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Abstract

In this paper, we address a two-stage integrated lot-sizing, scheduling and cutting stock problem with

sequence-dependent setup times and setup costs. In production stage one, a cutting machine is used

to cut large objects into smaller pieces, in which cutting patterns are generated and used to cut the

pieces, and should be sequenced in order to obtain a complete cutting plan for the problem. The

cut pieces, from production stage one, are used to assemble final products in production stage two,

where the final products are scheduled in order to meet the client’s demands. To solve the two-stage

integrated problem, we present solution methods based on a price-and-branch approach, in which a

column generation procedure is proposed to generate columns and the integer problem is solved by

decomposition solution approaches. A computational study is conducted using randomly generated

data and an analysis showing the impact of the solution approaches in the two-stage integrated problem

is presented. In addition, the performance and benefits of the integrated approach are compared to an

empirical simulation of the common practice (sequential approach).

Keywords: Cutting Stock and Scheduling Problems, Lot-Sizing and Scheduling Problems,

Sequence-Dependent Setups, Price-and-Branch Approaches.

1. Introduction

The number of mathematical models that addresses integrated/combined/ coupled/simultaneous

problems, as they have been called in the literature, has significantly increased in recent years (Copil

et al., 2017; Melega et al., 2018). The idea of an integrated problem is to simultaneously consider the

decisions related to the problems involved, so as to capture the interdependency among the decisions

in order to obtain a better global solution, i.e., the integrated approach aims to reduce the total costs

(or increase the profit), when compared to solving the problem that is not integrated but rather only

externally coordinated by some mechanism to be devised. The tendency of coupling approaches is often

tailored to specific industrial applications, such as in beverage, foundry, animal food, glass, furniture

and paper industries. In this paper, we are interested in a comprehensive integration between three

well-known problems in the literature, the production lot-sizing problem, the production scheduling

problem and the cutting stock problem.

The vast body of literature on the integrated lot-sizing and cutting-stock problems shows evidence

that there has been growing interest from the academic community in addressing these two problems

simultaneously over the last decade. The main motivation is due to the applicability of these problems

in industrial environments, which, based on a recent review in Melega et al. (2018), can be observed
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in seven papers that deal with the integrated problem in paper industries, ten studies in furniture

industries, among others, such as steel, aluminum, gear belts, textile and concrete industries. In several

of these applications, in which the integrated lot-sizing and cutting stock problem has been studied, an

even more detailed integration can be observed among these decisions, where the scheduling problem

can be seen in the combined environment and for some reasons, it has been neglected or omitted. For

example, in the paper industries (Malik et al., 2009; Poldi and de Araujo, 2016; Poltroniere et al.,

2008), large reels are manufactured and cut into smaller reels. These large reels are cut considering the

insertion/removal/displacement of knives in different positions, in which the smaller reels are demanded.

Depending on the characteristics of the equipment, it takes a certain time to change these knives and

it can considerably depend on the production sequence. Concerning furniture industries (Alem and

Morabito, 2013; Silva et al., 2014; Gramani et al., 2009; Vanzela et al., 2017), wooden boards are cut

into several smaller pieces that go through some processes, such as drilling, painting and assembly in

order to compose the final products. Depending on the features of these processes, they can be highly

dependent on the sequence in which the pieces are processed.

In this research, we are interested in dealing with problems that have shifting production bottlenecks,

i.e., we consider that bottlenecks may vary among the sequential production processes, depending on

the mix of various products or processes and production demands. Therefore, the mathematical model

proposed here aims to manage, in detail and simultaneously, the different processes and features in

which bottlenecks arise. Considering these objectives, we address a two-stage integrated lot-sizing,

scheduling and cutting stock problem. In production stage one (see Figure 1), large objects are cut

into smaller pieces in a cutting machine using cutting patterns, which are generated rather than using

a predefined set of cutting patterns. Each cutting pattern requires a setup (setup cost and time) in

order to be executed. This setup is sequence-dependent as it is influenced, according to some specific

criteria, by the cutting pattern carried out previously. Thus, the cutting patterns generate the pieces

and should be scheduled in order to obtain a complete cutting plan and minimize the cost of cutting

objects and the cost of setting up (changeover) from one cutting pattern to another cutting pattern,

respecting the available resources (Johnston and Sadinlija, 2004). The cut pieces, from production stage

one, are then used in an assembly of final products at production stage two (see Figure 1), where the

pieces corresponding to the same final product are grouped in order to compose the final products. The

production of these final products is scheduled considering sequence dependent setups to meet customer

demands and minimize the costs of production, inventory and changeover from one final product to

another final product, taking into account capacity constraints. Thus, we deal with sequence-dependent

setup costs and setup times in both production stages, adding setup state conservation over idle time

periods and a setup state carried over among adjacent time periods.

It is worth mentioning that the two-stage integrated lot-sizing, scheduling and cutting stock problem,

described previously (see Figure 1), can be seen, in a broader perspective, as lot-sizing and scheduling

problems of production processes (stage one) and final products (stage two). In this perspective,

production stage one consists of a lot-sizing and scheduling problem of production processes, in which

a cutting pattern can be considered as a process to produce one or more items. Therefore, a set of

processes with their corresponding frequencies (lots of processes), as well as their schedule is needed to

produce the items that will compose the final products in stage two (Mart́ınez et al., 2018, 2019).

The contribution of this paper is threefold: (i) we deal with a new type of integrated problem; we
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Figure 1: Two-Stage Integrated Problem

are not aware of any other studies in the literature dealing with such an integrated problem in this

line of research, as pointed out in the next section, where we present a literature review of the studies

integrating these three problems; (ii) we present a mathematical model for this integrated lot-sizing,

scheduling and cutting stock problem (see Section 3); (iii) we also present solution methods to the two-

stage integrated problem based on a price-and-branch approach, where a column generation procedure

is used to generate columns and the integer integrated problem is solved by a decomposition solution

approach; an intuitive simulation of common practice, which consists of taking the decisions of the

production stages sequentially, is also provided and compared to the integrated approach (see Section

5.2).

It is worth mentioning that the solution methods proposed in this paper are based on well-known

solution methods from the literature, which are the column generation procedure and the relax-and-

fix heuristics. The column generation procedure has been successfully used in cutting stock problems

and it is known that it obtains high quality lower bounds, whereas the relax-and-fix heuristic is an

effective heuristic method for problems with special temporal structure, such as lot-sizing problems.

We also propose a stage-oriented decomposition method to explore the fact that we are integrating

three problems. In these methods, we decompose the problems involved in the integrated multi-period

cutting stock and scheduling problem and the lot sizing and scheduling problem. Other decomposition

approaches, e.g., Lagrangian relaxation of the linking constraints, between lot-sizing and cutting stock

problems, could also be applied for lower bounding purposes, however, a feasibility and/or improvement

procedure would be necessary to solve the integrated problem. These procedures, in general, are based

on shifts of production quantity between periods and/or problems, since the link constraints are relaxed
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(Poltroniere et al., 2008). As we are dealing with problems that have different structures, in the sense

that one final product might need more than one piece to be assembled, such strategies might not be

a straightforward approach for the problem presented in this paper.

This paper is organized as follows. In Section 2, a literature review on scheduling decisions in lot-

sizing problems and cutting stock problems is presented. Section 3 contains the mathematical model

proposed for the two-stage integrated problem, followed by Section 4, which describes the solution

methods for the integrated problem. Section 5 performs a computational study showing a comparison of

the integrated approach against an empirical simulation of the practical settings, as well as a comparison

of the price-and-branch approaches. Finally, the conclusions and future research are provided in Section

6.

2. Literature Review of Integrated Problems

The purpose of this literature review is to present a brief overview of the papers that address

integration among lot-sizing, scheduling and cutting stock problems. As we have mentioned before,

we did not find studies in the literature that address an integrated lot-sizing, scheduling and cutting

stock problem. Due to this fact, the literature review mainly focuses on the other types of integrated

problems, which are: the integrated lot-sizing, scheduling and cutting stock problem, the integrated lot-

sizing and scheduling problem, the integrated lot-sizing and cutting stock problem and the integrated

cutting stock and scheduling problem.

Considering all the integrated problems involving these fields, the integrated lot-sizing and schedul-

ing problem has been the most studied in the literature and consists of finding a plan that simultaneously

determines the lot-sizes and sequences for the products in each time period, while considering demand

satisfaction and capacity limitation. In other words, this integrated problem trades off conflicting ob-

jectives, usually comprising setup, production and inventory costs, while seeking to efficiently allocate

available resources and meeting customer requirements regarding demands. For the sake of clarity, it

is important to mention that the terms ’changeover’ and ’sequence-dependent setups’ are also used

by some researchers to integrate the scheduling decisions into the integrated lot-sizing and scheduling

problem. The motivation for this integrated approach comes from a practical point of view, which pur-

sues the optimality of the problem, creating a more cost-efficient production plan, as well as looking for

the feasibility in a production environment with a tight production capacity. In order to achieve these

objectives, several mathematical models have been proposed, and some of them stand out in terms of

innovations and development in modeling with applications in different industrial contexts, such as the

following industries: pharmaceutical (Vickery and Markland, 1986), dairy and yogurt (Marinelli et al.,

2007), beverage (Toledo et al., 2009; Ferreira et al., 2012; Toscano et al., 2017), foundry (de Araujo

et al., 2007; Hans and van de Velde, 2011), tobacco (Pattloch et al., 2001), animal food (Toso et al.,

2009; Clark et al., 2010), tires (Jans and Degraeve, 2004), among others.

One of the review papers that addresses integrated lot-sizing and scheduling problems is Drexl and

Kimms (1997). The study summarizes the literature by highlighting the main mathematical models

proposed at that time in the field, pointing out the differences of the approaches, as well as exten-

sions using such models. The authors provide references of practical cases and discuss the interaction

of the integrated lot-sizing and scheduling problem with other planning activities, such as distribution
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planning and cutting and packing problems. In another study, Guimarães et al. (2014) propose a classi-

fication framework to the integrated lot-sizing and scheduling problem organized around the sequencing

decisions, which are the technique type (product-oriented and sequence oriented) and time structure

(macro-period and micro-period). The authors also present a polynomial-sized formulation to the in-

tegrated problem using commodity flow-based constraints. All the reviewed mathematical models are

evaluated and compared in terms of upper bound values and running times in a computational experi-

ment considering the original formulation and a facility location reformulation. In Copil et al. (2017),

more than 160 papers on integrated lot-sizing and scheduling problems were analyzed and classified

according to different features of the problem, such as the bill-of-material structure, production stages,

setup costs, among others, as well as industrial settings and solution approaches. The classification

criteria are also addressed to point out new trends and gaps in the field of integrated lot-sizing and

scheduling problems.

The other integrated problem presented in this literature review is the integrated lot-sizing and

cutting stock problem. This problem consists of a production environment that can be categorized as

a make-and-pack problem and the objective is to find a production plan that simultaneously defines,

for every time period, the cutting patterns that are used to obtain the pieces, and the production

quantities of products, in order to meet the demand within the available resources and limited capacity.

A classification of the integrated lot-sizing and cutting stock problem is presented in Melega et al.

(2018), in which 34 papers are discussed and classified considering two types of integration among

the two problems: the integration across time periods and the integration between production levels.

According to this classification, the problem addressed in this paper comprises level 2 (production stage

one of Figure 1), which consists of the cutting stock problem integrated with the scheduling problem and

level 3 (production stage two of Figure 1), which is modeled by a lot-sizing problem integrated to the

scheduling problem, considering in both levels (production stages), multiple time periods. Therefore,

classified as −/L2/L3/M . As we assume an unlimited number of objects that can be used in the cutting

process, level 1 of the classification is not addressed in our problem. Compared with the mathematical

model presented in Melega et al. (2018), we have an incorporation of the scheduling decisions in each

of the levels (production stages), with the consideration of sequence-dependent setup time and costs.

The other integrated problem of interest in this paper is the so-called integrated cutting stock and

scheduling problem, pattern sequencing problem or cutting sequencing problem. The objective of this

integrated problem is to find a sequence for the cutting patterns and the corresponding frequencies,

in which the generated cutting patterns are to be cut taking into account the conflicting objectives

of both problems, respecting the limitation of resources. As we have not found review papers about

the integrated cutting stock and scheduling problem, some papers in the literature that address this

integrated problem are briefly discussed according to the different approaches used to incorporate

scheduling decisions into the cutting stock problem.

In the integrated cutting stock and scheduling problem, other factors, rather than the number of

objects or waste, are important and considered as the objective of the problem. For example, a common

industrial bottleneck of the cutting process is to manage open stacks when cutting pieces, where for

each new piece (or order) a stack is opened and remains open until the last cutting pattern that contains

a piece of the stack is cut (Yanasse and Lamosa, 2007; Arbib et al., 2012, 2016). An alternative goal for

the pattern sequencing problem is to minimize the number of discontinuities in the cutting process. A
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discontinuity arises when an order (piece) is only partially completed by one cutting pattern and does

not occur in the next cutting pattern of the sequence. Thus, the aim is that once a piece is cut for the

first time (a stack is open), the cutting of this piece should be continued, without interruptions, until its

demand is fully completed (Dyson and Gregory, 1974). Similar arguments may be used for sequencing

cutting patterns in order to balance the handling and storing costs against the waste costs. In this

case, minimizing the order spread is one of the objectives in the integrated cutting stock and scheduling

problem, whose objective is such that pieces that correspond to the same order do not spread much

throughout production, i.e., the order spread refers to the time in which a stack remains open during

the cutting process (Madsen, 1988; Foerster and Wäscher, 1998). In a recent paper, Wuttke and Heese

(2018), motivated by the textile context, present a mathematical model for the integrated cutting stock

and scheduling problem with sequence dependent setup times in terms of knife locations, where each

insertion and/or removal in the knives takes time to be processed. The authors use the mathematical

formulation to solve small instances to optimality and present a sequential heuristic to solve real-size

instances. The quality of the heuristics is demonstrated by using a lower bound algorithm.

In some industrial applications, delivering the orders on time, i.e., meeting the client’s orders before

a given due date can be more important than reducing the resulting waste and the cost of cutting

objects. Thus, models that consider due dates in the formulation better describe the needs of the

industry in such cases (Arbib and Marinelli, 2014; Braga et al., 2016). These papers combine the

standard objective of minimizing the number of objects used, with a scheduling term penalizing the

tardiness or makespan of the cutting operations. In some cases, the number of setups may also be

relevant in computing costs and/or as constraints in the cutting stock problem, in which a changing

over from one cutting pattern to another occurs and the setting up of the cutting machine might take

time and generate waste during the process. To do this, a minimization in the number of different

cutting patterns arises in the desire cutting plan (Umetani et al., 2003; Yanasse and Limeira, 2006)

and the problem searches for solutions minimizing the number of different cutting patterns, subject to

an upper bound on trim loss. Note that in this problem, the order in which these changes occur is

not relevant, i.e., the order of the changeovers among cutting patterns is not taken into account in the

cutting stock problem.

3. Mathematical Model for the Two-Stage Integrated Problem

In the mathematical model for the two-stage integrated lot-sizing, scheduling and cutting stock

problem, called ILSSCS, we consider a deterministic setting, with several time periods, so that the

demand of final products can be satisfied either from production in the current time period and/or

from inventory carried over from the previous time period. Regarding the synchronization between

the two production stages, we consider zero lead-times, i.e., the pieces from production stage one are

cut in the same time period required to assemble the final products in production stage two, thus

there is no inventory of pieces, and the stock comes at stage two and is related to the final products.

We note that the proposed model can be simply modified to cope with the particular case of positive

lead-times between production stages. In the mathematical model presented here, initial production

inventory is considered to be zero and stockouts are not accepted. If no production occurs in a time

period, the formulation is able to consider the preservation of the setup state over idle time periods,

i.e., the same setup can be carried over the time periods and/or the performing of an empty setup,
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which consists of executing a set up that can be used in the subsequent time period. Considering the

lot-sizing problem, the scheduling problem manages the sequencing of final products, whereas in the

cutting stock problem, the scheduling problem deals with the process involved to perform the cutting

pattern’s changes. Throughout the literature, we have not found another modeling approach that

captures all these features simultaneously.

In the two-stage integrated problem, the scheduling decisions are modeled, in each problem, via

ATSP constraints (Asymmetric Traveling Salesman Problem) with sub-tour elimination constraints

presented by Miller et al. (1960), called here MTZ. The ILSSCS model can be seen as a big bucket

model (more than one product/cutting pattern can be produced/cut per time period), in which in each

macro-period (time period) several types of final products can be produced and several cutting patterns

can be processed. The ILSSCS model aims to find a single sequence to the whole planning horizon

for the final products (production stage two), as well as for the cutting patterns (production stage

one). For this, the mathematical model should be able to keep the final setup state of the previous

time period (macro-period) to the beginning of the next time period (macro-period). To perform this

feature, the setup carryover is modeled by considering the setup state at the beginning of each time

period (macro-period) as a decision variable.

Consider the following sets, parameters and decision variables for the ILSSCS model:

Sets:

T = {1, . . . , |T |}: set of time periods t;

P = {1, . . . , |P |}: set of pieces p;

J = {1, . . . , |J |}: set of cutting patterns (indexes j, l, g);

F = {1, . . . , |F |}: set of final products (indexes f, q, k).

1st Stage Parameters:

W : length of object;

wp: length of piece p;

apj : number of pieces p cut in the cutting pattern j;

scjl: changeover cost from cutting pattern j to cutting pattern l;

vcj : cost of cutting an object according to cutting pattern j;

stjl: changeover time from cutting pattern j to cutting pattern l;

vtj : production time of cutting an object according to cutting pattern j;

CapPt: cutting capacity (in time units) available in period t;
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2nd Stage Parameters:

scfq: changeover cost from final product f to final product q;

vcf : production cost of final product f ;

hc
f
: unit holding cost of final product f ;

st
fq

: changeover time from final product f to final product q;

vt
f
: production time of final product f ;

d
f
t : demand of final product f in period t;

rpf : number of pieces p needed to assemble the final product f ;

CapF t: production capacity (in time units) available to produce the final

products in period t;

1st Stage Variables

Zj
t : number of objects cut according to cutting pattern j in period t;

W jl
t : binary variable indicating a changeover from cutting pattern j to

cutting pattern l in period t;

Y j
t : binary variable indicating the setup state for cutting pattern j at

the beginning of period t;

V j
t : indicates the order in which cutting pattern j is cut in period t

(it is responsible for scheduling the cutting patterns);

2nd Stage Variables

S
f
t : inventory of final product f at the end of period t;

X
f
t : production quantity of final product f in period t;

W
fq
t : binary variable indicating a changeover from final product f to

final product q in period t;

Y
f
t : binary variable indicating the setup state for final product f at

the beginning of period t;

V
f
t : indicates the order in which final product f is produced in period t

(it is responsible for scheduling the final products);

Model ILSSCS

min
∑
t∈T

∑
f∈F

hcfSf
t + vcfX

f
t +

∑
q∈F

scfqW
fq
t

+
∑
t∈T

∑
j∈J

(
vcjZj

t +
∑
l∈J

scjlW jl
t

)
(1)
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Subject to:

S
f
t−1 +X

f
t = d

f
t + S

f
t ∀f, ∀t (2)

∑
f∈F

vtfXf
t +

∑
q∈F

st
fq
W

fq
t

 ≤ CapF t ∀t (3)

vt
f
X

f
t ≤ CapF t

∑
q∈F,
q 6=f

W
qf
t + Y

f
t

 ∀f, ∀t (4)

∑
f∈F

Y
f
t = 1 t = 2, . . . , |T | (5)

∑
q∈F,
q 6=f

W
qf
t ≤

∑
k∈F,
k 6=f

W
fk
t + Y

f
t+1 ∀f, t = 1, . . . , |T | − 1 (6)

∑
q∈F,
q 6=f

W
fq
t ≤

∑
k∈F,
k 6=f

W
kf
t + Y

f
t ∀f, ∀t (7)

∑
q∈F,
q 6=f

W
qf
t + Y

f
t ≤ 1 ∀f, ∀t (8)

∑
q∈F,
q 6=f

W
fq
t + Y

f
t+1 ≤ 1 ∀f, t = 1, . . . , |T | − 1 (9)

Y
f
t ≤

∑
q∈F,
q 6=f

W
fq
t + Y

f
t+1 ∀f, t = 1, . . . , |T | − 1 (10)

V
q
t ≥ V

f
t + 1− |F |(1−W fq

t ) ∀f, q, q 6= f, ∀t (11)

X
f
t , S

f
t ≥ 0, Y

f
t , W

fq
t ∈ {0, 1} ∀f, q, ∀t (12)

S
f
0 = 0, 0 ≤ V f

t ≤ |F | ∀f, ∀t (13)
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∑
j∈J

apjZ
j
t ≥

∑
f∈F

rpfX
f
t ∀p, ∀t (14)

∑
j∈J

(
vtjZj

t +
∑
l∈J

stjlW jl
t

)
≤ CapPt ∀t (15)

vtjZj
t ≤ CapPt

∑
l∈J,
l 6=j

W lj
t + Y j

t

 ∀j, ∀t (16)

∑
j∈J

Y j
t = 1 t = 2, . . . , |T | (17)

∑
l∈J,
l 6=j

W lj
t ≤

∑
g∈J,
g 6=j

W jg
t + Y j

t+1 ∀j, t = 1, . . . , |T | − 1 (18)

∑
l∈J,
l 6=j

W jl
t ≤

∑
g∈J,
g 6=j

W gj
t + Y j

t ∀j, ∀t (19)

∑
l∈J,
l 6=j

W lj
t + Y j

t ≤ 1 ∀j, ∀t (20)

∑
l∈J,
l 6=j

W jl
t + Y j

t+1 ≤ 1 ∀j, t = 1, . . . , |T | − 1 (21)

Y j
t ≤

∑
l∈J,
l 6=j

W jl
t + Y j

t+1 ∀j, t = 1, . . . , |T | − 1 (22)

V l
t ≥ V

j
t + 1− |P |(1−W jl

t ) ∀j, l, l 6= j, ∀t (23)

Zj
t ∈ Z+, Y

j
t , W

jl
t ∈ {0, 1} ∀j, l, ∀t (24)

0 ≤ V j
t ≤ |P | ∀j, ∀t (25)

In the objective function (1), the first three parts minimize the costs related to the integrated lot-

sizing and scheduling problem (production stage two), which consists of the inventory holding cost,

the production cost and the sequence-dependent setup cost of a changeover from one final product

to another final product. In the last part, there are costs incurred by the integrated cutting stock

and scheduling problem (production stage one), which take into account the cost of cutting an object

according to a cutting pattern and the sequence-dependent setup cost of a changeover from one cutting

pattern to another cutting pattern. It is worth mentioning that depending on the product considered,

some costs can be far larger than others. For example, in cases where the setup costs are not relevant

for the problem, they can be treated as small penalties in the objective function in order to only prevent

superfluous setups when there is an excess of capacity, i.e., they might be addressed only for minimizing

the number of setups until the solution is found.

Constraints (2) - (13) are associated to production stage two. Constraints (2) and (3) are the

demand and capacity constraints of final products, respectively. The setup constraints (4) guarantee

that a final product can be produced only if the machine is set up accordingly or the production is
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already set up at the beginning of the current time period. The latter is ensured by constraints (5),

imposing that at the beginning of each time period the machine is setup to one final product.

Constraints (6) - (10) are the ATSP constraints that handle the sequencing of final products in

each time period and take into account the setup carryover. Constraints (6) allow that a final product

enters the sequence only if there is a changeover afterwards to another product or this product is the

first one to be produced in the next time period. In constraints (7), the idea is similar to the previous

constraints, in which a final product enters in the sequence only if there is a changeover to this final

product or it is the first one to be produced in the current time period. Constraints (8) prohibit a

changeover to a final product in which the machine has already been set up at the beginning of the

current time period. Constraints (9) avoid a changeover from a final product, which has been setup at

the beginning of the next time period. Constraints (10) ensure a changeover from a final product that

has been setup at the beginning of the current time period, if it has not been setup at the beginning

of the next time period. In fact, constraints (9) and (10) guarantee that periods might not have any

production and the setup state can be preserved over these idle time periods. Thus, no setups are

necessary or the idle time period can be used to perform an empty setup, i.e., a setup which is used in

the subsequent time period (macro-period).

As are necessary in models based on ATSP, we address subtour elimination constraints in order

to eliminate the subtours and sequencing the final products. Along with the setup carry over, the

subtour elimination constraints (11) guarantee a path for the whole planning horizon that indicate the

scheduling of final products. These constraints consist of a polynomial set of linear constraints that

are included a priori in the mathematical model for each pair of final products in each time period. By

solving these several linear systems, the solution consists of assigning a position in the sequence to each

final product, i.e., if the final product f is produced in a position V
f
t and there is a changeover from f

to q then, the position of final product q in the sequence is necessarily bigger or equal to V
f
t +1. If these

constraints are removed from the mathematical model, the final solution might not be a feasible one

for the problem, i.e., it might have subtours in the production of the final products. Finally, regarding

production stage two, constraints (12) and (13) are the non-negativity and integrality constraints of

the variables.

Constraints (14) couple stages one and two by ensuring that the number of pieces needed for the

assembly process of the final products are satisfied in the same time period (macro-period) requested

for the final products, thus there is no inventory of pieces. Note that in these constraints, the synchro-

nization between pieces and final products occurs for each time period (macro-period), in the sense

that the pieces needed for a final product, which is produced in any period t, are cut in the same

macro-period t and it is stated that the assembly process is able to produce the final product within

the time period t (macro-period). Therefore, these constraints model the interdependency among the

decisions of the lot-sizing problem (production stage one) and cutting stock problem (production stage

two).

Constraints (15) - (25) are related to production stage one. Constraints (15) are the capacity

constraints and, consider the use of only one machine in the cutting process. These constraints take

into account the time used for cutting the objects according to a specific cutting pattern, as well as the

time consumed for setting up the cutting patterns, considering the previous setup state of the cutting

pattern, i.e., sequence-dependent setup time. Constraints (16) and (17) are used to model the cutting
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process and have the same meaning as constraints (4) and (5) for the final products. Constraints (18) -

(23) are the ATSP constraints that deal with the scheduling of cutting patterns for the whole planning

horizon, taking into account the carryover setups and they have the same behavior as constraints (6)

- (11) to the final products. Finally, regarding production stage one, constraints (24) and (25) are the

non-negativity and integrality constraints of the variables to production stage one.

As mentioned before, in the ILSSCS model, the pieces are cut in the same time period required

to assemble the final products, i.e., zero lead-times regarding the synchronization of the two-stage

integrated problem are estimated. This assumption is considered without loss of generality, once it can

be easily adapted to other assumptions (Almeder et al., 2015). For example, it can be said that a final

product at stage two can only be produced if the corresponding pieces that compose this final product

have been finished at stage one in previous time periods. This is ensured by imposing positive lead

times of at least one time period. To model this condition, in constraints (14), the left side is considered

for time period t− 1, and the remaining constraints for the cutting stock problem are modeled for time

period t = 1, . . . , |T | − 1. An initial inventory of pieces for the first time period in the assembly of final

products also needs to be addressed.

It is important to notice that as the scheduling decisions are addressed in each one of the production

stages, most of the constraints in stage one and stage two are identical, with the exception that in stage

one the demand balance constraints of final products consider inventory and an independent demand

of products. In the linking constraints, an integer amount of pieces should be cut in order to meet

the number of required pieces to produce the final products, without inventory. Due to this link, the

quantity of final products can be modeled as a continuous variable, whereas the frequencies of cutting

patterns (pattern run lengths) are integer variables. Another comment about the mathematical model

is the fact that, in theory, the production quantity, inventory and sequencing variables of the production

stage one, as well as sequencing variables of production stage two, should be integer values. However,

due to the linking constraints, considering integer number of pieces and the objective function, these

variables assume integer values without imposing their integrality in constraints (12), (13), (24) and

(25).

In the mathematical model presented for the two-stage integrated problem, the cutting stock prob-

lem (first production stage) consists of a one-dimensional cutting process with scalar production and

a single type of object, as can be seen in corrugated paper and steel industries. In those production

processes, the size of the object is rarely modified, and usually when the objects have different features,

such as thickness or grammages, the pieces cut from different types of objects do not share the same

demand. In this case, it is possible to simplify the problem by admitting that the final products are split

into families and there is a machine dedicated to produce each family. Considering such simplification,

just one type of object is needed to produce the pieces and the two-stage integrated problem can be

solved for each type of object. In other types of practical applications, where the pieces cut from the

different types of objects may share the same demand, the cutting stock problem involved is commonly

seen in two/three-dimensions and due to this fact, dealing with such types of extension to the problem

is not within the scope of this paper.

The consideration of several types of objects and the dependent demand of pieces in order to

assemble the final products would affect the parameters, variables and constraints related to the first

production stage of the formulation, which should consider one more index related to the different types
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of objects. This additional index would considerably influence the scheduling constraints of the cutting

patterns, which might have to take into account the scheduling decisions of all types of objects in order

to find a complete cutting plan to the integrated problem. In addition to this difficulty, there is the

management of these objects in inventory, i.e., how the control of these objects should be performed

in the model in order to know how many objects are available from one time period to another in the

planning horizon. This consideration generates one more stage in the production process by addressing

the supply management/selection of the objects, which by itself is also a challenging problem and it is

not within the scope of this paper.

4. Price-and-Branch Approaches - P&B

In this section, the solution methods addressed to solve the two-stage integrated lot-sizing, schedul-

ing and cutting stock problem are described. The methods are based on a price-and-branch approach,

which consists of firstly applying the column generation procedure to obtain the optimal matrix of

cutting patterns for the linear relaxation of the integrated problem, thus obtaining lower bounds for

the solution to the problem. Then, the integrality of the variables is reintroduced and decomposition

solution approaches, based on the relax-and-fix procedure, are addressed to search for a feasible solution

to the integer integrated problem. The mathematical model ILSSCS is also solved by an optimization

package (without decomposition). In this paper, we consider a one-dimensional cutting stock prob-

lem, in which just one dimension is taken into account in the cutting process. The details about the

approaches are presented in the sections as follows.

A difficult aspect in solving the two-stage integrated problem is related to the presence of a large

number of possible cutting patterns and the integrality of their corresponding frequencies. One of the

strategies in the literature which is often used and probably the best known to deal with such a large

number of variables (cutting patterns) is the column generation procedure. Since the average demand

for items is large, integer solutions of very good quality can be obtained from the solution of the LP

relaxation using heuristics (Valério de Carvalho, 2002). Other strategies from the literature to deal with

the large number of columns might be the historically used columns by the company (but we do not

have access to this information) and the use of a compact formulation (where the physical restriction

of the cutting process is incorporated into the model through decision variables and constraints). We

have tried this strategy, however, it could not even find a feasible solution for instances that have been

considered in this paper. Therefore, it cannot be used as a benchmark.

4.1. Column Generation Procedure

The column generation procedure consists of a decomposition approach used to deal with a difficulty

faced in cutting stock problems, which consists of the high number of variables due to the high number

of possible cutting patterns. Thus, the column generation is addressed to solve the linear relaxation of

the two-stage integrated problem in order to generate a matrix of cutting patterns for the cutting stock

problem.

There are some studies in the literature of integrated lot-sizing and cutting stock problems that have

employed column generation procedures for two-stage integrated problems (Non̊as and Thorstenson,

2008; Gramani et al., 2009, 2011; Vanzela et al., 2017; Wu et al., 2017). However, the problem proposed

in this paper differs from those in the literature by addressing sequence-dependent setups in the cutting
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process. This feature affects column generation since the setups are calculated as the columns are

generated in the cutting process and considering the previously generated cutting patterns. Therefore,

the column generation procedures presented in these papers are not directly applicable for the present

two-stage integrated lot-sizing, scheduling and cutting stock problem. The main difference from the

literature of the column generation, or in general to branch-and-price (B&P) or price-and-branch (P&B)

approaches, to the procedure presented in this study is that the setup variables and setup constraints

are created as the generated columns are added to the integrated problem. We explain the effect of

such types of constraints in the column generation procedure compared with the classical approach in

detail as follows.

The column generation procedure starts by relaxing the integrality constraints of the variables in

the ILSSCS model and considering initially just a sub-matrix of the columns, which are related to the

homogeneous cutting patterns, i.e., columns of type: (0, · · · , app, · · · , 0), where app = bWwp c, ∀p ∈ P . The

resulting model is called the restricted master problem. The current restricted master problem is solved

using an optimization package.

For each period t, a subproblem of type (26) - (28), which consists of a knapsack problem, is solved

in order to find an attractive cutting pattern for the restricted master problem. In the subproblem, the

dual variables
[∑

p∈P π
p
t γt

]T
associated to constraints (14) and (15), respectively, are considered for

the Zj
t variables. In the subproblem, without loss of generality, we can assume that the production cost

(vcj) and production time (vtj) are independent of the cutting patterns, i.e., they are treated as constant

parameters and index j from the cutting patterns can be disregarded. Otherwise, the subproblem could

simply be adapted to consider other assumptions, such as the production cost of a cutting pattern might

be associated to a cost (vcp) of the cut pieces in the cutting pattern
(∑

p∈P vc
p apj

)
. The same idea for

the production time of a cutting pattern, which can be proportional to the time spent cutting each piece

(vtp) belonging to the cutting pattern
(∑

p∈P vt
p apj

)
. Thus, without loss of generality, the subproblem

is given by:

OFSUB = min vc−
∑
p∈P

πpt a
p
j − vt γt (26)

Subject to:
∑
p∈P

wpapj ≤W (27)

apj ∈ Z+ ∀p (28)

For each period t, a new cutting pattern j is included in the restricted master problem if OFSUB <

0, and the new restricted master problem is solved considering the new cutting pattern. The opti-

mization package is used to solve the subproblem. As soon as the generated columns are no longer

attractive to the restricted master problem, considering all periods, the column generation procedure

is interrupted.

It is worth mentioning that in constraints (16), the Zj
t variable also takes place, however the dual

variables related to these constraints are not taken into account in the column generation procedure.

The main argument for this choice is due to the fact that these constraints do not exist before creating

the cutting pattern j. In fact, for each cutting pattern j, constraints (16) are created as the cutting

patterns are created. The reader may be led to wonder whether this lack of information in the column
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generation does not prevent the procedure of generating a lower bound to the problem. The answer

to this question is no. In fact, considering
[
δjt

]
as the dual variables related to constraints (16). The

corresponding subproblem with all the constraints related to the Zj
t variable in the column generation

procedure is given by:

OFSUB = min vc−
∑
p∈P

πpt a
p
j − vt γt − vt δ

j
t (29)

Subject to:
∑
p∈P

wpapj ≤W (30)

apj ∈ Z+ ∀p (31)

By duality theory, the dual variables
[
δjt

]
assume negative values, thus their corresponding terms

in (29) consist of positive values. Therefore, the objective functions (26) and (29) can be compared

as OFSUB ≤ OFSUB. This condition guarantees that, in the case of OFSUB < 0, every column

generated by subproblem (29) - (31) with all the dual variables, the subproblem presented here (26)

- (28) is also able to generate the same column, whereas in the case with OFSUB ≥ 0, the OFSUB

might have to generate additional columns to reach the optimality of the column generation procedure.

An assumption in the column generation procedure regarding the use of the subproblems is that due to

the similarities of the generated columns, the objective function of the restricted master problems, at

optimality of the procedure, might have similar values, with both being a lower bound to the integrated

problem. Note that the same argument can be addressed to justify the absence of the dual variables

related to constraints that have the W jl
t variable, which are also associated to the cutting patterns. For

other types of inequality constraints with column-dependent-rows, for instance, in the master problem,

a different approach, such as column-and-row generation, might be a more appropriate strategy to the

problem (Avella et al., 2006; Sadykov and Vanderbeck, 2013).

We tested three selecting strategies to add columns in the column generation procedure. The

variations of the strategies are proposed in order to analyze the impact, in the linear relaxation, in

terms of the number of columns added and the tailing off effect. The three tested strategies are:

� CG 1: in each iteration of the column generation procedure, the column with the most negative

reduced cost, considering all time periods, is inserted into the corresponding time period (just

one column is inserted per iteration).

� CG 2: in each iteration of the column generation procedure, for each time period, the column

with the most negative reduced cost is inserted into its specific time period. In the case with no

negative reduced cost, no column is added to the corresponding time period (maximum of |T |
columns are inserted per iteration).

� CG 3: in each iteration of the column generation procedure, the column with the most negative

reduced cost, considering all time periods, is inserted into all time periods, i.e., the same column

is inserted for each time period, even to those periods without a negative reduced cost (exactly

|T | columns are inserted per iteration).
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In preliminary computational results considering these three strategies, the column generation pro-

cedure stops by optimality, i.e., until the procedure can no longer generate columns, or heuristically

by interrupting the procedure after 5 iterations without improvements in the objective function value

of the restricted master problem. The results show that, at the end of the column generation, the

strategies added approximately the same number of columns, with CG 1 adding slightly less. In order

to choose the best strategy, we have checked the number of instances with a problem of convergence

(tailing off effect) and the number of instances with a feasible solution (i.e., a feasible solution to the

mixed-integer integrated problem, after the integrality of the variables is inserted into the restricted

master problem). In the preliminary study, strategy CG 1 adds only one column per iteration and,

as a consequence, it has the highest number of instances with the tailing off effect. Strategies CG 2

and CG 3 present a similar behavior, with CG 3 having a smaller number of instances affected. The

main difference between these two strategies is the number of feasible solutions to the mixed-integer

problem, in which the CG 2 strategy presented a better performance and found more feasible solutions.

Therefore, this strategy is selected to add columns in the column generation procedure.

4.2. Relax-and-Fix Procedure

In the price-and-branch approach, after the column generation procedure has been applied to the

linear relaxation of the ILSSCS model, the integrality constraints of the variables are recovered, and

the relax-and-fix procedure is applied to the resulting mixed-integer integrated problem.

The relax-and-fix procedure (Wolsey, 1998; Stadtler, 2003; Akartunali and Miller, 2009; Mohammadi

et al., 2010; Toledo et al., 2015) is a relatively simple and straightforward approach that has been

successfully applied in various lot-sizing problems, in particular multi-level lot-sizing problems. It

consists of a decomposition approach that determines a solution for a problem by solving a series of

partially relaxed mixed-integer problems, each with a number of fixed, integer and relaxed variables,

so that it is small enough to be quickly solved by a general purpose optimization software. In the

relax-and-fix, the iterative procedure of fixing and solving relaxed mixed-integer problems is performed

until either a feasible integer solution is generated at the end, or any resulting problem is infeasible,

and no feasible solution is found.

The infeasibility in the procedure can occur due to the type or size of the selection strategy used

for the variables, i.e., the selection strategy consists of which and how many variables will be fixed or

integer during the procedure, but also due to the problem structure (e.g., some problems are always

feasible, albeit with a much worse objective function value, no matter how many variables are fixed).

As a time limit is imposed on the procedure, the relax-and-fix heuristic might not be able to find

a feasible solution due to the time available to solve each partially relaxed mixed-integer problem.

Therefore, a good trade off among these issues avoid infeasibility in the procedure. In this study, the

set of variables chosen in the decomposition of the integrated problem is the binary decision variables,

i.e., the Y
f
t , W

fq
t and Y j

t , W
jl
t variables, totaling (|F |+ |F |2 + |J |+ |J |2)× |T | variables. We consider

three selection strategies for the variables in order to decompose the problem, which are: time-oriented

decomposition, product-oriented decomposition and stage-oriented decomposition (stage 1 followed by

stage two and vice-versa). The relax-and-fix procedure is mainly used for lot-sizing problems and

product/time-oriented decompositions are strategies widely used in this field. However, the same is not

observed by the stage-decomposition strategy, which in our two-stage integrated problem is motivated
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by the structure present in the mathematical model. Figure 2 shows a pseudo-code of the relax-and-fix

procedure addressed in the price-and-branch approach.

Step 0: Select a decomposition strategy for the binary decision variables: 

 time-oriented decomposition 

 product-oriented decomposition 

 stage oriented decomposition  

 

Step 1: Relax the integrality of all the variables of the problem 

 

Step 2: According to the selection strategy (Step 0), select a set of binary decision variables to 

add the integrality constraints in the problem. This set of variables belong to the so-called 

window, denoted by Δ, with  

                                       Δ = φ + ϕ 
where φ : is the number of decision variables which have been fixed; 

           ϕ : is the number of overlapping decision variables of two consecutive windows; 

 

Step 3: Solve the resulting mixed-integer problem 

 

Step 4: Fix the binary decision variables belonging to the set φ. 
 

Step 5: Move forward to the next window (Δ), considering the overlapping decision variables. 

Repeat Step 3, until either the window covers all the binary decision variables, or the 

resulting mixed integer problem is infeasible according to this decomposition strategy.   
 

Figure 2: Pseudocode Relax-and-Fix procedure

Considering the way in which the relax-and-fix was developed to the two-stage integrated problem,

the solution approaches stop either at any iteration of the procedure if the subproblem cannot provide

a feasible solution (due to infeasibility or time limit) or at the last iteration of the procedure with an

optimal/feasible solution. One might also add a stop criteria to the procedure in case a solution in

one of the subproblems is also integral for all relaxed variables, which is more likely to happen in later

iterations of the relax-and-fix procedure. The details about the decomposition strategies are presented

as follows.

� Time-Oriented Decomposition: P&B T

In the time-oriented decomposition, the entire planning horizon is divided into the three parts

according to the binary decision variables, which are: fixed, integral and relaxed. For periods in

the window composed of ∆ periods (see Step 2), the integrality of the binary decision variables

is added to the model. For periods preceding the window, binary decision variables have already

been made (fixed) in the previous steps of the procedure (see Step 4). For later periods, binary

decision variables are relaxed (see Step 1). The resulting mixed-integer problem is then solved

(see Step 3). The window moves forward for the next ∆ periods and takes into account the

binary decision variables belonging to overlapping periods, which are reconsidered in the next

window (see Step 5). The resulting mixed-integer problem is then reprocessed in the same way

until all the binary decision variables are fixed. In the last step of the relax-and-fix procedure, no

relaxation takes place and the integrality constraints of all the remaining variables are added to
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the model. Thus, the solution in the last window, if it exists, corresponds to a feasible solution

for the two-stage integrated problem, otherwise, either the problem is infeasible according to this

decomposition or the time limit is reached without finding a feasible solution.

We have tested both forward time-oriented decompositions and backward time-oriented decom-

positions as strategies regarding the time periods in some preliminary experiments. The forward

strategy proved to be better in terms of the number of feasible solutions and computational time,

and therefore it is addressed in this computational study. This phenomenon might be explained

by the fact that in backward strategies there is a tendency not to carry on inventory. This feature

can lead to infeasibility or deterioration of the solution in problems where the bottleneck arises.

In our model, it can be seen in the cutting stock problem that may experience capacity limitations

and/or no possibility of inventory and does not corroborate with the performance of the backward

strategy.

� Product-Oriented Decomposition: P&B F

In the product-oriented decomposition, the set of final products is split into three parts according

to the binary decision variables, which are: fixed, integral and relaxed decisions. For the set of

final products in the window, consisting of ∆ products, the entire planning horizon is considered,

as well as the set of cutting patterns related to these final products, i.e., for those cutting patterns

which have a piece belonging to a final product in the window, the integrality constraint of binary

decision variables are added, if they were not added in previous steps. The remainder of the

procedure follows as shown in Figure 2 and it is similar to the time-oriented decomposition. We

have considered, in the product-oriented decomposition, the order of the window according to the

order in which the final products appear in the data set.

� Stage-Oriented Decomposition: P&B S1S2 and P&B S2S1

The purpose of the stage decomposition strategy is to take into account mathematical proprieties

of the formulation by solving the production stages separately, while finding a feasible solution to

the integrated problem. In the P&B S1S2 decomposition, the integrality of the binary decision

variables at production stage one, which corresponds to the cutting stock problem, is added to

the problem for the whole planning horizon and the remaining variables are relaxed. After the

solution of the resulting problem, these binary decision variables (at production stage one) are

fixed and the integrality of all remaining variables are added to the problem. Thus, the solution of

the resulting problem, if it exists, corresponds to a feasible solution for the two-stage integrated

problem. In the P&B S2S1 decomposition, the procedure is performed in the reverse way to

P&B S1S2. Note that in the P&B S1S2 and P&B S2S1 decompositions, no overlapping decision

variables take place.

We applied the fix-and-optimize (Sahling et al., 2009; Helber and Sahling, 2010) procedure in an

attempt to improve the feasible solution found by the solution approaches. However, the procedure

used an expressive amount of running time and did not significantly improve the quality of the solution.
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Thus, we did not present the results of the fix-and-optimize approach in this study.

4.3. MIP-Solver Based Heuristic - MIP

The approach presented in this section, called MIP-solver, basically consists of solving the mathe-

matical model by an optimization package without any decomposition. The idea with this approach is

to evaluate the impact of the mathematical model in the data set, as well as to compare the quality

and efficiency of the solution approaches against off-the-shelf optimization solvers. For this, the column

generation procedure is first applied to the linear relaxation of the ILSSCS model in order to generate

the matrix of cutting patterns in the cutting stock problem and obtain lower bound to the solution of

the integrated problem. Then, considering all the columns generated in the column generation proce-

dure, the integrality constraints of the variables are added, and a commercial optimization package is

used to solve the integer ILSSCS model, in an attempt to heuristically find a feasible solution to the

two-stage integrated problem.

5. Computational Study

This section presents the data generation and computational results obtained by applying the so-

lution approaches of Section 4 to the ILSSCS model (Section 3). The model and solution approaches

were implemented in C++ using the C callable library of the IBM ILOG Cplex 12.10.0 (1 thread)

solver with default parameters. All the computational tests were conducted using a computer with 2

processors Intel(R) 3.07GHz (96 of RAM).

In the column generation procedure, no time limit was imposed to stop the procedure. In fact,

the column generation stops by optimality, i.e., until the procedure cannot generate columns anymore,

or heuristically, to avoid poor convergence issues, by interrupting the procedure after 50 iterations

without improvements in the objective function value of the restricted master problem. Considering

the chosen strategy (CG 2 ) and the data set addressed in this paper, no tailing off effect occurred,

i.e., the column generation procedure was able to solve all instances to optimality (i.e., no instance

has stopped heuristically during the procedure). After the column generation has finished, the solution

approaches are applied imposing a computational time limit of 1800 seconds and an optimality gap

tolerance of 0.1%, for each instance, in an attempt to find a good feasible solution for the two-stage

integrated problem.

The gap is calculated according to equation (32), where ZUB is the objective function value of the

corresponding solution approach and ZLB is the linear relaxation objective function value from the

column generation procedure. The solution approaches obtained the same objective function value in

the column generation procedure. Therefore, the ZLB value used to calculate the gap is the same for

each instance in all the methods.

GAP =
100(ZUB − ZLB)

ZLB
(32)

5.1. Data Generation 1

The data set used to generate instances for the two-stage integrated problem is based on well-

known data from the literature of the lot-sizing and cutting stock problems, which are the instances

1The data sets are available online at: https://github.com/gislainemelega/Instances-ILSSCS
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from Trigeiro et al. (1989) (lot-sizing problem) and the CUTGEN1 generator proposed by Gau and

Wäscher (1995) (cutting stock problem). The commonly data between the classes variations is pre-

sented, considering the generation in intervals [a, b] with a uniform distribution as follows:

� number of time periods (weeks): |T | = 20;

� demand of final products: d
f
t ∈

{
[0,125], medium;

[0,200], high.

� inventory cost of final product: hc
f ∈ [0.8, 1.2];

� changeover time of final product: st
fq ∈ [21, 65];

As set F of the final products are known a priori, the possible setups of final products are known

beforehand and pre-fixed according to the time spent to perform the setup. The values considered

in this paper are uniformly distributed in the interval [21,65]. In addition, these values are treated

as sequence-dependent, i.e., the setups of a final product vary according to the features of the

previous final product produced.

� production time of final product: vt
f

= 1;

� setup cost of final product: scfq =
st

fq

65
;

� production cost of final product: vcf = 0;

� number of pieces in each final product:
∑
p∈P

rpf =

{
1, if number P is low;

2, if number P is medium or high.

� production time of cutting pattern: vtj = 1;

� setup cost of cutting pattern: scjl =
stjl

10(βjl + 1)
;

� production cost of cutting pattern: vcj = 1×W

� object length: W = 10, 000;

The parameters used in the variation of classes are presented in Table 1, along with the corresponding

variation (column Variation), the type of variation (column Observation) and the initials used to assign

each class (column Initials). Consider the data generation, when in intervals [a, b], using a uniform

distribution.

We split the classes into three analysis: size of the problem, when the number of final products and

pieces varies; the length of the pieces, considering the variation to the length of the pieces; and the

capacity values, which considers the variation of the parameters in the capacity constraints (capacity
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Table 1: Intervals to Data Generation

Parameters Variation Observation Initials

3 low1 L1

4 low2 L2

number of final products: |F | 5 medium1 M1

6 medium2 M2

7 high H

|F |i low L

number of pieces: |P | |F |ii medium M

2 |F | high H

[0.01, 0.2] W low L

pieces length: wp [0.01, 0.8] W medium M

[0.2, 0.8] W high H
capt

0.85 loose L

capacity of final products: CapFt capiii medium M
capt

1.15 tight T{
0.5 CapFt, if |P | is low;

1 CapFt, if |P | is medium or high.
tight T

capacity of cutting machine: CapCt

{
1 CapFt, if |P | is low;

2 CapFt, if |P | is medium or high.
medium M{

2 CapFt, if |P | is low;

4 CapFt, if |P | is medium or high.
loose L

changeover time of [1, 10] βiv
jl medium M

cutting machine: stjl [12, 21] βjl high H

(i) the number of pieces is equal to the number of final products and each final product corresponds directly to

a piece;

(ii) the number of pieces is equal to the number of final products and each final product needs 2 (equal or

different) pieces;

(iii) capt: the average of a lot-for-lot policy: for every period t, the amount of resources needed to produce the

demands of the final products exactly is calculated, summing this amount for all periods and dividing it by the

number of periods T ;

(iv) βjl: the number of changes between cutting pattern j and cutting pattern l and it is calculated after the

generation of the cutting pattern j to all already generated cutting patterns l;

availability of final products and cutting machine and the changeover time of the cutting patterns). The

data set defines 36 classes on total, with 15, 3 and 18 classes in each one of the analysis, respectively.

For each class, 10 instances were generated considering the demand variation (medium/high), i.e., in

each class 5 instances are generated with the demand uniformly distributed in [0, 125] and 5 instances

are generated with the demand uniformly distributed in [0, 200]. Table 2 shows the 36 classes obtained

with the data variation, totaling 360 instances. For example, Class 5 (L2M/M/MMM ) means that the

number of final products is categorized as low 2, i.e., F = 4, the number of pieces is medium, which has

P = F and the remaining data variation is at medium values. To simplify, the classes will be assigned

only considering the varied parameters, for example, Class 5 will be assigned in the remaining of the

paper as L2M. It is important to mention that the way in which the data was varied, the same classe
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is seen in each one of the analyzes (Classes 8, 17 and 27).

Table 2: Classes of Instances

Description Description

Classes F/P wp CapFt/CapCt/stjl Classes F/P wp CapFt/CapCt/stjl

Class 1 L1L M MMM Class 10 M1M M LTM

Class 2 L1M M MMM Class 20 M1M M LTH

Class 3 L1H M MMM Class 21 M1M M LMM

Class 4 L2L M MMM Class 22 M1M M LMH

Class 5 L2M M MMM Class 23 M1M M LLM

Class 6 L2H M MMM Class 24 M1M M LLH

Class 7 M1L M MMM Class 25 M1M M MTM

*Class 8 M1M M MMM Class 26 M1M M MTH

Class 9 M1H M MMM *Class 27 M1M M MMM

Class 10 M2L M MMM Class 28 M1M M MMH

Class 11 M2M M MMM Class 29 M1M M MLM

Class 12 M2H M MMM Class 30 M1M M MLH

Class 13 H1L M MMM Class 31 M1M M TTM

Class 14 H1M M MMM Class 32 M1M M TTH

Class 15 H1H M MMM Class 33 M1M M TMM

Class 16 M1M L MMM Class 34 M1M M TMH

*Class 17 M1M M MMM Class 35 M1M M TLM

Class 18 M1M H MMM Class 36 M1M M TLH

(*) Same class of parameters used in the other analysis

The setup times in the cutting process are sequence-dependent and related to the pieces in conse-

quent cutting patterns. These setup times are calculated considering a fixed value (uniformly distributed

in [1, 10]), multiplied by the number of changes between two cutting patterns. In this paper, the changes

are accounted for by any addition or removal of a piece from one cutting pattern to another. As an

example, to illustrate the changeover calculations for the setups, in Figure 3 a set of cutting patterns

and the changeover matrix B = [βjl] are shown. In the changeover matrix, the entrances correspond

to the number of different pieces between a changeover from cutting pattern j to cutting pattern l.

For example, the first line of the changeover matrix displays the setups needed from a changeover from

cutting pattern 1 to all the other cutting patterns. If one changes from cutting pattern C1 to cutting

pattern C3, according to the display of the cutting patterns presented in Figure 3, three changes are

necessary. This occurs because one piece 1 should be removed (one change) and two pieces 3 should be

inserted (2 changes), in order to cut cutting pattern C3, therefore a total of three setups are needed

in a changeover from cutting pattern C1 to C3. Note that, one piece 1 is common to both cutting

patterns, and there is no need to consider it in the counting of setups. The setup time is calculated

by multiplying this value by a number (between [1, 10]) uniformly generated. Note that other types of

counting considering the changes between cutting patterns could be considered, without any further

complications in the mathematical models and with minimal changes in the solution approaches.

As mentioned before, the sequence-dependent setup costs for the production of the final products,

and for the cutting patterns, are considered in the objective function in order to prevent superfluous

setups when there is an excess of capacity, i.e., the capacity is loose, therefore these values were chosen
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Figure 3: Example of some One-dimensional Cutting Patterns and Changeover Calculations

Table 3: Dimension of the Problem in the Solution Approaches.

Binary and Integer Variables Example

MIP F × T + F 2 × T + J × T + J2 × T + J × T 3000

P&B F F × T + F 2 × T + J × T + J2 × T 1840

P&B S1S2 J × T + J2 × T 2200

P&B S2S1 F × T + F 2 × T 600

P&B T F × T + F 2 × T + J × T + J2 × T 420

as sufficiently small compared to the other costs in the objective function. The assigned values for

the sequence-dependent setup costs are fractions of the corresponding setup time of final products and

cutting patterns.

Before comparing the solution approaches for the ILSSCS model, we analyze the dimensions of the

ILSSCS model in each one of these solution approaches. Table 3 shows the number of binary and

integer variables present in the ILSSCS model in the first iteration (window) of each solution approach.

Note that the integer variables (Zj
t ) are added into the price-and-branch approach only in the last

iteration of the procedure, so they are not in the calculus of the number of variables in these methods,

only for the MIP heuristic. In the last column, Table 3 reports the total number of binary and integer

variables which occur in each solution approach, considering a given value to the parameters. Thus,

it is possible to estimate and compare the size of the mixed-integer problem solved by the procedures

in each iteration. In the example, the values assign for the parameters are: |T | = 20 (with window

∆ = 3), |F | = 5 (with window ∆ = 4), |P | = 10 and |J | = 10 (the homogenous cutting patterns). We

can see that the total number of binary variables is drastically reduced in the P&B S2S1 and P&B T

heuristic approaches, compared to the others. However, the P&B S1S2 approach, even having the

highest number of binary variables, tends to acquire good results, due to it structure to search for a

solution by addressing firstly the main production bottleneck (production stage one) in the resolution

of the two-stage integrated problem.

In the following sections, we evaluate the computational results obtained for solving the two-stage

integrated problem modeled by the ILSSCS model (see Section 3), considering the approaches presented

in Section 4. Firstly, we present a comparison about the worthiness of an integrated approach, i.e., the

integrated approach is compared with an intuitive simulation of common practice (sequential heuristic),

considering different scenarios in the objective function. Then, we analyze the impact of the solution
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methods to the different classes of variation described in this section, including an analysis of an

extension of the two-stage integrated problem.

5.2. Comparison: Integrated Approach × Practice Simulation

In this section, we try to demonstrate why it is useful to integrate processes in an industrial en-

vironment. In fact, this section aims to show the impact of the integrated approach compared to the

non-integrated one, but only externally coordinated approach by some devised mechanism. For this,

we present an empirical simulation of the common practice, called practice simulation (PS ), using the

mathematical model presented for the two-stage integrated problem (see Section 3).

In the practice simulation, the decisions of the production stages are taken sequentially, by firstly

determining the decisions of the second production stage, in which the client’s demands are met and

then these decisions are used to determined the decisions of the first production stage. For this, the

constraints (2)-(13), which correspond to the second production stage, are solved by an optimization

package, taking into account the first part of the objective function (1). After the solution, the variables

X
f
t , ∀f, ∀t, are fixed at their optimal values and, the first production stage, that corresponds to

constraints (14)-(25) and the second part of the objective function (1) are solved using the column

generation procedure and an optimization package. A solution to the practice simulation consists of

the sum of the optimal solution from each production stage, which is also a feasible solution to the

two-stage integrated problem.

In order to determine if an integrated perspective of the problem obtains better results than a non-

integrated view, we analyze different scenarios to the objective function by performing variations in the

costs of cutting objects (vcj) and evaluate the impact of these variations in the quality of the solution.

Considering the data set from Section 5.1, we perform changes in the costs by dividing and duplicating

the values to the vcj parameters in 10 instances chosen from the first 3 classes. The instances are

selected in the way that both approaches were able to solve them at optimality (with the restricted set

of columns obtained in the column generation procedure), by an optimization package, within of the

available computational time of 1800 seconds. However, an optimal solution has been found for these

instances in less than 300 seconds.

Table 4 shows the difference (in percentage) of the total costs to the MIP heuristic (see Section 4.3)

compared to the PS, considering the variations to the vcj . The values associated to the PS represent

100% of the total costs and for the MIP, the values indicate the percentage of gains (positive values) or

losses (negative values) in the objective function value when compared to the PS. In an overall overview

of the results, the integrated approach obtains improvements that range from 0.824% to 9.564% (from

1.558% to 5.729% on overall average). Interesting behavior of the integrated approach compared to the

practice simulation concerns the variations of the cutting costs which, as costs increase, the gains in

the solution of the integrated approach increase significantly. A reason for this achievement might be

explained by the fact that as both problems are taken into account in an integrated environment, the

variation of the costs is seen simultaneously in the decisions for both problems. On the other hand, in

the practice simulation, the planning of the cutting process is performed according to the generated plan

to the final products, which reduces the variability of the solution in this production stage, leading to a

deterioration of the solution. In the overall average, the integrated approach outperforms the practice

simulation in all variations of the parameter and for all the instances, except for Instance 3 and 9 with
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0.5× vcj . Considering the three different scenarios, it can be concluded that the integrated approach

can handle the decisions more effectively as the cutting costs correspond to a considerable proportion

in the total costs. It is worth mentioning that in most industries, the production stage planning is

done manually, that is, planning is done without using mathematical models, only the experience of

the managers is considered, which may not be as efficient as the mathematical models. Therefore, the

gains can be even more significant compared to industrial practice.

Table 4: Comparison: Integrated Approach and Practice Simulation

MIP

Instances PS 0.5× vcj vcj 2× vcj

Instance 1 100 0.824 3.597 4.934

Class 1 Instance 2 100 3.610 3.613 3.615

Instance 3 100 -0.002 5.305 7.748

Instance 4 100 1.243 8.257 8.266

Instance 5 100 2.581 2.582 8.892

Class 2 Instance 6 100 2.868 3.543 8.321

Instance 7 100 1.715 3.575 9.564

Instance 8 100 1.653 1.900 2.630

Class 3 Instance 9 100 -0.004 0.000 0.000

Instance 10 100 1.089 2.587 3.320

Average 100 1.558 3.496 5.729

5.3. Comparison of the Solution Approaches

In this section, the different classes of variations are analyzed in order to see the impact on the

solution approaches to different variation of the data settings. The first analysis occurs considering

variations in the number of final products and the number of pieces needed to assemble the final

products. The second variation is performed in terms of the length of the pieces compared to the

length of the objects, following by variations in the capacity constraints values for both stages in terms

of the changeover time and available capacity.

5.3.1. Comparison: Number of Final Products and Pieces

Table 5 shows the computational results for the ILSSCS model in terms of the average number of

generated columns and the status of the solution in each instance, for which 10 instances are analyzed

in each class, totaling 150 instances for each solution approach. The entries (1)/(2)/(3) correspond to

the number of instances with an optimal or feasible solution, number of instances in which the time

limit is reached without a feasible solution and number of infeasible instances, respectively. In the

column generation procedure, the ILSSCS model reached the optimality in the column generation with

a few hundred columns, 241 columns on average, and spent just a few seconds, 0.79 seconds on average.

An interesting note about the number of generated columns is that as the number of pieces increases,

from small to high, the number of columns generated to the problem increases more than twice, which

shows the impact of the number of pieces in the number of columns, hence, in the size of the problem.

We can see that the MIP heuristic corresponds to the worst scenario in terms of the feasible

solution, followed by P&B F. The P&B T approach shows a noticeable improvement, around 92%,
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when compared to the MIP. In fact, the P&B T is able to solve 97% of the instances and is the one

capable of solving the highest number of instances in Class 15. Considering the stage-decomposition

approaches, P&B S2S1 found, in the overall average, 31% less feasible solutions compared to the

other version, P&B S1S2. A reason for this achievement might be explained by the fact that in the

P&B S1S2, the cutting stock problem is seen as the main production bottleneck of the integrated

problem, thus, solving it firstly helps to manage the production in this stage, consequently in the

integrated problem. The P&B F and P&B S1S2 are the two price-and-branch approaches in which the

decomposition strategy resulted in infeasible solutions, 12 and 3 instances, respectively. The remaining

of the approaches does not find a feasible solution to the integrated problem due to the time limit

limitation.

Table 6 presents, for each class and heuristic method, the average values for the gap (in percentage)

and computational time (in seconds), considering only those instances which are solved by all the

heuristics (Table A.14 of Appendix Appendix A presents an overall overview of the computational

results considering all the instances). In order to allow a large number of classes and instances in

this comparison, we do not consider the results of the P&B F heuristic in Table 6. The number of

instances used to calculate the averages in each class corresponds to the number in brackets, totaling

73 instances. In this analysis, the approaches find quite small gaps for most of the classes (less than 4%

on overall average), in which the worst values are seen for the P&B T in 11 out of 13 classes (3.72% on

average), compared to the best one found by the P&B S2S1 approach (1.32% on average). In Classes

12 and 15, where it is not possible to compare the approaches, the P&B T heuristic is able to solve the

highest number of instances, compared to the other approaches. The computational time spent for the

heuristics based on the price-and-branch approach is at least half of the time used by the MIP heuristic.

These differences among the approaches can reach an overall average up to 98%, when comparing the

price-and-branch P&B T and the integrated MIP approach.

5.3.2. Comparison: Length of Pieces

It is well-known in the literature of cutting stock problems that the relationship between the length

of pieces and the length of the object can considerably influence the behavior of the column generation

procedure, hence the basis of the solution approaches presented in this paper. For this, we have varied

the length of the pieces in different intervals (see Table 1).

Table 7 presents, average number of columns generated in the column generation procedure and

the status of the instances for each class and solution approach, totalling 30 instances for each solution

approach. The entries (1)/(2)/(3) correspond to the number of instances with an optimal or feasible

solution, number of instances in which the time limit is reached without a feasible solution and number

of infeasible instances, respectively. As we can see, only the P&B T heuristic presented infeasibility

(two instances). The class with the smallest number of feasible solutions is Class 16, which has the

highest deviation in the length of the pieces compared to the length of the object. This fact represents

the difficulty for the cutting stock problem, hence, for the integrated problem, due to the high number of

generated columns compared to the other classes. Thus, solving the mixed-integer integrated problem

in such types of instances is a difficult task for the solution approaches. The solution methods that are

able to find the largest number of feasible solutions in this analysis is either because of the fact that it

manages the cutting stock problem more efficiently, as it is the case of P&B S1S2 heuristic, or because
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Table 5: Average Number of Generated Columns and Status of the Solutions.

Number of Status

Classes (F/P ) Columns MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 1 (L1L) 87 10/0/0 10/0/0 10/0/0 10/0/0 10/0/0

Class 2 (L1M ) 87 10/0/0 10/0/0 10/0/0 10/0/0 10/0/0

Class 3 (L1H ) 211 6/4/0 2/2/6 10/0/0 6/4/0 10/0/0

Class 4 (L2L) 124 7/3/0 10/0/0 10/0/0 9/1/0 10/0/0

Class 5 (L2M ) 121 9/1/0 7/1/2 10/0/0 9/1/0 10/0/0

Class 6 (L2H ) 297 5/5/0 1/7/2 7/3/0 4/6/0 9/1/0

Class 7 (M1L) 184 4/6/0 10/0/0 9/1/0 6/4/0 10/0/0

Class 8 (M1M ) 175 6/4/0 8/1/1 10/0/0 8/2/0 10/0/0

Class 9 (M1H ) 380 2/8/0 0/9/1 9/1/0 3/7/0 10/0/0

Class 10 (M2L) 223 3/7/0 6/4/0 10/0/0 5/5/0 10/0/0

Class 11 (M2M ) 177 7/3/0 8/2/0 8/0/2 8/2/0 10/0/0

Class 12 (M2H ) 507 0/10/0 2/8/0 7/3/0 1/9/0 9/1/0

Class 13 (H1L) 259 3/7/0 3/7/0 9/1/0 5/5/0 10/0/0

Class 14 (H1M ) 236 4/6/0 3/7/0 9/0/1 6/4/0 10/0/0

Class 15 (H1H ) 557 0/10/0 3/7/0 6/4/0 2/8/0 8/2/0

Average (Sum) 241 76/74/0 83/55/12 134/13/3 92/58/0 146/4/0

it solves a small portion of the problem, as is the case of P&B T heuristics.

Considering those instances which are solved by all the solution approaches, Table 8 presents the

average values for the gap and computational time in each class. Table A.15 of Appendix Appendix A

presents an overview of the average values for the gap and the computational. The number of instances

used to calculate the averages in each class corresponds to the number in brackets, totaling 11 instances.

We can see in Table 8 that for all the solution approaches, the values for the gap are considerably high

in Class 16 compared to the other classes. In the remaining classes, the approaches present quite similar

values for the gap, and the P&B S1S2 presents the smallest values, 2.43% on overall average, followed

by P&B S2S1. The advantage in the P&B S1S2 approach, to deal with such types of instances, is due

to the decomposition strategy addressed, which tries to solve the cutting stock and scheduling problem

first. As such, the P&B S1S2 deals with the main difficulty in such instances more wisely, compared to

the other approaches. The high computational time spent by the MIP heuristic, compared to the other

approaches in Class 16, shows all its effort in solving the instances with small lengths of pieces. The

other approaches could deal with this difficulty considerably well by addressing decomposition methods,

and due to this fact, these approaches used on average 7.5% of the computational time used by the

MIP heuristic. The lowest value for the computational time is addressed by the P&B S1S2 approach,

followed by P&B T heuristic, which spent on overall average 1.11 and 1.22 seconds, respectively.

5.3.3. Comparison: Capacity Values

In this analysis, the classes consider variations in terms of the parameters in the capacity constraints

for both production stages. The variation is performed for the changeover time of cutting patterns,

tightness in the capacity of the cutting machine and the tightness in the capacity for the production

of the final products, for more details see Table 1. The capacities are of crucial importance in several

industrial environments due to limitations in the production or due to a better consumption of the
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Table 6: Average values for the Gap and Computational Time.

Gap

Classes (F/P ) MIP P&B S1S2 P&B S2S1 P&B T

Class 1 (L1L) (10) 3.68 3.47 3.09 5.27

Class 2 (L1M ) (10) 3.12 2.43 2.90 4.17

Class 3 (L1H ) (6) 0.84 2.11 1.41 2.72

Class 4 (L2L) (7) 2.23 3.57 1.78 7.10

Class 5 (L2M ) (9) 2.67 3.36 2.76 3.94

Class 6 (L2H ) (4) 0.18 1.31 0.22 4.08

Class 7 (M1L) (4) 2.52 5.41 0.62 4.41

Class 8 (M1M ) (6) 0.84 1.31 2.51 2.55

Class 9 (M1H ) (2) 0.58 0.50 0.08 3.13

Class 10 (M2L) (3) 0.47 0.88 0.44 2.76

Class 11 (M2M ) (5) 0.11 0.92 0.68 2.99

Class 12 (M2H ) (0) — — — —

Class 13 (H1L) (3) 0.27 5.40 0.27 2.94

Class 14 (H1M ) (4) 0.51 2.08 0.35 2.33

Class 15 (H1H ) (0) — — — —

Average (Sum) (73) 1.39 2.52 1.32 3.72

Computational Time

Classes (F/P ) MIP P&B S1S2 P&B S2S1 P&B T

Class 1 (L1L) (10) 3.66 0.77 4.81 1.08

Class 2 (L1M ) (10) 3.22 0.13 1.16 0.39

Class 3 (L1H ) (6) 238.33 2.53 13.15 1.22

Class 4 (L2L) (7) 212.31 0.33 147.00 0.75

Class 5 (L2M ) (9) 49.84 0.33 51.65 0.65

Class 6 (L2H ) (4) 276.44 7.54 223.61 3.95

Class 7 (M1L) (4) 275.06 1.64 160.51 2.04

Class 8 (M1M ) (6) 77.54 0.77 47.07 1.41

Class 9 (M1H ) (2) 1293.35 10.49 435.50 10.62

Class 10 (M2L) (3) 760.70 27.48 417.31 3.64

Class 11 (M2M ) (5) 118.48 1.51 17.25 2.38

Class 12 (M2H ) (0) — — — —

Class 13 (H1L) (3) 359.52 3.54 42.14 5.38

Class 14 (H1M ) (4) 404.67 5.24 247.15 5.01

Class 15 (H1H ) (0) — — — —

Average (Sum) (73) 313.32 4.79 139.10 2.96

Table 7: Overview: Average Number of Generated Columns and Status of the Solutions.

Number of Status

Classes (wp) Columns MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 16 (L) 275 1/9/0 4/6/0 8/2/0 1/9/0 10/0/0

Class 17 (M ) 175 6/4/0 8/1/1 10/0/0 8/2/0 10/0/0

Class 18 (H ) 145 5/5/0 8/1/1 10/0/0 9/1/0 10/0/0

Average (Sum) 199 12/18/0 20/8/2 28/2/0 18/12/0 30/0/0
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Table 8: Average Values for the Gap and Computational Time

Gap

Classes (wp) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 16 (L) (1) 8.97 14.24 4.57 3.32 11.97

Class 17 (M ) (6) 0.84 3.78 1.31 2.51 2.55

Class 18 (H ) (4) 1.59 3.58 1.42 2.41 5.00

Average (Sum) (11) 3.80 7.20 2.43 2.75 6.51

Computational Time

Classes (wp) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 16 (L) (1) 374.60 7.24 2.78 99.85 1.40

Class 17 (M ) (6) 73.87 12.11 0.76 44.41 1.43

Class 18 (H ) (4) 14.82 2.39 1.45 6.95 1.01

Average (Sum) (11) 44.35 7.25 1.11 25.68 1.22

available resources. Thus, we evaluate the impact on the variations related to the capacity constraint

of final products and the cutting machine for the two-stage integrated problem.

Table 9 shows the computational results in terms of the average number of generated columns and

the status of the solution of the instances, in which 10 instances are analyzed in each class, totaling 180

instances for each solution approach. The entries (1)/(2)/(3) correspond to the number of instances

with an optimal or feasible solution, number of instances in which the time limit is reached without a

feasible solution and number of infeasible instances, respectively. In the column generation procedure,

the ILSSCS model reached optimality with less than 180 columns, on average for all classes, and took

just a few seconds, 0.08 seconds on average. As can be seen, there is no impact of the data variation

on the number of generated columns. However, as the variation to the changeover of cutting pattern

increases from medium to high, the number of feasible instances decrease for all the approaches, except

P&B S1S2 heuristic, which is able to find a feasible solution for all the instances in this data settings.

The MIP heuristic again obtained the lowest number of feasible solutions, followed by P&B S2S1.

For the decomposition approaches, the P&B S2S1 heuristic has the highest number of instances with

infeasibility.

Considering those instances that are solved by all the solution approaches, Table 10 presents the

average values for the gap and computational time in each class and heuristic approach. The number

of instances used to calculate the averages in each class corresponds to the number in brackets, totaling

107 instances in this analysis. Table A.16 of Appendix Appendix A presents an overall overview of the

computational results considering all the instances. In this analysis, the heuristics find relatively small

gaps for most of the classes, in which the highest values are seen for the P&B S1S2 approach, compared

to the smallest values found by the MIP and P&B F heuristics. Considering the changeover time of the

cutting patterns at medium variation (odd classes), an impact of the data set in the gap can be seen.

As the capacity of the final products is being tightened, the heuristics that consider the production

of final products as a priority, such as the case with MIP, P&B F and P&B S2S1 the gap decreases

43% on average, while for the other heuristics, P&B S1S2 and P&B T, the gap increases around 51%,

especially in Class 27, where the tightness in the cutting capacity is also high. However, there is no clear
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conclusion about the impact of the tightness in cutting capacity to the solution approaches. Considering

the changeover time of the cutting patterns in the high variation (even classes), in the general average,

the gap is slightly higher compared to the medium variation.

The computational time spent for the heuristics based on the price-and-branch approach is consid-

erably smaller than the time used by the MIP heuristic, when the changeover time of cutting patterns

is at medium variation, and the differences can reach on overall average of 90.6%. However, when the

changeover time of cutting patterns is at high variation, the P&B S2S1 heuristic presents high compu-

tational time, compared to the other price-and-branch approaches, which in some classes (Class 30, 32,

33) are higher than the computational time spent by the MIP heuristic. One reason for that is due to

the fact that these classes consider the tightness of the cutting capacity at medium and high variation,

which is were the P&B S2S1 decomposition might suffer, as it is the last stage to be considered in the

decomposition strategy.

Table 9: Average Number of Generated Columns and Status of the Solutions

Classes Number of Status

(CapFt/CapCt/stjl) Columns MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 19 (LTM ) 176 6/4/0 9/0/1 10/0/0 8/2/0 10/0/0

Class 20 (LTH ) 175 8/2/0 9/0/1 10/0/0 9/1/0 10/0/0

Class 21 (LMM ) 175 6/4/0 10/0/0 10/0/0 9/1/0 10/0/0

Class 22 (LMH ) 175 7/3/0 9/0/1 10/0/0 9/1/0 10/0/0

Class 23 (LLM ) 173 7/3/0 9/0/1 10/0/0 9/1/0 10/0/0

Class 24 (LLH ) 176 6/4/0 10/0/0 10/0/0 9/1/0 10/0/0

Class 25 (MTM ) 174 6/4/0 8/1/1 10/0/0 10/0/0 10/0/0

Class 26 (MTH ) 177 6/4/0 8/1/1 10/0/0 8/2/0 10/0/0

Class 27 (MMM ) 176 7/3/0 9/0/1 10/0/0 9/1/0 10/0/0

Class 28 (MMH ) 175 7/3/0 8/1/1 10/0/0 9/1/0 10/0/0

Class 29 (MLM ) 174 7/3/0 8/1/1 10/0/0 9/1/0 10/0/0

Class 30 (MLH ) 176 6/4/0 8/1/1 10/0/0 7/3/0 10/0/0

Class 31 (TTM ) 176 6/4/0 7/1/2 10/0/0 9/1/0 10/0/0

Class 32 (TTH ) 178 4/6/0 5/3/2 10/0/0 8/2/0 9/0/1

Class 33 (TMM ) 176 7/3/0 7/2/1 10/0/0 9/1/0 10/0/0

Class 34 (TMH ) 175 6/4/0 9/0/1 10/0/0 9/1/0 10/0/0

Class 35 (TLM ) 174 7/3/0 8/1/1 10/0/0 8/2/0 10/0/0

Class 36 (TLH ) 175 7/3/0 8/1/1 10/0/0 8/2/0 10/0/0

Sum / Average 175 116/64/0 149/13/18 180/0/0 156/24/0 179/0/1

An analysis of all the results presented in this Section 5.3 is also performed using the performance

profile technique (see Appendix Appendix B).

5.4. Additional Computational Results

In this additional computational results, we present an analysis of an extension to the two-stage

integrated problem, which consists of taking into account the inventory of pieces in the second stage of

the integrated problem. The main motivation to address the inventory of pieces is that it might allow

better cutting patterns to be generated and used in the cutting process. For the two-stage integrated

problem, this fact would help to reduce the number of cut objects, i.e., the costs of the cutting process,
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Table 10: Average Values for the Gap and Computational Time

Gap

Classes (CapFt/CapCt/stjl) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 19 (LTM ) (6) 2.25 1.53 0.83 2.37 2.31

Class 20 (LTH ) (7) 0.79 2.68 1.82 1.27 4.54

Class 21 (LMM ) (6) 1.63 2.65 0.91 1.05 3.22

Class 22 (LMH ) (7) 1.83 2.03 1.12 2.18 5.59

Class 23 (LLM ) (7) 1.49 3.01 3.17 1.17 3.22

Class 24 (LLH ) (6) 0.17 1.60 10.59 0.77 2.43

Class 25 (MTM ) (6) 2.16 2.87 1.39 1.93 2.31

Class 26 (MTH ) (6) 1.59 1.90 3.19 2.10 3.59

Class 27 (MMM ) (7) 0.75 1.64 2.67 1.38 4.09

Class 28 (MMH ) (7) 1.19 1.98 1.61 0.82 4.49

Class 29 (MLM ) (6) 0.77 1.38 2.82 0.87 2.94

Class 30 (MLH ) (6) 1.18 3.02 1.59 2.38 3.56

Class 31 (TTM ) (4) 1.30 2.35 1.88 1.82 2.48

Class 32 (TTH ) (2) 1.38 1.07 4.96 1.38 2.79

Class 33 (TMM ) (6) 1.13 1.26 1.11 0.49 4.40

Class 34 (TMH ) (6) 0.46 1.05 2.51 0.67 2.81

Class 35 (TLM ) (6) 0.22 0.70 15.84 0.52 3.49

Class 36 (TLH ) (6) 0.66 2.59 20.94 0.48 3.74

Average (Sum) (107) 1.16 1.96 4.39 1.31 3.44

Computational Time

Classes (CapFt/CapCt/stjl) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 19 (LTM ) (6) 248,27 6,35 0,92 32,70 1,40

Class 20 (LTH ) (7) 256,67 16,41 1,34 45,91 1,75

Class 21 (LMM ) (6) 365,59 47,03 1,37 34,70 1,45

Class 22 (LMH ) (7) 250,31 8,41 0,91 152,29 1,52

Class 23 (LLM ) (7) 181,99 49,41 0,77 29,22 1,37

Class 24 (LLH ) (6) 207,14 29,26 2,26 273,28 1,43

Class 25 (MTM ) (6) 84,30 55,71 1,09 11,75 1,58

Class 26 (MTH ) (6) 156,51 19,80 1,42 134,56 2,13

Class 27 (MMM ) (7) 373,04 8,83 1,11 170,84 1,73

Class 28 (MMH ) (7) 199,90 15,44 1,25 243,28 1,51

Class 29 (MLM ) (6) 177,86 3,13 0,80 44,14 1,41

Class 30 (MLH ) (6) 112,83 10,41 0,57 162,26 1,46

Class 31 (TTM ) (4) 223,46 40,18 1,20 28,99 2,11

Class 32 (TTH ) (2) 28,93 4,97 0,85 21,82 1,66

Class 33 (TMM ) (6) 190,89 10,32 0,95 68,64 1,83

Class 34 (TMH ) (6) 242,67 2,78 0,90 133,99 1,68

Class 35 (TLM ) (6) 156,83 2,99 1,21 66,28 1,70

Class 36 (TLH ) (6) 126,73 27,34 2,57 37,38 1,74

Average (Sum) (107) 199,11 19,93 1,19 94,00 1,64
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at the expense of holding costs incurred by the early cut pieces. It is worth mentioning that the

inventory costs of pieces should consider the managerial effort necessary to deal with these pieces in

stock, since in some companies due to the limitation of capacity or labor, it is extremely complicated

to organize these pieces and to have the control of these pieces in stock. Therefore, the costs involved

in the inventory of pieces should take these features into account in order to minimize the total costs

of the problem.

To address the inventory of pieces in the two-stage integrated problem, modeled by the ILSSCS

model, additional parameters and variables are necessary, as follows.

2st Stage Parameters and Variables:

hcp: unit holding cost of piece p;

Sp
t : inventory of piece p at the end of period t;

In the ILSSCS model, an additional term in the objective function should be added in order to

consider the inventory costs of pieces. Therefore, the objective function (1) should be replaced by the

new objective function (33), which minimizes the inventory holding cost, the production cost and the

sequence-dependent setups of the final products, the cutting cost and the sequence-dependent setup

cost of the cutting process, and the additional term that corresponds to the inventory holding cost of

pieces.

min
∑
t∈T

∑
f∈F

hcfSf
t + vcfX

f
t +

∑
q∈F

scfqW
fq
t

+
∑
t∈T

∑
j∈J

(
vcjZj

t +
∑
l∈J

scjlW jl
t

)
+

∑
t∈T

∑
p∈P

hcpSp
t (33)

The inventory variables of pieces are added to the demand balance constraints (14), which are

now modeled by constraints (34). These constraints guarantee that the number of pieces need for the

assembly of the final products are satisfied by the cutting of pieces in the current time period or the

inventory of pieces from previous time periods, while the remaining pieces are carry over to the next

time period. Constraints (35) are the non-negativity domain to the inventory of pieces, which imposes

no initial inventory of pieces.

Sp
t−1 +

∑
j∈J

apjZ
j
t − S

p
t =

∑
f∈F

rpfX
f
t ∀p, ∀t (34)

Sp
t ≥ 0, Sp

0 = 0 ∀p, ∀t (35)

In order to evaluate the outcome and the impact of adding the inventory of pieces in the two-

stage integrated problem, a variation in some of the costs present in the objective function of the

integrated problem is performed. For this, we have varied the production costs of cutting patterns

(low/medium/high) and the inventory costs of final products (low/medium/high). The remaining data

variations are considered as in the data generation. Considering the generation in intervals [a, b] with

a uniform distribution as follows:
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� production cost of cutting pattern: vcj =


0.5×W, low;

1×W, medium;

2×W, high.

� inventory cost of final products: hc
f ∈


[ĥc

f
− 0.5ĥc

f
, ĥc

f
− 0.25ĥc

f
], low;

[ĥc
f
, ĥc

f
], medium;

[ĥc
f

+ 0.25ĥc
f
, ĥc

f
+ 0.5ĥc

f
], high;

where, the value ĥc
f
∈ [0.8, 1.2];

� inventory cost of pieces:

hcp ∈


[ĥc

p
−0.5ĥc

p
,ĥc

p
−0.25ĥc

p
]

2 , if the inventory cost of final products is low;
[ĥc

p
,ĥc

p
]

2 , if the inventory cost of final products is medium;

[ĥc
f
+0.25ĥc

f
,ĥc

f
+0.5ĥc

f
]

2 , if the inventory cost of final products is high;

Consider the value ĥc
p
∈ [0.8, 1.2]. The inventory costs of pieces is considered in the same interval

as the variation to the inventory costs of final products, in which the inventory of costs pieces is

proportional to the number of pieces in the assembly of final products. As in this data set each

final products needs two pieces, the inventory costs of pieces is divided by two.

The data set defines 9 classes (see Table 11), which consists the variation to the production cost

of cutting pattern (low/medium/high) and the inventory cost of final products (low/medium/high).

Note that although the inventory cost of pieces varies, its variation follows the variation regarding the

inventory costs of final products, thus there is no class for this variation. For each class, 10 instances

were generated considering the demand variation, i.e., 5 instances for each demand variation (medium,

high), totalling 10 instances per class and 90 instances in this analysis.

Table 11: Classes of Instances

Description

Classes F/P wp CapFt/CapCt/stjl vcj/hc
f

Class 37 M1M M MMM LL

Class 38 M1M M MMM LM

Class 39 M1M M MMM LH

Class 40 M1M M MMM ML

*Class 41 M1M M MMM MM

Class 42 M1M M MMM MH

Class 43 M1M M MMM HL

Class 44 M1M M MMM HM

Class 45 M1M M MMM HH

(*) Same class of parameters used in the other analysis

Table 12 shows the computational results to the average number of generated columns and the

status of the solution of the instances, in which 10 instances are analyzed in each class, totaling 90

instances for each solution approach. The entries (1)/(2)/(3) correspond to the number of instances

with an optimal or feasible solution, number of instances in which the time limit is reached without

a feasible solution and number of infeasible instances, respectively. In this analysis, only the P&B F
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heuristic presented infeasible instances, seven in total. As we can see, the MIP heuristic presented a

considerably difficulty in solving the instances in this analysis, obtaining a feasible solution in less than

half of the instances, whereas the P&B T price-and-branch approach is able to solve all the instances,

followed by P&B S1S2. In terms of the lower bound values, there is no impact of the data setting in the

number of generated columns during the column generation procedure, which generated 178 columns

on average and spent 0.08 seconds in the procedure.

Table 12: Average Number of Generated Columns and Status of the Solutions

Classes Number of Status

(vcjhc
f
) Columns MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 37 (LL) 177 6/4/0 9/0/1 10/0/0 9/1/0 10/0/0

Class 38 (LM ) 177 4/6/0 9/0/1 10/0/0 4/6/0 10/0/0

Class 39 (LH ) 178 5/5/0 8/1/1 10/0/0 8/2/0 10/0/0

Class 40 (ML) 179 4/6/0 10/0/0 10/0/0 8/2/0 10/0/0

Class 41 (MM ) 178 5/5/0 10/0/0 10/0/0 8/2/0 10/0/0

Class 42 (MH ) 178 3/7/0 9/0/1 9/1/0 7/3/0 10/0/0

Class 43 (HL) 179 4/6/0 9/0/1 10/0/0 6/4/0 10/0/0

Class 44 (HM ) 178 5/5/0 9/0/1 10/0/0 8/2/0 10/0/0

Class 45 (HH ) 177 5/5/0 9/0/1 10/0/0 6/4/0 10/0/0

Average (Sum) 178 41/49/0 82/1/7 89/1/0 64/26/0 90/0/0

In Table 13 only those instances which are solved by all the solution approaches are presented,

considering the average values for each class. The values are split according to the variation to the

production cost of cutting pattern (low/medium/high). In this data setting, the P&B S2S1 heuristic

found the smallest values for the gap in the averages (from 0.35% to 2.45%), whereas the P&B T

presented the highest values (from 2.02% to 9.18%). The impact of the data set is seen in the gap

as the production costs increase from low to high values, obtaining a decrease of more than 45%, on

average, in all the solution approaches. Regarding the inventory cost variation to the final products,

there is no conclusion about its impact in the solution approaches. The computational time spent

for the P&B S1S2 and P&B T heuristics is less than 1.5 seconds on average for all classes, compared

to 271.52 seconds, in the overall average, for the MIP heuristic. The P&B S2S1 presented the worst

computational time among the price-and-branch approaches.

In a comparison considering the same instances (four instances) solved up to optimality, among the

two-stage integrated problem without and with the inventory of pieces, we could observe an increase

in the number of columns generated during the column generation procedure, as well as a decrease of

around 0.5% in the total costs, even considering the additional inventory costs of pieces. Therefore, the

addition of the inventory of pieces can be used to allow better cutting patterns to be generated and

used in the cutting process, in order to reduce the total costs of the integrated problem.

Considering all the computational analyzes in this study, it is important no mention that the behav-

ior of the solution approaches for some of the data variations is highly dependent of the decomposition

strategy addressed in the price-and-branch heuristics, and due to this fact in some of the analyzes pre-

sented before it was not possible to draw any conclusion about the impact of the data in the solution

approaches
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Table 13: Average Values for the Gap and the Computational Time.

Gap

Classes (vcjhc
f
) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 37 (LL) (5) 2.00 5.02 2.84 1.85 6.18

Class 38 (LM ) (3) 1.98 4.64 1.53 1.38 4.98

Class 39 (LH ) (5) 2.03 3.08 3.85 2.45 9.18

Class 40 (ML) (4) 1.72 2.44 1.51 1.71 3.78

Class 41 (MM ) (4) 2.85 1.56 0.93 0.96 3.67

Class 42 (MH ) (3) 0.57 3.95 2.41 1.36 4.39

Class 43 (HL) (4) 0.96 0.86 0.37 0.35 2.02

Class 44 (HM ) (5) 1.53 2.08 0.86 1.27 4.38

Class 45 (HH ) (4) 0.72 2.34 1.19 1.03 3.30

Average (Sum) (37) 1.60 2.89 1.72 1.37 4.65

Computational Time

Classes (vcjhc
f
) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 37 (LL) (5) 191.53 0.50 1.35 500.08 1.41

Class 38 (LM ) (3) 8.01 0.44 0.53 18.91 1.11

Class 39 (LH ) (5) 499.11 6.41 0.75 201.50 1.28

Class 40 (ML) (4) 325.37 3.85 0.66 8.97 1.14

Class 41 (MM ) (4) 560.20 10.12 1.57 99.71 1.18

Class 42 (MH ) (3) 353.41 1.14 0.49 46.64 1.21

Class 43 (HL) (4) 99.54 11.91 0.58 35.93 1.07

Class 44 (HM ) (5) 97.43 2.77 1.02 104.22 1.32

Class 45 (HH ) (4) 309.08 5.93 0.95 151.80 1.17

Average (Sum) (37) 271.52 4.78 0.88 129.75 1.21
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6. Conclusions and Research Directions

In this paper, we dealt with a two-stage integrated lot-sizing, scheduling and cutting stock problem.

The problem integrates the cutting stock problem and the scheduling problem at production stage one,

and the lot-sizing problem and the scheduling problem at production stage two. In the problem, the

pieces are first cut using cutting patterns and then used to assemble the final products. The sequence-

dependent setups of both stages occur due to changes in the cutting machine between two different

cutting patterns and due to the production of two different final products.

To incorporate the scheduling decisions in each one of these production stages, we consider the

well-known approach from the literature, which is based on the constraints from the Asymmetric Trav-

eling Salesman Problem (ATSP constraints). The solution methods presented to solve the two-stage

integrated problem are based on a price-and-branch approach, which consists of applying a column gen-

eration procedure to generate columns, and the integer integrated problem is solved by decomposition

solution approaches, based on the relax-and-fix procedure. We present different strategies to decompose

the problem, which are time, product and stage oriented decomposition.

Comparing the approaches in solving the two-stage integrated problem, the P&B S1S2 heuristic

showed the best results in terms of gaps in 30% of the instances, followed by MIP heuristic. The

MIP heuristic spent the highest amount of computational time, compared to the other approaches,

even though it found the lowest number of feasible solutions, less than 55% feasible instances. On

the other hand, the P&B T was able to find the highest number of feasible solutions, with a very

competitive gap, followed by the P&B S1S2, in which both approaches comprise the best results in

terms of the computational time, to 40% and 50% of the instances, respectively. As a conclusion of the

computational study, we can say that the P&B S1S2 and P&B T solution approaches showed a good

tradeoff among the feasible solutions and computational times, with a competitive gap, solving more

than 98% of the instances. As a conclusion, we can state that the approaches that solve the two-stage

integrated lot-sizing, scheduling and cutting stock problem more efficiently is either due to the cutting

stock problem being considered as the main production bottleneck and solved first, as is the case of the

P&B S1S2 heuristic or because a small portion of the problem is solved instead of the whole problem,

as is the case of the P&B T heuristics. As we are not aware of other approaches in the literature that

handle all of the features we have modeled here, we believe that these heuristics provide a reasonable

starting point to cope with this kind of problem.

We can see from the computational results that the decomposition heuristics fit well into the resolu-

tion of the integrated problem up to a certain size of the problem. That is, the size of the mathematical

model, which is in number of constraints and variables, varies according to the tested instance and has

a impact on the number of feasible solutions and optimality gaps in the two-stage integrated problem.

Therefore, for future research directions, we intend to apply exact methods, based on branch-and-cut

and/or branch-and-price, in order to search for feasible solutions to the integrated problem, as well as

explore other strategies to model the TSP -like constraints, such as the subtour elimination constraints

proposed in Desrochers and Laporte (1991) and Bektaş and Gouveia (2014). As in the computational

results, some classes still have quite large gaps. An attractive topic for research is the search for for-

mulations, cuts and/or decompositions to obtain better lower bounds to the integrated problem, hence

decreasing the values for the gap. Still regarding the lower bounds for the integrated problem, an inter-

esting perspective for future research is to address stabilization strategies in the column generation for
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the two-stage integrated problem considering instances that require the technique due to their structure

(Valério de Carvalho, 2005; Ben Amor et al., 2006). Another interesting issue would be to extend the

ideas found in Farley (1990) and Degraeve and Jans (2007) to the integrated problem. These studies

provide a bounding calculation that can be used as a stopping rule in the column generation when the

tailing off effect is detected, guaranteeing a lower bound to the problem. It is worth mentioning that

such a lower bound is not trivial in our integrated problem due to the fact that in our objective function

other costs are present, which highly influences the calculation by needing to be previously estimated.

Considering different modeling strategies for different application niches, other mathematical mod-

els could be addressed in the integrated problem in order to better describe the environment, such as

mathematical models based on the General Lot-Sizing and Scheduling Problem (Meyr, 2000), compact

formulations for the cutting stock problem, as well as cutting stock problems for two or more dimen-

sions. In these cases, an interesting future extension is to consider the problem with several types of

objects (different sizes, thicknesses or grammages), as well as the problem with parallel machines. The

methodology presented in this paper might be extended to consider such variations, in which some of

the changes are regarding the generation of cutting patterns, where a set of cutting patterns for each

type of object is necessary.
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Appendix A. Appendix General Overview of the Computational Results

Tables A.14, A.15, A.16 show, for each class and heuristic approach, an overview of the average

values for the gap and the computational time considering all the instances and data variation in

terms of the number of final products and pieces, the length of pieces and the capacity parameters,

respectively.
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Table A.14: Overview: Number of Final Products and Pieces.

Gap

Classes (F/P ) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 1 (L1L) 3.68 4.57 3.47 3.09 5.27

Class 2 (L1M) 3.12 4.91 2.43 2.90 4.17

Class 3 (L1H) 0.84 3.75 3.49 1.41 5.01

Class 4 (L2L) 2.23 6.92 4.30 2.69 7.47

Class 5 (L2M) 2.67 5.63 4.58 2.76 5.03

Class 6 (L2H) 0.34 2.30 1.88 0.22 5.24

Class 7 (M1L) 2.52 5.12 4.67 1.77 5.89

Class 8 (M1M) 0.84 3.80 5.74 2.52 6.03

Class 9 (M1H) 0.58 — 6.54 0.97 6.81

Class 10 (M2L) 0.47 2.06 5.09 0.35 4.67

Class 11 (M2M) 0.24 3.24 1.85 1.29 3.32

Class 12 (M2H) — 2.12 4.52 0.54 5.61

Class 13 (H1L) 0.27 1.23 4.14 1.24 5.61

Class 14 (H1M) 0.51 1.80 3.37 0.85 4.01

Class 15 (H1H) — 1.16 1.82 4.02 3.43

Average 1.41 3.47 3.86 1.77 5.17

Computational Time

Classes (F/P ) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 1 (L1L) 3.66 0.89 0.77 4.81 1.08

Class 2 (L1M) 3.22 0.37 0.13 1.16 0.39

Class 3 (L1H) 238.33 4.96 31.44 13.15 4.17

Class 4 (L2L) 212.31 3.86 0.61 170.24 0.79

Class 5 (L2M) 49.84 2.87 1.00 51.65 0.84

Class 6 (L2H) 240.69 165.90 84.74 223.61 10.22

Class 7 (M1L) 275.06 24.36 3.40 314.48 2.88

Class 8 (M1M) 77.54 10.77 1.85 46.60 2.41

Class 9 (M1H) 1293.35 — 84.00 406.20 35.85

Class 10 (M2L) 760.70 151.49 12.68 512.46 14.41

Class 11 (M2M) 139.94 138.02 3.93 21.99 3.13

Class 12 (M2H) — 661.77 160.54 462.21 127.51

Class 13 (H1L) 359.52 146.62 8.57 59.97 10.83

Class 14 (H1M) 404.67 251.21 35.15 186.02 180.69

Class 15 (H1H) — 1124.56 299.26 907.44 129.34

Average (Sum) 312.22 191.98 48.54 225.47 34.97
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Table A.15: Overview: Length of Pieces.

Gap

Classes (F/P ) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 16 (L) 8.97 12.38 10.98 3.32 16.75

Class 17 (M) 0.84 3.80 5.74 2.52 6.03

Class 18 (H) 1.28 3.70 2.28 2.82 4.46

Average 3.70 6.63 6.33 2.89 9.08

Computational Time

Classes (F/P ) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 16 (L) 374.60 108.98 198.69 99.85 186.23

Class 17 (M) 73.87 10.63 1.81 44.12 2.42

Class 18 (H) 13.17 89.28 3.15 432.11 1.67

Average 153.88 69.63 67.88 192.03 63.44

Appendix B. Appendix Performance Profile

An analysis of all the results presented in Section 5.3 is also performed using the performance profile

technique (see Dolan and Moré (2002) for more details). This technique provides a tool which facilitates

the comparison among approaches by taking into account all the instances of a computational study,

even the ones that have not been solved by an approach. Figures B.4 and B.5 show the gap profile

and the computational time profile, respectively. The starting point, on the left hand side, for each

approach corresponds to the percentage of the instances in which it found the shortest values for the

gap and computational time over all other approaches, and the point reached on the right hand side,

by each approach, corresponds to the number of instances in which the method is able to find a feasible

solution for the two-stage integrated problem. The gap profile shows that the best results are found by

the P&B S1S2 approach in around 30% of the instances, whereas P&B F and P&B T provided the

lowest quality of the gaps in the computational study. In Figure B.5, we can see that the P&B S1S2

and P&B T present a good overall performance compared to the remaining solution approaches, since

their performance profile dominates all the other solution methods. The P&B S1S2 and P&B T found

the shortest computational time in around 50% and 40% of the instances, respectively. However, after

some increments of the best values (τ > 2), the P&B S1S2 is dominated by the P&B T heuristic. It is

worth mentioning that the P&B S1S2 heuristic dominates considerably the other stage decomposition,

succeeding in more than 30% of the best results. The rest of the approaches have quite similar behavior

to the performance profile, in terms of best results in less than 10% of the instances, in which the worst

performance profile is generated by the MIP approach. Therefore, the P&B S1S2 and P&B T have

shown to be the outstanding approaches in terms of gap and computational time, when dealing with

the bottleneck more efficiently and solving a small version of the whole problem, respectively. The

P&B T approach has an advantage of finding a feasible solution to more than 98% of the instances,

when compared to 95% of feasible instances with the P&B S1S2 heuristic.
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Table A.16: Overview: Capacity Values.

Gap

Classes (CapFt/CapCt/stjl) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 19 (LTM) 2.25 3.27 3.98 3.07 5.27

Class 20 (LTH) 1.94 3.13 3.09 4.66 6.30

Class 21 (LMM) 1.63 5.06 2.31 2.78 5.72

Class 22 (LMH) 1.83 2.94 3.04 3.44 8.27

Class 23 (LLM) 1.49 3.55 4.84 2.51 5.48

Class 24 (LLH) 0.17 3.73 8.95 3.91 5.55

Class 25 (MTM) 2.16 3.93 3.58 3.98 5.25

Class 26 (MTH) 1.59 2.16 4.90 2.52 5.83

Class 27 (MMM) 0.75 2.54 6.69 3.15 5.27

Class 28 (MMH) 1.19 1.92 9.39 2.33 5.57

Class 29 (MLM) 1.92 2.56 3.88 3.45 4.95

Class 30 (MLH) 1.18 2.94 3.04 2.07 6.05

Class 31 (TTM) 0.92 2.67 2.48 2.62 4.96

Class 32 (TTH) 0.79 4.29 4.42 2.03 3.62

Class 33 (TMM) 1.77 1.28 2.61 3.29 6.27

Class 34 (TMH) 0.46 1.58 7.28 3.45 4.95

Class 35 (TLM) 1.45 1.47 10.95 1.54 5.75

Class 36 (TLH) 1.37 3.14 15.53 1.00 5.50

Average (Sum) 1.38 2.90 5.61 2.88 5.59

Computational Time

Classes (CapFt/CapCt/stjl) MIP P&B F P&B S1S2 P&B S2S1 P&B T

Class 19 (LTM) 248.27 10.30 1.74 255.73 1.85

Class 20 (LTH) 430.38 20.75 2.24 78.04 2.27

Class 21 (LMM) 365.59 40.42 2.26 356.15 2.19

Class 22 (LMH) 250.31 19.38 3.12 286.95 1.85

Class 23 (LLM) 181.99 40.32 2.49 229.91 1.75

Class 24 (LLH) 207.14 32.12 2.63 255.36 2.09

Class 25 (MTM) 84.30 47.68 2.03 286.41 2.11

Class 26 (MTH) 156.51 21.96 3.57 295.66 2.45

Class 27 (MMM) 373.04 38.55 4.08 301.64 2.21

Class 28 (MMH) 199.90 28.77 5.14 196.96 2.08

Class 29 (MLM) 222.05 36.24 2.79 254.02 1.91

Class 30 (MLH) 112.83 11.72 2.92 302.84 2.49

Class 31 (TTM) 207.41 127.71 5.36 247.94 2.65

Class 32 (TTH) 100.56 81.97 5.29 189.42 2.74

Class 33 (TMM) 198.64 10.83 3.03 140.48 2.40

Class 34 (TMH) 242.67 87.52 4.98 185.84 2.44

Class 35 (TLM) 250.06 95.16 2.19 221.65 2.30

Class 36 (TLH) 274.89 41.03 4.10 280.69 3.86

Average (Sum) 228.14 44.02 3.33 242.54 2.31
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Guimarães, L., Klabjan, D., Almada-Lobo, B., 2014. Modeling lotsizing and scheduling problems with

sequence dependent setups. European Journal of Operational Research 239 (3), 644 – 662.

Hans, E., van de Velde, S., 2011. The lot sizing and scheduling of sand casting operations. International

Journal of Production Research 49 (9), 2481 – 2499.

Helber, S., Sahling, F., 2010. A fix-and-optimize approach for the multi-level capacitated lot sizing

problem. International Journal of Production Economics 123 (2), 247 – 256.

Jans, R., Degraeve, Z., 2004. Improved lower bounds for the capacitated lot sizing problem with setup

times. Operations Research Letters 32 (2), 185 – 195.

Johnston, R. E., Sadinlija, E., 2004. A new model for complete solutions to one-dimensional cutting

stock problems. European Journal of Operational Research 153 (1), 176 – 183.

Madsen, O. B. G., 1988. An application of travelling-salesman routines to solve pattern-allocation

problems in the glass industry. The Journal of the Operational Research Society 39 (3), 249–256.

Malik, M. M., Qiu, M., Taplin, J., 2009. An integrated approach to the lot sizing and cutting stock prob-

lems. In: International Conference on Industrial Engineering and Engineering Management (IEEE).

pp. 1111–1115.

Marinelli, F., Nenni, M. E., Sforza, A., 2007. Capacitated lot sizing and scheduling with parallel

machines and shared buffers: A case study in a packaging company. Annals of Operations Research

150 (1), 177 –192.

Mart́ınez, K. P., Adulyasak, Y., Jans, R., Morabito, R., Toso, E. A. V., 2019. An exact optimization

approach for an integrated process configuration, lot-sizing, and scheduling problem. Computers &

Operations Research 103, 310 – 323.

Mart́ınez, K. P., Morabito, R., Toso, E. A. V., 2018. A coupled process configuration, lot-sizing and

scheduling model for production planning in the molded pulp industry. International Journal of

Production Economics 204, 227 – 243.

Melega, G. M., de Araujo, S. A., Jans, R., 2018. Classification and literature review of integrated

lot-sizing and cutting stock problems. European Journal of Operational Research 271 (1), 1 – 19.

Meyr, H., 2000. Simultaneous lotsizing and scheduling by combining local search with dual reoptimiza-

tion. European Journal of Operational Research 120 (2), 311 – 326.

43



Miller, C. E., Tucker, A. W., Zemlin, R. A., 1960. Integer programming formulation of traveling sales-

man problems. Journal of the ACM 7 (4), 326 – 329.

Mohammadi, M., Fatemi Ghomi, S. M. T., Karimi, B., Torabi, S. A., 2010. Rolling-horizon and fix-

and-relax heuristics for the multi-product multi-level capacitated lotsizing problem with sequence-

dependent setups. Journal of Intelligent Manufacturing 21 (4), 501 – 510.

Non̊as, S. L., Thorstenson, A., 2008. Solving a combined cutting-stock and lot-sizing problem with a

column generating procedure. Computers & Operations Research 35 (10), 3371 – 3392.

Pattloch, M., Schmidt, G., Kovalyov, M. Y., 2001. Heuristic algorithms for lotsize scheduling with

application in the tobacco industry. Computers & Industrial Engineering 39 (3), 235 – 253.

Poldi, K. C., de Araujo, S. A., 2016. Mathematical models and a heuristic method for the multiperiod

one-dimensional cutting stock problem. Annals of Operations Research 238 (1), 497 – 520.

Poltroniere, S. C., Poldi, K. C., Toledo, F. M. B., Arenales, M. N., 2008. A coupling cutting stock-lot

sizing problem in the paper industry. Annals of Operations Research 157 (1), 91–104.

Sadykov, R., Vanderbeck, F., 2013. Column generation for extended formulations. EURO Journal on

Computational Optimization 1 (1), 81 – 115.
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Silva, E., Alvelos, F., Valério de Carvalho, J. M., 2014. Integrating two-dimensional cutting stock and

lot-sizing problems. Journal of the Operational Research Society 65 (1), 108–123.

Stadtler, H., 2003. Multilevel lot sizing with setup times and multiple constrained resources: Internally

rolling schedules with lot-sizing windows. Operations Research 51 (3), 487 – 502.

Toledo, C. F. M., da Silva Arantes, M., Hossomi, M. Y. B., França, P. M., Akartunalı, K., 2015. A

relax-and-fix with fix-and-optimize heuristic applied to multi-level lot-sizing problems. Journal of

Heuristics 21 (5), 687 – 717.

Toledo, C. F. M., França, P. M., Morabito, R. Kimms, A., 2009. Multi-population genetic algorithm

to solve the synchronized and integrated two-level lot sizing and scheduling problem. International

Journal of Production Research 47 (11), 3097 – 3119.

Toscano, A., Rangel, S., Yanasse, H. H., 2017. A heuristic approach to minimize the number of saw

cycles in small-scale furniture factories. Annals of Operations Research 258 (2), 719 – 746.

Toso, E. A. V., Morabito, R., Clark, A. R., 2009. Lot sizing and sequencing optimisation at an animal-

feed plant. Computers & Industrial Engineering 57 (3), 813 – 821.

Trigeiro, W. W., Thomas, L. J., McClain, J. O., 1989. Capacitated lot sizing with setup times. Man-

agement Science 35 (3), 353–366.

44



Umetani, S., Yagiura, M., Ibaraki, T., 2003. One-dimensional cutting stock problem to minimize the

number of different patterns. European Journal of Operational Research 146 (2), 388 – 402.

Valério de Carvalho, J. M., 2002. Lp models for bin packing and cutting stock problems. European

Journal of Operational Research 141 (2), 253 – 273.
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