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Abstract

Two-echelon distribution systems are often considered in city logistics to maintain economies of scale and

satisfy the emission zone requirements in the cities. In this work, we formulate the two-echelon vehicle routing

problem with stochastic demands as a chance-constrained stochastic optimization problem, where the total

demand of the customers in each second-echelon route should fit within the vehicle capacity with a high

probability. We propose two efficient solution procedures based on column generation. Key to the efficiency

of these procedures is the underlying labeling algorithm to generate new columns. We propose a novel labeling

algorithm based on simultaneous construction of second-echelon routes and a labeling algorithm that builds

second-echelon routes sequentially. To further enhance the performance of the solution procedure, we use

statistical inference techniques to ensure that the chance constraints are met. We reduce the number of

customer combinations for which the chance constraint needs to be verified by imposing feasibility bounds

on the stochastic customer demands. With these bounds, the runtimes of the labeling algorithms are reduced

significantly. Finally, we show the value of the stochastic formulation in terms of improved solution cost and

guaranteed feasibility of second-echelon routes.



1 Introduction

The retail e-commerce sales worldwide amounted to 3.53 trillion US dollars in 2019 and are projected to

grow to 6.54 trillion US dollars in 2022 (Statista, 2020). At the same time, the last mile is becoming

increasingly congested, and sustainability is receiving more attention (Agatz et al., 2008). An increasing

number of European Union cities are enforcing low emission zones to ensure a less polluted environment and

are preparing for a complete phase-out of internal combustion engines and/or zero-emission mobility areas

(Lurkin et al., 2021; Transport Environment, 2018; TLN, 2021). Thus, there is a need for a sustainable

distribution chain that satisfies the restricted emission zones of cities while maintaining economies of scale.

This can be achieved by dividing the transportation chain into two echelons. Instead of directly transporting

goods from depots to customers, large trucks deliver to satellite locations just outside of the cities. Here,

goods are unloaded from the trucks and loaded into smaller vehicles that bring the goods to their final

destinations. Such a distribution system is a practical example of a two-echelon vehicle routing problem

(2E-VRP), where we operate large trucks on the first echelon to achieve economies of scale, and smaller

vehicles on the second echelon to satisfy the emission zone requirements, e.g., with low emission vehicles or

electric vehicles with limited range.

The deterministic 2E-VRP is a well-studied problem (Cuda et al., 2015). In reality, however, various

parameters of the problem may be uncertain, e.g., travel times, customer demands, and/or customer presence.

Although many papers consider stochastic variants of the classical single-echelon vehicle routing problem

(Oyola et al., 2018), only two papers deal with stochastic variants of the 2E-VRP. Both Liu et al. (2017)

and Wang et al. (2017a) consider stochastic customer demands and capture the uncertainty with a recourse

action, in which the vehicle performs a replenishment trip to a satellite and/or depot whenever a customer’s

demand exceeds the remaining vehicle capacity.

In this paper, we consider the two-echelon vehicle routing problem with stochastic demands (2E-VRPSD).

Instead of assuming a restocking policy, we capture demand stochasticity with a probabilistic capacity

constraint on the second-echelon vehicle capacity. We require with high probability that the total demand

of customers in a second-echelon route does not exceed the second-echelon vehicle capacity. In this way, we

reduce the need for inventory coordination at satellites and potentially expensive replenishment trips from

customers to the depot over a two-echelon network.

In summary, this paper brings the following contributions:

– We formulate the 2E-VRPSD as a chance-constrained stochastic optimization problem and propose

two efficient solution procedures based on column generation. Key to the efficiency of these procedures

is the underlying labeling algorithms to generate new columns.

– Specifically, we propose a novel labeling algorithm based on simultaneous construction of second-

echelon routes and a labeling algorithm that builds second-echelon routes sequentially. To further

enhance the performance of the solution procedure, we use statistical inference techniques to verify

that the probabilistic capacity constraint is satisfied.

– Additionally, feasibility bounds on the stochastic customer demands are imposed to reduce the number

of customer combinations for which the chance constraint needs to be verified. Our experiments show

that with these bounds the labeling algorithm’s runtimes are reduced by a factor of up to 1.9.

– Finally, a set of results shows the value of working with the stochastic demand formulation in terms

of improved solution cost and guaranteed feasibility of second-echelon routes.
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The remainder of this paper is organized as follows. In Section 2, the relevant literature is discussed,

followed by the problem definition in Section 3. In Section 4, we propose two labeling algorithms to solve

the column generation subproblem. In Section 5, we introduce several methods for evaluating the chance

constraints and the notion of feasibility bounds. In Section 6, we present and discuss the results obtained on

instances with independent and correlated demand distributions. Finally, in Section 7, we draw concluding

remarks and provide perspectives for future research.

2 Literature Review

The two-echelon vehicle routing problem with stochastic demands is a combination of the vehicle routing

problem with stochastic demands and the two-echelon vehicle routing problem. In the following, we discuss

the relevant literature of both domains.

2.1 Vehicle Routing Problems with Stochastic Demands

The vehicle routing problem with stochastic demands (VRPSD) is the most studied variant of stochastic

vehicle routing problems (Oyola et al., 2017). The stochasticity is often captured with a recourse policy or

chance constraints. When considering recourse policies, the problem is formulated as a two-stage stochastic

program and the aim is to minimize the first stage routing costs and second stage expected recourse costs.

Three main recourse policies are frequently considered. With the detour-to-depot policy, also referred to

as the classical recourse policy, the vehicle returns to the depot to resupply if it runs out of capacity and

continues the planned route from the last visited customer (Dror et al., 1989). The optimal restocking policy

allows preventive returns to the depot if a failure at a later customer is likely to occur and the expected

cost of replenishing at the current customer is less than the expected cost of replenishing at a later customer

(Salavati-Khoshghalb et al., 2019a; Florio et al., 2020; Louveaux and Salazar-González, 2018). Motivated

by the use of fixed operational rules in practice, Salavati-Khoshghalb et al. (2019b) propose a rule-based

policy, where the optimal restocking policy is replaced by some preset rules that establish customer-specific

thresholds according to which the preventive return trips are governed. Finally, the reoptimization policy

reoptimizes the route after the current customer demand is revealed, including possible replenishment trips

(Secomandi and Margot, 2009).

Stochasticity in customer demand can also be captured with chance constraints. Chance constraints

ensure that the probability of the customers’ total demand not exceeding the vehicle capacity is above a

certain threshold. Noorizadegan and Chen (2018) develop a branch-and-price algorithm to solve the VRPSD

with chance constraints. They assume independent Poisson distributed demands and provide dominance

rules based on distribution parameters that can be applied to independent demand distributions with the

additive property. Dinh et al. (2018) replace the independence assumption by the condition that it must be

possible to compute a quantile of the sum of the customer demands in a subset of customers and solve the

model with a branch-cut-and-price algorithm.

An overview of solution methods for stochastic vehicle routing problems can be found in Oyola et al.

(2018). Most of them are only applicable to instances with independent demand distributions. In prac-

tice, customer demands may be correlated, given the many factors that could induce correlation, including

weather, events, and sales (Gendreau et al., 2016). The methodology we propose in this paper can also

be used to handle realistic situations where customer demand is modeled with dependent, correlated, or

data-driven distributions.
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2.2 Two-Echelon Vehicle Routing Problems

The first application of a 2E-VRP was introduced by Jacobsen and Madsen (1980). Nearly two decades later,

a formal description of the problem appeared in Crainic et al. (2004). Different variations of the 2E-VRP

have been considered, including the 2E-VRP with time windows (Dellaert et al., 2019); electric vehicles

(Breunig et al., 2019); covering options (Enthoven et al., 2020); swap containers (Mühlbauer and Fontaine,

2021); delivery options (Zhou et al., 2018); simultaneous pickup and delivery (Belgin et al., 2018); multiple

commodities (Dellaert et al., 2021); grey zone customers (Anderluh et al., 2021); and satellite synchronization

and multiple trips (Grangier et al., 2016). An extensive overview of various 2E-VRP applications as well as

common solution approaches is provided in Cuda et al. (2015).

Recently, Marques et al. (2020) proposed a branch-cut-and-price algorithm for the single-depot 2E-VRP,

including a route-based formulation that does not require explicit variables to cover the product flow at

satellites, a new family of valid inequalities, and a new branching strategy on the number of first-echelon

vehicles visiting a subset of satellites. Currently, this is the best exact solution method for the 2E-VRP.

Dellaert et al. (2019) consider the 2E-VRP with time windows and multiple depots and propose two

path-based formulations. In the first formulation, paths are defined over both first- and second-echelon

routes, whereas in the second formulation, the first- and second-echelon paths are decomposed. Branch-

and-price-based algorithms are developed for both formulations. New instances are proposed for the setting

with multiple depots and time windows. Instances with up to 100 customers and five satellites are solved to

optimality.

Heuristic approaches have been developed to obtain acceptable solutions in a short amount of time,

including math-based heuristics (Perboli et al., 2011), large neighborhood search (Kitjacharoenchai et al.,

2020; Wang et al., 2017b), adaptive large neighborhood search (Breunig et al., 2016; Grangier et al., 2016;

Jie et al., 2019; Li et al., 2020; Enthoven et al., 2020), variable neighborhood descent (Belgin et al., 2018),

greedy randomized adaptive search procedure (Zeng et al., 2014; Anderluh et al., 2017), and population-based

heuristics (Zhou et al., 2018).

While the literature on the deterministic 2E-VRP is vast, only two papers consider the 2E-VRPSD.

Liu et al. (2017) design a simulation-based tabu-search algorithm to solve the 2E-VRPSD. Given the two-

echelon structure, the removal and insertion of both satellites and customers are considered. The authors

consider two attribute sets for the tabu list, one containing combinations of satellites and first-echelon vehicles

and the other containing combinations of customers, satellites, and second-echelon vehicles. The cost of a

neighborhood move is estimated with Monte Carlo simulation.

Wang et al. (2017a) develop a genetic algorithm to solve the 2E-VRPSD, where a chromosome represents

the second-echelon routes that are part of a complete solution. A decoding method is proposed to translate

a chromosome to a complete solution, including first-echelon routes. Mutation operators related to two

decisions are incorporated: the selection of satellites and second-echelon routes. Exact methods and discrete

approximation methods are considered for calculating the expected route failure cost.

Thus, so far, only heuristic methods have been considered for the 2E-VRPSD. As well known, a drawback

of heuristics is that they do not guarantee the optimality of the solution. In this paper, we solve the 2E-

VRPSD with a column generation-based algorithm, which provides us with lower bounds on the solution

values, thereby enabling us to compute optimality gaps. As opposed to considering a recourse policy and

requiring independent demand distributions as in Wang et al. (2017a) and Liu et al. (2017), we capture the

stochasticity with chance constraints and do not pose any assumption on the demand distributions.
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3 Problem Definition

The chance-constrained 2E-VRPSD is defined on an undirected weighted graph G = (V,E) with vertex set

V = D ∪ S ∪ C, representing the set of depots, satellites and customers, respectively. The edge set E is

partitioned into two sets, one for each echelon. Set E1 = {(i, j)|i ∈ D ∪ S, j ∈ S, i 6= j} consists of the

edges that can be traversed by first-echelon (FE) vehicles. Similarly, set E2 = {(i, j)|i ∈ S ∪C, j ∈ C, i 6= j}
contains the connections that can be used by the second-echelon (SE) vehicles. The weight ce of edge e ∈ E
is equal to the transportation cost (e.g. distance) of traversing edge e. For each echelon we have an unlimited

homogeneous fleet of vehicles. The FE and SE vehicles have a capacity of QFE and QSE, respectively, where

QFE > QSE.

At the satellites, goods are unloaded from the FE vehicles and directly loaded into the SE vehicles,

without any intermediate storage. To avoid the complex synchronization needed when an SE vehicle has to

wait for multiple FE vehicles, we do not allow deliveries from different FE vehicles to the same SE vehicle.

A satellite can be visited by multiple FE vehicles, as long as they supply different SE vehicles. A formal

definition of an FE route is given in Definition 1.

Definition 1 (First-echelon route). A first-echelon route is a sequence f = (n0, n1, . . . , nm, nm+1) where

m ≥ 1, n0 = nm+1 ∈ D, ni ∈ S for all i ∈ {1, . . . ,m}, and ni 6= nj for all i, j ∈ {1, . . . ,m}, i 6= j.

Analogous to an FE route, an SE route starts and ends at a satellite and visits one or more customers. The

demand ξi of each customer i ∈ C is a non-negative integer random variable with mean µi and variance σ2
i .

Probabilistic capacity constraints are imposed on the SE routes. An SE route is considered to be capacity-

feasible if the total demand of the customers visited in the route does not exceed the vehicle capacity QSE

with a high probability of at least η. We formalize as follows:

Definition 2 (Second-echelon route). A valid second-echelon route is a sequence r = (n0, n1, . . . , nm, nm+1),

where m ≥ 1, n0 = nm+1 ∈ S, ni ∈ C, ni 6= nj for all i, j ∈ {1, . . . ,m}, i 6= j, and

P

(∑
i∈C′

ξi ≤ QSE

)
≥ η, (1)

with C ′ = {n1, . . . , nm}.

Without loss of generality, let Q̄ be a value such that Constraint (1) does not hold for any customer

combination C ′ ⊂ C with
∑
i∈C′ µi > Q̄. In Section 5.3, the process of obtaining Q̄ is described. We do not

place any restrictions on the demand distributions. In particular, the demand of different customers can be

statistically dependent.

To formally define the chance-constrained 2E-VRPSD through a mathematical model, similar to Dellaert

et al. (2019), we introduce the notion of a tour-tree. A tour-tree is composed of a single FE route and all SE

routes supplied by the FE route.

Definition 3 (Tour-tree). A tour-tree is a sequence t = (n0, (n1, R1), . . . , (nm, Rm), nm+1), with m ≥ 1,

n0 = nm+1 ∈ D, nk ∈ S for k ∈ {1, . . . ,m}, and Rk representing the set of SE routes starting at satellite

nk.

From Definition 3 it follows that any solution to the 2E-VRPSD can be expressed in terms of a fi-

nite set of tour-trees. The objective of the 2E-VRPSD is to find a set of tour-trees of minimum total
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Figure 1: 2E-VRPSD instance and a potential solution

cost such that all customers are visited and the vehicle capacities are satisfied with high probability. Fig-

ure 1 shows an example of a solution for an 2E-VRPSD instance consisting of the following tour-trees:

(ii,(b,(b,1,b)),(d,(d,8,9,10,d)),ii), (iii,(c,((c,7,c), (c,6,5,c))),iii), and (iv,(d,(d,3,4,d)),(c,(c,2,c)),iv).

We assume that each SE route leaves the satellite with full capacity, therefore an FE route can supply at

most θ =
⌊
QFE

QSE

⌋
SE routes. We denote the set of edges that are traversed in tour-tree t by E(t) and define

its corresponding transportation costs as ct =
∑
e∈E(t) ce. Let T denote the set of all feasible tour-trees

and ait be a binary parameter equal to 1 if customer i ∈ C is visited in tour-tree t. Using binary variables

xt, t ∈ T , the 2E-VRPSD can now be formulated as the following set-partitioning problem:

(MP) minimize
∑
t∈T

ctxt,

subject to
∑
t∈T

aitxt = 1, i ∈ C, (2)

xt ∈ {0, 1}, t ∈ T.

The objective function minimizes the total cost of the selected tour-trees. Constraints (2) specify that

each customer i ∈ C is covered by exactly one tour-tree.

Problem MP assumes a set of feasible tour-trees, which grows exponentially with the number of customers

in the problem instance, and cannot be solved directly for most 2E-VRPSD instances. Instead, we consider

the linear relaxation of MP, hereafter referred to as RMP, and solve it with column generation.

To obtain tighter lower bounds, we impose the following bound on the minimum number of tour-trees in

any feasible 2E-VRPSD solution: ∑
t∈T

xt ≥

⌈∑
i∈C µc

θQ̄

⌉
. (3)

4 Column Generation for the 2E-VRPSD

The column generation procedure iteratively solves a restricted version of RMP, in which the set of tour-

trees T is replaced by a limited subset T ′ ⊂ T . At each iteration, a pricing problem is solved to generate

new columns (tour-trees) with negative reduced cost, which are consecutively added to T ′. The procedure

terminates when no more columns with negative reduced cost can be identified.

The remainder of this section is structured as follows. In Section 4.1, we formally define the pricing
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problem. In Sections 4.2 and 4.3, we propose two labeling algorithms for solving the pricing problem.

The first labeling algorithm is based on simultaneous labeling of SE routes, whereas the second algorithm

constructs SE routes sequentially. Finally, in Section 4.4, we discuss the use of completion bounds to control

the growth of the labels.

4.1 Pricing Problem

To formally define the pricing problem, let λi, i ∈ C, and δ be the dual values corresponding to Constraints

(2) and (3), respectively. The pricing problem can be formulated as a variant of the elementary shortest

path problem with resource constraints (ESPPRC; Feillet et al., 2004) with capacity constraints for both FE

and SE vehicles. The reduced cost c′t of a tour-tree t is given by:

c′t = ct −
∑
i∈C

aitλi − δ.

The objective of the pricing problem is to find a tour-tree t such that c′t < 0. The ESPPRC is often

solved with a labeling algorithm, where labels represent partial paths in graph G. The efficiency of a labeling

algorithm depends on its ability to prune non-promising paths. Two techniques that are often considered

to control the growth of labels are completion bounds and dominance rules. A completion bound is a lower

bound on the reduced cost of all routes that can be obtained as extensions of the current label (Costa et al.,

2019). Dominance rules are imposed on the available resources of a label to detect and remove redundant

labels. One resource that is often used in the dominance rules is the remaining vehicle capacity. However, due

to the stochastic nature of the customer demands, it is no longer possible to use this resource for controlling

the growth of the labels. Additionally, efficient approaches for verifying the chance constraint are required.

In the following, we focus on developing methodology that addresses these challenges and efficiently solves

the RMP. Once an optimal solution to the RMP is obtained, we use the resulting tour-trees in T ′ to compute

an upper bound to MP by solving problem MP directly for T ′ instead of T .

4.2 Multi-label Algorithm

Each label in the multi-label algorithm represents a partial tour-tree and consists of multiple partial SE

routes, hence the name multi-label. With this structure, it is possible to start a new SE route while another

SE route in the same tour-tree is still being formed. In contrast, existing labeling algorithms for constructing

a tour-tree for the 2E-VRP consider SE routes consecutively, i.e., a new SE route can only be started after

the previous SE route has been completed. The multi-label approach’s main benefit is that we can enforce

completion bounds on the remaining SE vehicle capacities rather than the remaining FE vehicle capacity.

This enables us to implement the multi-label algorithm without dominance rules, making it fit for dependent,

correlated, or data-driven demand distributions.

The multi-label algorithm starts with generating all possible permutations of the satellites that could

be visited in an FE route. Each satellite represents the start of a different SE route. As stated before, we

assume that each FE route can supply at most θ SE routes, and, as such, each permutation consists of at

most θ satellites. Moreover, following Baldacci et al. (2013), we assume that the number of satellites |S| is

limited. For reasonable values of |S| and θ, we can enumerate all possible |S|θ permutations. We refer to a

permutation as a configuration:
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Table 1: Attributes of a Multi-label L

Attribute Description

Π Configuration
φ Total reduced cost
Ψ Set of customers visited
πk k ∈ {1, . . . , |Π|} Starting satellite of path k
nk, k ∈ {1, . . . , |Π|} Last node visited by path k
φSE
k , k ∈ {1, . . . , |Π|} Total reduced cost of path k
µ̄k, k ∈ {1, . . . , |Π|} Sum of the customer mean demands in path k
σ̄2
k, k ∈ {1, . . . , |Π|} Sum of the customer demand variances in path k
mk, k ∈ {1, . . . , |Π|} Number of customers visited in path k

Definition 4 (Configuration). A configuration is a sequence Π = (n1, n2, . . . , nk) where ni ∈ S for all

i ∈ {1, . . . , k} with k ≤ θ.

The main differences between the definitions of a configuration and a tour-tree are the absence of depots

and the satellites’ multiplicity. For example, the configurations of the tour-trees depicted in Figure 1 are

{b, d}, {c, c}, and {d, c}.
For each configuration, we use the depot that minimizes the total FE routing costs. Next, we create

a multi-label for each configuration. The attributes of a multi-label L are given in Table 1, where we

have general attributes related to the tour-tree and specific attributes for each partial SE route (path)

Lk, k ∈ {1, . . . , |L (Π)|}. Next to the common attributes of a label, we also store attributes µ̄k, σ̄2
k, and

mk, k ∈ {1, . . . , |L (Π)|}, to expedite the process of checking the chance constraint and adherence to the

symmetry breaking rules, which are further detailed in Section 4.2.

In each iteration of the multi-label algorithm, we randomly select the next multi-label L to be extended.

For each path Lk, k ∈ {1, . . . , |L (Π)|}, we iteratively select a customer i ∈ C and check whether the

extension of path Lk to customer i is feasible. An extension is feasible if the customer is not yet visited, it

does not present a case of symmetry that is forbidden by the symmetry breaking rules, and the probabilistic

capacity constraint is satisfied. The verification of the probabilistic capacity constraint is discussed in Section

5. If feasible, path Lk is extended to customer i, resulting in a new multi-label L ′. To obtain this multi-

label, we copy all attributes of multi-label L , since only the general attributes and the attributes related to

path L ′k require updating:

L ′ = L ,

L ′(φ) = L (φ) + cL (nk),i − λi,

L ′(Ψ) = L (Ψ) ∪ {i},

L ′(nk) = i,

L ′(φSE
k ) =L (φSE

k ) + cL (nk),i − λi,

L ′(µ̄k) =L (µ̄k) + µi,

L ′(σ̄2
k) =L (σ̄2

k) + σ2
i ,

L ′(mk) =L (mk) + 1.

After extending multi-label L to L ′, we transform the partial tour-tree represented by L ′ into a complete

tour-tree, by returning each path to its starting satellite, and evaluate the corresponding total reduced cost:

φt = L ′(φ) +

|L ′(Π)|∑
k=1

cL ′(nk),L ′(πk) − δ. (4)

If the total reduced cost is negative, the corresponding tour-tree is added to the master problem.
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Figure 2: Two multi-labels containing the same information but in opposite paths.
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Figure 3: Two multi-labels with paths starting from, possibly different, satellites si and sj , resulting in the
same multi-label when the dashed extension is performed.

Symmetry breaking rules.

The multi-label algorithm, when left untreated, is likely to produce a large number of symmetrical tour-trees,

e.g. a pair of tour-trees with mirrored SE routes. To reduce the occurrences of symmetry in the multi-label

algorithm, we incorporate several symmetry breaking rules. In the following, we provide examples of three

types of symmetry. After each example, we introduce a rule to eliminate the possibility of this symmetry

occurring. For notational convenience, we define α(Lk) and ζ(Lk) to be the first and last customer visited in

path Lk, respectively, for k ∈ {1, . . . , |L (Π)|}. To express the various symmetry breaking rules, we impose

some arbitrary ordering on the elements of C, e.g., by assigning each customer a unique number. We write

i ≺ j to denote that customer i precedes customer j in this ordering.

The first example is given in Figure 2, where two multi-labels, with paths starting from the same satellite,

are given. In the first iteration of the multi-label algorithm, customer 1 is added to L1 and L ′2. In the second

iteration, customer 2 is added to L2 and L ′1. This results in two multi-labels containing the same information

but in opposite paths. This case of symmetry can be avoided by enforcing that the first customers of paths

starting from the same satellite should be in increasing order. Formally:

Rule 1. If L (πk) = L (πk+1), then α(Lk) ≺ α(Lk+1) must hold, for all k ∈ {1, . . . , |L (Π)| − 1}.

Symmetry can also be present when adding the kth customer to a path, with k > 1. For example,

in Figure 3, two multi-labels with paths starting from, possibly different, satellites si and sj are given.

Before performing the extension indicated by the dashed line, the multi-labels represent different tour-trees.

However, identical multi-labels are obtained when adding customer 4 to L2 and customer 3 to L ′1.

To prevent this symmetry in the multi-labels, we only allow the extension of a path if all subsequent

paths visit at most one customer. Formally:

Rule 2. Path Lk is only extended if paths Lj visit at most one customer, i.e. L (mj) ≤ 1, for all j ∈
{k + 1, . . . , |L (Π)|}.

This rule does not eliminate the possibility of having multi-labels with paths visiting multiple customers.

It only restricts the order in which they are being created, i.e. we obtain a multi-label with paths visiting
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Figure 4: Two multi-labels containing the same customers in the first paths, but in opposite order.

multiple customers by first extending the first path to multiple customers, then the second path, etc. Once

we have extended the second path, Rule 2 does not allow further extension of the first path. However, there

will be other multi-labels with the desired extension of the first path. For example, in Figure 3, we cannot

perform the extension indicated by the dashed line of multi-label L ′, but the desired multi-label can be

obtained from multi-label L .

The last symmetry rule concerns the orientation of customers in paths that can no longer be extended.

In Figure 4, paths L1 and L ′1 can no longer be extended once the dashed extensions of paths L2 and L ′2
are performed. Both L1 and L ′1 visit the same sequence of customers, but in the opposite order, i.e., they

represent the same SE route.

In general, if a path (s, n0, . . . , nm), with s ∈ S, m > 0 and ni ∈ C for i ∈ {0, . . . ,m}, is feasible, then

the reverse path, (s, nm, . . . , n0), is also feasible, therefore both paths will be constructed. To eliminate this

symmetry, we only allow the addition of the k-th customer, k > 1, to a path if for all preceding paths it

holds that the first and last customers are visited in increasing order. Formally:

Rule 3. Path Lk is only extended if α(Lj) ≺ ζ(Lj) for all j ∈ {1, . . . , k − 1}.

4.3 Two-Echelon One-Path Algorithm

To establish a benchmark for the multi-label algorithm, we develop an alternative pricing algorithm where

the SE routes are built sequentially. We refer to this alternative approach as the Two-Echelon One Path

(2E-1P) algorithm. The 2E-1P algorithm is inspired by one of the algorithms proposed by Dellaert et al.

(2019). In contrast to the multi-label algorithm (Section 4.2), which generates elementary paths where

customers can only be visited once, in the 2E-1P algorithm we relax this requirement and allow ng-paths

(Baldacci et al., 2011) instead. In an ng-path, customer i ∈ C can be revisited if, between this visit and the

previous visit to customer i, a customer j ∈ C is visited for which it holds that i is not in the neighborhood

Nj of j, where Nj consists of the k nearest customers to customer j, 0 ≤ k ≤ |C|. In this way, cycles contain

customers that are far away from each other. The customers to which the current label cannot be extended

without violating the ng-restriction are stored in an ng-set. An overview of the attributes of a label L in the

2E-1P algorithm is given in Table 2.

In each iteration of the 2E-1P algorithm, we randomly select the next label L to be extended and

iteratively consider a node i ∈ V for extension. Let Fj denote the cumulative density function (CDF) of

customer demand ξj , j ∈ C, and (L(F ) ∗ Fj) the CDF that we obtain after convoluting L(F ) with Fj . An

extension is feasible if one of the following three conditions holds:

(1) i ∈ C ∧ (L(F ) ∗ Fi)(QSE) ≥ η ∧ i /∈ L(Γ) ∧ {L(n) ∈ C ∨ {L(n) ∈ S ∧ L(p) ∈ S ∪D}},

(2) i ∈ S ∧ {L(n) ∈ D ∨ {L(n) ∈ C ∧ L(s) = i} ∨ {L(n) ∈ S ∧ L(p) ∈ C ∧ i ∈ L(U)}},
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Table 2: Components of Label L in the 2E-1P Algorithm

Notation Description

d Starting depot of the tour-tree
s Last visited satellite
n Last visited node
p Second to last visited node
Γ ng-set
U Set of usable satellites
φ Total reduced cost
r Number of finished SE routes
µ̄ Sum of customer mean demands in current SE route
σ̄2 Sum of customer demand variances in current SE route
F Cumulative joint density function of the customer demands in current SE route

(3) i ∈ D ∧ L(d) = i ∧ {L(n) ∈ S ∧ L(p) ∈ C}.

If feasible, label L is extended to node i, resulting in a new label L′. The updated attributes of label L′

are obtained as follows:

L′(d) =L(d),

L′(s) =

i, if i ∈ S,

L(s), otherwise,

L′(n) =i,

L′(p) =L(n),

L′(Γ) =

(L(Γ) ∩Ni) ∪ {i}, if i ∈ C,

L(Γ), otherwise,

L′(U) =

L(U) \ {L(s)}, if i ∈ S,L(s) 6= i,

L(U), otherwise,

L′(φ) =

L(φ) + cL(n),i − λi, if i ∈ C,

L(φ) + cL(n),i, otherwise,

L′(r) =

L(r) + 1, if i ∈ S,L(n) ∈ C,

L(r), otherwise,

L′(µ̄) =

L(µ̄) + µi, if i ∈ C,

0, otherwise,

L′(σ̄2) =

L(σ̄2) + σ2
i , if i ∈ C,

0, otherwise,

L′(F ) =


undefined, if i ∈ D ∪ S,

Fi, if i ∈ C and L(n) ∈ S,

L(F ) ∗ Fi, otherwise.

Note that the convolution of two CDFs is only possible with independent demand distributions. As a

result, the 2E-1P algorithm can only be applied to instances with independent demand distributions.

To reduce the number of labels created in each iteration of the labeling procedure, we apply the following

dominance rule:

Definition 5 (Exact dominance). Label L1 dominates label L2 if and only if

(i) L1(d) = L2(d),

(ii) L1(s) = L2(s),

(iii) L1(n) = L2(n),

(iv) L1(Γ) ⊆ L2(Γ),

(v) L2(U) ⊆ L1(U),

(vi) L1(φ) ≤ L2(φ),

(vii) L1(r) ≤ L2(r),

(viii) L1(F (x)) ≤ L2(F (x)) ∀x ∈ {0, . . . , QSE},
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where one of the requirements (iv)-(viii) has to hold strictly.

Definition 5 states that if L1 and L2 represent two partial tour-trees with the same last visited node,

extending L1 should always result in a tour-tree with lower or equal reduced cost. Conditions (i) - (iii) ensure

that both labels start from the same depot and have the same last visited satellite and customer. Condition

(iv) requires that the set of customers to which L1 cannot be extended is a subset of the set of customers

to which L2 cannot be extended. Condition (v) ensures that the set of satellites that can be visited from

L1 contains the satellites that can be visited from L2. Condition (vi) assures that L1 has a smaller or equal

reduced cost than L2. Condition (vii) requires that L1 contains at most the same number of SE routes as L2,

which, given the assumption that SE vehicles leave the satellites with full capacity, is a sufficient condition

on the FE vehicle capacity. Finally, Condition (viii) ensures that the CDF of L1 has a lower or equal value

than the CDF of L2 for all values of x ∈ {0, . . . , QSE}.
Comparing CDFs for all x ∈ {0, . . . , QSE} is a costly operation. Therefore, we also consider a heuristic

dominance rule, where instead of enforcing Condition (viii), we enforce Conditions (ix)-(x). Formally:

Definition 6 (Heuristic dominance). Label L1 dominates label L2 if

(i) - (vii),

(ix) L1(µ̄) ≤ L2(µ̄),

(x) L1(σ̄2) ≤ L2(σ̄2),

where one of the requirements (iv) - (vii), (ix) - (x) has to hold strictly.

When searching for new columns, we first consider the heuristic dominance rule, which is easier to

evaluate, but also more aggressive, than the exact dominance rule. As a consequence, it sometimes falsely

claims that one label dominates another label. Therefore, if no columns with negative reduced cost are found

when solving the pricing problem with the heuristic dominance rule in the 2E-1P algorithm, we solve the

pricing problem again using the exact dominance rule in the labeling algorithm.

Acceleration technique for checking dominance.

To enable faster processing of the exact and heuristic dominance rules, we group the labels on the last node

visited and ng-set. In each iteration of the labeling procedure, we start with processing dominance among

the labels to be extended. First, we perform dominance checks within ng-sets, that is, we iterate over all

labels with the same last node visited and the same ng-set and process dominance. Next, we check for

dominance among ng-sets by comparing all labels with last node n ∈ S ∪C and ng-set Γ to labels with last

node n and ng-set Γ′ such that Γ′ ⊂ Γ.

4.4 Completion Bounds

In both pricing algorithms, we control the growth of the labels by computing a lower bound on the reduced

cost that can be obtained when considering all possible extensions from a label (completion bound). If this

bound is non-negative, the label can be safely discarded. We consider completion bounds based on the

resource-constrained shortest path (RCSP; Feillet et al., 2004). Let ψ(i, j, q) be the value of the resource-

constrained shortest path in graph G = (V,E) from node i to node j with a capacity of q, with G as defined
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in Section 3. The cost of an edge (i, j) ∈ E equals:

dij =

cij − λj , if j ∈ C,

cij , otherwise,
(5)

where λj , j ∈ C, are the dual values obtained from Constraint (2). Visiting a node i ∈ C consumes µi units

of q. In the following, we formulate the completion bounds for the labels in each of the pricing algorithms.

To derive the completion bound CB(L ) on multi-label L , we first compute the RCSP-bound for each

path Lk, k ∈ {1, . . . , |L (Π)|}. Next, we combine the RCSP-bounds of the paths in a multi-label to evaluate

the completion bound on the multi-label. Specifically, in (4) we substitute the costs of finishing a path with

its RCSP-bound to obtain the completion bound on L , that is:

CB(L ) = L (φ) +

|L (Π)|∑
k=1

ψ
(
L (nk),L (πk), Q̄−L (µ̄k)

)
− δ,

where Q̄ is used as the upper bound on the SE vehicle capacity.

Suppose now that path Lk has a positive completion bound, specifically,

L (φk) + ψ
(
L (nk),L (πk), Q̄−L (µ̄k)

)
> 0,

for some k ∈ {1, . . . , |L (Π)|}. Creating a multi-label without path Lk would result in a multi-label with lower

reduced cost. Therefore, if any of the paths have a positive completion bound, the multi-label is eliminated.

In this way, non-promising multi-labels can be discarded at an early stage of the pricing algorithm.

The completion bound CB(L) for a label L in the 2E-1P algorithm can be derived in a similar way,

using the remaining FE vehicle capacity rather than the remaining SE vehicle capacity. Through Q̄ and the

assumption that each FE route can supply at most θ SE routes, we derive that an FE vehicle can satisfy a

total mean demand of at most θQ̄. The completion bound on a label L can now be computed as follows:

CB(L) = L(φ) + ψ
(
L(n),L(d), θ · Q̄− L(r) · Q̄− L(µ̄)

)
− δ.

Each time the pricing algorithm is invoked, we pre-compute the RCSP-bounds for every i ∈ C, j ∈ S,

and q ∈ {0, . . . , Q̄} in case of the multi-label algorithm, and for every i ∈ S ∪ C, j ∈ D and q ∈ {0, . . . , θQ̄}
in case of the 2E-1P algorithm. In this way, the RCSP bounds can be retrieved in constant time during the

labeling procedures.

5 Evaluating Probabilistic Capacity Constraints

Whenever we extend an SE route to another customer, we assess whether the resulting partial SE route

satisfies the probabilistic capacity constraint (Constraint (1)). We consider two methods for verifying feasi-

bility. The first one is by convolution of the probability distributions of the customers visited in an SE route

and verifying feasibility from the convoluted distribution (Section 5.1). Alternatively, instead of computing

this probability exactly, we could also approximate it with statistical inference tests (Section 5.2). The ben-

efit of using statistical inference, over convoluting the distributions, is that (in)feasibility can be confirmed

much faster if a customer combination is clearly (in)feasible. Nevertheless, even with statistical inference,
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checking feasibility remains a costly operation, thus, from a computational point of view, it should be done

as infrequent as possible. For this purpose, we introduce the notion of feasibility bounds in Section 5.3.

5.1 Convolutions of Probability Distributions

When the customer demands are independent random variables, their corresponding probability distributions

can be convoluted to obtain a probability distribution of the sum of the original random variables. In general,

if we have random non-negative integer variables X and Y , the distribution of the sum Z = X + Y can be

obtained by:

P(Z = z) =

z∑
k=0

P(x = k)P(y = z − k).

Let C ′ ⊂ C denote the set of customers in some (partial) SE route for which we want to verify feasibility.

We convolute the demand distributions of the customers in C ′ iteratively, from 0 to QSE, since the focus is on

computing the probability that the total demand of the customers does not exceed the SE vehicle capacity

(feasibility probability). The complexity of this algorithm is O(|C ′| · (QSE)
2
), thus linear in the number of

customers in C ′.

5.2 Statistical Inference with Monte Carlo Sampling

In statistical inference, scenario generation is used to estimate the probability η̂ that the total demand of

the customers in an SE route does not exceed the SE vehicle capacity. The method consists of iteratively

generating a set of scenarios and computing a confidence interval [a, b] around the feasibility probability, i.e.,

a ≤ η̂ ≤ b (Florio et al., 2021). We use the Agresti-Coull interval to estimate this interval (Brown et al.,

2001).

We consider five standard deviations when defining the interval, which translates to a probability of

0.9999994 that the interval contains η̂. If η < a (η > b), we conclude that the route is feasible (infeasible).

If η ∈ [a, b], no conclusions can be drawn and additional scenarios must be generated to further decrease the

size of the [a, b] interval. Algorithm 1 summarizes the procedure.

Algorithm 1 Statistical Inference with Monte Carlo Sampling

Input: set of customers C ′, a limit on the maximum number of scenario evaluations N

x← 0 . Number of feasible scenarios

for n = 1 to N do

[d]i∈C′ ← randomly generated demand vector

if
∑
i∈C′ di ≤ QSE then

x← x+ 1

[a, b] ← Agresti-Coull(x,n) . Estimate interval [a, b] such that P
(∑

i∈C′ ξi ≤ QSE
)
∈ [a, b]

if η < a then return True

else if η > b then return False

end for

return inconclusive . Not possible to infer feasibility after N scenario evaluations

Occasionally, it happens that Algorithm 1 terminates with an inconclusive result. Although it is possible

to continue the algorithm for larger values of N , we apply the following two-phase procedure for checking
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feasibility. First, we consider the statistical inference test with Monte Carlo sampling. If this returns

inconclusive, the action to be taken depends on the demand distributions of the customers. In the case of

independent demand distributions, we convolute the demand distributions as explained in Section 5.1 to

compute the exact value of η̂. Otherwise, we resort to computing the single point estimate (SPE) η̂ = x/N

as our best guess for η̂, possibly leading to incorrect classification of (in)feasibility. However, if so, the value

will be close to η and its impact on the solution quality will be negligible.

5.3 Feasibility Bounds

Regardless of the method, verifying compliance with Constraint (1) is computationally costly. To improve

the efficiency of feasibility checks, we introduce the idea of feasibility bounds, which enable us to assert

compliance with the probabilistic capacity constraint in constant time for most customer combinations. For

brevity, we define µ(C ′) =
∑
i∈C′ µi to be the total expected demand of the customers in C ′ ⊂ C. First, we

compute lower and upper bounds, µ and µ̄, expressed in terms of the expected customer demand. For µ it

must hold that Constraint (1) is satisfied for all C ′ ⊂ C with µ(C ′) < µ. Similarly, for µ̄ it must hold that

Constraint (1) is violated for all C ′ ⊂ C with µ(C ′) > µ̄. Then, whenever we need to assert whether a set

of customers C ′ in some (partial) route satisfies the chance constraint, we can simply conduct a comparison

against the two feasibility bounds as follows. If µ(C ′) < µ, it is guaranteed that the set of customers C ′

satisfies Constraint (1). Similarly, if µ(C ′) > µ̄, the probability that the total demand of the customers in

C ′ is larger than the vehicle capacity QSE exceeds η, resulting in a violation of Constraint (1). Finally, only

in the event that µ ≤ µ(C ′) ≤ µ̄, compliance with the chance constraint must be verified with the two-phase

procedure explained in Section 5.2.

To obtain the value for the lower bound µ, starting with µ∗ = 0, we search for a customer combination

C ′ with µ(C ′) = µ∗ that violates the chance constraint. If no such combination exists, we increase µ∗ by one

and continue to do so until we reach a value µ∗ for which there exists an infeasible customer combination

C ′ with µ(C ′) = µ∗. We set the lower bound µ = µ∗. Next, we initialize µ∗ with the total mean demand of

the customers in the instance, and decrease µ∗ until we obtain a value µ∗ for which there exists a customer

combination C ′, µ(C ′) = µ∗, that satisfies the chance constraint, and set the upper bound µ̄ = µ∗. This

procedure is summarized in Algorithm 2.

Algorithm 2 Feasibility Bounds on the Expected Customer Demand

1: Input: Set of customers C
2: µ∗, µ, µ̄ = 0, -1, -1
3: while µ = −1 do . Obtain lower bound µ
4: if findInfeasibleCC(µ∗) then
5: µ = µ∗

6: µ∗ = µ∗ + 1

7: µ∗ =
∑
i∈C µi

8: while µ̄ = −1 do . Obtain upper bound µ̄
9: if findFeasibleCC(µ∗) then

10: µ̄ = µ∗

11: µ∗ = µ∗ − 1

The problem of identifying (in)feasible customer combinations for a given value of µ∗ (Lines 4 and 9

in Algorithm 2) can be formulated as an integer programming problem. Let Ω be a set of scenarios with

demand realization ξωi for customer i ∈ C in scenario ω ∈ Ω. Let xi be a binary decision variable that
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takes the value 1 if customer i ∈ C is selected. Binary decision variables yω are set to 1 if the selected

customers violate the vehicle capacity QSE in scenario ω ∈ Ω, and 0 otherwise. The following model is used

to determine whether there exists an infeasible customer combination C∗ ⊂ C with µ(C∗) = µ∗:

minimize 1− 1

|Ω|
∑
ω∈Ω

yω,

subject to
∑
i∈C

ξωi xi ≥ QSE −M(1− yω), ω ∈ Ω, (6)∑
i∈C

µixi = µ∗, (7)

xi ∈ {0, 1}, i ∈ C, (8)

yω ∈ {0, 1}, ω ∈ Ω. (9)

The objective is to minimize the SPE of the feasibility probability over all customer combinations C∗ ⊂ C
with µ(C∗) = µ∗. If the objective value is smaller than η, there exists a combination C∗ with µ(C∗) = µ∗

that violates the chance constraint. Constraints (6) link the xc and yω variables. If the total demand of the

selected customers in scenario ω ∈ Ω exceeds the vehicle capacity, yω is set to 1. Constraint (7) restricts the

combinations of customers C∗ to those for which µ(C∗) = µ∗ holds. Constraints (8) - (9) set the domains of

the decision variables.

Similarly, we use the following model to determine whether there exists a customer combination C∗ ⊂ C
with µ(C∗) = µ∗ that satisfies Constraint (1):

maximize 1− 1

|Ω|
∑
ω∈Ω

yω,

subject to
∑
i∈C

ξωc xi ≤ QSE +Myω, ω ∈ Ω,

(7)− (9).

If the objective value is larger than η, there exists a customer combination that satisfies the chance constraint.

When solving the integer programming formulations with a standard solver, it is no longer possible to

invoke any of the feasibility tests described in Sections 5.1 and 5.2. Additionally, the size of Ω has a direct

impact on the preciseness of the SPE. Therefore, instead of solving this formulation, we proceed with an

efficient search technique that enables us to use the feasibility tests.

For a given value of µ∗, we retrieve all customer combinations C∗ with µ(C∗) = µ∗ by solving a perfect

subset sum problem with dynamic programming and store the obtained customer combinations in set C̃.

Next, we iterate over the customer combinations in C̃ and invoke the two-phase procedure to verify com-

pliance with Constraint (1) (Section 5.2). When searching for a(n) (in)feasible customer combination in C̃,

we terminate the search once we identify such a combination and omit evaluating any remaining customer

combination in C̃.

Thus far, we discussed bounds expressed in terms of the expected customer demand. With these bounds,

we reduce the set of customer combinations for which the probabilistic capacity constraint needs to be verified

to customer combinations C ′ ⊂ C with µ ≤ µ(C ′) ≤ µ̄. Further reduction of the size of this set is achieved

by imposing additional bounds expressed in terms of the total variance of customer demands. For brevity,

we define σ2(C ′) =
∑
i∈C′ σ2

i to be the total variance of the demands of the customers in C ′ ⊂ C. For each
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value µ ∈ {µ, . . . , µ̄}, we derive lower and upper bounds, σ2(µ) and σ̄2(µ), in a similar way as the bounds

on the total expected customer demand. For a given value of µ, we set σ2(µ) to the lowest value of σ2∗

for which there exists an infeasible customer combination C ′ with µ(C ′) = µ and σ2(C ′) = σ2∗. Similarly,

σ̄2(µ) is set to the highest value of σ2∗ for which there exists a customer combination C ′, with µ(C ′) = µ

and σ2(C ′) = σ2∗, that satisfies the chance constraint. The procedure is summarized in Appendix 8.1.

The feasibility bounds are computed during a pre-processing phase, prior to the start of the column

generation procedure. The value of the upper bound on the total expected customer demand discussed in

Section 3 is set to the upper feasibility bound on the mean customer demand, Q̄ = µ̄. The feasibility bounds

do not require any assumption on the demand distributions of the customers, thus can also be computed on

instances with correlated, dependent or data-driven demand distributions.

6 Computational Results

We test the algorithms on instances proposed by Dellaert et al. (2019). These instances represent a circular

urban area and are generated for different combinations of depots, satellites and customers. For each

combination, we have five instances. Each instance is named “Cbw-x,y,z” where w, x, y, z represent the index,

number of depots, number of satellites, and number of customers, respectively. For example, “Cb2-2,3,30”

denotes the second instance generated with two depots, three satellites, and 30 customers. The instances

with 100 customers are reduced to 75 customers by eliminating the last 25 customers. The expected demand

of each customer is equal to the integer demand value in the original instance. We set the FE and SE

capacities to QFE = 150 and QSE = 50.

In Section 6.1, we present the results on instances with independent demand distributions. Correlated

customer demands are considered in Section 6.2. All experiments are performed on a single thread of an

Intelr Xeon E5-2696 (2.4 GHz) CPU with 18GB of memory. The (R)MP is solved using IBMr CPLEXr

version 12.10. Finally, a time limit of two hours, including pre-processing time, is imposed on each run of

the algorithm.

6.1 Independent Demands

We consider under-dispersed, neutral, and over-dispersed uncertain demands by iteratively assigning one of

the following demand distributions to each customer: binomial with a variance-to-mean ratio of 0.5; Poisson

with a variance-to-mean ratio of 1; or negative binomial with a variance-to-mean ratio of 1.5, 2 or 3.

When verifying the chance constraint, we first consider statistical inference (Section 5.2) with a maxi-

mum of N = 10, 000 scenarios, since, for many customer combinations, performing statistical inference is

much quicker than using the convolution procedure outlined in Section 5.1. For relatively few customer

combinations the statistical inference test returns inconclusive (< 0.05% of the cases, on average), and we

resort to convoluting the customer demand distributions instead.

The remainder of this section is structured as follows. In Section 6.1.1, we compare the performances of

both labeling procedures. In Section 6.1.2, we analyze the impact of the feasibility bounds on the runtime.

The characteristics of the solutions are discussed in Section 6.1.3. Finally, in Section 6.1.4, we consider

solving different deterministic versions of the problem using the expected customer demands and show that

this always results in worse solutions in terms of cost and feasibility of SE routes compared to solving the

stochastic formulation.
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Table 3: Independent Demands - Summarized Results

Multi-label Two-Echelon One-Path

Setting # Gap(%) Col. CPU(s) # Gap(%) Col. CPU(s)

15 customers
(2,3) 5 3.64 427 3 5 4.50 636 4
(3,5) 5 4.70 682 6 5 6.05 960 16
(6,4) 5 3.40 742 3 5 3.61 1112 8

Overall 15 3.91 617 4 15 4.72 903 9
30 customers

(2,3) 5 4.73 1584 43 5 4.39 1805 35
(3,5) 5 2.17 1666 55 5 2.69 2236 44
(6,4) 5 3.65 1649 24 5 3.11 2541 51

Overall 15 3.52 1633 41 15 3.39 2194 43
50 customers

(2,3) 5 2.79 3190 871 5 2.79 3792 339
(3,5) 5 4.19 3194 626 5 3.07 3992 292
(6,4) 5 3.23 3338 205 5 3.2 4702 232

Overall 15 3.40 3241 567 15 3.02 4162 288
75 customers

(2,3) 0 - - - 4 2.30 5433 1778
(3,5) 4 2.92a 6322 2889 4 2.66 6204 1741
(6,4) 3 2.54a 6765 1396 4 2.31 7432 1970

Overall 7 2.76a 6512 2249 12 2.43 6356 1830

a Average is taken over the solved instances

6.1.1 Performance comparison of multi-label and 2E-1P algorithms.

In this section, we compare the performance of the two labeling procedures. The chance constraint level is

set to η = 0.95. A summary of the results is presented in Table 3, where columns “#”, “Gap”, “Col.” and

“CPU” indicate, respectively, the number of instances that could be solved with the allotted runtime and

memory, the average optimality gap, the average number of columns generated, and the average runtime

in seconds. Recall that once an optimal solution to RMP is obtained, we compute an upper bound on the

MP by solving MP directly with the set of tour-trees generated by the pricing problem. In terms of lower

bounds, the bounds computed with the multi-label algorithm are at least as strong as the bounds computed

with 2E-1P algorithm, since the former algorithm computes elementary routes, whereas the latter algorithm

produces ng-routes. When computing optimality gaps, we compare the upper bounds to the best lower

bound. Detailed results on a per-instance basis can be found in Appendix 8.2.

Using the multi-label algorithm, we solve the RMP to optimality for 52 out of the 60 instances. The

remaining eight instances ran out of memory. Stronger completion bounds are required to solve these

instances. With the 2E-1P algorithm, we obtain optimal solutions to the RMP on 57 instances. The

remaining two instances ran out of time. The 2E-1P algorithm returns lower bounds that are, on average,

1.2% weaker than the lower bounds returned by the multi-label algorithm.

Figure 5 shows the optimality gaps computed with both labeling procedures. The x and y coordinates of

a data-point in the graph equal, respectively, the optimality gaps obtained with the multi-label and 2E-1P

algorithms on a unique instance. When both procedures return the same gap, the corresponding data-point

is plotted on the diagonal line. If a point falls above (below) the diagonal, a smaller optimality gap is

obtained with the multi-label algorithm (2E-1P algorithm). The graph shows that optimality gaps between

17



0 2 4 6 8 10
Multi-label

0

2

4

6

8

10

Tw
o-

Ec
he

lo
n 

On
e-

Pa
th

15 customers
30 customers
50 customers
75 customers

Figure 5: Comparison of optimality gaps

Table 4: Runtime (in seconds) of Multi-label Algo-
rithm with(out) Feasibility Bounds (FB)

|C| Without FB With FB Speed up factorb

15 3.5 3.7 0.89
30 54.1 40.8 1.33
50 938.7 576.2 1.57
75a 4287.7 2248.8 1.87

a Average taken over the instances on which we ob-
tain optimal solutions to the RMP, b Average over
the speed up factors per instance.

0 and 11% are obtained. Moreover, none of the algorithms are better for a particular instance size. Finally,

regardless of the labeling procedure, the average optimality gap is less than 4%.

On average, the multi-label algorithm requires shorter computation times on instances with 15 and

30 customers. As the number of customers in the instance grows, it becomes more important to efficiently

control the growth of the labels at an early stage of the labeling algorithm, which is achieved with dominance

rules.

6.1.2 Impact of the feasibility bounds.

We compute feasibility bounds in terms of the total mean and variance of the customer demands to reduce

the computation time spent on verifying the probabilistic capacity constraint during the labeling algorithms.

In this section, we study the impact of the feasibility bounds by comparing the runtimes required to solve

the RMP with the multi-label algorithm and with or without the feasibility bounds. In the latter case, we

derive the feasibility bounds to obtain a value for Q̄, but do not use the feasibility bounds when verifying

the chance constraint. In this way, the same truncated vehicle capacity Q̄ is used for the computation of the

completion bound in both algorithms and the difference in the runtimes can be attributed to the additional

time spent on verifying the probabilistic capacity constraint. Table 4 shows the corresponding runtimes,

averaged over the different instance sizes. It can be observed that the impact of the feasibility bounds on

the runtime increases with the number of customers in the instance.
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Table 5: Structural Characteristics of 2E-VRPSD Solutions

|C| = 15 |C| = 30 |C| = 50 |C| = 75

# tour-trees 2.9 4.9 7.5 11.4
# SE routes 7.3 13.5 21.8 32.6
# SE routes in a tour-tree 2.5 2.8 2.9 2.9
# customers in a tour-tree 5.3 6.2 6.7 6.6
# customers in an SE route 2.1 2.2 2.3 2.3

Table 6: Number of Depots and Satellites Used in the Solution

|C| = 15 |C| = 30 |C| = 50 |C| = 75

(2,3)a (3,5)a (6,4)a (2,3) (3,5) (6,4) (2,3) (3,5) (6,4) (2,3) (3,5) (6,4)

|D|s 1.8 2.2 2.8 1.8 3.0 3.8 2.0 2.8 3.8 2.0 3.0 3.3
|S|s 2.2 2.6 3.0 2.4 4.6 3.8 3.0 5.0 3.8 3.0 5.0 4.0

a Number of depots and satellites available, s Number of depots and satellites in the solution

6.1.3 Characteristics of 2E-VRPSD solutions.

Table 5 provides an overview of characteristics of the 2E-VRPSD solutions, where the averages are computed

for each instance size. We report the average number of tour-trees (FE routes), number of SE routes, number

of SE routes in a tour-tree, number of customers in a tour-tree, and number of customers in an SE route.

Both the average number of tour-trees and the average number of SE routes increase proportionally to the

number of customers in the instance.

The average number of depots and satellites used in the solution are given in Table 6 for different

combinations of depots, satellites and customers. The number of satellites used increases with the number

of customers in the instances. For the instances with 75 customers, it holds that all satellites are used. The

additional satellites that are included in the solutions to the larger instances might require visits from FE

vehicles starting from different, additional, depots than those already used in the solutions to the smaller

instances, explaining the corresponding increase in the number of depots used.

6.1.4 Value of the stochastic formulation.

As an alternative to solving the 2E-VRPSD, one could solve a simpler, non-stochastic version of the problem

using expected customer demands. To try to achieve some level of protection against exceeding the vehicle

capacity, some portion of the SE vehicle capacity can be reserved to serve as a safety buffer. More precisely,

instead of solving 2E-VRPSD with Constraint (1), we could solve the problem with the following modified

capacity constraint: ∑
i∈C′

µi ≤ QSE − s, (10)

where parameter s, 0 ≤ s < QSE, determines the amount of SE vehicle capacity to reserve. We refer to this

version of the problem as the truncated expected value problem (TEVP). Clearly, larger values of s lower

the probability of exceeding the vehicle capacity, but at the same time increase the number of SE routes in

a solution since fewer customers can be serviced in the same route.

In Figure 6, we compare TEVP with our stochastic version of the problem to demonstrate the value of

the stochastic formulation. In this experiment, we solve all problem instances with 30 and 50 customers,
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Figure 6: Pareto frontiers showing the value of the stochastic formulation

with both formulations for different values of η and s, using the multi-label algorithm. For each SE route

in the solution corresponding to the upper bound, we compute the probability that the total demand of

the customers in the SE route exceeds the vehicle capacity (infeasibility probability) through convoluting

the customer demand distributions (Section 5.1). For given values of s or η, we plot the average route

infeasibility (averaged over all routes in all solutions) against the average solution value.

As can be observed from Figure 6, when we reserve 10 units of capacity (s = 10, bottom right blue data-

point), the probability of having insufficient vehicle capacity exceeds 5%; when 40% of the vehicle capacity is

reserved (s = 20, top left blue data-point), the probability of exceeding the vehicle capacity drops to about

0.3%. In contrast, a similar level of protection is achieved with the stochastic formulation for η = 0.99, but

at 4.96% lower cost on average. In fact, it can be observed that the entire chance constraint frontier is below

the TEVP frontier for reasonable values of η and s, confirming the superiority of the stochastic formulation

over TEVP.

6.2 Correlated Demands

Thus far, only problem instances with independent customer demands are considered. In practice, however,

customer demands are often correlated, due to a wide range of external factors that may induce correlations,

such as weather, events, and sales (Gendreau et al., 2016). In this section, we consider the same instances as

described earlier, and only change the demand distributions for the customers. We investigate the impact of

demand correlations on our solution approaches and the 2E-VRPSD solutions. In particular, when demands

are positively correlated, we anticipate that the number of SE routes required will increase, since fewer

customers can be combined in the same SE route without violating the probabilistic capacity constraint.

Conversely, we expect denser SE routes in the solutions on the instances with negatively correlated demands.

When including customers in a route that are negatively correlated, the variance of the total demand of the

customers in the route decreases. This creates room for cost-effective routes visiting more customers or

customers with a higher total expected customer demand than allowed if no correlation was present, without
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Table 7: Mixed Correlation

Group A Group B
Group A positive negative
Group B negative positive
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Figure 7: Pearson correlation coefficients between each pair of customers obtained on one instance for the
different settings

violating the chance constraint.

We examine two levels of correlation: weak (ρ = 0.3) and strong (ρ = 0.7) and two types of correlation:

positive and mixed. The generation of mixed correlation requires the partition of the customers into two

groups. Table 7 shows that mixed correlation implies that the demand of a customer is positively correlated

with the demand of customers in the same group, and negatively correlated with the demand of customers

in the other group. An example of the different correlations in an instance with 30 customers is given in

Figure 7.

The two-phase procedure introduced in Section 5.2 is used to determine whether an SE route meets the

probabilistic capacity constraint. Both phases require the generation of demand scenarios where customer

demands are randomly sampled from their underlying demand distributions. For the experiments involving

customers with correlated demand, instead of explicitly defining correlated demand distributions per cus-

tomer, we bypass this step and directly generate correlated demand scenarios using the procedure outlined

below.

For each customer i ∈ C, we generate Poisson distributed demand scenarios and apply a multiplicative

transformation to obtain correlated demand scenarios. Let dωi be the Poisson generated demand realization

of customer i ∈ C in scenario ω. Let αω be the correlation parameter in scenario ω, which is uniformly

distributed on the interval [a, b], with [a, b] = [0.7, 1.3] if ρ = 0.3, and [a, b] = [0.2, 1.8] if ρ = 0.7. The

21



Table 8: Correlated Demand - Summarized Results

Percentage change relative to the independent case

Correlated setting Objective value Number of SE routes CPU (s)

Positive ρ = 0.3 9.41 12.51 -28.94
ρ = 0.7 41.82 55.78 -54.83

Mixed ρ = 0.3 2.90 2.21 -8.47
ρ = 0.7 10.78 9.86 16.03

positively correlated demand scenarios are generated as follows:

ξωi = αω · dωi . (11)

In the case of mixed correlation, we use Equation (11) to generate the demands of the customers in group

A and Equation (12) to generate the demands of the customers in group B:

ξωi = ((1− αω) + 1) · dωi . (12)

As stated in Section 4.3, the dominance rules in the 2E-1P algorithm are only valid for independent

demand distributions. Therefore, in the remainder of this section, we only consider the multi-label algorithm

when solving the instances with correlated demand.

In Table 8, we compare the results obtained with the different correlations to the results obtained on

instances with independent Poisson distributed demands (independent case). We report the average increase

in objective value (percentage), average increase in the number of SE routes (percentage), and average change

in runtime (percentage). The averages are computed over the instances with 30 and 50 customers. Detailed

results on a per-instance basis can be found in Appendix 8.3.

On average, higher objective values are observed for all four correlation categories. A similar increase

can be witnessed in the number of SE routes needed. Comparing the different correlations, we conclude that

about the same increase in the objective value and number of SE routes is obtained with weak positively

correlated demands and strong mixed correlated demands. Finally, with mixed correlation, the number

of feasible customer combinations increases, leading to more possibilities in the labeling algorithm, which

explains the longer runtimes.

As a final experiment, to investigate our earlier expectation that with mixed correlation we have denser

SE routes visiting customers from both groups, we study the characteristics of the SE routes in the solutions

obtained with the different settings. Next to deriving the average number of customers in an SE route,

we compute the average percentage of routes containing customers from both groups (mixed routes) as a

percentage of the SE routes visiting more than one customer. These percentages can also be derived on the

instances with positive or no correlation under the assumption that the groups exist for those instances as

well. Table 9 shows the resulting values for the different settings. As expected, with mixed correlation we

have a higher percentage of mixed routes. The average number of customers in an SE route is less with

mixed correlation than without any correlation, but higher when compared to the instances with positive

correlation.
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Table 9: Correlated Demand - SE Route Information

No correlation Positive correlation Mixed correlation

ρ = 0 ρ = 0.3 ρ = 0.7 ρ = 0.3 ρ = 0.7

Average percentage of mixed SE routes 65.38 59.04 48.51 79.68 93.28
Average number of customers in an SE route 2.47 2.22 1.57 2.42 2.25

7 Conclusions

Two-echelon distribution systems are often considered in city logistics to maintain economies of scale and

satisfy the cities’ emission zone requirements. In this paper, we formulate the 2E-VRPSD as a chance-

constrained stochastic optimization problem and consider two solution procedures based on column gener-

ation. We propose the multi-label algorithm as a novel labeling algorithm based on simultaneous labeling

of SE routes. Additionally, we implement the Two-Echelon One-Path algorithm where SE routes are con-

structed sequentially. We use statistical inference techniques to speed up feasibility check operations. When

these are inconclusive, we consider the convolution of probability distributions in the case of independent

demand distributions and resort to single point estimates when demands are correlated. To reduce the

computational efforts on validating the chance constraint, we introduce the notion of feasibility bounds and

apply them to the sum of the means and variances of the customer demands.

Computational experiments are performed on instances with independent demand distributions and on

instances with correlated demand distributions. We compute linear bounds on instances with independent

demand distributions and up to 75 customers within a time limit of two hours. Regardless of the labeling

procedure, the average optimality gap is less than 4%. We demonstrate that solving the 2E-VRPSD always

results in better solutions in terms of objective value and feasibility of SE routes compared to solving

the expected value 2E-VRP with some truncated SE vehicle capacity. For example, we achieve a similar

protection level at 4.96% lower cost on average if we solve the 2E-VRPSD with a chance constraint level of

η = 0.99 instead of the expected value 2E-VRP with 60% of the original SE vehicle capacity. Finally, we

show that with the use of feasibility bounds, the labeling algorithms’ runtimes are reduced significantly.

We demonstrate that the multi-label algorithm and feasibility bounds can also be used to solve instances

with correlated demand distributions. Next to solving instances with positively correlated demands, we also

consider instances with positively and negatively correlated demands. The latter set of instances shows that

up to 93% of the SE routes include customers with negatively correlated demands. This is not surprising

because, by including customers in a negatively correlated route, the variance of the total demand of the

customers in a route decreases, creating room for additional customers or allowing customer combinations

with a higher total expected mean compared to the case without correlation.

Future research on the chance-constrained two-echelon vehicle routing problem with stochastic demands

is recommended to relax the assumption that an SE vehicle leaves a satellite with full capacity. In this paper,

we applied the feasibility bounds to stochastic demands. Further implementation of the feasibility bounds

to other uncertain parameters is another promising research direction.
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8 Appendix

8.1 Feasibility Bounds Expressed in Terms of the Total Variance of the Cus-

tomer Demands

Algorithm 3 summarizes the procedure of obtaining values for the feasibility bounds expressed in terms of

the total variance of customer demands.

Algorithm 3 Feasibility Bounds on the Variance of the Customer Demands

1: Input: Set C̃ of customer combinations C ′ ⊂ C satisfying µ(C ′) = µ
2: σ2∗, σ2, σ̄2 = 0, -1, -1
3: while µ = −1 do . Obtain lower bound σ2(µ)

4: if findInfeasibleCCvar(µ, σ2∗) then
5: σ2 = σ2∗

6: σ2∗ = σ2∗ + 1

7: σ2∗ = maxC′∈C̃
∑
i∈C′ σ2

i

8: while σ̄2 = −1 do . Obtain upper bound σ̄2(µ)
9: if findFeasibleCCvar(µ∗, σ2∗) then

10: σ̄2 = σ2∗

11: σ2∗ = σ2∗ − 1

8.2 Independent Demand - Detailed Results

Tables 10-13 show the solutions derived on all instances. The number of instances that could be solved with

the allotted runtime and memory (#), the lower bound (LB), the upper bound (UB), the average optimality

gap (Gap), the average number of columns generated (Col.) and the average running times in seconds

(CPU) are given. Recall that once an optimal solution to RMP is obtained, we compute an upper bound

on the MP by solving MP directly with the set of tour-trees generated by the pricing problem. In terms of

lower bounds, the bounds derived with the multi-label algorithm are, per definition, at least as strong as the

bounds derived with 2E-1P algorithm, since the former algorithm computes elementary routes, whereas the

latter algorithm produces ng-routes. When computing optimality gaps, we compare the upper bounds to

the best lower bound, that is, we consider the lower bound returned by the multi-label algorithm if it solved

the RMP to optimality, otherwise, we compute the optimality gap with respect to the lower bound returned

by the 2E-1P algorithm.

8.3 Correlated Demand - Detailed Results

Tables 14-15 show the solutions obtained when solving the instances with independent Poisson distributed

demands, positively correlated demand and mixed correlated demand. For each setting and instance, the

lower bound (LB), upper bound (UB), optimality gap in percentages (Gap) and runtime in seconds (CPU)

are given.
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Table 10: Independent Demand - 15 Customers

Multi-label Two-Echelon One-Path

Instances LB UB Gap(%) Col. CPU(s) LB UB Gap(%) Col. CPU(s)

Cb1-2,3,15 458.57 486.66 6.12 604 3 455.46 495.13 7.97 621 3
Cb2-2,3,15 313.67 329.68 5.10 322 2 312.79 337.59 7.63 542 3
Cb3-2,3,15 410.87 422.01 2.71 317 2 410.87 423.80 3.15 641 3
Cb4-2,3,15 401.06 418.10 4.25 436 4 391.27 416.16 3.76 679 6
Cb5-2,3,15 339.45 339.45 0.00 455 2 335.91 339.45 0.00 699 5

Average 3.64 427 3 4.50 636 4

Cb1-3,5,15 363.98 380.51 4.54 663 5 345.00 380.51 4.54 922 8
Cb2-3,5,15 426.28 457.58 7.34 651 5 421.25 471.60 10.63 966 6
Cb3-3,5,15 374.98 381.54 1.75 692 4 369.16 381.54 1.75 800 5
Cb4-3,5,15 315.76 329.64 4.40 709 9 296.68 341.32 8.10 1205 53
Cb5-3,5,15 366.69 386.66 5.45 696 4 358.04 385.94 5.25 907 6

Average 4.70 682 6 6.05 960 16

Cb1-6,4,15 360.75 365.89 1.43 788 3 347.28 365.89 1.43 1082 8
Cb2-6,4,15 416.35 416.35 0.00 719 3 403.44 416.35 0.00 969 4
Cb3-6,4,15 384.37 387.08 0.70 731 3 370.02 388.81 1.15 1164 12
Cb4-6,4,15 317.67 337.14 6.13 701 2 301.04 341.62 7.54 1239 6
Cb5-6,4,15 312.54 339.82 8.73 769 4 306.39 337.31 7.93 1108 9

Average 3.40 742 3 3.61 1112 8

Average 3.91 617 4 4.72 903 9

Table 11: Independent Demand - 30 Customers

Multi-label Two-Echelon One-Path

Instances LB UB Gap(%) Col. CPU(s) LB UB Gap(%) Col. CPU(s)

Cb1-2,3,30 737.16 766.79 4.02 1678 72 736.29 760.53 3.17 1619 30
Cb2-2,3,30 634.18 667.21 5.21 1489 27 633.85 664.26 4.74 1943 40
Cb3-2,3,30 858.76 879.36 2.40 1741 50 851.27 889.11 3.53 1522 33
Cb4-2,3,30 685.81 700.36 2.12 1479 23 685.66 701.24 2.25 1485 19
Cb5-2,3,30 663.38 729.05 9.90 1534 45 643.46 718.10 8.25 2455 52

Average 4.73 1584 43 4.39 1805 35

Cb1-3,5,30 583.63 602.53 3.24 1310 35 575.67 600.74 2.93 2217 28
Cb2-3,5,30 651.18 657.05 0.90 1728 49 638.84 658.29 1.09 2267 42
Cb3-3,5,30 612.31 630.67 3.00 1666 45 593.61 632.72 3.33 2400 42
Cb4-3,5,30 601.53 623.97 3.73 1941 96 599.90 637.64 6.00 2153 80
Cb5-3,5,30 726.72 726.72 0.00 1683 48 715.24 727.21 0.07 2144 30

Average 2.17 1666 55 2.69 2236 44

Cb1-6,4,30 685.40 700.62 2.22 1545 22 671.60 694.36 1.31 2619 44
Cb2-6,4,30 607.26 619.88 2.08 1735 27 594.90 624.23 2.79 2492 85
Cb3-6,4,30 613.71 643.52 4.86 1625 19 611.41 627.77 2.29 2438 33
Cb4-6,4,30 556.80 573.23 2.95 1565 24 547.47 573.23 2.95 2886 60
Cb5-6,4,30 592.02 628.38 6.14 1774 29 588.92 628.70 6.20 2270 33

Average 3.65 1649 24 3.11 2541 51

Average 3.52 1633 41 3.39 2194 43
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Table 12: Independent Demand - 50 Customers

Multi-label Two-Echelon One-Path

Instances LB UB Gap(%) Col. CPU(s) LB UB Gap(%) Col. CPU(s)

Cb1-2,3,50 1118.91 1142.66 2.12 2704 571 1116.37 1148.87 2.68 3915 169
Cb2-2,3,50 1162.73 1204.72 3.61 3457 2365 1162.73 1203.88 3.54 4346 677
Cb3-2,3,50 1181.54 1213.39 2.70 3493 472 1180.81 1207.49 2.20 3468 257
Cb4-2,3,50 1161.60 1186.72 2.16 3406 561 1160.20 1193.02 2.71 3651 380
Cb5-2,3,50 1045.38 1080.56 3.37 2892 386 1043.71 1075.12 2.85 3580 211

Average 2.79 3190 871 2.79 3792 339

Cb1-3,5,50 943.36 992.68 5.23 3510 1743 938.11 980.70 3.96 4913 485
Cb2-3,5,50 989.95 1019.03 2.94 2892 270 987.24 1012.51 2.28 3927 240
Cb3-3,5,50 1043.17 1059.35 1.55 3483 362 1034.70 1059.27 1.54 3421 104
Cb4-3,5,50 915.57 959.56 4.80 3266 329 908.40 935.37 2.16 3924 142
Cb5-3,5,50 855.88 911.00 6.44 2820 427 848.93 902.03 5.39 3773 492

Average 3.49 3192 749 2.93 3892 315

Cb1-6,4,50 930.40 968.00 4.04 3388 242 930.21 957.87 2.95 5333 236
Cb2-6,4,50 1064.19 1099.09 3.28 3372 208 1059.67 1092.13 2.63 3939 152
Cb3-6,4,50 963.06 970.29 0.75 3940 184 959.74 998.31 3.66 4983 235
Cb4-6,4,50 873.25 902.81 3.39 2872 149 868.74 900.70 3.14 4808 228
Cb5-6,4,50 944.09 988.20 4.67 3116 241 943.88 978.21 3.61 4445 308

Average 3.23 3338 205 3.20 4702 232

Average 3.40 3241 567 3.02 4162 288

Table 13: Independent Demand - 75 Customers

Multi-label Two-Echelon One-Path

Instances LB UB Gap(%) Col. CPU(s) LB UB Gap(%) Col. CPU(s)

Cb1-2,3,75 - - - - - - 1453.36 - 6636 7200
Cb2-2,3,75 - - - - - 1617.50 1656.35 2.40 5041 2077
Cb3-2,3,75 - - - - - 1620.37 1644.94 1.52 5929 1205
Cb4-2,3,75 - - - - - 1827.09 1903.60 4.19 5004 2813
Cb5-2,3,75 - - - - - 1649.08 1667.11 1.09 5759 1019

Average - - - 2.30 5433 1778

Cb1-3,5,75 1499.90 1573.69 4.92 6043 3372 1493.86 1566.65 4.45 6168 2132
Cb2-3,5,75 1420.05 1470.57 3.56 5678 3521 1418.37 1462.55 2.99 6199 1552
Cb3-3,5,75 - - - - - - 1471.92 - 6930 7200
Cb4-3,5,75 1639.09 1662.21 1.41 6422 2396 1634.75 1660.02 1.28 6033 1333
Cb5-3,5,75 1687.13 1717.71 1.81 7147 2267 1687.13 1719.74 1.93 6416 1948

Average 2.92 6322 2889 2.66 6204 1741

Cb1-6,4,75 - - - - - - - - - -
Cb2-6,4,75 - - - - - 1445.72 1503.08 3.97 7278 2315
Cb3-6,4,75 1545.06 1580.49 2.29 6106 1474 1544.13 1558.97 0.90 7509 2591
Cb4-6,4,75 1564.76 1611.71 3.00 6855 1702 1562.19 1608.66 2.81 6729 722
Cb5-6,4,75 1485.96 1520.62 2.33 7335 1011 1485.36 1509.52 1.59 8210 2252

Average 2.54 6765 1396 2.31 7432 1970

Average 2.76 6512 2249 2.43 6356 1830
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Table 14: Correlated Demand - Mixed Correlation

No correlation (ρ = 0) Positive correlation ρ = 0.3 Positive correlation ρ = 0.7

Instance LB UB Gapa CPUb LB UB Gap CPU LB UB Gap CPU

Cb1-2,3,30 686.30 709.98 3.45 23 760.81 768.67 1.03 18 983.01 1006.05 2.34 9
Cb2-2,3,30 619.93 654.05 5.50 28 680.92 703.71 3.35 19 883.49 908.30 2.81 11
Cb3-2,3,30 843.54 862.69 2.27 21 927.91 945.29 1.87 17 1161.97 1171.69 0.84 11
Cb4-2,3,30 654.55 676.43 3.34 21 743.32 755.81 1.68 19 955.21 970.50 1.60 10
Cb5-2,3,30 648.55 655.18 1.02 50 687.89 735.84 6.97 19 873.81 911.14 4.27 12
Cb1-3,5,30 567.63 581.80 2.50 37 613.66 645.22 5.14 36 775.17 807.33 4.15 23
Cb2-3,5,30 627.79 631.89 0.65 47 662.04 662.04 0 43 791.59 816.38 3.13 24
Cb3-3,5,30 579.89 610.23 5.23 45 647.30 653.57 0.97 34 811.81 817.23 0.67 25
Cb4-3,5,30 594.99 627.39 5.45 54 624.35 652.06 4.44 52 806.92 806.92 0 27
Cb5-3,5,30 691.76 694.09 0.34 68 756.53 780.70 3.19 38 971.91 1003.24 3.22 25
Cb1-6,4,30 653.97 662.70 1.34 28 684.03 692.56 1.25 24 881.26 897.00 1.79 13
Cb2-6,4,30 603.46 622.74 3.19 42 620.05 624.13 0.66 23 771.82 808.16 4.71 15
Cb3-6,4,30 582.78 605.82 3.95 27 641.03 647.21 0.96 21 844.11 858.36 1.69 13
Cb4-6,4,30 544.89 557.59 2.33 27 590.02 606.72 2.83 21 740.14 763.79 3.20 13
Cb5-6,4,30 569.39 595.87 4.65 25 619.76 653.53 5.45 31 844.00 848.04 0.48 15
Cb1-2,3,50 1064.64 1118.78 5.09 165 1169.62 1219.78 4.29 90 1559.06 1593.02 2.18 63
Cb2-2,3,50 1099.00 1149.13 4.56 389 1238.41 1295.36 4.60 151 1642.23 1642.23 0 73
Cb3-2,3,50 1087.00 1121.61 3.18 164 1243.58 1273.34 2.39 82 1629.57 1654.47 1.53 59
Cb4-2,3,50 1144.37 1175.38 2.71 206 1236.27 1324.67 7.15 102 1640.62 1655.31 0.90 69
Cb5-2,3,50 989.78 1041.52 5.23 158 1095.37 1132.82 3.42 96 1434.36 1472.34 2.65 65
Cb1-3,5,50 897.94 951.07 5.92 504 1008.64 1029.54 2.07 245 1299.50 1328.75 2.25 180
Cb2-3,5,50 939.12 949.13 1.07 375 1032.29 1063.95 3.07 210 1336.36 1361.81 1.90 152
Cb3-3,5,50 981.64 1036.87 5.63 260 1099.03 1144.10 4.10 216 1481.27 1503.96 1.53 160
Cb4-3,5,50 888.85 922.68 3.81 315 972.34 1016.06 4.50 208 1237.03 1248.66 0.94 147
Cb5-3,5,50 812.21 834.80 2.78 315 896.74 940.72 4.90 287 1175.49 1204.06 2.43 175
Cb1-6,4,50 904.02 937.96 3.75 213 992.68 1029.86 3.75 117 1289.56 1293.56 0.31 84
Cb2-6,4,50 1019.43 1057.57 3.74 119 1123.27 1141.25 1.60 106 1498.71 1499.76 0.07 81
Cb3-6,4,50 928.70 964.47 3.85 202 1023.93 1058.17 3.34 127 1317.85 1340.76 1.74 91
Cb4-6,4,50 812.65 866.18 6.59 186 883.97 948.25 7.27 119 1212.27 1230.52 1.51 84
Cb5-6,4,50 896.63 939.03 4.73 157 980.65 1007.56 2.74 115 1285.30 1310.58 1.97 89

a Gap is given in percentages, b Runtime is given in seconds.
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Table 15: Correlated Demand - No Correlation and Positive Correlation

Mixed correlation (ρ = 0.3) Mixed correlation ρ = 0.7

Instance LB UB Gapa CPUb LB UB Gap CPU

Cb1-2,3,30 706.90 732.85 3.67 20 770.51 798.66 3.65 50
Cb2-2,3,30 627.36 656.51 4.65 20 684.53 705.47 3.06 32
Cb3-2,3,30 870.61 884.51 1.60 18 966.32 966.32 0 20
Cb4-2,3,30 700.07 716.02 2.28 24 767.57 773.63 0.79 19
Cb5-2,3,30 660.65 677.74 2.59 35 701.25 729.54 4.03 35
Cb1-3,5,30 589.63 602.04 2.10 45 633.40 645.42 1.90 44
Cb2-3,5,30 644.12 644.44 0.05 45 674.96 674.96 0 44
Cb3-3,5,30 603.66 631.99 4.69 42 634.78 638.98 0.66 39
Cb4-3,5,30 603.26 632.26 4.81 47 642.41 650.58 1.27 100
Cb5-3,5,30 720.07 720.57 0.07 53 760.82 767.24 0.84 50
Cb1-6,4,30 654.52 662.76 1.26 24 695.69 695.69 0 27
Cb2-6,4,30 605.17 613.23 1.33 31 638.62 655.97 2.72 36
Cb3-6,4,30 618.62 642.73 3.90 25 671.60 683.54 1.78 26
Cb4-6,4,30 546.43 559.44 2.38 22 578.14 594.58 2.84 21
Cb5-6,4,30 571.01 614.50 7.62 24 634.05 657.57 3.71 27
Cb1-2,3,50 1113.29 1144.70 2.82 195 1182.26 1248.56 5.61 417
Cb2-2,3,50 1134.10 1217.06 7.31 351 1224.23 1257.71 2.73 545
Cb3-2,3,50 1124.77 1177.04 4.65 160 1261.79 1279.62 1.41 156
Cb4-2,3,50 1170.18 1199.72 2.52 164 1253.61 1269.41 1.26 267
Cb5-2,3,50 1015.95 1043.14 2.68 122 1078.74 1138.77 5.56 145
Cb1-3,5,50 938.01 981.83 4.67 450 987.03 1041.18 5.49 614
Cb2-3,5,50 983.20 1025.32 4.28 254 1061.51 1095.73 3.22 288
Cb3-3,5,50 1008.79 1047.33 3.82 269 1104.54 1142.00 3.39 344
Cb4-3,5,50 901.76 943.97 4.68 264 967.24 1000.31 3.42 331
Cb5-3,5,50 840.80 887.74 5.58 277 907.18 942.22 3.86 406
Cb1-6,4,50 920.66 932.37 1.27 190 1005.25 1016.42 1.11 238
Cb2-6,4,50 1057.55 1093.42 3.39 146 1144.70 1172.01 2.39 180
Cb3-6,4,50 950.49 988.88 4.04 227 1017.35 1050.01 3.21 190
Cb4-6,4,50 844.40 890.83 5.50 201 903.09 949.74 5.17 193
Cb5-6,4,50 922.57 930.48 0.86 132 1005.89 1018.61 1.26 208

a Gap is given in percentages, b Runtime is given in seconds.
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