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Abstract

We describe and analyse a globally convergent algorithm to find a pos-
sible nonisolated zero of a piecewise smooth mapping over a polyhedral
set, such formulation includes Karush-Kuhn-Tucker (KKT) systems, vari-
ational inequalities problems, and generalized Nash equilibrium problems.
Our algorithm is based on a modification of the fast locally convergent
Linear Programming (LP)-Newton method with a trust-region strategy
for globalization that makes use of the natural merit function. The tran-
sition between the global to local convergence occurs naturally under mild
assumption. Our local convergence analysis of the method is performed
under a Holder metric subregularity condition of the mapping defining
the possibly nonsmooth equation and the Hélder continuity of its gradi-
ent mapping of the selection mapping. We present numerical results that
show the feasibility of the approach.

Keywords: Nonlinear equations, Newton method, global convergence, su-
perlinear convergence, LP-Newton method

1 Introduction

Nonlinear system of equations are prominent in natural sciences, engineering,
social science and many other areas. They appear frequently in the modelling of
many real life applications, as fluid mechanics, quantum field theory, chemistry,
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economics, finance to cite few of them. Thus, we propose a method for solving
constrained nonlinear system of the form

F(z) =0, z€Q, (1)

where 2 € R" is a given polyhedral set and F' : R™ — R™ is a continuous map-
ping. The set of solutions of is denoted by Z := {z € Q: F(z) = 0}, which
is assumed to be nonempty. One of the most widely used algorithm for solving
nonlinear systems of equations when 2 = R"™ and F' : R® — R" is a smooth
mapping is the Newton’s method which is described in almost all text books
on numerical analysis and continuous optimization [9, 26]. Other well-known
algorithms are Gauss-Newton methods, inexact Newton methods, quasi-Newton
methods, Levenberg-Marquardt (LM) methods which are very well studied in
several books [25] [B T0]. Such methods have local fast convergence properties
under a nonsingularity assumption at the solution (which implies the locally
uniqueness of the solution) and smoothness of the data.

In order to deal with the lack of smoothness and non-uniqueness of the solu-
tions, several approaches have been considered in the literature. For the differen-
tiability issues, we can mention the big breakthrough given by the development
of semismooth Newton methods, see [29] and references therein. Observe that
nondifferentiable system of equations arise naturally in the study of nonsmooth
reformulations of the KKT system, complementarity systems [I1], variational
inequalities [17], etc.

Recently, there are several approaches to relax the nonsingularity assump-
tion and still maintain a fast rate of convergence. A common way is to consider
the error bound condition (EBC) near a solution Z, which state the existence
of w > 0 such that dist(z,Z) < w||F(z)|| holds for every x sufficiently close
to z. The EBC (or Lipschitzian error bound or metric subregularity) has been
an important and useful property for the study of stability issues [27], com-
plexity theory results [§], fast convergence rate, analysis of critical multipliers
for nonlinear systems and optimization problems, e.g. [I8| [I3] and references
therein. Indeed, it can be argued that the local quadratic convergence rate of
the Newton’s method was not due to the nonsingularity of the Jacobian but to
the existence of an EBC near to the solution. Despite the advantages of the
EBC, there are important problems where such condition fails, see for instance
[1,22] and references therein. A weaker condition than the EBC is the Hdlderian
error bound condition, that holds at Z € Z, if exist ¢ € (0,1] and w > 0 such
that dist(z, Z) < w||F(z)]|? holds for every z sufficiently close to Z. A simple
example is F(x) := 2% with Z := 0, in this case, Z = 0 is the unique solution,
g=1/6and w=1.

A very interesting method for solving is the Linear Programming (LP)-
Newton method, where at each iteration a linear optimization problem must be
solved [I2]. The LP-Newton method for constrained equations maintain several
properties of the classical Newton’s method, as the local superlinear convergence
but it is able to deal with possibility of nonisolated solutions and nonsmooth
mappings. Later, a globally convergent algorithm based on the LP-Newton



subproblems and with a linesearch procedure, has recently been developed [14].
For other variants of the LP-Newton method, we cite [24] 23].

In this manuscript, we introduce and analyse a globally convergent itera-
tive method for solving constrained nonlinear system of the form where the
mapping F' is a piecewise smooth function, the set the solutions has not nec-
essarily an isolated point and possibly the EBC may not hold at any solution.
Similar to the LP-Newton, in each subproblem the new method solves a lin-
ear optimization problem, and fast convergence results can be obtained under
Holder-type conditions (Theorems and . To obtain global convergence
results, a trust-region-like procedure is proposed which guarantee convergence
to stationary points in the sense of Definition The new method neither use
line-search techniques as [I4] [15] nor force sequences as some globally inexact
Newton’s methods [7].

We organize the rest of this paper as follows: in Section [2} we survey some
basic results and preliminary considerations. Section [3] presents our main algo-
rithm with the global convergence analysis. The globalization is based on the
trust-region procedure for the natural merit function, which is the norm of the
mapping defining the system of equations. The transition from global to local
convergence analysis is studied in Section [d] with the local convergence of the
method under several assumptions including the Hélderian error bound condi-
tion of the mapping defining the system of equations. Our numerical results
are in Section [5] Finally, in Section [6] we give some conclusions, remarks and
observations.

2 Basic definitions and preliminary considerations

Our notation is standard in optimization and variational analysis [28]. The
Euclidean n-dimensional space is denoted by R™. We use || - || to denote the
norm of the space, which is not necessarily the same in all the spaces. We stress
that different norms serve for different purpose, for example: | - || = || - |1
in R™ is used to induce sparsity and || - || := || - ||oo iIn R™ for component-wise
minimum error. We denote by B the closed unit ball and B(z, ¢) := x+£B is the
closed ball centered at x with radius € > 0. The dual norm || - || is defined by
lv] == Tg}é{(y, x) where (-, -) is the Euclidean inner product. For instance, if

I || is the ¢1 norm, then |||« is the £, norm. For a given set X, we use conv(X),
cl(X), int(X) to represent the convex hull, the closure and the interior of X,
respectively. The distance from z to X is dist(z, X) :=inf{||z — z| | x € X}.

A sequence of nonnegative scalars {ay} converges Q-superlinearly to zero
with order ¢ > 1 if there is C' > 0 such that a1 < Caj for k large enough.
When ¢ = 2, then {ay} converges Q-quadratically to zero. Also, {ay} converges
R-superlinearly to zero with order ¢ if it is bounded by a sequence converging
Q-superlinearly to zero with order q.

For any function f : R" — RU{oo} and any point Z with f(Z) < co, v € R"
is a subgradient of f at Z, denoted by v € Of(Z), if there exists a sequence v



converging to v along with a sequence z* — Z with f(z*) — f(z) such that
f(@) > f(a®) + (WF,x = 2F) + o[z — =)

Along this work we will assume that F' : R® — R™ is a piecewise smooth
mapping, i.e., F' is a continuous mapping and there exists a finite family of
continuously differentiable mappings F',..., FP : R® — R™, called selection
mappings, such that

F(x) € {F*(2),...,FP(x)}.

By [11, Lemma 4.6.1], F' is locally Lipschitz continuous. For this class of map-
pings subsummes various important problem classes, as complementarity
problems (which include KKT systems and generalized Nash equilibrium prob-
lems) and variational inequalities, see for instance [I11 [19] 6]. The Jacobian of
the selection mapping FY at x will be denote by G,(z), and the index set of
selection mappings active at x € R" is

A(z) = {j € {1,....p} | F/(z) = F()}.

Now, we proceed with a new and local method for solving that we call
LP(n,0)-Newton method. At each iteration, it solves a minimization problem
which is a modification of the subproblem of the LP-Newton method proposed
in [12] but, to deal with the possibly lack of derivative of F' and the failure of
the EBC, we add some parameters n7 and 6. On the other hand, the parameter o
in Algorithm [I]is related with the radius of a trust-region procedure, described
in Algorithm [2] used as globalization strategy. The LP-Newton method of [12]
is a particular of LP(7,#)-Newton method by taking o =1, n =2, § = 1 and

-l =1 floo-

Algorithm 1 (Pure) LP(n, §)-Newton method.

Take p,n,6 > 0. Initialize with £ = 0 and 2° € Q.
1. If F(z*) =0, stop.
2. Choose Aj, C A(z") and compute (d*,7;) as a solution of the subproblem

minimize ol

(dy)
subject to || F(z") + G;(z")d|| < v|[F(=*)|", V)€ Ay, 2)
ldll < vell F(z*)]°,
F+deq.

3. Set zFt1 .= zF + d¥ and k = k + 1. Go to Step 1.

Observe that LP(n,#)-Newton method is always well defined since the con-
straints are always feasible. When the involved norms are the /1, ¢, or more
generally if || - || is the Minkowski gauge function of a symmetric polyhedral set



with nonempty interior (see [28, Exercise 11.20]), the sub-problems ({2)) are linear
optimization problems. To obtain superlinear convergence near to a solution T
satisfying the Holderian error bound condition, the parameters (7),6) must be
in some region described in Theorem [4:4] and Theorem [4.6] which depends on
the Hoélder exponent ¢ € (0, 1].

To globalize the method, we propose Algorithm [2] which is described in de-
tails in Section[3] At each iteration k, Algorithm [2]looks for a sufficient decrease
of the merit function ||F(x)||. Such decreasing condition is the following;:

1F(@* +d°)| < [|F@")] - oA, (3)

where o € (0,1) and Ay, := ||F(z")|| — 3 ||F(z*)||”. The number Ay, is a non-
negative scalar measuring the predicted reduction (Corollary . The glob-
alization mechanism of Algorithm [2| is actually a trust-region method. This
assertion will become clear in Section |3| Note that expression is equivalent
to o < (||[F(z%)|| = ||F(z* +d")||)/ Ak, which can be interpreted as an acceptable
ratio between the achieved reduction and the predicted reduction (see ) It
is worthy to note, that the transition from global to fast local convergence oc-
curs naturally under weak assumptions. Finally, we observe that for our global
convergence analysis, we only require that the parameters n, # must be positive.
To study the global convergence of Algorithm [2] we need to analyse the
natural way of globalizing the constrained nonlinear system of equations
which consists of solving , and to consider the first-order optimality condition
associated to it.
minimize  ||F(z)|| (@)
subject to x € Q.

Clearly, the merit function in is locally Lipschitz continuous since f(x) :=
g(F(z)) with g(y) = ||ly||. Thus, by [28, Theorem 8.15], the associated first-order
necessary optimality condition at Z € ) is

0 € 9f(Z) + Na().

Furthermore, from [28, Theorem 10.49], we can upper estimate Jf(Z) by

0f(z) c | J{OWF)(2) | v € 9g(F(x))}, (5)

where (vF)(z) := (v, F(z)) and 0g(y) = {v € R™ | [|v]l. <1, (v,y) = [lyl}, see
[28, Corollary 8.25]. We stress that for a nonsmooth mapping F' the inclusion
in may be strict. Thus, for our analysis, we will consider an optimization
problem where stationary points involve the right-hand side set of . It can be
seen that, Z is a local solution of (4) if and only if (Z, || F'(Z)|)) is a local solution
of

minimize ol

(z,7)
subject to  ||F(z)|| <, (6)
x e Q.

First, consider the next lemma whose proof follows straightforward arguments.



Lemma 2.1. If K :={(y,7) e R" xR | |ly|| < 7}. Then, K is a closed convex
cone with (negative) polar set K* = {(¢,t) e R™ x R | |9« < —t}.

Thus, necessary optimality conditions of @ can be stated as follows.

Proposition 2.2. If (z,%) is a local solution of problem (6) then 5 = |[F(z)||
and there exists v € R™ such that

0€d(WF)(x)+ No(z)  with |v|. <1, (v, F(z)) = [|[F(Z)].
Proof. Clearly, @ is equivalent to
minimize 73 (z, ) + 6k (F(x,7)) over (z,7) € Q x R,

where m(z,7) =7, F(x,7) = (F(@),7), K = {(y,7) € R" xR | |ly|| < 7} and
dx is the indicator function of K, i.e., dx(z) = 0 if z € K and dx(x) = o0
otherwise.

To obtain the result, we will show that the following constraint qualification
holds:

0 € I(CF)(#.9) + Naxr(z,9), (€ Ng(F(z,7)) = ¢=0.  (7)

Indeed, take ¢ := (v,s) € R™ x R, it can be seen that d(CF)(z,7) = {(v,s) |
v € O(WF)(Z)}. From Noxr(Z,75) = No(z) x {0} and the first inclusion in
we get s = (. Since K is a cone, ( € NK(ﬁ( 7)) if and only if <C,F(x,'y)> = ()
with ¢ € K*. Since s =0 and ( = (v,s) € K*, lemmaimplies that v =0
and hence, ( = 0.

Now, the fulfilment of the constraint qualification (7)) and [28, Exercise 10.52]
guarantee the existence of a vector { = (v, s) such that

0 € (s + CF)(&,7) + Noxr(z,7) and ¢ € Nk(F(2,7))- (8)
From the first inclusion of (8)) and by m5(z,v) = (0, 1), we see that
0€ d(wF)(Z)+ Nq(Z), and s=-L1.

The second inclusion of (8]) implies ||v|. <1 and 0 = ((, F\(:E,"y)) = (v, F(2)) —
¥ <||F(Z)|| — 7. By the feasibility of (Z,7), we get ¥ = || F(Z)]. O

Clearly, in the previous result, if the local solution (z,¥) satisfies F(z) # 0,
then [|v]|« = 1, since ||v||. < 1 implies (v, F(Z)) < || F(Z)]|.

In this Work instead of (v F)(z) we will use its convex hull, i.e., conv (9(vF)(z)).
Since vF is locally Lipschitz continuous, by [28, Theorem 8.49], conv(@(uF)(a’c))
is the set of Clarke subgradients of vF at . Moreover, by [28, Theorem 9.61]

conv(9(vF)(z)) = conv{G;(z)Tv | j € A(z)},

where A(z) := {j € {1,...,p} | = € cl(int(D;))} with D; = {x € R" | j €

A(x)}. Note that when no spurious selection mappings are active in those
points where F' is nonsmooth, formally, when D; = cl(int(D,)) for all j, we
have that A(z) = A(zx) for all z. Thus, to be consistent, we introduce the
following.



Definition 2.1. We will say that (Z,7) is a Clarke stationary point of problem
© if 7 = |F(@)] and

0 € conv{G;(z) v | j € A@), |[v|l« <1, (v,F(z)) = |F(Z)| }+Na(Z).
When it is clear in the context, we refer = as a Clarke stationary point.

With Definition 2:I]in mind, Proposition [2.2) says that if Z is a local solution
of minimize ||F(z)| over z € Q, then (Z, ||[F(Z)||) is a Clarke stationary point.

3 Global convergence

To globalize the LP(n, 8)-Newton method, we present Algorithm Different
to other globalized methods for solving based on line-search procedures, we
use a trust-region approach. Here, the parameter g is related with trust region
radius and Ay to the acceptance of the trial point.

Algorithm 2 Globalized convergent algorithm
Take o € (0,1), 8 € (0,1), n > 0 and 6 > 0. Initialize with £ = 0, g9 > 0 and
0
x” € Q.
1. If F(2*) = 0, then stop. Otherwise, choose Aj, € A(z").

2. Compute (d*,~;) as a solution of the subproblem

mi&irr%ize ol

o

subject to  ||F(x") + G;(z")d|| < ~||F (™))", Vj € A,
ld]l < ~vorl| F(=™)]°,
F+deq.

3. Compute the nonnegative number Ay where
Ay o= [|F ()| = el F (=)™ (9)
If Ag =0, then stop.

4. If |F(z* + d¥)|| < ||F(2*)|| — oA go to Step 5. Otherwise, set o = Sox,
Ar = Ay U {j} for (possible empty) j € A(z* + d*) N A(z*), and go to
Step 2.

5. Set zF T = 2F 4 dF, ok+1 = oo and k = k + 1. Update n and 6, if were
necessary. Go to Step 1.

Some brief comments about Algorithm (i) In Step 2, A; is expected to
be smaller than A(z"), since in some applications the cardinality of the later
may be large enough, which may increase the computational cost of solving the



subproblems; (ii) as we said, the number Ay in Step 3 serves as a measure of
optimality and hence as a natural stopping criterion. Indeed, A = 0 if and
only if z¥ is Clarke stationary (see Corollary for the proper statement); and
(iii) in Step 4, we only update g and Ay if the sufficient decrease condition
fails. The algorithm is well-defined, since occurs after a finite number of
iterations as we will state in Proposition Note that we propose a modest
rule for updating Aj since we want to avoid large Ay.

We continue with the global convergence analysis. The next proposition pro-
vides necessary and sufficient conditions for optimality of minimization prob-
lems having the structure of the subproblems that appears in LP (7, #)-Newton
method.

Proposition 3.1. Let x € Q be a feasible point and let (,9,0 > 0. Consider A
a non-empty finite set of indices. Take a non-zero vector F' € R™ and matrices
G € R™*" for every j € A.

Then, (d*,v.) is a solution of the minimization problem

minimize Y

(d:y)
subject to  ||F 4+ G;d|| <~(, Vj € A, (10)
dll < v,
x+de .

if and only if there exist {1/} jes CR™ and pu € R™ such that

OE%ZG;‘-Fuj—&—%uﬁ—Ng(x—i—d*L (11)
jeA
DM+ ellull = 1, (12)
jEA
V4 = max {i. ?leaj{”F + Gyd*|, Qlﬁd*H} =1 Z(;ﬂ‘,F + Gid*) + 5 (p, d*).
JEA
(13)

Furthermore, the next relations hold
1
Ve = Z||F + G, d*||, for somer € A, (14a)

11 (RIF + Gyl =) =0, forallj € A lull (Zld") - ) =0;
(14b)
(V7 , F + Gid*) = [V ||| F + Gd*|, for all j € A; (u,d*) = ||ull|d"[|. (14c)
Proof. Assuming A := {j1,...,J¢} for some ¢ € N| is equivalent to
minimize
(d7) VN .
subject to  ||F(d)|| <7, deQ,



where Q = {d € R" | z+d € Q}, F(d) = (2(1? +Gy,d), .., %(F + Gy, d), ;d>

and the norm defined by ||z|| = max {mza( 71, g1||x||} forany z = (y7*,..., 4%, x).
JE

Since all the function are convex, necessary optimality conditions are suffi-
cient. By Proposition Y« = [[F(d")]] and there exists A = (V7' ..., 7% u)
such that

0€ F'(d*)"\ + Ng(d*), (15)

ML <10 (0 F(d) = [[F(d)]]- (16)

From the derivative of the affine function F and since Ng(d*) = Ng(z +d*), we
obtain from (I5). Furthermore, |F(d*)|| > 0, otherwise, F 4 G;d* = 0 for
all j € A and d* = 0, implying F' = 0, which is a contradiction. Thus, ||A|l. =1

from .

On the other hand, it is not hard to see that for the norm in R™A x R™ we
have ‘
I = S 171 + el
JjEA

Hence, we get (12)). Now, follows from ~, = ||F(d*)| = (A, F(d*)).
For the last assertions, since

< IS W AF + G+ Slallla = D 11+ ellall. | 7
JEA JEA

=S 10 (R1F + Gl = ) + elalle (5Nl =) <o,
JjEA

each term in the above summation should be zero. Thus (14b) holds.
1
In order to show ([14al), i.e., ZHF"‘Grd*” =, for some r € A, suppose that

1 1
E”F + G;d¥| < @Hd*ﬂ for all j € A. Then, from and (14b]) we get that

1 ,
Vo = —ﬂHd*H and ||’ ||, =0 for all j € A. Thus, from and (1)),
o

—_

1
0 <y = 5 d') = S(—pw — (@ +d) <0,

where in the last inequality we use x € Q and —pu € No(xz+d*). This contradic-
tion guarantee ||F' 4+ G,.d*||/¢ > ||d*||/(0¥) for some r € A. Now, using (14b)),



we obtain

0= (X F(d)) =

=D WL F+Gd) + gl d) = [ D1+ ellull | e

jeEA jEA
=) (W F 4+ Gid") = [VILIF + Gyd* ) + 5 (s d™) = [l 1)) < 0
JjEA
Thus, each term in the summation should be zero and (14¢c) holds. O

We stress that applying Proposition to subproblems in Algorithm [2] the
number Ay can be written as

A = IE@O =l @7 = IF )] = max | F(*) + G @h)d"|. - (17)

From the last equality, we may understood Ay as a measure of the predicted
reduction of the model. The proper statement will be given in Corollary [3.3]
From Proposition if A = ||F|| —~.¢ we have the following relations:

02 (—L 5, GTv — dpo— (e +d7))

= (5,eaGTv +3p.a7) (18)
=7 = (ESjear’ F) = 2(Cr — (1= ollull)IFI)
L(llull 1] — A, (19)

where we use for the first relation, (13) for the third relation and for
the fourth relation. Also, by (14b)) and (14c|), we have

=l 1A = [ (Gve = IF1) = W1 F + Gjd*[| = 7| I
= (W, F +Gyd") = ||V || FIl < (v, G;d"). (20)

In order to simplify further results, we state the following auxiliary proposi-
tion.

Proposition 3.2. Let d”, {7 tiea and p satisfy (11) and . Suppose that
VI, F) = ||| F||, <GTVJ d*) >0 forall j € A, and w=0. Then

0¢e COHV{G?V lie A vl <1, (v, F) = ||FH} + Nq(z).

Proof. Since (GJTVj,d*> >0,Vj € Aand p =0, from and for any y € €,

0= <_%2jeAG;“FVj _%M73/_(”3+d*)> =z %<_2jeAG?Vj’y_x>'

10



Thus, setting A* = {j € A |17 # 0}, we obtain

) . J
0€ > 6TV + No(w)= Y |V7].GT o + Nala),

G
jEA JEA* Hl/]”*
where (17 /||v7||., F) = |F|| for every j € A* and, by (12), Z V). =1 O
JEA*

Clearly, the stopping criterion in Step 1 of Algorithm [2] corresponds to solu-
tions of problem @ Now, we can state that the stopping criterion in Step 3 of
Algorithm |2 corresponds to Clarke stationary points of problem @

Corollary 3.3. Under the hypotheses of Proposition let (d*,7.) be a so-
lution of problem (10). Then, the scalar A(¢,9,0) = ||F|| — 7. is always
nonnegative, and A(¢, 9, 0) =0 if and only if

0e Conv{G;‘-FV |je A |lvl. <1, (v, F) =||F||} + No(z). (21)

When, (¢,9, 0) is clear to the context, we write A instead of A((,V,0).
1
Proof. First, we will see that A is non-negative. Indeed, since (0, EHF ) is

1
feasible for problem , then v, < EHF I. Clearly, the last inequality implies

that A > 0.

Now, we will prove the equivalence. If A = 0, then p = 0 by (19) and
<G?l/j, d*) > 0 by (20). Combining this with we obtain <Gjruj,d*> =0 for
all j € A. Hence, by (14D)), and by 0 = ||F|| — 7., for all j € A, we have

[ L EI = Clle? e = [ L |1F + Gjd* | = (7, F + Gd*) = (v, F).

Thus, from Proposition holds. ‘
For the converse, suppose that there exist v*, o;; withi =1,...,kand j € A

k
satisfying [|v]. < 1, (v', F) = ||F||, ayj € [0, 1], Z Zaij =1 and
i=1 jeA

k
0e Z Z OtiijVi + NQ(Z‘)

i=1jeA

k
Now, since z + d* € ), we see that <— Z Z aiijVi7d*> < 0. Then, using
i=1jeA
this inequality, we get

k i k i *
IEl =i ZjeA o (V' F) < 3y ZjeA g (', F + Gd)
k 7 * k
< Dim1 2jea @V I E + Gid™ || < 325y Do jea @igCrs = (s
which implies A < 0 and thus A = 0. O

11



We should stress that the previous result shows that if we solve for
some positive parameters ¢, 1, 0 and A((, 9, 0) = 0 then, A(¢, 9, o) = 0 for any
positive parameters ¢, 9, o.

Let us show that the reduction in Step 4 is performed finitely many times,
and thus, Algorithm [2]is well-defined.

Proposition 3.4. Suppose that x € Q, F(x) #0, (,9,0 > 0, Ay C A(z) and
0,8 € (0,1). Let Ay = ||F(2)| — V¢, where (d',7:) is a solution of

minimize

(d)y)
subject to  ||[F(z) + Gj(x)d| <~¢, Vi€ Ay, (22)
d]| < o079,
r+def

Consider the recursive rule 0141 = Bor and A1 = Ag U {j} for (possible
empty) j € A(x + d") N A(x). Then, there exists a iteration t, > 0 such that
either Ay, =0 or ||[F(x +d™)|| < ||F(2)| — oA, .

Proof. By contradiction, consider that for all t we have A; > 0 and || F'(z+d")|| >
| F(x)|| —oA;. Let us denote by {¢*} and u* the Lagrange multipliers given by
Proposition Since A; > 0, by we have ||[F(2)|/¢ > v > ||d']|/ ().
Thus, {d'/o;} is bounded, o; — 0 and d' — d = 0. Also, by ,

Ay =||F(2)] = ¢y < [|F(@)l| = |IF(2) + Gj(x)d"|| for every j € Ar.  (23)
On the other hand, by , we obtain
A¢ = oflpf ||| F ()] (24)

As d' — d = 0, we see that A(z + d') C A(x) for t large enough. Now, by
the updating’s rule of A;, we see that A; = A and A(z +d") C A for all ¢ large

enough. Then, by and (24), for j € A(z + d")

1F7 (@ + d)|| = | F7 (2) + Gj(a)d'|| = | F(z + d")|| = ||F () + G;(x)d"]
> [P (@)l = |1 F(2) + Gj(x)d'|| — oA,
> (1= 0)Ar = (1= a)or|l ||| F ()]

By continuity of the derivative of FV, we have | FY (z+d") | —|| F? (z)+G,(z)d"|| =
o(||d"|]). Dividing the above inequality by ¢, using that {d‘/g;} is bounded and
taking limits, we obtain p‘ — i = 0. Now, taking subsequence if necessary, we
have v% — 7 for j € A. Thus holds replacing d*, pu and 7 by d, fi and 77,
respectively. Also, since d = 0, from we have |77 ||.||F(z)|| = (7, F(x)).
Thus, applying Proposition and Corollary we should have A; = 0 for
allt > 0. O

From the previous results we can show that the proposed algorithm is glob-
ally convergent under the following assumption.

12



Assumption 1. |F(z)|| < ||F/(x)| for all j € {1,...,p} and all x € Q.

This assumption was used in [I4] and, as noticed in the mentioned work, it
holds for a suitable reformulation of the mixed complementarity problem

a(z) =0, b(z) 20, ¢(z) 20, d(z) 20, (c¢(2),d(2)) =0,

where @ : R®" — RL b : R® — R®, ¢ : R® — R™ and d : R — R™. The
associated problem is given by 2 = R" x R} x R" x R and

F(z,u,v,w) = (a(z), b(z) — u, c(z) — v, d(z) — w, min{v,w}). (25)

For this problem, Assumption [I] holds for any ¢, norm.
We now state the main result of this section.

Theorem 3.5. If F satisfies Assumption then for every z° € Q, Algom'thm@
either

(a) stops in some iterate x* such that (z*||F(2*)|) is a Clarke stationary
point of problem (@, or

(b) it generates an infinite sequence {x*} such that every limit point T satisfies
that (z,||F(z)|) is a Clarke stationary point of problem (6)).

Proof. Let {z*} be the sequence of iterates given by the algorithm.

Partl@ Suppose that the sequence {xk} is finite. Let 2 be the last element,
then either F(z*) = 0 or Ay = 0. In the first case (z,0) is a solution of problem
@ and hence a Clarke stationary point by Proposition In the second case
(. ||F(z)]) is a Clarke stationary point by Corollary

Partlﬁ Assume that {z*} is a infinite sequence. Then, for all k, F(2*) # 0,
Ag > 0 and ||F(z"Y)|| < ||F(2%)| — 0Ag. Let & be a limit point of {2*} and
let I be the index set such that ]lclerrlé a* = z. If F(z) = 0, there is nothing

to prove. Let F(z) # 0. Thus {||F(z")||} is a decreasing sequence such that
Jim || F(x M= |F@)| > 0 and Jim Ag = 0. Let G = [|[F(z®)||" and 9y =
—

| (%)) Thus7 . q ) hold replacmg z, F, G;, ¢, 9, Q, d*, v, A, V7
and by o Ck, Vg, Ok, d*, i, Ak, V" and pF, respectlvely

From ( ., we see Ak 2 ngu |« || F(2*)|| and taking limits, khm gk||,uk'||* =0.
—o00

Consider two cases depending if g converges to zero or not.
(bl). If gk does not converges to zero. Take g > 0 such that g > 9 > 0.

In this case, u* — p = 0. Without loss of generality, assume that ’111% vk =
€

i A = A for all k € K and 1im d* = d*. The result follows as in the “if

part” proof of Corollary [3.3] - Takmg limits for k € K, from and ., we
obtain <GT1/J d*) = 0 and hence (1™, F(z)) = ||v*|.||F(z )|| Thus applying
Proposmon [3-2] we conclude that the point (Z, ||F(z)||) is a Clarke stationary
point.

(b2). If g — 0, then, from Algorithmand for o, = B Lok, we obtain that

|F (" +d")| > | F(a*)| — oAy with Ay = | F(a¥)]| = GAx > 0,
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where (Jkﬂk) is a solution of problem for g,. Denote by 7%/ and i the
associated Lagrange multiplier for this problem. Following the algebraics in the
proof of Proposition {d*/5x} is bounded and for any j € Aj we have

[P (" +d")| = |F(@*) + G;(a")d*|| > ||[F(@*)[| = | F(a*) + G («*)d|| — oAy
> (1= o) gkl 2" ||| F ()]
On the other hand, by Assumption [I] for any j € A
1F (" +d") ||| F7 (%) +G; (") d¥|| < || F7 (2" +d")|| = || F7 («*)+ G5 («*)d" | = o(]|d"]))

where we use that [/ is continuously differentiable. Since ||F(2*)|| > ||F(z)|| >
0 and {d*/g;} is bounded, we get klim i* = i = 0. Now, taking subsequence
—00

if necessary, assume A, = A for all sufficiently large k € K and }CIII}% r =,
€

Since lllrr’é d* = d* = 0, from (T4d) we obtain |77 ||.||F(Z)|| = (77, F(z)) for all
€
j € A. Thus, by Proposition (Z, ||F(Z)]) is a Clarke stationary point. O

As the reader has noted, our global convergence result depends on the be-
haviour of Ay independently of any positive parameters 1 and 6 (see eq. )
However, a suitable choice can improve the rate of convergence as the next
example shows.

Example 3.1. Consider problem with F(x) = x and Q = R. Taking 2° > 0,
Algorithm |9 generate sequences with
A _ P+ d¥] |z

SRl — k
Qk|xk|9+|xk|nx s Tk |g;k|77

" = , abdt =

= ‘lexk‘e + ‘$k|ﬁx

Hence, Ay, = |2¥|— |27 = |2%|—|2F +d¥| and the sufficient decrease condition
in Step 4 is satisfied. Then, o = 0o for all k. Obtaining x* — 0 and

1

k1) _
== QkJrlx’“I"""x

k|1+77—9 — |.’L'k+1| S i|xk‘1+n—0_
©o

The influence of the parameters n and 6 in the method will be clear in
Section [d where a good choice of 6 and 7 lead us to a fast rate of convergence
of the algorithm under mild assumption. As we will see the parameters (7, 6)
are a way to deal with the possible absence of derivative of F' and the failure of
the error bound condition near the solution set.

4 From global to local convergence

The purpose of this section is twofold: to show fast convergence results for
Algorithm [I| under some assumptions that do not include local uniqueness of
solutions or differentiability; and to see, under the same assumptions, that the
transition of Algorithm [2] to Algorithm [I] occurs naturally since the sufficient

14



decrease condition in Algorithm [2| is accepted for any iterate sufficiently
close to the solution set.

Let T be a solution of (1)) and let L > 0 be the scalar that satisfies ||F(x)| <
Ldist(x, Z) for all z close to . Clearly, the opposite inequality is the EBC, and
our analysis will consider a wider class of functions.

Assumption 2. There existeyg > 0, w > 0 and q € (0,1] such that dist(x, Z) <
w||F(x)||? holds for every x € B(Z,ep) N Q.

This assumption provides an upper bound for the distance from any point
sufficiently close to Z based on the value of |F(x)|. Such property is also
known as Hdélder metric subreqularity of order q. When ¢ = 1 we have the
EBC, extensively used in local analysis and studied for instace in [21], [].

Assumption 3. There exist eg > 0, K > 0 and a > 0 such that
[1F7(y) — F(z) = Gj(2)(y — 2)|| < Klly —«|/'** (26)
holds for all j = 1,...,p, everyy € B(Z,es)NQ and every x € B(Z,es) NN\ Z.

Clearly holds if F is differentiable on B(Z, e5) N2 with derivative being
Holder continuous with exponent a. When F' is piecewice affine, holds for
all @. The parameter o attempt to measure the degree of smoothness of the
selection mappings.

Assumption 4. There exists €4 > 0 such that A(z) = A(Z), Vz € B(Z,ea)NZ.

It is easy to see that the set-valued mapping A is always upper semi-
continuous. In this context, Assumption [f] implies continuity of A at Z relative
to Z. This property was also used in [12] Proposition 6] for convergence results.
This condition holds for problems of the form at points satisfying the strict
complementarity condition.

Before continue, we stress out some differences between the results given in
this section and the previous one. By Theorem [3.5] any limit point of the se-
quence {xk} generated by Algorithm [2|is Clarke stationary under Assumption
and the continuous differentiability of the selection mappings defined on R".
Meanwhile, in this section, under Assumptions [1| to [4| (which do not imply the
differentiability of the selection mappings on all R™) Algorithm [1f converges to a
solution for every initial point sufficiently close to the solution set. Furthermore,
under the same assumptions, always is accepted, and neither o nor Ay are
updated.

Now, to establish fast convergence rate for Algorithm the parameters (7, )
must be in a suitable set. Here, we consider two different regions defined as

1 1
= ) € R? ‘ 1 - — —0>--1 2
Ril0) = {.0) € B a1+ ) = o >n-0> 11} e

and

Ra(q,0) = {(n,0) € RE [1<0(1+0a) <q(l+a), 1<n<ql+a)}. (28)
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Clearly, both sets depend on the parameter (g, «). They appear when we analyze
the convergence rate of the sequence {2*} generated by Algorithm [I} R (g, @)
comes when we study the behavior of dist(z*, Z), and R (g, a) when we consider
the behavior of ||[F(z")||, which are not necessarily comparable since the EBC
may not hold. For a geometrical interpretation of R1(g, ) and Ra(q, ), see
figs. [[] and 2] in the next subsections.

Proposition 4.1. Let T be a solution of satisfying Assumptions |4 to .
Then, there exists g > 0 such that if =¥ € B(Z,e0) N Q with F(z*) # 0,
Ar € A(z%) and (d%, 1) is a solution of problem for 0 = oy, it holds that

Ve < Bolpr) I1F (z)]|%, (29)
|F (%) 4+ G (a*)d*| < Bi(or) dist(z®, Z)1,  Vj € A, (30)
1d¥ | < Ba(ok) dist(z*, Z)%, (31)

where qo, q1, q2 are defined by
qo = min{q(14+a)—n,q—0}, ¢1 = min{l+a, 149—0}, g2 = min{1, 1+a—(n—0)/q},

and Bo, B1, B2 by ﬁO(Qk) = max {le—s-oz,w/gk}, ﬁl(Qk) = maX{K, Ln—ﬁ/gk}
and By (or) = max{1, o Kw™= 9/}

1
Proof. Choose gy < imin{aH,ES,sA} satisfying A(z) C A(Z), dist(z,Z) <

min{1,1/L} and ||F(z)|| < Ldist(z, Z) for any 2 € B(Z,&0) N Q. Take 2* €
B(Z,e0) and let z¥ € Z be such that ||2* — 2*|| = dist(2", Z). Observe that
27 € B(z,2¢0) because

|28 — z|| < dist(z®, Z) + ||l2* — || < 2[j2" — Z|| < 2¢0.
Using Assumptions [3| and |4} for every j € A, € A(Z) = A(2*) we get that
|F(2%) + Gj(a®) (2" = 2®)|| = | F7(2*) = F7(a*) = G (a*) (2% — 2P|
< K||2F — 2F |t = Kdist(2®, Z2)1 1

_ Kdist(zF, Z)1 e

zF)|".
Famp 1]

Clearly, we always have that

dist(a*, Z
kkaH: IS(CE, )

k0

Iz

Thus, if (d*,~;) is a solution of (2)) then

Kdist(zk, Z)1T  dist(z, Z) }

V& < max{ ’
[E@®)I" 7 okl F(z*)]|®
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Now, in one hand, since dist(z*, Z) < w||F(z*)||? and ||F(z*)| < 1, we have
Ok

Obtaining .
On the other hand, we will bound || F(z*)||" and vzox||F(z*)||?. Indeed,
by ||F(z%)| < Ldist(z*, Z) and dist(z", Z) < 1, we get

1
Y| F(z*)]|" < max {Kdist(xk, Z)e —dist(z*, Z)|F(xk)||’7_9}
Ok
< max {K7 L"_e/gk} dist (2", Z)mi“{1+“’1+77—9},
and from ||F(z*)|| 7 < w'/4dist(2*, Z) /4, we obtain

dist(z*, Z)t e
—||F(gck)||77—9 ,dist(z”, Z)

< max{1, o, Kw"=9/} dist(z*, Z)min{l:1+a=0=0)/a},

eor | P2 < max {QkK

Since (d*,~y) is feasible for problem (2)), then and hold. O

4.1 From global to local convergence in region R(q, @)

Let us describe our approach. First, Proposition [{.2|will show that the sufficient
decrease condition holds for every iterate near to Z, thus no reduction of the
trust region is needed. And then, we will state the main result of this subsection
in Theorem 4]

Now, some comments about region Rq(q, ) defined in . It can be seen
that R1(g, @) # 0 if ¢ > g4 (a) :== (Va2 +4(1 + a)3 —a)/2(1 + a)?, and in this
case ¢(1 + «) > 1. A graphic representation is given in fig. [I} It is interesting
to see that o — ¢4 (a) is a non-increasing function with ilg%) g+(a) = 1 and

lim ¢ (a) = 0. Thus, to ensure a rapid rate of convergence when the selection
a—r 00

mappings are not sufficiently smooth, more regular must be the constrained set
Z, that is, the Holder exponent ¢ must be close to 1. Also, if « = 1, we have
q > q4+(1) = (V33 —1)/8, the same lower bound considered in [1].

Proposition 4.2. Let T be a solution of satisfying Assumptions to with
(n,0) € Ri(g, ). Then, there exists eg > 0 such that for every z* € B(z,e0)NQ
with F(z*) # 0 and for any solution (d*,~y) of problem with Ay, C A(z¥)
and 0 = ok, it holds that Ax > 0 and

IF(@* +d°)| < [|F@@")] - oA

Proof. Let €y be given by Proposition and choose eg < €9. By , d* is
close to zero if 2* € B(z*,eq) for g small enough. Thus, for a small £g we will
have z¥ + d* € B(z*, €g). From Proposition there exists r € Ay such that
Wl E @)™ = [|F(2*) + Gy (2)d"|| and Ay = [[F(z")|| — ||F(z") + G (2")d"].
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Figure 1: The region Ri(g,«) is an open polyhedral with vertices
(max (1 — ¢)/q,0) and (g(),0) where g() := ¢(1+a)—(1+a)~*. Furthermore,
Ri(q,a1) C R1(q, az) whenever a; < ag. In the figure, ¢ > 1/2.

Now, using Assumptions [I| and [3| and the triangle inequality, we get that
IF (@ +d")|| = [|IF ()] < |F7(a* + d°) || = |F ()]
S|IFT (2" +d") = F7(2%) = Gp(a®)d"|| + || F(z") + G (2")d"|| — || ()]
< K||d*[I"T — Ay
From the last inequality, we see
IF (2" + d*)|| = | F(a*)]| + oAr < K[|d*||'F = (1 = 0) Ay (32)
On one hand, using and Assumption 2| we have
—Ap = ||F(z") 4+ G (aF)dF|| = | F ()| < B1(or) dist(zF, Z) — w/dist(zF, Z)1/
< —dist(z*, Z)1/1 (wl/q — B1 (o) dist(z", Z)ql_l/q) .
Thus, shrinking g we obtain that —A;, < 0 since, as shown below, ¢; —1/¢ > 0.

On the other hand, from (3I)) we have [|d*||*t* < B, (g),)' T dist(z*, Z) 20+,
Combining the last two inequalities with , we obtain

|F (=" + d)|| — | F(a®)]| + oA
(1 — o)dist(zk, Z)1/a

KB (or )+
1—0

< — (w_l/q — Bu(op)dist(zF, Z)n =11 - dist (2", Z)q2(1+a)_1/q> .

The right-hand side is negative for g small enough, since ¢; — 1/¢ > 0 and
q2(14+a)—1/q > 0. The last assertion comes from the definition of Ry and
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the fact that ¢; — 1/¢ > 0 if and only if 1 < ¢¢; = min{q(1 + «),q(1 +n —0)},
ifandonly if ¢(1+a)>1,n—0 > é —1. And ¢2(1 + @) — 1/¢ > 0 if and only
if 1 < q(1+ a)ge = min{q(1+a),q(1+ a)(1+a—(n—20)/q)}, if and only if
q(1+a)>1andq(1+a)—% >n—0.

1+«
Thus, for a small €¢, the sufficient descent condition is satisfied. O

As a consequence of this result, holds and g is not updated in Step 4
of Algorithm [2| Thus, for any z* close enough to Z, the parameter ) remains
fixed.

Corollary 4.3. Under the hypotheses of Proposition[{.3, and shrinking eq, if
z* € B(7,e0) NQ with F(z*) # 0 and (d*, ) is a solution of problem with
A C A(z%), it holds that

dist(z* + d*, Z) < B3(or)dist(z*, Z)%, (33)
where g3 = min{q(1 +a),q(1+a)(1+a—(n—0)/q),q(L+n—0)} and B3(or) =
2% max{B1 (o), K B2(0x) T}

Proof. Shrink e¢ given by Proposition such that, by , we get zF 4+ d*
B(7,e5) NB(Z,ex) and dist(z*, Z) < 1if 2 € B(7,¢q).
Using Assumptions [1| and and , and taking j € Aj we have that
IF (2" +d")|| < | F7(a* + a*)|
< ||FY (2" + d¥) — FI(a*) = Gj(a®)d" || + ||F («*) + G (=")d"|
< KHdk||1+a + ﬁ1(gk)dist(xk, Z)n
< 2max{K B2(or)+%, B1(0x) Ydist(zF, Z)min{(1+e)aa},

Thus, by Assumption [2] we obtain
dist(z® + d*, Z) < w| F(z* + d*)||2
< w (2max{K Ba(ox) ", B1(ox)})” dist(z", Z)mmnlali+elazan},

Thus follows by setting B3(ox) := 2% max{p(or), K B2(0x)*T*}%, and by
the definition of ¢; and g2

g3 = min{g(1+a)q2, q1 } = min{q(1+«), ¢(1+a)(1+a—(n—0)/q),q(1+n—0)}.
Observe also that, g(1 4+ a)g2 > 1 and gg1 > 1. Obtaining g3 > 1. O

Here we present the main result of this subsection. The proof follows the
ideas of [30, 1] used for the local convergence of the LM method but adapted
to our LP-Newton scheme. Observe that Theorem [£.4] provides a region in the
parameter space to ensure @-superlinear convergence, and also says that iterates
given by Algorithm [2] does not perform the globalization strategy when some
point z* is sufficiently close to a point Z satisfying Assumptions 1| to
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Theorem 4.4. Let T be a solution of satisfying Assumptions to |4}, with
(7,0) € Ri(g,a). Then, there exists e1 > 0 such that every sequence {x"}
generated by Algorithm[1], with oy, := 00, Ay := A C A(Z) and any initial point
2 € B(z,e1) N Q, satisfies that

1. {dist(zg, Z)} is Q-superlinearly convergent to 0 with order qs;

2. {|F(z*)||} is R-superlinearly convergent to 0. If qgz > 1, the sequence
{|1F(z*)||} is Q-superlinearly convergent to 0 with order at least qqs;

3. {z*} converges Q-superlinearly to a solution T with order qaqs.

Proof. We split the proof into three parts. First, we will show that {xk} always
stay in a bounded set; second, that {z*} is a Cauchy sequence, and finally, the
rate of convergence of the sequences.

Suppose that {xk} is a sequence generated by Algorithm Let <o, q1,
q2 be given by Proposition and £g, g3 be given by Corollary Define
e, :=min{l,eg,e0}.

a) Euzists an €1 > 0 such that if ||2° — Z|| < &1 then {2*} C B(Z,e.). By
induction, we will show that z* € B(z,¢,) for every k € N. Let 29 = B2(00),
B3o = B3(00) and

—1
a2 _
. Ex —q; ' o 71)_1
— 2 DY (g3 .
€1 = min { (1 n 252()) ) Bso }

Sincee, <land 1< q2_1, then z° € B(i‘,e*).
Now, take k& € N. Assume that z* € B(Z,¢) for i = 0,...,k. By Proposi-
tionand Corollary we have 27! = 2" +d" and o; = 09. For 0 <i <1<k,

we have
dist(z', Z) < Baodist(z'~1, 2)% < Al @ dist(a'2, 2)% < A= Bdist(al~, Z)%
O . . P - , a5
< Bégs 1)(qz—1) 1diSt(5El_Z,Z)q3 :ﬁ?)o(% n™ (ﬁégs 2 1diSt(xl_l,Z)> 3.
(34)

—1 . q
Let r; = (Bégrl) dist(z*, Z)) ° Using repeatedly we obtain

i 1
r < rfﬁi < 7*33.

Since dist(2°, Z) < 1, we get 7o < 1/2. From and with [ =i+ j, we
obtain

ot = 2T < ST e = | < Bao i dist(a?, Z)% = o 3o dist (a1, Z)%
. _ 1)1 _ 1)1 . q2 qi
< Bao Zi;g) 30112(113 1) [(ﬂ?()gs 1) dist (27, Z)) } s
l—i — _q\y—1 i _ 1)1 1—i J(gt—1
= Bao Zz:?) 30112(113 1) ,rjq_3 < 1620530%((13 1) r; ZZ:% T(E%(qg )]

_ _1) ! . _ _1\—1
< BaoBag Y 1y 0 0 < 280083 Yy, (35)
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i
where we use r; < 7"83 and rg < 1/2. From this inequality with [ =k and j =0
we obtain

_ _ —1
2%+ — &) < (|2 — Z|| + [Ja"+ — 20| < &1 + 2620852 %Y o

_ _1)1 _ 1)1 q2
S2€1+2[320530qz(q3 % (ﬂé‘é"’ Y 61) = &1 + 2B20ef?

< (1+2B0)ef? < e,

where we use ¢o < 1. Hence zF e B(z,e,) for all k > 0.

Now, by Proposition and by Step 4 of Algorithm [2| z**1 = 2% + d* Vk
and gy, is not updated. This observation says that Algorithm [[]and Algorithm 2]
generate the same iterates when the initial point z° is sufficient close a solution

b) {z"} is a Cauchy sequence. This follows from and from r; < Tgé, -0
if j — oo. Thus, {z"} converges to some point Z and since dist(z"*, Z) converges
to 0, we get T € Z.

c) The sequence {x"} converges to a solution with Q-order qaqs. Since {2*}
converges to a solution Z, taking limits for | — oo and j = £+ 1 in , we
obtain

—1

~ — —-1)~! - -1
ka—i—l 3 < 2620630[12(% ) i1 < 2/82053(;12((13 ) TIZS
a2q

< 260 By @D (BT dist(aF, 2)) " < 260853 | — 7|,

The last expression implies that {z*} converges Q-superlinearly to Z with order
q243-

Finally, note that ||[F(2")| converges R-superlinearly to zero since {dist(z*, Z)}
is Q-superlinearly convergent to zero and |F(z*)|| < Ldist(z*, Z). To obtain
Q-superlinear convergence with order at least gqg3 > 1, we only need to observe
that

| F (21| < Ldist(2*?, Z) < LBsodist(z", 2)% < LBsow || F(2*]|9%, (36)
where we have used Corollary [£.3] and Assumption 2] O

Remark 1. Under mild assumptions, Theorem[4.4) guarantees that the sequences
{dist (z*,Z)} and {z*} converge Q-superlinearly to 0 and to Z with order of
convergence ¢3(n,0) = min{q(1 + o), ¢(1 + a)(1 + o — (n—0)/q),q(1 +n —0)}
and q2(n, 0)gs(n, 8) respectively (where g2(n,0) = min{l,1+a—(n—=0)/q} < 1).
Clearly, the order of convergence of dist(z", Z) is not lower than the order of con-
vergence of z¥. Tt is natural to ask for what choice of (1, 0) € R1(q, a) we obtain
the best order of convergence. Thus, in this region, the best order of conver-

. . . (1+a)?-1
gence q3(n,0) and go2(n, 0)qs(n, ) is attained at (1, 0) with n—0 = qm
. 1+ q(1+ «) 1+q¢(1+a).,
whose optimal values are ¢(1 +a)————= and ¢(1+a)(————)~, re-
p q( )1+a+q a( )(1+a+q)

spectively. When, ¢ = 1 and o = 1, both orders of convergence are 2, as in
Newton’s method.

21



4.2 From global to local convergence in region Rs(q, @)

From Proposition [£:2] any iterate very close to a solution and under a suitable
choice of the parameters, the sufficient decrease condition is accepted and g
is not updated. Unfortunately to use R1(q, «), the parameter (1, ) must satis-
fied certain inequalities that depends on the knowledge of the possibly unknown
Holder constant ¢, see , which may restrict the applicability of the method.
Thus, a natural question is if it is possible to guaranteed a sufficient decrease
condition when the parameters are in a simple region. This is the purpose of
this subsection by considering Ra(g, av).

It is not difficult to see Ra(q, ) # 0 if g(1+a) > 1. A graphic representation
is given in fig. [2l We observe that R1(q, @) and Ra(g, @) are not comparable in
the sense that Rq(q, «) is not a subset of Ra(g, «) and vice versa. Furthermore,
as will be shown in Theorem to ensure a fast convergence (with order
0 = min{n, (1 + a)f}), the parameter n and 6 must be taken away from 1 and
(14 )~ !, respectively.

Figure 2: The region Ry(q, «) clearly is a rectangle and Ra(g, a1) C Ra(q, a2)
whenever a7 < .

Now, we proceed by showing the fulfilment of sufficient decrease condition
(8) when the parameters (7, 0) are in the region Rs(q, @).

Proposition 4.5. Let T be a solution of satisfying Assumptions to with
(1,60) € Ra(g, ). Then, there exists eg > 0 such that for every z* € B(&,e)NQ
with F(2*) # 0 and for any solution (d*,~y) of problem with Ay, € A(z®)
and o = o, it holds that A, > 0 and

1F (" +d")| < [F ()] = oAy

Proof. Let ¢y be given by Proposition Since ||F(z)]] < 1 on B(Z,eo)
and go > 0 by definition of Ra(g, @) , then from we have v, <
Bo(or). Choose €r > 0 such that £r < g9, with Bo(gk)QkHF(a:)He < &r/2 and
Bolon) [P ()7 + K Bo(0x) a2 [ F(2) |20+2)-1 < (1 = 0)/2 on B(z, 2).

First, we will show 2" 4 d* € B(z,&g) if 2¥ € B(%,6r/2). By triangle
inequality

lz* +d* —z|| < [|2* — 2| + [|d*] < a* — 2" +worl F(z*)]” < er.
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Hence if €g < min{ea,epq,e5}, we get zF +dk e B(Z,es). Now, take j € Ay,
by Assumption [I] and the triangle inequality,

1F (2" +d)| <[[F7(a* + d") = F7(a") = Gy (a")d"|| + ||F (") + G (a")d"|
KA | F )]
<Kyt F @)1 4o F ()

when in the second inequality we use Assumption [3| Since A, = ||F(z")| —
Yl F(z%)||" < ||F(z*)|), rearranging the previous expression, we obtain

|E G+ |~ [F@)] + oA
< P (1= 0) = I F@) 7" = Kb e gk ph)| -t

Since vg || F(x*) |77 + Ky o) || F (%) ]|PA+) =1 s less than (1 — ) /2 by the
choice of £, the last inequality implies ||F(z" 4 d*)|| — ||F ()| + cA(z*) < 0.
Finally, A, = [|[F(z")||(1 — v || F(z*)||"~1) is positive since g ||F(z*)[|"~1 < 1.
Thus, for eg := £g/2, the sufficient descent condition holds. O

Clearly, if the error bound condition holds and the derivative of F” is locally
Lipschitz continuous on R", we get (¢,«) = (1,1) and thus (n,0) = (2,1) €
R2(gq, ), which are the parameters used in the LP-Newton method. Now, we
present our main result of this subsection.

Theorem 4.6. Let T be a solution of satisfying Assumptions to |4}, with
(7,0) € Ra(g, ). Then, there exists 3 > 0 such that every sequence {x"}
generated by Algorithm with o == 00, Ax := A C A(Z) and any initial point
2% € B(7,e2) N Q, satisfies that

1. {F(x)} is Q-superlinearly convergent to 0 with order 6 = min{n, (1 +
a)f};

2. {dist(x*, Z)} is R-superlinearly convergent to 0 with order §;
3. {xk} converges Q-superlinearly to a solution T with order qqs.

Proof. As in the proof of Theorem first, we will prove that z* € B(Z,¢,)
Vk € N, where ¢, := min{eg, g }/2. Set Ba0 = S2(00) and B39 = B3(00)-

Take k € N and by induction, assume z* € B(Z,¢e,), for i = 1,..., k. Since
€« < €9, by we have v, < 7 = Bo(gp). Take i = 1,...,k — 1. For any
j € A(z"), use Assumptions (1| and [3| and boundedness of v; to get

1P < IIFj(¢i1+ d') = F/(z") = G(a")d'|| + || F(2") + Gj(2")d'|
< KJ|d' |77 + || F ()]

< Ky op |F () |1P0H) | F )| < Brl|F ()] )
37
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where 8 = 2max{K5't*oi"* 7} and § = min{n, (1 + a)0}. By ([2§), § > 1.
Thus, using several times, for every i = 1,...,k, we obtain

i i— i— 2 5%11 i
IF@)) < B F(@N° < B F@ =) < < BT IFE)1. (38)
—aqz -
Certainly, implies go > 0. Now, set a; = w‘hﬁf‘s’l and by := ﬂ]‘f’l. By
Propositionand using dist(z?, Z) < w||F(z")||9, for every i = 1,...,k we get

—aaz 1 8
dist(z', 2)® < w®||F(2)]|% <w®p " ((/3}” IIF(JUO)II)‘MZ>
218"
< ar ((l|FE))*)"

We will use and the last relation to show that 2**! € B(Z,e,). First, using
repeatedly Proposition [f.1]for i = 1,..., %, we obtain

2?1t — 2] < [l — 2| + S5 ld]| < [l2° — Z]| + b, Baodist(x, Z)
_ k 5t
< on -zl + Zi:o B200a1 ((b1||F(330)H)qq2)

< |2° — 2| + Booar (b || F(20)[) 292 352, ((b1||F(x0)||)qq2)5i_1 .

(39)

Since g is positive, we can choose z” sufficiently near to z such that (b;[|F(z°) H)qu

o0 .
is less than 1/2 and hence Z ((bl||F(IO)H)qq2)6 s finite (here, we use that
i=1
8% > i for i large enough). Thus, choose 5 > 0 small enough such that for every
2% with [|2° — Z|| < &5 the right-sides of is less than €, /2. With this choice
of €5, we have 2**t1 € B(Z,¢,). This observation also implies that Algorithm
and Algorithm generate the same iterates when the initial point 2° is sufficient
close a solution. From all above ine(}ualities, we obtain:
- k
a) The inequality | F(z")|| < B)F (br HF(;UO)H)(s holds for every k € N. The
choice of &5 implies by ||F(z°)|| < 1/2 and, as consequence, |F(z")|| — 0 when
k — oo. From ||[F(z*1)| < B¢||[F(z")|°, Vk € N, the sequence {||F(z*)|}
converges to 0 with Q-order of convergence 9.
b) Since dist(z*, Z) < w|F(z*)||%, then dist(z*, Z) is R-superlinearly con-
vergent to 0, since ||F(z*)||? is Q-superlinearly convergent to 0 with order 4.
c) To show that {2*} is a Cauchy sequence, it will be sufficient to prove that
{||d*||} is summable. By Proposition [4.1/and Assumption 2, we obtain

[d*|| < Baodist(z¥, Z)® < Baoar ((b1||F($O)||)qqz)6k ) (40)

where the last term is summable by the choice of 2°. Note that qgo > 0 if, and
only if ¢(1 4+ ) >n— 0.
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Let Z be the limit of {xk} From a expression similar to , we get
24t =2 < S50 M| < Bao 3072 dist(ahH, Z)2

< Bao 2oico @ ((b1||F(a?k)||)qq2)5i

< Baoan ([ F@)) "™ X2, (ol F)) ™)

. oo si-1
< Baoar (b Ldist(2F, 2)) ™ 3202 ((b1]| F (%)) ™)
< Baoarb{® L% || — B0 S (b FEH)) ™), (an)
where in the third inequality we use a modification of . The sum in the
last inequality is finite with an upper bound that does not depend of k. So, by
(1), there exists M > 0 such that ||z**! — Z|| < M||2* — 2||?%, Vk € N. This
conclude with the demonstration. O

Theorem is pleasant in the sense that we achieve a rapid rate of con-
vergence for {||F(z¥)||} and {dist(z*, Z)}, even if we do not know the Holder
exponent g, just by choosing 1 and 6(1+«) close to 1. In Theorem to obtain
Q-superlinear convergence, the values of ¢ are restricted. In fact, ¢ > (\/ﬁ—l) /8
if « = 1. On the other hand, using Theorem to guarantee the conver-
gence of the sequence {z*}, ¢ must be greater than 1/2 if o < 1. In view of
(V33 —1)/8 ~ 0.56 > 1/2, Theorem ensures the convergence of {z*} for
a larger range of values for ¢, but possibly losing some order of convergence.
Finally, when ¢ =1, a =1, n =2 and 6 = 1, we get q3 = 2 and § = 2, which
imply quadratic Q-convergence of dist(z*, Z) and {||F(z*)|} by Theorems
and [4.6

5 Numerical experiences

In this section, we present some numerical experiments for the globalized LP(n, 0)-
Newton (Algorithm . Experiments were made using OCTAVE. In order to
obtain a linear programming subproblem, we choose norms associated to poly-
hedral unit balls. Therefore, subproblems were solve by using the GNU Linear
Programming Kit (GLPK) with default parameters. Also, to avoid numerical
instabilities as in [16], we rewrite problem ([2]) as

ml&{r;rl)lze y

subject to || F(a*) + Gj(«*)d|| < ~|[F(2")|"~", V) € Ay,

]| <o, z*+deq.

It can be seen that if vy is the optimum value for this problem, then the definition
of A must be Ay, = ||F(2®)||—v&||F(z*)|"~%. For the next examples, we choose
n = q(1 4+ «) (the largest possible for Ra(g,«)) and, to obtain n — 6 > 1 with
6 > 1/(1 + «) (the smallest possible for Ra(g, «)), we choose 6 as the middle
point between 7 — 1 and 1/(1 + «).
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Example 5.1. This problem, from [I2, Example 6], correspond to with

Ty+T5—T6—Tg |
Ty + T2+ 23 — 27 — Tg
To9 + T3 — X9
T1+ T2 — T8
z1 + Z1o0
—x1 + 211
Fz) = 1- 22+ 212 Q=R xR% x RY.
—X4 + T13
—T1 — T2 — T3+ T4
min{xs, 210}
min{zg, 211}
min{x77x12}
min{xg,aclg}
min{xg, x14}

Its solution set is Z = {(0,t,—t,0,s,s,0,¢,0,0,0,t—1,0,0) | t > 1,s > 0}. Since
F is a reformulation of a mized complementarity problem Assumption [1] holds.
Moreover, Assumptions[q and[3 hold since F is a piecewise affine function.

We run Algorithm [g for 100 uniformly distributed random initial points in
(—10,10)* x (0,10)° x (0,10)% with parameters (n,0) = (2,1) and (1,0) =
(3,1.17).

Taking oo morm in both spaces, domain and range, we obtain for (n,0) =
(2,1) and (n,0) = (3,1.167), convergence to solution in 97 and 95 cases, to
stationary point in 3 and 4 cases, and GLPK fails in 0 and 1 case. For sequences
converging to solutions, the comparison is made in table[1]

Table 1: Convergence to solutions for example using {o, — £o, nOrms

(n,0) =(2,1) (n,0) = (3,1.167)
Iterations 7.639 £ 0.482 Iterations 11.632 £ 2.222
CPU-Time 0.016 + 0.003 CPU-Time 0.025 + 0.006
Pure LP-N 100% Pure LP-N 100%

Q-quad Q-sup Q-lin Q-quad Q-sup Q-lin
|F (=) 100% 0% 0% |F (=) 100% 0% 0%
dist(zF, Z) 100% 0% 0% dist(z¥, Z) 100% 0% 0%
lz* — z|] 100% 0% 0% |z — z|] 100% 0% 0%

Considering {1 norm in domain and lo in range with (n,0) = (2,1) and
(n,0) = (3,1.167), we obtain convergence to solution in 63 and 86 cases, to
stationary points in 30 and 13 cases, and 7 and 1 fails of GLPK. In table[d is
summarized the information when it converges to solutions.
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Table 2: Convergence to solutions for example using {1 — £, norms

(n,0)=(2,1) (n,0) = (3,1.167)

Iterations 15.762 £+ 1.563 Iterations 32.953 £+ 9.151
CPU-Time 3.881 + 1.043 CPU-Time 6.168 £+ 1.579
Pure LP-N 98% Pure LP-N 97%

Q-quad Q-sup  Q-lin Q-quad Q-sup Q-lin

|F (=) 73% 27% 0% |F (=) 98% 2% 0%
dist(zF, Z) 100% 0% 0% dist(z¥, Z) 100% 0% 0%
lzF — z|] 100% 0% 0% l=* — z|] 100% 0% 0%

Example 5.2. Consider the problem in [12, Ezample 5], correspond to with

L1T2 — T3

9:? +x9—1—124
min{zy, x3}
min{zy, x4}

F(z) = Q=R xR2.

b

The solution set of this problem is given by Z = {(t,0,0,t* —1) | t > 1} U
{(0,1,0,0)}. As noticed in [12] this problem satisfies Assumption[d also it can
be seen that Assumptions[l] and[3 hold. Running Algorithm[3 for 100 uniformly
distributed initial points in (0,10)? x (0,10)? we obtaing the following results.

Taking oo morm in domain and range with (n,0) = (2,1) and (n,0) =
(2,0.75), we obtain convergence to solution in all cases. A brief summary is in
table[3

Table 3: Convergence to solutions for example [5.2] using fo, — fo norms

(n,60) =(2,1) (n,6) = (2,0.75)
Iterations 12.85 £+ 6.217 Iterations 12.77 £+ 5.703
CPU-Time 0.052 £ 0.054 CPU-Time 0.056 £ 0.061
Pure LP-N 56% Pure LP-N 51%

Q-quad Q-sup Q-lin Q-quad Q-sup Q-lin
|F (") 58%  40% 2% IFER)] 67% 22%  11%
dist(«F, Z) 39% 57% 4% dist(z¥, Z) 51% 32% 1%
ll=* — || 52% 15%  33% ll=* — z|| 56% 13%  31%

For experiments with £1 norm in domain and {~, in range, taking (n,0) =
(2,1) and (n,0) = (2,0.75), we obtain convergence to solution in 80 and 74
cases, to stationary points in 9 and 10 cases, with 11 and 16 fails from GLPK.
table[]] shows a detailed information about convergence to solutions.

6 Conclusions and Remarks

In this work, we have presented a new globally convergent method for solving
systems of nonlinear equations given by a piecewise smooth mapping with pos-
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Table 4: Convergence to solutions for example using {1 — £, norms

(n,0) =(2,1) (n,0) = (2,0.75)

Iterations 17.15 4+ 5.842 Iterations 15.568 £ 5.667
CPU-Time 0.105 + 0.069 CPU-Time 0.053 £+ 0.037
Pure LP-N 19% Pure LP-N 27%

Q-quad Q-sup  Q-lin Q-quad Q-sup Q-lin

|F (=) 44% 49% % |F (=) 66% 26% 8%
dist(zF, Z) 40% 54% 7% dist(z¥, Z) 58% 35% 7%
lzF — z|] 34% 23%  43% lzF — x| 66% % 27%

sible non-isolated solutions. We have employed a globalisation technique based
on a trust-region strategy. Our approach is quite general and it can be employed
in other contexts. Evenmore, we obtained verifiable optimality condition for a
general framework for minimizing the natural merit function given by the norm
of the mapping defining the system of equations, see @ We have also analysed
its local convergence under a Holderian error bound condition of the underly-
ing mapping and Hélder continuity of the derivative of the selection mappings.
Furthermore, we found different regions for the parameters (7, 0) where a fast
rate of convergence occurs. Such regions can be used for choose or update the
parameters in order to increase the order of convergence. It is worthy to mention
that, for our hybrid method the transition between global and local convergence
occurs naturally under mild assumptions.

There are several possible extensions to the present study. One approach is to
analyze the local convergence under an additional assumption, as the Kurdyka-
Lojasiewicz inequality for the LP(7,#)-Newton method. Such inequality has
been useful in the analysis of global behaviour of descent methods for nonsmooth
functions, see for instance [3] and references therein. Another possible approach
is to consider constrained nonsmooth system of equations where §2 is given by
functional constraints. A similar question was analyzed in [20] by using the
LM method for smooth mappings. Here, we expect numerical optimization
methods for solving with nice convergence properties under the constraint
qualifications considered in [2].
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