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Abstract

Semidefinite programs (SDPs) are some of the most popular and broadly applicable optimiza-
tion problems to emerge in the last thirty years. A curious pathology of SDPs, illustrated by a
classical example of Khachiyan, is that their solutions may need exponential space to even write
down. Exponential size solutions are the main obstacle to solve a long standing open problem:
can we decide feasibility of SDPs in polynomial time?

The consensus seems to be that large size solutions in SDPs are rare. Here we prove that they
are actually quite common: a linear change of variables transforms every strictly feasible SDP
into a Khachiyan type SDP, in which the leading variables are large. As to “how large”, that
depends on the singularity degree of a dual problem. Further, we present some SDPs in which
large solutions appear naturally, without any change of variables. We also partially answer the
question: how do we represent such large solutions in polynomial space?
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Linear programs and polynomial size solutions The classical linear programming (LP) feasi-
bility problem asks whether a system of linear inequalities

Ax ≥ b

has a solution, where the matrix A and the vector b both have integer entries. When the answer is
“yes”, then by a classical argument a feasible rational x has size at most 2n2 log n times the size of
(A, b), where n is the number of variables. When the answer is “no”, there is a certificate of infeasibility
whose size is similarly bounded. Here and in the sequel by “size” of a matrix or vector we mean the
number of bits necessary to describe it.

Semidefinite programs and exponential size solutions Semidefinite programs (SDPs) are a far
reaching generalization of linear programs, and they have attracted widespread attention in the last
few decades. An SDP feasibility problem can be formulated as

x1A1 + · · ·+ xmAm +B � 0, (P)

where the Ai and B are symmetric matrices with integer entries and S � 0 means that the symmetric
matrix S is positive semidefinite.

In a stark contrast to a linear program, the solutions of (P) may have exponential size in the size
of the input. This surprising fact is illustrated by a classical example of Khachiyan:

x1 ≥ x22, x2 ≥ x23, . . . , xm−1 ≥ x2m, xm ≥ 2. (Khachiyan)

We can formulate (Khachiyan) as an SDP, if we write its quadratic constraints as(
xi xi+1

xi+1 1

)
� 0 for i = 1, . . . ,m− 1. (1.1)

We see that x1 ≥ 22
m−1

, hence the size of x1, and of any feasible solution of (Khachiyan), is at least
2m−1.

We show the feasible set of (Khachiyan) with m = 3 on the left in Figure 1. For better visibility,
we replaced the constraint x3 ≥ 2 by 2 ≥ x3 ≥ 0 and made x3 increase from right to left.

Exponential size solutions in SDPs are mathematically intriguing, and greatly complicate ap-
proaches to the following fundamental open problem:

Can we decide feasibility of (P) in polynomial time?

Indeed, algorithms that ascertain feasibility of (P) in polynomial time must assume that a polynomial
size solution actually exists: see a detailed exposition in [8]. In contrast, the algorithm in [23] that
achieves the best known complexity bound for SDP feasibility uses results from the first order theory
of reals [26], and is not polynomial.

We know of few papers that deal directly with the complexity of SDP. However, several works
study the complexity of a related problem, optimizing a polynomial subject to polynomial inequality
constraints. In fixed dimension some polynomial optimization problems are polynomial time solvable
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Figure 1: Feasible sets of (Khachiyan) (on the left) and of the quadratic inequalities (2.13) derived
from (M ild-SDP ) (on the right)

[4, 5, 3] and polynomial size solutions exist in special cases [30]. On the other hand, several fundamental
problems in polynomial optimization are NP-hard, see for example, [5, 18, 1, 2].

Khachiyan’s example naturally leads us to the following questions:

Can we represent exponential size solutions of SDPs in polynomial space? (1.2)

Are such large solutions common? (1.3)

To question (1.2) we have hope to get a “yes” answer. After all, to convince ourselves that x1 :=

22
m−1

(with a suitable x2, . . . , xm) is feasible in (Khachiyan), we do not need to explicity write it down,
a symbolic computation suffices. Still, question (1.2) seems to be open.

The answer to (1.3), however, seems to be a definite “no”, for some of the following reasons:

• Exponential size solutions do not appear in typical SDPs in the literature.

• They can be eliminated even in (Khachiyan) by a fairly simple change. For example, let us add
a new variable xm+1, and change the last constraint to xm ≥ 2 + xm+1; afterwards x1 does not
have to be large anymore.

Or, let us replace x by Gx, where G is a random, dense matrix; afterwards (Khachiyan) will be
quite messy, and will have no variables that are obviously larger than others.

Contributions It turns out that, despite these obstacles, we can still prove general results about
large solutions in SDPs. One of our tools is the technique of facial reduction [6, 20, 21, 7, 32].

We assume that (P) has a strictly feasible solution x for which
∑m
i=1 xiAi +B is positive definite.

We fix a nonnegative integer parameter k, the singularity degree of a dual problem. We precisely define
k soon, but for now we only need to know that k ≤ 1 holds when (P) is a linear program. An informal
version of our main result follows.

Informal Theorem 1 After a linear change of variables x←Mx, where M is a suitable invertible
matrix, the leading k variables in strictly feasible solutions of (P) obey a Khachiyan type hierarchy.
Namely, the inequalities

x1 ≥ d2xα2
2 , x2 ≥ d3xα3

3 , . . . , xk−1 ≥ dkxαk

k (1.4)
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hold, where

2 ≥ αj ≥ 1 +
1

k − j + 1
for j = 2, . . . , k. (1.5)

Here the dj and αj are positive constants that depend on the Ai, on B, and the last m− k variables,
that we consider fixed.

Hence, if k is large and xk > 1, then x1 is larger than xk.

How much larger? In the worst case, when αj = 2 for all j, like in (Khachiyan), x1 is at least

constant times x2
k−1

k . In the best case, when αj = 1 + 1
k−j+1 for all j, by an elementary calculation

x1 is at least constant times xkk. So even in this best case the magnitude of x1 is exponentially larger
than that of xk.

Our assumptions are minimal. We assumed that (P) has a strictly feasible solution, and indeed
there are semidefinite programs without strictly feasible solutions, with large singularity degree, and
without large solutions: we discuss such an SDP after Example 1. Further, we need to focus on just
a subset of variables and allow a linear change of variables 1. Nevertheless, we show that in SDPs
coming from minimizing a univariate polynomial, large variables appear naturally, without any change
of variables.

We also partially answer the representation question (1.2). We show that in strictly feasible SDPs,
after the change of variables x ← Mx, we can verify that a strictly feasible x exists, without even
computing the values of the “large” variables x1, . . . , xk. The same is true of SDPs coming from
minimizing a univariate polynomial; in the latter SDPs we do not even need a change of variables.

Related work Linear programs can be solved in polynomial time, as it was first proved by Khachiyan
[10]; see Grötschel, Lovász, and Schrijver [8] for an exposition that handles important details like the
necessary accuracy. Other landmark polynomial time algorithms for linear programming were given
by Karmarkar [9], Renegar [25], and Kojima et al [11].

On the other hand, to solve SDPs in polynomial time, one must assume that there is a polynomial
size solution. We refer to [8] for an algorithm based on the ellipsoid method, and Nesterov and
Nemirovskii [16] for foundational interior point methods to solve SDPs with an objective function. We
also refer to Renegar [27] for a very clean exposition of interior point methods for convex optimization.

The complexity of SDP is closely related to the complexity of optimizing a polynomial subject
to polynomial inequality constraints. To explain how, first consider a system of convex quadratic
inequalities

x>Qix+ b>i x+ ci ≤ 0 (i = 1, . . . ,m) (1.6)

where the Qi are fixed symmetric psd matrices, and x ∈ Rn is the vector of variables. The question
whether we can decide feasibility of (1.6) in polynomial time is also fundamental, open, and, in a sense,
easier than the question of deciding feasibility of (P) in polynomial time. The reason is that (1.6) can
be represented as an instance of (P) by choosing suitable Ai and B matrices.

On the other hand, we can formulate semidefiniteness of a symmetric matrix variable by requiring
the principal minors (which are polynomials) to be nonnegative. Among positive results in polynomial
optimization, Bienstock [4] proved that such problems can be solved in polynomial time, if the number
of constraints is fixed, the constraints and objective are quadratic, and at least one constraint is
strictly convex. The work of [4] builds on Barvinok’s fundamental result [3] that proved we can verify
in polynomial time whether a system of a fixed number of quadratic equations is feasible. It also builds

1Since a change of variables, say x← Gx makes a mess even out of the nicely structured (Khachiyan), we may need
to perform the inverse operation x← G−1x to undo the mess.
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on early work of Vavasis [30] which proved that a system with linear constraints and one quadratic
constraint has a solution of polynomial size. In other important early work, Vavasis and Zippel [31]
proved we can solve indefinite quadratic optimization problems with a ball constraint, in polynomial
time.

On the flip side, there are many hardness results. For example, Bienstock, del Pia, and Hildebrand
[5] proved it is NP-hard to test whether a system of quadratic inequalities has a polynomial size
rational solution, even if we know that the system has a rational solution. Pardalos and Vavasis [18]
proved the fundamental problem of minimizing a (nonconvex) quadratic function subject to linear
constraints is also NP-hard. The following problems are also classical and NP-hard: testing convexity
of a polynomial, see Ahmadi et al [1] (this problem was open since 1992); and testing whether a
polynomial optimization problem attains its optimal value, see Ahmadi and Zhang [2].

One of the tools we use is an elementary facial reduction algorithm. These algorithms originated
in the paper of Borwein and Wolkowicz [6], then simpler variants were given, for example, by Waki
and Muramatsu [32] and in [20, 21]. For a recent comprehensive survey of facial reduction and its
applications, see Drusvyatskiy and Wolkowicz [7].

In other related work, O’ Donnell [17] presented an SDP that certifies nonnegativity of a polynomial
via the sum-of-squares proof system, and is essentially equivalent to (Khachiyan). Previously it was
thought that sum-of-squares proofs, a popular tool in theoretical computer science, can be found in
polynomial time. However, due to this work, it has become clear that this is not obviously the case.

The plan of the paper In Subsection 1.1 we review preliminaries. In Subsection 2.1 we formally
state Theorem 1 and illustrate it via two extreme examples. In Subsection 2.2 we prove it in a sequence
of lemmas. In particular, in Lemma 5 we give a recursive formula, akin to a continued fractions formula,
to compute the αj exponents in (1.4). As an alternative, in Subsection 2.3 we show how to compute the
αj using the classical Fourier-Motzkin elimination for linear inequalities; this is an interesting contrast
with SDPs being highly nonlinear. In Section 3 we cover the case of SDPs coming from polynomial
optimization and also revisit the example from [17]. Section 4 concludes with a discusion.

Our proofs are fairly elementary. We use Proposition 1, a convex analysis argument about positive
semidefinite matrices and linear subspaces, but other than that, we only rely on basic linear algebra,
and on manipulating quadratic polynomials.

1.1 Notation and preliminaries

Matrices Given a matrix M ∈ Rn×n and R,S ⊆ {1, . . . , n} we denote the submatrix of M corre-
sponding to rows in R and columns in S by M(R,S). We write M(R) to abbreviate M(R,R).

We let Sn be the set of n × n symmetric matrices and Sn+ be the set of n × n symmetric positive
semidefinite (psd) matrices. The notation S � 0 means that the symmetric matrix S is positive
definite. The inner product of symmetric matrices S and T is defined as S • T := trace(ST ).

Definition 1. We say that (C1, . . . , C`) is a regular facial reduction sequence for Sn+ if each Ci is in
Sn and of the form

C1 =

( r1︷︸︸︷ n− r1︷ ︸︸ ︷
I 0
0 0

)
, . . . , Ci =


r1 + . . .+ ri−1︷ ︸︸ ︷ ri︷︸︸︷ n− r1 − . . .− ri︷ ︸︸ ︷

× × ×
× I 0
× 0 0


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for i = 1, . . . , `, where the ri are nonnegative integers, and the × symbols correspond to blocks with
arbitrary elements.

These sequences appear in facial reduction algorithms. The term “facial reduction” reflects the
following: given a psd matrix Y which has zero • product with C1, . . . , C` we see that the first r1
diagonal elements of Y are zero (by C1 • Y = 0), hence the first r1 rows and columns are zero.
Continuing, we deduce that the first r1 + · · · + r` rows and columns of Y are zero, so overall Y is
reduced to live in a face of Sn+. 2

Next we formalize what we mean by “replacing x by Mx for some invertible matrix M in (P).”

Definition 2. We say that we reformulate (P) if we apply to it some of the following operations (in
any order):

(1) Exchange Ai and Aj , where i and j are distinct indices in {1, . . . ,m}.

(2) Replace Ai by λAi + µAj , where λ and µ are reals, and λ 6= 0.

(3) Replace all Ai by T>AiT and B by T>BT, where T is a suitably chosen invertible matrix.

We also say that by reformulating (P) we obtain a reformulation.

We see that operations (1) and (2) amount to performing elementary row operations on a dual type
system, say, on

Ai • Y = 0 for i = 1, . . . ,m.

Since operations (1) and (2) can be encoded by an invertible matrix, they amount to replacing the
variable x by Mx in (P), where M is some invertible matrix. As to operation (3), it does not influence
the magnitude of the xi and we only use it to put (P) into a more convenient looking form.

Reformulations were previously used to study various pathologies in SDPs, for example, unattained
optimal values and duality gaps [22]; and infeasibility [13]. In this work we show that they help us
understand another classical pathology, exponential size solutions.

We will rely on the following statement about the connection of Sn+ and a linear subspace.

Proposition 1. Suppose L is a linear subspace of Sn. Then exactly one of the followig two alternatives
is true:

(1) There is a nonzero positive semidefinite matrix in L.

(2) There is a positive definite matrix in L⊥.

2 Main results and proofs

2.1 Reformulating (P) and statement of Theorem 1

In our first lemma we present an algorithm to reformulate (P) into a more convenient looking form.
The algorithm is a simplified version of the algorithm in [13].

2A convex subset F of Sn+ is a face, if for any X,Y ∈ Sn+ if the open line segment {λX + (1 − λ)Y : 0 < λ < 1}
intersects F, then both X and Y must be in F.
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Lemma 1. The problem (P) has a reformulation

x1A
′
1 + · · ·+ xkA

′
k + xk+1A

′
k+1 + · · ·+ xmA

′
m +B′ � 0 (P ′)

with the following properties:

• k is a nonnegative integer, and (A′1, . . . , A
′
k) is a regular facial reduction sequence.

• If r1, . . . , rk is the size of the identity block in A′1, . . . , A
′
k, respectively, then n− r1 − · · · − rk is

the maximum rank of a matrix in

{Y � 0 |Ai • Y = 0 for i = 1, . . . ,m }. (2.7)

Proof Let L be the linear span of A1, . . . , Am and apply Proposition 1. If item (2) holds we let
k = 0, A′i = Ai for all i, B′ = B and stop.

If item (1) holds, we choose a nonzero psd matrix V =
∑m
i=1 λiAi in L and assume λ1 6= 0 without

loss of generality. We then choose a T invertible matrix so that

T>V T =

(
Ir1 0

0 0

)
,

where r1 is the rank of V. We let A′1 := T>V T,A′i := T>AiT for i ≥ 2, and B′ = T>BT.

Let r be the maximum rank of a psd matrix in L⊥ (i.e., in (2.7)). Also, let Lnew be the linear span
of A′1, . . . , A

′
m. We claim that r is also the maximum rank of a psd matrix in L⊥new. For that, suppose

Y � 0 is in L⊥. Then
Ai • Y = T>AiT • T−1Y T−> = 0,

so T−1Y T−> is in L⊥new and has the same rank as Y. Similarly, from any psd matrix in L⊥new we can
construct a psd matrix in L⊥ with the same rank. This proves our claim.

We see that if Y ∈ L⊥new ∩ Sn+ then A′1 • Y = 0 so the sum of the first r1 diagonal elements of Y is
zero, hence the first r1 rows and columns of Y are zero.

We next construct an SDP
m∑
i=2

xiFi +G � 0,

where Fi is obtained from A′i by deleting the first r1 rows and columns for i = 2, . . . ,m and G is
obtained from B′ in the same manner. By the above argument the maximum rank of a matrix in
{Z � 0 : Fi • Z = 0 (i = 2, . . . ,m)} is also r, so we can proceed in a similar manner with this smaller
SDP. When our process stops, we have the required reformulation.

From now on we assume that

k is the smallest integer that satisfies the requirements of Lemma 1.

Using the terminology of facial reduction, k is the singularity degree of the system (2.7). This
concept was originally introduced by Sturm in [29] and used to derive error bounds, namely, bounds
on the distance of a point from the feasible set of an SDP. For a broad generalization of Sturm’s result
to conic systems over so-called amenable cones, see a recent result by Lourenço [14].
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Definition 3. We say that (x̄k+1, . . . , x̄m) is partially strictly feasible in (P ′) if there is (x1, . . . , xk)
such that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in it.

For the rest of the paper we fix

(x̄k+1, . . . , x̄m) a partially strictly feasible solution in (P ′).

From now on we will say that a number is a constant, if it depends only on the x̄i, Ai and B.
Theorem 1 will rely on such constants.

We now formally state our main result.

Theorem 1. There is (x1, . . . , xk) such that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′) and
xk is arbitrarily large.

Further, if xk is sufficiently large and (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′) then

xj ≥ dj+1x
αj+1

j+1 for j = 1, . . . , k − 1, (2.8)

where

2 ≥ αj+1 ≥ 1 +
1

k − j
for j = 1, . . . , k − 1. (2.9)

Here the dj and αj are positive constants.

The proof of Theorem 1 has three main parts. First, in Lemma 2 we prove the first statement, that
in strictly feasible solutions of (P ′) we can have arbitrarily large xk. Lemma 3 is a technical statement
about a certain parameter, the tail-index of the A′j .

In the second part, Lemma 4 deduces from (P ′) a set of quadratic polynomial inequalities. These
are typically “messy”, namely they look like

(x1 + x2 + x3)(x4 + 10x5) > (x2 − 3x4)2.

Third, in Lemma 5 from these messy inequalities we first derive “cleaned up” versions, such as

x1x4 > constantx22,

then from these cleaned up inequalities we deduce the inequalities (2.8) and a recursive formula to
compute the αj . Next, Lemma 6 proves that the αj exponents are a monotone function of the tail-index
of the A′j . Finally, Lemma 7 shows that a minimal tail-index gives the smallest possible exponent αj .
Combining all lemmas gives us Theorem 1.

Before we get to the proof, we illlustrate Theorem 1 via two extreme examples. Although Theorem
1 is about strictly feasible solutions, the examples are simple, and in all of them we just look at feasible
solutions.

Example 1. (Khachiyan SDP) Consider the SDP
x1 x2

x2 x3

x3 x4

x4

x2 x3 x4 1

 � 0, (Kh-SDP )
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which can be written in the form of (P ′) with the A′i matrices given below and B′ the matrix whose
lower right corner is 1 and the remaining elements are zero:

1

0

0

0

0


︸ ︷︷ ︸

A′1

,


0 1

1

0

0

1 0


︸ ︷︷ ︸

A′2

,


0

0 1

1

0

1 0


︸ ︷︷ ︸

A′3

,


0

0

0 1

1

1 0


︸ ︷︷ ︸

A′4

.

The subdeterminants in (Kh-SDP ) with three red, three blue, and three green corners, respectively,
give the inequalities

x1 ≥ x22, x2 ≥ x23, x3 ≥ x24 (2.10)

that appear in (Khachiyan). (For simplicity we left out the inequality x4 ≥ 2).

We note in passing that the feasible sets of (Kh-SDP ) and of the derived quadratic inequalities
(2.10) are not equal. For example x = (256, 16, 4, 2) is not feasible in (Kh-SDP ), but is feasible in
(2.10). However, we can easily construct an SDP that exactly represents (Khachiyan), as follows. We
define a (2m− 1)× (2m− 1) matrix whose first m− 1 order two principal minors are of the form (1.1)
and the last order one principal minor represents the constraint xm ≥ 2. Permuting rows and columns
puts this exact SDP into the regular form of (P ′).

We next note that the singularity degree of {Y � 0 : A′i • Y = 0 for i = 1, . . . , 4 } is four. Indeed,

consider a regular facial reduction sequence, say Â1, Â2, . . . whose members are in the linear span of
the A′i. Suppose without loss of generality that Â1 6= 0. Then Â1 = A′1, since A′1 is the only nonzero
psd matrix in the linear span of the A′i. Similarly, asume without loss of generality that the lower right

3× 3 block of Â2 is nonzero. Then Â2 = A′2, and so on.

We finally discuss whether we need to assume that a strictly feasible solution exists, in order to
derive Theorem 1. On the one hand, there are semidefinite programs which have no strictly feasible
solutions, nor do they exhibit the hierarchy among the leading variables seen in (1.5). Suppose indeed
that in (Kh-SDP ) we change x1 to x1 + 1 and the 1 entry in the bottom right corner to 0. This
change does not affect the parameter k. Further, the new SDP is no longer strictly feasible, and
x2 = x3 = x4 = 0 holds in any feasible solution, but x1 can be −1 3.

On the other hand, there are SDPs with no strictly feasible solution, which, however, have large
size solutions: to produce such a problem, we simply take any SDP that has large solutions, and add
all-zero rows and columns.

Example 2. (Mild SDP) As a counterpoint to (Kh-SDP ) we next consider a mild SDP (we will see
soon why we call it “mild”) 

x1 x2

x2 x3

x2 x3 x4

x3 x4

x4 1

 � 0. (M ild-SDP )

We write (M ild-SDP ) in the form of (P ′) with the A′i matrices shown below and B′ the matrix whose

3We can similarly create such an SDP with any number of variables.

9



lower right corner is 1 and the remaining elements are zero:
1

0

0

0

0


︸ ︷︷ ︸

A′1

,


0 1

1

1 0

0

0


︸ ︷︷ ︸

A′2

,


0

0 1

1

1 0

0


︸ ︷︷ ︸

A′3

,


0

0

0 1

1

1 0


︸ ︷︷ ︸

A′4

.

In (M ild-SDP ) the subdeterminants with three red, three blue, and three green corners, respectively,
yield the inequalities

x1x3 ≥ x22, x2x4 ≥ x23, x3 ≥ x24. (2.11)

Next from (2.11) we derive the inequalities

x1 ≥ x4/32 , x2 ≥ x3/23 , x3 ≥ x24 (2.12)

as follows. The last inequality x3 ≥ x24 is copied from (2.11) to (2.12) only for completeness. Next we

plug x
1/2
3 ≥ x4 into the middle inequality in (2.11) to get x2 ≥ x3/23 . We finally use this last inequality

in the first one in (2.11) and deduce x1 ≥ x4/32 .

To summarize, the exponents in the derived inequalities (2.12) are the smallest permitted by our
bounds (2.9).

To illustrate the difference between (Khachiyan) and the inequalities derived from (M ild-SDP ),
we show the set defined by the inequalities

x1x3 ≥ x22, x2 ≥ x23, 2 ≥ x3 ≥ 0 (2.13)

on the right in Figure 1. Note that the set defined by (2.13) is a three dimensional version of the set
given in (2.11), normalized by adding upper and lower bounds on x3.

2.2 Proof of Theorem 1

In Lemmas 2–4 we will use the following notation:

rj = size of the identity block in A′j for j = 1, . . . , k,

I1 := {1, . . . , r1},
I2 := {r1 + 1, . . . , r1 + r2},

...

Ik := {r1 + · · ·+ rk−1 + 1, . . . , r1 + · · ·+ rk},
Ik+1 := {r1 + · · ·+ rk + 1, . . . , n}.

(2.14)

Lemma 2. There is (x1, . . . , xk) such that xk is arbitrarily large, and (x1, . . . , xk, x̄k+1, . . . , x̄m) is
strictly feasible in (P ′).

Proof Let

Z :=

m∑
i=k+1

x̄iA
′
i +B′.

10



Since there is x1, . . . , xk such that
∑k
i=1 xiA

′
i + Z � 0, and A′i(Ik+1) = 0 for i = 1, . . . , k we see that

Z(Ik+1) � 0.

By the definition of positive definiteness (G is positive definite if x>Gx > 0 for all nonzero x), and by
the shape of A′k, we see that the Ik∪Ik+1 diagonal block of xkA

′
k+Z is positive definite when xk is large

enough. For any such xk there is xk−1 so the Ik−1∪Ik ∪Ik+1 diagonal block of xk−1A
′
k−1 +xkA

′
k +Z

is positive definite. We construct xk−2, . . . , x1 in a similar manner.

The proof of Lemma 2 partially answers the representation question (1.2). In particular, for
the moment let us ignore the requirement that we need to choose xk to be large and just focus
on completing (x̄k+1, . . . , x̄m) to a strictly feasible solution. The proof that the required (x1, . . . , xk)
could be computed is fairly simple, and it is illustrated on Figure 2, where the red blocks stand for the
larger and larger blocks that we make positive definite. So we can convince ourselves that (x1, . . . , xk)
exist, even without computing their actual values.

× × × ×
× × × ×
× × × ×
× × × +




× × × ×
× × × ×
× × + ×
× × × +




× × × ×
× + × ×
× × + ×
× × × +




Ik+1

� 0

Z

7−→
+xkA

′
k

xk � 0

Ik

� 0

xkA
′
k + Z

7−→
+xk−1A

′
k−1

xk−1 � 0

Ik−1

� 0

xk−1A
′
k−1 + xkA

′
k + Z

7−→
+xk−2A

′
k−2

xk−2 � 0

. . .

Figure 2: Verifying that x1, . . . , xk exist, without computing them

From now on we will assume
r1 + · · ·+ rk < n, (2.15)

and we claim that we can do so without loss of generality. Indeed, suppose that the sum of the rj is n.
Then an argument like in the proof of Lemma 2 proves that A′1, . . . , A

′
k have a positive definite linear

combination. Hence the singularity degree of (2.7) is actually just 1, so Theorem 1 holds vacuously.

By (2.15) we see that Ik+1 6= ∅.

To motivate our next definition we compare our two extreme examples from two viewpoints. From
the first viewpoint we see that in (Kh-SDP ) the xj variables in the offdiagonal positions are more
to the right than in (M ild-SDP ). From the second viewpoint, in the inequalities (2.10) derived from
(Kh-SDP ) the exponents are larger than in the inequalities (2.12) derived from (M ild-SDP ). We
will see that these two facts are closely connected, so in the next definition we capture “how far to the
right the xj are in off-diagonal positions.”

Definition 4. The tail-index of A′j+1 is

tj+1 := max { t : A′j+1(Ij , It) 6= 0} for j = 1, . . . , k − 1. (2.16)

In words, tj+1 is the index of the rightmost nonzero block of columns “directly above” the identity
block in A′j+1. We illustrate the tail-index on Figure 3. Here and in later figures the • blocks are
nonzero, and we separate the columns indexed by Ik+1 from the other columns by double vertical
lines.
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A′j+1 =



×

Ij︷︸︸︷
×

Ij+1︷︸︸︷
× ×

Itj+1︷︸︸︷
× ×

Ik+1︷︸︸︷
×

× × × × •
× × I

× ×
× •
×

×


.

Figure 3: The tail-index of A′j+1

Continuing our examples, we see that t2 = t3 = t4 = 5 in (Kh-SDP ), whereas t2 = 3, t3 = 4, t4 = 5
in (M ild-SDP ).

Lemma 3.
tj+1 > j + 1 for j = 1, . . . , k − 1.

Proof We will use the following notation: for r, s ∈ {1, . . . , k + 1} such that r ≤ s we let

Ir:s := Ir ∪ · · · ∪ Is. (2.17)

Let j ∈ {1, . . . , k−1} be arbitrary. To help with the proof, we picture A′j and A′j+1 in equation (2.18).
As always, the empty blocks are zero, and the × blocks are arbitrary. The blocks marked by ⊗ are
A′j+1(Ij , I(j+2):(k+1)) and its symmetric counterpart. We will prove that these blocks are nonzero.

A′j =



I1:(j−1)︷ ︸︸ ︷
×

Ij︷︸︸︷
×

Ij+1︷︸︸︷
×

I(j+2):(k+1)︷ ︸︸ ︷
×

× I

×
×

 , A′j+1 =



I1:(j−1)︷ ︸︸ ︷
×

Ij︷︸︸︷
×

Ij+1︷︸︸︷
×

I(j+2):(k+1)︷ ︸︸ ︷
×

× × × ⊗
× × I

× ⊗

 . (2.18)

For that, suppose the ⊗ blocks are zero and let A′j := λA′j + A′j+1 for some large λ > 0. Then by the

definition of positive definiteness (G is positive definite if xTGx > 0 for all nonzero x) we find

A′j(Ij:(j+1)) � 0.

Let Q be a matrix of suitable scaled eigenvectors of A′j(Ij:(j+1)), define

T :=


I1:(j−1)︷︸︸︷
I

Ij:(j+1)︷ ︸︸ ︷ I(j+2):(k+1)︷ ︸︸ ︷
Q

I

 ,

and let
A′i := T>AiT for i = 1, . . . , j, j + 2, . . . , k.

Then an elementary calculation shows that (A′1, . . . , A
′
j , A

′
j+2, . . . , A

′
k) is a length k − 1 regular facial

reduction sequence that satisfies the requirements of Lemma 1. However, we assumed that the shortest
such sequence has length k. This contradiction completes the proof.

In Lemma 4 we construct a sequence of polynomial inequalities that must be satisfied by any
(x1, . . . , xk) that complete (x̄k+1, . . . , x̄m) to a strictly feasible solution. We need some more notation.
Given a strictly feasible solution

(x1, . . . , xk, x̄k+1, . . . , x̄m)

12



we will write δj for an affine combination of the “x” and “x̄” terms with indices larger than j, in other
words,

δj = γj+1xj+1 + · · ·+ γkxk + γk+1x̄k+1 + · · ·+ γmx̄m + γm+1 (2.19)

where the γi are constants.

We will actually slightly abuse this notation. We will write δj more than once, but we may mean a
different affine combination each time. For example, if k = m = 4, then we may write δ2 = 2x3+3x4+5
on one line, and δ2 = x3−2x4−3 on another. Given that x̄k+1, . . . , x̄m are fixed, δk will always denote
a constant.

Lemma 4. Suppose that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′). Then

pj(x1, . . . , xk) > 0 for j = 1, . . . , k − 1, (2.20)

for some pj polynomials defined as follows:

• if tj+1 ≤ k, then we choose pj as

pj(x1, . . . , xk) = (xj + δj)(xtj+1
+ δtj+1

)− (βj+1xj+1 + δj+1)2 (2.21)

where βj+1 is a nonzero constant. In this case we call pj a type 1 polynomial.

• if tj+1 = k + 1, then we choose pj as

pj(x1, . . . , xk) = (xj + δj)− (βj+1xj+1 + δj+1)2, (2.22)

where βj+1 is a nonzero constant. In this case we call pj a type 2 polynomial.

Before we prove it, we discuss Lemma 4. First we note that by Lemma 3 we have tk = k + 1 so
pk−1 is always type 2.

In Khachiyan’s example (Khachiyan) all inequalities come from type 2 polynomials, namely from
xj − x2j+1 for j = 1, . . . , k − 1. In contrast, among the inequalities (2.11) derived from (M ild-SDP )
the first two come from type 1 polynomials and the last one from a type 2 polynomial.

Proof of Lemma 4 Fix j ∈ {1, . . . , k − 1}. Let `1 ∈ Ij and `2 ∈ Itj+1
such that (A′j+1)`1,`2 6= 0.

As stated, suppose that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′). For brevity, define

S :=

k∑
i=1

xiA
′
i +

m∑
i=k+1

x̄iA
′
i +B′. (2.23)

We distinguish two cases.
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Case 1: Suppose tj+1 ≤ k. Below we show the matrices that will be important in defining pj :



×

Ij︷︸︸︷
× ×

Itj+1︷︸︸︷
× ×

Ik+1︷︸︸︷
×

× I

×
×
×

×


︸ ︷︷ ︸

A′j

,



×

Ij︷︸︸︷
× ×

Itj+1︷︸︸︷
× ×

Ik+1︷︸︸︷
×

× × × •
× × ×
× •
×

×


︸ ︷︷ ︸

A′j+1

,



×

Ij︷︸︸︷
× ×

Itj+1︷︸︸︷
× ×

Ik+1︷︸︸︷
×

× × × × × ×
× × × × × ×
× × × I

× × ×

× × ×


︸ ︷︷ ︸

A′tj+1

.

(2.24)

As usual, the empty blocks are zero, the × blocks may have arbitrary elements, and the • block is
nonzero. (More precisely, A′j+1(Ij+1) = I, but we do not indicate this in equation (2.24), since the
other entries suffice to derive the pj polynomial. )

Define βj+1 := (A′j+1)`1,`2 . Let S′ be the submatrix of S that contains rows and columns indexed
by `1 and `2, then

S′ =

(
xj + δj βj+1xj+1 + δj+1

βj+1xj+1 + δj+1 xtj+1
+ δtj+1

)
.

We define pj(x1, . . . , xk) as the determinant of S′, then pj is a type 1 polynomial in the form (2.21).
Since S′ � 0, we see that pj(x1, . . . , xk) > 0 and the proof in this case is complete.

Case 2: Suppose tj+1 = k + 1. Now pj will mainly depend on two matrices that we show below:


×

Ij︷︸︸︷
× ×

Itj+1︷︸︸︷
×

× I

×

×


︸ ︷︷ ︸

A′j

,


×

Ij︷︸︸︷
× ×

Itj+1︷︸︸︷
×

× × × •
× × ×

× •


︸ ︷︷ ︸

A′j+1

(2.25)

Again, the • blocks are nonzero. We again let S′ be the submatrix of S that contains rows and columns
indexed by `1 and `2.

Define λ := (A′j+1)`1,`2 , µ := S′`2,`2 . Observe that µ depends only on x̄k+1, . . . , x̄m, the A′i and B′,
in other words it is a constant. Then S′ looks like

S′ =

(
xj + δj λxj+1 + δj+1

λxj+1 + δj+1 µ

)
.
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Define

pj(x1, . . . , xk) :=
1

µ
detS′.

Since S′ � 0 we have µ > 0. So pj(x1, . . . , xk) > 0 and pj(x1, . . . , xk) is a type 2 polynomial in the
form required in (2.22) with βj+1 = λ/

√
µ (note that according to our definition of δj , if we divide it

by a constant, the result is still δj). The proof in this case is now complete.

Lemma 5. Suppose that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′) and xk is sufficiently
large. Then

xj ≥ dj+1x
αj+1

j+1 for j = 1, . . . , k − 1, (2.26)

where the dj+1 are positive constants and the αj+1 can be computed by the recursion

αj+1 =

 2− 1

αj+2 . . . αtj+1

if tj+1 ≤ k

2 if tj+1 = k + 1
(2.27)

for j = 1, . . . , k − 1.

Before proving it, we discuss Lemma 5. We have tk = k+ 1 (by Lemma 3) hence Lemma 5 implies
αk = 2. Hence, by induction the recursion (2.27) implies that αj ∈ (1, 2] holds for all j. Thus, if xk is
large enough, then xj > 0 for j = 1, . . . , k.

It is also interesting to note that formula (2.27) is reminiscent of a continued fractions formula.

To illustrate Lemma 5 we show how from (M ild-SDP ) we can deduce the inequalities (2.12) much
more quickly than we did before. Precisely, we compute the exponents by the recursion (2.27) as

α4 = 2 (since t4 = 5)

α3 = 2− 1/α4 = 3/2 (since t3 = 4)

α2 = 2− 1/α3 = 4/3 (since t2 = 3).

(2.28)

The proof of Lemma 5 has two ingredients. First, from the messy looking type 1 inequalities (2.21)
we deduce cleaned up versions

xjxtj+1
≥ constantx2j+1,

and we similarly clean up the type 2 inequalities (2.22). Then from the cleaned up inequalities we
derive the required inequalities (2.26) and the recursion (2.27).

Since the proof of Lemma 5 is somewhat technical, we illustrate the cleaning up step with an
example.

Example 3. (Perturbed Khachiyan) Consider the SDP
x1 − 2x2 x2 − x3

x2 + x3 x3

x3

x2 − x3 x3 1

 � 0. (2.29)
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Figure 4: Feasible sets of (Khachiyan) (on left) and of inequalities derived from the perturbed
Khachiyan SDP (2.29) (on the right)

From its principal minors we deduce the inequalities

x1 − 2x2 ≥ (x2 − x3)2 (2.30)

x2 + x3 ≥ x23. (2.31)

These two inequalities are a “perturbed” version of the inequalities in (Khachiyan), since we obtain
them by replacing x1 by x1 − 2x2 and x2 by x2 ± x3.

Suppose (x1, x2, x3) is feasible in (2.29). Then the inequalities x1 ≥ x22 and x2 ≥ x23 no longer hold.
However, assuming x3 ≥ 10, we claim that the following inequalities do:

x1 ≥ 1

2
x22 (2.32)

x2 ≥ 1

2
x23. (2.33)

Indeed, (2.33) follows from (2.31) and x3 ≥ 10 directly. Using (2.33) we see that x3 is lower order
than x2. A straightforward calculation shows

(x2 − x3)2 ≥ 1

2
x22. (2.34)

Hence from (2.30) we get

0 ≤ x1 − 2x2 − (x2 − x3)2

≤ x1 − (x2 − x3)2

≤ x1 −
1

2
x22,

(2.35)

where the last inequality follows from using (2.34). Thus (2.32) follows, and the proof is complete.

We show the feasible set of (Khachiyan) (when m = 3) and the feasible set described by the
inequalities (2.30) on Figure 4. From (Khachiyan) we removed the inequality x3 ≥ 2 and we normalized
both sets by suitable bounds on x3. Note that x3 increases from right to left for better visibility.

Proof of Lemma 5 We use an argument analogous to the one in Example 3. We use induction and
show how to suppress the “δ” terms in the type 1 and type 2 polynomials at the cost of making xk
large and choosing suitable dj constants.
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Suppose that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′). Then by Lemma 4 the inequal-
ities pj(x1, . . . , xk) > 0 hold for j = 1, . . . , k − 1.

When j = k− 1 we have pk−1(x1, . . . , xk) = (xk−1 + δk−1)− (βkxk + δk)2 > 0. Using the definition
of δk−1 we get

(xk−1 + γkxk + δk)− (βkxk + δk)2 > 0,

where γk is a constant (possibly zero) and βk 6= 0. Then for a suitable positive dk we have xk−1 ≥ dkx2k
if xk is sufficiently large.

For the inductive step we will adapt the O,Θ and o notation from theoretical computer science.
Given functions f, g : Rk → R+ we say that

(1) f = O(g) (in words, f is big-Oh of g) if there are positive constants C1 and C2 such that for all
(x1, . . . , xk) such that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′) and xk ≥ C1 we have

f(x1, . . . , xk) ≤ C2g(x1, . . . , xk).

(2) f = Θ(g) (in words, f is big-Theta of g) if f = O(g) and g = O(f).

(3) f = o(g) (in words, f is little-oh of g) if for all ε > 0 there is δ > 0 such that if (x1, . . . , xk, x̄k+1, . . . , x̄m)
is strictly feasible in (P ′) and xk ≥ δ then

f(x1, . . . , xk) ≤ εg(x1, . . . , xk).

The usual calculus of O,Θ and o carries over verbatim. For example

f = o(g) ⇒ f = O(g)

f = O(g) and h = O(g) ⇒ f + h = O(g).
(2.36)

Suppose next that j + 1 ≤ k − 1 and we have proved the following: there are positive constants
dj+1, . . . , dk and αj+2, . . . , αk derived from the recursion (2.27) such that the inequalities

xj+1 ≥ dj+2x
αj+2

j+2

xj+2 ≥ dj+3x
αj+3

j+3
...

xk−1 ≥ dkx
αk

k

(2.37)

hold for all x1, . . . , xk such that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′) and xk is large
enough.

We will construct positive constants dj+1, and αj+1 according to the recursion (2.27) such that

xj ≥ dj+1x
αj+1

j+1 (2.38)

holds for all x1, . . . , xk such that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′) and xk is large
enough.

We first observe that the recursion (2.27) implies αj+2, . . . , αk ∈ (1, 2], so by the inequalities (2.37)
we have

xs = o(x`) when s > ` > j. (2.39)

Assume that (x1, . . . , xk, x̄k+1, . . . , x̄m) is strictly feasible in (P ′). We distinguish two cases.
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Case 1: First suppose that tj+1 ≤ k, in other words, the quadratic polynomial pj is type 1 (see
Lemma 4).

Then the inequality pj(x1, . . . , xk) > 0 implies

0 < (xj + δj)(xtj+1
+ δtj+1

)− (βj+1xj+1 + δj+1)2

= (xj + γj+1xj+1 + δj+1)(xtj+1
+ δtj+1

)− (βj+1xj+1 + δj+1)2

= (xj + γj+1xj+1 + o(xj+1))(xtj+1 + o(xtj+1))− (βj+1xj+1 + o(xj+1))2

≤ (xj + Θ(xj+1))Θ(xtj+1
)−Θ(xj+1)2

(2.40)

where γj+1 is a constant (which may be zero). The first equality follows from the definition of δj (see
2.19). The second equality follows since by (2.39) and by tj+1 > j + 1 we have

|δj+1| = o(xj+1), |δtj+1 | = o(xtj+1). (2.41)

The last inequality follows from βj+1 6= 0 and the calculus rules (2.36). We now continue (2.40):

0 < (xj + Θ(xj+1))Θ(xtj+1)−Θ(xj+1)2

= xjΘ(xtj+1
) + Θ(xj+1xtj+1

)−Θ(xj+1)2

≤ xjΘ(xtj+1) + o(x2j+1)−Θ(xj+1)2

≤ xjΘ(xtj+1
)−Θ(xj+1)2,

(2.42)

where the second inequality follows, since tj+1 > j + 1 hence by (2.39) we have xtj+1
= o(xj+1). The

last inequality follows from the calculus rules (2.36).

Next from the inequalities (2.37), using tj+1 > j + 1 we learn that

xαtj+1
= O(xj+1)

where α = αj+2αj+3 . . . αtj+1 . Hence xtj+1 = O(x
1/α
j+1).

We plug this last estimate into the last inequality in (2.42) and deduce

0 < xjΘ(x
1/α
j+1)−Θ(x2j+1).

Dividing by x
1/α
j+1 and a constant, we see that αj+1 := 2−1/α satisfies the recursion (2.27), as required.

Case 2 Suppose that tj+1 = k + 1, in other words, the quadratic polynomial pj is type 2. Then

pj(x1, . . . , xk) = (xj + δj)− (βj+1xj+1 + δj+1)2

= (xj + γj+1xj+1 + δj+1)− (βj+1xj+1 + δj+1)2

for some βj+1 6= 0 and γj+1 constants, where γj+1 may be zero. By (2.39) we have δj+1 = o(xj+1),
hence

xj ≥ Θ(x2j+1).

So we can set αj+1 = 2, thereby completing the proof.

As a prelude to Lemma 6, in Figure 5 we show three SDPs (for brevity we left out the � symbols).
The first is (M ild-SDP ). The second and third arise from it by shifting x2 in the offdiagonal position
to the right. Underneath we show the vector of the α = (α2, α3, α4) exponents in the inequalities
derived by the recursion (2.27).

We see that α2 increases from left to right and Lemma 6 presents a general result of this kind.
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
x1 x2

x2 x3

x2 x3 x4

x3 x4

x4 1


︸ ︷︷ ︸

α =(4/3, 3/2, 2)

→


x1 x2

x2 x3

x3 x4

x2 x3 x4

x4 1


︸ ︷︷ ︸

α =(5/3, 3/2, 2)

→


x1 x2

x2 x3

x3 x4

x3 x4

x2 x4 1


︸ ︷︷ ︸

α =(2, 3/2, 2)

Figure 5: Shifting x2 to the right increases α2

Lemma 6. The αj exponents in (2.9) are strictly increasing functions of the tj+1 tail-indices defined
in Definition 4.

Precisely, suppose we derived the inequalities

x` ≥ d`+1x
α`+1

`+1 for ` = 1, . . . , k − 1 (2.43)

from (P ′) using the recursion (2.27).

Suppose also that j ∈ {1, . . . , k − 1}, tj+1 ≤ k, and we change A′j+1 so that tj+1 increases by 1.
After the change we derive inequalities

x` ≥ f`+1x
ω`+1

`+1 for ` = 1, . . . , k − 1, (2.44)

using the recursion (2.27). Here f`+1 is a positive constant for all `.

Then

ω`+1


= α`+1 if ` > j

> α`+1 if ` = j

≥ α`+1 if ` < j.

(2.45)

Proof Recall from the proof of Lemma 4 that A′j+1 affects only polynomial pj . Also recall from the
proof of Lemma 5 that pj does not affect inequalities (2.43) for ` > j. So we conclude that ω`+1 = α`+1

for all ` > j.

We next prove ωj+1 > αj+1. For brevity, let s = tj+1 and recall that

αj+1 = 2− 1

α
,

where α = αj+2 · · · · · αs.

We distinguish two cases. If s < k, then formula (2.27) implies ωj+1 = 2 − 1/(α · αs+1), hence
ωj+1 > αj+1, as wanted. If s = k, then by the same formula 2 = ωj+1 and 2 > αj+1 so ωj+1 > αj+1

again follows.

The remaining inequalities in (2.43) follow by induction using the recursion formula (2.27).

Lemma 7. Suppose that tj+1 = j+2 for j = 1, . . . , k−1, in other words, tj+1 is the smallest possible.
Then in the inequalities (2.37) we have

αj+1 = 1 +
1

k − j
for j = 1, . . . , k − 1. (2.46)
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Proof We use induction. First suppose j = k − 1. Since pk−1 is of type 2, we see αj+1 = αk = 2, as
wanted. Next assume that 1 ≤ j < k − 1 and

αj+2 = 1 +
1

k − j − 1
.

By the recursion (2.27) we get

αj+1 = 2− 1

αj+2
= 1 +

1

k − j
,

completing the proof.

Proof of Theorem 1 The result follows from Lemmas 2 through 7. Precisely, by Lemma 2 variable
xk can be arbitrarily large in a strictly feasible solution of (P ′). By Lemma 4 we derive the polynomial
inequalities (2.20). From these in Lemma 5 we derive the clean inequalities (2.26) via the recursion
(2.27).

From the recursion (2.27) it directly follows that all αj+1 are at most 2. The lower bound on the
αj+1 is proved as follows: by Lemma 6 the αj+1 are monotone functions of the tail-indices tj+1. On
the other hand tj+1 ≥ j + 2 for all j by Lemma 3 and when tj+1 = j + 2 for all j, then by Lemma 7
we have αj+1 = 1 + 1/(k − j). The proof is now complete.

2.3 Computing the exponents by Fourier-Motzkin elimination

The recursion (2.27) gives a convenient way to compute the αj exponents. Equivalently, we can com-
pute the αj via the well known Fourier-Motzkin elimination algorithm, designed for linear inequalities;
this is an interesting contrast, since SDPs are highly nonlinear.

We do this as follows. If polynomial pj is of type 1, then we suppress the lower order terms to get

xjxtj+1
≥ constantx2j+1, (2.47)

see the last inequality in (2.42). If polynomial pj is of type 2, then we similarly suppress the lower
order terms to deduce

xj ≥ constantx2j+1. (2.48)

After this, since x1, . . . , xk are all positive, we rewrite the inequalities in terms of yj := log xj for all
j, then eliminate variables. For example, from the inequalites (2.11) we deduce

y1 + y3 ≥ 2y2

y2 + y4 ≥ 2y3

y3 ≥ 2y4.

(2.49)

We add 1
2 times the last inequality in (2.49) to the middle one to get

y2 ≥
3

2
y3. (2.50)

We then add 2
3 times (2.50) to the first inequality in (2.49) to get

y1 ≥
4

3
y2. (2.51)

Finally, (2.50), (2.51) and the last inequality in (2.49) translate back to the inequalities (2.12).
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3 When we do not even need a change of variables

As we previously discussed, the linear change of variables x←Mx is necessary to obtain a Khachiyan
type hierarchy among the variables. Nevertheless, in this section we show a natural SDP in which
large variables occur even without a change of variables; more precisely, the SDP is in the form of
(P ′). For completeness, we also revisit the example from [17], and show that the SDP therein is also
in the regular form of (P ′).

Given a univariate polynomial of even degree f(x) =
∑2n
i=0 aix

i we consider the problem of mini-
mizing f over R. We write this problem as

sup λ

s.t. f − λ ≥ 0.
(3.52)

We will show that in the natural SDP formulation of (3.52) exponentially large variables appear
naturally, although here by “exponentially large” we only mean in magnitude, not in size.

It is known that f − λ is nonnegative iff it is a sum of squares (SOS), that is, f =
∑t
i=1 g

2
i for a

positive integer t and polynomials gi.

Define the vector of monomials
z = (1, x, x2, . . . , xn)>.

Then f − λ is SOS if and only if (see [12, 15, 19, 28]) f − λ = zz> • Q for some Q � 0. Matching
monomials in f − λ and zz> •Q we translate (3.52) into the SDP

max −A0 •Q
s.t. Ai •Q = ai for i = 1, . . . , 2n

Q ∈ Sn+1
+ .

(3.53)

Here for all i ∈ {0, 1, . . . , 2n} the (k, `) element of the matrix Ai is 1 if k + ` = i + 2 for some
k, ` ∈ {1, . . . , n+ 1} and all other entries of Ai are zero.

The dual problem of (3.53) is

min
∑2n
i=1 aiyi

s.t.
∑2n
i=1 yiAi +A0 � 0,

(3.54)

whose constraints can be written as

1 y1 y2 . . . yn

y1 y2 . . . yn+1

y2 . . . yn+2

...
. . .

...

yn yn+1 yn+2 . . . y2n

 � 0.

Permuting rows and columns, this is equivalent to

y2n y2n−1 y2n−2 . . . yn

y2n−1 y2n−2 . . . yn−1

y2n−2 . . . yn−2
...

. . .
...

yn yn−1 yn−2 . . . 1

 � 0. (3.55)
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Let us rename the variables so the even numbered ones come first, and the rest come afterwards, as

x1 = y2n, x2 = y2n−2, . . . xn = y2;

xn+1 = y2n−1, xn+2 = y2n−3, . . . x2n = y1.

Then the constraints (3.55) become
2n∑
i=1

xiA
′
i +B′ � 0. (3.56)

Here the A′i for i = 1, . . . , n and B′ are defined as follows. In A′i the (k, `) and (`, k) entry is 1, if
k + ` = 2i and all other entries are zero. and the rest are zero. In B′ the lower right corner is 1 and
the other elements are zero.

For example, when n = 3 the constraints (3.56) look like

x1


1

0

0

0

+ x2


0 1

1

1 0

0

+ x3


0

0 1

1

1 0

+

6∑
i=4

xiA
′
i +B′ � 0.

Thus (A′1, A
′
2, . . . , A

′
n) is a regular facial reduction sequence and (3.56) is in the form of (P ′). The

tail-indices (cf. Definition 4) are tj+1 = j + 2 for j = 1, . . . , n − 1, hence we can derive the following
inequalities, just like we did in Lemma 4:

xjxj+2 ≥ x2j+1 for j = 1, . . . , n− 2; and xn−1 ≥ x2n.

Note that now the “δ” terms that appear in Lemma 4 are all zero, so we do not have to worry about
“making xk large.” Hence by Lemma 7 we deduce that

xj ≥ x
αj+1

j+1 for j = 1, . . . , n− 1

hold, where αj+1 = 1 + 1/(n− j) for all j.

We translate these inequalities back to the original yj variables, and obtain the following result:

Theorem 2. Suppose that y ∈ R2n is feasible in (3.54). Then

y2(n−j+1) ≥ y
1+1/(n−j)
2(n−j) for j = 1, . . . , n− 1.

Combining these inequalities we obtain

y2n ≥ yn2 .

Theorem 2 complements a result of Lasserre [12, Theorem 3.2], which states the following: if x̄ mini-
mizes the polynomial f(x) then

(y1, y2, . . . , y2n) = (x̄, x̄2, . . . , x̄2n)

is optimal in (3.54). On the one hand, Theorem 2 states bounds on all feasible solutions, on the other
hand, it does not specify an optimal solution.

For completeness, we next revisit an example of O’ Donnell in [17], and show how the SDP that
arises in there is in the regular form of (P ′).
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Example 4. We are given the polynomial with 2n variables

p(x, y) = p(x1, . . . , xn, y1, . . . , yn) = x1 + · · ·+ xn − 2y1

and the set K defined as

2x1y1 = y1, 2x2y2 = y2 . . . 2xnyn = yn

x21 = x1, x22 = x2 . . . x2n = xn

y21 = y2, y22 = y3 . . . y2n = 0.

Note that in the description of K the very last constraint y2n = 0 breaks the pattern seen in the previous
n− 1 columns. We ask the following question:

• Is p(x, y) ≥ 0 for all (x, y) ∈ K?

The answer is clearly yes, since for all (x, y) ∈ K we have x1, . . . , xn ∈ {0, 1} and y1 = · · · = yn = 0.

On the other hand, the sum of squares procedure verifies the “yes” answer as follows. Let

z = (1, x1, . . . , xn, y1, . . . , yn)>

be a vector of monomials, and find λ, µ, ν ∈ Rn and Q � 0 such that

p(x, y) = z>Qz + λ1(2x1y1 − y1) + µ1(x21 − x1) + ν1(y21 − y2)

+ λ2(2x2y2 − y2) + µ2(x22 − x2) + ν2(y22 − y3)
...

+ λn(2xnyn − yn) + µn(x2n − xn) + νn(y2n − 0)

(3.57)

Matching coefficients on the left and right hand side, [17] shows that any Q feasible in (3.57) must be
of the form

Q =



u1 0 . . . 0 0 −u2 . . . 0 0 0 0

0 u2 . . . 0 0
...

. . .
...

...
...

...
...

...
. . .

...
... 0 . . . −un−1 0 0 0

0 0 . . . un−1 0 0 . . . 0 −un 0 0

0 0 . . . 0 un 0 . . . 0 0 −2 0

−u2 . . . 0 0 0 1 . . . 0 0 0 0
...

. . .
...

...
...

...
. . .

...
...

...
...

0 . . . −un−1 0 0 0 . . . 1 0 0 0

0 . . . 0 −un 0 0 . . . 0 1 0 0

0 . . . 0 0 −2 0 . . . 0 0 1 0

0 . . . 0 0 0 0 . . . 0 0 0 0



(3.58)

for suitable u1, . . . , un. Looking at 2× 2 subdeterminants of Q we see that the ui satisfy

4 ≤ un, u2n ≤ un−1, . . . , u22 ≤ u1, (3.59)

which is the same as (Khachiyan), except we replaced the constant 2 by 4.
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Let us define Ek` to be the unit matrix in S2n+1 in which the (k, `) and (`, k) entries are 1 and the
rest zero. Define

A′1 = E11, A
′
i = Eii − Ei−1,n+i−1 for i = 2, . . . , n.

Then any Q feasible in (3.57) is written as

Q = u1A
′
1 + u2A

′
2 + · · ·+ unA

′
n +B′ � 0, (3.60)

for a suitable B′ (precisely, B′ = −2En,2n +
∑2n
i=2n+1Eii).

We see that (A′1, . . . , A
′
n) is a regular facial reduction sequence, thus the system (3.60) is in the

regular form of (P ′).

We remark that (3.60) arises by concatenating 2× 2 psd blocks of the form (1.1), then permuting
rows and columns. In other words, (3.60) is the exact representation of (Khachiyan) (apart from the
constant 2 being replaced by 4), that we discussed after Example 1.

Among followup papers of O’ Donnell [17] we should mention the work of Raghavendra and Weitz
[24] which gave SDPs which also have a sum-of-squares origin, and exponentially large solutions. It
would be interesting to see whether those SDPs are also in the normal form of (P ′).

4 Conclusion

We showed that large size solutions do not just appear as pathological examples in semidefinite pro-
grams, but are quite common: after a linear change of variables, they appear in every strictly feasible
SDP. As to “how large” they get, that depends on the singularity degree of a dual problem and the
so-called tail-indices of the constraint matrices. Further, large solutions naturally appear in SDPs that
come from minimizing a univariate polynomial, without any change of variables.

We also studied how to represent large solutions of SDPs in polynomial space. Our main tool was
the regularized semidefinite program (P ′). If (P) and (P ′) are strictly feasible, then in the latter we
can verify that a strictly feasible solution exists, without computing the actual values of the “large”
variables x1, . . . , xk : see Figure 2. Further, SDPs that arise from polynomial optimization (Section 3)
and the SDP that represents (Khachiyan) are naturally in the form of (P ′). Hence in these SDPs we
can also certify large solutions without computing their actual values.

Several questions remain open. For example, what can we say about large solutions in semidefinite
programs that are not strictly feasible? The discussion after Example 1 shows that we do not have a
complete answer.

Also, recall that we transform (P) into (P ′) by a linear change of variables (equivalent to operations
(1) and (2) in Definition 2) and a similarity transformation (operation (3) in Definition 2). The latter
has no effect on how large the variables are. We are thus led to the following question: are all SDPs
with exponentially large solutions in the form of (P ′) (perhaps after a similarity transformation)? In
other words, can we always certify large size solutions in SDPs using a regular facial reduction sequence?
Answering this question would help us answer the greater question: can we decide feasibility of SDPs
in polynomial time?
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