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Abstract

In this paper, we propose a new method for a class of difference-of-convex (DC) opti-

mization problems, whose objective is the sum of a smooth function and a possibly non-

prox-friendly DC function. The method sequentially solves subproblems constructed from a

quadratic approximation of the smooth function and a linear majorization of the concave part

of the DC function. We allow the subproblem to be solved inexactly, and propose a new

inexact rule to characterize the inexactness of the approximate solution. For several classical

algorithms applied to the subproblem, we derive practical termination criteria so as to obtain

solutions satisfying the inexact rule. We also present some convergence results for our method,

including the global subsequential convergence and a non-asymptotic complexity analysis. Fi-

nally, numerical experiments are conducted to illustrate the efficiency of our method.

1 Introduction

In this paper, we consider the following optimization problem

min
xPIRn

F pxq “ fpxq ` hpxq ´ gpxq, (1.1)

where f is a smooth function whose gradient ∇f is Lipschitz continuous with modulus L ą 0, h is a

proper closed convex function which is continuous on its domain and g is a real-valued continuous

convex function. We assume that F is level-bounded. Unlike many existing models arising from

compressed sensing, our focus is on the case in which h ´ g is not necessarily prox-friendly, i.e.,

one might not always expect that the proximal operator of h´ g is easy to compute. On the other

hand, h is assumed to be prox-friendly.

Problems of the form (1.1) could arise in applications such as statistics and machine learning,

in which f is a data-fidelity loss function and h ´ g is a difference-of-convex (DC) regularizer for

inducing sparsity in the solution; see, for example, [1, 10, 43]. Generally, many commonly used DC

regularizers in these application problems, such as `1´2 [43], smoothly clipped absolute deviation

(SCAD) [10] and minimax concave penalty (MCP) [45], are prox-friendly; see [13, 23, 27]. In

this case, variants of proximal gradient methods, such as the non-monotone proximal gradient

(NPG) method proposed in [41], can be directly applied for solving (1.1). However, when the DC

regularizer is taken as, for example, the truncated `1´2 regularizer proposed in [28], the proximal
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operator of h´ g does not have a closed-form expression. The above formulation can represent a

wide class of machine learning problems with regularization.

Another variety of problems of the form (1.1) come from the subproblem of the so-called

SDCAM method proposed in [25, Algorithm 1]. SDCAM is an iterative algorithm for a general

class of nonconvex nonsmooth optimization problems whose objective is the sum of a smooth

function and a finite number of prox-friendly regularization terms. The regularizer h ´ g in the

SDCAM subproblem solved in each iteration is in general not prox-friendly, since h corresponds

to some regularization term while g arises from the DC decomposition of the Moreau envelopes of

other regularization terms. To handle (1.1) with such a structure, in [25, Algorithm 2] the so-called

NPGmajor algorithm was proposed, which combines the NPG method with a linear majorization

technique applied to concave term ´g. Prior to NPGmajor, in [12], a proximal DC decomposition

algorithm (the so-called proximal DCA) was proposed for solving (1.1). It is equivalent to applying

the classical DC algorithm [37] to a specific DC decomposition of F . Based on the proximal DCA,

in [39] an algorithm named pDCAe was proposed to accelerate the proximal DCA under further

assumption on the convexity of f and some smoothness of g. Later in [24], a refined analysis

allows pDCAe to include the case when g is possibly nonsmooth, which is the general case for the

SDCAM subproblem in [25].

While most existing methods for (1.1) are variants of proximal gradient methods combined

with a majorization technique, there are few methods using a second-order approximation of the

smooth part f . However, for problem (1.1) with g “ 0, a large quantity of so-called successive

quadratic approximation (SQA) methods, in which second-order information of f is used, has been

proposed recently; see [5, 6, 9, 14, 16, 29, 31, 36] and see [3, 7, 11, 15, 18, 20, 21, 33, 35, 44] when

f is in addition convex. In the kth iteration of such an SQA method for (1.1) with g “ 0, one first

computes an (approximate) solution pz of the problem whose objective approximates the smooth

part f quadratically:

min
zPIRn

Fkpzq :“
@

∇fpxkq, z ´ xk
D

`
1

2
pz ´ xkqJBkpz ´ x

kq ` hpzq, (1.2)

where Bk is an approximate matrix of the Hessian ∇2fpxkq. Then the next iterate xk`1 is

obtained after performing a backtracking line search along the direction pz ´ xk. Different from

the subproblem of proximal gradient methods (in which Bk is a positive multiple of the identity),

the minimizer of (1.2) generally does not admit a closed-form solution. Consequently, an iterative

method is needed to find an inexact solution of (1.2), and some termination criterion should also be

specified to evaluate the quality of the inexact solution. Basically, a typical SQA method has three

main ingredients: the choice of the approximate Hessian matrix Bk, the solver for the subproblem

(1.2) and the inexact rule for the inexact solution of (1.2). For example, in [3], the focus was

put on proposing efficient algorithms for solving subproblem (1.2) when Bk has a structure of a

positive definite diagonal matrix plus or minus a low-rank term, and a practically efficient inexact

rule was proposed in [6] for L1 regularized problems. With proper choices on the three ingredients,

the numerical advantage of SQA methods over most first-order methods has been well noticed.

In view of the above, we are motivated to develop a new method for problem (1.1) that makes use

of second-order information of f . In this paper, we propose an inexact successive quadratic approx-

imation method with majorization (iSQAmajor) for solving (1.1), which incorporates a majorization

technique in a generic SQA method. Specifically, given xk P domh, we pick ξk`1 P Bgpxkq and an

approximate Hessian matrix Bk, and then approximately solve the following subproblem:

uk « arg min
z

Gkpzq :“
@

∇fpxkq ´ ξk`1, z ´ xk
D

`
1

2
pz ´ xkqJBkpz ´ x

kq ` hpzq. (1.3)

To guarantee sufficient decrease in the objective value, we perform a non-monotone line search

along the direction dk :“ uk ´ xk. Notice that our method is not just a simple extension of
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existing SQA methods to problems with DC regularizers. In fact, in iSQAmajor, we propose a new

inexact rule for the inexact solution of (1.3), which together with the line search guarantees global

subsequential convergence. On the other hand, for several efficient algorithms applied to (1.3), we

derive corresponding very cheaply implementable termination criteria each of which outputs an

inexact solution satisfying the inexact rule. We list the contributions of this paper as follows:

• We propose a new method (Algorithm 1) for DC problem (1.1), which allows for using

second-order information and solving the subproblem inexactly. In Algorithm 1, we give a

new inexact rule to measure the inexactness of solutions for the subproblem.

• For Algorithm 1, we provide a global convergence result (Theorem 3.3) and a non-asymptotic

complexity analysis (Theorem 3.10), in which the influence of inexact tolerance is quantified.

• We derive practical/cheap termination criteria for several classic algorithms applied to the

subproblem so as to obtain inexact solutions satisfying the inexact rule (see Lemma 4.1 and

Theorem 4.5). We also conduct numerical experiments to illustrate the efficiency of our

method.

The rest of paper is organized as follows. Notation and some preliminaries are given in Section 2.

In Section 3, we outline the inexact successive quadratic approximation method (iSQAmajor), in-

cluding a new inexact rule for the subproblem, and analyze some convergence properties of the

method. In Section 4, we consider practical implementation of the inexact rule for several clas-

sic methods. In Section 5, we present two practical choices of the approximate Hessian matrix.

Finally, preliminary numerical results are provided in Section 6.

2 Notation and preliminaries

Throughout this paper, matrices and vectors are written in bold uppercase letters and lowercase

letters, respectively. Let IRn denote the n-dimensional Euclidean space equipped with norm } ¨ }

induced by inner product x¨, ¨y. For x P IRn, we let }x}0 and }x}1 denote the `0 norm (number of

nonzero entries) and `1 norm, respectively. Let I denote the n-dimensional identity matrix. We

use Sn to denote the set of all n-dimensional symmetric matrices and Sn` (Sn``) to denote the

set of all n-dimensional positive semidefinite (definite) matrices. For A,B P Sn, we let A ľ B

(A ą B) denote A ´ B P Sn`pSn``q. Given A P Sn, we let λminpAq and λmaxpAq denote the

smallest eigenvalue and the largest eigenvalue of matrix A, respectively.

Given a nonempty closed set C, we let distpx, Cq :“ infyPC }x ´ y} and define the indicator

function δCp¨q as

δCpxq :“

#

0 if x P C,

8 otherwise.

An extended real-valued function h : IRn
Ñ IRY t8u is said to be proper if domh :“ tx : hpxq ă

8u ‰ H, and closed if it is lower semicontinuous. For a proper closed convex function h, we let h˚

denote the conjugate function of h. Following [32, Definition 1.22], for a proper closed function h

and parameter λ ą 0, we define the proximal mapping of λh at x as

proxλhpxq :“ arg min
uPIRn

"

1

2λ
}x´ u}2 ` hpuq

*

.

We call h “prox-friendly” if proxλhpxq is easy to compute for any λ ą 0; for example, hpxq “ }x}1.

Following [32, Definition 8.3], for a proper function h : IRn
Ñ IR Y t8u, we let Bhpxq denote the
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limiting subdifferential at x P domh, which is defined as

Bhpxq “

#

v : D vk Ñ v,xk
h
Ñ x with lim inf

yÑxk

y‰xk

hpyq ´ hpxkq ´ xvk,y ´ xky

}y ´ xk}
ě 0 @ k

+

,

where xk
h
Ñ x means xk Ñ x and hpxkq Ñ hpxq.

To end this section, we give the following definition of stationary points; see, for example, [13,

Remark 1] and [39, Definition 4.1].

Definition 2.1. (Stationarity) We say that sx is a stationary point of (1.1) if

0 P ∇fpsxq ` Bhpsxq ´ Bgpsxq.

3 Inexact successive quadratic approximation method with

majorization

In this section, we propose a new method for solving (1.1) and establish corresponding convergence

analysis. The idea of the new method is to combine a quadratic approximation of the smooth part f

with a linear majorization technique applied to the concave term´g. Specifically, given xk P domh,

we take ξk`1 P Bgpxkq, choose an approximate Hessian matrix Bk P Sn and approximately solve

the following problem:

uk « arg min
zPIRn

Gkpzq “
@

∇fpxkq ´ ξk`1, z ´ xk
D

`
1

2
pz ´ xkqJBkpz ´ x

kq ` hpzq. (3.1)

Notice that problem (3.1) reduces to the subproblem of NPGmajor proposed in [25, Algorithm 2]

when Bk “
1
γk
I for some stepsize γk ą 0. Nevertheless, our method is not a direct extension of

NPGmajor. Indeed, in each iteration of NPGmajor, one needs to solve the problem in (3.1) multiple

times for searching a final stepsize γk, while in our method the problem in (3.1) is solved only once

and inexactly, due to the high computational cost for solving (3.1) with general Bk.

Next, we consider the criterion (inexact rule) for accepting an inexact solution uk in (3.1). In

case of g “ 0 (thus ξk`1 “ 0) and Bk ą 0, various inexact rules for solving the problem in (3.1)

have been proposed; see, for example, [16, 18, 21, 29, 34, 44]. Among them, typical inexact rules

include
›

›uk ´ proxαh
`

uk ´ α
`

∇fpxkq `Bkpu
k ´ xkq

˘˘
›

› ď θk
›

›xk ´ proxαhpx
k ´ α∇fpxkqq

›

›,

Gkpu
kq ´G˚k ď τk

`

Gkpx
kq ´G˚k

˘

,

Gkpu
kq ´G˚k ď νk,

(3.2)

where G˚k denotes the optimal value of the problem in (3.1), α ą 0, and θk, τk and νk are some

non-negative parameters. All the inexact rules in (3.2) basically correspond to some approximate

optimality conditions of uk with tolerance controlled by these parameters. Practical implemen-

tation of these rules is generally expensive or even unavailable, due to the extra computation of

proximal operators or the difficulty of finding a global minimum G˚k .

In view of the above, we propose the following inexact rule to characterize the inexactness of

uk in (3.1) with tolerance εk ą 0:

dist
`

0, BGkpu
kq
˘

ď εk }u
k ´ xk}. (3.3)

As we can see later in Section 4, inexact rule (3.3) can be efficiently implemented when (3.1) is

solved by several classical methods. On the other hand, due to the existence of term }uk ´ xk} in

(3.3), tolerance εk is not required to diminish to zero, which will be shown later.
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As long as some uk satisfying (3.3) is obtained from (3.1), to guarantee sufficient decrease in

the objective value of (1.1), we take a backtracking line search along direction dk “ uk ´ xk.

Specifically, we consider three variants of line-search methods, which naturally extend existing

line-search schemes to our setting by taking the DC regularizer into account and incorporating

a non-monotone line-search technique. Namely, when applied to g “ 0 in (1.1) and taking a

monotone scheme (i.e., setting M “ 0 below), our line-search methods reduce to corresponding

existing schemes.

Let σ P p0, 1q, β P p0, 1q and integer M ě 0. Our first line-search method is an extension of the

one given, for instance, in [16] and [38]. It finds the largest element αk of tα “ βi : i “ 0, 1, . . .u

satisfying

F pxk ` αdkq ď max
rk´Ms`ďjďk

F pxjq ` σα4k,1, (LS1)

where 4k,1 :“
@

∇fpxkq ´ ξk`1, dk
D

` hpukq ´ hpxkq.1 Our second line-search method follows

as an extension of the one used, for instance, in [6] and [44]. It finds the largest element αk of

tα “ βi : i “ 0, 1, . . .u satisfying

F pxk ` αdkq ď max
rk´Ms`ďjďk

F pxjq ` σ4kpαq, (LS2)

where 4kpαq :“ α
@

∇fpxkq ´ ξk`1, dk
D

` hpxk ` αdkq ´ hpxkq.2 Our third line-search method

extends the one in [41]. It finds the largest element αk of tα “ βi : i “ 0, 1, . . .u satisfying

F pxk ` αdkq ď max
rk´Ms`ďjďk

F pxjq ´ σα}dk}
2. (LS3)

The types of line search (LS1) and (LS2) are commonly used in SQA methods, while the type of

line search (LS3) is generally used in first-order methods. Our method allows a free choice of these

three line-search methods, and a unifying convergence analysis will be given.

Now we are ready to present our method for solving (1.1) as follows. We call it an inexact

successive quadratic approximation method with majorization (iSQAmajor) .

Algorithm 1 iSQAmajor for solving (1.1)

Step 0. Let x0 P domh, β P p0, 1q, σ P p0, 1q, integer M ě 0 and positive sequence tεku. Set

k “ 0.

Step 1. Choose Bk P Sn and ξk`1 P Bgpxkq. Approximately minimize Gk in (3.1), starting

at xk and terminating at uk when uk satisfies (3.3).

Step 2. Let dk “ u
k ´xk. Find the largest αk P tβ

i : i “ 0, 1, . . . u such that (LS1) or (LS2)

or (LS3) holds with α “ αk.

Step 3. Set xk`1 “ xk ` αkdk and k Ð k ` 1. Go to Step 1.

Before analyzing Algorithm 1, throughout this paper, we make the following blanket assumption

on the choice of Bk.

Assumption 3.1. For each k ě 0, we choose Bk ą 0.

1As shown later in (A.4), we have 4k,1 ď 0 under some condition given in Lemma 3.2.
2As shown in (A.2), we have 4kpαq ď α4k,1 ď 0 under some condition given in Lemma 3.2.
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3.1 Well-definedness of line search and subsequential convergence

In this subsection, we analyze the convergence properties of Algorithm 1. First, we show that

under proper choices of Bk, each of the three variants of line search in Step 2 of Algorithm 1 is

well-defined, i.e., each line-search criterion, (LS1) or (LS2) or (LS3), will be satisfied after finitely

many number of backtracking line-search steps. The proof can be found in Appendix A.

Lemma 3.2. (Well-definedness of line search in Algorithm 1) If λminpBkq ´ εk ą 0, then (LS1)

and (LS2) are satisfied with α “ αk after finite steps of line search; if λminpBkq ´ εk ą σ, then

(LS3) is satisfied with α “ αk after finite steps of line search. Furthermore,

αk ě

#

min t1, 2βp1´ σqpλminpBkq ´ εkq{Lu for (LS1), (LS2) when λminpBkq ą εk,

min t1, 2βpλminpBkq ´ εk ´ σq{Lu for (LS3) when λminpBkq ´ εk ą σ.
(3.4)

Now, based on Lemma 3.2, we establish the global subsequential convergence of Algorithm 1.

The proof can be found in Appendix B.

Theorem 3.3. (Subsequential convergence) Let sequence txku be generated by Algorithm 1. Sup-

pose that tBku is bounded. Let δ :“ infk pλminpBkq ´ εkq. If δ ą 0 in case of (LS1) or (LS2), or

δ ą σ in case of (LS3), then the following statements hold.

(i) The sequence txku is bounded.

(ii) limkÑ8 }x
k`1 ´ xk} “ 0.

(iii) Any accumulation point of txku is a stationary point of (1.1).

Remark 3.4. (Assumption on δ) In Theorem 3.3, the assumptions on δ require that εk is uniformly

smaller or uniformly σ smaller than λminpBkq. Since there is much freedom on the choices of

sequences tBku and tεku, the assumptions on δ can be achieved by properly choosing each Bk first

and setting σ and εk subsequently. For example, when tBku is constructed as in [3, 29], it has

been shown that there exists some κ ą 0 such that infkpλminpBkqq ą κ. Therefore, we can set

σ P p0, mint1, κuq and supk εk ă κ´ σ.

Remark 3.5. (On Assumption 3.1) Though we assume Bk ą 0 throughout the paper, we can obtain

similar convergence results as in Section 3.1 by allowing Bk to have negative eigenvalues when h

is strongly convex. Indeed, in case of λminpBkq ă 0 but λminpBkq is not too negative compared

with the modulus of strong convexity of h and the inexact tolerance εk, the well-definedness of line

search and subsequential convergence still hold. Specific example of strongly convex h is the elastic

net regularizer, i.e., hpxq “ λ1}x}1 ` λ2}x}
2 with λ1 ą 0 and λ2 ą 0.

3.2 Non-asymptotic complexity analysis

In this subsection, we provide a non-asymptotic analysis of the sequence txku generated by Al-

gorithm 1. For this purpose, we first let xkBk
denote the exact solution of subproblem (3.1) for

Bk ą 0:

xkBk
:“ arg min

zPIRn
Gkpzq “

"

@

∇fpxkq ´ ξk`1, z ´ xk
D

`
1

2
pz ´ xkqJBkpz ´ x

kq ` hpzq

*

. (3.5)

Especially, when Bk “ I, we let

xkI :“ arg min
zPIRn

"

@

∇fpxkq ´ ξk`1, z ´ xk
D

`
1

2
}z ´ xk}2 ` hpzq

*

. (3.6)
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Now, we define the following indicator of closeness to the first-order optimality condition for se-

quence txku:

Rk :“ }xkI ´ x
k}. (3.7)

The indicator Rk can be regarded as an extension of the so-called residual function proposed in

[26]. Indeed, we can further write Rk as

Rk “
›

›xk ´ proxh
`

xk ´
`

∇fpxkq ´ ξk`1
˘˘
›

› ,

which reduces to be the residual function given in [26] when g “ 0 (thus ξk`1 “ 0). The indicator

Rk can also be viewed as a natural extension of the indicator in [16], in which problem (1.1) with

g “ 0 was considered. We use Rk as a measure of closeness to the first-order optimality condition

for xk by the reason of the following lemma, which is similar to [16, Lemma 7]. The proof of the

lemma can be found in Appendix C.

Lemma 3.6. Let xkI be defined as in (3.6). If xkI “ x
k, then xk is a stationary point of (1.1). If

xk is a stationary point of (1.1) and Bgpxkq is a singleton, then we have xkI “ x
k.

Next, based on Rk, we define the following approximate ε-stationary point.

Definition 3.7. (Approximate ε-stationary point) Given ε ą 0, we say that an approximate

ε-stationary point of (1.1) is obtained from Algorithm 1 if there exists some N ě 0 such that

min
0ďkďN

R2
k ď ε. (3.8)

In the remaining part of this subsection, we derive the iteration number N needed to obtain

an approximate ε-stationary point. We start by bounding Rk in the lemma below, which follows

directly from [38, Lemma 3].

Lemma 3.8. Let xkBk
be defined as in (3.5) with Bk ą 0 and Rk be defined as in (3.7). Then we

have

Rk ď
1` 1{λminpBkq `

a

1´ 2{λmaxpBkq ` 1{λ2
minpBkq

2
λmaxpBkq

›

›xkBk
´ xk

›

› . (3.9)

In the following lemma, we can further bound the right-hand side of (3.9) by the searching

direction dk “ u
k ´ xk.

Lemma 3.9. Suppose that λminpBkq ě εk. Let xkBk
be defined as in (3.5). Then we have

›

›xkBk
´ xk

›

› ď 2 }dk} . (3.10)

Proof. First, we see from (3.3) that there exists some wk satisfying }wk} ď εk}u
k ´ xk} and

wk P BGkpu
kq “ ∇fpxkq ´ ξk`1 `Bkpu

k ´ xkq ` Bhpukq. (3.11)

On the other hand, we know from the optimality of xkBk
in (3.5) that

0 P BGkpx
k
Bk
q “ ∇fpxkq ´ ξk`1 `Bk

`

xkBk
´ xk

˘

` BhpxkBk
q. (3.12)

We further rewrite (3.11) and (3.12) as, respectively,

wk ´∇fpxkq ` ξk`1 ´Bkpu
k ´ xkq P Bhpukq,

´∇fpxkq ` ξk`1 ´Bk

`

xkBk
´ xk

˘

P BhpxkBk
q.
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Applying the monotonicity of operator Bh to above inclusions, we further obtain

0 ď xwk ´Bkpu
k ´ xkBk

q, uk ´ xkBk
y

“ xwk, u
k ´ xkBk

y ´
`

uk ´ xkBk

˘J
Bk

`

uk ´ xkBk

˘

ď εk
›

›uk ´ xk
›

›

›

›uk ´ xkBk

›

›´ λminpBkq
›

›uk ´ xkBk

›

›

2

ď λminpBkq
›

›uk ´ xk
›

›

›

›uk ´ xkBk

›

›´ λminpBkq
›

›uk ´ xkBk

›

›

2
,

where the second inequality follows from }wk} ď εk}u
k ´ xk} and the last inequality follows from

εk ď λminpBkq. This implies that

›

›uk ´ xkBk

›

› ď
›

›uk ´ xk
›

› ,

which further gives

›

›xkBk
´ xk

›

› ď
›

›uk ´ xkBk

›

›`
›

›uk ´ xk
›

› ď 2
›

›uk ´ xk
›

› “ 2}dk}.

This proves (3.10) and completes the proof.

Now we are ready to present the iteration complexity of obtaining an approximate ε-stationary

point as defined in (3.8). In the following theorem, we first bound Rk by a quantity related to

several parameters including the inexact tolerance εk, and then establish the iteration complexity.

Theorem 3.10. Let sequence txku be generated by Algorithm 1 with M “ 0. Suppose that for all

k it holds that

λminpBkq ´ εk ą

#

0 for (LS1) and (LS2),

σ for (LS3).
(3.13)

Let F˚ denote the minimum of F and

ck :“
σpλminpBkq ´ εkqmin t1, 2βp1´ σq pλminpBkq ´ εkq {Lu

λ2
maxpBkq

´

1` 1{λminpBkq `
a

1´ 2{λmaxpBkq ` 1{λ2
minpBkq

¯2 , (3.14a)

θk :“
σmin t1, 2βpλminpBkq ´ εk ´ σq{Lu

λ2
maxpBkq

´

1` 1{λminpBkq `
a

1´ 2{λmaxpBkq ` 1{λ2
minpBkq

¯2 . (3.14b)

Then we have for any N ě 0 that

min
0ďkďN

R2
k ď

#

`

F px0q ´ F˚
˘

{
řN
k“0 ck for (LS1) and (LS2),

`

F px0q ´ F˚
˘

{
řN
k“0 θk for (LS3).

(3.15)

In particular, if (3.13) holds with λminpBkq ´ εk replaced by infk pλminpBkq ´ εkq and tBku is

bounded, then the iteration complexity of obtaining an approximate ε-stationary point defined as

in (3.8) is N “ Opε´1q.

Proof. First, we see from assumption (3.13) that (3.4) holds:

αk ě

#

min t1, 2βp1´ σq pλminpBkq ´ εkq {Lu for (LS1) and (LS2),

min t1, 2βpλminpBkq ´ εk ´ σq{Lu for (LS3).
(3.16)

Now we define two parameters based on (3.16):

pαk1 :“ pλminpBkq ´ εkqmin t1, 2βp1´ σq pλminpBkq ´ εkq {Lu ,

pαk2 :“ min t1, 2βpλminpBkq ´ εk ´ σq{Lu .
(3.17)

8



Using (3.16) and (3.17), we further obtain

F pxk`1q “ F pxk ` αkdkq
paq
ď F pxkq `

$

’

’

’

’

&

’

’

’

’

%

σαk4k,1

pbq
ď ´σpαk1}dk}

2 for (LS1),

σ4kpαkq
pcq
ď σαk4k,1 ď ´σpα

k
1}dk}

2 for (LS2),

´σαk}dk}
2
pdq
ď ´σpαk2}dk}

2 for (LS3).

(3.18)

where (a) follows from M “ 0, (b) follows from 4k,1 ď ´pλminpBkq ´ εkq}dk}
2 (see (A.4)), the

definition of pαk1 in (3.17) and the first inequality in (3.16), (c) follows from 4kpαq ď α4k,1 (due

to (A.2) for α P p0, 1s), and (d) follows from (3.16) and (3.17). Now we define another parameter

βk :“ λmaxpBkq

´

1` 1{λminpBkq `

b

1´ 2{λmaxpBkq ` 1{λ2
minpBkq

¯

. (3.19)

Furthermore, we have

R2
k ď

β2
k

4

›

›xkBk
´ xk

›

›

2
ď β2

k }dk}
2
ď

#

β2
k{pσpα

k
1q
`

F pxkq ´ F pxk`1q
˘

for (LS1) and (LS2),

β2
k{pσpα

k
2q
`

F pxkq ´ F pxk`1q
˘

for (LS3),
(3.20)

where the first inequality follows from (3.9) and (3.19), the second inequality follows from (3.10),

and the last inequalities follow from (3.18). We further see from (3.14a), (3.14b), (3.17), (3.19)

and (3.20) that

for (LS1) and (LS2), ckR
2
k “ pσpα

k
1{β

2
kqR

2
k

for (LS3), θkR
2
k “ pσpα

k
2{β

2
kqR

2
k

+

ď F pxkq ´ F pxk`1q. (3.21)

Now for anyN ě 0, in case of (LS1) or (LS2), we sum the first inequality in (3.21) for k “ 0, 1, . . . , N

and obtain

´

min
0ďkďN

R2
k

¯´

N
ÿ

k“0

ck

¯

ď

N
ÿ

k“0

ck R
2
k ď

N
ÿ

k“0

`

F pxkq ´ F pxk`1q
˘

“ F px0q ´ F pxN`1q ď F px0q ´ F˚.

We rearrange this and obtain the first inequality in (3.15). Similarly, in case of (LS3), we can

obtain another inequality in (3.15).

Moreover, if infk λminpBkq ´ εk ą 0 in case of (LS1) and (LS2), and infk λminpBkq ´ εk ą σ in

case of (LS3), we have infk ck ą 0 and infk θk ą 0, respectively. This together with (3.15) gives

min
0ďkďN

R2
k ď

#

`

F px0q ´ F˚
˘

{ ppN ` 1q infk ckq for (LS1) and (LS2),
`

F px0q ´ F˚
˘

{ ppN ` 1q infk θkq for (LS3),

which further implies that (3.8) is guaranteed when N “ Opε´1q. This completes the proof.

Remark 3.11. As we can see from Theorem 3.10, the iteration complexity Opε´1q is guaran-

teed when the inexact tolerance εk in comparison with λminpBkq is uniformly smaller than some

threshold, but does not need to diminish to zero.

4 Towards implementation of methods for subproblem

In this section, we consider the implementation of subproblem (3.1) for obtaining an inexact

solution uk satisfying (3.3). Our emphasis in this section is not put on the guidance of choosing

solvers for subproblem (3.1). Instead, we focus on achieving an inexact solution uk satisfying (3.3)

by seeking a practical/cheap termination criterion for each solver.

9



First, we rewrite the kth subproblem (3.1) as follows:

min
zPIRn

Gkpzq “
@

∇fpxkq ´ ξk`1, z ´ xk
D

`
1

2
pz ´ xkqJBkpz ´ x

kq
looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

φpzq

`hpzq. (4.1)

Here, since Bk is positive definite, due to the structure of (4.1), various optimization methods can

be applied. In the following, we consider two typical classes of methods among them, and propose

corresponding proper termination criterion for each method.

4.1 Accelerated proximal gradient methods

Since φ is strongly convex and smooth and h is prox-friendly, variants of accelerated proximal

gradient methods can be directly applied to (4.1). One famous such algorithm is the so-called

FISTA proposed in [8]. We apply FISTA to (4.1) with initialization at xk: let y1 “ z0 “ xk, set

θ1 “ 1 and for ` “ 1, 2, . . ., let

$

’

’

’

’

’

&

’

’

’

’

’

%

z` “ prox 1
Lφ

h

`

y` ´∇φpy`q{Lφ
˘

,

θ``1 “
1`

a

1` 4θ2
`

2
,

y``1 “ z` `
θ` ´ 1

θ``1
pz` ´ z`´1q,

(FISTA)

where Lφ “ λmaxpBkq is a Lipschitz constant of ∇φ. It has been known that (FISTA) achieves

the sublinear convergence rate; see [8, Theorem 4.4]. Another variant of accelerated proximal

gradient method given in [2, page 302], called V-FISTA, exhibits linear convergence rate; see [2,

Theorem 10.42]. Given y1 “ z0 “ xk, the iterates of V-FISTA applied to (4.1) are as follows:

$

’

&

’

%

z` “ prox 1
Lφ

h

`

y` ´∇φpy`q{Lφ
˘

,

y``1 “ z` `

?
κ´ 1

?
κ` 1

pz` ´ z`´1q,
(V-FISTA)

where κ “
Lφ
σφ

with Lφ “ λmaxpBkq and σφ “ λminpBkq.

As mentioned at the beginning of this section, we aim for achieving an inexact solution uk

satisfying (3.3). To this purpose, we propose the following termination criterion for both (FISTA)

and (V-FISTA). Specifically, we terminate (FISTA) and (V-FISTA) and set uk “ z` if z` satisfies

›

›z` ´ y`
›

› ď
εk

2Lφ

›

›z` ´ z0
›

› , (4.2)

where εk is the inexact tolerance in (3.3). Before showing that the output uk satisfies inexact rule

(3.3), we take a look at termination criterion (4.2). The left-hand side of (4.2) can also be written

as 1
Lφ
}M

Lφ
φ,hpy

`q}, where M
Lφ
φ,hpy

`q is the gradient mapping at y`; see the definition of gradient

mapping in [2, Definition 10.5]. Consequently, termination criterion (4.2) can be rewritten as

}M
Lφ
φ,hpy

`q} ď
εk
2

›

›z` ´ z0
›

›. On the other hand, checking stopping criterion (4.2) does not need

further computational cost. Indeed, y` and z` are the quantities already obtained in the iterates.

Now, we show that termination criterion (4.2) outputs a solution uk “ z` satisfying inexact

rule (3.3).

Lemma 4.1. (Guarantee of inexact rule) Suppose that Bk ą 0. Let z
s` be the output of (FISTA)

and (V-FISTA) with termination criterion (4.2). Then inexact rule (3.3) holds with uk “ z
s`.
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Proof. For both (FISTA) and (V-FISTA), we see from the update of z` and termination criterion

(4.2) that

z
s` “ prox 1

Lφ
h

´

y
s` ´∇φpys`q{Lφ

¯

, (4.3)

›

›z
s` ´ y

s`
›

› ď
εk

2Lφ

›

›z
s` ´ z0

›

› “
εk

2Lφ

›

›uk ´ xk
›

›, (4.4)

where the last equality follows from z0 “ xk and uk “ z
s`. Let wk “ y

s` ´ z
s`. We then have

Lφwk ´∇φpzs` `wkq “ Lφ
`

y
s` ´ z

s`
˘

´∇φpys`q “ Lφ

´

y
s` ´∇φpys`q{Lφ ´ z

s`
¯

P Bhpz
s`q “ Bhpukq,

where the inclusion follows from the optimality condition of the corresponding optimization prob-

lem in (4.3). Furthermore, by using this and BGk “ ∇φ` Bh, we have

dist
`

0, BGkpu
kq
˘

ď
›

›∇φpukq ` Lφwk ´∇φpzs` `wkq
›

› “
›

›∇φpukq ` Lφwk ´∇φpuk `wkq
›

›

ď
›

›∇φpukq ´∇φpuk `wkq
›

›` Lφ}wk} ď 2Lφ}wk} “ 2Lφ
›

›z
s` ´ y

s`
›

› ď εk }u
k ´ xk},

where the third inequality follows from the Lφ-smoothness of φ and the last inequality follows from

(4.4). This completes the proof.

Still, we need to show that (4.2) is a well-defined termination criterion, i.e., it can be achieved

after finitely many number of iterations. In the following, specifically, we establish the iteration

complexity of (FISTA) and (V-FISTA) for obtaining a solution satisfying termination criterion

(4.2). The proof can be found in Appendix D.

Theorem 4.2. (Iteration complexity of (FISTA) and (V-FISTA)) Suppose that Bk ą 0. Let z˚

be the optimal solution of (4.1) and

κ :“
λmaxpBkq

λminpBkq
, τ :“

´

1´
1
?
κ

¯´ 1
2

, c1 :“ 2
?
κ, c2 :“

d

2 pGkpxkq ´Gkpz˚qq

λminpBkq
` }xk ´ z˚}

2
.

(4.5)

Suppose that xk ‰ z˚. Then the termination criterion (4.2) for (FISTA) is satisfied whenever

` ě max

"

2, c1,
c1
2
`

4c1Lφ
εk

`

d

pc1 ´ 2q2

4
`

4c1Lφpc1 ` 2q

εk
`

16c21L
2
φ

ε2k

*

, (4.6)

and the termination criterion (4.2) for (V-FISTA) is satisfied whenever

` ě max

"

2, 1` logτ
c2

}z0 ´ z˚}
, logτ

c2
`

εk ` 8Lφτ
2
˘

εk}z0 ´ z˚}

*

. (4.7)

Remark 4.3. It has been known from [8, Theorem 4.4] and [2, Theorem 10.42] that in case of

Bk ą 0 the iteration complexity of (FISTA) and (V-FISTA) is sub-linear and linear, respectively,

which has the same complexity order as that in Theorem 4.2. However, in [8, Theorem 4.4] and [2,

Theorem 10.42], the complexity is measured by the distance to the optimal function value, while in

Theorem 4.2 our complexity is measured by using the termination criterion (4.2). Moreover, when

xk “ z˚, we have z1 “ y1 “ xk for both (FISTA) and (V-FISTA), and termination criterion

(4.2) is satisfied after one iteration.

Remark 4.4. (Inexact tolerance and outer/inner iteration complexity) On one hand, we know
from (3.14a) and the first inequality of (3.15) in Theorem 3.10 that in case of λminpBkq ą εk and
line search (LS1) or (LS2) in Algorithm 1, it holds that

min
0ďkďN

R2
k ď

F px0
q ´ F˚

řN
k“0 ck

with ck :“
σpλminpBkq ´ εkqmin t1, 2βp1´ σq pλminpBkq ´ εkq {Lu

λ2
maxpBkq

´

1` 1{λminpBkq `
a

1´ 2{λmaxpBkq ` 1{λ2
minpBkq

¯2 .
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This implies that an approximate ε-stationary point defined as in (3.8), i.e., min0ďkďN R2
k ď ε, is obtained

whenever N
ÿ

k“0

ck ě
F px0

q ´ F˚

ε
. (4.8)

Note that smaller εk implies larger ck. This together with (4.8) further implies that to obtain an approximate

ε-stationary point, smaller inexact tolerance εk potentially leads to fewer outer iteration number N .

On the other hand, we see from (4.6) and (4.7) in Theorem 4.2 that for both (FISTA) and (V-FISTA),

smaller inexact tolerance εk potentially leads to more inner iteration number `. Nevertheless, it is difficult

to properly characterize optimal choices of εk. Indeed, as we can see from (4.7), the inner iteration number

in kth outer iterate also depends on xk (z0
“ xk and c2 also depends on xk) which is implicitly influenced

by previous εk´1, εk´2, . . .. Consequently, all optimal εks are not independent.

4.2 A semismooth Newton augmented Lagrangian method

Due to the positive definiteness of Bk, we can decompose Bk “ A
JA and rewrite (4.1) as

min
vPIRn

Gkpvq “
@

∇fpxkq ´ ξk`1, v
D

`
1

2

›

›Apv ´ xkq
›

›

2
` hpvq. (4.9)

For simplicity of notation, we define

c :“ ´∇fpxkq ` ξk`1, ψpyq :“
1

2
}y ´Axk}2.

Then problem (4.9) can be equivalently written as

max
vPIRn

´tGkpvq “ ψpAvq ´ xc, vy ` hpvqu , (4.10)

whose dual problem is

min
y, z

ψ˚pyq ` h˚pzq s.t. AJy ` z “ c. (4.11)

Consequently, a semismooth Newton augmented Lagrangian (SSNAL) method in [22, Section 3] can

be applied for solving (4.10) and (4.11). In this subsection, we first briefly revisit the SSNAL method

and then propose a practical/implementable termination criterion for the method to achieve an

inexact solution uk satisfying (3.3).

First, given σ ą 0, the augmented Lagrangian function associated with (4.11) is defined as

Lσpy, z; wq :“ ψ˚pyq ` h˚pzq ´ xw, AJy ` z ´ cy `
σ

2

›

›AJy ` z ´ c
›

›

2
.

The SSNAL method in [22, Section 3] contains the outer algorithm [22, Algorithm SSNAL] and the

inner algorithm [22, Algorithm SSN]. Let w0 “ xk. Given sequence tσtu Ò 8. The iterates of outer

algorithm [22, Algorithm SSNAL] applied to (4.11) are as follows:

#

pyt`1, zt`1q « arg min
 

Φtpy, zq :“ Lσtpy, z; wtq
(

,

wt`1 “ wt ´ σtpA
Jyt`1 ` zt`1 ´ cq,

(SSNAL)

where “«” means that for some summable non-negative sequence tµtu, i.e.,
ř8

t“0 µt ă 8, approx-

imate solution pyt`1, zt`1q satisfies

Φtpy
t`1, zt`1q ´ inf Φt ď µ2

t {2σt. (4.12)

To obtain such an approximate solution, we first define

ϕtpyq :“ inf
z

Φtpy, zq “ ψ˚pyq ´
}wt}2

2σt
` inf

z

"

h˚pzq `
σt
2

›

›

›
AJy ` z ´ c´

wt

σt

›

›

›

2
*

. (4.13)
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By [32, Theorem 2.26], it holds that

∇ϕtpyq “ ∇ψ˚pyq ` σtA
´

AJy ` proxh˚{σtpc`w
t{σt ´A

Jyq ´ c´wt{σt

¯

“ y `Axk ´Aproxσth
`

wt ´ σtpA
Jy ´ cq

˘

,

where the last equation follows from the generalized Moreau decomposition. Next, the inner

algorithm [22, Algorithm SSN] is applied for solving equation ∇ϕtpyq “ 0, and terminates at some

yt`1 satisfying

}∇ϕtpyt`1q} ď µt{
?
σt. (4.14)

We know from [22, Theorem 3.6] that if proxσhp¨q is strongly semismooth, criterion (4.14) is well-

defined. Furthermore, zt`1 is obtained by

zt`1 “ arg min
z

Φtpy
t`1, zq “ arg min

z

"

h˚pzq `
σt
2

›

›

›
AJyt`1 ` z ´ c´

wt

σt

›

›

›

2
*

“ proxh˚{σtpc`w
t{σt ´A

Jyt`1q.

(4.15)

Indeed, it has been indicated in [22, Section 3.2] that pyt`1, zt`1q obtained from above (i.e., yt`1

satisfies (4.14) and zt`1 from (4.15)) satisfies criterion (4.12).

As mentioned at the beginning of this section, we focus on achieving an inexact solution uk

satisfying (3.3). To this end, we propose an implementable termination criterion for (SSNAL).

Specifically, we terminate (SSNAL) and set uk “ wt`1 if wt`1 satisfies

›

›

›

wt ´wt`1

σt
´AJ∇ϕtpyt`1q

›

›

›
ď εk}w

t`1 ´ xk}, (4.16)

where εk is the inexact tolerance in (3.3). As one can see, checking termination criterion (4.16)

does not involve further computational cost. Indeed, ∇ϕtpyt`1q is the quantity already computed

in the termination criterion (4.14) of the inner algorithm.

Now, we show that termination criterion (4.16) is well-defined, and it outputs a solution uk “

wt`1 satisfying inexact rule (3.3).

Theorem 4.5. Let sequence tpyt, zt, wtqu be generated by (SSNAL) with the inner algorithm

terminated by (4.14). Suppose that w0 is not the optimal solution of (4.1). Then termination

criterion (4.16) is well-defined. Let wst`1 be the output of (SSNAL) with termination criterion

(4.16). Then inexact rule (3.3) holds for uk “ wst`1.

Proof. First, we prove the well-definedness of termination criterion (4.16). Since h is convex, ψ is

strongly convex and ∇ψ is Lipschitz continuous with Lipschitz constant 1, by [22, Theorem 3.2],

we have that twtu converges to the optimal solution of (4.1), say z˚. This together with (4.14)

and σt Ñ8 gives

›

›

›

wt ´wt`1

σt
´AJ∇ϕtpyt`1q

›

›

›
ď
}wt ´wt`1}

σt
` }A}}∇ϕtpyt`1q} Ñ 0. (4.17)

Since xk “ w0 ‰ z˚, we then know from wt Ñ z˚ that there exists some τ ą 0 such that when t

is large enough, we have }wt`1´xk} ą τ . This together with (4.17) implies that (4.16) is satisfied

when t is large enough. This proves the well-definedness of (4.16).

Now we prove that inexact rule (3.3) holds for uk “ wst`1. First, we see from the w-update in

(SSNAL) and (4.15) that

zt`1 “ proxh˚{σtpc`w
t{σt ´A

Jyt`1q “ proxh˚{σtpz
t`1 `wt`1{σtq.
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Using the optimality condition of the optimization problem involved in the second proximal term

above, we further have wt`1 P Bh˚pzt`1q, which together with the convexity of h implies

zt`1 P Bhpwt`1q. (4.18)

On the other hand, we see from (4.13) that

∇ϕtpyt`1q “ ∇ψ˚pyt`1q ` σtA
´

AJyt`1 ` proxh˚{σtpc`w
t{σt ´A

Jyt`1q ´ c´wt{σt

¯

“ yt`1 `Axk ` σtA
`

AJyt`1 ` zt`1 ´ c´wt{σt
˘

“ yt`1 `Axk ´Awt`1,

(4.19)

where the second equality follows from (4.15) and the last equality follows from w-update in

(SSNAL). We combine (4.18) with (4.19) to obtain

BGkpw
t`1q Q zt`1 `AJApwt`1 ´ xkq ´ c “ zt`1 `AJpyt`1 ´∇ϕtpyt`1qq ´ c

“ AJyt`1 ` zt`1 ´ c´AJ∇ϕtpyt`1q “
wt ´wt`1

σt
´AJ∇ϕtpyt`1q,

(4.20)

where the last equality follows from w-update in (SSNAL). We then see from (4.20) that

dist
`

0, BGkpw
t`1q

˘

ď
›

›

wt ´wt`1

σt
´AJ∇ϕtpyt`1q

›

›. (4.21)

By assumption, we know that (4.16) holds with t “ st, which together with (4.21) implies that

dist
´

0, BGkpw
st`1q

¯

ď εk}w
st`1 ´ xk}.

This completes the proof.

Remark 4.6. In Theorem 4.5, if xk “ w0 is the optimal solution of (4.1), we know from the

optimality condition of (4.1) that 0 P ∇fpxkq ´ ξk`1 ` Bhpxkq. This together with ξk`1 P Bgpxkq

implies that xk is a stationary point of (1.1). In this case, we should terminate Algorithm 1.

5 Choices of Bk

As we can see, the main computational cost of inner algorithms for solving (4.1), such as (FISTA)

and (V-FISTA), lies in matrix multiplication Bkv for any v. This implies that it is practical

to construct Bk with simple structures, for example, low-rank structure. On the other hand, to

ensure the applicability of our convergence theory, Bk is expected to be positive definite, especially

uniformly positive definite; see, Theorem 3.10. Based on such consideration, we present two

variants of construction of approximate Hessian matrix Bk proposed in [3] as follows. Note that

in the following, we consider the case when f is strongly convex.

The first variant was proposed in [3, Section 4.1], called modified SR1, in which the inverse

Hk “ B
´1
k was constructed as follows. Define

sk “ x
k ´ xk´1, yk “ ∇fpxkq ´∇fpxk´1q, τk “ s

J
k yk{ }yk}

2
. (5.1)

Choose γ P p0, 1q. For k ě 1, let

Hk “ γτkI ` uku
J
k with uk “ psk ´ γτkykq {

a

xsk ´ γτkyk, yky.
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Using Sherman-Morrison formula, we derive the corresponding update of Bk in modified SR1 as

Bk “H
´1
k “

1

γτk

ˆ

I ´
uku

J
k

uJkuk ` γτk

˙

. (5.2)

Notice that this Bk is the type of “identity minus rank one”. Then matrix multiplication cost

Bkv is cheap for any v. Moreover, it has been shown in [3] that further assumption on the strong

convexity of f guarantees the uniformly positive definiteness of Bk in (5.2).

Lemma 5.1. [3, Lemma 4.1] Suppose that f is µ-strongly convex and L-smooth. Let Bk be given

in (5.2). Then
1´ γ

p1` γqµ´1 ´ 2γL´1
I ĺ Bk ĺ

L

γ
I @ k.

The second variant of construction of Bk, called sophisticated L-BFGS, follows from [3, Sec-

tion 5.1]. Let γ P p0, 1q. Let sk, yk and τk be defined as in (5.1). It is the type of “identity plus

rank two”: for k ě 1,

Bk “
1

γτk

ˆ

I ´
sks

J
k

}sk}2
` γ

yky
J
k

}yk}2

˙

. (5.3)

Similarly, it has been shown in [3] that uniformly positive definiteness of Bk in (5.3) is guaranteed

under the strong convexity of f .

Lemma 5.2. [3, Lemma 5.1] Suppose that f is µ-strongly convex and L-smooth. Let Bk be given

in (5.3). Then

1` γ

p1` γqp1` 2γqµ´1 ´ p2` γqγL´1
I ĺ Bk ĺ

p1` γqL

γ
I @ k.

6 Numerical experiements

In this section, we conduct numerical experiments to test our iSQAmajor, i.e., Algorithm 1 for

solving the `1–2 regularized least squares problem and the truncated `1 regularized least trimmed

squares problem. All experiments are performed in Matlab R2019a on a 64-bit PC with 3.8 GHz

Intel Core i5 Quad-Core and 8GB of DDR4 RAM.

6.1 The `1–2 regularized least squares problem

We consider the `1–2 regularized least squares problem [43]:

min
xPIRn

F1–2pxq :“
1

2
}Ax´ b}

2
` λ p}x}1 ´ }x}q , (6.1)

where A P IRmˆn, b P IRm and λ ą 0 is the regularization parameter. We apply Algorithm 1 with

Bk updated by (5.2). By Lemma 5.1, the positive definiteness of Bk is then guaranteed when f is

strongly convex. Consequently, we first reformulate (6.1) as

min
xPIRn

F1–2pxq :“
1

2
}Ax´ b}

2
`
τ

2
}x}2

looooooooooooomooooooooooooon

fpxq

`λ }x}1
loomoon

hpxq

´

´

λ }x} `
τ

2
}x}2

¯

looooooooomooooooooon

gpxq

, (6.2)

where τ “ 0.01. We solve (6.2) by our iSQAmajor (Algorithm 1) with subproblem (3.1) solved by

(V-FISTA)(SQASR1) and [3, Theorem 3.8 and Algorithm 5] (SQAbis)
3, respectively. We compare

3This is applicable since our choice of Bk in (5.2) is the sum of a diagonal matrix and a rank-one matrix.
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both methods with three first-order methods applied to (6.1): non-monotone APG (nmAPG) in

[19], proximal difference-of-convex algorithm with extrapolation (pDCAe) in [39] and nonmono-

tone proximal gradient method (NPG) in [41].4

Setting for SQASR1 and SQAbis. In Algorithm 1, we let x0 “ 0, β “ 0.5, σ “ 10´4, M “ 4

and choose Bk as in (5.2) with γ “ 0.87 for k ą 0 and set B0 “ p}A}
2 ` τq I. We choose line

search (LS1) in Algorithm 1. We terminate Algorithm 1 when the running time exceeds some fixed

time maxtime (second). In SQASR1, we solve subproblem (3.1) by (V-FISTA), and terminate it

when (4.2) holds with εk “ 2 max
 

1{p0.1 ¨ kq1.2, 10´4
(

Lφ. In SQAbis, we solve (3.1) by calling

the solver 5 in [3] with default setting.

Setting for nmAPG, pDCAe and NPG. For these three methods, we take the same initial

point x0 “ 0 and termination criterion as in our methods SQASR1 and SQAbis. Moreover, in

pDCAe, we use a restart technique in [4, 30] and a restart frequency T “ 2000 is used 6. In NPG,

the initial stepsize for each iteration is given by µ0
0 “ 1 and for k ě 1,

µ0
k “ min

#

}A}2 ` 10´4, max

#

max

#

@

xk ´ xk´1, AJApxk ´ xk´1q
D

}xk ´ xk´1}
2 , 0.5 sµk´1

+

, 10´6

++

,

where µik denotes the kth initial stepsize and sµk denotes the final stepsize of kth iteration after

non-monotone line search.

Data generation. We first randomly generate a matrix A P IRmˆn with i.i.d. standard Gaussian

entries. Next, we uniformly at random generate an s-sparsity vector px P IRn and let x “ signppxq.

Finally, we generate b “ Ax ` 0.01 ˚ η, where η P IRm is a random vector with i.i.d. standard

Gaussian entries.

In the following, we consider two triples: pn,m, sq “ p3000, 900, 180q with λ P t0.1, 0.01u and

pn,m, sq “ p5000, 1500, 300q with λ P t0.01, 0.001u. For each group pn,m, s, λq, we generate 10

independent trials and compare all five methods in terms of the average performance over the 10

trials. Specifically, we first follow the notation in [42] and define a normalized measure of the kth

iteration as

epkq :“
F1–2px

kq ´ Fmin
1–2

F1–2px0q ´ Fmin
1–2

,

where Fmin
1–2 denotes the minimum function value obtained among all methods in one trial. Then,

we let T pkq denote the total computational time when xk is obtained and further define

Eptq :“ min tepkq : k P ti : T piq ď tuu . (6.3)

We compare all the methods in terms of Eptq averaged over 10 trials.

Figure 1 shows the performance of all five methods for triple pn,m, sq “ p3000, 900, 180q with

λ “ 0.1 and maxtime “ 10, and λ “ 0.01 and maxtime “ 25. Figure 2 shows the performance

of all five methods for triple pn,m, sq “ p5000, 1500, 300q with λ “ 0.01 and maxtime “ 80, and

λ “ 0.001 and maxtime “ 120. One can see that our method SQASR1 outperforms other methods

in terms of CPU time needed for obtaining a solution with the same function value.

4We do not compare our methods with nonmonotone proximal gradient method with majorization (NPGmajor)

in [25, Algorithm 2], because the performance of NPGmajor is very similar to that of NPG; see [23, Section 5].
5The code can be downloaded in https://github.com/stephenbeckr/zeroSR1/tree/master/paperExperiments/Lasso.
6In [4], the restart frequency is 200. We replace the frequency by 2000 thus to improve the performance of

pDCAe in numerical experiments.
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Figure 1: Comparison of all methods for pn,m, sq “ p3000, 900, 180q.

Figure 2: Comparison of all methods for pn,m, sq “ p5000, 1500, 300q.

We also conduct numerical experiments on real data. Specifically, we consider problem (6.1)

with λ “ 0.005, and A and b from four sets of real data: leukemia data with 3051 genes and 72

samples (m “ 72, n “ 3051), lymph node status data with 4514 genes and 148 samples (m “ 148,

n “ 4514), breast cancer prognosis data with 4919 genes and 76 samples (m “ 76, n “ 4919) and

colon tumor gene expression data with 2000 genes and 62 samples (m “ 62, n “ 2000). We use

these four data sets in the same way as in [17, Section 4.1]. Figure 3 shows the performance of all

five methods on each data set. One can see that for leukemia data, lymph node status data and

colon tumor gene expression data, our proposed methods (SQASR1 or SQAbis) outperforms other

methods, while method nmAPG outperforms all other methods for breast cancer prognosis data.
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Figure 3: Performance comparion on four sets of real data.

6.2 Truncated `1 regularized least trimmed squares problem

We consider the following truncated `1 regularized least trimmed squares problem given in [24] for

simultaneous sparse recovery and outlier detection:

min
xPIRn, zPIRm

Ftrcpx, zq :“
1

2
}Ax´ z ´ b}

2
` δΩpzq ` λ }x}1 ´ λµ

k
ÿ

i“1

ˇ

ˇxris
ˇ

ˇ , (6.4)

where A P IRmˆn, b P IRm, Ω “ tz P IRm : }z}0 ď ru, µ P p0, 1q, λ ą 0, k ă n and xris denotes

the ith largest element of x in magnitude. In order to apply our Algorithm 1, we first reformulate

(6.4) as formulation (1.1); see [24, equation 37]:

min
xPIRn, zPIRm

Ftrcpx, zq “
1

2
}Ax}

2
` λ }x}1 ´

ˆ

λµ
k
ÿ

i“1

ˇ

ˇxris
ˇ

ˇ`Qpxq

˙

, (6.5)

where Q is continuous and convex with AJpsz ` bq P BQpxq for any sz P PΩpAx´ bq. Similarly, to

guarantee the positive definiteness of Bk in Algorithm 1 when Bk is updated as in (5.2) or (5.3),

we reformulate (6.5) as

min
xPIRn, zPIRm

Ftrcpx, zq “
1

2
}Ax}

2
`
τ

2
}x}2

loooooooooomoooooooooon

fpxq

`λ }x}1
loomoon

hpxq

´

ˆ

τ

2
}x}2 ` λµ

k
ÿ

i“1

ˇ

ˇxris
ˇ

ˇ`Qpxq

˙

loooooooooooooooooooomoooooooooooooooooooon

gpxq

, (6.6)
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where τ “ 0.01. Since the proximal mapping of either the DC regularizer in (6.5) or h ´ g in

(6.6) is no longer easy to obtain, neither nmAPG nor NPG is applicable. On the other hand,

a subgradient of g in (6.6) can be obtained easily 7. In the following, we will therefore compare

three variants of our method applied to (6.6) with pDCAe
8 applied to (6.5): SQASR1, SQAbis

and SQAL-BFGS (Bk is taken as in (5.3) in Algorithm 1 with subproblem solved by (V-FISTA)).

We take the same setting for the three variants as in Section 6.1.

Data generation. We first randomly generate a matrix A P IRmˆn with i.i.d. standard Gaussian

entries. Next, we uniformly at random generate an s-sparsity vector x P IRn and let z P IRm be the

vector with the last r entries being 8 and others being 0. Finally, we generate b “ Ax´z`0.01˚η,

where η P IRm is a random vector with i.i.d. standard Gaussian entries. In (6.4), we let µ “ 0.99

and k “ 0.8s.

In the following, we consider two groups pn,m, s, rq “ p3000, 600, 150, 30q and pn,m, s, rq “

p9000, 1800, 450, 90q with λ “ 5 ˆ 10´4. For each data pn,m, s, r, λq, we generate 10 independent

trials and compare our three methods with pDCAe in terms of the average Eptq defined as in

(6.3) over the 10 trials.

Figure 4 and Figure 5 show the performance on Eptq of all methods and the recovery of

SQASR1 in one random trial (solution of SQASR1 when it terminates is marked by asterisks

and true signal x is marked by circle) for group pn,m, s, rq “ p3000, 600, 150, 30q and pn,m, s, rq “

p9000, 1800, 450, 90q, respectively. One can see from the performance that SQASR1 generally out-

performs SQAbis and SQAL-BFGS and is comparable with pDCAe in terms of CPU time needed

for obtaining a solution with the same function value. In Figure 6, we also report the numbers of

outer iterations for all methods (when they terminate) over the 10 independent trials. One can

see that within the same CPU time, due to the simplicity of subproblem, pDCAe can run more

iterations than SQASR1, SQAbis and SQAL-BFGS.

Figure 4: Comparison of all methods for pn,m, s, rq “ p3000, 600, 150, 30q and signal recovery of

SQASR1.

7Indeed, for any x P IRn, a subgradient in Bgpxq is ξ “ τx` λµu`AJpv ` bq, where u and v are given by

ui “

#

signpxiq, if i P Cu

0. else.
vi “

#

pAx´ bqi, if i P Cv

0. else.

Here, Cu is an arbitrary index set corresponding to the largest k elements of x in magnitude, and Cv is an arbitrary

index set corresponding to the largest r elements of Ax´ b in magnitude.
8It has been shown in [24] that sequence generated by pDCAe converges locally linearly to a stationary point

of (6.5). Moreover, it has been shown in [24] that pDCAe outperforms NPGmajor proposed in [25, Algorithm 2].

Consequently, we do not compare our method with NPGmajor here.
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Figure 5: Comparison of all methods for pn,m, s, rq “ p9000, 1800, 450, 90q and signal recovery of

SQASR1.

Figure 6: Iteration numbers for all methods.
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A Proof of Lemma 3.2

Proof. First, for any α P p0, 1s, we see from the L-smoothness of f and the convexity of g with

ξk`1 P Bgpxkq that

F pxk ` αdkq ´ F px
kq “ fpxk ` αdkq ´ fpx

kq ` hpxk ` αdkq ´ hpx
kq ´

`

gpxk ` αdkq ´ gpx
kq
˘

ď α∇fpxkqJdk `
α2L

2
}dk}

2
` hpxk ` αdkq ´ hpx

kq ´ α ξk`1Jdk

“
α2L

2
}dk}

2
` α

@

∇fpxkq ´ ξk`1, dk
D

` hpxk ` αdkq ´ hpx
kq

“
α2L

2
}dk}

2
`4kpαq. (A.1)

On the other hand, the convexity of h and α P p0, 1s yield

4kpαq “ α
@

∇fpxkq ´ ξk`1, dk
D

` hpxk ` αdkq ´ hpx
kq

“ α
@

∇fpxkq ´ ξk`1, dk
D

` h
`

αpxk ` dkq ` p1´ αqx
k
˘

´ hpxkq

ď α
@

∇fpxkq ´ ξk`1, dk
D

` αhpxk ` dkq ` p1´ αqhpx
kq ´ hpxkq

“ α
@

∇fpxkq ´ ξk`1, dk
D

` αhpukq ´ αhpxkq “ α4k,1.

(A.2)

To show the well-definedness of three termination criteria (LS1), (LS2) and (LS3), we see from

(A.1) and (A.2) that it suffices to show that 4k,1 could be bounded by a proper multiple of }dk}
2.

To proceed, we first see from the convexity of h and Bk ą 0 that Gk is strongly convex with

modulus λminpBkq. On the other hand, we know from (3.3) and dk “ u
k ´ xk that there exists

some wk P BGkpu
kq such that }wk} ď εk }dk}. This together with the strong convexity of Gk with

modulus λminpBkq implies that

Gkpu
kq ´Gkpx

kq ď ´
@

wk, x
k ´ uk

D

´
λminpBkq

2
}xk ´ uk}2 ď

ˆ

εk ´
λminpBkq

2

˙

}dk}
2. (A.3)

Moreover, we know from (A.3) and dk “ u
k ´ xk that

ˆ

εk ´
λminpBkq

2

˙

}dk}
2 ě Gkpu

kq ´Gkpx
kq

“
@

∇fpxkq ´ ξk`1, dk
D

`
1

2
puk ´ xkqJBkpu

k ´ xkq ` hpukq ´ hpxkq

“ 4k,1 `
1

2
dJkBkdk ě 4k,1 `

λminpBkq

2
}dk}

2,

which implies that

4k,1 ď pεk ´ λminpBkqq }dk}
2. (A.4)

Now we are ready to prove the well-definedness of the three termination criteria. We first consider

the termination criteria (LS1) and (LS2) when λminpBkq ´ εk ą 0. For any α P p0, 1s, we have

F pxk ` αdkq ´ max
rk´Ms`ďjďk

F pxjq ´ σα4k,1 ď F pxk ` αdkq ´ F px
kq ´ σα4k,1

ď
α2L

2
}dk}

2
` α4k,1 ´ σα4k,1 ď

L

2
α pα´ 2p1´ σq pλminpBkq ´ εkq {Lq }dk}

2,

(A.5)

where the second inequality follows from (A.1) and (A.2), and the last inequality follows from

(A.4). Notice that σ P p0, 1q and λminpBkq ´ εk ą 0. We see from (A.5) that its left-hand side is
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nonpositive when α P p0, 2p1´ σq pλminpBkq ´ εkq {Ls. This proves the well-definedness of (LS1).

Similarly, we consider termination criterion (LS2). By (A.1), (A.2) and (A.4), we have

F pxk ` αdkq ´ max
rk´Ms`ďjďk

F pxjq ´ σ4kpαq ď F pxk ` αdkq ´ F px
kq ´ σ4kpαq

ď
α2L

2
}dk}

2
`4kpαq ´ σ4kpαq ď

α2L

2
}dk}

2
` αp1´ σq4k,1

ď
L

2
α pα´ 2p1´ σq pλminpBkq ´ εkq {Lq }dk}

2.

(A.6)

This proves the well-definedness of (LS2). Finally, we see from (A.1), (A.2) and (A.4) that

F pxk ` αdkq ´ max
rk´Ms`ďjďk

F pxjq ` σα}dk}
2 ď F pxk ` αdkq ´ F px

kq ` σα}dk}
2

ď
α2L

2
}dk}

2
`4kpαq ` σα}dk}

2 ď
α2L

2
}dk}

2
` α pεk ´ λminpBkqq }dk}

2 ` σα}dk}
2

“
L

2
α pα´ 2pλminpBkq ´ εk ´ σq{Lq }dk}

2.

(A.7)

This proves the well-definedness of (LS3) when λminpBkq ´ εk ą σ. Furthermore, we have (3.4) by

noticing (A.5), (A.6), (A.7) and the line-search rule αk P
 

βi : i “ 0, 1, . . .
(

. This completes the

proof.

B Proof of Theorem 3.3

Proof. For simplicity of notation, we define

tpkq :“ arg max
rk´Ms`ďjďk

F pxjq. (B.1)

We know from (3.4) that in case of (LS1) or (LS2) with δ ą 0 we have αk ě c1 ą 0 with

c1 :“ min t1, 2βp1´ σqδ{Lu, and in case of (LS3) with δ ą σ, we have αk ě c2 ą 0 with c2 :“

min t1, 2βpδ ´ σq{Lu. Furthermore, for the three line-search criteria we have

F pxk`1q “ F pxk ` αkdkq ď F pxtpkqq `

$

’

’

’

’

&

’

’

’

’

%

σαk4k,1

paq
ď ´σc1δ}dk}

2 for (LS1),

σ4kpαkq
pbq
ď σαk4k,1 ď ´σc1δ}dk}

2 for (LS2),

´σαk}dk}
2
pcq
ď ´σc2}dk}

2 for (LS3).

where (a) follows from (A.4), δ “ infk pλminpBkq ´ εkq and αk ě c1 in case of (LS1) with δ ą 0,

(b) follows from (A.2) and (c) follows from αk ě c2 in case of (LS3) with δ ą σ. Consequently, for

each line search there exists some c ą 0 such that

F pxk`1q ď F pxtpkqq ´ c}dk}
2. (B.2)

Next, we prove the three statements based on (B.2). First, we know from (B.2) that

F pxkq ď F px0q ă 8,

which together with the level-boundedness of F gives the boundedness of txku. This proves (i).

Next, we prove (ii). We see from (B.2) that sequence tF pxtpkqqu is non-increasing:

F
`

xtpk`1q
˘

“ max
rk`1´Ms`ďjďk`1

F pxjq “ max
!

max
rk`1´Ms`ďjďk

F pxjq, F pxk`1q

)

ďmax
!

F
`

xtpkq
˘

, F
`

xtpkq
˘

´ c }dk}
2
)

ď F
`

xtpkq
˘

.
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This together with the level-boundedness of F implies that there exists some sF such that

lim
kÑ8

F
`

xtpkq
˘

“ sF . (B.3)

Next, we prove that the following relationships hold for all j ě 1 by induction:

lim
kÑ8

dtpkq´j “ 0, (B.4a)

lim
kÑ8

F
`

xtpkq´j
˘

“ sF . (B.4b)

We first prove that (B.4a) and (B.4b) hold for j “ 1. Replacing k in (B.2) by tpkq ´ 1, we obtain

F
`

xtpkq
˘

ď F
`

xtptpkq´1q
˘

´ c
›

›dtpkq´1

›

›

2
. (B.5)

Rearranging (B.5) and letting k Ñ 8, using (B.3) and tpkq Ñ 8 while k Ñ 8 (when k ě M we

have tpkq P rk ´M, ks), we see that limkÑ8 dtpkq´1 “ 0. This proves that (B.4a) holds for j “ 1.

Furthermore, we see from (B.3) that

sF “ lim
kÑ8

F
`

xtpkq
˘

“ lim
kÑ8

F
`

xtpkq´1 ` αtpkq´1dtpkq´1

˘

“ lim
kÑ8

F
`

xtpkq´1
˘

,

where the last equality follows from αk ď 1, limkÑ8 dtpkq´1 “ 0 and the uniform continuity of F

on the closure of the sequence txku (This is because h is continuous on its domain, xk P domh

and sequence txku is bounded). This proves that (B.4b) holds for j “ 1.

Now we assume that (B.4a) and (B.4b) hold for some J ě 1, i.e., limkÑ8 dtpkq´J “ 0 and

limkÑ8 F
`

xtpkq´J
˘

“ sF . Replacing k in (B.2) by tpkq ´ J ´ 1, we obtain

F
`

xtpkq´J
˘

ď F
`

xtptpkq´J´1q
˘

´ c
›

›dtpkq´J´1

›

›

2
. (B.6)

Rearranging (B.6) and letting k Ñ 8, using assumption limkÑ8 F
`

xtpkq´J
˘

“ sF and (B.3)

with tpkq ´ J ´ 1 Ñ 8 while k Ñ 8 (when k ě M we have tpkq P rk ´ M, ks), we see that

limkÑ8 dtpkq´J´1 “ 0. This proves that (B.4a) holds for j “ J ` 1. Similarly, we have

sF “ lim
kÑ8

F
`

xtpkq´J
˘

“ lim
kÑ8

F
`

xtpkq´J´1 ` αtpkq´J´1dtpkq´J´1

˘

“ lim
kÑ8

F
`

xtpkq´J´1
˘

,

which proves that (B.4b) holds for J ` 1. This completes the induction.

Now we are ready to prove (ii). Note from (B.1) that when k ěM , we have k´M ď tpkq ď k.

Thus, for any k, we have k ´M ´ 1 “ tpkq ´ jk for some jk P r1, M ` 1s. Therefore, it follows

from (B.4a) that

0 “ lim
kÑ8

dtpkq´jk “ lim
kÑ8

dk´M´1 “ lim
kÑ8

dk,

which together with xk`1 ´ xk “ αkdk and αk ď 1 proves (ii).

Finally, we prove (iii). Since txku is bounded, there exists some convergence subsequence, say

txkju, which satisfies limjÑ8 x
kj “ x˚. On the other hand, since the set BGkpu

kq is closed, we

see from (3.3) that there exists some wk P domh satisfying }wk} ď εk}u
k ´ xk} and

wk P BGkpu
kq “ ∇fpxkq ´ ξk`1 `Bkpu

k ´ xkq ` Bhpukq.

This combined with dk “ u
k ´ xk further implies that

wkj ´Bkjdkj P ∇fpxkj q ´ ξkj`1 ` Bhpxkj ` dkj q. (B.7)

Due to ξk`1 P Bgpxkq, the boundedness of txku and the convexity and continuity of g, we see that

tξku is bounded. Thus, by passing to a further subsequence if necessary, without loss of generality,

23



we assume that ξ˚ :“ limjÑ8 ξ
kj`1 exists and thus ξ˚ P Bgpx˚q due to ξkj`1 P Bgpxkj q and the

closedness of Bg. On the other hand, we see from the boundedness of tBku and the assumption

δ ą 0 that tεku is bounded, which further gives }wk} ď εk}u
k ´ xk} “ εk}dk} Ñ 0. Now passing

to the limit in (B.7) and using }wk} Ñ 0, }dk} Ñ 0, the boundedness of tBku, the L-smoothness

of f and the closedness of Bh, we see that

0 P ∇fpx˚q ` Bhpx˚q ´ Bgpx˚q.

This proves (iii) and completes the proof.

C Proof of Lemma 3.6

Proof. Since xkI is a global minimizer of the optimization problem in (3.6), we have

0 P ∇fpxkq ´ ξk`1 ` xkI ´ x
k ` BhpxkIq. (C.1)

If xkI “ x
k, we see from (C.1) that 0 P ∇fpxkq´ξk`1`Bhpxkq, which together with ξk`1 P Bgpxkq

proves that xk is a stationary point of (1.1). On the other hand, if xk is a stationary point of (1.1)

and Bgpxkq is a singleton, these together with ξk`1 P Bgpxkq give

0 P ∇fpxkq ´ Bgpxkq ` Bhpxkq “ ∇fpxkq ´ ξk`1 ` Bhpxkq. (C.2)

Now, using the monotonicity of operator Bh with (C.1) and (C.2), we further have

xxk ´ xkI , x
k
I ´ x

ky ě 0,

which implies that xkI “ x
k. This completes the proof.

D Proof of Theorem 4.2

Proof. First, we consider (FISTA). Since Bk ą 0, we know from the convexity of h that Gkp¨q is

strongly convex with modulus λminpBkq. We then further have

λminpBkq

2
}z` ´ z˚}2 ď Gkpz

`q ´Gkpz
˚q ď

2Lφ
p`` 1q2

}z0 ´ z˚}2, (D.1)

where the last inequality follows from [8, Theorem 4.4]. Furthermore, inequality (D.1) together

with the definition of c1 in (4.5) implies that

}z` ´ z˚} ď
2
a

Lφ

p`` 1q
a

λminpBkq
}z0 ´ z˚} “

c1
`` 1

}z0 ´ z˚}. (D.2)

Furthermore, we have that for ` ě 2,

}z` ´ y`} “
›

›z` ´ z`´1 ´
θ`´1 ´ 1

θ`
pz`´1 ´ z`´2q

›

› ď }z` ´ z`´1} ` }z`´1 ´ z`´2}

ď
›

›z` ´ z˚
›

›` 2
›

›z`´1 ´ z˚
›

›`
›

›z`´2 ´ z˚
›

› ď
4c1
`´ 1

}z0 ´ z˚},

(D.3)

where the first equality follows from the y-update in (FISTA) and the last inequality follows from

(D.2). Notice that z0 “ xk ‰ z˚. Using (D.2) and (D.3), we further have for ` ě maxt2, c1u that

}z` ´ y`}

}z` ´ z0}
ď

4c1
`´ 1

}z0 ´ z˚}

}z0 ´ z˚} ´ }z` ´ z˚}
ď

4c1p`` 1q

p`´ 1qp`` 1´ c1q
. (D.4)
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Then the termination criterion (4.2) is satisfied whenever the right-hand side of (D.4) is upper

bounded by εk
2Lφ

, which by calculus further gives (4.6).

Now we consider (V-FISTA). Similarly, the strong convexity of Gkp¨q implies that

λminpBkq
›

›z` ´ z˚
›

›

2
{2 ď Gkpz

`q ´Gkpz
˚q

ď

ˆ

1´
1
?
κ

˙`ˆ

Gkpz
0q ´Gkpz

˚q `
λminpBkq

2

›

›z0 ´ z˚
›

›

2
˙

“ c22

´1

τ

¯2`

λminpBkq{2,
(D.5)

where the second inequality follows from [2, Theorem 10.42] and the last equality follows from the

definition of τ and c2 in (4.5). We then see from (D.5) that

›

›z` ´ z˚
›

› ď
c2
τ `
. (D.6)

This together with the y-update in (V-FISTA) that for ` ě 2,

›

›z` ´ y`
›

› “

›

›

›
z` ´ z`´1 ´

?
κ´ 1

?
κ` 1

pz`´1 ´ z`´2q

›

›

›
ď
›

›z` ´ z`´1
›

›`
›

›z`´1 ´ z`´2
›

›

ď
›

›z` ´ z˚
›

›` 2
›

›z`´1 ´ z˚
›

›`
›

›z`´2 ´ z˚
›

› ď c2

ˆ

1

τ `
`

2

τ `´1
`

1

τ `´2

˙

ď
4c2
τ `´2

.

(D.7)

Since z0 ‰ z˚, we use (D.6) and have that for ` ě 1` logτ
c2

}z0´z˚}
,

›

›z` ´ z0
›

› ě
›

›z0 ´ z˚
›

›´
›

›z` ´ z˚
›

› ě
›

›z0 ´ z˚
›

›´
c2
τ `
ą 0.

Using this and (D.7), we have for any ` ě maxt2, 1` logτ
c2

}z0´z˚}
u that

›

›z` ´ y`
›

›

}z` ´ z0}
ď

4c2{τ
`´2

}z0 ´ z˚} ´ c2{τ `
“

4c2τ
2

τ `}z0 ´ z˚} ´ c2
. (D.8)

Then the termination criterion (4.2) is satisfied whenever the right-hand side of (D.8) is upper

bounded by εk
2Lφ

, which by calculus further gives (4.7). This completes the proof.
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