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Abstract
For solving strongly convex optimization problems, we propose and study the global conver-
gence of variants of the A-HPE and large-step A-HPE algorithms of Monteiro and Svaiter [18].
We prove linear and the superlinear O (k _k(%})> global rates for the proposed variants of the

A-HPE and large-step A-HPE methods, respectively. The parameter p > 2 appears in the (high-
order) large-step condition of the new large-step A-HPE algorithm. We apply our results to
high-order tensor methods, obtaning a new inexact (relative-error) tensor method for (smooth)

-1
strongly convex optimization with iteration-complexity O (kz _k(iﬁ)) In particular, for p = 2,

we obtain an inexact Newton-proximal algorithm with fast global O (k —k/ 3) convergence rate.
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1 Introduction

The prozimal-point method [14, 25] is one of the most popular algorithms for solving nonsmooth
convex optimization problems. For the general problem of minimizing a convex function h(-), its
exact version can be described by the iteration

1
"1 = Argmin {h(:v) + ﬁHx — :L‘kHQ} : k>0, (1)

where A\ = A\j41 > 0 and z” is the current iterate. Motivated by the fact that in many cases the
computation of z**! is numerically expensive, several authors have proposed inezact versions of (1).
Among them, inexact proximal-point methods based on relative-error criterion for the subproblems
are currently quite popular. For the more abstract setting of solving inclusions for maximal monotone
operators, this approach was initially developed by Solodov and Svaiter (see, e.g., [26, 27, 28, 29]),
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subsequently studied, from the viewpoint of computational complexity, by Monteiro and Svaiter (see,
e.g., [15, 16, 17, 18]) and has gained a lot of attention by different authors and research groups (see,
e.g., [4, 5, 8, 11, 13]) with many applications in optimization algorithms and related topics such as
variational inequalities, saddle-point problems, etc.

The starting point of this contribution is [18], where the relative-error inexact hybrid proximal
extragradient (HPE) method [16, 26] was accelerated for convex optimization, by using Nesterov’s
acceleration [19]. The resulting accelerated HPE-type algorithms, called A-HPE and large-step A-
HPE, were applied to first- and second-order optimization, with iteration-complexities O (1 / /4:2) and
@) (1 / K7/ 2), respectively. The A-HPE and/or the large-step A-HPE algorithms were recently studied
also in [3, 5, 6, 9, 11, 13|, with applications in high-order optimization, machine learning and tensor
methods.

In this paper, we consider the (unconstrained) convex optimization problem

min {h(z) := f(z) +g(z)}, (2)

where f is convex and g is strongly convex. For solving (2), we propose and study the convergence
rates of variants of the A-HPE and large-step A-HPE algorithms. The new algorithms are designed
especially for strongly convex problems, and the resulting global convergence rates are linear and
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@) (kz _k(gﬂ)) for the variants of the A-HPE and large-step A-HPE, respectively. (the parameter

p > 2 appears in the high-order large-step condition (see also [11, 13].) We also apply our study to
tensor algorithms for high-order convex optimization, a topic which has been the object of investi-
gation of several authors (see, e.g., [6, 7, 10, 11, 13, 21, 22| and references therein). The proposed

_k(2=L
inexact (relative-error) p-th order tensor algorithm has global superlinear O <k: k<?’+1)> conver-

gence rate. We also mention that, for p = 2 we obtain, as a by-product of our approach to high-order
optimization, a fast O (k'_k/ 3) proximal-Newton method for strongly convex optimization.
The main contributions of this paper can be summarized as follows:

(i) A variant of the A-HPE algorithm for strongly convex objectives (Algorithm 1) and its iteration-
complexity analysis as in Theorems 2.6 and 2.9.

(ii) A large-step A-HPE-type algorithm for strongly convex problems (Algorithm 2) with a high-
order large-step condition and its iteration-complexity (see Theorem 3.3).

(iii) A new inexact high-order tensor algorithm (Algorithm 3) for strongly convex problems and its
global convergence analysis (see Theorem 4.4). Here and in item (ii) above we highlight the

_k<ﬂ)
fast global convergence rate O [ k “\r+1/ |.

(iv) An inexact relative-error forward-backward algorithm for strongly convex optimization (see
Algorithm 4 and Theorem 5.4).

Additionally to the contributions described in (i)—(iv) above, we refer the reader to the re-
marks/comments following Algorithms 1, 2, 3 and 4.

Some previous contributions. Based on the A-HPE framework of Monteiro and Svaiter [18],
pth-order tensor methods with iteration-complexity O (1 / k%> were studied in [3, 6, 9, 11, 13].
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When combined with restart techniques, improved rates for the uniformly- and/or strongly-convex
case were also obtained in [3, 9] (see also [12]). The A-HPE for strongly-convex problems was also
recently studied in [5] within the framework of “performance estimation problems (PEPs)” (see
remark (iv) following Algorithm 1). We also mention that local superlinear convergence rates for
tensor methods were obtained in [7].

General notation. We denote by H a finite-dimensional real vector space with inner product
(-,-) and induced norm [|-| = /{-,-). We also use the standard notation and definitions of convex
analysis [24] for subdifferentials, set-valued maps, etc. Recall that g : H — (—o0, 00| is p-strongly
convex if > 0 and, for all x,y € H,

g0 + (1= 0)9) < Agla) + (1= Ng(y) — d(1 -Vl —yl?, el @)

2 A variant of the A-HPE algorithm for strongly convex problems

In this section, we consider the convex optimization problem (2), i.e.,

min {h(z) := f(z) + g(x)},

zeH

where f,g: H — (—o00,00] are proper, closed and convex functions, domh # (), and g is u-strongly
convez, for some p > 0. We will denote by z* the unique solution of (2).

Next we present the main algorithm of this section for solving (2), whose the complexity analysis
will be presented in Theorems 2.6 and 2.9.



Algorithm 1. A variant of the A-HPE algorithm for solving the (strongly convex) prob-
lem (2)

0) Choose z°,y° € H, o €[0,1], let Ag =0 and set k = 0.

1) Compute A\py1 > 0 and (y*+1, o+ epy1) € H x H x Ry such that

,Uk-H e 85k+1f(yk+1) + 8g(yk+1),

_ 4)
[Apgp10f L+ gyt — k)2 AL kL ~ky2 (
2\ < —
S + 2 16541 < 07|y z"[|%,
where
- a — WAL Ap + pApA
Ak + ag4+1 Ak; + A+1
(14 20A8) Mey1 + \/(1 +20A8) 20+ A1+ pAR) AN
k41 = 9 . <6)
2) Let
Apt1 = A + ag41, (7)
1+ pAy > ( P41 ) ( a1 >
k+1 k + k+1 + k41
X = D ——— X + D — — —_— v . 8
(1 + pAgs1 1+ pAgs Y 1+ pAgsr ®)

3) Set k =k + 1 and go to step 1.

Next we make the following remarks concerning Algorithm 1:

(i)

By letting 4 = 0 in Algorithm 1, we obtain a special instance of the A-HPE algorithm of
Monteiro and Svaiter (see [18, Section 3]), whose global convergence rate is O (1/k?) (see
[18, Theorem 3.8]). On the other hand, thanks to the strong-convexity assumption on g, in
Theorems 2.6 and 2.9 we obtain linear convergence for Algorithm 1. We will also study a high-
order large-step version of Algorithm 1 (see Algorithm 2 in Section 3), for which superlinear

_ k(=L
Olk k(”“) global convergence rates are proved, where p > 2. Applications of the latter

result to high-order tensor methods for convex optimization will also be discussed in Section 3.

Since steps (5)—(8) are negligible (from a computational viewpoint), it follows that the computa-
tional burden of Algorithm 1 is represented by the computation of Ay > 0 and (y*+1, vF 1 g1 11)
as in (4). In this regard, note that if prox,;, := (A@h+1)~! of h is computable, for A > 0, then
Lkl o) = (proxxh(:fk), ikz\_;ik:l
(4) with 0 = 0. On the other hand, in the more general setting of o > 0, Algorithm 1 can
be used both as a framework for the design and analysis of practical algorithms [18] and as a

Ae+1 = A and (y ,0) clearly satisfy the conditions in




bilevel method, in which the inequality in (4) is used as a stopping criterion for some inner
algorithm applied to the regularized inclusion 0 € Ah(z) + z — Z¥. In this case, note that the
error-criterion in (4) is relative and controlled by the parameter o € (0, 1].

(iii) We emphasize that the inequality in (4) is specially tailored to strongly convex problems, in
the sense that it is more general than the usual inequality appearing in relative-error HPE-type
methods (see, e.g., [1, 8, 16, 17, 26]), which in the context of this paper would read as

[N 0T+ gF T — T2 42X ey < Py — 282

(iv) We also mention that Algorithm 1 is closely related to a variant of the A-HPE for strongly
convex objectives presented and studied in [5, Section 4.2]. However, in constrast to the analysis
in [5], which is supported on “performance estimation problems (PEPs)”, in this contribution
we take an approach similar to the one which was taken in [18, 23]. In doing so, we obtain global
convergence rates for Algorithm 1 in terms of function values, sequences and (sub-)gradients
(see Theorems 2.6 and 2.9). In contrast to [5], in this paper we also consider a large-step

—1
version of Algorithm 1, namely Algorithm 2, for which the (global) superlinear O (k:k (f’“))

convergence rate is proved (see Theorems 3.3 and 4.4).

(v) We note that condition (6) yields

(14 pAy) A1 M i41 n AR k11

=1. 9
aj Ak+1 ®)

Indeed, substituion of Ai4+1 by Ar + a1 (see (7)) and some simple algebra give that (9) is
equivalent to

ajyy = (L4 20AR) Meprap 1 — (1 + pAg) Ay = 0. (10)
Note now that ar11 as in (6) is exactly the largest root of the quadratic equation in (10).

(vi) Using (7) and the fact that Ay = 0 (see step 0) we obtain A; = Ay + a1 = a;. On the other
hand, direct substituion of Ay = 0 in (6) with & = 0 yields a; = A;. As a consequence, we
conclude that

Al =a; = A1 (11)

Before analyzing the convergence rates of Algorithm 1 we will need the following:
Define, for k > 1,

Vi () :h(yk)+ (vk,w—yk) — &+ %Hx—kaQ (x €H) (12)
and
k s
I'oy=0 and, fork>1, Ty = Z A—]kyj. (13)
=1



Note that
V() = v + (e — ) and Vi(a) = pl (14)

and observe that Ay (k=0,1,...) as in Algorithm 1 satisfies

k
Ao=0 and, fork>1, A= Z aj. (15)
j=1

From (13)—(15) we obtain, for k£ > 1,
V2 (x) = pl, r € H. (16)
Note also that the following holds trivialy from (13) and (15): for all k£ > 0,

Api1 T = Al + Qg 1Vt (17)

Define also, for all k£ > 0,

. 1
5 = inf {Akrk@:) +aa- :c°||2}. (1)

Note that Gy = 0.

The following three technical lemmas will be useful to prove the first result on the iteration-
complexity of Algorithm 1, namely Proposition 2.4 below.

Lemma 2.1. Let y,(-) and T'k(-) be as in (12) and (13), respectively. The following holds:
(a) For all k > 1, we have vi(z) < h(z), VzeH.
(b) For all k >0, we have z* = arg mingey{ ATk (z) + %[z — 2°?}.

Proof. (a) In view of the inclusion in (4) we have, for all k > 1, v* = ¥ + s*, where ¥ € (9Ekf(yk)
and s* € dg(y*). Using the assumption that g is p-strongly convex and the definition of the e-
subdifferential of f we obtain, for all x € H,

F(@) > FF) + (F 2 —yF) —en,
9(@) = g(") + (.2 — o) + Sl — oI,
which in turn combined with the definition of h(:) in (2), the fact that v* = r* + s* and (12) yields

the desired result.

(b) Let us proceed by induction on k > 0. The result is trivially true for k = 0 (since ATy = 0).
Assume now that it is true for some k > 0, i.e., assume that 2% = arg min, {4y (z) + 5[z — 2°||*}.
Using the latter identity, (16)—(18) and Taylor’s theorem we find

1 1
ApnaTria (@) + Sl = 21 = ATi(2) + S lle = 2l + axsa i ()

1+ pA
=gt (S o= P e (9



From the definition of ;. 1(-) (see (12)) and some simple calculus one can check that z**! as in (8)

. . . 1+pA
is exactly the (unique) minimizer of x +— (%) |z — 2"

+ ag+17k+1(x). Hence, from this fact

and (19) we obtain that 2%t = arg mingey {Ag+1Tk41(2) + ||z — 29)|2}, completing the induction
argument. [

Lemma 2.2. Consider the sequences evolved by Algorithm 1. The following holds for all x € H.:
(a) For allk >0,

1 14+ pA
M) + gllo =217 = G (2R ) o -t

(b) For all k >0,

1 14+ uA
AprTi (@) + 5l = a®|> = By + (2‘”) |z — 2% + ars1 Vesr ().

(c) Forall k>0,
1 1+ pA
AR + A Tina(0) + 3lle = 217 2 B (42 ) o= P 4 o () + A ()

Proof. (a) First note that the result is trivial for & = 0, since Sy = Ag = 0 and 'y = 0. Now note
that in view of (16) we obtain, for k > 1,

1
v (D) + 3l = ) (0) = 1+

Using the latter identity, Lemma 2.1(b), (18) and Taylor’s theorem we find

1 1 1
ATk (z) + in — xOHZ = Aka(xk) + ink — xOHQ +§<(1 + pAg)(x — xk),x — a:k>
By
1+,uAk
=t (FE4) o - P

(b) From (17) and item (a), we obtain, for all £k > 0,
1 1
A1l () + 5”5” — 2%)? = A4Th(2) + 5”95 — 2| + a1y (2)

1+ Ak
= O + <2M> |z — 2|12 + app17es1 ().

(c) From (b) and Lemma 2.1(a) with k = k4 1 and z = ¥,

1+MAk

1
Aph(y*) + ApaaDra () + 5|z — 2l = i + < ) lz = 2812 + k11 (2) + Axh(y")

2) |z — UUkH2 + a1 Ve41 () + Ak’YkH(yk)-

O]



Lemma 2.3. Consider the sequences evolved by Algorithm 1. The following holds:
(a) Forallk >0 and x € H,

~ 1% ak+1Ak
k1Y 1(2) + Apves1 (YY) = A1y (F) + <> |z — y¥|12,

2441
where
- g1 Ak
T = T+ . 20
A1 Ak (20)
(b) For allk >0 and z € H,
1 ~
Aph(y®) + Apa T (@) + EHHC —20® > By + A1 [%H(UC) + Ak,
where, for all k >0, T is as in (20) and
(14 pAr)Agr1 |~ pAE Y\ [~
Ay = (22+ 1z — ZkHZ + DY |z — kaQ, (21)
Ay Ak+1
k Ak+1 & Ak
2= T+ . 22
A1 Arr” (22)
(c) For allk >0,
1 o (1 + A2, A
Ap=— |7 —7F? + + zF —*)?] 23
= [H H PECCSAR ) [k ) 2

where T is as in (20).

(d) For allk >0 and z € H,

1 1-0%\ (A ~
ALH(F) + AT (2) + 3l = 2 B+ () + (157 ) (S22 -4

1+ pAg) A1 A
Ak+1

Proof. (a) First recall that (see (12))

Vo1 (@) = h(yF) + @ — M) — gy +%Hx -y Yz e (24)
Lp41()
Let p = Z’Zill, qg= A‘:il and note that p,q > 0, p+¢ =1 and T = pz + qy*. Since £41(-) is affine,

we find

Ues1(T) = L1 (02 + qy) = plis1(2) + @l (YY)

1
= a1 aps1les1(z) + Al (y7)] . (25)
ft1



On the other hand, using the well-know identity |pz + qwl||? = p||z|*> + q||w|* — pq||z — w]||?, for all
z,w € H, we also find

17 — "% = [p(x — o**h) + q(y* — )|

= pllz =" 1P+ ally* — "7 = pallz — ")
1 a1 A%
= [l Al - (B2 -] 0
Agt1 k+1
Combinding (24)—(26), we then obtain
2
et (@) = b (@) + 5|7y
1 " Iz pag+1 A
-5 [akﬂ (r1(@) + Slle = 112) + Ap (o2 (0F) + Sl = =17 - (2; o — |1
k+1 k+1
1 pag1 Ak
= [akﬂ%ﬂ(l’) + Ay () — ( = llz —y*[1*] ,
Apt1 24511

which is clearly equivalent to the desired identity.

(b) First note that in view of (20) and (22) we have 7 — ¥ = Z’:‘rll (z — 2¥) and, analogously, we
also have T — y* = Z’;Tl (z — y*). Hence,
A2 A2
lr — 2P = 5F7 = M and [z - )P = S E - P (27)
k+1 k+1
Using Lemma 2.2(c) and item (a) we find
1 1+ /LAk
Aph(y) + AparTea (@) + e = a%1* = B + ( 2 = 2*|* + ap1vms1 (=) + Ak (vF)
=Bk + Ak+1’¥k+1( )
1+ pAyg Hag1 Ay
e L R e [
k+1
which in turn combined with (27) and (21) finishes the proof of item (b).
A
(c) First let p = (H”Ak)QA’“*l/\k*l, q = HERARHL o hd note that p,q > 0 and, in view of (9),
i1 Ap41
p+ g =1. From (21) and the above definitions of p and ¢, we obtain
(14 pAp)Ags1 \ |~ MAk -
Ai— (2 i~ )7+ I3~ o1
k11
1 [ ~ k2 ~_ k|2
= —|pllxT— 2 +qllr—y }
e | I”+ 4l |
1 ~
= o [I7 = 02" + gy I1P + pally* - 21 (28)
2Xe1

where we also used the well-known identity p| z||* + ¢[lw||?* = [[pz + quw||* + pql|z — w]|?, for z,w € H.



Using (22), the definitions of p, ¢, the fact that p+¢ =1, (5) and (7), and some simple compu-

tations, we find

Ak+41
P2+ gy = (1—q)< Tk

A ) N
A1 Ayt Y '

+
ak+1 k Ay )) k
1—g¢q x" +
= Ak+1 <Ak+1 < Ak Y

ak+1 ak+1
( Ak+1 Ak+1 Ak+1 >

A A ApA
:<1_H k k+1> ak+1xk+< k +<M k k+1> ak+1>yk

Ok+1 Ak+1 Ak+1 Ok+1 Ak+1
_ <ak+1 ;NAk)\kJrl) o <Ak +:Ak)\k+1> S
k1 k1
=z~ (29)

On the other hand, using again (22) and the definitions of p, ¢, we also obtain

14+ puAg) A1 A, WAE AL a?
pall* - 4|2 = | LA A e £1) Sty
Akt Ak+1 k+1
L+ pAp)A2 A
_ (1 + pAp) Ng o Ak ka_yk”g (30)
A
Af4+13k+1

The desired result now follows directly from (28), (29) and (30).

(d) From items (b) and (c),

1 - 1
Aph(y") + AT (@) + Sllo = 2%l > B+ Ap [Vk—&-l(x) * |7 — 2|2 ]
# (PR otz )
Ak+1
From (12),
- 1
Ve+1(T) + 17 = Z*)* = h(y"*)
2Ak+1
- - I~
WL E ) GIE P e 4 g — P (32)
2 2M k11
=qk+1(7)
On the other hand, from Lemma A.2(c) applied to gx11(-) and (4),
1 pil <

> 1 kg2

)2 (F 2 ) I =34
which in turn combined with (32) gives

~ Lo g2 k1 1- k1 _ k2
— > h(yFt S ) A = R
@)+ g F = 2 ) + (ST ) I -

The desired result now follows by the substitution of the latter 1nequality in (31).
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Next is our first result on the iteration-complexity of Algorithm 1. Item (b) follows trivially from
item (a), which will be derived from Lemmas 2.1, 2.2 and 2.3. The main results on the iteration-
complexity of Algorithm 1 will then be presented in Theorem 2.6 below.

Proposition 2.4. Consider the sequences evolved by Algorithm 1, let x* denote the (unique) solution
of (2) and let

do := ||z* — 2. (33)
The following holds:

(a) Forallk>1 and x € H,

ac i e) + (573 Sl -7

j=1

k
1 + MA 1))\ ‘A 1 - - 1 —i—,uAk 1
+Z< L et R () e =P < e =P,

(b) If o <1, forallk > 1,

k

~ d?
Z ] Hy zI” 1"2 1_70027 Vk > 1. (34)
j=1 Aj

Proof. (a) From Lemma 2.3(d) and the definition of B;11 — see (18) — we obtain, for all k£ > 0,

l—0 A ~
AhG) + B 2 i+ A )+ (155 ) (R -3
Jr

(1 + pAR) M y1Ag
+ (LA ok,
ak+1

and so, for all & > 0,

k k ) 1— g2 k Aji1, s .
> B =52 Y [ - asp)] + (257 ) 3 - PP
=0 =0 j=0 79t1

Br+1—Bo Apq1h(yF+1)—Aoh(y°)

k
(1l ANNj+14; - -
+Z< A ﬂ)naﬂ—yfﬁ

=0 20511

which, since 8y = Ag = 0, yields, for all £ > 0,

1—02\ &2 45, O (1 + pAj )N A; e
fror 2 Apeahh )+ (157) 3 2 -5 {E9) (MR A ) ot
J

=1 204

11



By adding (%) |z — 2*+1|? in both sides of the latter inequality, we obtain, for all k > 0,

14 pA 1-02\ &2 4, . .
Brt1 + (W) lz = "2 > A h(y™) + < ) > oy =& 2

2 2 j=1 7V
k+1
(14 pA;_1)NA i i
N e L}
a;
1+ pAp
+ <+ ” k+1H2'
Using Lemma 2.2(a) we then find, for all £ > 0,
1 1o\ O~ A,
Appa T (@) + Sz — 2% = A h(F ) + (—— ) D Sy =377
2 2 )&
k+1
p(1 Aj_1)NjA; . .
3 ( S S ) R
a;
14+ pA
+ (“’“*) o — 241 )

Note now that from (13) and Lemma 2.1(a) we obtain, for all k£ > 0,

ket
A1l (z Z Ajvi(w) < Agqrh(z),

which combined with (35) yields, for all £k > 1,

2 4y 1) )]+ (157) 3 Dy -3

j=1

p(1+ pAj—1)NAj— - . 1+ pAg
+Z( ]j =) la? = =P — |z — =",

(b) This follows trivially from item (a) and (33). O

Lemma 2.5. For all k > 0,

(1= ov/T+ Meam) g™t = 30 < Pene™ ) < (14 o/ TH M) 95 =35 (36)

Proof. The proof follows from the inequality in (4), the fact that ex11 > 0 and a simple argument
based on the triangle inequality. O

12



Since, under mild regularity assumptions on f and g, problem (2) is equivalent to the inclusion
0 € 0f (x) + dg(a), (37)

it is natural to attempt to evaluate the residuals produced by Algorithm 1 in the light of (37), and
this is exactly what Theorem 2.6(b) is about. Note that if we set v**1 = 0 and ;41 = 0 in (38),
then it follows that x := y**+1 satisfies the inclusion (37).

As we mentioned before, Theorem 2.6 below is our main result on the iteration-complexity of

Algorithm 1.

Theorem 2.6 (Convergence rates for Algorithm 1). Consider the sequences evolved by Al-
gorithm 1, let x* be the (unique) solution of (2) and let dy be as in (33). Then, the following
holds:

(a) Forallk>1,

e P S Ly
T 247 T pAy T 1+ pAy
(b) For allk >1,
k‘-l—l c 8€k+1f k‘+1) +8g( k+1)
[oE 12 < (1 to 1+W\k+1>2 dg 7
612 \p i1 LAy, (38)
ag

cpaq < o
= (Ak—i-l) pAL

Proof. (a) Note that the bounds on h(y*) — h(z*) and ||z* — z¥||? follow directly from Proposition
2.4(a) with z = 2* and (33). Now, since h(-) is p-strongly convex and 0 € dh(z*), one can use the
inequality (see, e.g., [25, Proposition 6(c)]) h(z) > h(z*) + &z — 2*||%, for all x € H, with z = y*
and the bound on h(y*) — h(z*) to conclude that ||y* — 2*||? < % (R(y*) — h(z*)) < udTgk'

(b) First, note that the inclusion in (38) follows from the inclusion in (4). Since we will use the
second inequality in (36) to prove the inequality for ||v**1||2, it follows that we first have to bound
the term ||y**! — Z¥||2. To this end, note that from the second inequality in item (a) with k = k + 1
and the fact that Ax,q > Ag,

Hyk—H . EkHZ < 9 (Hx* - yk+1H2 ka o x*HQ)
d% k 2
<2(——+|z" — x* > . 39
<M 41@ H H ( )

>k

We now have to bound the second term in (39). Since, from (5), ¥ is a convex combination of z*

13



and y*, it follows that

17 — 2™ < fla* — 2*)? + |2 — o)

dg dg
< +
T 1+ pAr pdy
2d3
< =0 40
<2 (40)

where in the second inequality we used the second and third inequalities in item (a). Now using (39)
and (40), we find

d2
k+1 _ k2 0
Y —z"||* < 6——. 41
o4 - 34 < 6 ()
To finish the proof of (b), note that using (41), we obtain the desired bounds on [[v**!||? and ez,
as a consequence of the second inequality in (36) and the fact that 2\, 16511 < o2|ly* ! — TF||? (see
(4)), respectively. O

Next result is motivated by the fact that the rate of convergence of Algorithm 1 presented in
Theorem 2.6 is given in terms of the sequence {Ax}. We also mention that the proof below (of
Lemma 2.7) follows the same outline of an argument given in [5, Corollary 4.4].

Lemma 2.7. The following holds:
(a) Forallk>1,

k+1 1
Apr1 >N H —_—|. (42)
=2 | BN
1+ pA;j
(b) Forallk >1,
k+1
Akt1 2 M H (1+2pA)). (43)
j=2

Proof. (a) From (6),

(1+2pAk) Aer1 + \/(1 + 2uAk)? Ny A+ pAR) A
2
N (200 Ak) Ap+1 + \/(2uAk)2A%+1 + 4(pAk) AxAk11
- 2
(2uAR) A1 + 24 \/MQ)%H + A1
2
= Ag [,W\kﬂ + Ve (1 + M/\k+1)} -

kp4+1 =

14



Hence, from (7),

Apy1 = Ak + ag1
> Ay + Ay [NAk—&-l + Ve (1 + M)\k—i-l)]

— A [T+ e + Vit (L 1) | (44)

1
1— HAk+1
V 14+ pdgtr

where in the last equality we used the identity 1/ (1 — /i> =1+x+/z(l+z) with x = pAgy1.

14z
Note now that (42) follows directly from (45) and the fact that A1 = A; — see (11).

(b) Using (44), the fact that \/pAg1(1 + A1) > pAg41 and a similiar reasoning to the proof
of item (a), we obtain that (43) holds for all k£ > 1. O

Next is a corollary of Lemma 2.7(a) for the special case that the sequence {\;} is bounded away
from zero. Lemma 2.7(b) will be useful later in Section 3.

Corollary 2.8. Assume that A\ > A >0, for all k > 1, and define o € (0,1) as

pA
= . 4
“ \/ L+ pA (46)

Asz< ! )k (47)

l—«

Then, for all k > 1,

Proof. Using the fact that the scalar function (0,00) 3 ¢ — %Zt € (0,1) is increasing, the assumption
A > A>0, for all k> 1, and (46), we find

1 1

=
ALY -
1+ pA;

k
1
Hence, from Lemma 2.7(a) and the assumption A\, > A with £ = 1 we obtain A1 > A <1 > ,
— o

Vi > 1.

k—1

for all £ > 1, which is clearly equivalent to Ax > A for all £ > 2. To finish the proof of

-«
item (a), note that the latter inequality holds trivialy for £ = 1 (because A1 = A\; and A\ > \). O

Next we present convergence rate results for Algorithm 1 under the assumption that {\} is
bounded away from zero.

15



Theorem 2.9 (Convergence rates for Algorithm 1 with {)\;} bounded below). Consider
the sequences evolved by Algorithm 1 and assume that A\ > A > 0 for all k > 1. Let x* be the
(unique) solution of (2), let dy be as in (33) and let a € (0,1) be as in (46). The following holds:

(a) Forallk > 1,

N

h(y*) —h(a*) < 5 (1 —a)*,

2 | &k

do
m

max{”q;* _ ka’ Hx* o ka} < (1 - a)(kfl)/Z.

>

(b) For allk >1,

ot e o, (YT + dg(yFtY),

14+ o1+ pA _
[+ < (6_1/2M1/2>\3/2) do (1 — a)(k /2,

302d?
Ek1 < ( W\20> (1—a)* 1.

Proof. (a) This follows from Theorem 2.6(a) and Corollary 2.8.

(b) The result follows from Theorem 2.6(b), Corollary 2.8, the assumption Ay > A and the fact
that, for ¢ > 0, the scalar function ¢ — Lrovivut VtH“t is nonincreasing. ]

3 A (high-order) large-step A-HPE algorithm for strongly convex
problems

In this section, we also consider problem (2), i.e., mingey {h(z) := f(z) + g(x)}, where the same
assumptions as in Section 2 are assumed to hold on h, f and g.

For solving (2), we propose and study the iteration-complexity of a variant (Algorithm 2) of
the large-step A-HPE algorithm of Monteiro and Svaiter [18], with a high-order large-step condition
specially tailored for strongly convex objectives . Applications of this general framework to high-
order tensor methods will be given in Section 4. The main results on convergence rates for Algorithm
2 are presented in Theorem 3.3 below.
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Algorithm 2. A variant of the large-step A-HPE algorithm for (the strongly convex)
problem (2)

0) Choose 2°,y° € H, 0 €[0,1), p > 2 and § > 0; let Ag = 0 and set k = 0.
1) Compute A\py1 > 0 and (y*1 v+l ey 1) € H x H x R, such that
,Uk-H e 85k+1f(yk+1) + 8g(yk+1),

H)\k+lvk+1 + yk—i-l _ 5;@”2
T+ Ngt1 p

+ 2\ kg 16k41 < UQHka - 53k\|27 (48)

Aot [y —2F(P~1 > 0,

where
— WAL A A
=k _ <ak+1 AL k+1>xk+ <’f+“k’f+1> T (49)
A+ Ak+1 A + Q41
(14 2pA5) M1 + \/(1 + 20 AR 0y + 41+ pAR) Ap Akt
Gost = ; . (50)
2) Let
A1 = A + agy1, (51)
1+MAk> < i1 > ( ag41 )
k1 _ k + k1 + k1
€T = — 2"+ | — — | — |0 . 52
(1 + pAk+ 1+ pAg )Y 1+ pAgta (52)

3) Set k =k + 1 and go to step 1.

We now make a few remarks concerning Algorithm 2:

(i) By deleting the third inequality in (48) (the high-order large-step condition), we see that
Algortihm 2 is a special instance of Algorithm 1. As a consequence, all results proved in
Section 2 for Algorithm 1 also hold for Algorithm 2.

(i) We mention that Algorithm 2 is a generalization of Algorithm 1 in [13] to strongly convex

objectives. The authors of the latter work proved global O (k73p2+ *) and © (k_3p) for function

values and gradients/residuals, respectively. (see [13, Theorem 4].)

In what follows we will use remark (i) following Algorithm 2 to apply the results proved for
Algorithm 1 in Section 2 to Algorithm 2.
The next two lemmas will be used to prove Theorem 3.3 below.
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Lemma 3.1. Consider the sequences evolved by Algorithm 2 and let dy := ||2° — x*||, where z* is
the (unique) solution of (2). Then, for all k > 1,

k

A; d?

D e T (53)

=LAt i1 -0?)
J

In particular, for all k > 1,
_2(p—1) p—1 2 p—1
A >Cdy 7T, Ci= AT ORI (1 - o) (54)

Proof. Using (34) and third inequality in (48), we obtain

k
A
> ¢

i=1 \P~!
J )\J

d2
1-—

y‘m

.%'] 1H2

||'M:r

which yields (53). To finish the proof of the lemma, note that (54) follows directly fom (53) and the
fact that Ay > A\ for all £ > 1 (see (7) and (11)). O

Lemma 3.2. For all k > 0,

k
ouC (et
Api1 > M 1+%k1’1) , (55)
dOpT

where C' > 0 is as in (54).

Proof. First note that from (11) we have A; = A;, showing that (55) trivially holds for £ = 0.
Assume now that k£ > 0. From Lemma 3.1 we know, in particular, that

k+1
T
pHL = 2 :
=2 A7 1 0r1(1—o02)
J

Since A; =A;_1+a; >A;_1>---> Aq, forall j > 2 and A; = A1, we then obtain
j j j j

18



Now using Lemma A.1 with ¢ > 0 as above, ¢ = % and \;j < 2p);, we find

k+1 9 p+l pTl ‘
1
[T +2mn) = 1+ ((“)pk>
j=2 ¢
k
= 1 + 2” kP+1
cp+1
p—1 2 p—1 k
2UNPTLOTHT (1 — 02)p71 | p1
= 1 -1 kp+1
d0p+1

which, in turn, combined with (43) and the definition of C' in (54) finishes the proof of the lemma. [

Next is the main result on global convergence rates for Algorithm 2. As we mentioned before,
_k(p=L
it provides a global superlinear O <k k(Nl)) convergence, where p — 1 > 1 is the power in the
high-order large-step condition (third inequality in (48)).

Theorem 3.3 (Convergence rates for Algorithm 2). Consider the sequences evolved by Algo-

rithm 2, let * denote the (unique) solution of (2) and let C' > 0 be as in (54). Then the following
holds:

(a) For all k>0,

h(yk+l) o h(.%'*) < 0 - = O <k<1)> ,
2\ (1 = k(+>> R

d “pFT

d
max { % — 22, fla* — y’f“n?} < :

(b) For allk >1,

VL€ ey, FYRTY) + Og(yF ),

2 2(3p—1)

6d0 L

2(p—1)

||,Uk+1||2 < <1+0\/1+M0d(; p+1

2(p—1)
dO p+1

g1 <

1C A (1 + 2 (k- 1) (5

p+1
dy

-0 —1
) b k—1 <(k 1)(k 1)(
pC2xy |14+ 229 (k — 1) (51)



Proof. Both items follow from Theorem 2.6 and Lemmas 3.1 and 3.2. To prove the inequalities in
item (b), one also has to use the fact that the scalar function ¢t — Irovlvut VtH“t is nonincreasing as well
as the lower bound on Ay given in (54). O

4 Applications to accelerated high-order tensor methods for strongly
convex objectives

In this section, we consider the problem

min {h(z) := f(z) + g(x)}, (56)
zeH
where f,g: H — (—o0,00] are proper, closed and convex functions, dom h # ), and g is u-strongly
convez on H and p > 2 times continuously differentiable on © O Dom (0f) with DPg(-) being L,-
Lipschitz continuous on §2: 0 < L, < +oo and

|DPg(x) — DPg(y)l| < Lyllz —yl,  Vz,y €. (57)
Define
P M
— T Nk _ k _ p+1
Gz p(y) == g(x) + 521 T g9(x)ly — =]" + CE=] ly — =[|P™, (r,y) € AxH, (58)

where M > 0 is such that M > pL,,.
As observed by Nesterov in [20], the function g, ,(-) is convex whenever M > pL,, and, moreover,

L,+ M
IVg(y) = Vgup(y)| < pﬂ ly =[P, V(z,y) € QxH. (59)

At each iteration of the (exact) Proximal-Tensor method for solving (56) one has to find y € H
solving an inclusion of the form

0 € M(0f(y) + Veep(v)) +v— . (60)

where z = Pq(z) and A > 0. Note also that (60) is equivalent to solving the convex problem

i {70+ 9200 + g5l - ol | (o)

Next we introduce a notion relative-error inexact solution for (60) (or, equivalently, (61)). It will
be used in step 2 (see (66)) of Algorithm 3.

Definition 4.1. The triple (y,u,e) € H x H X Ry is a d-approzimate Tensor solution of (60) at
(x,\) e H xR44 if 6 >0 and

A +y — 2|

2\e < 62|y — z|? 2
ot ey —al? (62)

u € 0:f(y) + Vgap(y),
where z = Pg(x).
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Note that if & = 0 in (62), then it follows that € =0, u € 9f(y) + Vg p(y) and Au+y —z = 0,
which implies that y is the solution of (60). We also mention that if we set g = 0 in Definition 4.1
then we recover [11, Definition 2.1] (see also [13, Definition 1]).

Next proposition shows that d-approximate solutions of (60) provide relative-error appoximate
solutions in the sense of (48).

Proposition 4.2. Let (u,y,e) be a G-approximate Tensor solution of (60) at (x,\) € H x R4 (in
the sense of Definition 4.1) and define

B ALy + M)y —z|Pt
v=u—Vg.,y)+ Vg(y), o= PNy +. (63)

Then,

A+ y — ||

2\e < 2y — 2|2 4
T3 +2Xe <oty — || (64)

v € d:f(y) + Vg(y),

Proof. Note that the inclusion in (64) follows from the definition of v in (63) and the inclusion in
(62). To prove the inequality in (64), note that from the definition of v in (63), the triangle inequality
and property (59), we find

1Mo +y — 2> = [Au+y — 2+ A(Vo(y) = Vg p()) I
2
< (I +y =2+ NIVgw) - Vg, W)

MLy + M 2
s(wu+y—xw+(Nw—zw>

ML, + M 2
s(wu+y—xw+(fbﬁy—xw),

where in the last inequality we also used the fact that ||y — z|| < ||y — z||. (because y € Dom(0:f) C
Dom(0f) C Q and z = Pq(x).)

Hence,
A — )2 A - MLy, + M 2
1+ A vV1+ Ay plv1+ Ap

2
Using now the elementar inequality (a + b)? 4 ¢ < (b + Va2 + c) with a = || A+ y — z|| /1 + Ay,
b= ALy + M)||y — z||P/(p!v/1+ Ap) and ¢ = 2Xe, we find
2

— zl? 2
|Av +y — | Lo < ALy +M A+ y — =[]
1+ M eV 1+ A

ALy + M) »
S(,¢T+AH P+ oly—al)

— )\(L ) p—1 o ? 2
— (A= ol 45y -l

= o?lly — |,

+ 2)e
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where in the second inequality we used the inequality in (64) and in the identity we used the second
equality (63). O

Next we present our p-th order inexact (relative-error) accelerated tensor algorithm for solving

(56).

Algorithm 3. An accelerated inexact high-order tensor method for solving (56)
0) Choose z°,y° € Hand p > 2,6 > 0,0 < 0y < 0, < 1 such that
o:=0,+0 <1, ol(1+6)P <o, (1—6)P Y (65)

let Ag = 0 and set k = 0.

1) Compute Ag+1 > 0 and a d-approximate Tensor solution (ukﬂ, k+1,8k+1) (in the sense of

Definition 4.1) of (60) at (7, A\y41) satisfying

Y

ploy <\ Hyk-i-l _5k”p—1 < plouy/ 1+ Xeyp (66)
L,+M =" = L,+M
where
~ — AR A A
= _ (ak—H pAg k+1> o ( g+ pAg k—i—l) S (67)
Ag + ags1 Ap + agq1
(1 + 20 A8) A1 + \/(1 + 20 AR)2 N A+ pAR) AgArg
Ap+1 = 9 . (68)
2) Let
Ap1 = A + ag1, (69)
= M Vg, () + V() 2 = Pa(@h), (70)
1+MAk> < Hak1 > ( (41 )
k1 k + k1 + k1
(1 + A4 U+ pdnr ) ! L+ pAps )

3) Set k =k + 1 and go to step 1.

We now make two remarks concerning Algorithm 3:

(i) Algorithm 3 is a generalization of [13, Algorithm 3| for strongly convex problems. Global
O (k‘_ =) 1) and O (k:_3p) convergence rates for function values and gradients/residuals, re-

spectively, were proved in [13]. In contrast to this, here we obtained, see Theorem 4.4, the fast

—1
global O <k k<§+1)> convergence rate.

22



(ii) We also mention that a -approximate Tensor solution satisfying (66) can be computed using
bisection schemes (see [2] and [11]).

Proposition 4.3. Algorithm 3 is a special instance of Algorithm 2 for solving (56), where

ploy
0= . 2
L,+ M (72)

Proof. Tt follows from the definitions of Algorithms 2 and 3 that we only have to prove that (48)
holds. Note that the inclusion and the first inequality in (48) follow from step 2 of Algorithm 3 —
the fact that (u*+1, y**1 .. 1) is a 6-approximate Tensor solution of (60)-, the second inequality in
(66), the definition of ¢ in (65) and Proposition 4.2. To finish the proof of the proposition, note that
the last inequality in (48) (the large-step condition) is a direct consequence of the first inequality in
(66) and (72). O

p—1

Next theorem states the fast global O <k: k<P+1)> convergence rate for Algorithm 3.

Theorem 4.4 (Convergence rates for Algorithm 3). Consider the sequences generated by Al-
gorithm 3, let > 0 be as in (72) and let C > 0 be as in (54), where dy := ||2° — 2*|| and z* is the
(unique) solution of (56).

Then all the conclusions of Theorem 3.3 hold.

Proof. The proof follows from Proposition 4.3 and Theorem 3.3. O

5 Applications to first-order methods for strongly convex problems

Consider the convex optimization problem

min {h(z) := f(z) +g(2)}, (73)

where f,g: H — (—o0, 0] are proper, closed and convex functions, dom h # (), and, additionally, g
is p-strongly conver on H and differentiable on €2 O dom f with Vg being L-Lipschitz continuous on
Q

An iteration of the proximal-gradient (forward-backward) method for solving (73) can be written
as follows:

y=Qf + 1) (z = AVy(2)), (74)

where z = Po(x) and A > 0. Using the definition of (AOf + I)71, it is easy to see that (74) is
equivalent to solving the inclusion

0€ A(@f(y) + Vg(z)) +y—=x. (75)

Next we define a notion of approximate solution for (75) within a relative-error criterion.
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Definition 5.1. The triple (y,u,e) € H x H x Ry is a 6-approzimate Proximal-Gradient (PG)
solution of (75) at (z,\) € H x R4y if 6 >0 and

1A (u+Vg(2) +y — =]
14+ Ap

u € 0-f(y), +2Xe < 6°ly — x|, (76)

where z = Po(x). We also write
(y,u,e) = (AOf + 1)7! (2 = AVg(2))
to mean that (y,u,€) is a 6-approximate PG solution of (75) at (x, ).

Note that if & = 0 in (76), then it follows that e =0, u € df(y) and A [u+ Vg(z)] +y —x =0,
which implies that y is the (exact) solution of (75). In particular, in this case, y satisfies (74).

Proposition 5.2. Let (u,y,€) be a G-approximate PG solution of (75) at (x,\) € H x R4y as in
Definition 5.1 and define

AL
v=u+V , 0= —=—=+426. 77
() o ()
Then,
v +y —z|?
vea s +ow, P Lo <oty a2 (79)
Proof. The proof follows the same outline of Proposition 4.2’s proof. O

For solving (73), we propose the following inexact (relative-error) accelerated first-order algo-
rithm.
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Algorithm 4. An accelerated inexact proximal-gradient algorithm for solving (73)

0) Choose z°,y° € H and 6 > 0, 0 < 0, < 1 such that 0 := 0, +6 < 1 and let

A= T > 7 (79)
(74)" 4 g2 - 2 L
2 2
let Ag = 0 and set k = 0.
1) Compute z¥ = Po(7*) and
(b ) & (A0 + D7 (7 - AVg(h) ) (80)

i.e., compute a G-approximate PG solution (u**1,4*+1 g, 1) at (2%, \) (in the sense of Defini-
tion 5.1), where

— AR A A
5k:<ak+1 H k)mk_’_( k+sz>yk7 (81)
Ak + a1 Ak + ap41
(1 4+ 2uA)N + /(1 + 20 A8) 202 + 4(1 + pAg) Ap)
Ak4+1 = 9 . (82)
2) Let
Apr = Ap + g1, (83)
o = (), (84)
1+NAk> < g1 > ( A1 )
k+1 k + k+1 + E+1
= — 2"+ | —— — [ ——— )" 85
(1 + pAgt1 1+ pAgiy Y 1+ pAgs1 (85)
3) Set k =k + 1 and go to step 1.
We now make the following remark concerning Algorithm 4:
(i) From the definition of A > 0 in (79) we obtain
N2L? )
= o2, 86
14+ A Tu (86)

Indeed, it is easy to check that A > 0 is the largest root of L?)\? — (62u)\ — 02 = 0, which is
clearly equivalent to (86). Now using (86), we find

+0 AL +0 (87)
c=0,+6=—=+07.
V1+Ap

Next proposition shows that Algorithm 4 is a special instance of Algorithm 1 for solving (73).
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Proposition 5.3. Consider the sequences evolved by Algorithm 4 and let A\y11 = A. Then, Apy1 >
0 and the triple (y**', v*+1 ep11) satisfy condition (4) in Algorithm 1 with o0 = 6 + 0,. As a
consequence, Algorithm 4 is a special instance of Algorithm 1 for solving (73).

Proof. The proof follows from (80), (87), Proposition 5.2 and the definitions of Algorithms 1 and
4. O

Next we summarize the results on linear convergence rates for Algorithm 4.

Theorem 5.4 (Convergence rates for Algorithm 4). Consider the sequences evolved by Algo-
rithm 4 and let 0 = 6 + 0. Let also x* be the unique solution of (73), let dy be as in (33) and

denote v = /(1 + oy)"toy. The following holds:

(a) Forallk>1,
>k 1

Oufl

o) ity < 28 (1

m

max { lo* = ¥, |lo* - 2*) } < do

><k—1>/z

h\t

(b) For allk > 1,

P € 9., FyFTY) + Dg(yR ),
6dyL3/2

(k=1)/2
cru,u
ul2g 3/2 (1+J ) ( \/ ) ’
302d2 L2 [\
€kl S ——5 — ( >
u,u

Proof. (a) First note that simple computations using (46) with A = A, the inequality in (79), the
definition of v > 0 and the fact that L > u show that

VAt o00) oy r_ Ou
> /(14 0y) au\/; ’y\/z, )\>L, (88)

which combined with Proposition 5.3 and Theorem 2.9(a) gives the proof of (a).

Il <

SI=

(b) The result follows from (88), Proposition 5.3 and Theorem 2.9(b). O
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A Some auxiliary results

Lemma A.1. For all k > 1, the optimal value of the minimization problem, over A1,..., A\p > 0,

k
nH(l—l—)\)
j=1

(89)
U
2:730
j=1 Aj
where ¢ > 0 and q > 1, is given by
k 1/q\ ¥
<1 +(%) )
c
Proof. First consider the convex problem
k
min Z log(1 + €%)
j=1
(90)

k
S.t. g - <c
edti
Jj=1

Since the objective and constraint functions in (90) are convex and invariant under permutations on
(t1,...,tx), it follows that one of its solutions takes the form (¢,...,t). It is also clear that at any

solution the inequality in (90) must hold as an equality. Hence, k:ﬁ =c, ie., et = (%)1/ 7 Asa

consequence, for all (¢1,...,t;) such that Z <ec,

]1qti

k 1/q 1/q\ ¥
Z log(1 + €') > klog(1 + €') = klog (1 + <'Iz> ) = log (1 + </;:> ) . (91)
j=1

Now let A1,...,A\; > 0 be such that Z 137 < c and define ¢; := log();), for j € {1,...,k}.

q
.7
Then, since in this case Z < ¢, using (91) and some basic properties of logarithms we find

jlqt

k
IIl+A :I11+JJZQ%MﬁAHﬁD

k_, log(1+€")

which concludes the proof of the lemma. ]
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Lemma A.2. The following holds for q(-) defined by
" 1
g(2) = (o —y)+Glle—yl* —e+ yle == (@) (92)
where v,y,z € H and p,e, X > 0.
(a) The (unique) global minimizer of q(-) is given by

. 1 n AL A
= z - .
1+ A 1+)\/Ly 1+ A

(b) We have,
2 (IMvty—=|?
mln q(z) = [Hy 2| ( s +2X e || .
(c) We have,
1 2 [\ +y — 2| 14+ Ap )2
= = lly— )2 - (MY AT - .
@) = g5 o=l = (P o) | S oo, voen

Proof. (a) This follows directly from (92) and some simple calculus.
(b) Note first that

min q(z) = q(@") = (v, 2" —y) + " = y[* = e+ Sy [l2" = 21", (93)
Using the well-known identity a||z||? + b||w||*> = Lb [llaz + bw||* + abl|z — wl|?] with a = p, b=1/),

z=x*—yand w =2* — 2z, and (a) we find
2

A l—i-)\,um*_ _lz +H||Z— 2
1+ M ) =X AETY

1
pla” = yl* + Sl — 2 =

—v

—1+ (o1l + Sz = olP?] - (94)
- Y=

On the other hand, we also have z* v, which in turn gives

1 A
1+)\,u<z —y) - Tz

L o,z —y) = Aol (95)

1+ Ap

<’U>$* - y> =

Direct use of (93), (94) and (95) yields

. 1
min a(a) + & = 75 (02 = 9) = Mol + g (1918 + 5z =l

1
T 2M(1+ M)
1

= [+ M)y — 2| = 2w +y— 2>
s [ Al = =1” = 2w+ y = )]

[20A0, 2 — ) = [M0l|* + Mz — gl

Hy _ H2 _ | Av+y— Z”2]

14+ A
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which then yields

. 1 2wty —2?
min g(a) = 5 [l — 217 - 20
1 2 (Irvo+y—z|?
= |y — 2|2 - (2220 L one )]
o [l 21 = (P22 o
(¢) This follows from (b) and Taylor’s theorem applied to ¢(+). O
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