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Abstract

In this paper, we propose a new method for a class of difference-of-convex (DC) opti-
mization problems, whose objective is the sum of a smooth function and a possibly non-
prox-friendly DC function. The method sequentially solves subproblems constructed from a
quadratic approximation of the smooth function and a linear majorization of the concave part
of the DC function. We allow the subproblem to be solved inexactly, and propose a new
inexact rule to characterize the inexactness of the approximate solution. For several classical
algorithms applied to the subproblem, we derive practical termination criteria so as to obtain
solutions satisfying the inexact rule. We also present some convergence results for our method,
including the global subsequential convergence and a non-asymptotic complexity analysis. Fi-
nally, numerical experiments are conducted to illustrate the efficiency of our method.

1 Introduction
In this paper, we consider the following optimization problem

min  F(x) = f(x) + h(x) — g(x), (1.1)

xzelR"™
where f is a smooth function whose gradient V f is Lipschitz continuous with modulus L > 0, his a
proper closed convex function which is continuous on its domain and g is a real-valued continuous
convex function. We assume that F' is level-bounded. Unlike many existing models arising from
compressed sensing, our focus is on the case in which h — g is not necessarily prox-friendly, i.e.,
one might not always expect that the proximal operator of h — g is easy to compute. On the other
hand, h is assumed to be prox-friendly.

Problems of the form (1.1) could arise in applications such as statistics and machine learning,
in which f is a data-fidelity loss function and h — g is a difference-of-convex (DC) regularizer for
inducing sparsity in the solution; see, for example, [1, 10, 43]. Generally, many commonly used DC
regularizers in these application problems, such as £1_s [43], smoothly clipped absolute deviation
(SCAD) [10] and minimax concave penalty (MCP) [45], are prox-friendly; see [13, 23, 27]. In
this case, variants of proximal gradient methods, such as the non-monotone proximal gradient
(NPG) method proposed in [41], can be directly applied for solving (1.1). However, when the DC
regularizer is taken as, for example, the truncated ¢1_o regularizer proposed in [28], the proximal
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operator of h — g does not have a closed-form expression. The above formulation can represent a
wide class of machine learning problems with regularization.

Another variety of problems of the form (1.1) come from the subproblem of the so-called
SDCAM method proposed in [25, Algorithm 1]. SDCAM is an iterative algorithm for a general
class of nonconvex nonsmooth optimization problems whose objective is the sum of a smooth
function and a finite number of prox-friendly regularization terms. The regularizer h — g in the
SDCAM subproblem solved in each iteration is in general not prox-friendly, since h corresponds
to some regularization term while g arises from the DC decomposition of the Moreau envelopes of
other regularization terms. To handle (1.1) with such a structure, in [25, Algorithm 2] the so-called
NPGajor algorithm was proposed, which combines the NPG method with a linear majorization
technique applied to concave term —g. Prior to NPGpajor, in [12], a proximal DC decomposition
algorithm (the so-called proximal DCA) was proposed for solving (1.1). It is equivalent to applying
the classical DC algorithm [37] to a specific DC decomposition of F. Based on the proximal DCA,
in [39] an algorithm named pDCA, was proposed to accelerate the proximal DCA under further
assumption on the convexity of f and some smoothness of g. Later in [24], a refined analysis
allows pDCA, to include the case when g is possibly nonsmooth, which is the general case for the
SDCAM subproblem in [25].

While most existing methods for (1.1) are variants of proximal gradient methods combined
with a majorization technique, there are few methods using a second-order approximation of the
smooth part f. However, for problem (1.1) with ¢ = 0, a large quantity of so-called successive
quadratic approximation (SQA) methods, in which second-order information of f is used, has been
proposed recently; see [5, 6, 9, 14, 16, 29, 31, 36] and see [3, 7, 11, 15, 18, 20, 21, 33, 35, 44] when
f is in addition convex. In the kth iteration of such an SQA method for (1.1) with g = 0, one first
computes an (approximate) solution Z of the problem whose objective approximates the smooth
part f quadratically:
min Fj,(2) :=(Vf(z"), z —z") + %(z — M) By(z — 2¥) + h(2), (1.2)

zelR™

where Bj, is an approximate matrix of the Hessian V2f(x*). Then the next iterate x**! is
obtained after performing a backtracking line search along the direction 2 — z*. Different from
the subproblem of proximal gradient methods (in which By, is a positive multiple of the identity),
the minimizer of (1.2) generally does not admit a closed-form solution. Consequently, an iterative
method is needed to find an inexact solution of (1.2), and some termination criterion should also be
specified to evaluate the quality of the inexact solution. Basically, a typical SQA method has three
main ingredients: the choice of the approximate Hessian matrix By, the solver for the subproblem
(1.2) and the inexact rule for the inexact solution of (1.2). For example, in [3], the focus was
put on proposing efficient algorithms for solving subproblem (1.2) when By, has a structure of a
positive definite diagonal matrix plus or minus a low-rank term, and a practically efficient inexact
rule was proposed in [6] for L regularized problems. With proper choices on the three ingredients,
the numerical advantage of SQA methods over most first-order methods has been well noticed.
In view of the above, we are motivated to develop a new method for problem (1.1) that makes use
of second-order information of f. In this paper, we propose an inexact successive quadratic approx-
imation method with majorization (iISQAmajor) for solving (1.1), which incorporates a majorization
technique in a generic SQA method. Specifically, given ¥ € dom h, we pick £**! € dg(x*) and an
approximate Hessian matrix By, and then approximately solve the following subproblem:

u” ~ argmin Gy, (2) := (Vf(z") — "' 2 —2") + %(z — ") T By(z — %) + h(2). (1.3)

To guarantee sufficient decrease in the objective value, we perform a non-monotone line search

along the direction dj := u* — x¥. Notice that our method is not just a simple extension of



existing SQA methods to problems with DC regularizers. In fact, in iSQAmajor, We propose a new
inexact rule for the inexact solution of (1.3), which together with the line search guarantees global
subsequential convergence. On the other hand, for several efficient algorithms applied to (1.3), we
derive corresponding very cheaply implementable termination criteria each of which outputs an
inexact solution satisfying the inexact rule. We list the contributions of this paper as follows:

e We propose a new method (Algorithm 1) for DC problem (1.1), which allows for using
second-order information and solving the subproblem inexactly. In Algorithm 1, we give a
new inexact rule to measure the inexactness of solutions for the subproblem.

e For Algorithm 1, we provide a global convergence result (Theorem 3.3) and a non-asymptotic
complexity analysis (Theorem 3.10), in which the influence of inexact tolerance is quantified.

e We derive practical/cheap termination criteria for several classic algorithms applied to the
subproblem so as to obtain inexact solutions satisfying the inexact rule (see Lemma 4.1 and
Theorem 4.5). We also conduct numerical experiments to illustrate the efficiency of our
method.

The rest of paper is organized as follows. Notation and some preliminaries are given in Section 2.
In Section 3, we outline the inexact successive quadratic approximation method (iSQAmajor), in-
cluding a new inexact rule for the subproblem, and analyze some convergence properties of the
method. In Section 4, we consider practical implementation of the inexact rule for several clas-
sic methods. In Section 5, we present two practical choices of the approximate Hessian matrix.
Finally, preliminary numerical results are provided in Section 6.

2 Notation and preliminaries

Throughout this paper, matrices and vectors are written in bold uppercase letters and lowercase
letters, respectively. Let IR™ denote the n-dimensional Euclidean space equipped with norm || - ||
induced by inner product (-, -). For € IR", we let |x|o and ||, denote the ¢y norm (number of
nonzero entries) and ¢; norm, respectively. Let I denote the n-dimensional identity matrix. We
use 8™ to denote the set of all n-dimensional symmetric matrices and 87 (S}, ) to denote the
set of all n-dimensional positive semidefinite (definite) matrices. For A, B € 8", we let A > B
(A > B) denote A — B € S}(S},). Given A € 8", we let Apin(A) and Apax(A) denote the
smallest eigenvalue and the largest eigenvalue of matrix A, respectively.

Given a nonempty closed set C, we let dist(x, C) := infyec |® — y| and define the indicator
function d¢(+) as

oc(x) =
c(@) o0 otherwise.

{0 if x e C,

An extended real-valued function h : R" — IR u {00} is said to be proper if domh := {z : h(z) <
oo} # &, and closed if it is lower semicontinuous. For a proper closed convex function h, we let h*
denote the conjugate function of h. Following [32, Definition 1.22], for a proper closed function h
and parameter A > 0, we define the proximal mapping of A\h at « as

1
prox,, (x) := argmin { — | — w|? + h(u) } .
uelR™ 2)

We call h “prox-friendly” if prox,,(z) is easy to compute for any A > 0; for example, h(x) = |x|;.
Following [32, Definition 8.3], for a proper function h : R" — IR u {00}, we let dh(x) denote the



limiting subdifferential at « € dom h, which is defined as

y—a ly — =¥

_ EY _ fosk o) _ ok
6h(m)={v: Hvkav,wkiwwith liminfh(y) ha?) = oty — @) >0 Vk},
y#ﬂ:k

where =¥ %  means ¥ —  and h(z*) — h(z).
To end this section, we give the following definition of stationary points; see, for example, [13,

Remark 1] and [39, Definition 4.1].
Definition 2.1. (Stationarity) We say that T is a stationary point of (1.1) if

0e Vf(x)+ oh(x) — dg(x).

3 Inexact successive quadratic approximation method with
majorization

In this section, we propose a new method for solving (1.1) and establish corresponding convergence
analysis. The idea of the new method is to combine a quadratic approximation of the smooth part f
with a linear majorization technique applied to the concave term —g. Specifically, given 2* € dom h,
we take €11 € dg(x*), choose an approximate Hessian matrix By, € S™ and approximately solve
the following problem:

u” ~ argmin Gy, (z) = (Vf(z¥) — ¢", 2 — ¥ + %(z — ") "By (z — ") + h(2). (3.1)
zelR™

Notice that problem (3.1) reduces to the subproblem of NPGnajor proposed in [25, Algorithm 2]
1

when By, = %I for some stepsize v > 0. Nevertheless, our method is not a direct extension of
NPGajor- Indeed, in each iteration of NPGajor, one needs to solve the problem in (3.1) multiple
times for searching a final stepsize 7, while in our method the problem in (3.1) is solved only once
and inexactly, due to the high computational cost for solving (3.1) with general Bj.

Next, we consider the criterion (inexact rule) for accepting an inexact solution u* in (3.1). In
case of g = 0 (thus ¢€¥*1 = 0) and By, > 0, various inexact rules for solving the problem in (3.1)
have been proposed; see, for example, [16, 18, 21, 29, 34, 44]. Among them, typical inexact rules

include
Huk — prox,, (u* —a (Vf(z") + Bp(u* — ¥))) | < 01| x" — prox,, (=" — an(wk))H,
Gr(uh) — Gf <7 (Gr(a®) — Gf) (3.2)
Gr(ub) — GF <y,

NN

where G} denotes the optimal value of the problem in (3.1), a > 0, and 6y, 7 and v} are some
non-negative parameters. All the inexact rules in (3.2) basically correspond to some approximate
optimality conditions of u* with tolerance controlled by these parameters. Practical implemen-
tation of these rules is generally expensive or even unavailable, due to the extra computation of
proximal operators or the difficulty of finding a global minimum G} .

In view of the above, we propose the following inexact rule to characterize the inexactness of
u® in (3.1) with tolerance €, > 0:

dist (0, 0Gk(u®)) < e |u® — 2. (3.3)

As we can see later in Section 4, inexact rule (3.3) can be efficiently implemented when (3.1) is
solved by several classical methods. On the other hand, due to the existence of term ||uf — z*| in
(3.3), tolerance ¢, is not required to diminish to zero, which will be shown later.



As long as some u” satisfying (3.3) is obtained from (3.1), to guarantee sufficient decrease in
the objective value of (1.1), we take a backtracking line search along direction dy = u* — z*.
Specifically, we consider three variants of line-search methods, which naturally extend existing
line-search schemes to our setting by taking the DC regularizer into account and incorporating
a non-monotone line-search technique. Namely, when applied to ¢ = 0 in (1.1) and taking a
monotone scheme (i.e., setting M = 0 below), our line-search methods reduce to corresponding
existing schemes.

Let o € (0, 1), B € (0, 1) and integer M > 0. Our first line-search method is an extension of the
one given, for instance, in [16] and [38]. It finds the largest element ay of {a = B¢ :i =0,1,...}
satisfying

F(x* + ady) <  max  F(2/) +oalpa, (LSy)
[k—M], <j<k
where Ap 1 = (Vf(xF) — &1, dy) + h(uF) — h(x").! Our second line-search method follows
as an extension of the one used, for instance, in [6] and [44]. It finds the largest element «y of
{a=p:i=0,1,...} satisfying
F(x* + ady) < [kiﬁizﬁjng(l’j) + o), (LSs)
where Ay (a) == a{Vf(x*) — &1 di) + h(x" + adi) — h(x").? Our third line-search method
extends the one in [41]. It finds the largest element ay, of {a = 3% :i =0, 1,...} satisfying
F(zF + ady) < max  F(x?) — oald|?. (LSs)
[k—M]i<j<k
The types of line search (LS;) and (LS2) are commonly used in SQA methods, while the type of
line search (LS3) is generally used in first-order methods. Our method allows a free choice of these
three line-search methods, and a unifying convergence analysis will be given.

Now we are ready to present our method for solving (1.1) as follows. We call it an inexact

successive quadratic approximation method with majorization (iISQAmajor) -

( )
Algorithm 1 iSQA .0 for solving (1.1)

Step 0. Let ° € domh, B € (0,1), o € (0,1), integer M > 0 and positive sequence {e;}. Set
k=0.

Step 1. Choose By € S™ and £F*! € dg(x*). Approximately minimize Gy in (3.1), starting
at ¥ and terminating at u* when u” satisfies (3.3).

Step 2. Let dy, = u* — x*. Find the largest a, € {8° : i = 0,1,...} such that (LS;) or (LSz)
or (LS3) holds with a = ay.

Step 3. Set F*! = z* + aydy and k — k + 1. Go to Step 1.

J

Before analyzing Algorithm 1, throughout this paper, we make the following blanket assumption
on the choice of By,.

Assumption 3.1. For each k = 0, we choose By > 0.

1 As shown later in (A.4), we have Ay 1 < 0 under some condition given in Lemma 3.2.
2As shown in (A.2), we have Ag(a) < alg,1 < 0 under some condition given in Lemma 3.2.



3.1 Well-definedness of line search and subsequential convergence

In this subsection, we analyze the convergence properties of Algorithm 1. First, we show that
under proper choices of By, each of the three variants of line search in Step 2 of Algorithm 1 is
well-defined, i.e., each line-search criterion, (LS;) or (LS2) or (LS3), will be satisfied after finitely
many number of backtracking line-search steps. The proof can be found in Appendix A.

Lemma 3.2. (Well-definedness of line search in Algorithm 1) If A\pnin(Bg) — € > 0, then (LSy)
and (LS2) are satisfied with « = «y, after finite steps of line search; if Amin(Bk) — €k > o, then
(LSs3) is satisfied with o = «, after finite steps of line search. Furthermore,

an > {min{l, Qﬂ(l — U)()\min(Bk) — Gk)/L} fOT (LSl), (LSQ) when )\min(Bk) > €, (34)

min {1, 28(Amin(By) — €x — 0)/L} for (LS3) when Amin(Byg) — € > 0.

Now, based on Lemma 3.2, we establish the global subsequential convergence of Algorithm 1.
The proof can be found in Appendix B.

Theorem 3.3. (Subsequential convergence) Let sequence {x*} be generated by Algorithm 1. Sup-
pose that {By} is bounded. Let § := infy (Amin(Br) — €x). If § > 0 in case of (LS;) or (LS2), or
d > o in case of (LS3), then the following statements hold.

(i) The sequence {z*} is bounded.
(ii) limp_e [2*+t — ¥ = 0.

(iii) Any accumulation point of {x*} is a stationary point of (1.1).

Remark 3.4. (Assumption on d) In Theorem 3.3, the assumptions on § require that ey, is uniformly
smaller or uniformly o smaller than Apin(Bg). Since there is much freedom on the choices of
sequences { By} and {ex}, the assumptions on § can be achieved by properly choosing each By, first
and setting o and e, subsequently. For example, when {By} is constructed as in [3, 29], it has
been shown that there exists some £ > 0 such that infy(Amin(Bk)) > k. Therefore, we can set
o € (0, min{l, k}) and sup, e < Kk — 0.

Remark 3.5. (On Assumption 3.1) Though we assume By, > 0 throughout the paper, we can obtain
similar convergence results as in Section 3.1 by allowing By to have negative eigenvalues when h
is strongly convex. Indeed, in case of Amin(Bk) < 0 but Amin(Bk) is not too negative compared
with the modulus of strong convexity of h and the inexact tolerance €y, the well-definedness of line
search and subsequential convergence still hold. Specific example of strongly convex h is the elastic
net reqularizer, i.e., h(z) = A| |1 + X2 z|? with \; > 0 and Xs > 0.

3.2 Non-asymptotic complexity analysis

In this subsection, we provide a non-asymptotic analysis of the sequence {x*} generated by Al-
gorithm 1. For this purpose, we first let w%k denote the exact solution of subproblem (3.1) for
Bk > 0:

1

zhy 1= argmin Gy(z) = { (Vf(xh) — e 2 —2") + §(z — ") TBy(z — 2¥) + h(z)}. (3.5)
zelR™

Especially, when By = I, we let

x := arg min { (Vf@Er) — e 2z —aF) + %Hz — )2 + h(z)}. (3.6)
zelR™



Now, we define the following indicator of closeness to the first-order optimality condition for se-
quence {x*}:
Ry, := |xk — 2F|. (3.7

The indicator Ry can be regarded as an extension of the so-called residual function proposed in
[26]. Indeed, we can further write Ry as

Ry, = Hwk — prox,, (:ck — (Vf(cck) — Sk“))H ,

which reduces to be the residual function given in [26] when g = 0 (thus £¥*! = 0). The indicator
Ry, can also be viewed as a natural extension of the indicator in [16], in which problem (1.1) with
g = 0 was considered. We use Ry as a measure of closeness to the first-order optimality condition
for ¥ by the reason of the following lemma, which is similar to [16, Lemma 7]. The proof of the
lemma can be found in Appendix C.

Lemma 3.6. Let x¥ be defined as in (3.6). If x§ = x¥, then x* is a stationary point of (1.1). If

x¥ is a stationary point of (1.1) and 0g(x*) is a singleton, then we have z% = x*.

Next, based on Ry, we define the following approximate e-stationary point.

Definition 3.7. (Approximate e-stationary point) Given ¢ > 0, we say that an approzimate
e-stationary point of (1.1) is obtained from Algorithm 1 if there exists some N = 0 such that

in R <e. 3.8

oshen kS E (3.8)

In the remaining part of this subsection, we derive the iteration number N needed to obtain

an approximate e-stationary point. We start by bounding Ry in the lemma below, which follows
directly from [38, Lemma 3].

Lemma 3.8. Let xfy be defined as in (3.5) with By > 0 and Ry, be defined as in (3.7). Then we
have

_ 1+ 1 Amin(Br) + /1 — 2/Amax(Br) + /A%, (Br)

Ry, 5

Amax(Br) |2, — 2" (3.9)

In the following lemma, we can further bound the right-hand side of (3.9) by the searching
k k

direction di, = u” — x”.
Lemma 3.9. Suppose that A\pin(Bg) = €. Let aszk be defined as in (3.5). Then we have
|z, — =" < 2|dy . (3.10)
Proof. First, we see from (3.3) that there exists some wy, satisfying |wy| < ex|u* — x¥| and
wy € 0G(u*) = Vf(xF) — €71 + By(u® — %) + oh(u”). (3.11)
On the other hand, we know from the optimality of m’ka in (3.5) that
0 € 0Gy(zly, ) = Vf(z") — & + By, (25, — 2") + on(zl,). (3.12)
We further rewrite (3.11) and (3.12) as, respectively,

wy — Vf(xF) + 8 — By (uF — xF) e oh(uP),
—Vf(x") + & — By (2, — 2¥) € on(zl,).



Applying the monotonicity of operator dh to above inclusions, we further obtain

0 < {wy — Bk(uk - m’};k), uf — m%})
:<wk,uk—$11€3k> (“k_a’Bk) Bk( w’ka)
< e [uf — ¥ [ut — @l | = Awin(B) [uF — 2, |

Nusin(Bi) [ — 2| [ — @y, | = Auin (Bi) [ = s, |

VA

where the second inequality follows from |wy| < ex|u® — || and the last inequality follows from
€k < Amin(Bk). This implies that

[u* =@k, | < [u” — 2],

which further gives
|, — 2" < [u* -2, | + o - 2¥] < 2[u* — ¥ = 2]dy].
This proves (3.10) and completes the proof. O

Now we are ready to present the iteration complexity of obtaining an approximate e-stationary
point as defined in (3.8). In the following theorem, we first bound Ry by a quantity related to
several parameters including the inexact tolerance ¢, and then establish the iteration complexity.

Theorem 3.10. Let sequence {x*} be generated by Algorithm 1 with M = 0. Suppose that for all
k it holds that
0 for (LSy) and (LSs2),

o for (LSs). (3.13)

)\min(Bk:) — € > {

Let F'* denote the minimum of F and

o im 0 (Amin(Bg) — €x) min {1, 25(1 — 0) (Amin(Br) — €x) /L} (3.14a)

3210e(Be) (14 1/ Amin(B) + VT~ 2 Bi) + 12 (By))
omin{l, 28(Amin(By) — €, — o)/L}

Ok = 5 (3.14b)
max (1 + 1/)\min (Bk) + \/1 - Q/AIHaX(Bk) 1/>\mln( ))
Then we have for any N = 0 that
min R? < (F(z°) — F*) /Z%O ¢ for (LSy) and (LSs), (3.15)
0<k<N (F(:l:o) - F*) /Do bk for (LS3).

In particular, if (3.13) holds with Amin(Bx) — €x replaced by infy, (Amin(Bg) — €x) and {By} is
bounded, then the iteration complezity of obtaining an approximate e-stationary point defined as
n (3.8) is N = O(e71).

Proof. First, we see from assumption (3.13) that (3.4) holds:

{min{l, 28(1 = ) (Amin(Br) — ex) /L}  for (LS1) and (LS,),
Qg = (316)
min {1, 28(Amin(By) — €x — 0)/L} for (LSs).
Now we define two parameters based on (3.16):
Oé’lc = ()\min(Bk) — Ek) min{l, 25(1 — 0’) (Amin(Bk) — Ek) /L} s (317)

a = min {1, 26(Amin(Bi) — ex — 0)/L} .



Using (3.16) and (3.17), we further obtain

®
w oo < —ooledkH2 for (LSy),
a (c)
F(@") = F(a" + ardi) < F(2") + { 5Ay(an) < 0apliy < —odk|d]? for (LSs), (3:18)
@
—oag|di|* < —odh|d|? for (LS3).

where (a) follows from M = 0, (b) follows from Ay 1 < —(Amin(Bi) — €x)||di||* (see (A.4)), the
definition of &% in (3.17) and the first inequality in (3.16), (c) follows from Ag(a) < a Ay (due
o (A.2) for a € (0, 1]), and (d) follows from (3.16) and (3.17). Now we define another parameter

B 1= Ama(Bi) (1+ 1/ Amin(Br) + 4/1 = 2/ e (Br) + /N0, (B ) (3.19)
Furthermore, we have

Bi/(oaf) (F(z*) — F(z**1)) for (LS1) and (LSz),
Bi/(0df) (F(x*) — F(x*+1)) for (LSs),
where the first inequality follows from (3.9) and (3.19), the second inequality follows from (3.10),

and the last inequalities follow from (3.18). We further see from (3.14a), (3.14b), (3.17), (3.19)
and (3.20) that

2 5713 ko k|2 2 |12
R < 7 |2, — 2" < Bl lde]” < (3.20)

for (LSy) and (LSs), cxR2 = (ca%/B2)R3
for (LSs), OxRi = (065/57) R,

Now for any N > 0, in case of (LS1) or (LS2), we sum the first inequality in (3.21) for k = 0,1,..., N
and obtain

( min Rk) ( ]ZV: ck) 2 cx R2 < i F(z"t) = F(z°) — F(zV*!) < F(2") — F*.
k=0 k=0

} < F(zF) — F(a**). (3.21)

0<k<N

We rearrange this and obtain the first inequality in (3.15). Similarly, in case of (LS3), we can
obtain another inequality in (3.15).

Moreover, if infy Apin (Br) — €, > 0 in case of (LS;) and (LSs), and infg Apin (Bk) — €, > o in
case of (LS3), we have infy, ¢ > 0 and infy 6 > 0, respectively. This together with (3.15) gives

T {(F(mo)_F*)/((N—i-l)infkck) For (LS1) and (LS,),
0<k<N | (F(20) = F*) /(N + 1) infg 05)  for (LSs),

which further implies that (3.8) is guaranteed when N = O(e~!). This completes the proof. O

Remark 3.11. As we can see from Theorem 3.10, the iteration complexity O(e~1) is guaran-
teed when the inexact tolerance € in comparison with Amin(By) is uniformly smaller than some
threshold, but does not need to diminish to zero.

4 Towards implementation of methods for subproblem

In this section, we consider the implementation of subproblem (3.1) for obtaining an inexact
solution u* satisfying (3.3). Our emphasis in this section is not put on the guidance of choosing
solvers for subproblem (3.1). Instead, we focus on achieving an inexact solution u* satisfying (3.3)
by seeking a practical/cheap termination criterion for each solver.



First, we rewrite the kth subproblem (3.1) as follows:

J?ﬁ{l Gi(z) =(Vf(x") - & 2z —2") + %(z — ") By (z — 2%) +h(2). (4.1)

#(2)

Here, since By, is positive definite, due to the structure of (4.1), various optimization methods can
be applied. In the following, we consider two typical classes of methods among them, and propose
corresponding proper termination criterion for each method.

4.1 Accelerated proximal gradient methods

Since ¢ is strongly convex and smooth and & is prox-friendly, variants of accelerated proximal
gradient methods can be directly applied to (4.1). One famous such algorithm is the so-called
FISTA proposed in [8]. We apply FISTA to (4.1) with initialization at *: let y! = 2° = x¥, set
fp =1and for £=1,2,..., let

2t = PToX.Lp (y" = Vo(y")/Ly) ,

1+ /1 + 467
2 Y

0, —1
y€+1 =24 4 (zf _ zéfl),
0041

Ops1 = (FISTA)

where Ly = Apax(By) is a Lipschitz constant of V¢. It has been known that (FISTA) achieves
the sublinear convergence rate; see [8, Theorem 4.4]. Another variant of accelerated proximal
gradient method given in [2, page 302], called V-FISTA, exhibits linear convergence rate; see [2,
Theorem 10.42]. Given y! = 2% = x*, the iterates of V-FISTA applied to (4.1) are as follows:

2t = proxih (y(8 - V¢(ye)/L¢) )
e VESL e ey (V-FISTA)
VE+1

(2 — =z
Ly
where Kk = U—I with Ly = Amax(By) and g = Amin(Bk)-
As mentioned at the beginning of this section, we aim for achieving an inexact solution w

satisfying (3.3). To this purpose, we propose the following termination criterion for both (FISTA)
and (V-FISTA). Specifically, we terminate (FISTA) and (V-FISTA) and set u* = 2* if 2* satisfies

3

k

€
|z =y < ﬁ |z == (42)

where e, is the inexact tolerance in (3.3). Before showing that the output w* satisfies inexact rule
(3.3), we take a look at termination criterion (4.2). The left-hand side of (4.2) can also be written
as L%}HMi‘Z(yZ)H, where Mifl(ye) is the gradient mapping at y%; see the definition of gradient
mapping in [2, Definition 10.5]. Consequently, termination criterion (4.2) can be rewritten as
HMéfL(yz)H < % |2 — 2°|. On the other hand, checking stopping criterion (4.2) does not need
further computational cost. Indeed, y¢ and z¢ are the quantities already obtained in the iterates.

k

Now, we show that termination criterion (4.2) outputs a solution u* = 2¢ satisfying inexact

rule (3.3).

Lemma 4.1. (Guarantee of inexact rule) Suppose that By, > 0. Let z° be the output of (FISTA)
and (V-FISTA) with termination criterion (4.2). Then inexact rule (3.3) holds with u* = 2.

10



Proof. For both (FISTA) and (V-FISTA), we see from the update of z* and termination criterion
(4.2) that

2 = prox, (v = Vow')/Ls) (4.3)

7 7 € 7 €
o - ] < o - 4] = S fut - o] (a4)

0 _

where the last equality follows from z° = ¥ and u* = = 2% Let wy = y — 2%, We then have

Lowy = V(=" + wi) = Lo(y’ — =) = Voly") = Lo (v = Vo(y")/Lo — 2*) € 0h(z") = oh(u"),

where the inclusion follows from the optimality condition of the corresponding optimization prob-
lem in (4.3). Furthermore, by using this and 0Gy = V¢ + 0h, we have

dist ( aGk ) HV¢ -‘r L¢wk - V¢(Z + wg H = quf) -‘r L¢wk - Vq/)(u + wk)H

< |[Vo(u®) — Vo(u + wy, H + Ly|wi| < 2Lg||lwy| = 2L¢,Hz — yZH e |uf — ¥,

where the third inequality follows from the Lg-smoothness of ¢ and the last inequality follows from

(4.4). This completes the proof. O

Still, we need to show that (4.2) is a well-defined termination criterion, i.e., it can be achieved
after finitely many number of iterations. In the following, specifically, we establish the iteration
complexity of (FISTA) and (V-FISTA) for obtaining a solution satisfying termination criterion
(4.2). The proof can be found in Appendix D.

Theorem 4.2. (Iteration complexity of (FISTA) and (V-FISTA)) Suppose that By > 0. Let z*
be the optimal solution of (4.1) and

N \/2 (Gr(@) = Gil=1) ok _ )2,

)\min (Bk) ’ \/E )\min(Bk:)
(4.5)
Suppose that €* # z*. Then the termination criterion (4.2) for (FISTA) is satisfied whenever
4er L —2)2  de L 2) 16¢iL3
¢>max {2, ¢, & 2872 (1 =27 dalola+2) | Cmt (4.6)
2 €k 4 €k L
and the termination criterion (4.2) for (V-FISTA) is satisfied whenever
Co Co (ek + 8L¢7'2)
(> 2,141 , log.. 47
R e e ] o

Remark 4.3. It has been known from [8, Theorem 4.4] and [2, Theorem 10.42] that in case of
By, > 0 the iteration complezity of (FISTA) and (V-FISTA) is sub-linear and linear, respectively,
which has the same complexity order as that in Theorem 4.2. However, in [8, Theorem 4.4] and [2,
Theorem 10.42], the complezity is measured by the distance to the optimal function value, while in
Theorem 4.2 our complezity is measured by using the termination criterion (4.2). Moreover, when
b = 2%, we have 2! = y' = xF for both (FISTA) and (V-FISTA), and termination criterion
(4.2) is satisfied after one iteration.

Remark 4.4. (Inexact tolerance and outer/inner iteration complexity) On one hand, we know
from (3.14a) and the first inequality of (3.15) in Theorem 3.10 that in case of Amin(Bk) > € and
line search (LS1) or (LSz2) in Algorithm 1, it holds that

F(a®) — F* with o = 0(Amin(Bx) — ex) min {1, 28(1 — o) (Amin(Bk) — €x) /L}

1mn PR
osheN Yo N (Br) (14 1/ Amin(Br) + /1= 2/ Anax (B) + /325, (B )

B
=
El ™
N
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This implies that an approzimate e-stationary point defined as in (3.8), i.e., mino<r<n R} < ¢, is obtained
whenever N F(x®) — F*

Dlew= — (4.8)

k=0
Note that smaller e, implies larger cx,. This together with (4.8) further implies that to obtain an approzimate

e-stationary point, smaller inexact tolerance €y, potentially leads to fewer outer iteration number N.

On the other hand, we see from (4.6) and (4.7) in Theorem 4.2 that for both (FISTA) and (V-FISTA),
smaller inexact tolerance €y, potentially leads to more inner iteration number £. Nevertheless, it is difficult
to properly characterize optimal choices of ex. Indeed, as we can see from (4.7), the inner iteration number
in kth outer iterate also depends on x® (zO =" and ¢z also depends on wk) which is implicitly influenced
by previous €x—_1, €x—2,.... Consequently, all optimal €, s are not independent.

4.2 A semismooth Newton augmented Lagrangian method

Due to the positive definiteness of By, we can decompose By, = AT A and rewrite (4.1) as

min Gi(v) = (Vf(a) €, ) + % |A@w — ) + h(v). (4.9)

For simplicity of notation, we define

1
ci= =Vf(a") + & Ply) = 5ly - A"

Then problem (4.9) can be equivalently written as

max — {G(v) = ¥(Av) — e, v) + h(v)}, (4.10)
vE n
whose dual problem is
min Y*(y) + h*(z) st. Aly+z=c (4.11)
Y,z

Consequently, a semismooth Newton augmented Lagrangian (SSNAL) method in [22, Section 3] can
be applied for solving (4.10) and (4.11). In this subsection, we first briefly revisit the SSNAL method
and then propose a practical /implementable termination criterion for the method to achieve an
inexact solution u* satisfying (3.3).

First, given o > 0, the augmented Lagrangian function associated with (4.11) is defined as

Loy, = w) = ¥ (y) + h*(z) —(w, ATy +z =)+ 2 |[ATy+ = — [

The SSNAL method in [22, Section 3] contains the outer algorithm [22, Algorithm SSNAL] and the
inner algorithm [22, Algorithm SSN]. Let w® = x*. Given sequence {o;} 1 c0. The iterates of outer
algorithm [22, Algorithm SSNAL] applied to (4.11) are as follows:

{(ytﬂ7 2" ~ argmin {®,(y, 2) := Lo, (y, z; w')},

SSNAL
wt+1 _ wt o Ut(ATyt+1 + zt+1 o C), ( )

. . 0
where “~” means that for some summable non-negative sequence {y}, i.e., >3,_, px < 00, approx-
imate solution (y'*!, 2!*1) satisfies

i (y', 2 —inf &, < p? /20 (4.12)

To obtain such an approximate solution, we first define

£)2 t)2
”lv+inf{h*(z)+?‘ATy+ch‘ } (4.13)

pi(y) = inf &4(y, z) = ¢*(y) - p 1

12



By [32, Theorem 2.26], it holds that
Voi(y) = VY*(y) + 0 A (ATy + ProX,s o, (¢ + w'/o, — Aly) —c— wt/at)
=y + Az" — Aprox, , (w' — oy (ATy —¢)),

where the last equation follows from the generalized Moreau decomposition. Next, the inner
algorithm [22, Algorithm SSN] is applied for solving equation Vi (y) = 0, and terminates at some

y' ! satisfying
V(g™ ) < me/ Vo (4.14)
We know from [22, Theorem 3.6] that if prox,,(-) is strongly semismooth, criterion (4.14) is well-

t+1

defined. Furthermore, z*** is obtained by

t2
2! = argmin @ (y'™!, 2z) = argmin {h*(z) + 2 ‘ATyt+1 +z—c— w—H }
z z 2 Ot (415)

= ProXps ., (c+w'/o, — ATytth).

Indeed, it has been indicated in [22, Section 3.2] that (y'*!, z!*1) obtained from above (i.e., y'**
satisfies (4.14) and z'*! from (4.15)) satisfies criterion (4.12).

As mentioned at the beginning of this section, we focus on achieving an inexact solution w
satisfying (3.3). To this end, we propose an implementable termination criterion for (SSNAL).

k

Specifically, we terminate (SSNAL) and set u* = w'*! if w!*! satisfies
w' — wttl
| - ATV | < awt -2, (4.16)
Ot

where ¢ is the inexact tolerance in (3.3). As one can see, checking termination criterion (4.16)
does not involve further computational cost. Indeed, V;(y**!) is the quantity already computed
in the termination criterion (4.14) of the inner algorithm.

Now, we show that termination criterion (4.16) is well-defined, and it outputs a solution u* =

w'T! satisfying inexact rule (3.3).

Theorem 4.5. Let sequence {(y', z', w')} be generated by (SSNAL) with the inner algorithm
terminated by (4.14). Suppose that w° is not the optimal solution of (4.1). Then termination
criterion (4.16) is well-defined. Let w'*' be the output of (SSNAL) with termination criterion
(4.16). Then inexact rule (3.3) holds for uF = w'*!.

Proof. First, we prove the well-definedness of termination criterion (4.16). Since h is convex, v is
strongly convex and Vi is Lipschitz continuous with Lipschitz constant 1, by [22, Theorem 3.2],
we have that {w!} converges to the optimal solution of (4.1), say z*. This together with (4.14)
and o; — 00 gives

t_ wt+1H

wt _ wt+1
)7 + ] A|[Ver (v — . (4.17)

_Arwt(ym)u < |w
Ot

Since ¥ = w® # 2z*, we then know from w' — z* that there exists some 7 > 0 such that when ¢

is large enough, we have |w'*! —x*| > 7. This together with (4.17) implies that (4.16) is satisfied
when ¢ is large enough. This proves the well-definedness of (4.16).

Now we prove that inexact rule (3.3) holds for u* = w'*!. First, we see from the w-update in
(SSNAL) and (4.15) that

2 = PrOXps /0, (c+w'/oy — ATyttt = PIOXps /0, (2" 4w o).

13



Using the optimality condition of the optimization problem involved in the second proximal term
above, we further have w'*™! € 0h*(2!*1), which together with the convexity of h implies

2! e oh(w'th). (4.18)
On the other hand, we see from (4.13) that

Vo (y'™h) = Vo* (y'™h) + 0, A (ATytJrl + ProX,« o, (¢ + wt/o, — ATyt —c— wt/at)
— oyt 4 Az + 0, A (ATytJrl NP ,wt/gt) (4.19)
=yt 4+ Ak — Aw't

where the second equality follows from (4.15) and the last equality follows from w-update in
(SSNAL). We combine (4.18) with (4.19) to obtain

aGk(wt+1) 5 zt+1 + ATA(wt+1 _ {Ek) —c= zt+1 + AT(yt+1 _ V%(?f“)) —e

wt — wtt! (4.20)

_ ATyt+1 +zt+1 _C_ATv@t(yt-i_l) _ _ATVSDt(yt+1>7

(7
where the last equality follows from w-update in (SSNAL). We then see from (4.20) that

|
dist (0, 0G,(w' 1)) < |[F—2—

- — ATV (y' ). (4.21)
t

By assumption, we know that (4.16) holds with ¢ = ¢, which together with (4.21) implies that
dist (O7 6Gk(w{+1)) < epwttt — ¥

This completes the proof. O

Remark 4.6. In Theorem 4.5, if x¥ = w" is the optimal solution of (4.1), we know from the
optimality condition of (4.1) that 0 € V f(z*) — &1 + Oh(x*). This together with €1 € dg(x*)
implies that x* is a stationary point of (1.1). In this case, we should terminate Algorithm 1.

5 Choices of B

As we can see, the main computational cost of inner algorithms for solving (4.1), such as (FISTA)
and (V-FISTA), lies in matrix multiplication Bywv for any v. This implies that it is practical
to construct Bj with simple structures, for example, low-rank structure. On the other hand, to
ensure the applicability of our convergence theory, By, is expected to be positive definite, especially
uniformly positive definite; see, Theorem 3.10. Based on such consideration, we present two
variants of construction of approximate Hessian matrix By proposed in [3] as follows. Note that
in the following, we consider the case when f is strongly convex.

The first variant was proposed in [3, Section 4.1], called modified SR1, in which the inverse
H = B,;l was constructed as follows. Define

sp=a —a" "y = Vi) - VY, o= siun/ |l (5.1)

Choose v € (0, 1). For k > 1, let

Hy =yl +wpu]  with wy, = (sp — y7eyk) /A/{Sk — YTk Yk, Yr)-
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Using Sherman-Morrison formula, we derive the corresponding update of By in modified SR1 as

1 T
By=H;'= — (1- 2% ), (5.2)
VT uup + 7k

Notice that this By is the type of “identity minus rank one”. Then matrix multiplication cost
Bj,v is cheap for any v. Moreover, it has been shown in [3] that further assumption on the strong
convexity of f guarantees the uniformly positive definiteness of By, in (5.2).

Lemma 5.1. [3, Lemma 4.1] Suppose that f is p-strongly convex and L-smooth. Let By be given
in (5.2). Then
-~
(L+y)p=t =29L7"

IsBkséI v k.
gl

The second variant of construction of By, called sophisticated L-BFGS, follows from [3, Sec-
tion 5.1]. Let v € (0, 1). Let sk, yx and 7 be defined as in (5.1). It is the type of “identity plus

rank two”: for k > 1,
1 SkSL . YkYy
YTk Iskl> "yl

Similarly, it has been shown in [3] that uniformly positive definiteness of By, in (5.3) is guaranteed
under the strong convexity of f.

Lemma 5.2. [3, Lemma 5.1] Suppose that f is u-strongly convex and L-smooth. Let By, be given
in (5.3). Then

1 14+)L
+ 1<B <YVl
v

(T+y)@ 42yt =2+ Lt

6 Numerical experiements

In this section, we conduct numerical experiments to test our iSQAmajor, i.€., Algorithm 1 for
solving the /15 regularized least squares problem and the truncated ¢; regularized least trimmed
squares problem. All experiments are performed in Matlab R2019a on a 64-bit PC with 3.8 GHz
Intel Core i5 Quad-Core and 8GB of DDR4 RAM.

6.1 The ¢/, , regularized least squares problem

We consider the £;_ 5 regularized least squares problem [43]:

. 1 2
min Fi(z):= g Az = b" + A([=], — |=[), (6.1)

where A € R™*™, be IR™ and X > 0 is the regularization parameter. We apply Algorithm 1 with
By, updated by (5.2). By Lemma 5.1, the positive definiteness of By, is then guaranteed when f is
strongly convex. Consequently, we first reformulate (6.1) as

. 1 T T
min - Fio(@) = 5 |Az - b|* + Sle*+ X, - (A ||| + gl\wH2)7 (6.2)
~~ —_—
(@) h(=) g(@)

where 7 = 0.01. We solve (6.2) by our iSQAmajor (Algorithm 1) with subproblem (3.1) solved by
(V-FISTA)(SQAsgR;1) and [3, Theorem 3.8 and Algorithm 5] (SQAyis)?, respectively. We compare

3This is applicable since our choice of By, in (5.2) is the sum of a diagonal matrix and a rank-one matrix.
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both methods with three first-order methods applied to (6.1): non-monotone APG (nmAPG) in
[19], proximal difference-of-convex algorithm with extrapolation (pDCA,) in [39] and nonmono-
tone proximal gradient method (NPG) in [41].%

Setting for SQAgsr; and SQA,;. In Algorithm 1, we let z° =0, 3 = 0.5, 0 = 107*, M =4
and choose By, as in (5.2) with v = 0.87 for k > 0 and set By = (|A|? + 7) I. We choose line
search (LS1) in Algorithm 1. We terminate Algorithm 1 when the running time exceeds some fixed
time maztime (second). In SQAggr;, we solve subproblem (3.1) by (V-FISTA), and terminate it
when (4.2) holds with e, = 2max {1/(0.1-k)*?, 107*} Ly. In SQAy;s, we solve (3.1) by calling
the solver ° in [3] with default setting.

Setting for nmAPG, pDCA, and NPG. For these three methods, we take the same initial
point £° = 0 and termination criterion as in our methods SQAggr; and SQA4;. Moreover, in
pDCA., we use a restart technique in [4, 30] and a restart frequency 7' = 2000 is used 6. In NPG,
the initial stepsize for each iteration is given by uJ = 1 and for k > 1,

k _ k-1 ATA k _ k=1
§9 = min {|A|2 + 1074, max {max { (@t -2, (@~ >>, O.Suk_l} , 106}} )

ot — ot

where i} denotes the kth initial stepsize and fi, denotes the final stepsize of kth iteration after
non-monotone line search.

Data generation. We first randomly generate a matrix A € IR"*" with i.i.d. standard Gaussian
entries. Next, we uniformly at random generate an s-sparsity vector £ € R" and let & = sign(Z).
Finally, we generate b = A« + 0.01 * n, where nn € IR™ is a random vector with i.i.d. standard
Gaussian entries.

In the following, we consider two triples: (n,m,s) = (3000,900,180) with A € {0.1, 0.01} and
(n,m,s) = (5000,1500,300) with A € {0.01, 0.001}. For each group (n,m,s,\), we generate 10
independent trials and compare all five methods in terms of the average performance over the 10
trials. Specifically, we first follow the notation in [42] and define a normalized measure of the kth
iteration as . in

e(k) := Fia(@) = I3 F17.2 ,

Fyo(x0) — F"Y

where F/™" denotes the minimum function value obtained among all methods in one trial. Then,
we let T'(k) denote the total computational time when x* is obtained and further define

E(t) :=min{e(k) : ke {i: T(i) < t}}. (6.3)

We compare all the methods in terms of E(t) averaged over 10 trials.

Figure 1 shows the performance of all five methods for triple (n,m,s) = (3000, 900, 180) with
A = 0.1 and maxtime = 10, and A = 0.01 and maxtime = 25. Figure 2 shows the performance
of all five methods for triple (n,m,s) = (5000, 1500,300) with A = 0.01 and maxtime = 80, and
A = 0.001 and maxtime = 120. One can see that our method SQAggr; outperforms other methods
in terms of CPU time needed for obtaining a solution with the same function value.

4We do not compare our methods with nonmonotone proximal gradient method with majorization (NPGmajor)
in [25, Algorithm 2], because the performance of NPGajor is very similar to that of NPG; see [23, Section 5].

5The code can be downloaded in https://github.com /stephenbeckr/zeroSR1/tree/master/paperExperiments/Lasso.

6In [4], the restart frequency is 200. We replace the frequency by 2000 thus to improve the performance of
pDCA. in numerical experiments.
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n=3000,m=900,s=180, A=0.1 n=3000,m =900, s =180, A=0.01
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Figure 1: Comparison of all methods for (n,m,s) = (3000, 900, 180).

n = 5000, m = 1500, s = 300, A =0.01 n = 5000, m = 1500, s = 300, A = 0.001

— SOASFH J— SOASM
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Figure 2: Comparison of all methods for (n,m,s) = (5000, 1500, 300).

We also conduct numerical experiments on real data. Specifically, we consider problem (6.1)
with A = 0.005, and A and b from four sets of real data: leukemia data with 3051 genes and 72
samples (m = 72, n = 3051), lymph node status data with 4514 genes and 148 samples (m = 148,
n = 4514), breast cancer prognosis data with 4919 genes and 76 samples (m = 76, n = 4919) and
colon tumor gene expression data with 2000 genes and 62 samples (m = 62, n = 2000). We use
these four data sets in the same way as in [17, Section 4.1]. Figure 3 shows the performance of all
five methods on each data set. One can see that for leukemia data, lymph node status data and
colon tumor gene expression data, our proposed methods (SQAgg; or SQAy,s) outperforms other
methods, while method nmAPG outperforms all other methods for breast cancer prognosis data.
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Figure 3: Performance comparion on four sets of real data.

6.2 Truncated /; regularized least trimmed squares problem

We consider the following truncated ¢; regularized least trimmed squares problem given in [24] for
simultaneous sparse recovery and outlier detection:

k
. 1
min Fielz, 2) 1= 3 |Az — 2z — b|* + 0o (z) + Az, —)\,uz ETOIR (6.4)

xzelR™, zeR™ i=1
where A € R™", be R™, Q = {zeR": |z]o<r}, pe (0,1), A >0, k < n and x[; denotes

the ith largest element of & in magnitude. In order to apply our Algorithm 1, we first reformulate
(6.4) as formulation (1.1); see [24, equation 37]:

k
. 1 2
oot Fue(x, 2) = 5 [Az|” + Afa], — (M; || + Q(fv)), (6.5)
where @ is continuous and convex with AT(z + b) € dQ(z) for any z € Po(Az — b). Similarly, to
guarantee the positive definiteness of By in Algorithm 1 when By, is updated as in (5.2) or (5.3),
we reformulate (6.5) as

k
1 T T
Fuel(®, 2) = 5 |42 + Z|o]? + ) ], (2|w|2 Y g | + Q<w>), (6.6)

min
zeR™, zeR™ ~
i

h(x)

f(@) ()
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where 7 = 0.01. Since the proximal mapping of either the DC regularizer in (6.5) or h — ¢ in
(6.6) is no longer easy to obtain, neither nmAPG nor NPG is applicable. On the other hand,
a subgradient of g in (6.6) can be obtained easily 7. In the following, we will therefore compare
three variants of our method applied to (6.6) with pDCA.® applied to (6.5): SQAgr1, SQAys
and SQAL pras (B is taken as in (5.3) in Algorithm 1 with subproblem solved by (V-FISTA)).
We take the same setting for the three variants as in Section 6.1.

Data generation. We first randomly generate a matrix A € R™*™ with i.i.d. standard Gaussian
entries. Next, we uniformly at random generate an s-sparsity vector € IR"™ and let 2z € IR™ be the
vector with the last r entries being 8 and others being 0. Finally, we generate b = Ax—2z+0.01x%n,
where n € IR™ is a random vector with i.i.d. standard Gaussian entries. In (6.4), we let p = 0.99
and k = 0.8s.

In the following, we consider two groups (n,m,s,r) = (3000,600,150,30) and (n,m,s,r) =
(9000, 1800, 450, 90) with A = 5 x 10~%. For each data (n,m,s,r, \), we generate 10 independent
trials and compare our three methods with pDCA, in terms of the average E(t) defined as in
(6.3) over the 10 trials.

Figure 4 and Figure 5 show the performance on E(¢) of all methods and the recovery of
SQAggr; in one random trial (solution of SQAggr; when it terminates is marked by asterisks
and true signal @ is marked by circle) for group (n,m, s, r) = (3000, 600, 150, 30) and (n,m,s,r) =
(9000, 1800, 450, 90), respectively. One can see from the performance that SQAggr; generally out-
performs SQA4;s and SQA,_gras and is comparable with pDCA, in terms of CPU time needed
for obtaining a solution with the same function value. In Figure 6, we also report the numbers of
outer iterations for all methods (when they terminate) over the 10 independent trials. One can
see that within the same CPU time, due to the simplicity of subproblem, pDCA, can run more
iterations than SQAgr1, SQAy;s and SQA; _gras-

n = 3000, m = 600, s = 150, r =30, A = 0.0005
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Figure 4: Comparison of all methods for (n,m,s,r) = (3000, 600, 150, 30) and signal recovery of
SQASsR:-

"Indeed, for any x € IR™, a subgradient in dg(x) is &€ = 7@ + Apu + AT (v + b), where u and v are given by

{sign(mi), if i€ Cy {(A:B—b)u if i e C,
U; = v;

;=

0. else. 0. else.

Here, C, is an arbitrary index set corresponding to the largest k elements of & in magnitude, and CY, is an arbitrary
index set corresponding to the largest r elements of Az — b in magnitude.

81t has been shown in [24] that sequence generated by pDCA. converges locally linearly to a stationary point
of (6.5). Moreover, it has been shown in [24] that pDCA, outperforms NPGj0r proposed in [25, Algorithm 2].
Consequently, we do not compare our method with NPGaj0r here.
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n=9000, m = 1800, s = 450, r =90, X = 0.0005
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Figure 5: Comparison of all methods for (n,m,s,r) = (9000, 1800, 450, 90) and signal recovery of
SQASsR:-

Iteration numbers for (n, m, s, r) = (3000, 600, 150, 30). Iteration numbers for (n, m, s, r) = (9000, 1800, 450, 90).
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Figure 6: Iteration numbers for all methods.
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A  Proof of Lemma 3.2

Proof. First, for any « € (0, 1], we see from the L-smoothness of f and the convexity of g with
gk+l e 0g(x¥) that

F(@" +ady) - F(z") = f(@" + ady) - f(") + h@" + ady) — h(@") — (9(2" + ady) - g(z"))
<aVf(@) d, + OPTL |dil? + h(z" + ady) — h(z") — a gt dy

- QQTL |di])? + a{Vf(z*) — €, dy) + h(a® + ady) — h(z)

2
L
S el + A(a). (A.1)

On the other hand, the convexity of h and « € (0, 1] yield
(A.2)

To show the well-definedness of three termination criteria (LS1), (LS2) and (LS3), we see from
(A.1) and (A.2) that it suffices to show that A, could be bounded by a proper multiple of |dy|?.
To proceed, we first see from the convexity of h and By > 0 that Gy is strongly convex with
modulus Apin(Bg). On the other hand, we know from (3.3) and dj, = u* — ¥ that there exists
some wy, € 0G(u”) such that |wy| < €, |di|. This together with the strong convexity of G}, with
modulus Apin (Byg) implies that

)\min (Bk)

min B
Gr(uF) — Gi(2¥) < — (wp, ¥ —uF) — %(k)\\a:k —uf|? < (ek — 5

Jlank. (a3
Moreover, we know from (A.3) and dj, = u* — x* that

<€k - /\mmz(Bk)) ldi|? = Gr(u®) — Gi(z")

= (V) — ¢ dy) + %(uk — M) T By (u® — %) + h(u) — h(z)

)\min(Bk)
2

1
= AkJ + §d;—Bkdk = AkJ + HdkHQ,

which implies that
Ak,l < (ek — )\min(Bk)) HdkH2 (A4)

Now we are ready to prove the well-definedness of the three termination criteria. We first consider
the termination criteria (LS;) and (LS3) when Apin(Bj) — € > 0. For any a € (0, 1], we have
F(z* + ady) — max  F(2') —oa g1 < F(xb + ady) — F(z®) —oa Ny
[k—M]; <j<k '
oL , I (A.5)
< T HdkH + OéAk,l —ow AkJ < 50& (Oé — 2(1 — O') (>\min(Bk) — Ek)/L) HdkHZ,

where the second inequality follows from (A.1) and (A.2), and the last inequality follows from
(A.4). Notice that o € (0, 1) and Apin(Bx) — €x > 0. We see from (A.5) that its left-hand side is
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nonpositive when « € (0, 2(1 — ) (Amin(Br) — €x) /L]. This proves the well-definedness of (LSy).
Similarly, we consider termination criterion (LSz). By (A.1), (A.2) and (A.4), we have

FzF +ady) - max F(z') —olp(a) < F(az* + ady) — F(x*) — 0 Ap(a)
[k—M]<j<k

o?L o?L
< 5 HdkHQ + Ag(a) — oLk (a) < 5 HdkHQ + ol —0)Aka (A.6)

< ga (@ = 2(1 = 0) (Amin (By) — &) /L) | i >

This proves the well-definedness of (LSs). Finally, we see from (A.1), (A.2) and (A.4) that

F(z* + ady)— max  F(2?) + oaldy|® < F(z* + ady) — F(z*) + oa|d|?
[k—M]1 <j<k

O[2L 2 2 OL2L 2 2 2
< E2 Nl + Dea) + oaldil? < 2 il + o (e — uin(Bi) ldel® + oaldy? (A7)

= Yo (0~ 2 min(Be) — ek — 0)/L) |

This proves the well-definedness of (LS3) when Apnin(By) — € > 0. Furthermore, we have (3.4) by
noticing (A.5), (A.6), (A.7) and the line-search rule oy, € {f:7 =0,1,...}. This completes the
proof. U

B Proof of Theorem 3.3
Proof. For simplicity of notation, we define

t(k) := argmax F(a?). (B.1)

[k—M]4+<j<k
We know from (3.4) that in case of (LS;) or (LS2) with 6 > 0 we have ap = ¢ > 0 with
¢1 = min{l, 26(1 —0)d/L}, and in case of (LS3) with § > o, we have o = ¢ > 0 with ¢p :=
min {1, 28(§ — 0)/L}. Furthermore, for the three line-search criteria we have
(@) ,
oarlg1 < —ocid||dg|| for (LSy),
(b)
F(a") = F(a" + ardy) < F@' ™) + < A (ap) < oanlopy < —oerd|di]®  for (LSs),
(c)
—oag|di|? < —oca|di|? for (LSs).

where (a) follows from (A.4), § = infy, (Amin (Bk) — €x) and ay = ¢ in case of (LS;) with 6 > 0,
(b) follows from (A.2) and (c) follows from aj, = ¢o in case of (LS3) with § > 0. Consequently, for
each line search there exists some ¢ > 0 such that

F(a*) < F(2'™) — c|dy|*. (B.2)
Next, we prove the three statements based on (B.2). First, we know from (B.2) that
F(x*) < F(2°) < oo,

which together with the level-boundedness of F' gives the boundedness of {#*}. This proves (i).
Next, we prove (ii). We see from (B.2) that sequence {F(x!(*))} is non-increasing:
F(zt kD) = max F(x?) = max{ max F(x?), F(wk+1)}
[k+1-M]L<j<k+1 [k+1-M]1<j<k

<max {F(2'), F(@'®) = c|d,|* | < F('®).
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This together with the level-boundedness of F implies that there exists some F such that

lim F(z'™) = F. (B.3)

k—o0

Next, we prove that the following relationships hold for all § > 1 by induction:

IJLH;) dt(k)fj = 0, (B4a)
lim F(z!'™~7) = F. (B.4b)
k—0o0

We first prove that (B.4a) and (B.4b) hold for j = 1. Replacing k in (B.2) by ¢(k) — 1, we obtain
F(z'®) < F(@' WD) — ¢|dy s |- (B.5)

Rearranging (B.5) and letting k& — oo, using (B.3) and ¢(k) — oo while k — oo (when k > M we
have t(k) € [k — M, k]), we see that limy_,o dy(x)—1 = 0. This proves that (B.4a) holds for j = 1.
Furthermore, we see from (B.3) that
F = 1 F t(k)) _ Ii F t(k)—1 - 1 F t(k)—1
Jim F(2") = lim F (27 4+ 0y 1dyy-1) = lim F(a7),

where the last equality follows from oy < 1, limg o dy(x)—1 = 0 and the uniform continuity of F'
on the closure of the sequence {x*} (This is because h is continuous on its domain, =¥ € domh
and sequence {x*} is bounded). This proves that (B.4b) holds for j = 1.

Now we assume that (B.4a) and (B.4b) hold for some J > 1, i.e., limg_,o dy(y)—; = 0 and
limg o0 F(a:t(k)_‘]) = F. Replacing k in (B.2) by t(k) — J — 1, we obtain

F(x!®=7) < F(gt®)=7-D) _ cHdt(k)ﬂ,le?. (B.6)

Rearranging (B.6) and letting k& — o0, using assumption hmk_,ooF(xt(k)_J) = F and (B.3)
with t(k) — J — 1 — o while k¥ — o (when k& > M we have t(k) € [k — M, k]), we see that
limy o0 dy(xy—s—1 = 0. This proves that (B.4a) holds for j = J + 1. Similarly, we have

= _ 1 tR) =T\ _ 1 (k) —T—1 5 t(k)—T—1

F kh—{%o F(a: ) klgr()loF(x + at(k),J,ldt(k),J,l) klgrolc F(cc ),
which proves that (B.4b) holds for J + 1. This completes the induction.

Now we are ready to prove (ii). Note from (B.1) that when k > M, we have k — M < ¢(k) < k.
Thus, for any k, we have k — M — 1 = t(k) — ji for some ji € [1, M + 1]. Therefore, it follows
from (B.4a) that

0= g, s = [y, i = g i

which together with F*! — z* = a;d}, and oy < 1 proves (ii).

Finally, we prove (iii). Since {z*} is bounded, there exists some convergence subsequence, say
{z¥7}, which satisfies lim;_,,o % = x*. On the other hand, since the set 0Gj(u") is closed, we
see from (3.3) that there exists some wy, € dom h satisfying |wy| < ex|u* — x¥| and

wy € 0Gy(u¥) = Vf(x") — ¢ + By (u” — ) + oh(u”).
This combined with dj, = u* — ¥ further implies that
wy, — By, di, € V(") — 1 + oh(z" + di)). (B.7)

Due to £€¥*! € dg(x*), the boundedness of {x*} and the convexity and continuity of g, we see that
{€*} is bounded. Thus, by passing to a further subsequence if necessary, without loss of generality,
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we assume that £* := lim; ., £¥+1 exists and thus £€* € dg(z*) due to &%+ € dg(x*7) and the
closedness of dg. On the other hand, we see from the boundedness of {Bj} and the assumption
§ > 0 that {ex} is bounded, which further gives |ws| < € |u® — x*| = e[ dx| — 0. Now passing
to the limit in (B.7) and using |wy| — 0, ||di|| — 0, the boundedness of { By}, the L-smoothness
of f and the closedness of dh, we see that

0€e Vf(x*) + oh(xz*) — dg(x™).

This proves (iii) and completes the proof. O

C Proof of Lemma 3.6

Proof. Since ¥ is a global minimizer of the optimization problem in (3.6), we have

0e Vf(xh) — " + 2k — a4 on(=h). (C.1)

If 2§ = ¥, we see from (C.1) that 0 € V f(x*) —€*+1 + 0h(x*), which together with £+ € dg(z*)
proves that x* is a stationary point of (1.1). On the other hand, if * is a stationary point of (1.1)
and Og(x*) is a singleton, these together with £&¥+! € dg(x*) give

0 Vf(xF) — dg(x®) + oh(x®) = Vf(x*) — "1 + on(z"). (C.2)
Now, using the monotonicity of operator oh with (C.1) and (C.2), we further have
(a* —xf, xf —2*) >0,

which implies that & = *. This completes the proof. O

D Proof of Theorem 4.2

Proof. First, we consider (FISTA). Since By > 0, we know from the convexity of h that G(-) is
strongly convex with modulus A, (By). We then further have

)\min (Bk)
2

2L,

L *2< £y * <
I = 2% < Gelz") — Gel=™) < (7

2" — 2%, (D.1)

where the last inequality follows from [8, Theorem 4.4]. Furthermore, inequality (D.1) together
with the definition of ¢; in (4.5) implies that

2,/L
|2 — =% < d 20 = 2% = 7|12 — 2*]. (D-2)
(é + 1) Amin(-Bk') £+1

Furthermore, we have that for £ > 2,

01— 1
[ =yl = | = 27 = Fp T (T - ) < = -
Jey (D.3)
R L o e e N

where the first equality follows from the y-update in (FISTA) and the last inequality follows from
(D.2). Notice that 2° = ¥ # z*. Using (D.2) and (D.3), we further have for ¢ > max{2, ¢;} that

|2 =yl _ A4c |2° = =*| o dall+1)

< < . D4
|28 =20 " e=1]20 —2*| = [2f 2| " (=Dl +1-c) (b4
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Then the termination criterion (4.2) is satisfied whenever the right-hand side of (D.4) is upper
bounded by 6’“4), which by calculus further gives (4.6).

2L
Now we consider (V-FISTA). Similarly, the strong convexity of Gj(-) implies that

Amin(By) |2° = 2*[* /2 < Gi(2") — Gi(2¥)

1

< <1 - \/E)Z<Gk(z0) — G(2*) + %(Bk) 20 - z*z) _ Cg( (D.5)

1

T

20
) Auin(B1)/2,

where the second inequality follows from [2, Theorem 10.42] and the last equality follows from the
definition of 7 and ¢y in (4.5). We then see from (D.5) that

C2

|- =) < 2. (D)
This together with the y-update in (V-FISTA) that for ¢ > 2,
e G L e L e
B S P (O g (Tlé T T}_2> < e |
Since 2% # z*, we use (D.6) and have that for £ > 1 + 10g- 20
|2 =2 > [2° — =% - |2 = =*] > " - =" - 5 > 0.
Using this and (D.7), we have for any £ > max{2, 1+ log, %7} that
P .

[z =20 © 20 = 2*| —cp/7t 20— 2¥] o

Then the termination criterion (4.2) is satisfied whenever the right-hand side of (D.8) is upper

bounded by 22—’;, which by calculus further gives (4.7). This completes the proof. O
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