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First-order algorithms for robust optimization problems via
convex-concave saddle-point Lagrangian reformulation

Krzysztof Postek - Shimrit Shtern

Abstract Robust optimization (RO) is one of the key paradigms for solving optimization problems
affected by uncertainty. Two principal approaches for RO, the robust counterpart method and
the adversarial approach, potentially lead to excessively large optimization problems. For that
reason, first order approaches, based on online-convex-optimization, have been proposed [6,13]
as alternatives for the case of large-scale problems. However, these methods are either stochastic
in nature or involve a binary search for the optimal value. We propose deterministic first-order
algorithms based on a saddle-point Lagrangian reformulation that avoids both of these issues. Our
approach recovers the other approaches’ O(1/€?) convergence rate in the general case, and offers
an improved O(1/¢) rate for problems with constraints which are affine both in the decision and in
the uncertainty. Experiment involving robust quadratic optimization demonstrates the numerical
benefits of our approach.

1 Introduction

When solving optimization problems, one often has to deal with uncertainty present in the pa-
rameters of the objective and constraint functions. This uncertainty may stem from measurement,
implementation or prediction errors. A common paradigm used to ensure that the solution remains
feasible under uncertainty is robust optimization (RO) [5]. In RO, the uncertainty is assumed to be
adversarial to the decision maker and to lie in a predefined uncertainty set, and the decision maker
finds the best solution which remains feasible for all parameter values within this set.

Any RO algorithm involves simultaneous solving of two problems: the decision maker’s problem
of finding the best-possible decision which is feasible for the given uncertainty set, and nature’s
implicit adversarial problem of selecting the worst possible realization of the parameters.
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Denoting the decision maker’s decision as x, taken from a predefined set X, and the uncertain
parameter for constraint i as z;, taken from a predefined uncertainty set Z*, a general RO problem
is given by:

. T
1
e .

s.t. sup g¢i(x,2;) <0, i € [m].
z; 7%
In this problem, the decision maker minimizes over x € X, while the nature selects z € Z =
Z1' x Z2 x ... x Z™ such that the left-hand sides of the inequality constraints are maximized, in an
attempt to violate the constraints.

There are two key methods for handling the opposite optimization problems simultaneously:
(1) the robust counterpart (RC) reformulation method [4,5], (2) adversarial approach, also known
as cutting planes [8,15]. In the RC approach, nature’s maximization problem for each constraint
is dualized, and the objective of the dual problem is required to be nonpositive. In this way, a
constraint is substituted by a system of inequalities that are satisfied for a given x if and only
if the original left-hand sides are nonpositive. This method’s key advantage is that it requires to
solve only one optimization problem and it ensures by-design the robustness of the solution. Its
disadvantage is the increase of the problem size due to the added dual variables and constraints
generated by dualizing nature’s problems. Moreover, for strong duality to hold for nature’s problem
in each constraint, it has to be convex, or equivalent to a convex problem.

In the adversarial approach, a finite subset Z C Z of scenarios is iteratively built up, until it
contains enough points to ensure that x is feasible for all realizations in the subset if and only if
it is (almost) feasible for all realizations in Z. The set Z is intialized using an arbitrarily chosen
realization z € Z. Then two steps are repeated alternatingly: an optimization step, in which a
solution x which minimizes the objective function and is feasible for z € Z is found; a pessimization
step, in which a new realization z violating at least one constraint is found and added to Z. This
iterative procedure continues until no violating scenario is found. While this method is simple
and enables solving problems in which nature’s problem is not necessarily convex, the size of Z
increases at each iteration, which may result in extremely large optimization problems in x during
the optimization step.

Both of the above methods potentially lead to excessively large optimization problems which
creates space for approaches in which the decision maker’s and the adversary’s problems are simul-
taneously solved in a lightweight fashion. A recently suggested idea [6,13] is to use online convex
optimization to solve problem (1), proving that the number of iterations needed to obtain an e-
feasible solution is O(1/€?). Through the online optimization lens, the robust problem is seen as a
problem of minimizing a partly unknown objective with likewise constraints, whose shape is learned
throughout the algorithm via samples.

The approach of [6] consists in iteratively solving a nominal version of (1) in which the set Z
is replaced by a fixed realization z. The value of z is updated at each iteration through first-order
updates/pessimization and randomization. The approach of [13] is to use binary search to determine
the minimal 7 for which the feasibility problem

{c"x <7, supgi(x,2) <0, ié€[m]}
z€Z
has a solution up to a given accuracy. This requires running an online first-order algorithm for each
tested 7. Each of the feasibility problems is solved by a first order iteration on x, simultaneously
with a pessimization/first order steps on the dual parameter z.
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Thanks to the online optimization framework, both [6,13] work directly with the functions
{gi(-, -)}ie[m], without the need to build an ever-increasing list of scenarios, or to dualize the con-
straints. This has a price: the functions g; have to be convex-concave, the set X needs to be bounded,
and the maximum achievable convergence rate is O(1/€?) to obtain an e-feasible and e-optimal so-
lution. Also, [6] requires to solve multiple nominal problems, while in [13] one needs to run binary
search for the optimal objective value.

We address these issues by proposing to solve (1) with single-run first-order algorithms. We
leverage a natural convex-concave saddle-point reformulation of (1), based on its Lagrangian. Al-
though the existence of such a formulation was noted and discussed in [13, Appendix A], it has
been claimed that the problem loses a lot of convenient structure due to the lifting. In this paper,
we demonstrate that if the problem satisfies the Slater-type condition, it can be solved using a
subgradient saddle-point algorithm (SGSP) of [16] which requires O(1/€?) iterations to obtain an
e-feasible and e-optimal solution. For the special case where g;(,-) are biaffine, we show that the
problem can be solved using the proximal alternating predictor-corrector (PAPC) algorithm of [10],
which takes O(1/¢) iterations. Moreover, we show that when Z* are projection- or proximal-friendly
one may also find the projection onto the lifted space relatively easily, either analytically or by using
bi-section. Finally, we show that the saddle-point formulation actually allows for more flexibility and
enables to tackle problems where either Z? or X are more complicated by using splitting techniques,
where these problems prove to be more challenging for the previously suggested methods.

The remainder of the paper is structured as follows. In Section 2, we introduce the problem
we solve along with the corresponding assumptions and the Lagrangian saddle-point reformulation.
In Section 3, we introduce the two algorithms for the case of simple uncertainty sets and state
the corresponding convergence results. In Section 4, we present the convergence analysis of the
algorithms for a generalized problem form through a unified framework of showing that both are
ergodically bounded (EB) algorithms. In Section 5, we compare the performance of our SGSP
approach to the online first-order approaches of [13] and the adversarial approach on randomly
sampled robust quadratic optimization problems with and without constraints. Section 6 concludes
the paper. All proofs not given in the body are given in Appendix A.

1.1 Notation
Throughout the paper we use bolded small letters x, z for vectors, and bolded capital letters P for

matrices, and capital letters for sets. For any k& € N, we use shorthand notation [k] to denote the
set of indexes {1,2,...,k}. Unless specified otherwise, || - || refers to the Euclidean norm.

2 Problem setting and assumptions
2.1 Introduction

In this paper, we consider the following general RO problem.

T
min ¢’ x (2)
s.t. fi(x) = max 9i(x,2;) <0 i € [m)
z,€4"

Ax=Db
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where X C R” is a closed and convex set, for all i € [m] the set Z° C R% is a convex and compact
set and without loss of generality 0 € Z%, g;(-,2z;) : X — R is convex for any fixed z; € Z¢,
gi(x,+) : Z* — R is concave for any fixed x € X, and A € R™*" b € R". Note that, contrary to
Problem 1, here we allow to separate some of the affine constraints that may be involved in the
definition of the domain of x from the set X.

Note that formulation (2) also encompasses robust problems involving uncertainty in the objec-
tive function, since such problems can be transformed to form (2) using the epigraph formulation
of the objective. Thus, formulation (2) is general and includes many useful problems (c.f., [7,11]).

Functions f;(x) are known as the robust counterpart formulation of the robust constraint

9i(x,2;) <0, Vz; € Z".

Note that while f;(x) are convex functions of x (as a maximum of convex functions), they are not
necessarily easily representable due to their implicit formulation as maxima.

Our aim is to solve (2) through its saddle point Lagrangian formulation. For this formulation
to be well-defined, we make three standard assumptions.

Assumption 1 Problem (2) has an optimal solution.

Assumption 2 There exists X € int(X) such that Ax = b and there exists a ex > 0 such that
x+y€X and fi(x+y) <0 for all ||y|| < ex.

Assumption 3 Matriz A has full row rank.

With respect to Assumption 1, if the problem does not have an optimal solution there are three
options: (i) it is infeasible, in which case the uncertainty sets defined for the problem may be too
large, (ii) it is unbounded, i.e., , it might not be constrained enough, or (iii) it is bounded but the
optimal solution is not attained, in which case we can restrict the set X to a subset containing e-
optimal solutions of the original problem. Assumption 2, known as the Slater condition, ensures that
the problem is stable, i.e., slight perturbations in the feasible set do make the problem infeasible.
Assumption 3 states that there are no redundant equality constraints.
In order to solve problem (2) we consider its Lagrangian:

Lx,(Aw)=c'x+ Y Aifi(x) +w' (Ax—b) (3)

i=1
Specifically, we are interested in saddle points of function L(,-) , i.e., points (x*, A*) which satisfy
Lix", (A w)) < L(x*, (A", w")) < L(x, (A", w")), ¥x € X, \e R, weR".

Under Assumptions 1 and 2, the Lagrangian function L(-,-) has a saddle point, and (x*, (A", w*))
is a saddle point of L(-,-) if and only if x* and (A", w*) are optimal solutions to the primal and
dual problems respectively. Thus, instead of solving problem (2), we want to find a solution to
inf sup  L(x, (A, w)). (4)
x€X AERT ,weR”
This reformulation eliminates the constraints and renders the problem as a saddle point one, en-
abling the use of various first-order methods. However, such methods require computing at each
iteration not only the functions f;(x), but also their sub-gradients or proximal operators, which
may be challenging with the implicitly-defined f; functions. We will therefore consider an alterna-
tive formulation where our goal is to work with functions g;, and show how to obtain an e-optimal
and e-feasible solution of problem (2).
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2.2 Conversion to a convex-concave saddle point problem

We begin our transformation of problem (4) plugging in the explicit definitions of of functions f;,
using functions g;, as follows:

m

sup inf L(x,(A,w)) = sup inf ¢'x + Z \i sup gi(x,2;) +w' (Ax —b)
)\ERT,WER’” xeX )\ERT,WER’“ xeX p— z, €21

m
= s inf max elx+) Nigi(x.2)+w' (Ax—Db)
AERT ,WER™ xEX 2i€Z", i€[m]

i=1
m

= sup sup inf ¢'x + Z Nigi(x,2;) + w' (Ax —b) (5)
XERT ,WER™ z;€7¢, i€[m] xEX P

where the equalities follow from Sion’s Theorem, the fact Z? are convex and compact, X is convex,
and g¢; are convex-concave. However, the resulting saddle point problem (5) is over a function
which is convex in x but is not jointly concave in z = (z1,...,2;,) and A = (A1,..., Ay). Since
convergence results for saddle point algorithms typically require a convex-concave structure, we
need to reformulate the problem to achieve such a structure. For this, we will use a change of
variables z; = \;z;, and inversely

2; = {iZ’ /\z > O,

0, otherwise.

Using this definition we have \;g;(x,2;) = A\;gi(X,2;/)\;), and since —g;(x, -) is convex for every x,
—Xigi(x,2;/A;) is jointly convex in u; = (2;, A;) for every x, as a perspective of a convex function |2,
Proposition 8.23]. Moreover, \;g;(x,Z;/\;) is continuous for all u; € U, where U’ = {u; = (z;, \;) :
Z; € \;Z', \; > 0}, obtaining a value of 0 whenever \; = 0. Defining u = (uy,...,u,,) and the set
U=U!x...x U™, we have

m

sup inf L(x,(u,w)) == sup inf c'x+ Z Xigi (x, m) +w' (Ax —b). (6)
ueU,weR™ xeX uelU,weR"™ xeX p Ai

For ease of notation, in henceforth we denote the perspective version of g; as §;(x, u;) = A\;gi(X, 2/ \;)
where u; = (Z“ Al)

The following result shows that solving (6) is sufficient for solving (4), i.e., , the saddle points
of L can be reduced to those of L.

Proposition 1 Let (x*, (u*,w*)) € X x U x R", where u* = (uj,...,u},) and uf = (2}, )

for i € [m]. Then (x*,(u*,w*)) € X x U is a saddle point of L over X x U x R" if and only if
(x*, (A", w™)) is a saddle point of L over X x R x R".

3 Algorithms for solving saddle point formulation

With the robust problem (2) in the desired convex-concave structure (6), we move towards intro-
ducing two algorithms for solving it. Before presenting them, we show a property of the optimal
dual solution (A", w*) used for both algorithms (either for running them or for obtaining their
convergence guarantees). Namely, thanks to Assumptions 1-3, we can bound (i) the optimal value
of A, which implies that we can bound the sets U®, (ii) the optimal value of w.
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Proposition 2 Let Assumption 1 hold, let x be the point satisfying Assumption 2, let (x*, (u*, w*))
be a saddle point of L on the set X x U x R", and let v be a strict lower bound on the optimal value
of problem (2). Then, u* = (uj,...,ul,), where uf = (z:,\), and w* satisfy

(R K2

c'x—w

— minie[m] f2 (X)

il < Ay/1+ R

« 1 c'x—v
W7l < R o= e (S ).

min

A<=

where R; := maX,¢ zi

z|| and omin(A) > 0 is the smallest singular value of A.

Proof Boundedness of \!. Let x* be an optimal solution to (2). Let X € X be a Slater point. We
have

¢'x* <R+ D N fi(%) + (W) (A% — b)

i=1

=c %+ ) Nfi())
i=1
< ¢"%+ A7 max fi(x)
1€[m]
whence
c’(
— mil’lie[m] fz (5()
Thus, we have that A\¥ < [|[A*||; < A for all i € [m).
Boundedness of u;. Since u} = (z},\}) € U’ we have that z; € A} Z*, by the Cauchy-Schwartz
inequality we have that [|Z7]| < |Af|R; < AR;. Thus, [|uf||* = ||z]* + [AF]2 < X2(R2 + 1).
Boundedness of w* Consider the saddle point formulation:

B . D}

inf sup c'x+w'(Ax—b)+ Z gi(x,u;) =inf sup c'x+w' (Ax—b)+ Zgi(x, u;) + dx(x)
i=1

xeX w,elUt,w x u; €U, w i=1

Assume x*, w*, u} are the saddle point of this problem. The optimality conditions of the problem
are:

Ax*=b
c—I—ATW*—l—Zai—i—B:O
i=1
where a; € 0xg;(x*,uf) and B € Oxdx (x*). Let X € int(X) be the Slater point so we have
x+keX, g(x+kUu)<O0 Vi k] < ex (7
Since oy € 0x§i(x*,ul), we have that

gi(x",uf) + o (X + K —x") < Gi(x + K, )



First-order algorithms for robust optimization 7

Algorithm SGSP PAPC

Domain X Bounded No restriction
Structure g;(-) Any Biaffine or reducible to biaffine
Optimality convergence rate O(1/V'N) O(1/N)

Feasibility convergence rate O(1/vVN) O(1/N)

Slater point needed to compute the stepsize Yes No

Table 1 Comparison of the two saddle point algorithms.

so that

g u)+ Y al k+r-x)< Y Gk + k)

1€[m] i€[m] i€[m]

=0 <0

where the first sum is equal to zero due to complementary slackness and the second sum is nonpos-
itive due to (7). Since B € 0xIx (x*), we also have that

Ox(x)+ BT (x+ Kk —x*) <dx(x+K)=0,

which, combined with the optimality conditions, implies

m T

N — S * T\ /4 *
0< (c+A w +Zai> x+rk-—x)<(c+A'w") (x+K-x"), V|| <e.

i=1

This gives us the property
e e+ ATW*H <(c+ ATW*)T (x —x*)

Because Ax* = Ax = b, we obtain €4 ||c —+ ATW*H <c' (k% —x*). Since by Assumption 3, A has
full row rank, by the reverse triangle inequality we can bound w* as follows:

s (Tumin (AT) 17| = fle]) < e (|| ATw? < (x-x).

— ||c||) < ex Hc +ATw*

O

We now move to presenting the two algorithms, summarized in Table 1. We will first state
both for problem (6) and give their convergence without proofs. In Section 4, we shall prove the
convergence of a generalized problem in a unified framework from which the ‘simple cases’ will
follow as straightforward corollaries.

The first algorithm, presented in Section 3.1, applies to the case with the additional assumptions
that X is bounded and the functions g; have bounded subgradients over X x Z*. For this setting,
convergence rate of O(1/€?) is attained, similar to the one obtained by [13] under almost identical
assumptions. In Section 3.2, we consider the case where g;(x,2;) are biaffine functions (or can be
transformed to this form), and show that in this setting we can obtain a superior convergence rate

of O(1/e).
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3.1 Subgradient Saddle Point algorithm

In this section, we show how problem (6) can be solved using the SGSP suggested in [16]. This
algorithm requires that the both primal and dual variables be contained in compact sets. Thus, we
first need to replace each set U by its compact counterpart U? = {(zi,\;) € U" 2 \; < A} Indeed, by
the property of \* presented in Proposition 2, this restriction of U? would not change the set of saddle
points of problem (6). Similarly, we can restrict w to reside in a set W = {w € R" : ||w| < Rw}.
Using these new sets, the algorithm is as follows.

SGSP: SubGradient Algorithm for Saddle Point

Input: 7 > 0,6; > 0,0y >0 for i € [m], and N € N

Initialization. Initialize x° € X and u? € U?, for i € [m], w® € W,

General step: For k € [N]

Compute subgradients v € 9,L(x*, (uf, wh)), vF € 0y, (—L(x*, (u*,wh))),
for all ¢ € [m)]

xF = Py (xF — TVk)

uftt = Py (uf — 0,vF), i € [m]

(2

whtl = Py (wh + QW(AX — b))

Note that the algorithm can be applied whenever the projections over {U i}ie[m} and X can be easily
computed. We will see in Section 4, that if any of the sets are intersections of multiple simpler sets,
we can utilize splitting methods that enable the use of projections only on the components of the
intersection. Moreover, note that at each iteration the steps for all u;, x and w can be done in
parallel.

As in most algorithms solving saddle point problems, the SGSP algorithm’s convergence is given
in terms of the ergodic sequences, i.e., denoting

) 1 < 1
oy wieg
k=1 k=1

Mz
=
M-
s

the convergence result states the rate at which the sequence {( N ooV, wN )} NeN converges to a

saddle point. Here, we present the convergence in terms of the total constraint violation and the
distance from the optimal value.

Theorem 1 Let {x* u® w*},cn be the sequences generated by the SGSP algorithm with step sizes
7= 7/VN, 0;:=0;/VN, 04 :=0y/VN

for i € [m]. Assume that X is compact and define Ry := maxxex ||x||. Further assume there exist
constants Gy, G; for i € [m] such that the subgradients {vE}ren, {vF}ren, i € [m] generated by the
algorithm satisfy

V]| < G |VE[| < Gy i€ [m], VkeEN.
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Then, we have the following feasibility and optimality convergence guarantees.

m

D AEN] +IAKY —b| <

i=1

max{2, max;{1 + 4R?}} 2maX{HXOH2 ,R2} N i max{\ + 1, \?}2 n max{Ry + 1, ||w?|}? +o
2\/ﬁ T im1 97 Gw ’

and

leT(xN —x")| <

max {2 max {1+ 42} (2max{|x"[*, R3} | i max{2X, 2)? | max{2Rw, [[WOI}* | )
2\/N T 0; Ow

i=1

where

m
¢=7G2+ > 0,G] +0yGa, Gw:=|A| R+ b, R;:=max|z].
=1 z€Z?
Note that almost all conditions used in Theorem 1 are also needed in order to apply the online
first-order (OFO) approach of [13]. In fact, the two approaches give similar convergence results with
a few differences:

1. Assumptions. SGSP requires the existence of a Slater point X while the OFO does not. Secondly,
OFO requires boundedness of the subgradients of g(x, -) while SGSP requires boundedness of the
subgradients of its prespective function. In Section 3.3.2 we show that under mild assumptions
on the problems, these requirements are equivalent.

2. Implementation. Since the OFO approach is meant to solve a feasibility, rather than an optimal-
ity, problem, it requires to perform a binary search in order to approximate the optimal value
of (2). Thus, the number of needed iteration to obtain feasibility and optimality guaranties is
increased by a factor of log(1/€). In the SGSP in turn, we do not need to perform bi-section,
however we must find a Slater point X, the values of f;(X) for ¢ € [m], and e, as well as a
lower bound on the objective function v, which are needed to compute both A and R,,. While
in some cases it may be easy to find these quantities, in general it requires solving an auxiliary
optimization problem, as we discuss in Section 3.3.1.

3. Projections. While OFO requires projections on sets X and Z¢, SGSP requires projection onto
X and the lifted set U?. In Section 3.3.3 we show that for standard simple sets Z* the projections
onto U’ can be simply computed.

4. Constants. Although the convergence rate of both methods is O(1/€2), the constants obtained
by the SGSP algorithm are worse then those of OFO, if the same first order method (subgradi-
ent /mirror decent) is used.

3.2 Proximal-Alternating Predictor Corrector

In this section, we present an algorithm with a superior rate of convergence of O(1/¢e) which does
not require boundedness of X . This algorithm requires the additional assumption that the functions
gi(x,z;) have a biaffine form:

9i(x,2;) =x' Qiz; +d] x+q z; + 7. (8)
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and that the primal variable is not constrained. In Remark 1, we show how more general problems
of the form g;(x,z;) = h;(x)"k;(z;) with convex and concave h; and k;, respectively, can be
reformulated to fit this case.

In order to state the algorithm, we first perform two operations on our problem: (i) simplify its
form due to the bi-linear structure, and (ii) eliminate the explicit constraint x € X by dualizing it.
Indeed, under (8) function L reduces to

m

L(x,u) =c'x+ Z (xTQiui + qjui) +w (Ax—b)=c'x+x ATw+x'Qu+q u—b'w,
i=1

where,

Qi = [Ql dl] ) C~1i = |:3l:| ) Q = (QlTv .. '7Q’I})T7 q = (EII7 ... aQ'IL)T' (9)
K3
In order to eliminate the restriction of x to lies in the set X, we use the so-called dual trans-
portation trick, i.e., dualizing the indicator function of the domain set X. Thus, for the second
transformation, we shall use the indicator function dx, and its dual representation through the
support function ox given by:

Ix(x) = (0x)"(x) = sup {="x ~ox(m)}.

to obtain:

i Jng, L0 ()

= min max ¢ x4+0x(x)+x ATw+x"Qu+q'u—b'w
x€ER” uelU,w

= inf sup  L(x, (u,w, 7)) =x" (c +ATw+ Qu + 7r) +q'u—b'w—ox(w) (10
xeR™ uelU,reR",w

_ T TA =T T —F

= inf sup c'x+x Qy+q' u—b' w—ox(w)=L(x,(u,w,m))
x€R™ y=(u,w,m), uelU,weR”

where
Q=[Q A" 1]

The following lemma states that since the function L(x, (u, w)) has a saddle point, the order of inf
and sup in the above problem can be changed, and the function L(x, (u, w,)) has a saddle point.

Lemma 1 Let Assumptions 1-3 hold. Then, (x*,(u*,w*)) is a saddle point of function L over
X x U x R" if and only if there exists a w* such that (x*, (u*, w*,7*)) is a saddle point of L over
R™ x (U x R" x R™).

Having stated the necessary equivalence of saddle points result, we now state the PAPC algo-
rithm of [10] for solving problem (10).



First-order algorithms for robust optimization 11

PAPC: Proximal Alternating Predictor—Corrector

Input: 7 > 0,0; > 0 for i € [m|, and N € N

Initialization. Initialize x° € R", y* = (u®,w", n%) € U x R" x R™.
General step: For k € [N]

pt =xF1— 7 (c+ QyF 1),

ut = Py (uf—l +0,(Q) p* + qi)) . ie[m]
wh =w""! + 0, (Ap" — b)

k= proxg .. (ﬂ'k_l + Hﬂpk)

vE = (uF, w*, %)

xF=xF"1_7 (c =F ka) .

With respect to the used proximal operator, note that using the Moreau identity we have that for
any y € R”

proxy .. (y) =y — 0= Px (0},) .

Thus, similarly to the SGSP algorithm, PAPC can be applied whenever the projections over U?
and X are easily computed.

Similarly to the SGSP, convergence results for the PAPC are in terms of the ergodic sequence.
To state them, we define square matrices S; = 9;11d1for i € Im], Smi1 = 0L, Spae = 0711,
and S = Diag ([S1,...,Sm+2])-

Theorem 2 Let Assumptions 1 and 2 hold and let {x*, w¥ v¥}rcn be the sequence generated by
the PAPC algorithm with some 7 > 0, 6; > 0, i € [m], 0w > 0 such that H =S —7Q'Q = 0.
Define

Re il + A3 @] i+ 1)
i=1

Then, for any a > 0 we have the following convergence guarantees:

N
S 1HEY)] + |A%Y = b + aDist(xV, X) <
i=1
max{2, max;(1 +4R2)} [ ||x* —x||? = max{A+1,A0}2  max{Rw +1,[|w°|}? 14 (1+a)?
2N T +i:zl 0; + Ow + Or ’

and

" (&Y —x7)| <

max{2, max;(1 +4R?)} [ ||x* —x||? N i max{2X, \?}2 N max{2Rw, ||w°| }2 . 1+ R2)
2N i—1 01 ew 971' .

T
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3.3 Numerical implementation of saddle point algorithms

In this section, we discuss some technical aspects related to the implementation of the above al-
gorithms. These aspects relate to (i) finding a Slater point for the SGSP algorithm using SGSP
algorithm of an auxiliary problem, (ii) computing subgradients of the lifted functions g; from the
subgradients of the original functions g;, (iii) computing projections onto the lifted sets U*.

3.3.1 Search for a Slater point in the SGSP algorithm

To run the SGSP algorithm, we require parameter values dependent on the features of a Slater
point of the problem. Therefore, before SGSP is run, we first need to identify a Slater point and
plug the appropriate values into the algorithm. To find such a point, we need to solve the following
optimization problem

min ¢ (11)

x,t

s.b. max g;(x,z;) <t Vi € [m]
z,€EZ"
Ax=Db

This problem satisfies the Slater condition for any x° € int(X), Ax" = b, and t = t° + § such that

Y = max max g;(x°, ;).
i€[m]z, €2

For that reason, we can first apply the SGSP algorithm to this problem by transforming it to a
saddle point form. To keep the domain of (x,t) compact, we can restrict ¢ to belong to the interval
[—1,7] where t =t + 4.

If we assume that the subgradients in the SGSP algorithm for the original problem (2) are
bounded, then it also holds for (11). Thus, one can run the SGSP algorithm for (11), knowing that
it will converge to the optimal value of t. A complication is the moment at which the algorithm
stops. Assuming that the original problem satisfies the Slater condition with constant ¢ we would
like to stop when both optimality and feasibility conditions are satisfied with £ thus ensuring that

the (%,1) obtained by the procedure satisfies

max g;(X,2;) <t+ - <t + -+

z, €2

Wl ™
Wl ™
Wl m
wl ™

However, in practice, € can be unknown in advance, and therefore, we construct a search procedure
as follows:
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Slater Point Search

Input: 7 > 0,6; >0 fori € [m], d >0, K =2

Initialization. Initialize x° € int(X), t° = max;c(,, fi(x%) + 6 and
u) € U, for i € [m].

General step: For k € 1,2,...

1. Run SGSP for the Lagrangian form of problem (11) starting from
point (x*~1 t*=1) and u*~! for K iterations, and obtain the
ergodic values (x*, %) and u*.

2. Update t* = max;ep) fi(x").
3. If t* < 0 stop and return the Slater point X = x* and the Slater

value € = —tF.
Otherwise, update £ = min{t,t* + 6}, k =k + 1 and K = 2K.

As stated above, this procedure is guaranteed to converge. Moreover, since x° € int(X) then by
properties of convex sets we will also obtain that for each k the iterate x* € int(X), as the average
of points in X with one of them in the interior.

3.8.2 Determining the subgradients of g; from subgradients of g;

In order to prove the convergence of SGSP we require that the subgradients of the perspective
function g; are bounded. In this section, we show that the subgradients of g; can be easily derived
from subgradients of g;. Moreover, we will also show that under the following mild assumptions the
boundedness of the subgradients of g; follows from the boundedness of the subgradients of g;.

Assumption 4 For every Z' there ewists a constant ¢; > 0 such that B(0,¢;) C Z°.

Assumption 5 There exists a constant fi; > 0 such that —g;(x,0) < f; for any feasible x of
problem (2).

Assumption 4 is a standard RO assumption that the uncertainty set is full dimensional, note that
this is always true, since under a linear transformation we can always reduce the dimension of Z°.
Assumption 5 states the following: the feasible set of the robust problem does not contain rays
that make any of the constraints of the ‘nominal problem’ (where z = 0) be arbitrarily satisfied,
i.e., make g;(x,0) arbitrarily small. We note that this assumption can be verified by checking the
following sufficient condition:

min {g;(x,0) : x € X, g;(x,0) <0,Yj € [m]\ {i}} > —o0, Vi € [m],

which can, in turn, be shown to hold by solving m convex (non-robust) optimization problems.

In the course of the SGSP algorithm, one needs to compute the subgradients of the perspective
functions g;(x,u). Ideally, this is done using the subgradients of the original functions g¢;(x,z),
which should typically be available. The following lemma provides a ‘recipe’ for doing exactly this.
The ‘recipe’ is based on the convex analysis results for perspective functions of [9].

Lemma 2 Let x € X and w; = (2;,\;) € U* for all i € [m].
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(i) If vy € OxL(x,u), v; € Oy, (—L(x,1)), then they are of the following form

vy =c+d, (12)
(3 8 ~52). 20

Vi — 19 gl X, )\i )\i ) 3 i (13)
(ds, 4), otherwise

where d,, € ZMDO AiOx i (x, %), d; € 0y, (fgi (x, %)) for all i € [m] such that A\; > 0, and
d; € Uy, crai (0a,(—0i) (%,2)), i + (—g:)"(x,di) <0 for all i € [m] such that \; = 0.

(ii) Letz; = 2z;/\; if \; > 0 and z; = 0 otherwise, and let d, ; € Oxgi(X,2;) andd, ; € 0y, (—g:i(X,2;))
for all i € [m]. Then,

Vy,=C+ Z Aidg ;i € OxL(x,u) and v; = (dzi—gi(x,2;) — (zi)szﬂ-) € Oy, (—E(x7u)) .
i=1

3.8.8 Computing the projections

In this section, we discuss the projections needed to apply SGSP and PAPC. Specifically, we will
discuss how to project on set U’ and U ¢, which are more complicated than Z?. We shall assume
that the projection on set Z’ is simple and formulate the projection on U? in its terms. Note that,
in this paper, we use U*

Ul = {(Zi,Ni) 1 2 < N Z5 N > 0). (14)

for the PAPC setting, and U*
U ={(zs,\) 1 2s < NZE, 0< N\ < AL, (15)

which uses an additional upper bound on A; for the more general SGSP setting. We will start by
showing a general way to compute the projection over U*.

Proposition 3 The projection of u; = (z;, \;) € R%*1 on the set U’ defined by (14) is given by

u; u; € U?
PUi (ul) = (‘LL*PZ'i (%) ,u*) u; é Ui,Gzi (Zz) > —>\1'
0 otherwise

where p* > 0 is the unique solution of

Py (Z)
1

The same technique used to prove Proposition 3 can be used for the proof of projection over U

2 ~
— %] Py <Z) L= =0.
1

.

Corollary 1 The projection of w; = (z;, \;) € R%*1 on the set U' defined by (15) is given by

Pyi(ug) = (N*PZi (Z) ,u*>
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Table 2 Examples of projections onto U

7 Pyi(y) Pyi(y:A) = (0P (35) 17)
y vyeZ Aty §
<1 . = e i {275 3} o}
{Z HZ”Q = } {;/“ otherwise 12 max 4 min 5
. . s S a5
{2 |zl <1} min{e,|yl} osign(y) e = min { Zesp 0l 5
. . o<y lagy A
5% = max {5 € [d] : Jgy)| > ZESLIOER
ok ] A
{z:]zll, <1}  max{|al - 6%e,0} osign(q) p* = min { 2SO S
i<j* lagyl—1
where 0* = =isi® (17~ o lgea | —A
' ‘ J e lagpyl—1 j* = max jG[d}:\Q(j)\E%%}l.
j* = max{y € ld: lagyl > f}l
L If the problem is not feasible j* = —oco

2 For projection over U’ set A = oo

where j1* = max{min{ji, \},0} with ji being the unique solution of
~ 2 ~

Py (z) —& Py <Z) - A =0,
i i

Proposition 3 and Corollary 1 suggest that we can always obtain the projection onto sets U’
and U?, which are the conic extension of Z?, by applying a bi-section procedure to find the value
of u that satisfies the appropriate equality constraint.

Table 2 illustrates three examples, the ¢y, /s, ¢1 balls, for which the projection onto Z° is
obtained either analytically or in O(n), and similarly the value of the optimal p*, and therefore the
projections onto their conic extensions can also be computed in O(n).

d

and OP: (%) =0.

4 Convergence
4.1 EB algorithms

In order to unify analysis for all forms of the Lagrangian function and the algorithms presented
in this paper, we define now sufficient properties needed for an algorithm to prove the feasibility
and optimality convergence. These sufficient properties will take the form of the algorithm being
an ergodically bounded (EB) algorithm, as the following definition states.

Definition 1 Let A be an iterative algorithm to solve the saddle point problem (2). We call the
algorithm A ¢-ergodic bounded (1-EB) if there exist constant scalars ¢, 7,5 > 0, 0;,04 € Ry, and
a function ¥(N) : N — R, with ¢)(N) | 0 as N — 400, such that for any initial point (x°; A", w?)
the algorithm A generates a sequence {(x*, Ak, w¥)}en satisfying

LN, (A, w)) — L(x*, (A", w*)) + a Dist(x", X) <

P(N) <71||X* = x4 Y 0  max{ A, MDY+ 6 max{||wll, [[wO][}? + (1 + a2)> ;

i=1
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and
L(xN; A", w*) — L(x*; \*, w*) + 8 Dist(xV, X) > 0.

for all iterations N € N, dual variables A € R, w € R", parameters o« > 0 and saddle points
(x*, (A", w*)) of (4).

The following theorem shows that the ergodic sequence of any ¥-EB algorithm converges to feasi-
bility and optimality at the rate at which 1 converges to zero.

Theorem 3 Let problem (2) satisfy Assumption 1 and 2. Let A be an ¥-EB algorithm to solve the
saddle point problem (2) with parameters ¢, 7,3 and 0. For a given starting point (x°, (A°, w?)) €
R™ x R* x RP let %N be the ergodic primal sequence generated by the algorithm. Then, for any
optimal solution x* to (2) we have that

zm:[fi(iN)]+ + ||Ax™ — b|| + Dist(x", X) <
=
w() (”X_X' oy el MR v 6)2)) ,
— ; -
and
T (%Y —x)| <
M) (x* I i max{z?,A?}Q . max{2Rg: sl +4ﬁz)> .

Proof Let k1 > 0 and let r € R be a multiplication of indicator vector of constraint violations by
K1, t.€.:

i€ m
0, otherwise, [m)

g {’%17 fl(iN) > 07

<N _
and let A = A" +r and let ko > 0 and w = w* + KQH where (x*; \*, w*) is a saddle point

of (3). Then,
LEN A w) =c =V + > Nifi(xV) + w' (A% — b)
=1

=c' gV ) (A + 1) fixY) + w* (AXN —b) + Ky [|AZY — b
i=1

=c'®V Y N LEY) +r Y [HEV)]4 + w (AXY —b) + 5y | AXY — ||
1=1

i=1

= LN N W)+ m Y [fi(8Y)]4 + k2 || AXY — b (16)
i=1

Since A is an ¥-EB algorithm then

LN A", w*) + BDist(x", X) > ¢ x" = L(x"; A", w), (17)
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and for all k3 >0

LN\, w) — L(x*; X*, w*) + k3 Dist(x", X) <

|

onr & i, A232 0 max{||w]|,
x| Jrzmax{ 1)*  maxi] I |

0; Os

I — w[}?

T

+ o1+ n§)> . (18)

i=1
Since Assumptions 1 and 2 hold, it follows from Proposition 2 that A} < A and thus
max{\;, AV} = max{\} +r;, A0} < max{\ + r1, \V}.

Similarly, since |[w*|| < Ry, thus,

AN —b
max{||w]|,|[w°||} = max{”w + K2|§A>2N—b|)| , HWOH}
< max{|[|w*|| + k2, WOH}
< max{Ry + k2, ||| }. (19)
Combining inequalities (16)-(19) we obtain
m
k1 Y Lfi(&V)]4 + kol |AXN = b + (k5 — B) Dist(x", X)
i=1
x* —x02 &N max{\+ k1, \2}2  max{Ry + ko, ||W°]|}?
<¢(N)<” - ” +> { . -y 0 adll +o(1+k3) ). (20)
i=1 v w
Setting k1 = ko = 1 and k3 = f + 1 we obtain the first result. For the second result, we need to
upper and lower bound ¢ (X — x*). First, we have
c'(xV —x*) = L(xV;0,0) — L(x*; X", w™). (21)

where the equalities follow from L(x*;A*,w*) = ¢'x* and L(x";0,0) = c'x". Using (18) with
k3 = 0 we obtain

L(x";0,0) — L(x*; X", w*) < ¢(N) (7‘1x* —x°|* + ijezlu?f + 051 |w°))* + ¢> . (22)
i=1
Combining (21) with (22) we have that
(%" —x") < w(N) <7_1||X* —x’||* + i9fl(/\?)2 + 031 w0 + ¢> - (23)
i=1
To obtain the other side of the bound, we use (17) to obtain

¢ (x* = &V) = > N fi(EY) = (wh) (AN — b) = L(x"; A", w*) — LXY; A, w*) < BDist(xY, X),
i=1
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which in turn implies

cT(x*—xV) < f: £ (xN) + (wh) T (AXY — b) + B Dist(xV, X)
=1
<A [HEY)]4 + Ru |AZY — b| + A Dist(x", X), (24)
=1

where the last inequality follows from the the fact that 0 < A} < A and |[w*|| < Ry. Using (20)
with k1 = A\, ko = Rw, and k3 = 23 to bound (24) we obtain that

[|x* — xY||? N f: max{2\, A0} N max{2Ry, |[w°||}?

92’ ew

¢ (x —xV) < w(zv)( +¢(1+ (25)2)>

(25)

T :
=1

Combining (23) and (25) we obtain the desired result. O

4.2 Generalized model

So far, we kept the problem formulations simple and stated the convergence results without proofs.
In this section, we shall show the convergence of both the SGSP and PAPC algorithms for a more
general model using the EB-algorithm definition.

The general model is needed to tackle the fact that projections onto sets X or Z* are the main
tools used in both algorithms, and therefore these projections should be simple. Two issues that
might arise is that either the primal domain X or at least one of the sets Z* is not ‘simple’, but
instead, it is an intersection of several simple sets.

Ezample 1 One of the popular uncertainty sets in RO is the so-called budgeted uncertainty set,
formulated as:
Z={z: -1<z<1, ||z| <TI}

which is an intersection of two simple sets: the /o, norm and ¢; norm balls.

Our strategy for dealing with these complex sets shall be to disentangle the projections onto the
intersected sets. We will achieve this by including ‘copies’ of the respective primal or dual variables,
together with the relevant equality constraints, which are to be relaxed in the Lagrangian. The
saddle-point algorithm would then be applied to the new Lagrangian problem.

Consider, for example, the case where X = ﬂ?lei is an intersection of several ‘simple’ sets.
Formulation 2 is ready to handle this situation easily. One can ‘expand’ the vector x by having ¢
copies of it: x +— [X1,...,X,]. In the next step, each inequality constraint in the problem is made
dependent only on one of the x;’s and at the same time, equality constraints x; =x;,1=2,...,q
become embedded in the Ax = b system (where the rank condition is easily verified).

Similarly, we can consider the case where Z* = ﬁlzl,mysiZ“, i =1,...,m with A being
compact convex sets. In this case, the constraint z; € ﬂlzl’,,‘,siZ“ can be written using concatenated
uncertain parameter vector z; = (2;1, .. .,%;s, ), defining

54 7,1 1,8 . _ _
Z:{(Zi71,...,zi7si)€Z X ...X Z .Zi7l—Zivsi,l—l,...,Si—l},
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and formulating the constraints as

where Z', 1 =1,...,s; are ‘simple’ sets on which it is easy to project. Thus, the general model we
are going to address is the following:

min ¢’ x (26)
xeX
s.b. fi(x) = max 9i(x,2;) <0 i€ [m]
z;€2"
Ax=Db

where Z% = (%, Z%!. For both SGSP and PAPC we shall give the problem generalizations together
with the expanded Lagrangian that is to be solved in Sections 4.3 and 4.4.

4.3 SGSP convergence

Consider problem (26) where we need to formulate a saddle point problem that disentangles different
components of the x and z;. We start by considering a saddle point (x*, (u*,w*)) of L(x, (u,w))
over the sets x € X and u; € U’, which we already proved exists. Thus, by the definition of the
saddle point, we have that
gi(x*,u7) = sup gi(x*,u;) = sup gi(x*,u;s,)
u;eU* uMeU’V",
Ui, =g 1,l€[s;—1]

where the last equality follows from the definition of U? = N[, U where UMt = {(z,\;) : z €
A\ Z%1} | similarly to what was explained in the previous section. Note that the leftmost supremum

has a solution (u;; = w;2 = ... = u;5, = u}). Moreover, since U C U%! for [ € [s;], the sets Ub!
have a nonempty interior, therefore, dualizing the equality constraints, we have that strong duality
holds. Thus, denoting u} = (uj;,...,u;, ) = (uf,...,u;) there exists w; = (wj;,...,w; 1)

such that (w},0}) satisfies

gl(X*7u:) = sup gi(x*>ui,si)
ui,lEUi’L,
Wi, s, :ui‘[,le[sifl]
si—1
= inf sup gi(x",u;5,) + Z w;':l(uiyl — ;)
wi, 1 ER%TL IE]s; 1] Ui,LEUi’Z,lE[Sifl] =1
Sifl
= o B ) D @l i)
¢ =1
Sifl
= Sup i ) + Y (wi) T (i —wg ). (27)
u,,‘,ylGUl’ s ZG[Sifl] =1

Due to Proposition 2 we know that we can restrict U? to U?, and thus, the existence of the saddle
point in this case follows the same logic where U¥t is replaced by Uil = {wi; = (Zi1, Mig) € Ut .
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Aig < A}. In the following, we will show that we can restrict the domain over which we optimize w
and still retrieve a saddle point of the original problem.

Denoting x = (x,w) and y = (@, w) where w = (w1,...,wm), @ = (1,...,0y), and w; =
(Wit, -+ Wigs;—1)), Wy = (Wg1,...,05,) for all i € [m], we can define a saddle point in the lifted
space. Indeed, let (x*, (A*, w*)) be a saddle point of L(x, (X, w)), then, by Proposition 1, and the
reasoning leading to (27) above, there exists u* and w* such that

sup L(x*, (A, w))

A>0,w
= sup c'x*+w (AX* —b)+ Z gi (x*,u;)
weWw, —
w, €U, i€m] =t
m m s;—1
= sup X +w (AX =b)+ ) Gi(xwg)+ YD (wip) (i —ug,)
wew, 1= =1 =
ui,LEUi’l,iE[m],lE[si—l] 1 Li=1
and
inf L A" wr
Jnf L{x, (A", w7))
m
— inf T *\ T Ax—b
Jnf e"x+ (w) " (Ax )+Z;gz(xvuz)
m m s;—1
St T ) (A b D o)+ 30 3 () ()
wi1, 1€[m],l€[s;—1] i=1 =1 I=1
Defining
m s;—1
Lix,y)=c'x+w (Ax—b +Zglxu”l —l—ZZw W — U, )- (28)
=1 =1

we obtain that (x*,y*) is a saddle point of L. Following similar logic, we can also obtain that given
a saddle point (x*,y*) of L with u; . = (2, A\l ) we can obtain a saddle point (x*, (A", w*)) of
L by defining A} = A, , A" = (Af,..., \%). '

Since we proved that L has a saddle point, we can now show that SGSP algorithm applied
to (28) meets the EB-algorithm assumptions. However, in order to run the algorithm and prove
its convergence, we need to show that the feasible sets of the variables can be restricted without
losing a saddle point. Legitimacy of bounding u;; and w follows from Proposition 2 and (27). The
following proposition establishes our ability to bound wj ;.

Proposition 4 Let Assumptions 1-5 hold. Let i € [m] and consider the saddle point problem

Sifl

min max gi (X*a ui,&') + Z w;{l (ui’l o ui’si) (29)
Wi ug, €U, I€[s], =1

A< <A
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where x* is an optimal solution of (26), and 0 < A < XA < X. Then, there exists a saddle point
(wi, ;) with wi; = (v, u;,) such that wy, is contained in the set

20 = {wi,l = Wi, pig) + =i < pig <0, [[vig]l < _f:i’l, i€[m], 1 €[si — 1]} ;

K3
where €; and fi; is given by Assumptions 4 and 5, respectively.

Now that we have shown that we can bound all variables in the saddle point of function E(X, y)
over the sets X = X x (xI, x5 71 Q%) and Y = (xI, x5, UH) x W, we can apply SGSP to the
problem with these bounded sets as follows.

SGSP for L

Input: 7 > 0,6; > 0, Oy >Ofori€[ , andNeN

Initialization. Initialize x° € X, and y° € ) such that )\Ol = A0, for all
l € [s4],i € [m], and define the diagonal matrix © = Diag(6;e; . Gme Gwe)
General step: For k € [N]

Compute subgradients v¥=1 = (v~ vE=1) € 0, L(x*~1,y*1), and for all

= i vEh) € 0, (—LO L yE ).

i € [m] v
F=Py(x* ! - Tvifl) — x" =Py - Vi),

wf’l = Pm,t(wfjl - T(uffl = ui—c);l)), ie[ml], lels;—1]
F=Pyy" Tl —oviTh) = uf, =Pyl + 0w, i€ ml, 1€ [si—1]
zslilgUlS uk,lliavk 1)’ Ze[m]

wh = Py (wF 1l 4+ 0 (AXF1 —b)).

We will now prove that SGSP is an EB-algorithm and thus, it converges to the optimal solution.

Proposition 5 Let Assumptions 1-5 hold And let {(x* )}keN be the sequence genemted by
SGSP algorithm with parameters T = \/N’ 0; = \/» Ow = 97 where x* = (x*,w*) and y*
(ﬁk,wk). Then,
— L(x
[p —XH a? — W —w]®
+7G2+Z 7—1—96?2 + = 14,G% (30)
i=1 91‘ HW

where

Gx = llel + 1A Rw + Y AGoi+ A Y [ (si= 12+ Ris)+ Y Rig

i€[m] 1€[m] l€[s;—1]

_ 1
Ga, = A+ Ris,)Goi + gi +205(s; — 1) <1 + >

€

Gw = [|A] Bx + [|b]|
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Moreover, SGSP is an EB-algorithm. More precisely, let x* an optimal solution of (26), (A™,w*)
be the optimal dual variables associated with its constraints, and let A € R, and w € R" such that
Ai = Nis; for alli € [m]. Then,

1 =1 % 02 1 012 j—1 2
TOXT —xT||7 + 0:0;  max{A;, A; }© + 20, max{||w||, ||w +o |, 31
5 ﬁN< | | E { } {lwll, Iwoll} (31)

i=1
and
L(XN; (A", w*)) > ¢ x* (32)
where
S

oi = (1+4R?)

=1

¢ =7GL + iéiGii +4 (Z?ll i1 (1 ! 5)) + 0w G2,

i=1

where Ry is the radius of X, Ry the radius of W, R;; is the radius of ZW', §; = maxXuex 4,e 7 |9i(%,24)|,
A, fi; and €; are defined in Proposition 2, Assumptz'on 5 and Assumption 4, respectively, and
Gy, G2, are the bounds on the subgradients dI ir d’jl generated as in Lemma 2.

4.4 PAPC convergence

In the case of PAPC, we proceed similarly to SGSP with one change — here, we need to eliminate
the explicit constraint that x lies in X, which is also not assumed to be bounded. We achieve this,
as in the simple case, by performing the dual transportation trick. Compared to (28), we do an
extra step to obtain:

sup inf L(x, (A, w
S ik LGx (A w)

m s;—1

= inf sup c'x+w' (Ax—b —|—ZglxulS +ZZw u;; — u”)—&—ﬂ' x —ox(m)

Wi l,X ;
LOX mowou €U =1 =1

= inf sup L(x,y)
X y=(d,w,m)u;, €U I€]s;], i€[m]

where ox () is the support function of X and x = (x,w), y = (@, w, w), and recall that where
w; = (wm, e ,wi,si_l), w = (wl, e ,wm), flz = (uivl, e ,uivsi), and ﬁ = (ﬁl, ey ﬁm)
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As the PAPC algorithm presumes bilinearity, we assume f; are of the form given in (8), we
obtain:

L(XaY) = XT Cc+ Z Qiui,& + ATW + | +
1€[m]

Solaiws+ > whiii—wis) = Y g | —bTw—ox(m)  (33)

i€[m] l€[s;—1] l€[s;]

=c'x+x'Qy+ Z q uis, —b'w— Z dgia(uiy) —ox(mw) |,
i€[m] 1€[s;]

where Q; and @, are defined in (9), and

I0... 0-I 0Q 0Q,... 0 Q,ATI
0I 0...0-1 P, 0 0 ...0
P,=|: e RUAFDEDx (@t (g — | 00 Py 0 .. 0.0
0 . 01I-I 0o .. OP, 0 ..0

Now, we give a short argument for the boundedness of the optimal 7w*. For the case of PAPC
the boundedness of variables w, w and u at the saddle point follows by the same arguments as in
Propositions 2 and 4. From here, we argue that at the saddle point 7 can be bounded as well.

Proposition 6 Under Assumptions 1-3, at the saddle point (x*,v*) of (33) it holds that

I < R i= el + A | Qil| (Ris, + 1) (34)
i=1

Proof Due to optimality conditions w.r.t. x in (33) we must have

m
c+> Qu, +Aw+7" =0.

i=1

Thus, we have

I = ||le + > Qiui,, (Ris; +1)

< el + A Bu + XY |
i=1 i=1

where the last inequality follows from the definition of induced norm, and the boundedness of uj ..
and w, proven in Proposition 2. O

Note again, that in the case of PAPC, while the bounds on w*, u*, w*, 7* exist, they are needed to
prove convergence, but not to apply the algorithm. Now we can apply PAPC to generalized problem
as follows.
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PAPC for L
Input: 7 > 0,6; > 0 for i € [m], and N € N
Initialization. Initialize x° = (x%w’% € R" x RZiE[ml(sﬁl),

yO = (ﬁO,WO,ﬂ'O) S Xie[m] X1e[si] Ui’l x R" x R™,
General step: For k € [N]:

Predictor:

-1 A k-1 T k-1 -1
pr=x1_71 c—l—E Qiuf '+ ATwh !k ,

i€[m]
k k—1 k—1 k—1 .
Pu,, =W — T(ui,l —ui,)), i€ [m], L €[s; —1].
Dual update:
uf, = P (uf,z_l + Qipf,,i,,) ] ieml], lels;—1]
uf,si = Ppi,s; uﬁgil + 0; Q:pi +q; — Z piivl) , i €[m]

lE[Si—l]
wh = wF=1 4 0, (Apt —b),

k= proxg .. (ﬂ'k_l + H,Tpfc).

Corrector:

xF=xF"1_7|c+ Z Qzufs +ATwh k|
i1€[m]

wi " =W, —T(uﬁl—uk ))s i €[m], l €[s; — 1]

i,Si

We are now ready to prove the convergence of PAPC for the general formulation via showing that
it is an EB-algorithm.

Proposition 7 Let Assumptions 1-5 hold true. Then, applying the PAPC algorithm to L(x,y)
with parameters 7,05, ...,0x, ,0w,0x >0 such that H=S — 7Q"Q = 0 where

S = Diag(07 'Ly, (41, - - - » O L, (1) O Ly 01 1)
result in

- . ~ 771X7X0 2+ yiyOZ
Lx™y) - Looy™) < XXy =yl (35)

Furthermore, SGSP is an EB algorithm. More precisely, let x* be an optimal solution of (26) and
let (X", w*) be the optimal dual variables associated with its constraints. Then, for any o > 0 and
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A € RY and w such that \j = N s, for alli € [m].
LN, (w,A)) = L(x*, (W, A*) + a Dist(x", X)

2 max{||w]|, |w[|}?

<L (”X < QZ S max( A0)2 4 +o(1 +a2)> (36)
= 9N iy O .

and
LN, \*) + 8Dist(xV, X) > ¢ x*,

2 7012
where o; = Zle[si}(l—&—llRil) ;.1 s the radius of Z¥', ¢ = max { o AN si? (1 + é) + 2”9"”}

with f; and €; are defined in Assumptions 5 and 4, respectively, and f = R, with R, defined in
(34).

Remark 1 (PAPC: the non-biaffine case) The PAPC algorithm can be extends to the case
where g;(x,2;) is not bilinear, but rather has the following general form:

gi(x,2;) = h;(x) " €;(2;),

where h;(-) : X — R¥ and £,() : Z% — R¥i where each element of the mapping h;(-) is a convex
function, i.e., h;;(-) is convex for all j € [[;], and each element of £;(-) is a concave function, i.e.,
k;;(+) is concave for all j € [[;]. To maintain the convex-concave structure, we assume that

min min 4;;(z;) >0, min minh;;(x) >0 Vi€ [m].

min min Gy(z) > 0, min winhy () 20 Vi€ )
We will show that we can transform such problems to the biaffine form of Section 3.2. For this, we
introduce vectors w; (¢, respectively) whose entries upper (lower) bound the entries of £; (h;). With
these extra variables, the constraint g;(x,z;) < 0, Vz; € Z* from problem (2) can be reformulated
as

where ¢ = {&, = (2;,¢;) 1 2i € Z%, £;(z;) > ¢;}. As we see, the first constraint becomes biaffine
in the respective variables. In order to decouple the constraint in x, one can also duplicate x to
X0,X1,- -, Xm, and add equality constraints x; = x¢ for all i € [m].

Accordingly, we can define an extended primal variable vector x = (Xg, ..., Xm, T1,...,@m) €
RT25 L with feasible set

X ={x= X0+ yXm,T1,...,m) : X0 € X, hi(x;) < w0;},

and an extended new uncertain parameter &; = (z;, ;) for constraint i such that &, € =¢. The i-th
constraint of problem (2) becomes then:

G0 &) =x"Qi€;
where

O(n(m+1)+5i22 k) xds On(ma+1)+33022 k) ks
Q; = Ok, xd; I,
OZT:f,+1 kjxd; OZJ i1 b Xk
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In the end, problem (2) can be shortly written as

T
iy X
s.t. sup gi(x,€;) <0, i€ [m],
£,€58
Ax =0
where ¢ = (c,0) and
_I(n) 71(71) O(nxn) cee 0(n><n) O(nxzie[m] ki)_
Iy Onxny —Im) Omxn)  +++ O(nxn) O(nxss, ko)
Ao | . i ) .

_I(TL) 0(n><n) . o O(an) _I(n) O(nXZfle[m] k7)_

Thus, we are back at the biaffine case for the lifted variables (x, &), and PAPC can be applied as
long as the projections over =% and X are easily attainable.

5 Numerical experiment: robust quadratic programming
5.1 Introduction

In this section, we compare the numerical performance of our SGSP algorithm to the various
approaches of [13] and the standard cutting-plane algorithm. To do this, we consider an extension
of the experiment in [13], solving problems

i 37
min :telggo(x,Z) (37)

s.t. gi(x,2) <0 Vz € Z, i € [m]

where the objective and constraint functions are:

K
9i(x,2) = H (Pi() + ZPikzk> x
=1

with Py, € REX" b, € R and ¢; € R. We assume that Z = {z € RE : ||z]|s <1} and X = {x e R" :
|Ix||2 < 1}. The experiment is an extension of the one performed in [13], since the original considers
problem with uncertainty only in the objective, while ours captures the more general setting with
uncertain constraints.

Note that in (37), the functions g;(x,-) are convex, and therefore the problem does not readily
fit our framework. However, in the pessimization problem

2

+b] x+ ¢.

sup g;(x,2), (38)
Iz <1
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known as the trust region problem, the function g;(x,-) can be replaced by equivalent concave
function, where the equivalence is in the sense of the same maximal value. For this, g; is first
rewritten as

gi(x,2) = 2" Qi(x)z + 2r;(x) 'z + 54(x)
where Q;(x) = Pi(x)" P;(x) with P;(x) € R"™X being a matrix whose columns are the vectors
P;.x for k € [K], ri(x) = P;(x) " Piox and s;(x) = || Piox|3 — b/ x — ¢;. For this function, by result
of [14] problem (38) can be reformulated as

sup gi(x,:) = sup zT(Qi(x) — Amax(Qi(x))I)z + 2r; (X)TZ + 8i(X) + Amax (Q4(x)) (39)

z:|z]|<1 z:||z[|<1

where Apax(+) denotes the largest eigenvalue of the argument matrix. Since
9i(x,2) = 2" (Qi(%) = Mnax(Qi(x))D)z + 2r(x) "z + 5i(%) + Amax(Qs (%)),

is convex-concave, using g;(x,z) instead of g;(x, z) in the robust formulation is equivalent and our
setting applies. Therefore, in this set of experiments, whenever using first-order methods, we solve
the modified problem:

i g 40
min sup go(x,2) (40)
s.t. gi(x,z) <0 Vz € Z, i € [m]

We note that with respect x, problem (40) is semidefinite optimization problem. We are ready to
state the four algorithms we compare:

e Cutting planes algorithm applied directly to (37), where pessimization subproblem (38) is
solved using a generic solver to find z violating the constraints.

e The SGSP algorithm applied to (40). As part of this method, we first apply SGSP to find a
Slater point for (40), and given the obtained Slater point we run SGSP to solve problem (40).

e The OCO algorithm of [13], applied to (40), where both the variables x and z are solved
using online gradient descent (OGD).

e The FO-pessimization approach of [13] applied to (40), where the primal problem is solved
using OGD and for each constraint the worst-case z is found by solving (39) using a generic
solver.

We will compare the algorithms on their speed of reducing the feasibility and optimality gaps in
the sense of Theorem 1. In the following Section, we describe the exact numerical setup and the
results.

Remark 2 In the presented experiments we do not compare to the ‘nominal‘ approach suggested
in [6]. Indeed, in the implementation of [6] presented in [13], the authors suggests that in the k-th
iteration, the following problem will be solved:

min go(x, zg )
X
s.t. gi(x,25) <0 i € [m].
However, since the convergence of such a method requires for there to be a saddle point

inf sup gi(x,2;) = sup inf gi(x,7,),
xeX z, €2 ZriEerX



28 Postek and Shtern

which does not necessarily exist due to the convexity of g;(x,-). Thus, in order to solve the (37)
problem using some kind of a ‘nominal’ approach with updated zf, one would need to either (i) use
the semidefinite program (40) as the nominal oracle which contradicts the idea of solving ‘simple’
problems per iteration, or (ii) use the dual-subgradient meta-algorithm of [6] where z; is lifted to a
semidefinite matrix and the original nominal oracle (37) is used w.r.t. x — however, running the dual
step would require projections on the spectahedron which, again, contradicts the idea of solving
‘simple’ problems, or (iii) use the dual-perturbation meta-algorithm of [6] — however, as we focus
on deterministic algorithms, we do not include an implementation of [6].

5.2 Expriment setting
We explored different problem sizes, with respect to n the dimension of x, m the number of con-

straints, K the dimension of uncertainty z;, and ¢ the dimension of the vector in the norm. For
each problem size, we sampled the problem data for 50 problem instances as follows. First, each

entry of P;; and b; is sampled uniformly from interval [—1,1]. Fixed value ¢; = —0.05 is chosen
deterministically to ensure Slater feasibility of the problem. Next, P;; and b; are normalized as
Pik T
-T2 w5 = 75 37
b;
b;, = where S;2 = [|b;]|2
Si2

To compare the algorithms in a fair way, we will use the same starting point for all of them. This
point will be the optimal solution to the nominal problem

min go(x, 0)
s.t. gi(x,0) <0 i € [m].

The values z; are initialized as the zero vectors. We consider an e tolerance of 0.001 for both
feasibility and optimality.

Note that the first-order algorithms require a choice of step-size. The step-size for OGD is chosen
to be 2/(||Vxgi(x,2:)|| Vk) and 2/(||V,, 9i(x,2;)|| Vk) for the primal and dual steps at iteration k,
respectively. These stepsizes correspond with the analysis of OGD given in [12, Theorem 3.4]. Sim-
ilarly, the step sizes for SGSP is given by 7% = 2/(||VxL(x,u)|| Vk) and 6F = 2/(||Vy, L(x, u)|| VE)
for the primal and dual steps at iteration k, respectively !. In both cases, the average solution X
is computed as a weighted sum of the iterates x* with weights corresponding to the step-sizes. We
note that these step-sizes were chosen instead of constant step-sizes, since they produced better
results for all methods while retaining theoretical convergence guarantees.

Table 5.2 describes the different settings in which the algorithms were run. We consider small,
medium and large problem sizes, with either no constraints or three constraints for each. For each
problem size we specify the time limit we gave the methods as well as the sampling frequency for
the output (see explanation below).

In order to measure the feasibility and the optimality gap for each method, for each parameter
realization, we first define a constant N, such that every N iterations statistics on the solution

1 We note that although the analysis of [16] was done for a constant step-size, a similar analysis to the one shown
in [12, Theorem 3.4] can be done for SGSP, with similar theoretical results.
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Table 3 Sizes of tested problems

Name n K L

m  maximum allowed time Oytput frequency
(seconds) (N iterations)

Small 10 10 10 0O 600 100 2

3
Medium 600 25 15 0 1200 100

3
Large 3600 30 16 O 3600 100

3

are gathered. Specifically, for all k € N, let x*N be the solution obtained after iteration kN of the
algorithm, and let T}, be the time it took to run these kN iterations. The feasibility gap at iteration
kN is given by
FGy = (%N 7).
k1= max g}ea%cgz(x ;)
Defining the optimality gap to be infinity if the feasibility gap is larger than the defined ¢, the
optimality gap ratio at iteration kN is given by

o dipip<e} (FGr) maxy, cz go (ka, z;) — LB
= 15 )

In the above formula, dy.,<c} is the indicator function, and LB is the lower bound on the optimal
solution obtained at the end of the cutting planes algorithm, by only considering the cuts added
during the algorithm. Thus, for each time ¢ > 0 we can record the minimal feasibility gap up to
time ¢ as

OGRy,

min FGyg,
kT <t

and the minimal optimality gap ratio up to time ¢ as

min OGRy.

k:T <t
All the code was run using Python 3.7, with the CasADi package [1] as the optimization interface.
The optimization problems were solved using Gurobi 9.0.0 [17], with the exception of the trust-
region subproblem (38) that due to numerical difficulties was solved using the IPOPT solver [18].
The code was run on a PowerEdge R740xd server with two Intel Xeon Cold 6254 3.1GHz processors,
each with 18 cores, and a total RAM of 384GB.

5.3 Results

In Figure 1, we show the optimality convergence for all methods for the small, medium, and large
instances without constraints. In the small instances, the computational and memory requirements
of the cutting planes algorithm are negligible, and its performance dominates the other methods.
Among the first order methods, however, the SGSP algorithm attains the fastest convergence.
When the problem instances become larger, the memory and computational requirements of
the cutting planes algorithm become more significant, making its performance similar (medium
instances) and then worse than the performance of the first-order methods. Among the first-order
methods, our SGSP algorithm consistently dominates the other methods, although the differences
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Fig. 1 Optimality gap for all problem sizes with m = 0.

with the OCO are rather small. Interestingly, we observe that for all methods it is the medium
instances that keep their optimality gaps rather large for the longest. This might be related to the
way we sample the problems where up to a certain point the problem size growth effect outweighs
the ‘averaging out’ effect of the large matrices that make it easier to find a high-quality solution.

We now proceed to discuss the constrained problems. In Figures 2-4 we show the results for
the small, medium, and large instances, respectively. We start with discussing the small examples.
Similarly to the unconstrained case, the cutting planes algorithm is the fastest of all. Among the
first-order methods, OFO is better than SGSP at finding feasible solutions fast, but having found
them, it gets ‘stuck’ on improving optimality due to the need to run binary search on the objective
value. Specifically, the problem is with the bi-section iterations which do not have a feasible solution,
but this infeasibility can only be identified after performing a very large number of iterations. The
FO-Pess method is the slowest across all three measures.

For the medium instances in Figure 3, we would expect the first order methods to already
perform better than the cutting planes algorithm. Indeed, the cutting planes algorithm becomes
worse in decreasing the feasibility gap and the number of infeasible instances compared to all
first-order methods. Among the feasible first-order methods, again, it is the SGSP algorithm that
manages to reach optimality guarantees within the prescribed amount of time which are equivalent
to those of the cutting planes, while OFO and FO-Pess do get stuck due to the need for running
the binary search on the objective function value.

Finally, for the largest instances in Figure 4, predictably, the cutting planes does not only
have inferior performance to all first order based methods. We therefore focus on the comparison of
computational performance of the three first-order methods. We observe that all first order methods
are able to find feasible solutions faster than in the medium instances. We again believe that this
is due to the problem generation process. Among the first-order methods, SGSP is relatively the
slowest one to find a feasible solution for all the instances. With respect to the optimality gap,
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Fig. 3 Medium instances, m = 3. Percentage of instances with a feasible solution found, feasibility gap among
infeasible instances, and optimality gap among the feasible instances.

we observe that OFO slightly dominates the SGSP. The SGSPs performance on these instances is
affected by the fact that at each iteration, it requires gradient computations with respect to all the
constraints, whereas for the OFO this is done only for the constraint with largest current value
of the left-hand side. Since for large dimensional problems these computations are substantial, the
SGSP performs slightly slower than OFO, while dominating over the FO-Pess method.

6 Conclusions

In this paper, we have proposed a first-order optimization approach to robust optimization problems
based on a convex-concave saddle-point reformulation of the problem’s Lagrangian. Our approach
recovers the O(1/€?) convergence rate for general problems considered also by [6,13], and offers an
improved O(1/e) convergence guarantee for problems with a biaffine function structure. Similar to



32 Postek and Shtern

1004 L

@ vy f
S 0010F 9
® 75- a _ % 3e-03
N © s ;_
= (@)}
o > = s
1 i = S |
o 2 3 2 1e-03+
el % 0.003 T T
o o £
S 254 i L =
L
< O 3e041 —

(X Y EPRPITIOY ERPRY 17 ERPPOY 1P PR PO 0-001 T = ol = Tl Tt~ T S T I I I T O

1e-01 1e+00 1e+01 1e+02 1e+03 1e-01 1e+00 1e+01 1e+02 1e+03 1e-01 1e+00 1e+01 1e+02 1e+03
Time (Sec) Time (Sec) Time (Sec)
— Cut. Planes —— FO-Pess. OFO SGSP

Fig. 4 Large instances, m = 3. Percentage of instances with a feasible solution found, feasibility gap among infeasible
instances, and optimality gap among the feasible instances.

those algorithms, our method allows for a convenient parallelization of the computations related
to different constraint functions and avoids problem size increase typical for the cutting planes
and robust counterparts approaches. At the same time, our approach has the numerical benefit of
avoiding a binary-search procedure for the optimal value of the objective as in [13], while providing
a deterministic algorithm which does not have to solve the nominal problem, contrary to [6].
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A Proofs

Proof of Proposition 1. Proof of =-. We first note that from the definition of f; and the construction of the lifted
uncertainty set U* we have that for any XA € R’ and x € X and i € [m].

i.
Aifi(x) =X sup gi(x,2;) = sup Aigi (X7 i) .
z,€Z° Z;:(Z4,0)€U? Ai

Indeed, if (x*, (u*,w*)) is a saddle point of L then, defining z} =27 /A7 if A* > 0 and z} = 0 otherwise, gives:

L(x*,(X\*,w™*)) = L(x*, (u*,w")), (41)
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and
L(x*, (u*, w™))

= sup Z(X*v (u7 W))
uceU,weR"

m ~
* * Zj
= sup c x* + g Aigi (x ,)\—:) —‘,—WT(AX

XERT, 2;€X; Z¢, i€[m],wER" i=1

= sup cTx* + ZAl sup gi(x*,z;) +w' (Ax* —b)

)\ER:_”,WE]RT =1 z,€Z1

m
= sup cTx* + Z Xifi(x*) +w ' (AX* —b)
AERT, weR™ =

= sup L(x*, (A, w)),
AERT wERT

*_b)

(42)

where the subsequent equalities follow from (i) the definition of L, (ii) definition of U?, (iii) the definition of f;, and

(iv) the definition of L. Moreover,

L(x*, (u*,w")) :xlélg( L(x, (u*,w*))

:)32§(ch+ A gi (x, i—}) +w*T(Ax —Db)

IN

i=12i:(2:,A\})eU?

m
inf ¢ eag. . *“T(Ax — b
xex € x+;zfzgi Y9i(x,2;) + w*' (Ax —b)

— inf L * w*
Jnf Lix, (A", w )

xigg(c-rx-i-z sup A gi (x, %) +w*T(Ax —b)

(43)

where the subsequent steps follow from (i) the definition of L, (ii) the definition of U?, and (iii) the definition of L.

Combining (41), (42) and (43) we obtain that

it D, (u”,w) = inf. L(x, (X, w"))
:L(x ) ()‘*7 W*))
=L(x*, (u*,w*))

= sup 'Z/(X* ) (u7 W))
uclU,weR”™

= sup L(X*v (Av W))’
AERT, wERT

i.e., (x*, (A*,w*)) is a saddle point of L.

Proof of <. We shall show that (x*, (A*, w*)) can be extended to a saddle point of the lifted Lagrangian L.

Note that defining z; = \;z; we have that

CTX*+Z)\rfi(X*)+W*T(AX**b): 1nf c x+Z)\ max _gi( )\*>+w (Ax —b)

~ = Giapeu

= max inf ¢'x+ XS gi (
(2:, A1) eU, ie[m] X€X Z ’

_ T * o _
_xlg(c x+;>\lgl( /\*>+w (Ax — b).

)—i—w (Ax — b)
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The first equality is due to (x*, (A*,w")) being a saddle point of L and the definition of f;. The third equality
follows from Sion’s theorem, applicable due to boundedness of {(z, A\;) € U*: X; = A\f} and where we define 2; as a
(necessarily-existing) maximizer:

m ~
5
€ inf ¢c"x+> Mgi(x—)+wT(Ax—b) 5.
(2i)ieim) argii;(iTig()eUi{;élXc x ;:1 1 9i (x M) (Ax —b)

Thus, defining u} = (2}, \}) we have that

_ UL 2% _
L(x", (A", w)) = L(x", (u", w")) = inf "x+ 3" Ngi ("’ r) +w T (Ax —b) = inf L(x,(u", w"))
i=1 i

Moreover,

m
L(x*, (u*,w*)) = L(x*, (A", w")) = x" + ) A fi(x*) + w* T (Ax* — b)
i=1
m
=c'x*+ sup Z i sup gi(x*,z)+w' (Ax* —b)
ASRT WERT =] ez
m i
=c'x*+ sup Z Xigi (x*, i) +w' (Ax* —b)
wi=(i )€U, i€mlw i i
= max L, (uw),
u; €U, i€[m],weR”

where we used the fact that (x*, (A*, w*)) is a saddle point of the original Lagrangian L, and the definition of f;, L,
and L. Thus, we showed that (x*, (u*,w*)) is a saddle point of L. O

Proof of Lemma 1. From Assumptions 1 and 2 we have that problem (4) has a saddle point, and due to Proposition 1
so does problem (6). Note that for any x € R”, u € U, and «* € R™ we have that

i(x, (u,w,n")) < ,\-Sélﬂgn li(x7 (u,w, 7)) = L(x, (u,w)) + dx (x). (44)

Let (x*, (u*,w*)) be a saddle point of L, and let 7* = —c — Qu* — ATw*. Then,

. T * * * I T T % a Tl * ~Toox Tk *
xlélg(L(X,(u AN ))—xlgg(x (c—i—A w*+ Qu*t 4+ >+q u* —b w' —ox(nw")

g u —bTw* —ox(n*)

=& u* —b'w*+ inf —x ' 7*
xeX
— inf x" (c +ATw* + Qu*) —b'w*+q u* = inf L(x, (u*,w*)), (45)
xeX xeX

where the first equality follows from the definition of L, the second equality follows from the definition of 7*, the
third equality follows from the definition of the support function, the fourth equality follows from the definition of
7*, and the last equality follows from the definition of L. Combining (44) and (45) we have that

L(x*, (u*,w*,m*)) = L(x*, (w*,u*)) = inf L(x,(u*,w") = inf L(x,(u*,w* 7*))
xeX xeX

Moreover,
L(x*, (u*,w*, %)) = L(x*, (u*,w")) = sup L(x*,(u,w))=  sup  L(x*,(u,w,m))
ucelU,w weR" ucl,w
where the second equality follows from (x*, (u*, w*)) being a saddle point of L, and the last equality from (44) and
x* € X. Thus, (x*, (u*,w*,7*)) is a saddle point of L.
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Now, let (x*, (u*,w*,7w*)) be a saddle point of L on R™ x (U x R™ x R™). Then, by definition

L(x*, (u*, w*, m*)) = Imax L(x*, (u*,w*, m)) = L(x*, (u*, w")) + 6x (x"), (46)
wER
and
L, (u,w*,w) = inf L(x, (u”,w",7"))
xER™
= ienﬂg x ! (c—i— ATw* + Qu* + 7r*) —bTu* 4+ u* —ox(m*) < oo,

xER™

implying that #* = —c — Qu* — ATw*, and thus, following the same arguments as in (45)

L(x*, (u*,w")) = L(x", (u*, w*, 7)) = inf L(x, (u*,w")),
xE

where the first equality is due to (46) and the finiteness of i(x*, (u*,w*,7*)), implying that dx(x*) = 0 and thus
x* € X. Furthermore, (46) implies that

L(x*, (u*,w*)) = L(x*, (u*, w*,7"))
= sup Ii(x*7 (u,w,m)) = sup L(x*, (u,w))+dx(x*)
uelU,w,teR™ ueclU,w
= Ssup [_/(X*v (u7 W))
uelU,w
Thus, (x*,u*) is a saddle point of L on X x U x R". O

Proof of Lemma 2. (i) Applying [9, Lemma 2.3] and using the fact that for any u; = (Z;, ;) € U’ we have that
either both \; =0 and z; =0, or z; = ZZ/)\Z ez
(i) We use the fact that z; = z;/); for all ¢ such that A; > 0, and define

dei=) Ndei= Y Ndei € Y Nidxgi(x%,2) = Y XiOxgi (x, %) )

i=1 Xy >0 Xy >0 Xy >0 g
Thus, we see that (12) holds, i.e., vy € OxL(x,u). For all 4 such that A; > 0 define
~ Z;
d; =d;,i € 9z, (—gi(x,2:)) = 0z; | —9i | %, ~ )
2

For such d; we have that

i 7z d; _
Vi = (dzyi —9i(x,2:) — 2 dz i) = (d’i7 —9i (x, i) - Zz)\_ “ ) € 0u, (—L(x,u)).

i.e, the first case of (13) holds.
Finally, for all ¢ such that A; = 0, using the fact that z; = 0 define

d; ==d.,; € 0z, (—9i(x,0)) C U, c7i0z; (—g: (x,2:)) + Tzi(2:)",

where the tangent cone T (z;)* always includes the zero vector. Moreover, defining ¢; = —g;(x,0) we have
that

(—gi)*(x,di) = sup{c? d; +9(x,¢;)}

i

= Sélp{d;r (Cz - 0) - gi(x7 0) + gi(x7 Cz)} + gi(xv 0)

i

< gi(%,0) = —¢;

where the first equality follows from the definition of convex conjugate, and the inequality follows from the
convexity of —g;(x,-) and the fact that d; € 0z; (—gi(x,0)). Thus, meeting the definition (13) we have that for
the case where A; = 0 we obtain that v; = (dy, ¢;) € Ou; (—L(x,u)). O
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Proof of Proposition 8. The projection over set U’ is given by computing the minimizer of the following optimization
problem

1 . 1 1 .
min{5 lui —v|?:ve UZ} = min{5 z: —¢||I* + 5= w2:¢euzt, u> 0} (47)

Tt is clear that if u; € U? its projection onto U’ is the vector u; itself. Otherwise, we can rewrite the projection
problem as follows

min{||2i —CIP =P C ezt p> o} = min{HZi oz O — )2z €28, p> o}.

Computing this minimum first over z; € Z* we obtain that if u > 0 then

2 5.
iz, € Z° =Py <2>
o

in which case the optimal ¢ is given in by pP,: (ﬂ) Otherwise, if 4 = 0, then all points z; € Z* are optimal and

argmin{”ii — pzi||? iz € Zi} = argmin{Hzi —Z
I

i
the optimal ¢ is 0. Moreover,

min{|[u; — v||? : v € U} = min { inf o (1), ||uiH2}
pn>0
since

. 1 1
Gi(p) = inf 1z — <[P+ 5 (N —p)?
¢enzt 2 2

2 ||z, zZ\ 12 1
=t ()] o w2
2 H 2
1 z; ;\2 1
= S# Dist (iz) + = (N — )2
I 2

We first show that 1); is convex on the domain g > 0. Indeed, since (47) is jointly convex in ¢ and p > 0, 1; is a
convex function as a partial minimization of a convex problem. In particular, v; is strongly convex since it is a sum
of a convex and strongly convex functions. Using [2, Proposition 18.22] and the chain rule, we obtain the following

derivative of 1;
0
I

~ 2 ~ ~
¥(1) = pDist (iz> — 5 (3 — Py (Z—D Fpu—N = u‘
w W w
Due to the strong convexity of 9 (), its infimum over p > 0 is attained if and only if there exists p* > 0 such that
Wl (p*) = 0. Since lim, 00 ¥} (1) = 00, and due the monotonicity of the gradient of convex functions, such a p* >0
exists if and only if limMHOJr Pl (p) < 0 or equivalently limg—s oo i;rPZi (az;) > —A;. In the rest of the proof we show
that the latter is always true.
We first note that since 0 € Z? it follows from [3, Theorem 9.9] that for any o > 0

2 -~
~ z;
— 2] Py (i) +op— A

az] Pgi(azi) > ||Pgi(az)|? 2 0,

and thus, limg— 0 2IPZi(aii) > 0 which implies that the condition is satisfied for all A\; > 0. Moreover, it follows
from the definition of the support function that Z] P,i(aZ;) < oi(%;) for any a > 0. We will now show that
lima— oo Pyi(az;) € 004i(Z;) = argmaxpc zi Z; p. From optimality of the projection we have that q = Pyi(aZ;)
if and only if y € aZ; — 004i(y), so az; —y € 06, (y). Moreover, note that by definition of the indicator function
and the subdifferential, if y € 85 4:(y) the ay € 86, (y) for all a > 0, and thus Z; — £ € 8 (y). Since p € Z* is
bounded, it follows that as o — oo we have that z; € 8, (y), which is equivalent to y € arg maxpe zi iiTp. Thus,
we established that the condition lima— o0 &; Pyi(aZ;) > —); is equivalent to 04 (%;) > —\, concluding our proof.
O
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Proof of Proposition 4. We look at the saddle point problem (29) where the optimization problem is done over the
nonrestricted sets U%!, that is

s;—1
; o (x* W T (W — w
Hal:lflu Zeégé;xl - ]gz(x i)+ Y Wl (i —wg). (48)
A< s, <X

We will run the proof in three steps:

— Proving that (29) has a saddle point.

— Proving that any saddle point of (48) is also a saddle point of (29).

— Proving the boundedness of w* for the problem without the restriction.
It will therefore follow that after restricting w problem (29) still has saddle points. We begin with the first step.
Indeed, since

sup Gi(x",w;) < sup Gi(x*,u;) < oo
w; €U, A< <A u; €U
by the same logic as (27), (48) must have a saddle point.
Moving to the second step, we use the necessary and sufficient optimality conditions of the saddle point formu-

lation to obtain that (w', ') is a saddle point of (48) where u;; € U%! if and only if

u;r’l = uzsi lels;—1]
0€wl, =86 iu(ul)), L€ [s; — 1)
0e au( GG ul ) = Y wl = 00pie (ul ),

le[s; —1]

Where Ubsi = {u,- s; €EUis : A< Nis; < )\} C U®si. Since 0 < A < A < X it follows that u L € Ut C U and thus,
w! i1 € 90y, z( 1) € 98, l(uz poand =370y “’i,l € 004, (uf is;) T Ou (—gi(x*,ui’s‘i)). Therefore,

uj’l = uI s le[s;—1]
0€wl, =035 (ul)), le[s; —1]
0¢ a( gixul N - > wl =005, (u] ),
le(s; —1]

which are exactly the optimality conditions when using Ui,l instead of U%!, and so (wI, ﬁ;r) is also a saddle point of
the restricted problem.

We now move to the last step, showing that w! must be bounded. Note that if for some i € [m] we have that
)‘I,si = 0, then the pair (wj,ﬁz) = (0,0) is a saddle point for the ith element of the sum, and so restricting the

norm of w; is possible. We therefore continue with bounding w; for the case where X > 0. By definition, we have
that u;si = (zT A )\1 s ) where 0 < A\ < )\T ,SAL . Also note that it must be that u;.r,s = u!,, otherwise

1,871,857 7,0

the minimization over w; would yield minus mﬁnlty. Thus, we have that ZI s € ﬂlsilZi*l. Finally, we have that

)\Jrg gi(x 72131’)

s;—1
= gi(x*’ uzvsi) + Z (MI,Z)T(UIJ - u;r,si,)
=1
s;—1
= - max gi(x*7 lli,si) + Z (wj Z)T(ui,l —_ ui’si) (49)
u; €0, /\iysi:A;Si — "
s;—1
> max AL | 900X 2is) + Z Vi) (i — 2is,)
z; €20 70 —
>l (gi(x*,o) +e uj’l, ) W€ [s; — 1] (50)
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T

1,877

where the first inequality comes from the feasibility of x* for all z; € Z% = ﬂf;lZi’l and the non-negativity of A

the first equality follows from u;rs_ = u;.rl, the second equality follows from the optimality of ut and w' for the
saddle point problem, the second inequality follows from choosing u;; = (zm)\z S,,)\l.L s, ), and the third inequality

follows from choosing z;; = 0 for all [ € [s;]/{l'} and z; ;; = EiVl-L ,- Therefore, if )\;r s; > 0 it follows from (50) that
‘ < —gi(x*,0)/e; < frifes.

Similarly, taking an arbitrary I’ € [s; — 1], we can bound (49) from below by choosing u;; = (0,)\1 Si) for all
Le s\ {I'} and u; pp = (0, X} ).

+
H”i,z

s;—1
0> max G )+ > (Wl )T — s,
w; 1 €U; 1, AS A, s; SA =1 ’
s;—1
2 A0 0) + 7wl (i = ALL)
=1

= )‘I,si (9i(x",0) — /‘:,z/) + ‘U’I,Z/A;l/'

Since A7, can be taken to infinity, it follows that the equality holds only if u;r »» < 0. Moreover, choosing A7, =0
implies that _M;r v < —gi(x*,0) < fi;. Since I’ was arbitrarily chosen the proof is complete. O

Proof of Proposition 5. In the proof the the proposition, claim (30) plays the key role, from which (31) and (32)
follow.
Proof of (30) Denoting Gy, Gu,i, Gw as bounds on the subgradients v% € IL(xF1,y*=1), vE € da(—L(x*~1, y* 1),
vl‘fv S 8wi(xk_l,yk_1) used throughout the algorithm, the first of the corollary follows directly from [16, Lemmas
3.1 and 3.2]. It is left to prove that under the chosen assumptions these bounds exist and are equal to the stated
values.
We begin with the primal variables x. Denoting ufl_l = (Zfl_l, /\fl_l) and defining zf;il as

&

zZh

5

o

<

, Ai>0
Ai=0

O >

)

we have that o1
Twk—1 m - k
ct+A'w +3 Ais; da
k—1 k—1
(ul,sl _ul,sl—l)

V; = . € 0 L(x 1, uft),
(W = W, 1)
where d’; i € Oxgi (xk-1, zf;l). By boundedness of the subgradients, A\; and w we can bound the first component
) 183

et ATwE £ SN < el + |A Rw + > AGai.

i=1 =1
By the definition of U%! we have that for all ¢ € [m] and | € [s; — 1]
k) = ub T < B = AR + (13, — 2
<22+ max |Zi,5; — Zia]] < A2+ Ris; + Riyt)-

2i,5, €205 ,2; 1€20!

Adding these two bounds, we obtain the following bound:

IVE] < llell+ Al + 3 3Gai+X 30 [ (i - D@+ Ris)+ S Rix | =G
1€[m] i€[m] le[s;—1]
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Now, we will bound the norms of the subgradients corresponding to the dual variables u; ;, w

k

Vi
ko .
Va;, = .
k

Vi,si

First, consider the subgradients v; 5, with respect to u; s,. According to Lemma 2

{ Ae—1gk } k1 (k=1 k=1

zs‘ 2,1 § - - -
s — 7, k—1]| — w-l Eau,;ysl. (7L)(X yu )7
e (7gi)(xk 1 z NF ) + (d )T ©,84 le[s;—1] N

where d¥ , = 95, (7gi)(xk_1,z’v“7i1). From the definitions of the sets U%!,Q2%! and W we get:

1,8

k

)85

v Aklk

(—g0) 1,280 )+ ||t )

o LIV Syl
<A+ Ris;)Gapi+Gi + fii(si — 1) (1 + é) .

Moreover, for any [ € [s; — 1] it follows from the definition £2%! that

k— ¥ — _
vﬁl = Wi ! € 6‘11‘.[ (7L)(Xk 1,yk 1) = ‘

k _ 1
vz,l‘gui 1+: .
i

In the end, for the subgradients w.r.t. w, we have vk, = —Ax*~1 4 b so by boundedness of X we obtain the bound
[V || < Al Rx + [|b||. Using the defined v¥, v¥, and vk, in the algorithm we obtain the desired result. O
Proof of (31) To prove this claim, we will use (30). First, define ul-L = )\iz;-r where ZI = argmax,, ¢z g%, z;).
Following (27) we have that
LENY; A w) = =N + 3 &N ul) +w' (AxN - b)
i€[m]
m s;—1
= min _max c'xN + Z gi()?N, u;s;) —|—WT(A5(N —b)+ Z Z w;l’—l(u“ —u;s;)
@ €U, N =N iem] i=1 1=1
l€[s;], i€[m]
m s;—1
< _max gV 4+ > ai& Y wi) +w (A —b)+ > > (@) T (i —wis,)
u; (€U, N =X i€[m] i=1 1=1
L€[s;], i€[m]
— max E(EY,0Y),(@w)). (51)
u; €05 N =X
L€[s;], i€[m]

We move on to lower bounding L(x*, (AN, w)) with a term of the form L((x*,w),y"):
L(x*, (MY, %))

= _max  c'x*+ E gi(x*,u;)
ui€U;, AN=AY,

i€[m]
m s;—1
=min max ¢'x* +wVT(Ax* —b) + Z gi(x",uy,6,) + Z Z le(uiyl —u;)
“ a0 I€]s] ic[m] i=1 1=1

N
Ai,si 7>‘i,si

(52)
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m s;—1
= min max c'x* +wVT(Ax* —b) + Z gi(x",u55,) + E Z “’Zl(“i,l —uy,s;)
wen ui,,eU”i 1€[s;] im] i=1 1=1
Xiys; =2,
m s;—1
= max min ¢! x* +\7VNT(AX* —b)+ Z gi(x",uy,5,) + Z Z w;rl(u“ —uy,;)
u,; €U 1e][s;] WER i i ’
i, 1 €U, L€ (5] iciml =1 =
Niyo; =AN,
m s;—1
Zulzrlei??ch* +wVT(Ax* —b) + Z §i(x*,ﬁ£\gi) + Z Z wzl(ﬁf\fl - ﬁi-\’lsi)
ie[m] i=1 =1
= min L((x*,w), 7V 53
mig L{(x",w),57) (53)

where the first equality follows (27), the second equality follows from Proposition 4, the third equality follows from
the fact that existence of a saddle point, established in (27), and the final inequality follows from the definition of
L. Moreover, for any AN = AN, and w¥), it follows from (x*, (A*, w*)) being a saddle point of L that

i,s40
L, (AN, W) < L(x*", (A%, w")). (54)
Combining (51), (53), and (54) we have that for any \; € [0, \] and any w € W the following holds
LEN, (A, w)) — L(x*, (A", w"))
<L, (A w)) = Lix*, (AN, %))
=N

<max  max  (L(EY,@M)y) - L((x"w),3Y))
wen y=(,w)
u;  €UB, N =X
l1€[s;], i€[m]
A e P
< max max - + 7G5,
W€y, U, A, ;=N 2V N T
l€[s;], i€[m]
[ e[ :
m Si_||ua; —u-l‘ 0 _
L i, ~ w w ~
+> > +0:G2 | + w® — w] +0wG2, |, (55)
i=1 \ 1=1 g Ow

where the last inequality follows from (30). Now we can use the fact that for any w,w® € 2
m
| —w|| <23 fi(si — 1)1+ 1/e)
i=1
and for any u?l,ui,l € U such that w; g = (24,01, Xi1), Niji =N

2
) < max{A?, A }2(1 +4R2)).

0
Hui,l — Uiy

In the end we have

0 < 2maxliwl Iwol)?
Ow
We can use these inequalities and the bounds on variables to bound (55) and the definition of ¢ and o; we obtain
the desired result.
Proof of (32) For the last claim we use the fact that if ((x*,w*),(@*,w*)) is a saddle point of L then
(x*, (A", w*)) where \} = Al s; 18 a saddle point of L. Thus,

[[w

LEN, (A", w*)) > L(x*, (A", w") = ¢'x",

where the inequality follows from (x*, (A*, w*)) being a saddle point, and the equality follows from the saddle point
value for the Lagrangian being equal to the optimal primal objective value. O
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Proof of Proposition 7. The first part of the proposition is a direct result of [10, Theorem 3]. To prove the second
part, the strategy is the same as in the SGSP case: we upper (lower) bound the first (second) terms in the left-hand
side of (36) with terms that are like the ones in the LHS of (35) albeit over a bounded domain, and then suprimize
the RHS of (35) over that domain.

We first note that

aDist(xV, X) = inf aH)’cN —xH
xeX

= inf max w' (XN
x€X || <a

= max w xV — sup Tl x
|l <a xeX

%N —ox(m), (56)

—X)

= max T X
le]l <ex

where the third inequality follows from Sion’s theorem, and the fourth equality follows from definition of the support
function. Defining ul.Ll = )\i(z;r, 1) foralll=1,...,s;, where z] := arg max, ¢z gi(XN . z;), we then have:

LN, (X, w)) + aDist(xV, X)

=%V +wT(AXN —b) + Z gi(iN,uT) + max {‘rrT)_cN 70')((71')}

. Y <
i€[m]
==V +wl(AxN —b)+ > uxVul )+ D @), —ul )+ max {wT)_cN—JX(ﬂ')}
i€[m] le[s;—1] Il <e
= sup LV, (@, w,m). (57)

||| <o

where the first equality follows from the definition of L and (56), the second equality follows from ul.L = u;r s for all
1 € [s; — 1] and i € [m], and the third equality follows from definition of L. Since (x*, (A*,w*)) is a saddle point of
L, it can be extended to (x*,y*) which is a saddle point of L, and by definition

L(X*, ()‘*7W*)) = L(x*,y*) > L(X*vyN)v

which combined with inequalities (35) and (57) gives

— 1|y * 0|2 012
T — + -
LEN, (A, w)) — L(x*, (A", w*)) + aDist(x", X) < sup I = I 4l =yl (5
y:(ﬁT,w,‘rr):uI ,:ul o 2N
)" 1S4
ul | =Xi(=].1)
zzéarg max, i gi(ch,z)
[lw]|<ex
From Proposition 4 we have that
2 2 2 2 - 12
e P e RSO S (P o
i=1 v
The boundedness of Z* implies that
2 2
sup [y = ¥°ll < sup -y =y"flg <
y:(ﬁtw,w):u;L l:u;s’_ y:(ﬁT,w,'rr):uLL:ulT_ys/_
ul =Xzl ul =izl
zZEarg max, i gi(iN,z) zIEarg max, i gi(iN,z)

7l <o Il <e
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1

o max ) Hu“ -
; e NezZ 1z i,

i€[m] g lG[si]u“li/\lzl’l'z"’lez

1
Z o Z (1 +4Ril)max{>\i,)\?}2 +

ic[m] ¥ 1€]s;]

)2+

2 1 2
ula| + max o lw—wt T ol - w?| <

2(a + || =0 2 2

2ot D | 2 el e =
) 2 0l2

Z %max{)\i,/\?}2+72(a J;”ﬂ- H )+

i€lm] "

2
o max{|lwl, (w3 (60)

Combining (58), (59), and (60) we obtain (36). To prove the last part, we use the fact that ||7*|| < R and so by
(57) choosing @ = Rx we have

LN, (A", w*)) + Rx Dist(xV, X) = sup LN, (w0, w*)) > L(xN,y"). (61)
@f,m):l|w | <R
ui,l:uj,si Jels;—1]
z7T €argmax, . i gi (iN ,2)
ul | =A7(1z]) ielm]
Moreover, from the definition of the saddle point we have that
Lx™.y") 2 Lix",y") = L(x", (A", w")) = ¢ x". (62)

Combining (61) and (62) concludes the proof. 0O
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