

[
x̄− x̄+

ȳ+ − ȳ

]
.

Then we can upper bound the difference in gradients of the saddle envelope by

1

η2
‖∇Lη(z)−∇Lη(z̄)‖2 =

∥∥∥∥[x− x+

y+ − y

]
−
[
x̄− x̄+

ȳ+ − ȳ

]∥∥∥∥2

=

∥∥∥∥[x− x̄y − ȳ

]∥∥∥∥2

+ 2

[
x− x̄
y − ȳ

]T [
x̄+ − x+

ȳ+ − y+

]
+

∥∥∥∥[x̄+ − x+

ȳ+ − y+

]∥∥∥∥2

≤
∥∥∥∥[x− x̄y − ȳ

]∥∥∥∥2

+

(
η

η − ρ
− 2

)[
x̄− x
ȳ − y

]T [
x̄+ − x+

ȳ+ − y+

]
.
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Notice that

[
x̄− x
ȳ − y

]T [
x̄+ − x+

ȳ+ − y+

]
is non-negative but the sign of

(
η
η−ρ − 2

)
may be positive or

negative. If this coefficient is negative, we can upperbound the second term above by zero, giving a
smoothness constant of η as

‖∇Lη(z)−∇Lη(z̄)‖2 ≤ η2

∥∥∥∥[x− x̄y − ȳ

]∥∥∥∥2

.

If instead,
(

η
η−ρ − 2

)
is non-negative, then we arrive at a smoothness constant of |η−1 − ρ−1|−1 by

the Cauchy–Schwarz inequality and using that

∥∥∥∥[x̄+ − x+

ȳ+ − y+

]∥∥∥∥ ≤ η
η−ρ

∥∥∥∥[x̄− xȳ − y

]∥∥∥∥:

‖∇Lη(z)−∇Lη(z̄)‖2 ≤ η2

(
1 +

(
η

η − ρ
− 2

)
η

η − ρ

)∥∥∥∥[x− x̄y − ȳ

]∥∥∥∥2

= η2

(
η

η − ρ
− 1

)2 ∥∥∥∥[x− x̄y − ȳ

]∥∥∥∥2

=

(
ηρ

η − ρ

)2 ∥∥∥∥[x− x̄y − ȳ

]∥∥∥∥2

.

The setting of taking the Moreau envelope of a convex function gives a simpler smoothness
bound of η since having ρ ≤ 0 implies η = max{η, |η−1 − ρ−1|−1}. The same simplification holds
when applying our saddle envelope machinery to convex-concave problems: the saddle envelope of
any convex-concave L is η-smooth.

3 Interaction Dominate Regime

Our theory for the saddle envelope Lη(z) shows it is much more structured than the original objective
function L(z). Proposition 2.10 established that for x and y interaction dominant problems, the
saddle envelope is strongly convex-strongly concave. Proposition 2.13 established that the saddle
envelope is always smooth (has a uniformly Lipschitz gradient). Both of these results hold despite
us not assuming convexity, concavity, or smoothness of the original objective. Historically these
two conditions are the key to linear convergence (see Theorem 1.2) and indeed we find interaction
dominance causes the proximal point method to linearly converge. The proof of this result is deferred
to the end of the section.

Theorem 3.1. For any objective L that is ρ-weakly convex-weakly concave and α > 0-interaction
dominate in both x and y, the damped PPM (6) with η and λ satisfying

λ ≤ 2
min

{
1, (η/ρ− 1)2

}
η/α+ 1

linearly converges to the unique stationary point (x∗, y∗) of (1) with∥∥∥∥[xk − x∗yk − y∗
]∥∥∥∥2

≤
(

1− 2λ

η/α+ 1
+

λ2

min {1, (η/ρ− 1)2}

)k ∥∥∥∥[x0 − x∗
y0 − y∗

]∥∥∥∥2

.
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For example, setting η = 2ρ and λ = 1
1+η/α , our convergence rate simplifies to∥∥∥∥[xk − x∗yk − y∗

]∥∥∥∥2

≤
(

1− 1

(2ρ/α+ 1)2

)k ∥∥∥∥[x0 − x∗
y0 − y∗

]∥∥∥∥2

.

Remark 3.2. Theorem 3.1 is valid even if α > 0-interaction dominance only holds locally. That is,
as long as α-interaction dominance holds within an l2-ball around a local stationary point, and the
initial point is sufficiently within this ball, then PPM converges linearly to this local stationary point.
Of course in this case there can be many local stationary points.

Remark 3.3. For µ-strongly convex-strongly concave problems, this theorem recovers the standard
proximal point convergence rate for any choice of η > 0. In this case, we have ρ = −µ, α = µ, and
can set λ = 1

η/µ+1 , giving a O(η2/µ2 log(1/ε)) convergence rate matching [5].

Remark 3.4. The α > 0-interaction dominance condition is tight for obtaining global linear
convergence. A nonconvex-nonconcave quadratic example illustrating the sharpness of this boundary
is presented is Section 5.1. Moreover, our example shows that it is necessary to utilize the damping
parameter (that is, selecting λ < 1) for the proximal point method to converge for some α > 0-
interaction dominant problems.

If we only have α > 0-interaction dominance with y, then the saddle envelope Lη is still much
more structured than the original objective L. In this case, Lη(x, y) may still be nonconvex in
x, but Proposition 2.13 ensures it is strongly concave in y. Then our theory allows us to extend
existing convergence guarantees for nonconvex-concave problems to this larger class of y interaction
dominate problems.

Nonconvex-concave problems have been considered by numerous recent works giving first-order
methods that converge to stationary points [19, 20, 21, 22]. For example, Lin et al. [19] recently
showed that GDA with different, carefully chosen stepsize parameters for x and y will converge to a
stationary point at a rate of O(ε−2). We find that running the following damped proximal point
method is equivalent to running their variant of GDA on the saddle envelope[

xk+1

yk+1

]
=

[
λx+

k + (1− λ)xk
γy+

k + (1− γ)yk

]
where

[
x+
k

y+
k

]
= proxη(xk, yk) (17)

for proper choice of the parameters λ, γ ∈ [0, 1]. From this, we derive the following sublinear
convergence rate for nonconvex-nonconcave problems whenever y interaction dominance holds. The
proof of this result is deferred to the end of the section.

Theorem 3.5. For any objective L that is ρ-weakly convex-weakly concave and α > 0-interaction

dominate in y, consider the PPM variant (17) with damping constants λ = Θ

(
min{1,|η/ρ−1|3}

(1+η/α)2

)
and

γ = Θ (min {1, |η/ρ− 1|}). If the sequence yk is bounded1, then a stationary point ‖∇L(x+
T , y

+
T )‖ ≤ ε

will be found by iteration T ≤ O
(
ε−2
)
.

Remark 3.6. Symmetrically, we can guarantee sublinear convergence assuming only x-interaction
dominance. Considering the maximin problem of maxy minx L(x, y) = −miny maxx−L(x, y), which
is now interaction dominate with respect to the inner maximization variable, we can apply The-
orem 3.5. This reduction works since although the original minimax problem and this maximin
problem need not have the same solutions, they always have the same stationary points.

1We do not believe this boundedness condition is fundamentally needed, but we make it to leverage the results
of [19] which utilize compactness.
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3.1 Proof of Theorem 3.1

Propositions 2.10 and 2.13 show that Lη is µ = (η−1 +α−1)−1-strongly convex-strongly concave and
has a β = max{η, |η−1 − ρ−1|−1}-Lipschitz gradient. Having strong convexity and strong concavity
ensures Lη has a unique stationary point (x∗, y∗), which in turn must be the unique stationary point
of L by Corollary 2.6. Recall Corollary 2.7 showed that the damped PPM (6) on L is equivalent to
GDA (5) with s = λ/η on Lη. Then provided

λ ≤ 2
min

{
1, (η/ρ− 1)2

}
η/α+ 1

=
2(η−1 + α−1)−1

max{η2, (η−1 − ρ−1)−2}
,

we have s = λ/η ∈ (0, 2µ/β2). Hence applying Theorem 1.2 shows the iterations of GDA (and
consequently PPM) linearly converge to this unique stationary point as∥∥∥∥[xk − x∗yk − y∗

]∥∥∥∥2

≤
(

1− 2λ

η/α+ 1
+

λ2

min {1, (η/ρ− 1)2}

)k ∥∥∥∥[x0 − x∗
y0 − y∗

]∥∥∥∥2

.

3.2 Proof of Theorem 3.5

Proposition 2.10 shows that whenever interaction dominance holds for y the saddle envelope is
µ = (η−1 + α−1)−1-strongly concave in y and Proposition 2.13 ensures the saddle envelope has a
β = max{η, |η−1 − ρ−1|−1}-Lipschitz gradient. Recently, Lin et al. [19] considered such nonconvex-
strongly concave problems with a compact constraint y ∈ D. They analyzed the following variant of
GDA [

xk+1

yk+1

]
= projRn×D

([
xk
yk

]
+

[
−∇xL(xk, yk)/ηx
∇yL(xk, yk)/ηy

])
(18)

which projects onto the feasible region Rn ×D each iteration and has different stepsize parameters
ηx and ηy for x and y. Lin et al. prove the following theorem showing a sublinear guarantee.

Theorem 3.7 (Theorem 4.4 of [19]). For any β-smooth, nonconvex-µ-strongly concave L, let
κ = β/µ be the condition number for y. Then for any ε > 0, GDA with stepsizes η−1

x = Θ(1/κ2β)
and η−1

y = Θ(1/β) will find a point satisfying ‖∇L(xT , yT )‖ ≤ ε by iteration

T ≤ O
(
κ2β + κβ2

ε2

)
.

Assuming that the sequence yk above stays bounded, this projected gradient method is equivalent
to running GDA on our unconstrained problem by setting the domain of y as a sufficiently large
compact set to contain all the iterates. Consider setting the averaging parameters as λ = Θ(η/κ2β) =

Θ

(
min{1,|η/ρ−1|3}

(1+η/α)2

)
and γ = Θ(η/β) = Θ (min {1, |η/ρ− 1|}). Then using the gradient formula

from Lemma 2.5, we see that the damped proximal point method (17) is equivalent to running GDA
on the saddle envelope with ηx = η/λ and ηy = η/γ:[

xk+1

yk+1

]
=

[
xk
yk

]
+

[
−∇xLη(xk, yk)/ηx
∇yLη(xk, yk)/ηy

]
=

[
xk
yk

]
+

[
−λ(xk − x+

k )
γ(y+

k − yk)

]
=

[
λx+

k + (1− λ)xk
γy+

k + (1− γ)yk

]
.

Then the above theorem guarantees that running this variant of the proximal point method on L
(or equivalently, applying the GDA variant (18) to the saddle envelope) will converge to a stationary
point with ‖∇Lη(zT )‖ ≤ ε within T ≤ O(ε−2) iterations. It immediate follows from the gradient
formula that z+

T = proxη(zT ) is approximately stationary for L as ‖∇L(z+
T )‖ = ‖∇Lη(zT )‖ ≤ ε.
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4 Interaction Weak Regime

Our previous theory showed that when the interaction between x and y is sufficiently strong, global
linear convergence occurs. Now we consider when there is limited interaction between x and y.
At the extreme of having no interaction, nonconvex-nonconcave minimax optimization separates
into nonconvex minimization and nonconcave maximization. On these separate problems, local
convergence of the proximal point method is well-understood2. Here we show that under reasonable
smoothness and initialization assumptions, this local convergence behavior extends to minimax
problems with weak, but nonzero, interaction between x and y.

To formalize this, we make the following regularity assumptions describing how smooth L is

‖∇2L(z)‖ ≤ β , for all z ∈ Rn × Rm (19)

‖∇2L(z)−∇2L(z̄)‖ ≤ H‖z − z̄‖ , for all z, z̄ ∈ Rn × Rm (20)

and quantify how weak the interaction between the minimizing and maximizing agents is by

‖∇2
xyL(z)‖ ≤ δ , for all z ∈ Rn × Rm (21){

‖∇2
xxL(x, y)−∇2

xxL(x, ȳ)‖ ≤ ξ‖y − ȳ‖
‖∇2

yyL(x, y)−∇2
yyL(x̄, y)‖ ≤ ξ‖x− x̄‖

, for all (x, y), (x̄, ȳ) ∈ Rn × Rm (22)

for some constants β,H, δ, ξ ≥ 0. Here we are particularly interested in problems where δ and ξ are
sufficiently small. For example, the bilinear setting of (3) satisfies this with (δ, ξ) = (λmax(A), 0)
and so we are considering small interaction matrices A.

For such problems, we consider an initialization for the proximal point method based on our
motivating intuition that when there is no interaction, we can find local minimizers and maximizers
with respect to x and y. For a fixed point z′ = (x′, y′), we compute our PPM initialization
z0 = (x0, y0) as {

x0 = a local minimizer of minu L(u, y′) ,

y0 = a local maximizer of maxv L(x′, v) .
(23)

These subproblems amount to smooth nonconvex minimization, which is well-studied (see for
example [34]), and so we take them as a blackbox.

The critical observation explaining why this is a good initialization is that provided δ and ξ are
small enough, we have (i) that the interaction dominance conditions (15) and (16) hold at z0 with a
nearly positive α = α0, often with α0 > 0 and (ii) that z0 is a nearly stationary point of L. Below
we formalize each of these properties and arrive at conditions quantifying how small we need ξ and
δ to be for our local convergence theory to apply.

2For example, considering the decrease in objective value for nonconvex minimization problem minx f(x). Each
iteration of the proximal point method has f(xk+1) ≤ f(x)− η

2
‖xk+1−xk‖2. Then inductively applying this and using

the gradient formula ∇eη{f}(xk) = η(xk − xk+1) = ∇f(xk+1), we see the average gradient must converge to zero as

1

T

T∑
k=1

‖∇f(xk)‖2 ≤ 2η(f(x0)− infx f(x))

T
.
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(i) First, we observe that the interaction dominance conditions (15) and (16) hold at z0 with a
nearly positive coefficient α0. Since x0 and y0 are local optimum, for some µ ≥ 0, we must
have

∇2
xxL(x0, y

′) � µI and −∇2
yyL(x′, y0) � µI .

Then the Hessians at z0 must be similarly bounded since the amount they can change is
limited by (22). Hence

∇2
xxL(z0) � (µ− ξ‖y0 − y′‖)I and −∇2

yyL(z0) � (µ− ξ‖x0 − x′‖)I .

Adding a positive semidefinite term onto these (as is done in the definition of interaction
dominance) can only increase the righthand-side above. In particular, we can bound the
second term added in the interaction dominance conditions (15) and (16) as

∇2
xyL(z0)(ηI −∇2

yyL(z0))−1∇2
yxL(z0) �

∇2
xyL(z0)∇2

yxL(z0)

η + β

�
λmin(∇2

xyL(z0)∇2
yxL(z0))

η + β
I ≥ 0 ,

∇2
yxL(z0)(ηI +∇2

xxL(z0))−1∇2
xyL(z0) �

∇2
yxL(z0)∇2

xyL(z0)

η + β

�
λmin(∇2

yxL(z0)∇2
xyL(z0))

η + β
I ≥ 0 .

Hence interaction dominance holds at z0 in both x and y with the following constants

∇2
xxL(z0) +∇2

xyL(z0)(ηI −∇2
yyL(z0))−1∇2

yxL(z0)

�

(
µ+

λmin(∇2
xyL(z0)∇2

yxL(z0))

η + β
− ξ‖y0 − y′‖

)
I ,

−∇2
yyL(z0) +∇2

yxL(z0)(ηI +∇2
xxL(z0))−1∇2

xyL(z0)

�

(
µ+

λmin(∇2
yxL(z0)∇2

xyL(z0))

η + β
− ξ‖x0 − x′‖

)
I .

For our local linear convergence theory to apply, we need this to hold with non-negative
coefficient. Then it suffices to have ξ sufficiently small, satisfying

ξ‖y0 − y′‖ ≤ µ+
λmin(∇2

xyL(z0)∇2
yxL(z0))

η + β

ξ‖x0 − x′‖ ≤ µ+
λmin(∇2

yxL(z0)∇2
xyL(z0))

η + β
.

(24)

Note this is trivially the case for problems with bilinear interaction (3) as ξ = 0. It is also
worth noting that even if µ = 0, the right-hand-sides above are still strictly positive if ∇xyL(z0)
is full rank and the variable dimensions n and m of x and y are equal3.

3This works since having full rank square ∇2
xyL(z0) implies that both of its squares ∇2

xyL(z0)∇2
yxL(z0) and

∇2
yxL(z0)∇2

xyL(z0) are full rank as well. Hence these squares must be strictly positive definite and as a result, have
strictly positive minimum eigenvalues.

20



(ii) Next, we observe that z0 is nearly stationary by applying (21) and using the first-order optimality
conditions of the subproblems (23):

‖∇L(z0)‖ ≤
∥∥∥∥[∇xL(x0, y

′)
∇yL(x′, y0)

]∥∥∥∥+ δ‖z0 − z′‖ = δ‖z0 − z′‖.

For our convergence theory to apply, we need this gradient to be sufficiently small, quantified
as having

δ‖z0 − z′‖ ≤
α0(η − ρ)

2
(

1 + 4
√

2(η+α0/2)
α0

+ 4
√

2β(η+α0/2)
α0(η−ρ)

)
H
(

1 + 2δ
η−ρ + δ2

(η−ρ)2

) . (25)

Under these conditions, we have the following local linear convergence guarantee.

Theorem 4.1. For any objective L satisfying weak convexity-concavity (4), the smoothness condi-
tions (19) and (20), and the interaction bounds (21) and (22), consider the damped PPM (6) with
initialization (x0, y0) given by (23) and η and λ satisfying

λ ≤ 2
min

{
1, (η/ρ− 1)2

}
2η/α0 + 1

.

Then PPM linearly converges to a nearby stationary point (x∗, y∗) of (1) with∥∥∥∥[xk − x∗yk − y∗
]∥∥∥∥2

≤
(

1− 2λ

2η/α0 + 1
+

λ2

min {1, (η/ρ− 1)2}

)k ∥∥∥∥[x0 − x∗
y0 − y∗

]∥∥∥∥2

provided δ and ξ are small enough to satisfy (24) and (25).

4.1 Proof of Theorem 4.1

Our proof of this local convergence guarantee considers two sets centered at initial point (x0, y0):
An inner region Binner = {(x, y)|x ∈ B(x0, r), y ∈ B(y0, r)} with radius r given by

r :=
4(η + α0/2)

α0

‖∇L(z0)‖
η − ρ

and an outer ball Bouter = B((x0, y0), R) with radius R given by

R =

(
1 +

4
√

2(η + α0/2)

α0
+

4
√

2β(η + α0/2)

α0(η − ρ)

)
‖∇L(z0)‖
η − ρ

≥
√

2r .

Thus Binner ⊆ Bouter. We are able to conclude in the following lemma that the α0 ≥ 0-interaction
dominance at z0 (which we arrived at from our choice of initialization procedure and interaction
being sufficiently weak) extends to give α0/2-interaction dominance on the whole outer ball Bouter.

Lemma 4.2. On the outer ball Bouter, α0/2-iteration dominance holds in both x and y.
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Proof. First, observe that the functions defining the interaction dominance conditions (15) and (16)

∇2
xxL(z) +∇2

xyL(z)(ηI −∇2
yyL(z))−1∇2

yxL(z),

−∇2
yyL(z) +∇2

yxL(z)(ηI +∇2
xxL(z))−1∇2

xyL(z)

are both uniformly Lipschitz with constant

H

(
1 +

2δ

η − ρ
+

δ2

(η − ρ)2

)
.

We compute this constant by applying the “product rule”-style formula that the product of two
mappings A(z)B(z) is uniformly (a′b+ ab′)-Lipschitz provided A(z) is bounded in norm by a and
a′-Lipschitz and B(z) is bounded in norm by b and b′-Lipschitz4. Then our Lipschitz constant
follows by observing the component functions defining it satisfy the following: ∇2

xxL(z) and ∇2
yyL(z)

are H-Lipschitz, ∇2
xyL(z) and its transpose ∇2

yxL(z) are both H-Lipschitz and bounded in norm
by δ, and (ηI +∇2

xxL(z))−1 and (ηI −∇2
yyL(z))−1 are both H/(η − ρ)2-Lipschitz and bounded in

norm by (η − ρ)−1.
Then it immediately follows that every z ∈ Bouter has α0/2-interaction dominance in x as

∇2
xxL(z) +∇2

xyL(z)(ηI −∇2
yyL(z))−1∇2

yxL(z)

� ∇2
xxL(z0) +∇2

xyL(z0)(ηI −∇2
yyL(z0))−1∇2

yxL(z0)−H
(

1 +
2δ

η − ρ
+

δ2

(η − ρ)2

)
RI

� ∇2
xxL(z0) +∇2

xyL(z0)(ηI −∇2
yyL(z0))−1∇2

yxL(z0)− α0/2I

� α0I − α0/2I = α0/2I

where the first inequality uses Lipschitz continuity, the second inequality uses our assumed con-

dition (25) of H
(

1 + 2δ
η−ρ + δ2

(η−ρ)2

)
R ≤ α0/2, and the third inequality uses the α0-interaction

dominance at z0. Symmetrical reasoning shows α0/2-interaction dominance in y holds for each
z ∈ Bouter as well.

From this, we find that interaction dominance on the outer ball suffices to ensure the saddle
envelope is strongly convex-strongly concave on the inner square.

Lemma 4.3. The saddle envelope is (η−1 + (α0/2)−1)−1-strongly convex-strongly concave on Binner.

Proof. Given α0/2-interaction dominance holds on Bouter, it suffices to show that for any z =
(x, y) ∈ Binner, the proximal step z+ = proxη(z) ∈ Bouter as we can then apply the Hessian bounds
from Proposition 2.10 to show strong convexity and strong concavity.

4A proof of this is straightforward. For any two points z, z′, we have

‖A(z)B(z)−A(z′)B(z′)‖ = ‖A(z)B(z)−A(z′)B(z) +A(z′)B(z)−A(z′)B(z′)‖
≤ ‖A(z)B(z)−A(z′)B(z)‖+ ‖A(z′)B(z)−A(z′)B(z′)‖
≤ ‖A(z)−A(z′)‖‖B(z)‖+ ‖A(z′)‖‖B(z)−B(z′)‖ ≤ (a′b+ b′a)‖z − z′‖ .
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Define the function underlying the computation of the proximal step at (x, y) as

M(u, v) = L(u, v) +
η

2
‖u− x‖2 − η

2
‖v − y‖2.

Our choice of η > ρ ensures that M is (η − ρ)-strongly convex-strongly concave. Thus applying
Lemma 1.1 and then the β-Lipschitz continuity of ∇L(z) implies∥∥∥∥[x− x+

y − y+

]∥∥∥∥ ≤ ‖∇M(x, y)‖
η − ρ

=
‖∇L(x, y)‖
η − ρ

≤ ‖∇L(x0, y0)‖+ β
√

2r

η − ρ
.

Hence (x+, y+) must lie in the outer ball as∥∥∥∥[x0 − x+

y0 − y+

]∥∥∥∥ ≤ ∥∥∥∥[x0 − x
y0 − y

]∥∥∥∥+

∥∥∥∥[x− x+

y − y+

]∥∥∥∥ ≤ √2r +
‖∇L(x0, y0)‖+ β

√
2r

η − ρ
= R .

Armed with the knowledge that interaction dominance holds on Binner, we return to the proof
of Theorem 4.1. Observe that the gradient of the saddle envelope at z0 = (x0, y0) is bounded by
Lemma 2.5 and Lemma 1.1 as

‖∇Lη(z0)‖ = ‖η(z0 − z+
0 )‖ ≤ η

η − ρ
‖∇M0(z0)‖ =

η

η − ρ
‖∇L(z0)‖

where z+
0 = proxη(z0) and M0(u, v) = L(u, v) + η

2‖u − x0‖2 − η
2‖v − y0‖2 is the η − ρ-strongly

convex-strongly concave function defining it. Now we have shown all of the conditions necessary to
apply Theorem 1.2 on the square B(x0, r)×B(y0, r) with

r =
4(η + α0/2)‖∇L(z0)‖

α0(η − ρ)
=

2‖∇Lη(z0)‖
µ

upon which the saddle envelope is µ = (η−1 + (α0/2)−1)−1-strongly convex-strongly concave and
β = max{η, |η−1 − ρ−1|−1}-smooth. Hence applying GDA with s = λ/η to the saddle envelope
produces iterates (xk, yk) converging to a stationary point (x∗, y∗) with∥∥∥∥[xk − x∗yk − y∗

]∥∥∥∥2

≤
(

1− 2λ

η(η−1 + (α0/2)−1)
+

λ2

η2(η−1 − ρ−1)2

)k ∥∥∥∥[x0 − x∗
y0 − y∗

]∥∥∥∥2

.

By Corollary 2.6, (x∗, y∗) must also be a stationary point of L. Further, by Corollary 2.7, this
sequence (xk, yk) is the same as the sequence generated by running the damped PPM on (1).

5 Interaction Moderate Regime

Between the interaction dominate and interaction weak regimes, the proximal point method may
diverge or cycle indefinitely (recall our introductory example in Figure 1 where convergence fails
in this middle regime). We begin by considering the behavior of the proximal point method when
applied to a nonconvex-nonconcave quadratic example. From this, we find that our interaction
dominance condition is tight in that it exactly describes when our example converges or diverges.
Motivated by this, we propose a Lyapunov-type function that identifies stationary points of generic
minimax problems. Since PPM may cycle indefinitely for problems with moderate amounts of
interaction, one cannot guarantee any Lyapunov monotonically decreases. However, analyzing our
proposed Lyapunov enables us to bound how quickly PPM can diverge based on how far the given
problem instance is from the interaction dominant regime or convexity and concavity.
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5.1 Divergence and Tightness of the Interaction Dominance Regime

Consider the following nonconvex-nonconcave quadratic minimax problem of

min
x∈Rn

max
y∈Rn

L(x, y) =
−ρ
2
‖x‖2 + axT y − −ρ

2
‖y‖2 (26)

where a ∈ R controls the size of the interaction between x and y and ρ ≥ 0 controls how weakly
convex-weakly concave the problem is. Notice this problem has a stationary point at the origin.
Even though this problem is nonconvex-nonconcave, the proximal point method will still converge to
the origin for some selections of a, ρ, and η. Examining our interaction dominance conditions (15)
and (16), we see that this example is α = −ρ+ a2/(η − ρ)-interaction dominant in both x and y as
∇2
xxL(z)L(z) = −∇2

yyL(z) = −ρ and ∇2
xyL(z) = ∇2

yxL(z) = a.
For quadratic problems, the proximal point method always corresponds to the matrix multipli-

cation. In the case of (26), the damped PPM iteration is given by[
xk+1

yk+1

]
= (1− λ)

[
xk
yk

]
+ λ

[
(1− ρ/η)I aI/η
−aI/η (1− ρ/η)I

]−1 [
xk
yk

]
= (1− λ)

[
xk
yk

]
+

λη

η − ρ

([
I aI/(η − ρ)

−aI/(η − ρ) I

])−1 [
xk
yk

]
= (1− λ)

[
xk
yk

]
+

λη

a2/(η − ρ) + η − ρ

[
I −aI/(η − ρ)

aI/(η − ρ) I

] [
xk
yk

]
=

[
CI −DI
DI CI

] [
xk
yk

]

for constants C = 1− λα

η + α
and D =

ληa

(η + α)(η − ρ)
. Notice that these constants are well-defined

since η− ρ > 0 and η+α > 0 (even if α is negative) since η > ρ and α ≥ −ρ. Matrix multiplication
of this special final form has the following nice property for any z,∥∥∥∥[CI −DI

DI CI

]
z

∥∥∥∥2

= (C2 +D2)‖z‖2. (27)

Hence this iteration will globally converge to the origin exactly when(
1− λα

η + α

)2

+

(
ληa

(η + α)(η − ρ)

)2

< 1 .

Likewise, the damped proximal point method will cycle indefinitely when this holds with equality
and diverges when it is strictly violated. As a result, violating α > 0-interaction dominance (that is,
having α ≤ 0) leads to divergence in (26) for any choice of the averaging parameter λ ∈ (0, 1] since
this forces C ≥ 1 (and so C2 +D2 > 1). Hence our interaction dominance boundary is essentially
tight.

Further, this example shows that considering the damped proximal point method (as opposed
to fixing λ = 1) is necessary to fully capture the convergence for interaction dominant problems.
For example, setting ρ = 1, a = 2, η = 3 has α = 1-interaction dominance in x and y and converges
exactly when

(1− λ/4)2 + (3λ/4)2 < 1
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which is satisfied when λ ∈ (0, 0.8), but not by the undamped proximal point method with λ = 1.
Our theory from Theorem 3.1 is slightly more conservative, guaranteeing convergence whenever
λ ≤ 0.5 = 2 min

{
1, (η/ρ− 1)2

}
/(η/α+ 1).

5.2 A Candidate Lyapunov for Interaction Moderate Problems

The standard analysis of gradient descent on nonconvex optimization relies on the fact that the
function value monotonically decays at the level of gradient norm square every iteration. Thus as
long as the gradient is large, the function value has sufficient decay. Consequently, the iterates of
gradient descent either have gradient norm converge to 0 or objective value approach −∞. However,
such arguments no longer hold in the nonconvex-nonconcave minimax setting: the objective is
neither monotonically decreasing nor increasing while PPM runs. Worse yet, since we know the
proximal point method may cycle indefinitely with gradients bounded away from zero (for example,
recall the interaction moderate regime trajectories shown in Figure 1), no “Lyapunov”-type quantity
can exist that monotonically decreases along the iterates of the proximal point method.

In order to obtain a similar analysis as the standard nonconvex optimization approach, we propose
to study the following “Lyapunov” function, which captures the difference between smoothing over
y and smoothing over x using the classic Moreau envelope,

L(x, y) :=− eη{−L(x, ·)}(y)− eη{L(·, y)}(x) . (28)

The following proposition establishes structural properties supporting our consideration of L(x, y).

Theorem 5.1. The Lyapnuov function L(x, y) has the following structural properties:

1. L(x, y) ≥ 0,

2. When η > ρ, L(x, y) = 0 if and only if (x, y) is a stationary point to L(x, y),

3. When η = 0, L(x, y) recovers the well-known primal-dual gap of the function L(x, y)

L(x, y) = max
v
L(x, v)−min

u
L(u, y).

Proof. Recall that a Moreau envelope eη{f(·)}(x) provides a lower bound (8) on f everywhere.
Hence eη{−L(x, ·)}(y) ≤ −L(x, y) and eη{L(·, y)}(x) ≤ L(x, y), and so our proposed Lyapunov is
always nonnegative since

L(x, y) = −eη{−L(x, ·)}(y)− eη{L(·, y)}(x) ≥ L(x, y)− L(x, y) = 0 .

Further, recall (9) stated that for any ρ-weakly convex function f , selecting η > ρ ensures the
Moreau envelope equals the given function precisely at its stationary point. Then the preceding
nonnegativity argument holds with equality if and only if

∇y − L(x, ·)(y) = 0 and ∇xL(·, y)(x) = 0 .

Hence we have L(x, y) = 0 ⇐⇒ ∇L(x, y) = 0. Lastly, when η = 0, observe that this Lyapunov
simplifies to be the primal-dual gap for L(x, y) as

L(x, y) = −min
v

{
−L(x, v) +

η

2
‖v − y‖2

}
−min

u

{
−L(u, y) +

η

2
‖u− x‖2

}
= max

v
L(x, v)−min

u
L(u, y) .
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Computing the Moreau envelopes defining L(z) for the quadratic example (26) gives

eη{L(·, y)}(x) =
1

2
(η−1 − ρ−1)−1‖x‖2 +

ηa

η − ρ
xT y − α

2
‖y‖2 (29)

eη{−L(x, ·)}(y) = −α
2
‖x‖2 − ηa

η − ρ
xT y +

1

2
(η−1 − ρ−1)−1‖y‖2 (30)

where α = −ρ+ a2/(η − ρ) is the interaction dominance parameter for this problem. Hence

L(z) =
1

2

(
α− (η−1 − ρ−1)−1

)
‖z‖2 .

Noting that α ≥ −ρ and −(η−1 − ρ−1)−1 > −ρ, we see that the origin is the unique minimizer of
L(z) and consequently the unique stationary point of L. In this case, minimizing L(z) is simple
convex optimization.

Future works could identify further regions of tractable nonconvex-nonconcave problems where
algorithms can minimize L(x, y) instead as all of its global minimums are stationary points of the
original objective. Since this problem is purely one of minimization, cycling can be ruled out directly.
As previously observed, the proximal point method is not such an algorithm since it may fall into
a cycle and fail to monotonically decrease L(z). Instead, we find the following weakened descent
condition for L(z), relating its change to our α-interaction dominance conditions. Note that this
result holds regardless of whether the interaction dominance parameter α is positive or negative.

Theorem 5.2. For any ρ-weakly convex-weakly concave, α ∈ R-interaction dominant in x and y
problem, taking a proximal step from any z ∈ Rn × Rm to z+ = proxη(z) has

L(z+) ≤ L(z)− 1

2

(
α+ (η−1 − ρ−1)−1

)
‖z+ − z‖2 .

Remark 5.3. This upper bound is attained by our example diverging problem (26). Hence the worst
case increase of this Lyapunov is given by simple quadratic. To see why this is example attains our
bound, note that the proof of Theorem 5.2 only introduces inequalities by using the following four
Hessian bounds for every (u, v)

∇2
xx − eη{−L(u, ·)}(v) � αI , ∇2

yy − eη{−L(u, ·)}(v) � −(η−1 − ρ−1)−1I ,

∇2
yy − eη{L(·, v)}(u) � αI , ∇2

xx − eη{L(·, v)}(u) � −(η−1 − ρ−1)−1I .

Observing that all four of these bounds hold with equality everywhere in (29) and (30) shows our
recurrence holds with equality.

Remark 5.4. For reasonably interaction dominate problems, α > −(η−1 − ρ−1)−1, we indeed have
a decrease in the Lyapunov5 on the order of O(‖z+ − z‖2) = O(‖∇L(z+)‖2/η2). This gives another
insight into why PPM converges to stationary points for interaction dominate problems: inductively
applying this descent condition (and using that L(x, y) ≥ 0) bounds the average gradient by

1

T

T∑
k=1

‖∇L(zk)‖2 ≤
2η2L(x0, y0)

T (α+ (η−1 − ρ−1)−1)
.

5Noting that −(η−1 − ρ−1)−1 > 0 whenever ρ > 0 shows this setting is a restriction on α > 0-interaction dominant
problems. Some form of restriction is needed here since we have seen a quadratic example where the proximal point
method without damping diverges despite having α > 0-interaction dominance.
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Remark 5.5. For generic minimax problems, Theorem 5.2 bounds how quickly the proximal point
method can diverge. For example, consider an objective L that is l-Lipschitz and nearly convex-
concave, satisfying weak convexity-weak concavity (4) with some ρ = ε. Then noting interaction
dominance holds with coefficient α = −ρ = −ε, the increase in the Lyapanov is bounded by a constant
O(ε) as

L(z+)− L(z) ≤ −1

2

(
α− ηρ

η − ρ

)
‖∇L(z+)/η‖2 ≤ εl2

2η2

(
1 +

η

η − ε

)
≈ εl2

η2
.

Lastly, we remark the average gradient norm seen when the proximal point method falls into
cycling can be lower bounded by the isoperimetric inequality. It says that, if PPM “coarsely”
converges to a cyclic attractor, that winds around a large ball, then the average of the squared
gradient will be large. Details and definitions in the appendix.

Theorem 5.6. For any problem L(x, y), if the limiting behaviour of PPM (6), converges uniformly
to a cyclic attractor C, such that there exists a point on the minimal surface bounded by C that is at
(geodesic) distance at least R from every point on C then, small enough choice of step size s and a
large enough choice of T and S (where T � S), we have

1

T − S

T∑
k=S

‖∇L(zk)‖2 ≥
C ·R2

s2N2

where C is a constant depending on the properties of the minimal surface S, and N measures the
“coarseness” of the algorithm.

5.3 Proof of Theorem 5.2

First we derive the following bounds on the Hessians of the functions defining our Lyapunov L(z).

Lemma 5.7. If the x-interaction dominance (15) holds with α ∈ R, the function eη{L(·, y)}(x) has
Hessians in x and y bounded by

(η−1 − ρ−1)−1I � ∇2
xxeη{L(·, y)}(x) � ηI and ∇2

yyeη{L(·, y)}(x) � −αI .

Symmetrically, if the y-interaction dominance (16) holds with α ∈ R, the function eη{−L(x, ·)}(y)
has Hessians in x and y bounded by

∇2
xxeη{−L(x, ·)}(y) � −αI and (η−1 − ρ−1)−1I � ∇2

yyeη{−L(x, ·)}(y) � ηI.

Proof. For the Hessian bound in the x variable, this follows directly from the Moreau envelope
Hessian bounds (12). Considering eη{L(·, y)}(x) as a function of y, we find that its the gradient
and Hessian are given by

∇yeη{L(·, y)}(x) = ∇yL(x+, y)

∇2
yyeη{L(·, y)}(x) = ∇2

yyL(x+, y)−∇2
yxL(x+, y)(ηI +∇2

xxL(x+, y))−1∇2
xyL(x+, y)

evaluated at (x+, y) where x+ = argminuL(u, y) + η
2‖u− x‖

2. Noting that this Hessian formula is
the matrix from the α-interaction dominance condition (16) gives our bound on −∇2

yyeη{L(·, y)}(x).
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All that remains is to derive our claimed gradient and Hessian formulas in y. Consider a nearby
point y∆ = y+ ∆ and denote x∆

+ = argminuL(u, y∆) + η
2‖u−x‖

2. Consider the second-order Taylor

model of the objective L around (x+, y) denoted by L̃(u, v) with value

L(x+, y) +

[
∇xL(x+, y)
∇yL(x+, y)

]T [
u− x+

v − y

]
+

1

2

[
u− x+

v − y

]T [∇2
xxL(x+, y) ∇2

xyL(x+, y)

∇2
yxL(x+, y) ∇2

yyL(x+, y)

] [
u− x+

v − y

]
.

Denote the x̃∆
+ = argminuL̃(u, y∆) + η

2‖u − x‖
2. Noting this point is uniquely defined by its

first-order optimality conditions, we have

∇xL(x+, y) +∇2
xxL(x+, y)(x̃∆

+ − x+) +∇2
xyL(x+, y)∆ + η(x̃∆

+ − x) = 0 ,

=⇒ (ηI +∇2
xxL(x+, y))(x̃∆

+ − x+) = −∇2
xyL(x+, y)∆ ,

=⇒ x̃∆
+ − x+ = −(ηI +∇2

xxL(x+, y))−1∇2
xyL(x+, y)∆ .

Denote the proximal subproblem objective by M∆(u, v) = L(u, y∆)+ η
2‖u−x‖

2 and its approximation

by M̃∆(u, v) = L̃(u, y∆)+ η
2‖u−x‖

2. Noting that ‖∇xM̃∆(x+, y
∆)‖ = ‖∇2

xyL(x+, y)∆‖, the (η−ρ)-

strongly convexity of M̃∆ bounds the distance to its minimizer by

‖x+ − x̃∆
+‖ ≤

‖∇2
xyL(x+, y)∆‖
η − ρ

= O(‖∆‖) .

Consequently, we can bound difference in gradients between L and its quadratic model L̃ at x̃∆
+

by ‖∇L(x̃∆
+ , y

∆) − ∇L̃(x̃∆
+ , y

∆)‖ = o(‖∆‖). Therefore ‖∇M∆(x̃∆
+ , y

∆)‖ = o(‖∆‖). Then using
the strongly convexity of M∆ with this gradient bound, we conclude the distance from x̃∆

+ to the
minimizer x∆

+ is bounded by
‖x̃∆

+ − x∆
+‖ = o(‖∆‖) .

Then our claimed gradient formula follows as

eη{L(·, y∆)}(x)− eη{L(·, y)}(x) = L(x∆
+ , y

∆) +
η

2
‖x∆

+ − x‖2 − L(x+, y)− η

2
‖x+ − x‖2

=

[
∇xL(x+, y) + η(x+ − x)

∇yL(x+, y)

]T [
x∆

+ − x+

∆

]
+ o(‖∆‖)

= ∇yL(x+, y)T∆ + o(‖∆‖) .

Moreover, our claimed Hessian formula follows as

∇yeη{L(·, y∆)}(x)−∇yeη{L(·, y)}(x)

= ∇yL(x∆
+ , y

∆)−∇yL(x+, y)

= ∇yL̃(x̃∆
+ , y

∆)−∇yL(x+, y) + o(‖∆‖)

=

[
∇2
xyL(x+, y)

∇2
yyL(x+, y)

]T [−(ηI +∇2
xxL(x+, y))−1∇2

xyL(x+, y)∆

∆

]
+ o(‖∆‖) .

Notice that −eη{−L(u, ·)}(y) has gradient at x+ of ∇x − eη{−L(x+, ·)}(y) = ∇xL(z+) =
η(x− x+) and from Lemma 5.7 that its Hessian in x is uniformly lower bounded by αI. As a result,
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we have the following decrease in −eη{−L(u, ·)}(y) when moving from x to x+

−eη{−L(x+, ·)}(y) ≤ −eη{−L(x, ·)}(y) +∇xL(z+)T (x+ − x)− α

2
‖x+ − x‖2

= −eη{−L(x, ·)}(y)−
(
η +

α

2

)
‖x+ − x‖2 .

From the gradient formula (10), we know that ∇y − eη{−L(x+, ·)}(y) = ∇yL(z+) = η(y+ − y) and
from Lemma 5.7 that its Hessian in y is uniformly bounded above by −(η−1 − ρ−1)−1I. Then we
can upper bound the change in −eη{−L(x+, ·)}(v) when moving from y to y+ as

−eη{−L(x+, ·)}(y+) + eη{−L(x+, ·)}(y) ≤ ∇yL(z+)T (y+ − y) +
−(η−1 − ρ−1)−1

2
‖y+ − y‖2

=

(
η − (η−1 − ρ−1)−1

2

)
‖y+ − y‖2 .

Summing these two inequalities yields

−eη{−L(x+, ·)}(y+) + eη{−L(x, ·)}(y) ≤
(
η − (η−1 − ρ−1)−1

2

)
‖y+ − y‖2 −

(
η +

α

2

)
‖x+ − x‖2 .

Symmetrically, the change in −eη{L(·, y)}(x) from z to z+ is

−eη{L(·, y+)}(x+) + eη{L(·, y)}(x) ≤
(
η − (η−1 − ρ−1)−1

2

)
‖x+ − x‖2 −

(
η +

α

2

)
‖y+ − y‖2 .

Summing these two results gives the claimed bound

L(z+) ≤ L(z)− 1

2

(
α+ (η−1 − ρ−1)−1

)
‖z+ − z‖2 .
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A Sample Paths From Other First-Order Methods

Figure 2 plots the solution paths of four common first-order methods for minimax problem for solving a
two-dimensional nonconvex-nonconcave minimax problem:

min
x

max
y

L(x, y) = (x+ 3)(x+ 1)(x− 1)(x− 3) +Axy − (y + 3)(y + 1)(y − 1)(y − 3), (31)

with four different levels of interaction term, A = 1, 10, 100, 1000. This problem is globally ρ = 20-weakly
convex and β = 172-smooth on the box [−4, 4]× [−4, 4].

Each plot in Figure 2 shows the sample paths generated by running 100 iterations of the given method
from the twelve different initial solutions around the boundary of the plot (4, 0), (0, 4), (−4, 0), (0,−4), (4, 2),
(2, 4), (4,−2), (2,−4), (−4, 2), (−2, 4), (−4,−2), (−2,−4) and four initial solutions towards the center of the
plot (1, 0), (0, 1), (−1, 0), (0,−1).

Plots (a)-(d) show the behavior of the Proximal Point Method (PPM) (6) with η = 2ρ = 40 and λ = 1.
These figures match the landscape described by our theory: A = 1 is small enough to have local convergence
to four different stationary points (each around {±2} × {±2}), A = 10 has moderate size and every sample
path is attracted into a limit cycle, and finally A = 100 and A = 1000 give a large enough interaction term to
create a globally attractive stationary point (moreover, comparing plots (c) and (d) shows as A becomes
larger the rate of convergence increases).
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(a) PPM with A=1 (b) PPM with A=10 (c) PPM with A=100 (d) PPM with A=1000

(e) EG with A=1 (f) EG with A=10 (g) EG with A=100 (h) EG with A=1000

(i) GDA with A=1 (j) GDA with A=10 (k) GDA with A=100 (l) GDA with A=1000

(m) AGDA with A=1 (n) AGDA with A=10 (o) AGDA with A=100 (p) AGDA with A=1000

Figure 2: Sample paths of 100 iterations of four common first-order methods for minimax opti-
mization, Proximal Point Method (PPM), Extragradient Method (EG), Gradient Descent Ascent
(GDA) and Alternating Gradient Descent Ascent (AGDA), for solving (31) with different levels of
interaction term A = 1, 10, 100, 1000.
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Plots (e)-(h) show the behavior of the Extragradient Method (EG), which is defined by[
x̃
ỹ

]
=

[
xk
yk

]
+ s

[
−∇xL(xk, yk)
∇yL(xk, yk)

]
[
xk+1

yk+1

]
=

[
xk
yk

]
+ s

[
−∇xL(x̃, ỹ)
∇yL(x̃, ỹ)

]
(32)

with stepsize chosen as s = 1/2(β + A) = 1/(344 + 2A). This stepsize was chosen since the objective
function has a β + A-Lipschitz gradient. These figures show that the extragradient method follows the
same general trajectory as described by our theory for the proximal point method. For small A = 1, local
convergence occurs. For moderate sized A = 10 and A = 100, the algorithm falls into an attractive limit
cycle, never converging. For large enough A = 1000, the method globally converges to a stationary point.
The extragradient method only differs from the proximal point method’s landscape in that it requires a larger
A to transition into the interaction dominate regime.

Plots (i)-(l) show the behavior of Gradient Descent Ascent (GDA) (5) with s = 1/2(β+A) = 1/(344+2A).
This method is know to be unstable and diverge even for convex-concave problems. The same behavior
carries over to our nonconvex-nonconcave example. For small A, we still see local convergence. However for
A = 10, 100, 1000, we find that GDA falls into a limit cycle with increasingly large radius as A grows.

Lastly, plots (m)-(p) show the behavior of Alternating Gradient Descent Ascent (AGDA), defined by

xk+1 = xk − s∇xL(xk, yk)

yk+1 = yk + s∇yL(xk+1, yk) (33)

with s = 1/2(β + A) = 1/(344 + 2A). Again for small A, we still see local convergence, but for larger
A = 10, 100, 1000, AGDA always falls into a limit cycle.

B Convex-Concave Optimization Analysis

B.1 Proof of Lemma 1.1

Observe that

M(x′, y′) ≤M(x, y′)−∇xM(x′, y′)T (x− x′)− µ

2
‖x− x′‖2

≤M(x, y) +∇yM(x, y)T (y′ − y)−∇xM(x′, y′)T (x− x′)− µ

2
‖y − y′‖2 − µ

2
‖x− x′‖2

where the first inequality uses strong convexity of M in x and the second uses strong concavity in y.
Symmetrically,

M(x′, y′) ≥M(x′, y)−∇yM(x′, y′)T (y − y′) +
µ

2
‖y − y∗‖2

≥M(x, y) +∇xM(x, y)T (x′ − x)−∇yM(x′, y′)T (y − y′) +
µ

2
‖x− x′‖2 +

µ

2
‖y − y′‖2.

Combining the above two inequalities gives the first claimed inequality

µ

∥∥∥∥[x− x′y − y′
]∥∥∥∥2 ≤ ([ ∇xM(x, y)

−∇yM(x, y)

]
−
[
∇xM(x′, y′)
−∇yM(x′, y′)

])T [
x− x′
y − y′

]
.

Furthermore, when ∇M(x′, y′) = 0, we have

µ

∥∥∥∥[x− x′y − y′
]∥∥∥∥2 ≤ ‖∇M(x, y)‖

∥∥∥∥[x− x′y − y′
]∥∥∥∥ ,

which finishes the proof of the second inequality.
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B.2 Proof of Theorem 1.2

First we use Lemma 1.1 to conclude that if the set S is large enough, M must have a stationary point in S.
Now define B(z, r) = {z′|‖z − z′‖ ≤ r} as the closed Euclidean ball centered as a with radius r.

Lemma B.1. Suppose M is µ-strongly convex-strongly concave in a set B(x, r) × B(y, r) for some fixed
(x, y) and r ≥ 2‖∇M(x, y)‖/µ, then there exists a stationary point of M in B((x, y), r/2).

Proof. Consider the following constrained minimax problem minx′∈B(x,r) maxy′∈B(y,r)M(x, y). Since M(x, y)
is strongly convex-strongly concave, it must have a unique solution (x∗, y∗). The first-order optimality
condition for (x∗, y∗) ensures

∇xM(x∗, y∗) = −λ(x∗ − x) and −∇yM(x∗, y∗) = −γ(y∗ − y)

for some constants λ, γ ≥ 0 that are nonzero only if x∗ or y∗ are on the boundary of B(x, r) and B(y, r)
respectively. Taking an inner product with (x∗ − x, y∗ − y) gives[

∇xM(x∗, y∗)
−∇yM(x∗, y∗)

]T [
x∗ − x
y∗ − y

]
= −

∥∥∥∥[√λ(x∗ − x)√
γ(y∗ − y)

]∥∥∥∥2 ≤ 0. (34)

Applying Lemma 1.1 and utilizing (34), we conclude that

µ

∥∥∥∥[x∗ − xy∗ − y

]∥∥∥∥2 +

[
∇xM(x, y)
−∇yM(x, y)

]T [
x∗ − x
y∗ − y

]
≤ 0. (35)

Hence ∥∥∥∥[x∗ − xy∗ − y

]∥∥∥∥2 ≤ 1

µ

∥∥∥∥[ ∇xM(x, y)
−∇yM(x, y)

]∥∥∥∥ ∥∥∥∥[x∗ − xy∗ − y

]∥∥∥∥ ,

whereby ∥∥∥∥[x∗ − xy∗ − y

]∥∥∥∥ ≤ 1

µ

∥∥∥∥[ ∇xM(x, y)
−∇yM(x, y)

]∥∥∥∥ < r/2 ,

where the last inequality utilize the condition on r. Since (x∗, y∗) lies strictly inside the ball B((x, y), r/2),
the first-order optimality condition implies (x∗, y∗) is a stationary point of M .

Lemma B.1 ensures the existence of a nearby stationary point (x∗, y∗). Then the standard proof of
strongly monotone (from Lemma 1.1) and Lipschitz operators gives a contraction whenever s ∈ (0, 2µ/β2):∥∥∥∥[xk+1 − x∗

yk+1 − y∗
]∥∥∥∥2 =

∥∥∥∥[xk − x∗yk − y∗
]∥∥∥∥2 − 2s

[
∇xM(xk, yk)
−∇yM(xk, yk)

]T [
xk − x∗
yk − y∗

]
+ s2

∥∥∥∥[ ∇xM(xk, yk)
−∇yM(xk, yk)

]∥∥∥∥2
≤
∥∥∥∥[xk − x∗yk − y∗

]∥∥∥∥2 − 2µs

∥∥∥∥[xk − x∗yk − y∗
]∥∥∥∥2 + β2s2

∥∥∥∥[xk − x∗yk − y∗
]∥∥∥∥2

=
(
1− 2µs+ β2s2

) ∥∥∥∥[xk − x∗yk − y∗
]∥∥∥∥2 ,

where the inequality utilizes (35) at (x, y) = (xk, yk) and the smoothness of M(x, y).

C Analysis for Interaction Moderate Region

C.1 Proof of Theorem 5.6

We introduce necessary terminology for the proof. Let C be a rectifiable Jordan curve in Rn, and let S be the
solution to Plateau’s problem with respect to C, i.e., S is a simply connected minimal surface with boundary
C (for details, see for example [35]).
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While our proof applies to the discrete time setting, cycling behavior is best defined with respect to a
continuous time setting. Therefore, we need to take the limit of the dynamical system corresponding to our
PPM algorithm (Equation 6), as step size goes to zero. The limiting dynamical system is a system of ODEs
with the property that the solution (assuming the same initial condition as the discrete time system) will be
a rectifiable closed curve in Rn. Moreover, for any given positive ε, if we choose a small enough step-size s(ε)
then the path, denoted C′, taken by the discrete dynamical will lie within a tube of radius ε around the path
C.

Note that [13] already studies such limits of dynamical systems. There it is shown, that in general, for
any loss function, and any positive ε, there exists a step-size s(ε, T ), such that PPM will remain with a tube
of radius ε around C for at least T iterations.

We note that for our purposes, it’s better if the choice of step-size s does not depend upon T – uniform
convergence. The lower bound below is non-trivial if s does not depend upon T , therefore we will assume
that from here on. The above discussion explains what we mean by uniform convergence to a cyclic attarctor.

Finally, suppose the PPM in Equation 6 runs for T iterations and traverses the curve C′. Observe that
there is a natural map π : C 7→ C′ which maps points in C′ to the corresponding closest point in C. Therefore,
for a small enough choice of s(ε), one can think of C′ as a curve which stays within ε of C, and the former
winds around the latter. Assume that C′ winds around C for κ times, where κ can be a fraction. Define N to
be the average number of iterations in a single traversal of C. In other words, N is essentially measures the
“coarseness” of our PPM algorithm.

Theorem C.1. For any problem L(x, y), if the limiting behaviour of PPM (6), converges uniformly to a
cyclic attractor C, such that there exists a point on the minimal surface bounded by C that is at (geodesic)
distance at least R from every point on C then, small enough choice of step size s and a large enough choice
of T and S (where T � S), we have

1

T − S

T∑
k=S

‖∇L(xk+1, yk+1)‖2 ≥ C ·R2

s2N2
(36)

where C is a constant depending on the properties of the minimal surface S.

Proof. Let ` and `′ be the arc lengths of C and C′, respectively. Then `′ ' κ`, where ' denotes asymptotic
equivalence as ε→ 0. It suffices to choose ε� R. Additionally, if T − S is large enough, for a given choice of

ε, then bκcκ → 1, and we have `′ ' bκc` for a small enough ε and large enough T − S.6

We know from the properties of PPM that

`′ = s

T∑
k=S

‖∇L(xk+1, yk+1)‖2. (37)

Moreover, by Cauchy-Schwarz inequality,

T∑
k=S

‖∇L(xk+1, yk+1)‖22 ≥
1

T − S

(
T∑
k=S

‖∇L(xk+1, yk+1)‖2

)2

. (38)

Therefore, we have for a small enough ε,

1

T − S

T∑
k=S

‖∇L(xk+1, yk+1)‖22 ≥
1

(T − S)2s2
· (bκc`)2 → `2

s2N2
. (39)

6Here it is helpful that we have uniform convergence. Since the choice of s does not depend on the number of
iterations T − S, otherwise we need to ensure the simultaneous existence of a small enough ε and large enough T − S
such that RHS of (36) is greater than zero, i.e., the result remains non-trivial.
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where the last simplification above uses that T − S is large enough so that T−S
bκc →

T−S
κ = N .

However, the isoperimetric inequality for minimal surfaces, see for example Theorem 4.2 in [35], allows us
to lower bound `2 in terms of the area of the minimal surface that is bounded by C. Furthermore, by our
assumption, there exists points on the minimal surface that is at distance R from each point on C, we can
lower bound the area of S enclosed by C by C ·R2, for some constant C depending on the curvature of S.
Hence the proof follows.
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