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Abstract

In this paper we present novel data-driven optimization models for Support Vector Machines

(SVM), with the aim of linearly separating two sets of points that have non-disjoint convex closures.

Traditional classification algorithms assume that the training data points are always known exactly.

However, real-life data are often subject to noise. To handle such uncertainty, we formulate robust

models with uncertainty sets in the form of hyperrectangles or hyperellipsoids, and propose a

moment-based distributionally robust optimization model enforcing limits on first-order deviations

along principal directions. All the formulations reduce to convex programs. The efficiency of the

new classifiers is evaluated on real-world databases. Experiments show that robust classifiers are

especially beneficial for data sets with a small number of observations. As the dimension of the data

sets increases, features behavior is gradually learned and higher levels of out-of-sample accuracy

can be achieved via the considered distributionally robust optimization method. The proposed

formulations, overall, allow finding a trade-off between increasing the average performance accuracy

and protecting against uncertainty, with respect to deterministic approaches.

Keywords: Machine Learning; Support Vector Machine; Robust Optimization; Distributionally

Robust Optimization.

1. Introduction

Binary pattern separation is one of the main Machine Learning (ML) tasks [51]. Its aim

is to classify observations into one of two classes and it is a critical problem in many practical

application fields, such as robotics [22], environmental engineering [26, 73, 74], nutrition [87],
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neural and medical image analysis [118] and computer security [17]. From the ML standpoint,

a great variety of algorithms have been devised to address the classification problem: Decision

Trees (DT) [77], Logistic Regression (LR) classifiers [28], k-Nearest Neighbors (NN) classifiers [32],

and Support Vector Machines (SVM), which though simple and intuitive have proved to be one

of the most effective estimation techniques [115]. A recent comparison of ML methods for binary

classification is found in [4].

SVM is a supervised ML algorithm tracing back to the seminal contribution of [103], which

has received significant attention in the optimization literature and has strong orientation towards

real-world applications [64]. Given a set of training observations, each labeled as belonging to one

of two classes, SVM goal is to detect a hyperplane induced from the available examples that is

able to predict the category of new unlabeled observations. The most basic version of the SVM

is the Hard Margin-SVM (HM-SVM) that assumes that there exists a hyperplane geometrically

separating data points into the two classes, such that no observation is misclassified and margins are

maximized. When the data is linearly inseparable, the Soft Margin SVM (SM-SVM) introduces

slack variables into the constraints and aims at finding a separating hyperplane that not only

achieves the maximum margin between the two classes but also minimizes the training error of

misclassification [8, 25]. Many variations to the classical SVM approach have been proposed over

time to enhance the predictive power of classifiers, see for instance [16, 49, 55, 59, 67, 79, 104].

In this paper, we specifically focus our attention on the SVM variant presented in [59], whose

computational experience proved to detect separators with higher levels of accuracy compared to

the standard ones. This method, rather than directly trying to minimize the classification error

with respect to a single hyperplane, suggests to separate the sets by firstly finding two parallel

hyperplanes so that the intersection of the convex hulls of the two sets is contained between them,

and then to construct a third hyperplane parallel to and laying between the previous ones and

such that the number of misclassified observations is minimized.

An underlying assumption of classical SVM approaches is that the input observations are not

corrupted with noise and, therefore, all problem data are known exactly at the moment of classi-

fying [21]. This assumption, however, is not always practical. Indeed, real-world observations are

often plagued by uncertainty (e.g., due to limited precision of collecting instruments, measurement

mistakes in data gathering, sampling errors, etc.) and disregarding it might lead to solutions that

are far from optimal, as well as to major fluctuations of performances [41]. Therefore, the problem

of designing classifiers not facing deterioration when there are some perturbations in the data set

is an interesting problem that has gained considerable attention from the scientific community.

One of the main paradigms to deal with problems affected with uncertain data is given by Robust

Optimization (RO) (see [7] and [9]). RO addresses the uncertain nature of a problem without

making any specific assumption on the probability distribution of the underlying uncertain pa-

rameter, which is instead assumed to belong to a prespecified uncertainty set. RO then adopts

a min-max approach that addresses uncertainty by guaranteeing the feasibility and optimality of
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the solution against all instances of the parameter within the uncertainty set region. Another

way to handle uncertainty is given by Distributionally Robust Optimization (DRO) pioneered in

[78] and [117], which can be regarded as a natural generalization of Stochastic Programming (SP)

and RO. In DRO optimal decisions are sought for the worst-case probability distribution within a

family of possible distributions defined by certain properties. The two most widely used types of

ambiguity sets in the DRO literature are moment-based and statistical distance-based sets. While

moment-based ambiguity sets contain all probability distributions that satisfy certain general mo-

ment conditions, the statistical distance-based approach considers distributions that are close in

the sense of a chosen distance to a nominal distribution (e.g., the empirical one). Popular choices

to measure the dissimilarity between two probability distributions are Wasserstein distance or ϕ-

divergences (such as Kullback-Leibler divergence, Burg entropy, Modified-χ2 distance, Variation

distance, etc.). A growing literature in these directions both from theoretical and applied points

of view can be found in [1, 5, 27, 38, 40, 83, 84, 110, 116, 120].

In this paper, we deal with the binary classification problem under feature uncertainty of the

input data, introducing robust and distributionally robust versions of one of the deterministic

formulations presented in [59] (Formulation II), aiming at obtaining a classifier that has good

generalization properties and reduces the error of misclassification of new unseen data. The main

contributions of the paper are four-fold and can be summarized as follows:

� To develop box and ellipsoidal robust counterparts of the deterministic model associated

with the Formulation II proposed in [59]. We assume each input observation to be bounded

within hyperrectangles and hyperellipsoids.

� To formulate a new moment-based distributionally robust counterpart associated with the

Formulation II proposed in [59]. We still assume each observation to be unknown but we mit-

igate the degree of conservatism enforcing limits on the deviations along directions detected

by means of Principal Component Analysis (PCA) [46].

� To provide extensive numerical experiments based on real-world databases [29] with the aim

of understanding the advantage of explicitly considering the uncertainty versus deterministic

approaches.

� To provide managerial insights on how to choose between robust and distributionally robust

approaches to model uncertainty, depending on the data set dimension.

The paper is organized as follows. Section 2 provides a literature review, while Section 3

presents basic facts and notation. In Section 4 we introduce new robust and distributionally robust

optimization models for SVM, along with tractable reformulations. Section 5 presents experiments

attempting to evaluate the accuracy of the proposed formulations versus deterministic approaches.

Finally, conclusions and future works are provided in Section 6.
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2. Literature Review

The extensive connections between RO, DRO and SVM have been explored by a number of

authors. In [33] a minimax model for data bounded by hyper-rectangles is presented. The model

looks for a linear hyperplane that minimizes the worst-case loss over input data in given intervals,

and a tractable reformulation in the form of Linear Programming (LP) is provided. In [13, 14, 15]

Second Order Cone Programming (SOCP) formulations are derived to design linear classifiers when

the uncertainty of input observations is described by multivariate normal distributions. Geometri-

cally, these solutions correspond to a minimax strategy with hyper-ellipsoids around the training

instances, rather than hyper-rectangles. Similar approaches are provided in [97, 98], where the

additive perturbations of the uncertain data are assumed to be bounded by the general w-norm.

A related model is [16] that, assuming the data to be subject to additive noises bounded by the

general w-norm, constructs classifiers by focusing on the more trust-worthy data that are less

uncertain. A more general case for bounded uncertainty sets is studied in [113], where the link-

age between regularization and robustness is also showed. The authors proved that, even though

traditional SVM methods do not explicitly consider individual data uncertainties, the objective

function regularization term aimed at maximizing the classifier margins represents a kind of intrin-

sic robustness. Other important insights about stability of SVM against uncertainty with bounded

sets are due to [96], while the work developed in [48, 72] demonstrate how robust classification

can be used to handle situations with imbalanced training data. For other models with polyhedral

uncertainty sets see [34, 36]. Detailed reviews of the existing literature on RO in ML can be found

in [20].

RO and DRO are also used for solving Chance-Constrained (CC)-SVM, to ensure bounded

probabilities of misclassification for the uncertain data. In [52] the authors consider the case

of binary classification, where only the mean and covariance matrix of the classes are assumed

to be known. The minimax probabilistic decision hyperplane is then determined by optimizing

the worst-case probabilities over all possible class-conditional distributions. Besides, the model

presented in [86] treats all input observations as random variables for which only finite mean and

covariance matrices are known, and then looks for the hyperplane able to correctly classify the

observations, with high probability, even for the worst distributions. Both of these CC-SVM are

relaxed using Chebyshev inequality ([66]) to yield a SOCP whose solution is guaranteed to satisfy

the original problem. In a similar fashion, the Bernstein bounding scheme ([75]) is used in [6, 12].

Under the same assumptions of known moments, equivalent results have been obtained in [107],

where the authors propose a different proof for obtaining the equivalent SOCP formulation and

also provide reformulations in the form of Semidefinite Programming (SDP) models. Analogously,

Pearson divergence distributionally robust CC-SVM is discussed in [85]. Another related work

is [106], which investigates the stochastic sub-gradient descent method to solve distributionally

robust CC-SVM on large-scale data sets.

In [43] risk averse theory is linked to SVM, showing that the minimization of a convex risk func-
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tional in place of the traditional hinge-loss objective function (i.e., minimization of the empirical

risk) straightforwardly treats a class of DRO problems. This corresponds to build an ambiguity set

for the population distribution based on samples, and then searching for the classifier that mini-

mizes the sum of the regularization term and the hinge-loss function for the worst-case distribution

within the set. Authors also prove that under a specific class of risk functionals the distributionally

robustified models can be reformulated as tractable convex optimization problems. Risk averse

SVM is further investigated in [105] where the authors, instead of using a single measure of risk

as SVM objective function, propose group differentiation by employing a different risk functional

for every single class. Other related studies are [44, 93, 99, 114]. In a similar fashion, DRO for

classification problems with Wasserstein ambiguity set has been investigated in [50, 54]. Instead

of solving an optimization problem minimizing the hinge-losses of misclassified samples, the pro-

posed formulation minimizes the worst-case expected prediction error with respect to distributions

belonging to a Kantorovich ball, which is centered on the empirical distribution based on samples.

Related works are [57, 63]. Learning and classification algorithms have also been proposed under

the ϕ-divergence measures, see for instance [30, 31], and with ambiguity sets measured via maxi-

mum mean discrepancy, see [90]. All these approaches for linear SVM models are summarized in

Table 1.
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Lanckriet et al. (2002), [52] ✓ ✓ ✓

El Ghaoui et al. (2003), [33] ✓ ✓ ✓

Fung et al. (2003), [36] ✓ ✓

Bhattacharyya et al. (2004, 2005), [13, 14, 15] ✓ ✓ ✓

Bi and Zhang (2005), [16] ✓ ✓

Shivaswamy et al. (2006), [86] ✓ ✓ ✓ ✓

Trafalis and Gilbert (2006, 2007), [97, 98] ✓ ✓

Takeda and Kanamori (2009), [93] ✓ ✓

Bhadra et al. (2009), [12] ✓ ✓ ✓

Xu et al. (2009), [113] ✓ ✓

Trafalis and Alwazzi (2010), [96] ✓ ✓

Ben-Tal et al. (2011), [6] ✓ ✓ ✓

Pant et al. (2011), [72] ✓ ✓

Tsyurmasto et al. (2013), [99] ✓ ✓

Fan et al. (2014), [34] ✓ ✓

Gotoh et al. (2014), [44] ✓ ✓

Katsumata and Takeda (2015), [48] ✓ ✓

Lee and Mehrotra (2015), [54] ✓ ✓

Gotoh and Uryasev (2017), [43] ✓ ✓

Wang et al. (2017, 2018), [106, 107] ✓ ✓ ✓

Duchi et al. (2019, 2021), [30, 31] ✓ ✓

Bertsimas et al. (2019), [10] ✓ ✓ ✓

Kuhn et al. (2019), [50] ✓ ✓

Staib and Jegelka (2019), [90] ✓ ✓

Vitt et al. (2019), [105] ✓ ✓

Li at al. (2020), [57] ✓ ✓

Shen at al. (2020), [85] ✓ ✓ ✓

Table 1: Linear SVM Literature Review.
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While all these approaches have dealt mainly with input data features uncertainty, there have

also been attempts to model uncertainty in observation labels, see [18, 20, 68, 92, 111] and [10],

where robust methods are employed to construct a new family of classifiers protecting against

uncertainty in both features and labels for the three most widely used classification algorithms

(i.e., SVM, LR, and DT). RO is also employed in [39] to address the problem of corruption

in missing data (see [37]), sensitivity to outliers in input samples ([35, 47, 53, 56, 115]) and to

adversarial training [61, 80, 112, 119], where it is assumed that data become corrupted during the

classification phase.

The approaches presented so far to hedge against uncertainty have also been successfully applied

to many SVM variants. Robust counterparts have indeed been developed for the Twin Support

Vector Machine (T-SVM), firstly proposed by [49]. See, for instance, [19, 62, 65, 76] and references

therein. An alternative formulation, known as ν-Support Vector Machine (ν-SVM), was designed

in [79], and models to hedge against uncertainty are proposed in [94, 108]. Another popular

variant of SVM is the so called One-Class Support Vector Machine (OC-SVM) pioneered in [67],

with robust reformulations that can be found in [60, 100, 101, 102]. There also has been a recent

surge of interest in the ML community for developing distributionally robust SVM models aiming

at fairness, which represents the need of a classifier performance to be invariant under certain

sensitive perturbations of the inputs. Fairness in ML goes beyond the scope of this article, so we

refer to [45, 94, 95, 109] and references therein. For a comprehensive survey of RO developments

in the field of SVM we refer the reader to [88, 89].

The approach we propose in this paper substantially differs from the literature in several per-

spectives. Foremost, the deterministic variant we aim at robustifying is the one proposed in [59],

which with the inclusion of a line search step showed to outperform the classical formulation in

prediction accuracy. Besides, two streams of distributionally robust approaches have emerged from

the review of SVM literature. The first poses the SVM problem as a CC program and then looks

for bounding schemes that find solutions guaranteed to satisfy the probabilistic constraint in the

worst-case distribution. The second stream, instead, aims at minimizing in the objective function

the worst-case expected prediction error with respect to distributions belonging to a prespecified

ambiguity set. Our proposal does not fall into any of these branches, since we are not dealing with

CC programs or with uncertainty into the objective function, rather we consider input data to be

random variables with unknown distributions, and then we optimize over the worst one affecting

the coefficients of the constraints left-hand sides. Furthermore, we provide exact reformulations

rather than approximations.

3. Basic Facts and Notation

In the following, all vectors will be column vectors. We use “;” for adjoining elements in a

column and “,” for adjoining elements in a row. Vector components are identified as being sub-

scripted, while superscripts specify to which observation we are referring to. Vector e of arbitrary
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dimension has all entries equal to one, while I and 0 denote, respectively, the identity matrix and

the square null matrix of dimension n. We denote by Rn the n-dimensional real space, by Rn
+ the

set of non-negative vectors of dimension n, by N the set of natural numbers and by diag(a) ∈ Rn×n

the matrix whose n diagonal entries are the elements of vector a and off-diagonal components are

all equal to zero. For any vector a ∈ Rn, |a| ∈ Rn
+ represents the vector of absolute values of

the components of a, i.e., |a| := [|a1|; |a2|; . . . ; |an|]. For any vector a ∈ Rn and 1 ≤ w < ∞, its

w-norm is defined as ∥a∥w with:

∥a∥w :=
(∑n

p=1 |ap|w
) 1

w

and ∥a∥∞ := maxp=1,...,n |ap|.

Finally, the indicator function 1(α ∈ R) = 1 if α > 0, and 0 otherwise.

3.1. The Classification Problem

Let X and Y be two sets of points such that X :=
{
x(1), x(2), . . . , x(I)

}
⊆ Rn and Y :={

y(1), y(2), . . . , y(J)
}
⊆ Rn.

The Hard Margin SVM (HM-SVM) separating hyperplane is defined by a pair (a ∈ Rn, γ ∈ R)
such that all vectors in X lie on one side of the hyperplane, all the vectors in Y lie on the opposite

side and the distance between the separating hyperplane and the nearest data point of each class

is maximized [103]. The HM-SVM optimization problem is defined as follows:

min
a,γ

∥a∥w

s.t. a⊤x(i) ≤ γ − 1 i = 1, . . . , I

a⊤y(j) ≥ γ + 1 j = 1, . . . , J,

(1)

whose solution maximizes the distance between the hyperplanes (a, γ− 1) and (a, γ+1) computed

using the dual norm ∥ · ∥v with 1
v + 1

w = 1. The dual norm of the 1-norm is the infinity norm, and

vice versa.

Soft Margin SVM (SM-SVM) relaxes the condition of perfect separability, introducing slack

variables in the constraints and penalizing in the objective function data points belonging to

the wrong side of the hyperplane. Specifically, let zX := [zx(1) ; . . . ; zx(I) ] ∈ RI
+ and zY :=

[zy(1) ; . . . ; zy(J) ] ∈ RJ
+ be the non-negative vectors of errors of group X and Y . Observation

x(i) ∈ Rn will be correctly classified if 0 ≤ zx(i) ≤ 1, or misclassified if zx(i) > 1. Similarly, for

every observation y(j) ∈ Rn. The SM-SVM optimization problem is then defined as follows [25]:

min
a,γ,zX ,zY

∥a∥w + ν
(
e⊤zX + e⊤zY

)
s.t. a⊤x(i) ≤ γ − 1 + zx(i) i = 1, . . . , I

a⊤y(j) ≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0,

(2)
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where the user-defined penalty parameter ν ≥ 0 is introduced to allow a trade-off between the

margin maximization and tolerating misclassification.

In order to achieve superior pattern separation, rather than minimizing the classification error

with respect to a single hyperplane, in [59] it is proposed to separate the sets X and Y by firstly

finding two parallel hyperplanes H1 and H2 that satisfy the following properties:

(P1) all points of X lie on one side of H1;

(P2) all points of Y lie on the opposite side of H2;

(P3) the intersection of convex hulls of X and Y is contained in the region between H1 and H2.

Through line search, hyperplane H3 is then constructed parallel to (and lying between) H1 and

H2, such that most of the points of X lie on the same side of H3 and most of the points of

Y lie on the opposite side of H3. A point that fails to do so is called a misclassified point.

Therefore, H3 should be determined so that the number of misclassified points is minimized. In

[59] five different deterministic formulations are proposed for obtaining hyperplane H3, and since

Formulation II proves to outperform the others, we restrict our attention to it. This formulation

employs as starting point the hyperplane separating algorithm detected by model (2), in which the

hyperplane margins are measured by means of the ∞-norm, and hence requires the minimization of

∥a∥1 into the objective function. Once the starting hyperplane (a, γ) of (2) is obtained, it is shifted

in order to determine hyperplanes H1 and H2 that satisfy properties (P1)-(P3). Specifically,

H1 := (a, γ − 1 + ω1) and H2 := (a, γ + 1− ω2), where:

ω1 := max
{
zx(i)

∣∣ i = 1, . . . , I
}
, ω2 := max

{
zy(j)

∣∣ j = 1, . . . , J
}
. (3)

The following minimization problem is finally solved using the line search method (see [70]), with

the aim of obtaining the scalar b ∈ R that defines the hyperplane H3 := (a, b), parallel to and lying

between H1 and H2 and minimizing the overall number of misclassified points:

min
b

I∑
i=1

1
(
a⊤x(i) − b

)
+

J∑
j=1

1
(
b− a⊤y(j)

)
s.t. γ + 1− ω2 ≤ b ≤ γ − 1 + ω1.

(4)

Specifically, as the objective of (4) is not continuous, we divide the interval [bmin, bmax] := [γ +

1−ω2, γ− 1+ω1] into kmax sub-intervals of equal length and denote sk :=
∑I

i=1 1
(
a⊤x(i) − bk

)
+∑J

j=1 1
(
bk − a⊤y(j)

)
, with bk = bmin + k · bmax−bmin

kmax
, k = 0, . . . , kmax. The final solution of (4) is

then given by bk∗ with k∗ ∈ argmin{s0, . . . , sk, . . . , skmax}.

4. Robust and Distributionally Robust Support Vector Machine Models

The basic assumption of the deterministic model (2)-(4) presented in [59] is that all input

observations of both groups X and Y are always provided exactly, ignoring any type of uncertainty
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associated with lack of data or with data that cannot be fully trusted. However, when the given

values differ significantly from the true ones, the predictive power of the deterministic classifier

might be unsatisfactory. Therefore in this section, rather than dealing with a countable set of

well-defined data points, we handle data features as uncertain and formulate robust counterparts

to model problem (2)-(4) with uncertainty sets in the form of hyperrectangles (Section 4.1.1) and

hyperellipsoids (Section 4.1.2). Moreover, we propose a distributionally robust counterpart to the

deterministic formulation (2)-(4) that enforces limits on the observations first-order deviations

along directions detected by means of PCA (Section 4.2).

4.1. Robust Support Vector Machine

In this section, we assume the uncertainty of every input observation x(i) ∈ X ⊆ Rn, i =

1, . . . , I to be represented by the uncertainty set U
(
x(i)

)
. Equivalently for every observation y(j) ∈

Y ⊆ Rn, j = 1, . . . , J . Then, the robust counterpart of model (2) that optimizes over worst-case

realizations on all possible observations in U
(
x(i)

)
, U

(
y(j)

)
, i = 1, . . . , I, j = 1, . . . , J corresponds

to the following optimization model:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. max
x∈U(x(i))

[
a⊤x

]
≤ γ − 1 + zx(i) i = 1, . . . , I

min
y∈U(y(j))

[
a⊤y

]
≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0.

(5)

The size of the uncertainty sets U
(
x(i)

)
, U

(
y(j)

)
, i = 1, . . . , I, j = 1, . . . , J reflects the degree of

data uncertainty. If:

U
(
x(i)

)
:=

{
x(i)

}
, i = 1, . . . , I and U

(
y(j)

)
:=

{
y(j)

}
, j = 1, . . . , J,

then the robust formulation (5) reduces to the deterministic model (2).

4.1.1. Robust Support Vector Machine with Interval Data Uncertainty

First, we consider uncertainty sets having the form of hyperrectangles. Let ζx(i) , ζy(j) ∈ Rn
+ de-

fine the perturbation vectors of input observations x(i) and y(j), respectively; further, let ρX , ρY ∈
R+ be global measures of uncertainty for group X and Y , respectively. Then, the hyperrectangular

uncertainty sets UB
(
x(i)

)
and UB

(
y(j)

)
centered around x(i) and y(j) are defined, respectively, as:

UB
(
x(i)

)
:=

{
x ∈ Rn

∣∣∣ x(i) − ρXζx(i) ≤ x ≤ x(i) + ρXζx(i)

}
i = 1, . . . , I, (6)

UB
(
y(j)

)
:=

{
y ∈ Rn

∣∣∣ y(j) − ρY ζy(j) ≤ y ≤ y(j) + ρY ζy(j)

}
j = 1, . . . , J. (7)

Depending on how reliable the decision maker considers the available data, parameters ρX and

ρY allow to tailor the degree of conservatism. When uncertainty sets are described by means of
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(6)-(7), model (5) can be reformulated by the following linear program (see [33] and derivation in

Appendix A):

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. a⊤x(i) + ρXζ⊤
x(i) |a| ≤ γ − 1 + zx(i) i = 1, . . . , I

a⊤y(j) − ρY ζ
⊤
y(j) |a| ≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0,

(8)

where the number of continuous variables is n+1+I+J and the number of constraints is 2(I+J)

of which I + J are non-negative. As in the deterministic case, once the solution (a, γ, zX , zY ) of

(8) is obtained, the final hyperplane H3 is recovered through line search:

min
b

I∑
i=1

1
(
a⊤x(i) + ρXζ⊤

x(i) |a| − b
)
+

J∑
j=1

1
(
b− a⊤y(j) + ρY ζ

⊤
y(j) |a|

)
s.t. γ + 1− ω2 ≤ b ≤ γ − 1 + ω1,

(9)

with ω1, ω2 as in (3), 1 is the unit step function and where robustness fails for those points whose

hyperrectangle intersects the hyperplane H3. Consequently, all those points either lying on the

wrong side of (a, b) or whose hyperrectangles intersect H3 will be considered misclassified. To

summarize, the geometrical interpretation of the proposed approach is sketched in Figure 1. For

the sake of clarity, we restrict our attention to the bidimensional case (n = 2). Points of group X

are represented by filled black dots, while points of group Y by empty white circles.

Figure 1: Input observations of groups X and Y bounded by boxes and separating hyperplanes H1, H2 and H3.
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After building boxes around every observation, we detect the starting hyperplane (a, γ) by

means of model (8). We then shift it to the right and to the left, by amounts ω1 and ω2 respectively,

to detect H1 and H2 such that all boxes of group X lie on one side of H1 and all boxes of group

Y lie on the opposite side of H2. Through model (9), the final classifier H3 is found such that the

overall number of misclassified boxes is minimized.

4.1.2. Robust Support Vector Machine with Ellipsoidal Data Uncertainty

It is well known that intervals perturbations assumption can lead to overly conservative so-

lutions. Therefore, to alleviate this drawback, in this section we propose an alternative robust

formulation that considers uncertainty sets having the form of hyperellipsoids. This latter choice

turns into less conservative models with respect to the hyperrectangles case since it disregards

those situations under which all features jointly assume extreme interval values. Moreover, this

choice does not hinder the tractability of the associated reformulation, leading to a conic quadratic

program.

Let Σx(i) ,Σy(j) ∈ Rn×n be positive definite covariance matrices associated to points x(i) and

y(j), respectively; further, let ρX , ρY ∈ R+ denote the radii of the ellipsoids of groups X and Y ,

respectively. Then, the ellipsoidal uncertainty sets UE
(
x(i)

)
and UE

(
y(j)

)
centered around x(i) and

y(j) are defined, respectively, as:

UE
(
x(i)

)
:=

{
x ∈ Rn

∣∣∣ (x− x(i)
)⊤

Σ−1
x(i)

(
x− x(i)

)
≤ ρ2X

}
i = 1, . . . , I, (10)

UE
(
y(j)

)
:=

{
y ∈ Rn

∣∣∣ (y − y(j)
)⊤

Σ−1
y(j)

(
y − y(j)

)
≤ ρ2Y

}
j = 1, . . . , J. (11)

According to [13] (see derivation in Appendix A), when uncertainty sets are described by means

of (10)-(11), model (5) can be reformulated by the following SOCP:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. a⊤x(i) + ρX∥Σ
1
2

x(i)a∥2 ≤ γ − 1 + zx(i) i = 1, . . . , I

a⊤y(j) − ρY ∥Σ
1
2

y(j)a∥2 ≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0,

(12)

where:

∥Σ
1
2

x(i)a∥2 :=
√
a⊤Σx(i)a and ∥Σ

1
2

y(j)a∥2 :=
√

a⊤Σy(j)a.

The number of continuous variables is n+1+ I +J , while the number of constraints is 2(I +J) of

which I + J are non-negative. From the solution of problem (12), we get hyperplanes H1 and H2

which satisfy properties (P1)-(P3) with ω1, ω2 as in (3). To find H3 we finally solve the following

11



minimization problem using line search:

min
b

I∑
i=1

1
(
a⊤x(i) + ρX∥Σ

1
2

x(i)a∥2 − b
)
+

J∑
j=1

1
(
b− a⊤y(j) + ρY ∥Σ

1
2

y(j)a∥2
)

s.t. γ + 1− ω2 ≤ b ≤ γ − 1 + ω1,
(13)

where robustness fails for those points whose hyperellipsoid intersects the decision hyperplane

H3. To summarize, the geometrical interpretation of the proposed approach is sketched in Figure

2. After building ellipsoids around every observation, we detected the starting hyperplane (a, γ)

by means of model (12). We then shift it to the right and to the left, by amounts ω1 and ω2

respectively, to detect H1 and H2 such that all ellipsoids of group X lie on one side of H1 and all

ellipsoids of group Y lie on the opposite side of H2. Through line search of model (13), the final

classifier H3 = (a, b) is found such that the overall number of misclassified ellipsoids is minimized.

Figure 2: Input observations of groups X and Y bounded by ellipsoids and separating hyperplanes H1, H2 and H3.

4.2. Distributionally Robust Support Vector Machine

Solutions obtained considering uncertainty sets having the form of hyperellipsoids can still be

too conservative. One way to overcome this limitation would consist in resorting to other types of

uncertainty sets such as polyhedral, conic, convex constraints (see [42]) or combinations of them

(e.g., box + ellipsoidal, box + polyhedral, box + ellipsoidal + polyhedral, see [58]). However, these

specific approaches would require precise knowledge of the instances under analysis and would be

highly problem-dependent. Moreover, conic uncertainty sets would require the use of conic duality

while convex constraints sets the use of Fenchel duality.

12



Therefore, with the aim of providing progressively less conservative models that do not lose

generalization ability and still protect against uncertainty, in this section we employ the most

recent techniques of moment-based DRO.

In this section we treat all input observations x(i), y(j), i = 1, . . . , I, j = 1, . . . , J as random

variables, for which the exact probability distributions Ptrue
x(i) , i = 1, . . . , I and Ptrue

y(j) , j = 1, . . . , J

are unknown. To hedge against uncertainty, for each input observation x(i) we optimize against the

worst-case expectation under all possible distributions P belonging to the ambiguity set D
(
x(i)

)
.

Equivalently for y(j) and D
(
y(j)

)
. Accordingly, the distributionally robust counterpart of model

(2) can be formulated as follows:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. sup
P∈D(x(i))

EP

[
a⊤x

]
≤ γ − 1 + zx(i) i = 1, . . . , I

inf
P∈D(y(j))

EP

[
a⊤y

]
≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0.

(14)

The choice of the specific ambiguity set D when modeling a problem is context dependent. This

decision depends on the data being represented by the set, as well as the needs of the modeler.

Hereby, a formulation that protects against uncertainty not losing generalization ability is sought

and we assume that estimates are easily available from a prior statistical analysis of the uncertain

data. In the following, namely, we will focus on principal directions and variance information since

shared by many different distributions, while disregarding higher order moments which are often

unavailable (see [71]).

We consider the general class moment-based ambiguity set proposed in [110] where the support

and a list of partial moments describing the uncertainty are available:

D
(
x(i)

)
:=

P ∈ Pn
+

∣∣∣∣∣∣
P
(
x ∈ UB

(
x(i)

))
= 1

EP
[
gp(x)

]
≤

(
ϱX

)
p

p = 1, . . . , n

 i = 1, . . . , I, (15)

with Pn
+ representing the set of probabilities distributions on Rn. Specifically, the first constraint in

set (15) requires every realization to be constrained within its support set UB
(
x(i)

)
defined in (6).

The second group of constraints in (15) characterizes the moments information via n functions

gp(·), and enforces the generalized moment EP
[
gp(x)

]
not to exceed a given threshold

(
ϱX

)
p
∈

R+, p = 1, . . . , n. While several generalized moment functions describing moment information

were suggested in the literature, in this paper we employ the piecewise linear formulation proposed

by [3], which can be interpreted as the first-order deviations of the uncertain parameter with

respect to the nominal value x(i) along certain projections f
(p)
X ∈ Rn. Namely:

gp
(
x
)
:=

∣∣∣f (p)
X

⊤ (
x− x(i)

) ∣∣∣ p = 1, . . . , n. (16)
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To determine projections FX :=
[
f
(1)
X , . . . , f

(n)
X

]
∈ Rn×n and thresholds ϱX :=

[
(ϱX)1; . . . ; (ϱX)n

]
∈

Rn
+ we adopt a database strategy based on PCA (see [82]). The same approach holds for observa-

tions of group Y .

1. Given an unbiased estimate of the covariance matrix ΣX :

ΣX :=

(
I∑

i=1

x(i)⊤x(i)

)
−

(
I∑

i=1

x(i)

)⊤ (
I∑

i=1

x(i)

)
I − 1

, (17)

we perform PCA onto ΣX . Performing PCA enables capturing meaningful information about

the available data. Specifically, it enables detecting the directions that manifest the most

variations. We obtain:

ΣX = FX · ΛX · F⊤
X , (18)

where FX ∈ Rn×n stands for the orthogonal transformation matrix and ΛX := diag(λX) ∈
Rn×n

+ is a diagonal matrix including variance information λX after transformation (i.e., along

the principal directions FX).

2. To determine the maximum deviations allowed along the n principal directions given by

thresholds ϱX :=
[
(ϱX)1; . . . ; (ϱX)n

]
∈ Rn

+ we set:

(ϱX)p :=
ρX

√
(λX)p
K

p = 1, . . . , n, (19)

where λX has been obtained from PCA and K ∈ N \ {0} is a scale parameter.

An attractive feature of this moment-based approach, is that one can control the model degree

of conservatism simply by adjusting values of the limits (ϱX)p, p = 1, . . . , n. So, depending on

specific applications and problem instances, one can opt for a more conservative strategy and tune

lower values for the scale parameter K, or opt for more aggressive approaches setting higher values

of K and allowing less dispersion.

Figure 3 provides a graphical representation of the procedure for a single observation x(i).

Given a starting group X, PCA is performed to detect principal directions FX =
[
f
(1)
X , f

(2)
X

]
∈

R2×2. Then, for every observation x(i) the box support UB
(
x(i)

)
is defined and limits ϱX =[

(ϱX)1; (ϱX)2
]
∈ R2

+ on variations along principal direction f
(1)
X and direction f

(2)
X are enforced.

As shown, tuning higher values for the scale parameter K turns into a less conservative strategy

compared to lower values of K, as allowing less dispersion.

Notice that, there are no theoretical guarantees to ensure that any moment-based ambiguity

set contains the true distribution with high probability. To remedy this situation [27] proposed

confidence regions for the mean and covariance matrix of the uncertainty using historical samples.

Recently, other methods on data-driven robust optimization have also been suggested (see for
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(a) (b) (c)

Figure 3: Given group X (a), principal directions f
(1)
X and f

(2)
X are detected. For every point x(i), limits (ϱX)1,

(ϱX)2 on variations along them are enforced together with the box support; K may be fixed equal to 1 (b) or 2 (c).

instance [11], [69], [81]) employing hypothesis tests to determine the size of the ambiguity sets in

order to ensure them to be statistically interpretable. Confidence regions can also be constructed

from historical observations using resampling techniques, such as jackknifing or bootstrapping [24].

Unfortunately, these strategies cannot be trivially applied to the ambiguity set used in this work

but represent an interesting future research direction to obtain a probabilistic guarantee for the

true distribution to be contained in D.

4.2.1. Tractable Reformulation

Model (14) is intractable due to the infinite number of probability distributions contained in

every ambiguity set (15); therefore, in this section, we reformulate this problem as a tractable deter-

ministic optimization model. Introducing the auxiliary random vector φX := [(φX)1; . . . ; (φX)n] ∈
Rn

+ the ambiguity set given in (15) can be equivalently re-formulated as the projection of an ex-

tended ambiguity set D̄
(
x(i)

)
:

D̄
(
x(i)

)
:=

Q ∈ Pn
+

∣∣∣∣∣∣
Q
(
x, φX ∈ ŪB

(
x(i)

))
= 1

EQ
[
(φX)p

]
≤

(
ϱX

)
p

p = 1, . . . , n

 i = 1, . . . , I, (20)

with lifted support set defined as:

ŪB
(
x(i)

)
:=

(
x, φX

)
∈ Rn × Rn

+

∣∣∣∣∣∣
x ∈ UB

(
x(i)

)
gp(x) ≤ (φX)p p = 1, . . . , n

 i = 1, . . . , I. (21)
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Using (6) and (16) the lifted support set (21) can be equally expressed as:

ŪB
(
x(i)

)
=



(
x, φX

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x ≤ x(i) + ρXζx(i)

x ≥ x(i) − ρXζx(i)

(φX)p ≥ 0 p = 1, . . . , n

f
(p)
X

⊤
x− f

(p)
X

⊤
x(i) ≤ (φX)p p = 1, . . . , n

f
(p)
X

⊤
x(i) − f

(p)
X

⊤
x ≤ (φX)p p = 1, . . . , n


i = 1, . . . , I, (22)

or equivalently in matrix form:

ŪB
(
x(i)

)
=

{(
x, φX

) ∣∣∣ CXx+DφX ≤ hx(i)

}
i = 1, . . . , I, (23)

where:

CX :=


I
−I
0

F⊤
X

−F⊤
X

 ∈ R5n×n, D :=


0

0

−I
−I
−I

 ∈ R5n×n, hx(i) :=


x(i) + ρXζx(i)

−x(i) + ρXζx(i)

0

F⊤
Xx(i)

−F⊤
Xx(i)

 ∈ R5n.

An analogous reformulation can be performed for every observation of group Y and a distribution-

ally robust formulation equivalent to (14) is then given as follows:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. sup
Q∈D̄(x(i))

EQ

[
a⊤x

]
≤ γ − 1 + zx(i) i = 1, . . . , I

inf
Q∈D̄(y(j))

EQ

[
a⊤y

]
≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0.

(24)

It is worth noticing that the second group of constraints of formulation (24) can be expressed as:

inf
Q∈D̄(y(j))

EQ

[
a⊤y

]
≥ γ + 1− zy(j) ⇔ sup

Q∈D̄(y(j))

EQ

[
− a⊤y

]
≤ −γ − 1 + zy(j) j = 1, . . . , J.

For every i = 1, . . . , I, the left-hand side of the distributionally robust constraint of model (24)
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coincides with the optimal value of the following moment problem:

sup
Q∈D̄(x(i))

EQ

[
a⊤x

]
= sup

Q

∫
ŪB(x(i))

q(x, φX)
(
a⊤x

)
dxdφX

s.t.

∫
ŪB(x(i))

q(x, φX) dxdφX = 1∫
ŪB(x(i))

q(x, φX)φX dxdφX ≤ ϱX ,

(25)

where the decision variable is q(x, φX). Introducing the multipliers ηx(i) ∈ R and βx(i) ∈ Rn
+, the

Lagrangian reformulation of (25) is:

sup
Q

∫
ŪB(x(i))

q(x, φX)
(
a⊤x− ηx(i) − β⊤

x(i)φX

)
dxdφX + ηx(i) + β⊤

x(i)ϱX . (26)

If there exists (x, φX) such that a⊤x − β⊤
x(i)φX ≥ ηx(i) , then (26) is unbounded above because

q(x, φX) ≥ 0, ∀(x, φX) ∈ ŪB
(
x(i)

)
. Contrariwise, when a⊤x − β⊤

x(i)φX ≤ ηx(i) , then ∀(x, φX) ∈
ŪB

(
x(i)

)
the function admits a solution given by ηx(i) + β⊤

x(i)ϱX . The dual of (25) then becomes:

min
η
x(i) , βx(i)

ηx(i) + β⊤
x(i)ϱX

s.t. a⊤x− β⊤
x(i)φX ≤ ηx(i) ∀(x, φX) ∈ ŪB

(
x(i)

)
βx(i) ≥ 0.

(27)

The robust set of constraints of model (27) can be equivalently reformulated as:

a⊤x− β⊤
x(i)φX ≤ ηx(i) ∀(x, φX) ∈ ŪB

(
x(i)

)
⇔ max

(x,φX) ∈ ŪB(x(i))

[
a⊤x− β⊤

x(i)φX

]
≤ ηx(i)

where the dual of the left-hand side maximization problem is equal to:

min
π
x(i)

π⊤
x(i)hx(i)

s.t. C⊤
Xπx(i) ≥ a

D⊤πx(i) ≥ −βx(i)

πx(i) ≥ 0,

(28)

with πx(i) ∈ R5n
+ . Combining (27) with (28), and repeating for all i = 1, . . . , I and j = 1, . . . , J , a
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tractable distributionally robust formulation of problem (2) is:

min
a,γ,zX ,zY ,ηX ,ηY ,βX ,βY ,πX ,πY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. ηx(i) + β⊤
x(i)ϱX ≤ γ − 1 + zx(i) i = 1, . . . , I

π⊤
x(i)hx(i) ≤ ηx(i) i = 1, . . . , I

C⊤
Xπx(i) ≥ a i = 1, . . . , I

D⊤πx(i) ≥ −βx(i) i = 1, . . . , I

ηy(j) + β⊤
y(j)ϱY ≤ −γ − 1 + zy(j) j = 1, . . . , J

π⊤
y(j)hy(j) ≤ ηy(j) j = 1, . . . , J

C⊤
Y πy(j) ≥ −a j = 1, . . . , J

D⊤πy(j) ≥ −βy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0

πX ≥ 0, πY ≥ 0, βX ≥ 0, βY ≥ 0,

(29)

where ηX :=
[
ηx(1) ; . . . ; ηx(I)

]
∈ RI , ηY :=

[
ηy(1) ; . . . ; ηy(J)

]
∈ RJ , βX :=

[
βx(1) ; . . . ;βx(I)

]
∈ RnI

+ ,

βY :=
[
βy(1) ; . . . ;βy(J)

]
∈ RnJ

+ , πX :=
[
πx(1) ; . . . ;πx(I)

]
∈ R5nI

+ and πY :=
[
πy(1) ; . . . ;πy(J)

]
∈ R5nJ

+ .

The number of variables of linear formulation (29) is n + 1 + I(2 + 6n) + J(2 + 6n), while the

number of constraints is n+I(5+6n)+J(5+6n) of which I(1+6n)+J(1+6n) are non-negativity

constraints. From the solution of optimization problem (29), the hyperplanesH1 andH2, satisfying

properties (P1)-(P3) are obtained. We find H3 solving the minimization problem via line search:

min
b

I∑
i=1

1
(
ηx(i) + β⊤

x(i)ϱX − b
)
+

J∑
j=1

1
(
b+ ηy(j) + β⊤

y(j)ϱY
)

s.t. γ + 1− ω2 ≤ b ≤ γ − 1 + ω1.

(30)

To summarize, Figure 4 provides the geometrical interpretation of the proposed approach. First,

principal directions are detected for group X. Each nominal observation x(i) is therefore bounded

by a box support and limits on x(i) deviations along principal directions are enforced. Same for

every observation y(j) of group Y and its principal directions. Then, the starting hyperplane (a, γ)

is detected by means of model (29), and it is shifted to the right and to the left by amounts ω1

and ω2, respectively, to identify H1 and H2. Through line search given by (30), the final classifier

H3 is found such that the overall number of misclassified realizations is minimized.
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Figure 4: Input observations of groups X and Y and separating hyperplanes H1, H2 and H3.

Notice that in the approaches described above we limited our attention to the the problem of

linearly separating two sets of points; nonetheless, those formulations can be also applied to the

multiclass separation problem (with number of classes κ > 2) by iteratively solving a sequence of

two classes separation problems. Examples of these heuristic methods are the one-versus-all and

one-versus-one schemes (see [2]). While the former approach detects κ−1 classifiers, each of which

solves the problem of separating points in a particular class from all the points not in that class,

the latter alternative computes κ(κ− 1)/2 classifiers, one for every possible pair of classes.

5. Numerical Results

In this section, we evaluate the performance of robust and distributionally robust optimization

models compared to their deterministic counterparts. The proposed SVM formulations are tested

on ten real-world databases, all of which are publicly available and can be downloaded from [29].

The data sets used are listed in Table 2, where the number of features n ∈ [4, 279], while the

number of observations considered I + J ∈ [68, 4,435]. For multiclass data sets, we adopted the

one-versus-all scheme and detected the classifier separating the first class from the remaining

ones. This was done to ensure a fair comparison with the results reported in [10], where the same

approach was implemented. Clearly, models presented in Section 4 could be also used to identify

the remaining κ−2 hyperplanes under the one-versus-all scheme as well as the κ(κ−1)/2 classifiers

of the one-versus-one technique.

The computations have been performed on a 64-bit machine with 8 GB of RAM, a 1.8 GHz

Intel i7 processor, and numerical results are obtained under MATLAB environment using MOSEK
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solver (version 8.1.0.72).

Data set Application Field Observations Features Class Balancing

Arrhythmia Life Sciences 68 279 70.59%− 29.41%

Breast Cancer Life Sciences 683 9 65.89%− 34.11%

Breast Cancer Diagnostic Life Sciences 569 30 62.74%− 37.26%

Dermatology Life Sciences 358 34 68.99%− 31.01%

Heart Disease Life Sciences 297 13 53.87%− 46.13%

Parkinson Life Sciences 195 22 75.38%− 24.62%

Climate Model Crashes Physical Sciences 540 18 91.48%− 8.52%

Landsat Satellite Physical Sciences 4,435 36 95.47%− 4.53%

Ozone Level Detection One Physical Sciences 1,848 72 96.92%− 3.08%

Blood Transfusion Business 748 4 76.20%− 23.80%

Table 2: Summary of data sets from UCI Machine Learning Repository.

For every data set, we first split the overall number of observations (I +J) at our disposal into

two disjoint subsets: the former (called training set) contains 75% of the observations (of which

Itr belong to the first class and Jtr to the second), the latter (called testing set) contains what is

left (Its + Jts observations). The observations of the training set are randomly chosen with the

only requirement of maintaining the original class balancing, a partition strategy known in the

literature as proportional (or stratified) random sampling, i.e.:

Itr
Itr + Jtr

=
I

I + J
and

Jtr
Itr + Jtr

=
J

I + J
.

We refer the reader to [23] for a deeper discussion on proportional random sampling steady perfor-

mances. For the sake of illustration, we show how to construct training sets on the data set “Breast

Cancer Diagnostic”. This database lists in total I + J = 569 observations, of which I = 212 rep-

resent malignant instances and J = 357 are observations of benign tumors. The class balancing is

therefore 62.74%−37.26%. In the generation of the training set we randomly select Itr+Jtr = 427

observations (75% of 569), with Itr = 268 belonging to the malignant group and Jtr = 159 to

the benign one. By doing so the class balancing is not altered. Worth noticing that in our com-

putational experiments we did not implement any feature reduction algorithm (such as feature

selection or feature extraction), which means that if an observation belongs to the training set, the

entirety of its features will be considered during the training phase. Nonetheless, including such

dimensionality reduction approaches could constitute a promising future research direction. Once

the partition procedure is complete, different final separating hyperplanes are obtained solving,

sequentially, the deterministic (2)-(4), box robust (8)-(9), ellipsoidal robust (12)-(13) and distribu-

tionally robust (29)-(30) formulations over the training set. Specifically, we first set the user-defined

penalty parameter ν equally distributed in log space from 10−3 to 100 with 5 discretization points,
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similarly to what is done in [59], and kmax = 104. Then, we solve the deterministic formulation

under every candidate value νi with i ∈ {1, . . . , 5}, record the hyperplane Hνi
3 and compute the

associated misclassification error ενi . The final deterministic hyperplane H3 is chosen to be the

one minimizing the misclassification error ενi , i.e., H3 = Hν∗

3 with ν∗ ∈ argmin{εν1 , . . . , εν5}. The
same procedure is repeated for the box formulation, where we additionally set perturbation vectors

ζx(i) and ζy(j) equal to the standard deviation vectors σX and σY of the training groups X and Y ,

i.e., ζx(i) = σX , i = 1, . . . , Itr and ζy(j) = σY , j = 1, . . . , Jtr. Similarly, for the ellipsoidal robust

formulation where covariance matrices are given by Σ
1
2

x(i) = diag(σX), i = 1, . . . , Itr and Σ
1
2

y(j) =

diag(σY ), j = 1, . . . , Jtr. For the distributionally robust model, we first perform PCA on the

training sets and fix the parameter K ∈ N \ {0} to tune the maximum deviations allowed along

principal directions for each observation. For all our test problems, the results we get with values

of K larger than 2 are worsening in terms of accuracy levels. Thus, we use K ∈ {1, 2}. Worth

recalling that setting K = 1 grants more dispersion compared to K = 2. For all the robust

and distributionally robust formulations, procedures are repeated considering increasing levels of

ρX , ρY ∈ {0.1, 0.2, 0.3}. After detecting the final separating hyperplanes using the training data

and under the different formulations, we measure their prediction accuracy by reporting the out-of-

sample misclassification error on observations belonging to the testing set (i.e., computing testing

errors). In order to get stable results, the experiments are performed over 100 different composi-

tions of the hold-out 75%-25% and results are averaged. Furthermore, the procedure is repeated

under different hold-outs: 50%-50& and 25%-75%.

These perturbation assumptions for robust and distributionally robust models imply that all

the sources of information about features might follow the same form of uncertainty. This is a

simplifying assumption driven by the unavailability of explicit details on input data gathering,

especially in the medical field where data often comes from heterogeneous sources (e.g., medical

imaging, pathology reports, physician notes, genetic assays, lab results, etc.). Naturally, precise

knowledge of special structure of input instances would be desired, as would allow taking into

account non-homogeneous sources and would therefore lead to wiser choices of perturbations pa-

rameters.

For each formulation and every considered data set, we report in Table 3 mean out-of-sample

testing errors and standard deviations1 for the first hold-out 75%-25%. The solutions under our

robust and distributionally robust approaches have intuitive practical appeal, and offer impor-

tant operational insights. Foremost, by adjusting the radius parameters ρX , ρY all robust and

distributionally robust formulations are always able to improve prediction accuracies compared to

their deterministic counterpart. Therefore, numerical experiments demonstrate that accounting

for uncertainty proves to always be beneficial in terms of SVM predictive power.

1For each method and every data set, the best result is underlined. Overall, for every single data set, we indicate
in bold the lowest out-of-sample testing error rate achieved.
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Deterministic ρX = ρY
Box

RO

Ellipsoidal

RO

DRO

K = 1

DRO

K = 2

Arrhythmia 25.65%± 0.107

0.1 23.65%± 0.104 24.82%± 0.102 23.65%± 0.097 23.41%± 0.090

0.2 23.53%± 0.092 23.06%± 0.102 23.29%± 0.095 23.65%± 0.093

0.3 23.06%± 0.088 23.00%± 0.089 23.53%± 0.090 23.65%± 0.090

Average CPU seconds 0.560 0.955 1.338 125.292 104.712

Breast Cancer 3.49%± 0.012

0.1 3.58%± 0.013 3.53%± 0.012 3.34%± 0.011 3.51%± 0.012

0.2 3.47%± 0.012 3.43%± 0.014 3.24%± 0.012 3.33%± 0.011

0.3 3.36%± 0.013 3.31%± 0.012 3.12%± 0.012 3.25%± 0.012

Average CPU seconds 0.244 0.324 1.118 7.627 7.449

Breast Cancer Diagnostic 4.89%± 0.015

0.1 3.90%± 0.016 4.45%± 0.015 4.66%± 0.016 4.70%± 0.015

0.2 3.97%± 0.015 3.89%± 0.015 4.06%± 0.016 4.12%± 0.017

0.3 4.04%± 0.015 4.09%± 0.014 4.10%± 0.015 4.23%± 0.015

Average CPU seconds 0.261 0.330 0.622 20.383 17.094

Dermatology 0.56%± 0.008

0.1 0.34%± 0.007 0.34%± 0.008 0.21%± 0.007 0.31%± 0.008

0.2 0.24%± 0.007 0.19%± 0.006 0.21%± 0.007 0.30%± 0.008

0.3 0.20%± 0.006 0.13%± 0.005 0.29%± 0.008 0.35%± 0.009

Average CPU seconds 0.357 0.608 1.072 9.958 9.331

Heart Disease 16.68%± 0.039

0.1 16.38%± 0.037 16.38%± 0.036 16.28%± 0.039 16.50%± 0.041

0.2 17.81%± 0.045 16.20%± 0.035 16.61%± 0.039 16.88%± 0.037

0.3 21.57%± 0.043 16.49%± 0.037 18.16%± 0.040 17.32%± 0.040

Average CPU seconds 0.228 0.269 1.002 3.319 3.238

Parkinson 14.13%± 0.043

0.1 13.38%± 0.032 13.00%± 0.037 14.31%± 0.039 14.29%± 0.039

0.2 14.42%± 0.031 13.21%± 0.033 13.75%± 0.038 14.00%± 0.038

0.3 15.50%± 0.037 13.79%± 0.033 13.60%± 0.035 13.94%± 0.036

Average CPU seconds 0.212 0.314 0.611 2.851 2.811

Climate Model Crashes 4.99%± 0.016

0.1 4.80%± 0.013 4.67%± 0.013 4.34%± 0.017 4.41%± 0.013

0.2 6.01%± 0.011 4.48%± 0.013 4.38%± 0.016 4.76%± 0.019

0.3 8.50%± 0.004 4.61%± 0.014 5.18%± 0.015 5.62%± 0.021

Average CPU seconds 0.252 0.317 0.540 8.234 8.002

Landsat Satellite 0.43%± 0.001

0.1 0.44%± 0.002 0.42%± 0.001 0.46%± 0.002 0.36%± 0.001

0.2 0.42%± 0.002 0.39%± 0.001 0.37%± 0.001 0.40%± 0.001

0.3 0.43%± 0.002 0.41%± 0.002 0.37%± 0.001 0.49%± 0.001

Average CPU seconds 0.906 1.041 1.250 1,142.028 1,128.582

Ozone Level Detection One 6.19%± 0.013

0.1 5.32%± 0.012 4.97%± 0.009 4.80%± 0.012 3.15%± 0.001

0.2 4.84%± 0.008 3.86%± 0.007 4.11%± 0.007 3.06%± 0.001

0.3 4.57%± 0.008 3.81%± 0.004 3.72%± 0.006 3.06%± 0.001

Average CPU seconds 0.628 0.819 0.993 683.121 677.719

Blood Transfusion 23.49%± 0.026

0.1 23.21%± 0.010 23.28%± 0.013 22.87%± 0.013 23.02%± 0.015

0.2 23.43%± 0.007 22.55%± 0.010 22.78%± 0.014 22.80%± 0.014

0.3 23.53%± 0.008 23.36%± 0.005 23.46%± 0.021 23.09%± 0.016

Average CPU seconds 0.255 0.305 0.927 7.158 7.040

Table 3: Average out-of-sample testing errors and standard deviations over 100 runs of the deterministic, robust
and distributionally robust models, for the different considered data sets. Hold-out 75%-25%.
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Furthermore, it can be noted that once the optimal degree of conservatism is identified, then

departing from it translates into a progressive worsening of performances. For instance, for the data

set “Breast Cancer” the highest-accuracy model is the distributionally robust with K = 1 (out-of-

sample testing error rate equal to 3.12%). It follows that opting for progressively more conservative

models (ellipsoidal and box robust, in the order) gradually increases out-of-sample testing errors

(3.31% and 3.36%, respectively); same conclusion can be drawn solving a less conservative model

(distributionally robust with K = 2, with an out-of-sample testing error rate setting around

3.25%). For ease of visualization, Figure 5a reports the lowest out-of-sample testing error rate

achieved by every formulation under the “Breast Cancer” data set (data from Table 3). In a

similar fashion, for the data set “Heart Disease” the highest-accuracy model happens to be the

ellipsoidal robust (out-of-sample testing error rate equal to 16.20%) and solving less conservative

models (distributionally robust with K = 1, 2) gradually increases out-of-sample testing errors

(16.28% and 16.50%, respectively); same conclusion can be drawn solving a more conservative

model (box robust, with an out-of-sample testing error rate setting around 16.38%), see Figure 5b.

The same trends are confirmed under every data set, whose plots are reported in Appendix B (see

Figure 8) for the sake of exposition.

(a) Breast Cancer (b) Heart Disease

Figure 5: Lowest out-of-sample testing error rates over changes of ρX , ρY per formulation under the data sets: (a)
Breast Cancer; (b) Heart Disease. Vertical error bars represents standard errors. Data of Table 3.

Furthermore, we compare the performance of our models with the accuracy scores reported

in [10], that we consider literature benchmark results for robust classification with feature uncer-

tainty. Such comparison highlights that our classifiers perform favorably relative to the standard

SVM feature-robust formulation for the majority of the considered problems: 8 out of 10 data sets,

as shown in Table 4. Overall, experimental results show that the robustification of the determin-

istic formulation (2)-(4) proposed in [59] leads to more powerful decision boundaries compared to

classical approaches.
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Data set Table 3 Ref. [10]

Arrhythmia 23.00% 29.23%

Breast Cancer 3.12% 4.26%

Breast Cancer Diagnostic 3.89% 4.04%

Dermatology 0.13% 1.13%

Heart Disease 16.20% 16.61%

Parkinson 13.00% 16.41%

Climate Model Crashes 4.34% 4.07%

Landsat Satellite 0.36% 1.87%

Ozone Level Detection One 3.06% 2.98%

Blood Transfusion 22.55% 23.62%

Table 4: Out-of-sample testing error rates comparison. Data of Table 3 against accuracy scores from [10]. For each
data set, we indicate in bold the lowest out-of-sample testing error rate achieved.

In Tables 7 and 8 (see Appendix B) we present the results under the 50%-50% and 25%-75%

hold-outs. We observe that, with respect to the 75%-25% hold-out, robust and distributionally

robust methods significantly outperform the deterministic formulation in terms of prediction ac-

curacy with improvements that increase as the training sample size decreases. This confirms that

robust and distributionally robust methods produce high-quality classifiers when the uncertainty

increases during the training phase, and therefore their ability to recover the truth from the data

increases. To this end, Table 5 shows the robust and distributionally robust improvements in

out-of-sample testing errors over their deterministic counterpart. For every data set, we report the

best performing model under each hold-out with its average out-of-sample testing error, which we

refer to as τ∗. We also compute the improvement ratios δ as follows:

δ :=
τdet − τ∗

τdet

with τdet being the average out-of-sample testing error of the deterministic model of each data set.

75%-25% 50%-50% 25%-75%

BEST MODEL τ∗ δ BEST MODEL τ∗ δ BEST MODEL τ∗ δ

Arrhythmia Ellipsoidal 23.00% 10.32% Box 24.00% 10.33% Box 29.04% 12.47%

Breast Cancer DRO K = 1 3.12% 10.54% DRO K = 1 3.28% 11.30% Box 3.74% 22.25%

Breast Cancer Diagnostic Ellipsoidal 3.89% 20.45% Ellipsoidal 4.41% 21.25% Ellipsoidal 4.94% 22.20%

Dermatology Ellipsoidal 0.13% 76.79% Ellipsoidal 0.21% 76.67% Ellipsoidal 0.46% 77.34%

Heart Disease Ellipsoidal 16.20% 2.88% Ellipsoidal 17.82% 4.91% Ellipsoidal 19.67% 5.43%

Parkinson Ellipsoidal 13.00% 7.96% Ellipsoidal 14.23% 8.91% Ellipsoidal 16.26% 9.29%

Climate Model Crashes DRO K = 1 4.34% 13.03% Ellipsoidal 4.87% 13.19% Box 6.40% 15.90%

Landsat Satellite DRO K = 2 0.36% 17.17% DRO K = 2 0.41% 18.58% DRO K = 1 0.47% 20.88%

Ozone Level Detection One DRO K = 2 3.06% 50.52% DRO K = 1 3.06% 51.27% DRO K = 1 3.08% 52.09%

Blood Transfusion Ellipsoidal 22.55% 4.00% Ellipsoidal 22.88% 4.39% Ellipsoidal 23.03% 4.40%

Table 5: Robust improvements with respect to the deterministic model on hold-outs 75%-25%, 50%-50%, 25%-75%.

To highlight the statistical significance of our results, under each data set, we also display the p-

values for the best performing method against the result of its deterministic counterpart, see Table
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6. Reported p-values are calculated performing a paired-sample t-test under the assumption of the

null hypothesis that the difference in accuracy of the deterministic and robust or distributionally

robust classifier is zero. All results are found to be significant with respect to the typical 5%

threshold, except for the “Heart Disease” with 75%-25% hold-out that starts rejecting the null

hypothesis at a significance level equal to 8.73%. We recall that the smaller the p-value, the more

significant is the difference in accuracy.

75%-25% 50%-50% 25%-75%

BEST MODEL p-value BEST MODEL p-value BEST MODEL p-value

Arrhythmia Ellipsoidal 3.26E-02 Box 5.69E-04 Box 3.60E-09

Breast Cancer DRO K = 1 1.38E-02 DRO K = 1 1.60E-05 Box 3.49E-11

Breast Cancer Diagnostic Ellipsoidal 2.54E-11 Ellipsoidal 1.39E-17 Ellipsoidal 1.54E-15

Dermatology Ellipsoidal 9.50E-06 Ellipsoidal 4.66E-14 Ellipsoidal 1.20E-17

Heart Disease Ellipsoidal 8.73E-02 Ellipsoidal 2.84E-04 Ellipsoidal 2.26E-05

Parkinson Ellipsoidal 2.10E-04 Ellipsoidal 5.15E-05 Ellipsoidal 1.66E-04

Climate Model Crashes DRO K = 1 8.70E-03 Ellipsoidal 1.50E-06 Box 7.51E-07

Landsat Satellite DRO K = 2 6.07E-05 DRO K = 2 6.20E-04 DRO K = 1 1.38E-05

Ozone Level Detection One DRO K = 2 3.30E-43 DRO K = 1 3.98E-32 DRO K = 1 5.52E-47

Blood Transfusion Ellipsoidal 8.02E-05 Ellipsoidal 1.70E-09 Ellipsoidal 1.18E-11

Table 6: p-values of the best performing robust model on hold-outs 75%-25%, 50%-50%, 25%-75%.

In Figure 6, for the considered hold-outs, we report the number of data sets for which every

formulation gave the lowest out-of-sample testing error rate. Histograms clearly underline that for

greater training sets (75% of that overall data) less conservative models tend to perform better

with respect to the most conservative model (i.e., box). Conversely, as the cardinality of the

training set progressively diminishes (down to 25% of that overall data, under the most extreme

circumstance) best predictions are obtained using more conservative models. We recall, indeed,

that distributionally robust formulations represent more aggressive approaches, since they extract

relevant information on the given data and exploit it to define per group perturbation directions.

Figure 6: Number of data sets for which every formulation gave the lowest out-of-sample testing error rate. Data
of Tables 3, 7, and 8.

To provide advice to final users on when it is valuable to use robust rather than distribution-
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ally robust models in practical applications, Figure 7 plots the best performing method against

the dimension of the training data set (25%, 50%, 75%). Additionally, the circle sizes are pro-

portional to the values of robust improvements δ from Table 5. We observe that distributionally

robust models outperform robust formulations for the majority of the training sets in the region

of high dimensionality (i.e., training sample size with more than approximately 500 observations).

Contrariwise, robust models beat distributionally robust methods for the majority of training sets

in the region of low dimensionality (i.e., training sample size with less than approximately 500

observations). It is also insightful to compare distributionally robust formulations with distinct

degrees of conservatism. Indeed, we observe that more aggressive distributionally robust models

(obtained setting K = 2) outperform more conservative formulations for the training sets with

more than approximately 1,000 observations. This confirms our previous conclusion related to

the value of the information at disposal during the training phase, which makes opting for more

aggressive models when data might be considered more trustworthy.

Figure 7: Best performing models versus dimension of the training samples. Data are from Tables 3, 7, and 8.
Horizontal axis is in log-scale.

Tables 3, 7, and 8 also present the average CPU time (in seconds) required to find a solution for

each method over 500 runs. Numerical results show that solutions for the deterministic and robust

formulations were obtained within a few seconds. Contrariwise, higher computational times are

observed for the distributionally robust formulations, especially for data sets with larger numbers of

observations (e.g., Landsat Satellite and Ozone Level Detection One) or greater number of features

(e.g., Arrhythmia). In these cases, deterministic as well as box and ellipsoidal RO methods are

several orders of magnitude faster. Therefore, we can conclude that a satisfactory trade-off between

accuracy and performing speed is provided by ellipsoidal formulations.

The crucial takeaway message of this work is that hedging against uncertainty in the input ob-
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servations via robust and distributionally robust approaches offer substantial benefits compared to

deterministic formulations and can improve the classification accuracy up to 77.34% (see Table 5).

Furthermore, accuracy results recorded by robust and distributionally robust classifiers are more

stable, showing less variability when compared to the separators obtained under the deterministic

approach. The proposed formulations, overall, allow finding a trade-off between increasing the

average performance accuracy and protecting against uncertainty, enabling the decision maker to

chose the strategy that is appropriate for each decision making setting.

6. Conclusions

In this paper we have presented new optimization models for SVM under uncertainty. Since the

consideration of uncertainty is critical to enhance classifiers predictive power, we have formulated

robust models with uncertainty regions in the form of both box and ellipsoids, and distributionally

robust models that enforce limits on first-order deviations of each input observations along principal

directions. We have conducted extensive computational tests on real-world databases with several

fields of application. The proposed robust and distributionally robust models have proved to have

stronger prediction ability compared to their corresponding deterministic one. Numerical experi-

ments have also shown that as the information at disposal during the training step increases, better

prediction accuracy is achieved with more aggressive models (such as the distributionally robust)

that account for a higher degree of information. Contrariwise, assuming to have information when

such is unreliable has led to poor results. Indeed, as the training sample size gets smaller and the

available amount of data is scarce, the utility of implementing distributionally robust approaches

has decreased and more conservative models (i.e., box and ellipsoidal robust formulations) have

performed better. Overall, taking uncertainty into account during the training phase –to reason-

able extents– has always enhanced the classifier’s predictive power. Further research activity could

be focused on different interesting directions such as: 1) distributionally robust formulations with

ellipsoidal supports for SVM; 2) consider the use of different kernel functions for non-linear classi-

fiers under uncertainty; 3) consider the uncertainty in the labels; 4) extend SVM formulations to

DRO with different ambiguity sets, such as the ones induced by ϕ-divergences and Wasserstein dis-

tance. On this last regard, the use of distance-based approaches such the Wasserstein-1 metric [71]

and an appropriate choice of robustness level could guarantee the inclusion of the true distribution

within the ambiguity set with a prescribed level of confidence.
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Appendix A

Box Robust Formulation

We now derive the box robust counterpart of formulation (2). Consider the problem:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. a⊤x ≤ γ − 1 + zx(i) ∀x ∈ UB
(
x(i)

)
, i = 1, . . . , I

a⊤y ≥ γ + 1− zy(j) ∀y ∈ UB
(
y(j)

)
, j = 1, . . . , J

zX ≥ 0, zY ≥ 0,

(31)

with:

UB
(
x(i)

)
:=

{
x ∈ Rn

∣∣∣ x(i) − ρXζx(i) ≤ x ≤ x(i) + ρXζx(i)

}
, (32)

UB
(
y(j)

)
:=

{
y ∈ Rn

∣∣∣ y(j) − ρY ζy(j) ≤ y ≤ y(j) + ρY ζy(j)

}
, (33)

where ζx(i) ∈ Rn
+ and ζy(j) ∈ Rn

+ define the perturbation vectors of observations x(i) and y(j),

respectively, while ρX ∈ R+ and ρY ∈ R+ are global measures of uncertainty. Formulation (31)

can be equivalently re-stated as follows:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. max
x∈UB(x(i))

[
a⊤x

]
≤ γ − 1 + zx(i) i = 1, . . . , I

min
y∈UB(y(j))

[
a⊤y

]
≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0.

(34)

The left-hand side of the first constraint in (34) can be re-written as follows:

max
x

a⊤x

s.t. x ≤ x(i) + ρXζx(i)

x ≥ x(i) − ρXζx(i)

with dual given by:

min
a+, a−

(
x(i) + ρXζx(i)

)⊤
a+ −

(
x(i) − ρXζx(i)

)⊤
a−

s.t. a+ − a− = a

a+ ≥ 0, a− ≥ 0,
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with a+, a− non-negative dual variables. The dual problem can equivalently be expressed as:

min
a+, a−

(a+ − a−)⊤x(i) + ρXζ⊤
x(i)(a

+ + a−)

s.t. a+ − a− = a

a+ ≥ 0, a− ≥ 0,

which corresponds to:

min
a

a⊤x(i) + ρXζ⊤x(i) |a|.

Therefore the robust linear problem (34) now becomes:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. a⊤x(i) + ρXζ⊤
x(i) |a| ≤ γ − 1 + zx(i) i = 1, . . . , I

min
y∈UB(y(j))

[
a⊤y

]
≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0.

(35)

Exploiting the following equivalence:

min
y∈UB(y(j))

[
a⊤y

]
≥ γ + 1− zy(j) ⇔ max

y∈UB(y(j))

[
− a⊤y

]
≤ −γ − 1 + zy(j) j = 1, . . . , J, (36)

the same procedure can be followed for the second group of constraints of (34), leading to the

following final robust formulation that corresponds to (8):

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. a⊤x(i) + ρXζ⊤
x(i) |a| ≤ γ − 1 + zx(i) i = 1, . . . , I

a⊤y(j) − ρY ζ
⊤
y(j) |a| ≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0.

(37)

Ellipsoidal Robust Formulation

We now derive the ellipsoidal robust counterpart of formulation (2). Consider the problem:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. a⊤x ≤ γ − 1 + zx(i) ∀x ∈ UE
(
x(i)

)
, i = 1, . . . , I

a⊤y ≥ γ + 1− zy(j) ∀y ∈ UE
(
y(j)

)
, j = 1, . . . , J

zX ≥ 0, zY ≥ 0,

(38)
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where:

UE
(
x(i)

)
:=

x ∈ Rn

∣∣∣∣∣ x = x(i) +Σ
1
2

x(i)u

∥u∥2 ≤ ρX

 , (39)

UE
(
y(j)

)
:=

y ∈ Rn

∣∣∣∣∣ y = y(j) +Σ
1
2

y(j)u

∥u∥2 ≤ ρY

 , (40)

where Σx(i) ∈ Rn×n and Σy(j) ∈ Rn×n are positive definite covariance matrices for, respectively,

x(i) and y(j), and with the scalars ρX , ρY ∈ R+ denoting the radii of the ellipsoids centered in x(i)

and y(j). Equivalently, uncertainty sets (39) and (40) may be expressed as follows:

UE
(
x(i)

)
:=

{
x ∈ Rn

∣∣∣ (x− x(i)
)⊤

Σ−1
x(i)

(
x− x(i)

)
≤ ρ2X

}
, (41)

UE
(
y(j)

)
:=

{
y ∈ Rn

∣∣∣ (y − y(j)
)⊤

Σ−1
y(j)

(
y − y(j)

)
≤ ρ2Y

}
. (42)

Once again, we can formulate our problem as:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. max
x∈UE(x(i))

[
a⊤x

]
≤ γ − 1 + zx(i) i = 1, . . . , I

min
y∈UE(y(j))

[
a⊤y

]
≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0.

(43)

The left-hand side of the first constraint in (43) can be re-written as follows:

max
x

a⊤x

s.t. x ∈ UE
(
x(i)

)
which is equivalent to:

a⊤x(i) + max
u

[
a⊤Σ

1
2

x(i)u
]

s.t. ∥u∥2 ≤ ρX .
(44)

Applying the Cauchy-Schwarz inequality ([91]) we get: |a⊤Σ
1
2

x(i)u| ≤ ∥a⊤Σ
1
2

x(i)∥2 · ∥u∥2. Therefore,
since ∥u∥2 ≤ ρX , problem (44) becomes:

a⊤x(i) + ∥a⊤Σ
1
2

x(i)∥2 · ∥u∥2 ⇔ a⊤x(i) + ρX∥Σ
1
2

x(i)a∥2. (45)
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Exploiting the equivalence:

min
y∈UE(y(j))

[
a⊤y

]
≥ γ + 1− zy(j) ⇔ max

y∈UE(y(j))

[
− a⊤y

]
≤ −γ − 1 + zy(j) j = 1, . . . , J, (46)

the same procedure can be followed for the second group of constraints of (43), leading to the final

ellipsoidal robust formulation given by:

min
a,γ,zX ,zY

∥a∥1 + ν(e⊤zX + e⊤zY )

s.t. a⊤x(i) + ρX∥Σ
1
2

x(i)a∥2 ≤ γ − 1 + zx(i) i = 1, . . . , I

a⊤y(j) − ρY ∥Σ
1
2

y(j)a∥2 ≥ γ + 1− zy(j) j = 1, . . . , J

zX ≥ 0, zY ≥ 0.

(47)
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Appendix B

(a) Arrhythmia (b) Breast Cancer Diagnostic

(c) Dermatology (d) Parkinson

(e) Climate Model Crashes (f) Landsat Satellite

(g) Ozone Level Detection One (h) Blood Transfusion

Figure 8: Lowest out-of-sample testing error rates over changes of ρX , ρY per formulation under the data sets: (a)
Arrhythmia; (b) Breast Cancer Diagnostic; (c) Dermatology; (d) Parkinson; (e) Climate Model Crashes; (f) Landsat
Satellite; (g) Ozone Level Detection One; (h) Blood Transfusion. Vertical error bars represents standard errors.
Graphics refer to data of Table 3.
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Deterministic ρX = ρY
Box

RO

Ellipsoidal

RO

DRO

K = 1

DRO

K = 2

Arrhythmia 26.76%± 0.080

0.1 25.44%± 0.075 25.76%± 0.075 25.44%± 0.075 25.50%± 0.076

0.2 25.12%± 0.072 25.00%± 0.075 25.62%± 0.076 25.59%± 0.075

0.3 24.00%± 0.069 24.32%± 0.069 25.65%± 0.074 25.59%± 0.073

Average CPU seconds 0.433 0.681 0.792 36.200 32.092

Breast Cancer 3.70%± 0.010

0.1 3.56%± 0.007 3.54%± 0.008 3.42%± 0.008 3.64%± 0.008

0.2 3.43%± 0.007 3.40%± 0.008 3.40%± 0.008 3.55%± 0.008

0.3 3.32%± 0.007 3.29%± 0.008 3.28%± 0.007 3.38%± 0.008

Average CPU seconds 0.240 0.242 0.846 5.036 4.984

Breast Cancer Diagnostic 5.60%± 0.011

0.1 5.08%± 0.012 4.64%± 0.010 5.18%± 0.013 5.25%± 0.012

0.2 5.19%± 0.014 4.45%± 0.011 5.32%± 0.012 5.42%± 0.012

0.3 5.29%± 0.017 4.41%± 0.010 5.44%± 0.012 5.39%± 0.012

Average CPU seconds 0.260 0.302 0.593 9.382 9.229

Dermatology 0.90%± 0.008

0.1 0.57%± 0.008 0.81%± 0.012 0.42%± 0.006 0.49%± 0.008

0.2 0.41%± 0.006 0.46%± 0.007 0.46%± 0.007 0.47%± 0.008

0.3 0.32%± 0.005 0.21%± 0.004 0.47%± 0.008 0.50%± 0.008

Average CPU seconds 0.246 0.255 0.617 8.198 7.283

Heart Disease 18.74%± 0.027

0.1 18.11%± 0.022 18.38%± 0.027 18.23%± 0.029 18.49%± 0.028

0.2 19.37%± 0.033 17.82%± 0.025 18.56%± 0.031 18.41%± 0.029

0.3 24.57%± 0.053 17.82%± 0.024 19.47%± 0.032 18.68%± 0.029

Average CPU seconds 0.227 0.256 0.521 2.478 2.347

Parkinson 15.62%± 0.036

0.1 14.28%± 0.031 14.55%± 0.027 15.55%± 0.039 15.36%± 0.037

0.2 15.57%± 0.030 14.47%± 0.025 15.05%± 0.035 15.29%± 0.036

0.3 17.26%± 0.041 14.23%± 0.023 15.22%± 0.037 15.19%± 0.034

Average CPU seconds 0.206 0.244 0.504 1.845 1.788

Climate Model Crashes 5.61%± 0.015

0.1 5.02%± 0.010 5.21%± 0.012 5.34%± 0.014 5.42%± 0.015

0.2 6.19%± 0.011 4.90%± 0.011 5.33%± 0.014 5.52%± 0.014

0.3 8.46%± 0.003 4.87%± 0.010 5.73%± 0.014 6.37%± 0.011

Average CPU seconds 0.239 0.254 0.517 5.518 5.433

Landsat Satellite 0.51%± 0.002

0.1 0.47%± 0.001 0.44%± 0.001 0.48%± 0.001 0.41%± 0.001

0.2 0.47%± 0.001 0.43%± 0.001 0.47%± 0.002 0.43%± 0.001

0.3 0.48%± 0.002 0.44%± 0.001 0.42%± 0.001 0.48%± 0.002

Average CPU seconds 0.654 0.684 0.846 522.252 484.864

Ozone Level Detection One 6.27%± 0.018

0.1 5.93%± 0.015 5.81%± 0.014 3.71%± 0.009 5.81%± 0.015

0.2 5.79%± 0.014 5.11%± 0.011 3.07%± 0.001 4.47%± 0.005

0.3 5.71%± 0.014 4.42%± 0.008 3.06%± 0.001 4.36%± 0.005

Average CPU seconds 0.489 0.502 0.667 310.425 291.384

Blood Transfusion 23.93%± 0.016

0.1 23.15%± 0.005 22.94%± 0.007 23.48%± 0.011 23.53%± 0.009

0.2 23.45%± 0.004 22.88%± 0.006 23.55%± 0.013 23.59%± 0.008

0.3 23.60%± 0.003 23.44%± 0.005 23.88%± 0.021 23.91%± 0.016

Average CPU seconds 0.216 0.230 0.492 4.952 4.935

Table 7: Average out-of-sample testing errors and standard deviations over 100 runs of the deterministic, robust
and distributionally robust models, for the different considered data sets. Hold-out 50%-50%. For each method and
under every data set, the best result is underlined. Overall, for every single data set, we indicate in bold the lowest
out-of-sample testing error rate achieved.
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Deterministic ρX = ρY
Box

RO

Ellipsoidal

RO

DRO

K = 1

DRO

K = 2

Arrhythmia 33.18%± 0.068

0.1 31.12%± 0.074 31.98%± 0.070 32.16%± 0.083 32.06%± 0.082

0.2 29.82%± 0.069 31.37%± 0.073 32.12%± 0.082 32.14%± 0.082

0.3 29.04%± 0.064 30.29%± 0.075 32.06%± 0.082 32.24%± 0.082

Average CPU seconds 0.423 0.535 0.780 7.646 6.182

Breast Cancer 4.81%± 0.013

0.1 4.35%± 0.011 4.25%± 0.009 4.47%± 0.013 4.35%± 0.010

0.2 3.96%± 0.008 4.03%± 0.009 4.31%± 0.011 4.22%± 0.010

0.3 3.74%± 0.007 3.81%± 0.008 3.91%± 0.009 3.94%± 0.009

Average CPU seconds 0.226 0.240 0.608 2.621 2.552

Breast Cancer Diagnostic 6.35%± 0.013

0.1 5.16%± 0.009 5.17%± 0.010 6.02%± 0.011 6.02%± 0.011

0.2 5.19%± 0.012 4.96%± 0.009 6.00%± 0.012 6.04%± 0.012

0.3 6.03%± 0.015 4.94%± 0.009 6.04%± 0.011 6.06%± 0.012

Average CPU seconds 0.250 0.258 0.575 3.586 3.541

Dermatology 2.03%± 0.014

0.1 1.12%± 0.010 1.02%± 0.011 0.66%± 0.007 0.74%± 0.007

0.2 0.76%± 0.008 0.65%± 0.008 0.69%± 0.008 0.74%± 0.008

0.3 0.54%± 0.006 0.46%± 0.006 0.72%± 0.008 0.76%± 0.007

Average CPU seconds 0.215 0.239 0.590 2.148 2.130

Heart Disease 20.90%± 0.027

0.1 20.50%± 0.030 20.48%± 0.026 20.05%± 0.028 20.22%± 0.027

0.2 21.14%± 0.036 19.72%± 0.025 20.42%± 0.029 20.60%± 0.030

0.3 23.90%± 0.045 19.67%± 0.025 20.81%± 0.035 20.75%± 0.032

Average CPU seconds 0.222 0.229 0.492 1.414 1.269

Parkinson 17.92%± 0.044

0.1 16.67%± 0.036 16.55%± 0.039 17.87%± 0.041 18.12%± 0.046

0.2 17.87%± 0.039 16.39%± 0.039 18.29%± 0.043 17.92%± 0.042

0.3 19.82%± 0.043 16.26%± 0.035 18.47%± 0.046 17.87%± 0.041

Average CPU seconds 0.206 0.227 0.461 1.099 1.037

Climate Model Crashes 7.61%± 0.022

0.1 6.40%± 0.016 7.26%± 0.020 7.50%± 0.024 7.88%± 0.023

0.2 6.61%± 0.012 6.90%± 0.018 7.84%± 0.028 9.04%± 0.032

0.3 8.06%± 0.009 6.55%± 0.015 8.51%± 0.032 9.04%± 0.036

Average CPU seconds 0.226 0.239 0.491 2.352 2.304

Landsat Satellite 0.59%± 0.002

0.1 0.51%± 0.001 0.50%± 0.002 0.51%± 0.002 0.51%± 0.002

0.2 0.49%± 0.001 0.49%± 0.002 0.50%± 0.002 0.50%± 0.002

0.3 0.53%± 0.002 0.48%± 0.002 0.47%± 0.002 0.49%± 0.002

Average CPU seconds 0.414 0.423 0.701 122.338 118.907

Ozone Level Detection One 6.43%± 0.012

0.1 6.26%± 0.017 6.20%± 0.018 4.25%± 0.010 5.12%± 0.017

0.2 5.08%± 0.014 5.33%± 0.017 3.32%± 0.006 4.74%± 0.017

0.3 5.06%± 0.011 4.70%± 0.010 3.08%± 0.001 4.73%± 0.019

Average CPU seconds 0.393 0.404 0.612 97.110 96.562

Blood Transfusion 24.09%± 0.014

0.1 23.43%± 0.006 23.17%± 0.005 23.42%± 0.028 23.61%± 0.011

0.2 23.57%± 0.004 23.03%± 0.008 23.25%± 0.036 24.13%± 0.021

0.3 23.66%± 0.002 23.45%± 0.005 23.43%± 0.045 25.42%± 0.026

Average CPU seconds 0.214 0.223 0.490 2.622 2.587

Table 8: Average out-of-sample testing errors and standard deviations over 100 runs of the deterministic, robust
and distributionally robust models, for the different considered data sets. Hold-out 25%-75%. For each method and
under every data set, the best result is underlined. Overall, for every single data set, we indicate in bold the lowest
out-of-sample testing error rate achieved.
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