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Abstract In this paper, we analyze the global convergence of a general non–monotone line search method
on Riemannian manifolds. For this end, we introduce some properties for the tangent search directions that
guarantee the convergence, to a stationary point, of this family of optimization methods under appropri-
ate assumptions. A modified version of the non–monotone line search of Zhang and Hager is the chosen
globalization strategy to determine the step–size at each iteration. In addition, we develop a new globally
convergent Riemannian conjugate gradient method that satisfies the direction assumptions introduced in
this work. Finally, some numerical experiments are performed in order to demonstrate the effectiveness of
the new procedure.
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1 Introduction

This paper focuses on the line–search methods for minimizing smooth functions on a Riemannian manifold.
This class of optimization problems is mathematically formulated as follows

min
x∈M

F (x), (1)

where F : M → R is a continuously differentiable function and the pair (M, 〈, 〉) is a Riemannian mani-
fold with associated metric 〈, 〉. Problem (1) arises in many applications, for example, joint diagonalization
[1,22], nearest low–rank correlation matrix problem [13,34], sparse principal component analysis [19,30],
Kohn–Sham total energy minimization [40,41], low–rank matrix completion [5,23,26], dimension reduction
techniques in statistical data analysis [20], RGB image chromaticity denoising [21], training of unitary re-
current neural networks (RNNs) [3,24], among others.

The line–search methods in the Euclidean context (M = Rn), construct a sequence of points {xk} ⊂ M,
where each xk+1 is updated using the parametrization of the line determined by the previous point xk, and
a search direction dk ∈ Rn, that is

xk+1 = xk + αkdk, (2)

where αk > 0 is the step–size, and dk must satisfy the relation ∇F (xk)>dk < 0, which guarantees that the
vector dk is a descent direction of F (·) at xk. There are many alternative line–search rules or conditions
to select a suitable step–size αk along the ray {xk + αdk : α > 0}, for which it can be shown that the
line–search method (2) converges to a stationary point. Namely, the Armijo rule, the strong Wolfe condi-
tions, the Goldstein rule, for details see [28]. All these rules belong to the monotone approach, i.e., these
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rules build a sequence of objective values {F (xk)} that verifies the inequality F (xk+1) < F (xk), for all
k ∈ N. In the literature, there are also non–monotone strategies for regulating the step–size. In particular,
the non–monotone approach promotes a decreasing tendency in {F (xk)} throughout the iterations, but does
not necessarily verify the relation F (xk+1) < F (xk) in each iteration. At present, the non–monotone rules
are widely used, because they tend to reduce the number of line searches per iteration. Two of the most used
non–monotone rules are the globalization strategy introduced by Grippo et. al. in [12] and the Zhang–Hager
technique presented in [44]. In [44], the authors proved the global convergence of line–search methods, for
unconstrained optimization problems (when M = Rn), under two very important direction assumptions.

Since 1972, Luenberger [27] promoted the idea of performing a line search along geodesics to address the
problem of minimizing a cost function on a Riemannian manifold. However, early attempts to extend the
line–search methods (2) to the context of optimization problems on Riemannian manifolds were introduced
by Gabay [10], who introduced a Riemannian steepest descent, a Riemannian Newton method and a Rie-
mannian quasi–Newton procedure, also stating their global and local convergence. Udriste [39] also analyzed
the steepest descent on Riemannian manifolds and proved (linear) convergence of this approach under the
assumption of exact step–size selection. In addition, in [42] Yang established the global convergence, and the
rate of convergence of the Riemannian steepest descent and the Riemannian Newton’s method by controlling
the step–size with the Armijo’s rule [28].

To generalize the linear scheme (2) to the Riemannian framework, all approaches listed above, substitute
the linear step in (2), by a step along a geodesic. However, geodesics may be difficult to obtain, and even
for some Riemannian manifold there is not always an explicit formula to compute it. In [9], Edelman et. al.
introduced two Riemannian line–search methods based on geodesics to tackle minimization problems over
the Stiefel manifold. In particular, in [9] is developed a closed formula for the geodesic and extending the
ideas of the conjugate gradient method and the steepest descent method. Unfortunately, these two methods
are computationally expensive because the geodesic evaluation involve a computation of the exponential
matrix, which is very inefficient.

In alternative approaches, the geodesics are replaced by more general paths, based on retractions (a
retraction Rx(·) is a functional from the tangent space TxM to the manifold M at x ∈M, see Definition 1
in Section 2). Absil et al. in [2], extended the line–search methods for optimization on Riemannian manifolds
considering retractions instead of geodesics, in order to preserve feasibility and at the same time, improve
the efficiency of this class of methods. Additionally, in [2] was analyzed the global convergence of the gen-
eral Riemannian line–search methods using the Armijo’s rule to determined the step–size, and under the
assumption that all the search directions are gradient–related. The asymptotic convergence analysis of some
specific line–search methods in the Riemannian setting have been analyzed by many papers, for instance,
the Newton method is analyzed in [4,16,35], Riemannian quasi–Newton methods [14,17,38], Riemannian
conjugate gradient methods [22,32,35–37,43], several gradient–type methods are proposed and analyzed in
[7,8,15,18,31,33]. All these papers listed above, present convergence analysis by choosing the step–size, in
such a way that there is a monotone decrease in the objective function values, which is achieved using the
Armijo rule, the strong Wolfe conditions, among others. Recently in [25], the global convergence of the Rie-
mannian line–search procedures was analyzed under a modified version of the Armijo condition. However,
only a few papers have studied the global convergence of some specific Riemannian line–search methods
under non–monotone approach, see [11,15,18,29].

In this work, we extend the Zhang–Hager convergence analysis presented in [44], and demonstrate the
global convergence of the general line–search methods in the Riemannian setting, under some directions
assumptions. These directions conditions are the natural generalizations of the conditions for the searches
directions introduced in [44]. Additionally, we introduce a new globally convergent Riemannian conjugate
gradient method that satisfies the directions properties described in this work. Finally, we present two sets
of numerical experiments to demonstrate the effectiveness and efficiency of our proposal.

The remainder of this paper is organized as follows. Section 2 presents some definitions and auxiliary
notations related to Riemannian geometry that are important to our study. The general Riemannian line–
search method with a modified Zhang–Hager conditions and the two directions assumptions are presented
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in Section 3. Section 4 is devoted to the asymptotic convergence analysis of the Riemannian line–search
methods. Section 5 introduces a new globally convergent Riemannian conjugate gradient method that verifies
our direction assumptions. Section 6 presents some numerical experiment to illustrate the effectiveness of
our new proposed algorithm. Finally, the last section provides the conclusions of this work.

2 Elements of Riemannian manifolds

In this section, we briefly review some relevant concepts and notations of Riemannian geometry, by summa-
rizing [2].

Let M be a finite–dimensional differentiable manifold, this concept appear in [2,15]. Let x ∈ M an
arbitrary point onM, a tangent vector ξx toM at x is a function such that there exists a curve γ : R→M
satisfying that γ(0) = x and

ξxf := γ̇(0)f =
∂(f(γ(t)))

∂t

∣∣∣
t=0

, ∀f ∈ =x(M),

where =x(M) denotes the set of smooth real–valued functions defined on a neighborhood of x ∈ M. The
tangent space of M at x, denoted by TxM, is defined as the set of all tangent vectors to M at x. Now,
if we endow every tangent space TxM with a smooth varying inner product 〈·, ·〉x, then the pair (M, 〈·, ·〉)
becomes a Riemannian manifold. The smooth varying inner product is so–called the Riemannian metric,
since this induces a metric on TxM. In fact, observe that the the local inner product 〈·, ·〉x induces the
norm ||ξx||x :=

√
〈ξx, ξx〉x on TxM. The tangent bundle TM of M is defined by TM := ∪x∈MTxM. Let

f :M→ R be a function defined on a RiemannianM, then the Riemannian gradient of f at x, denoted by
∇Mf(x), is the unique vector in TxM satisfying

Df(x)[ξx] = 〈∇Mf(x), ξx〉x, ∀ξx ∈ TxM,

where Df(x)[ξx] is the derivative of f(γ(t)) at t = 0 and γ is any curve on the manifold that verifies γ(0) = x
and γ̇(0) = ξx.

In this paper, we study Riemannian line–search methods based on retractions, whose rigorous definition
is presented below.

Definition 1 ([2]) A retraction on a manifoldM is a smooth mapping R(·) from the tangent bundle TM
onto M with the following properties. Let Rx(·) denote the restriction of R(·) to TxM.

1. Rx(0x) = x, where 0x denotes the zero element of TxM.
2. With the canonical identification, T0xTxM' TxM, Rx(·) satisfies

DRx(0X) = idTxM,

where idTxM denotes the identity mapping on TxM.

The second condition in Definition 1 is known as local rigidity condition.

Another fundamental concept that is necessary to define some line–search methods on manifolds is vector
transport. A vector transport is a linear mapping that provides us a mechanism to move vectors from a tangent
space to another. Now we present its mathematical definition.

Definition 2 ([2]) A vector transport T (·) on a manifold M is a smooth mapping

T : TM⊕ TM→ TM : (η, ξ) 7→ Tη(ξ) ∈ TM,

satisfying the following properties for all x ∈M where ⊕ denote the Whitney sum, that is,

TM⊕ TM = {(ηx, ξx) : ηx, ξx ∈ TxM, x ∈M}.
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1. There exists a retraction R(·), called the retraction associated with T (·), such that

π(Tηx(ξx)) = Rx(ηx), η, ξ ∈ TxM,

where π(Tηx(ξx)) denotes the foot of the tangent vector Tηx(ξx).
2. T0x(ξx) = ξx for all ξx ∈ TxM.
3. Tηx(aξx + bζx) = aTηx(ξx) + bTηx(ζx), for all a, b ∈ R and ηx, ξx, ζx ∈ TxM.

Note that the first item of Definition 2 implies that Tηx(ξx) ∈ TRx(ηx)M, for all ηx, ξx ∈ TxM.

A vector transport T (·) on a manifold M is called non–expansive if it satisfies

〈Tηx(ξx), Tηx(ξx)〉Rx(ηx) ≤ 〈ξx, ξx〉x, (3)

for all ηx, ξx ∈ TxM, where Rx(·) is the retraction associated with T (·).

3 Riemannian line–search optimization methods

In this section, we briefly review the Riemannian line–search methods and present two general conditions
that the search directions must satisfy, to guarantee the global convergence of this class of iterative process. In
general, Riemannian line–search methods, in each iteration, compute the new iterate xk+1 from the previous
point xk ∈M, through the following recursion

xk+1 = Rxk
(αkzk). (4)

Notice that the update scheme (4) requires three ingredients: the step–size αk > 0, a tangent search direction
zk ∈ Txk

M, and a retraction mapping which ensures that the new iterate is a feasible point, i.e. xk+1 ∈M.
In this way, the method iteratively constructs a feasible sequence of points {xk} ⊂ M with the hope that it
will converge to a local minimizer of problem (1), or at least to a stationary point.

On the other hand, the selection of an appropriate step–size has a large impact on the robustness and
efficiency of the line search method. In particular, to assure a reduction in the value of the objective function,
it is crucial to select a suitable step–size such that it is neither too large nor too small. In this paper, we
combine the ideas of Zhang–Hager technique [44] with the Armijo–type condition [45]. Specifically, we select
a step–size αk > 0 that verifies the following inequality

F (Rxk
(αzk)) ≤ Ck + ρ1α〈∇MF (xk), zk〉xk

− ρ2α2||zk||2xk
, (5)

where ρ1, ρ2 ∈ (0, 1) and each reference value Ck is taken to be the convex combination of Ck−1 and F (xk)
defined by Ck = (ηQk−1Ck−1 + F (xk))/Qk, where Qk = ηQk−1 + 1, η ∈ [0, 1), Q0 = 1 and C0 = F (x0).

To guarantee the convergence of the line–search methods to stationary point, it is necessary that the
search directions satisfy certain properties. In particular, in this work, we prove the global convergence of
this class of methods, considering that the sequence of tangent directions {zk} satisfy the following properties:

1. Descent property:
〈∇MF (xk), zk〉xk

≤ −c1||∇MF (xk)||2xk
, ∀k ∈ N. (6)

2. The search directions are bounded by the gradient norm:

||zk||xk
≤ c2||∇MF (xk)||xk

, ∀k ∈ N. (7)

where c1, c2 > 0 are two positive constants. When we have a sequence of directions {zk} verifying the
inequalities (6)–(7), we will say that the Direction Assumption holds. Observe that these two properties
directly implies that

〈∇MF (xk), zk〉xk
≤ −c1

c22
||zk||2xk

. (8)

Remark 1 Note that the properties (6)–(7) are direct extensions of the conditions introduced in [44], where
Zhang and Hager demonstrated the global convergence for line–search algorithms in the Euclidean setting.
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The above description leads us to the following general Riemannian line–search algorithm (Algorithm 1).

Algorithm 1 Riemannian line–search method.
Require: x0 ∈ M, z0 ∈ Tx0M such that z0 verifies the Direction assumptions (6)–(7), 0 < αm ≤ αM < ∞, η ∈ [0, 1),

ρ1, ρ2, δ ∈ (0, 1), Q0 = 1, C0 = F (x0), k = 0.
1: while ||∇MF (xk)||xk 6= 0 do
2: Select αk ∈ [αm, αM ].
3: while F (Rxk (αkzk)) > Ck + ρ1αk〈∇MF (xk), zk〉xk − ρ2α2

k||zk||
2
xk

do
4: αk ← δαk,
5: end while
6: xk+1 = Rxk (αkzk).
7: Select a search direction zk+1 ∈ Txk+1M such that zk+1 verifies the inequalities (6) and (7).
8: Qk+1 = ηQk + 1 and Ck+1 = (ηQkCk + F (xk+1))/Qk+1.
9: k ← k + 1.

10: end while

4 Global convergence

In this section, we establish the global convergence of Algorithm 1. Firstly, observe that the pullback mapping
F̂ : TM→ R of the objective function through the retraction R on M is given by

F̂ (ξ) = F (R(ξ)), ∀ξ ∈ TM. (9)

In addition, the restriction of F̂ to the tangent space TxM is denoted by F̂x : TxM→ R, that is,

F̂x(ξx) = F (Rx(ξx)), ∀ξx ∈ TxM. (10)

Moreover, by differentiating the function F̂x(·) and using the second part of the Definition 1, we have

∇MF (x) = DF̂x(0x), (11)

where 0x is the origin of TxM and DF̂x(·) denotes the derivative of F̂x(·). To obtain the relation (11), it is
necessary to use the canonical identification, T0xTxM' TxM. In order to establish the global convergence
of Algorithm 1, we need the following general assumption.

Assumption 1.

1. The objective function F is bounded below in the level set L = {x ∈M : F (x) ≤ F (x0)}, which holds in
particular when M itself is a compact manifold.

2. The derivative DF̂x : TxM→ TxM is Lipchitz continuous at 0x ∈ TxM uniformly in x ∈M in the level
set L, that is, there exist two constants κ > 0 and L > 0 such that

||DF̂x(ξx)−DF̂x(0x)||x ≤ L||ξx||x, (12)

for any x ∈ L and ξx ∈ TxM verifying that ||ξx||x ≤ κ.

Remark 2 The Assumption 1 was also considered to establish the global convergence of a Riemannian mod-
ified conjugate gradient method introduced in [43]. However, the analysis presented in this work differs from
the theoretical results described in [43].

Lemma 1 Let {xk} be an infinite sequence generated by Algorithm 1. Then

F (xk) ≤ Ck, ∀ k ≥ 0. (13)

Proof Let us define ψ : R→ R as

ψ(τ) =
τCk−1 + F (xk)

τ + 1
,

observe that the derivative of ψ(·) is

ψ̇(τ) =
Ck−1 − F (xk)

(τ + 1)2
.
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By using the property (6) and the non–monotone Armijo–type condition (5), we obtain

F (xk) ≤ Ck−1 + ρ1αk−1〈∇MF (xk−1), zk−1〉xk−1
− ρ2α2

k−1||zk−1||2xk−1
< Ck−1, (14)

which implies that ψ̇(τ) ≥ 0 for all τ ≥ 0. Hence, ψ(·) is a nondecreasing function, and F (xk) = ψ(0) ≤ ψ(τ)
for all τ ≥ 0. Then, taking τ̄ = ηQk−1 we arrive at

F (xk) = ψ(0) ≤ ψ(τ̄) = Ck, (15)

which completes the proof.

Lemma 2 Let {xk} be an infinite sequence generated by Algorithm 1. Then the sequence {Ck} is monoton-
ically decreasing.

Proof By the construction of Algorithm 1 and the property (6), we have

Ck+1 =
ηQkCk + F (xk+1)

Qk+1
<

(ηQk + 1)Ck
Qk+1

= Ck. (16)

Therefore, {Ck} is monotonically decreasing and converges to some limit C∗ ∈ R ∪ {−∞}.

The following lemma establishes a lower bound for the step–size αk in Algorithm 1.

Lemma 3 In Algorithm 1, for all k sufficiently large, there exists a constant ν > 0 such that the step–size
αk satisfies

αk ≥ ν. (17)

Proof If αk ≥ αm, we need no proof. Now, it follows form Lemma 1, Lemma 2 and Assumption 1 that {Ck}
is a convergent sequence. In addition, we have

−ρ1αk〈∇MF (xk), zk〉xk
+ ρ2α

2
k||zk||2xk

Qk+1
≤ Ck − Ck+1. (18)

Merging this result with the fact that Qk+1 = 1 + ηQk = 1 + η + η2Qk−1 = · · · =
∑k
i=0 η

i < (1− η)−1 and
applying limits in both side of inequality (18), we arrive at

lim
k→∞

αk|〈∇MF (xk), zk〉xk
| = 0 and lim

k→∞
α2
k||zk||2xk

= 0. (19)

Next, we assume that αk < αm for all k sufficiently large. By the construction of the Algorithm 1, the
Zhang–Hager–type inequality fails for δ−1αk, so for all k sufficiently large we have,

F (Rxk
(δ−1αkzk))− Ck > ρ1δ

−1αk〈∇MF (xk), zk〉xk
− ρ2δ−2α2

k||zk||2xk
, (20)

which together with Lemma 1 implies that

F (Rxk
(δ−1αkzk))− F (xk) > ρ1δ

−1αk〈∇MF (xk), zk〉xk
− ρ2δ−2α2

k||zk||2xk
. (21)

From (19), we have, for all k sufficiently large,

δ−1αk||zk||xk
≤ κ. (22)

By using the mean–value theorem, the Cauchy–Schwarz inequality, (12), and (22), there exists a tk ∈ (0, 1)
such that, for all k sufficiently large,

F (Rxk
(δ−1αkzk))− F (xk) = F (Rxk

(δ−1αkzk))− F (Rxk
(0xk

))

= F̂xk
(δ−1αkzk)− F̂xk

(0xk
)

= δ−1αk〈DF̂xk
(tkδ

−1αkzk), zk〉xk

= δ−1αk〈DF̂xk
(0xk

), zk〉xk

+δ−1αk〈DF̂xk
(tkδ

−1αkzk)−DF̂xk
(0xk

), zk〉xk

≤ δ−1αk〈DF̂xk
(0xk

), zk〉xk
+ δ−2α2

ktkL||zk||2xk

≤ δ−1αk〈∇MF (xk), zk〉xk
+ δ−2α2

kL||zk||2xk
. (23)
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Combining (21) and (23), and using (8) yields for all k sufficiently large,

αk ≥
(ρ1 − 1)δ

(L+ ρ2)

〈∇MF (xk), zk〉xk

||zk||2xk

=
(1− ρ1)δ

(L+ ρ2)

|〈∇MF (xk), zk〉xk
|

||zk||2xk

≥ (1− ρ1)δc1
(L+ ρ2)c22

. (24)

Therefore, (17) holds for all k sufficiently large with ν = min
{
αm,

(1−ρ1)δc1
(L+ρ2)c22

}
.

Now we prove the global convergence of Algorithm 1 to a stationary point of (1).

Theorem 1 Suppose Assumption 1 is satisfied and Algorithm 1 generates an infinite sequence {xk} of
points on the manifold. In addition, suppose that the sequence of the search direction {zk} ⊂ TM verifies
the properties (6) and (7). Then we have

lim
k→∞

||∇MF (xk)||xk
= 0.

Proof By Lemma 3, the definition of Ck+1, and the descent property (6), we have, for all k sufficiently large,
that

Ck+1 =
ηQkCk + F (xk+1)

Qk+1

≤
ηQkCk + Ck + ρ1αk〈∇MF (xk), zk〉xk

− ρ2α2
k||zk||2xk

Qk+1

= Ck +
ρ1αk〈∇MF (xk), zk〉xk

− ρ2α2
k||zk||2xk

Qk+1

≤ Ck +
ρ1αk〈∇MF (xk), zk〉xk

Qk+1

≤ Ck −
c1ρ1αk||∇MF (xk)||2xk

Qk+1

≤ Ck −
c1ρ1ν||∇MF (xk)||2xk

Qk+1
. (25)

Since Qk+1 < (1− η)−1, form (25) we obtain

Ck+1 < Ck − c1ρ1ν(1− η)||∇MF (xk)||2xk
,

which implies that

0 ≤ c1ρ1ν(1− η)||∇MF (xk)||2xk
< Ck − Ck+1. (26)

Taking limits in both sides of (26) we arrive at

lim
k→∞

||∇MF (xk)||xk
= 0,

which completes the proof.
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5 A new Riemannian conjugate descent method

In this section, we introduce a new globally convergent Riemannian conjugate gradient algorithm to tackle
the Riemannian optimization problem (1). Similar to the unconstrained optimization context, we have many
possible choices to define the sequence of search directions {zk}, that guarantee the properties (6)–(7), and
therefore that generate a globally convergent method. For instance, the gradient descent, conjugate gradient,
or quasi–Newton direction, can be adapted in order to verified the Direction assumptions. However, we focus
on the conjugate gradient descent direction due to its simplicity. In particular, we consider the update scheme
(4) and propose to build the z′ks tangent search directions, recursively by

zk+1 = −∇MF (xk+1) + βkTαkzk(zk), (27)

where Tx(·) is any non–expansive vector transport and βk ∈ R is given by

βk = µk

( 〈∇MF (xk+1), Tαkzk(zk)〉xk+1

−||zk||2xk

)
, (28)

where {µk} is any bounded sequence of positive real numbers such that 0 < µk ≤ µmax, for all k ∈ N, with
µmax ∈ R.

The following lemma shows that the Direction Assumption holds, for the sequence of directions {zk}
defined in (27)–(28).

Lemma 4 The directions zk’s defined in (27) satisfies the directions properties (6) and (7), for all k ≥ 0.

Proof Firstly, the equalities (27) and (28) yield

〈∇MF (xk+1), zk+1〉xk+1
= −||∇MF (xk+1)||2xk+1

+ βk 〈∇MF (xk+1), Tαkzk(zk)〉xk+1

= −||∇MF (xk+1)||2xk+1
− β2

k

µk
||zk||2xk

≤ −||∇MF (xk+1)||2xk+1
. (29)

On the other hand, it follows from the Cahuchy–Schwarz inequality, the non–expansiveness of Tx(·) and
the definition of βk that

||zk+1||2xk+1
= ||∇MF (xk+1)||2xk+1

− 2βk〈∇MF (xk+1), Tαkzk(zk)〉xk+1
+ β2

k||Tαkzk(zk)||2xk+1

≤ ||∇MF (xk+1)||2xk+1
− 2βk〈∇MF (xk+1), Tαkzk(zk)〉xk+1

+ β2
k||zk||2xk

= ||∇MF (xk+1)||2xk+1
+

(
2 + µk
µk

)
β2
k||zk||2xk

= ||∇MF (xk+1)||2xk+1
+ (µ2

k + 2µk)

(
(〈∇MF (xk+1), Tαkzk(zk)〉xk+1

)2

||zk||2xk

)
≤ ||∇MF (xk+1)||2xk+1

+ (µ2
k + 2µk)

(
||∇MF (xk+1)||2xk+1

||Tαkzk(zk)||2xk+1

||zk||2xk

)

≤ ||∇MF (xk+1)||2xk+1
+ (µ2

k + 2µk)

(
||∇MF (xk+1)||2xk+1

||zk||2

||zk||2xk

)
= (µk + 1)2 ||∇MF (xk+1)||2xk+1

,

In view of the inequality stated above and the fact that µk ≤ µmax for all k ∈ N, we have

||zk+1||xk+1
≤ (µmax + 1)||∇MF (xk+1)||xk+1

,

which proves the lemma.
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Now, we outline all the steps of our Riemannian conjugate descent method in Algorithm 2.

Algorithm 2 Riemannian conjugate descent method (RCD).

Require: x0 ∈ M, µmax > 0, {µk} a sequence such that 0 < µk ≤ µmax for all k ∈ N, 0 < αm ≤ αM < ∞, η ∈ [0, 1),
ρ1, ρ2, ε, δ ∈ (0, 1), Q0 = 1, C0 = F (x0), k = 0.

1: while ||∇MF (xk)||xk > ε do
2: Select αk ∈ [αm, αM ].
3: while F (Rxk (αkzk)) > Ck + ρ1αk〈∇MF (xk), zk〉xk − ρ2α2

k||zk||
2
xk

do
4: αk ← δαk,
5: end while
6: xk+1 = Rxk (αkzk).
7: βk =

(
µk 〈∇MF (xk+1), Tαzk (zk)〉xk+1

)
/(−||zk||2xk ).

8: zk+1 = −∇MF (xk+1) + βkTxk+1 (zk).
9: Qk+1 = ηQk + 1 and Ck+1 = (ηQkCk + F (xk+1))/Qk+1.

10: k ← k + 1.
11: end while

6 Numerical experiments

In this section, we present some numerical experiments in order to give further insight into the Rie-
mannian conjugate descent method (RCD). We test our Algorithm 2 on two classes Riemannian opti-
mization problems, namely, linear eigenvalue problem (LEP) and joint diagonalization problem (JDP).
All experiments have been performed on a intel(R) CORE(TM) i7–4770, CPU 3.40 GHz with 500GB
HD and 16GB RAM. The algorithm was coded in Matlab (version 2017b) with double precision. The
running times are always given in CPU seconds. The implementation of our algorithm is available in
http://www.optimization-online.org/DB_HTML/2021/03/8297.html.

In this section, we consider the following Riemannian manifolds together with their associated retractions
and vector transports. Firstly, we consider the Stiefel manifold, which is defined by

St(n, p) = {X ∈ Rn×p : X>X = I}.

For our numerical experiments concerning the Stiefel manifold we will use the following retractions,
introduced in [2], the retraction based on the QR decomposition, that is,

RX(ξX) = qf(X + ξX), ∀ξX ∈ TXSt(n, p), (30)

where X ∈ St(n, p) and qf(M) denotes the orthogonal factor Q obtained form the QR decomposition of M ,
such that M = QR; where Q ∈ St(n, p) and R ∈ Rp×p is an upper triangular matrix with strictly positive
diagonal elements. Additionally, we consider the retraction based on the polar decomposition

RX(ξX) = (X + ξ)
(
(X + ξX)>(X + ξX)

)−1/2
, ∀ξX ∈ TXSt(n, p). (31)

In addition, for the Stiefel manifold, we will use the vector transport based on the orthogonal projection
mapping over the tangent space of St(n, p), i.e.

TηX (ξX) = ξX −
1

2
RX(ηX)

(
RX(ηX)>ξX + ξ>XRX(ηX)

)
,

where ηX , ξX ∈ TXSt(n, p), X ∈ St(n, p) and RX(·) is any of the two retractions presented in (30)–(31).

On the other hand, we also consider the oblique manifold,

OB(n, p) = {X ∈ Rn×p : ddiag(X>X) = I},

where ddiag(M) denotes the matrix M with all its off–diagonal entries assigned to zero. For this specific
manifold, we will use the retraction presented in [1], which is given by

RX(ξX) = (X + ξ)ddiag
(
(X + ξX)>(X + ξX)

)−1/2
, ∀ξX ∈ TXSt(n, p). (32)



10 Harry Oviedo

Additionally, we consider the following vector transport associated to the oblique manifold,

TηX (ξX) = ξX −
1

2
RX(ηX)ddiag

(
RX(ηX)>ξX

)
,

where ηX , ξX ∈ TXOB(n, p), and X ∈ OB(n, p).

6.1 Stopping criteria and implementation details

We let all the algorithms run up toK iterations, and stop them at iteration k < K as soon as ||∇MF (Xk)||F <
ε, where ||M ||F denotes the Frobenius norm of the matrix M and ∇MF (·) is the Riemannian gradient of F
obtained under the standard inner product 〈A,B〉 = tr[A>B], where tr(M) denotes the trace of the matrix
M . Also, in case

||Xk+1 −Xk||F
||Xk||F

< εX and
|F (Xk+1)− F (Xk)|
|F (Xk)|+ 1

< εF ,

the iterations are interrupted, as well as when the maximum number of iterations (K = 2000) is allowed for
the algorithms. The defaults values of ε; εX ; εF are 1e-5, 1e-18, 1e-18, respectively. In addition, in Algorithm
2 we use δ = 0.2, µmax = 1e10, αm = 1e-10, αM = 1e10, η = 0.85, ρ1 = ρ2 = 1e-4, and µk = αk as defaults
values.

In the rest of this section, we will use the following notation: Time, Iter, Grad and Fval will denote
the averaged total computing time in seconds, the averaged number of iterations, the averaged residual
||∇MF (X̂)||F where X̂ is the estimated optimum by the method, respectively. In all experiment presented
below, we solve ten independent instances for each pair (n, p) and then we report all these averages.

6.2 The linear eigenvalue problem

Let A ∈ Rn×n be a symmetric matrix with associate eigenvalues λ1 ≥ λ2 ≥ · · ·λn. The linear eigenvalue
problem is mathematically formulated as

max
X∈Rn×p

tr[X>AX] s.t. X>X = I. (33)

It is well–known that any global solution of the optimization problem (33) correspond to a matrix X∗ ∈ Rn×p,
whose columns span the eigenspace of A associated with the p–largest eigenvalues of A, and the optimal
value is F (X∗) = tr[(X∗)>AX∗] =

∑p
i=1 λi.

In this subsection, we compare the numerical behavior of the Algorithm 2 with the algorithm proposed
by Wen and Yin [40]1, denotes by OptSt, and with the Riemannian conjugate gradient methods Algor.1a
and Algor.1b developed in [46]2, on two sets of symmetric and positive definite matrices. Both test sets
includes a few randomly generated dense matrices assembled as A = M>M , where M ∈ Rn×n is a matrix
whose elements are sampled from the standard Gaussian distribution. The first set correspond to n varying
from 500 through 5000 and a fixed p = 6; while the second set involves randomly generated problems with
a fixed n = 1000 and varying p ∈ {1, 5, 10, 50, 100, 200}. The numerical results associated with these two
experiments are presented in Table 1 and Table 2, respectively.

From Table 1 we observe that our RCD algorithm (with any of the two retractions) converges to a sta-
tionary point of problem (33) in fewer iterations than the rest of the methods. Moreover, we notice that the
RCD with polar retraction and the RCD with QR retraction solvers show almost the same performance.
Additionally, we see that when n grows, our method converges faster than all other methods in terms of
CPU–time and number of iterations. A similar behavior can be observed in Table 2. In fact in this last table,
we clearly note that the two versions of our Riemannian conjugate gradient method are superior are to the
rest of the procedures when p approaches n.

1 The OptSt Matlab code is available in https://github.com/wenstone/OptM
2 The Riemannian conjugate gradient methods Algor.1a and Algor.1b can be downloaded from http://www.

optimization-online.org/DB_HTML/2016/09/5617.html
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Table 1 Numerical results related to the linear eigenvalue problem on randomly generated dense matrices for fixed p = 6.

n 500 1000 2000 3000 4000 5000
OptSt

Iter 128 124 307 297 369 440
Time 0.033 0.081 1.176 2.497 5.181 11.301
Grad 6.36e-6 7.81e-6 8.16e-6 8.01e-6 5.48e-6 7.42e-6
Fval 1.14e+4 2.32e+4 4.70e+4 7.08e+4 9.48e+4 1.19e+5

Algor.1a (CG)
Iter 135 140 336 339 443 436

Time 0.051 0.161 1.562 3.565 8.259 12.309
Grad 8.21e-6 8.14e-6 8.06e-6 8.39e-6 8.47e-6 8.66e-6
Fval 1.14e+4 2.32e+4 4.70e+4 7.08e+4 9.48e+4 1.19e+5

Algor.1b (CG)
Iter 132 139 337 363 450 446

Time 0.046 0.159 1.555 3.966 8.298 12.866
Grad 7.83e-6 9.10e-6 9.11e-6 8.18e-6 7.71e-6 7.38e-6
Fval 1.14e+4 2.32e+4 4.70e+4 7.08e+4 9.48e+4 1.19e+5

RCD with polar retraction
Iter 127 123 288 257 373 370

Time 0.031 0.078 0.809 1.566 4.463 6.804
Grad 7.92e-6 6.37e-6 8.79e-6 7.40e-6 7.68e-6 7.40e-6
Fval 1.14e+4 2.32e+4 4.70e+4 7.08e+e4 9.48e+4 1.19e+e5

RCD with QR retraction
Iter 121 124 278 275 348 351

Time 0.028 0.074 0.771 1.792 3.816 6.477
Grad 7.67e-6 6.44e-6 8.60e-6 7.33e-6 8.66e-6 8.19e-6
Fval 1.14e+4 2.32e+4 4.70e+4 7.08e+4 9.48e+4 1.19e+5

Table 2 Numerical results associated with the linear eigenvalue problem of randomly generated 1000–dimensional dense
matrices and varying p.

p 1 5 10 50 100 200
OptSt

Iter 107 153 241 297 460 519
Time 0.030 0.108 0.349 1.214 4.632 15.651
Grad 7.10e-6 6.67e-6 7.98e-6 7.36e-6 6.18e-6 7.48e-6
Fval 3.97e+3 1.94e+4 3.82e+4 1.72e+5 3.13e+5 5.36e+5

Algor.1a (CG)
Iter 130 177 231 307 464 593

Time 0.059 0.236 0.447 1.695 6.501 27.192
Grad 7.88e-6 8.69e-6 7.92e-6 7.92e-6 8.16e-6 8.42e-6
Fval 3.97e+3 1.94e+4 3.82e+4 1.72e+5 3.13e+5 5.36e+5

Algor.1b (CG)
Iter 130 172 243 326 483 558

Time 0.068 0.223 0.461 1.889 6.294 23.729
Grad 8.02e-6 8.32e-6 8.42e-6 9.08e-6 9.26e-6 8.83e-6
Fval 3.97e+3 1.94e+4 3.82e+4 1.72e+5 3.13e+5 5.36e+5

RCD with polar retraction
Iter 118 150 219 268 378 482

Time 0.040 0.109 0.261 1.011 2.098 8.965
Grad 8.19e-6 8.35e-6 7.30e-6 7.57e-6 7.60e-6 6.80e-6
Fval 3.97e+3 1.94e+4 3.82e+4 1.72e+5 3.13e+5 5.36e+5

RCD with QR retraction
Iter 119 146 228 263 380 463

Time 0.036 0.104 0.252 0.707 1.966 7.916
Grad 7.98e-6 6.38e-6 7.79e-6 5.92e-6 7.43e-6 8.12e-6
Fval 3.97e+3 1.94e+e4 3.82e+4 1.72e+5 3.13e+5 5.36e+5
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Table 3 Numerical results on the joint diagonalization problem.

Method Iter Time Grad Iter Time Grad
n = 500, p = 100, N = 5 n = 1000, p = 10, N = 5

RCG 136 4.394 6.78e-7 40 2.441 1.51e-7
RBFGS 128 5.700 9.48e-7 29 1.844 1.17e-7

Trust–Reg 18 10.592 1.78e-8 9 1.392 2.47e-9
RCD 158 2.350 8.83e-7 29 0.763 4.78e-7

n = 5000, p = 10, N = 5 n = 5000, p = 10, N = 5
RCG 67 6.341 2.18e-7 37 48.350 6.63e-7

RBFGS 64 6.504 9.71e-7 25 34.678 2.12e-7
Trust–Reg 15 15.008 2.77e-7 8 20.822 2.27e-7

RCD 90 4.133 3.52e-7 21 13.066 3.57e-7

6.3 The joint diagonalization problem

The joint diagonalization problem was introduced by Absil and Gallivan in [1], where they considered the
following oblique manifold constrained optimization problem

min
X∈Rn×p

N∑
i=1

||off(X>AiX)||2F s.t. ddiag(X>X) = I, (34)

where the matrix function off(·) is given by off(M) := M−ddiag(M), for every square matrix M ∈ Rm×m.
This kind of optimization model can be used to perform independent component analysis, see [1]. In this
subsection we consider the optimization problem (34), in order to evaluate the numerical performance of our
Algorithm 2.

For benchmarking, we compare our RCD method (Algorithm 2) with the manopt toolbox [6]3. In fact,
the manopt a Matlab toolbox to conduct optimization on several available Riemannian manifolds, including
the oblique manifold, and it contains many iterative solvers based on Riemannian trust regions (Trust–Reg),
Riemannian steepest descent (SD), Riemannian Barzilai–Borwein method (RBB), Riemannian conjugate gra-
dient (RCG), Riemannian quasi–Newton methods (RBFGS), among others. For the comparisons presented
in this subsection, we choose the following solvers: Trust–Reg, RCG and RBFGS because these procedures
tend to converge in fewer iterations than the SD and RBB methods.

In all the experiments the data matrices Ai were generated by

Ai = diag(
√
n+ 1,

√
n+ 2, · · · ,

√
2n) +B>i +Bi, ∀i ∈ {1, 2, · · · , N},

where the Bi matrices were randomly generated by the Matlab command Bi = randn(n). This specific
experiment design was taken from [46]. The numerical results concerning this experiment are reported in
Table 3. From Table 3, we can see that our proposal is more efficient than the three methods contained in the
manopt toolbox, because our RCD approach converges to a stationary point of (34) in less computational
time than the manopt methods, in all the tested instances.

7 Concluding remarks

In this work, we have established the global convergence of the Riemannian line–search methods based on
retractions mappings. Specifically, we demonstrated that if we adopt a modified version of the non–monotone
line–search technique of Zhang and Hager [44] as the globalization tool to determine the step–size, in the
general update scheme of the Riemannian line–search approaches, then the sequence {||∇MF (xk)||xk

} tends
to zero, under two practical assumptions related to the tangent search directions. This new theoretical anal-
ysis can be seen as a generalization of the convergence study developed by Zhang and Hager in [44], where
these authors focused on analyzing the convergence of this type of methods in the Euclidean setting.

3 The manopt tool–box is available in http://www.manopt.org/
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In addition, we have proposed a new globally convergent Riemannian conjugate gradient algorithm (RCD)
to deal with optimization problems on Riemannian manifolds. The search directions computed by our new
algorithm were proved to satisfy the two direction assumptions introduced in this manuscript, so that the
global convergence result presented in this work apply. Several numerical experiments on set covering linear
eigenvalue problems defined on the Stiefel manifold and joint diagonalization problems constrained to the
oblique manifold was performed to illustrate the effectiveness and efficiency of our novel procedure. Our
numerical results showed that our RCD reaches better results than some Riemannian iterative solvers existing
in the literature.
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