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Abstract

In this article we address the problem of minimizing a strictly convex quadratic function using a novel

iterative method. The new algorithm is based on the well–known Nesterov’s accelerated gradient method.

At each iteration of our scheme, the new point is computed by performing a line–search scheme using

a search direction given by a linear combination of three terms, whose parameters are chosen so that

the residual norm is minimized at each step of the process. We establish the linear convergence of the

proposed method and show that its convergence rate factor is analogous to the one available for other

gradient methods. Finally, we present preliminary numerical results on some sets of synthetic and real

strictly convex quadratic problems, showing that the proposed method outperforms in terms of efficiency,

a wide collection of state–of–the art gradient methods, and that it is competitive against the conjugate

gradient method in terms of CPU time and number of iterations.

Keywords: Gradient methods, Nesterov’s accelerated gradient method, conjugate gradient methods.

1 Introduction

In this article, we are interested in designing an efficient algorithm to solve the following quadratic

optimization problem

min
x∈Rn

f(x) =
1

2
x>Ax− x>b, (1)

where b ∈ Rn and A ∈ Rn×n is a symmetric positive definite (SPD) matrix. Problem (1) has been the

subject of intensive research since it gives a simple framework to study and analyse properties of iterative
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methods, as well as being a problem so hard to solve for large n, in which exact methods such as the Cholesky

decomposition and Gaussian elimination are impractical. It is precisely in high dimensions, that iterative

methods are required.

One way to find a local minimum of a function is via the gradient descent method. This method

starts with an initial point x0 ∈ Rn and performs a line–search along the opposite direction of the gradient,

continuing this process until convergence is achieved. The best known version of the gradient method was

introduced by Cauchy [4] in 1847, which is also called the steepest descent method. It is well–known that the

steepest descent method has some drawbacks, since it can have slow convergence rates as well as oscillatory

behaviour, which make it an inefficient method. An option to solve (1) more efficiently is produced by

introducing a momentum term in the gradient scheme [13]. This technique can be seen as a line–search

iterative scheme, which uses the search direction given by a linear combination of all gradients encountered

so far during the search. Such a linear combination is not computed explicitly but calculated incrementally.

Therefore, gradient methods with momentum take advantage of the history of the search and incorporate

more information than the classical gradient methods.

In the context of convex optimization, the simplest gradient method with momentum is the Heavy–Ball

method proposed by Polyak [17]. A small modification of the Heavy–Ball method leads to the well–known

Nesterov’s accelerated gradient method [13, 14]. For the convex quadratic case (1), the conjugate gradient

(CG) method [9], and the preconditioned conjugate gradient method (PCG) are the most efficient. It is

well-known [3] that the CG method is equivalent to the following recursive scheme, starting with x0 ∈ Rn

and s−1 = 0 ∈ Rn:

xk+1 = xk − αk∇f(xk) + βksk−1, (2)

where sk−1 = xk − xk−1 is referred to as the momentum term and the parameters αk and βk are determined

by

(αk, βk) = arg min
α,β∈R2

f(xk − α∇f(xk) + βsk−1). (3)

Consequently, the conjugate gradientmethod is an optimalmethod because the parametersαk, βk are selected

satisfying an optimality criterion. Other gradient methods withmomentum have been developed in [5, 10, 16]

In this paper, we develop an optimal accelerated gradient method with momentum to compute the solu-

tion of the optimization problem (1). The new method is based on the Nesterov’s accelerated method, and it

uses a different optimization model to choose the parameters of the linear combination (2), in a similar way to

the CG method (2)-(3). In particular, the proposal generates the new iterate xk+1 as the argument that mini-

mizes the residual norm over the linear space Vk = xk + span{∇f(xk), xk−xk−1,∇f(xk)−∇f(xk−1)}.
We show that the residual sequence {||∇f(xk)||2} converges Q–linearly to zero. In addition, we present
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some numerical tests on dense matrices randomly generated to compare the performance of the proposal

with the CG method. Preliminary results show that the proposed method can converge faster than the CG

method both in terms of number of iterations and in CPU time.

This article is organized as follows. In the next section, we review some gradient methods with

momentum in the context of the solution of linear systems of equations. In Section 3 we introduce the

new method and describe some theoretical properties. Some preliminary results are presented in Section 4.

Finally, conclusions are presented in the last section.

2 Gradient methods with momentum and memory

Gradient methods with momentum refer to a particular class of line-search methods for minimizing

smooth functions, which involve a linear combination of the negative of the gradient−gk with a momentum

term xk−xk−1. More specifically, these methods construct a sequence {xk} using the following recurrence
formula

xk+1 = xk − αkgk + βksk−1, (4)

where αk ∈ R is called the step–size and βk ∈ R is referred to as the momentum parameter. Different

choices of parameter pairs (αk, βk) correspond to different gradient methods with momentum. The simplest

gradient method with momentum is the Heavy-Ball method (HBM) of Polyak [17], which considers keeping

αk = α and βk = β constant throughout the process. It is well–known [Ang] that the Heavy–Ball Method

with parameters

α =
4

(
√
λmax +

√
λmin)2

and β =

√
λmax −

√
λmin√

λmax +
√
λmin

,

where λmin and λmax denote the minimum and maximum eigenvalue of A respectively, converges linearly to

the unique solution of problem (1). Another classical iterative algorithm belonging to this type of procedure

is the Nesterov’s accelerated gradient method [13, 14]. This method updates the iterates using the following

two–step scheme: starting with z1 = x0 and γ0 = 1,

zk+1 = xk + βksk−1, (5)

xk+1 = zk+1 − αk∇f(zk+1), (6)

where αk = 1
L is the inverse of the strong smoothness constant of f and

γk =
1

2

(
(4γ2k−1 + γ4k−1)

1
2 − γ2k−1

)
, (7)

βk = γk(1− γ−1k−1). (8)

Note that the iterative scheme (5)–(6) can be rewritten as

xk+1 = xk − αk∇f(xk + βksk−1) + βksk−1. (9)
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Thus, Nesterov’s method corresponds to a gradient method with momentum very similar to HBM, except

that the gradient is evaluated at an intermediate point.

On the other hand, the most efficient gradient method with momentum to solve (1) is the conjugate

gradient method, which updates the iterates by

xk+1 = xk + αkpk, (10)

starting at p0 = −g0, where αk is the argument that minimizes f along the line xk + αpk and the direction

pk is computed as follows

pk+1 = −gk+1 + βk+1pk, (11)

where βk+1 =
||gk+1||22
||gk||22

. It follows from (10) and (11) that the point xk+1 can be rewritten as

xk+1 = xk − αkgk +
αk
αk−1

βksk−1. (12)

Therefore, the CG method is part of the family of gradient methods with momentum. An important feature

of the CG method is that it is equivalent to the iterative scheme (2)–(3), so that it is an optimal method. In

the next section, we will introduce a new accelerated gradient method with momentum which is based on

this special feature.

3 The algorithm and its convergence analysis

In this section, we introduce a new variant of the accelerated gradient method proposed by Nesterov

[13, 14] to address the numerical solution of the problem (1). Motivated by the optimal properties of the

CG method and the idea of the Nesterov method, we propose the following iterative scheme to deal with

problem (1)

xk+1 = xk − αk∇f
(
xk +

µk
αk
sk−1

)
− βksk−1. (13)

Observe that if µk = αkβk then we recover the iterative scheme proposed by Nesterov (9). In addition, it is

not difficult to prove that (13) is equivalent to

xk+1 = xk − αkgk − µkyk−1 − βksk−1, (14)

where gk = ∇f(xk) and yk−1 = ∇f(xk) −∇f(xk−1). Unlike the pair of parameters (α, β) proposed by

Nesterov, we choose the triplet of parameters that minimizes the residual norm at xk, that is,

(αk, βk, µk) = arg min
(α,β,µ)∈R3

φ(α, β, µ) = ||∇f(xk − αgk − µyk−1 − βsk−1)||2. (15)

From the optimality conditions of the optimization problem (15), we have that the solution of (15) must

solve the following linear system of equations,
||wk||22 w>k yk−1 w>k vk−1

w>k yk−1 ||yk−1||22 y>k−1vk−1

w>k vk−1 y>k−1vk−1 ||vk−1||22



α

β

µ

 =


g>k wk

g>k yk−1

g>k vk−1

 , (16)
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where wk = Agk and vk−1 = Ayk−1 = wk − wk−1. Note that there always exists a triplet of parameters

(αk, βk, µk) such that a decrease of the residual rule is guaranteed. In fact, if we select (αMG
k , 0, 0) then

we obtain a decrease in the gradient norm in each iteration, where αMG
k is the so–called minimal gradient

step–length [7],

αMG
k = argmin

α>0
||∇f(xk − αgk)||2 =

g>k Agk

g>k A
2gk

. (17)

This means that our proposal is at least as good as the gradient method equipped with the step–size given by

(17), and therefore inherits all its convergence properties.

Proposition 3.1. Let {xk} be a sequence generated by Algorithm 1. Then for all positive integer k, the

following properties are satisfied

1. g>k+1Agk = y>k−1gk+1 = v>k−1gk+1 = 0,

2. y>k−1wk = g>k Agk,

3. y>k−1vk−1 = g>k Agk + g>k−1Agk−1.

Proof. The proof of this proposition is a direct consequence of the optimality conditions (16) associated

with the optimization problem (15). �

Nowwe present the proposed algorithm and, afterwards, we analyze its global convergence and establish

its rate of convergence.

Algorithm 1 Accelerated Minimal Gradient Method (AMGM)
Require: x0, b ∈ Rn and a symmetric positive definite matrix A ∈ Rn×n.

Ensure: x∗ the unique solution of (1).
1: Compute g0 = Ax0 − b, w0 = Ag0, α0 =

g>0 w0

||w0||22
, s0 = −α0g0, x1 = x0 + s0, y0 = −α0w0 and

g1 = g0 + y0, k = 1.

2: while ||gk||2 6= 0 do
3: wk = Agk.

4: Compute (αk, βk, µk) as the solution of the linear system of equations (16).

5: sk = −αkgk − µkyk−1 − βksk−1.
6: xk+1 = xk + sk.

7: yk = −αkwk − µk(wk − wk−1)− βkyk−1.
8: gk+1 = gk + yk.

9: k ← k + 1.

10: end while

Similar to the conjugate gradient method, the operation that dominates and requires the greatest com-

putational effort in Algorithm 1 is the matrix–vector productAgk. Moreover, Algorithm 1 needs to compute
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Table 1: Example 1: Comparison of errors ||∇f(xk)||2 for some methods

HBM BB1 Nesterov AMGM

Nitr 202 71 300 43
Fval -1.4878 -1.4878 -1.4878 -1.4878
NrmG 9.71e-9 6.89e-9 9.51e-9 1.69e-9

|f(x̂)− f(x∗)| 2.22e-16 2.22e-16 2.22e-16 2.22e-16

six inner products per iteration, while the CG method only requires two inner products. In addition, the

CG method performs three vector sums per iteration, while our Algorithm 1 needs to calculate six vec-

tor sums. Clearly, each iteration of the CG method is computationally less expensive than our proposal.

Nevertheless, in Section 4, we present enough numerical evidence to show that Algorithm 1 can converge

to the unique minimizer of f in fewer iterations and shorter CPU time than the CGmethod in many situations.

Nowwe present a toy experiment in order to compare the behavior of Algorithm 1 against theHeavy-Ball

method, the Barzilai–Borwein gradient method [2], and the accelerated Nesterov’s gradient method. Specif-

ically, we consider the problem (1) whereA = diag(λ50, λ49, . . . , λ1) ∈ R50×50 with λ1 > λ2 > . . . > λ50

randomly generated as follows: λ1 = 100, λ50 = 1 and λi = 49 ∗ rand + 1 for all i ∈ {2, 3, . . . , 49}, using
Matlab notation. The vectors b andx0were taken as b = (1, 1, . . . , 1)> ∈ R50 andx0 = (0, 0, . . . , 0)> ∈ R50

respectively. The tolerance for the gradient norm stopping criterion was ε = 1e-8 and we usedN = 1000 as

the maximum number of iterations for each method. Table 3 presents the numerical results obtained by each

method. Figure 1 shows the behaviour of the gradient norm and the absolute error in the objective function

for all the methods.

From Table 3, we can see that all the algorithms reach the same objective function value even when

the gradient norm criterion is not satisfied for the SD method with the tolerance required. Furthermore,

we can observe that the BB and AMGM methods converge faster than the other methods. In addition, we

see that our proposal is significantly faster than the other gradient methods with momentum (HBM and

Nesterov methods). This suggests that our combination of parameters (αk, βk, µk) works better than the pair

of parameters proposed by Polyak and Nesterov in [13, 17].

Now, we present some theoretical results concerning Algorithm 1. The following theorem establishes

the global convergence of our procedure.

Theorem 3.2. Let {xk} be a sequence generated by Algorithm 1 and x∗ the unique minimizer of the convex

quadratic function f given in (1). Let λ1 ≥ λ2 ≥ . . . ≥ λn > 0 be the eigenvalues of A. Then either

xj = x∗ for some finite j, or the sequence {||gk||2} converges Q–linearly to zero with convergence factor

6



(a) Set 1: Iterations vs Gradient Norm (b) Set 2: Iterations vs Abs. Err. in f

Figure 1: Behavior of the algorithms for n = 50, ε = 1e-8. The y–axis is on a logarithmic scale.

λ1−λn
λ1+λn

.

Proof. By the minimization property (15), it is clear that

φ(αk, βk, µk)
2 ≤ φ(αMG

k , 0, 0)2, (18)

for all positive integer k, where αMG
k is the minimal gradient step–length. In view of (18), we arrive at

||gk+1||22 ≤ ||∇f(xk − αMG
k gk)||22

= ||gk||22 − 2αMG
k ( g>k Agk ) + (αMG

k )2( g>k A
2gk )

= ||gk||22 − 2αMG
k ( g>k Agk ) + (αMG

k )2||wk||22

= ||gk||22 − 2αMG
k ( g>k Agk ) + αMG

k

(
g>k Agk
||wk||22

)
||wk||22

= ||gk||22 − αMG
k ( g>k Agk )

= ||gk||22 − αMG
k ||gk||22

(
g>k Agk
||gk||22

)
= (1− ĉ)||gk||22, (19)

where ĉ =
(g>k Agk)

2

(g>k A
2gk)||gk||22

. Now, by introducing the vector pk = A1/2gk, the real number ĉ can be rewritten

as

ĉ =
(p>k pk)

2

(p>k Apk)(p
>
k A
−1pk)

.

Then applying the Kantorovich inequality in this last equation we have

ĉ ≥ 4λ1λn
(λ1 + λn)2

. (20)

It follows from (19) and the inequality (20) that

||gk+1||2 ≤
(
λ1 − λn
λ1 + λn

)
||gk||2. (21)

Since λ1−λn
λ1+λn

< 1, we conclude that the sequence {||gk||2} converges to zero Q–linearly with convergence

factor λ1−λnλ1+λn
. �

Remark. Note that the convergence rate factor obtained for our Algorithm 1 is similar to the one available

for the gradient method proposed by Cauchy (see [4, 12]). Furthermore, observe that if λ1 = λn then {xk}
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Table 2: Iteration counts of diagonal randomly generated test problems.

n κ(A) BB1 AMGM LDGM CG ABB ABBmin1 ABBmin2

Spectral distribution according to Test I

103 178 68 168 68 140 193 176
100 104 201 74 199 74 168 273 193

105 436 87 404 87 272 550 370
103 386 208 357 211 325 373 356

1000 104 830 252 697 254 558 804 689
105 755 265 723 266 606 1071 772
103 529 360 494 375 449 447 443

10000 104 1401 699 1185 718 1136 1201 1225
105 2554 751 2049 764 1694 2387 1937

Spectral distribution according to Test II

103 501 185 472 182 454 423 430
100 104 1635 362 1450 353 1542 1298 1356

105 6164 685 4554 646 5355 4017 4427
103 538 368 532 382 488 463 454

1000 104 1836 1090 1559 1145 1644 1436 1483
105 7129 3211 5576 3398 5833 4569 4767
103 538 406 533 423 511 476 463

10000 104 1931 1272 1635 1351 1727 1515 1548
105 6772 3979 5475 4304 6576 4753 4971

converges to x∗ in only one iteration.

4 Numerical Experiments

In this section, we test a variety of randomly generated numerical experiments to illustrate the effi-

ciency of our four-term line search algorithm AMGM. We mainly compare Algorithm 1 against the Barzilai

and Borwein gradient method (BB1) [2], the ABB method [18] with κ = 0.5, the ABBmin1 method with

(m, τ) = (9, 0.8) and the ABBmin2 method with τ = 0.9 proposed in [8], the CG method [9] and also

with the gradient method LDGM proposed by Liu and Dong [11]. All codes are written in MATLAB. All

the runswere carried out on a intel(R) CORE(TM) i7–4770, CPU3.40GHzwith 500GBHDand 16GBRAM.

In the following tables, the column “Nitr” represents the number of iterations, while the columns

“NrmG” and “Time” denote the gradient norm, and the CPU time (in seconds) that the algorithms spent to

reach the stopping criteria, respectively.
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4.1 Diagonal random problems

In this subsection, we present a numerical comparison of our proposal against other state–of–the-art

methods available in the literature. In particular, we test the algorithms on problems of the form (1) where

A = diag(λ1, λ2, . . . , λn) is a diagonal matrix generated randomly. We select a few typical test problems

as follows,

• Test I: λ1 = 1, λn = κ(A) and λi is randomly sampled from the uniform probability distribution in

(1, κ(A)), for all i ∈ {2, . . . , n− 1}.

• Test II: λ1 = 1, λn = κ(A) and λi = 10pi , where pi is randomly sampled from the uniform probability

distribution in (0, log10(κ(A))), for all i ∈ {2, . . . , n− 1}.
This experiment was taken from [8]. In Example 1 and 2, κ(A) denotes the condition number of the

matrix A. For this examples, we consider κ(A) varying {103, 104, 105} and with the three different sizes

n = 102, 103, 104. The entries of the initial points x0 are randomly sampled in the interval (−5, 5), the

stopping condition is ||∇f(xk)||2 ≤ 1e-8 and each entry of the vector b ∈ Rn is randomly generated from

the uniform probability distribution in (−10, 10). For each example and also for each pair (n, κ(A)) we run

ten independent problems and we report the average of each value Nitr, Time and NrmG defined at the

beginning of this Section.

The numerical results concerning these two tests are reported in Table 2. We can see that the most

efficient methods are the AMGM and the CG. We note that our procedure was as good as the CG method for

small problems (n = 102), being even slightly better than the CG method for the large-scale ones (n = 103

and n = 104). Meanwhile, the proposed scheme clearly outperformed all the other gradient–type methods.

4.2 Randomly generated dense systems of linear equations.

In the second set of problems, we test the algorithms on dense systems of linear equations, generated as

follows: the matrix A = V ΛV > ∈ Rn×n where V ∈ Rn×n is a randomly generated orthogonal matrix, and

Λ = diag(λ1, λ2, . . . , λn) is a diagonal matrix defined by the following three distributions:

• Distribution I: λ1 = κ(A), λn = 1 and the rest of λ′js are determined in such a way that λi/λi−1 is

constant.

• Distribution II: λ1 = 1, λn = κ(A), λi = λ1 + (λn − λ1)ui, where ui is a random number from a

uniform distribution in (0,0.2) for i = 1, 2, . . . , n/2 and in (0.8,1) for i = n/2 + 1, . . . , n.

• Distribution III: λ1 = 1, λn = exp(ncond), λi = exp
(
i−1
n−1ncond

)
, for i = 2, . . . , n− 1.

These distributions of eigenvalues were also considered in [10, 15]. For this experiment, we use ε =1e-8 as

the tolerance. In addition, the vector b ∈ Rn and the starting point x0 ∈ Rn were generated by using the
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Table 3: Numerical results for linear systems with eigenvalues determined by Distribution I.

CG AMGM

n κ(A) Nitr Time NrmG Nitr Time NrmG

1e3 313.4 0.056 9.25e-9 298.4 0.073 9.66e-9
1000 1e4 956.0 0.146 9.48e-9 894.6 0.177 9.83e-9

1e5 2863.4 0.553 9.52e-9 2639.2 0.558 9.93e-9
1e6 8485.4 1.389 8.85e-9 7718.4 1.483 9.97e-9
1e3 327.2 2.890 9.70e-9 310.6 2.710 9.69e-9

5000 1e4 1046.2 9.211 9.71e-9 966.8 8.924 9.92e-9
1e5 3327.6 28.672 9.68e-9 3008.0 25.109 9.97e-9
1e6 10531.0 87.730 9.37e-9 9327.2 78.225 9.99e-9
1e3 328.4 10.525 9.66e-9 311.6 9.973 9.69e-9

10000 1e4 1053.4 33.430 9.85e-9 973.4 30.958 9.89e-9
1e5 3383.4 107.874 9.80e-9 3046.0 97.383 9.96e-9
1e6 10808.0 347.995 9.83e-9 9514.2 309.682 9.99e-9

Table 4: Numerical results for linear systems with eigenvalues determined by Distribution II.

CG AMGM

n κ(A) Nitr Time NrmG Nitr Time NrmG

1e3 192.2 0.023 9.00e-9 186.0 0.035 9.36e-9
1000 1e4 270.6 0.037 7.92e-9 263.4 0.048 8.70e-9

1e5 292.8 0.061 7.85e-9 288.6 0.067 8.82e-9
1e6 372.4 0.056 7.61e-9 370.2 0.074 8.46e-9
1e3 240.4 2.141 8.68e-9 229.2 1.976 9.60e-9

5000 1e4 517.0 4.375 9.13e-9 499.8 4.195 9.71e-9
1e5 618.8 5.145 9.52e-9 606.0 5.153 9.60e-9
1e6 706.6 5.952 8.73e-9 695.8 5.965 9.59e-9
1e3 241.2 7.904 9.35e-9 230.2 7.460 9.76e-9

10000 1e4 580.2 18.935 9.63e-9 553.6 18.619 9.72e-9
1e5 844.4 27.933 9.36e-9 826.0 27.424 9.74e-9
1e6 960.6 32.048 9.57e-9 944.4 31.427 9.79e-9
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Table 5: Numerical results for linear systems with eigenvalues determined by Distribution III.

CG AMGM

n ncond Nitr Time NrmG Nitr Time NrmG

5 122.6 0.019 8.87e-9 118.8 0.032 9.10e-9
1000 10 1374.2 0.208 9.40e-9 1279.8 0.222 9.89e-9

15 14505.0 1.663 8.98e-9 13068.0 1.929 9.99e-9
5 124.3 1.063 9.34e-9 121.0 1.029 8.99e-9

5000 10 1549.4 13.024 9.81e-9 1423.6 12.013 9.93e-9
15 18928.0 159.825 9.71e-9 16552.0 140.627 9.99e-9
5 125.0 4.116 8.93e-9 121.0 3.990 9.21e-9

10000 10 1571.8 56.862 9.86e-9 1440.0 52.374 9.94e-9
15 19583.0 603.723 9.29e-9 17025.0 522.104 9.99e-9

following Matlab commands

y = randn(n, 1), b = A ∗ y, x0 = zeros(n, 1).

For these three distributions, and for each pair (n, κ(A)) (or (n, ncond) in case of Distribution III),
we ran the two algorithms (CG and AMGM) ten times from different randomly generated instances of linear

systems of equations, and report the average of the following values: number of iterations, execution time

(CPU–time) and the gradient norm evaluated in the solution found by the algorithms, for each of these

three distributions. A summary of the numerical results on these three different distributions is reported in

Tables 3, 4 and 5. From these tables, we can observe that both methods achieve the same level of accu-

racy on all problems. In addition, our solver converges faster thanCGon all eigenvalue distributions analyzed.

4.3 Randomly generated tridiagonal linear systems of equations.

In the third set of test problems, we analyze the behavior of the methods by solving randomly generated

tridiagonal linear systems of equations. In particular, the tridiagonal matrixA ≡ [aij ] ∈ Rn×n is constructed

as follows, the diagonal entries are given by

a11 = |e1|+ p1, ann = |en−1|+ pn, aii = |ei|+ |ei−1|+ pi, for i = 2, . . . , n− 1,

where e ∈ Rn−1 is a randomly generated vector, whose elements follow a standard normal distribution, and

p ∈ Rn is a vector whose elements are defined by

pi = exp

(
i− 1

n− 1
ncond

)
, i = 1, 2, . . . , n.

In addition, the sub–diagonal and the super–diagonal of A are defined precisely by the elements of e. In

order to form the matrix A, we use the following Matlab commands

D = sparse(1 : n, 1 : n, d, n, n); E = sparse(2 : n, 1 : n− 1, e, n, n);
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Table 6: Numerical results on tridiagonal random problems.

CG AMGM

n ncond Nitr Time NrmG Nitr Time NrmG

5 161.8 0.006 9.26e-9 157.8 0.012 9.47e-9
5000 10 1967.3 0.056 9.70e-9 1843.0 0.103 9.94e-9

15 23835.0 0.670 9.50e-9 21580.0 1.227 9.99e-9
5 164.6 0.012 9.08e-9 160.6 0.022 9.25e-9

10000 10 2027.7 0.150 9.78e-9 1897.5 0.255 9.91e-9
15 25029.0 1.861 9.85e-9 22535.0 2.933 9.99e-9
5 173.2 0.103 9.44e-9 169.3 0.149 9.31e-9

100000 10 2138.3 1.295 9.94e-9 2003.9 1.706 9.94e-9
15 26906.0 20.219 9.95e-9 24172.0 25.933 9.99e-9
5 179.0 1.046 9.42e-9 175.1 1.390 9.28e-9

500000 10 2199.0 13.527 9.94e-9 2064.5 17.515 9.94e-9
15 27725.0 172.409 9.97e-9 24962.0 215.182 9.99e-9
5 181.2 2.178 9.63e-9 177.2 3.139 9.62e-9

1000000 10 2225.5 27.150 9.93e-9 2091.0 38.597 9.93e-9
15 28029.0 361.054 9.99e-9 25265.0 495.573 9.99e-9

and

A = E +D + E′,

where d = [a11, a22, . . . , ann], that is, d ∈ Rn is the vector whose elements are the diagonal entries of A.

Additionally, the vector b ∈ Rn and the initial point x0 ∈ Rn were created by using the following Matlab

commands

y = −10 + 20 ∗ rand(n, 1); b = A ∗ y; x0 = −10 + 20 ∗ rand(n, 1).

For this experiment we use ε = 1e-9 as the pre–established tolerance for the stop criterion. The numerical

results associated to this experiment are shown in Table 6. In total, we generate ten independent instances of

this tridiagonal problems and report the average of number of iterations (Nitr), the average of CPU time in

seconds (Time), the average of the gradient norm ||∇f(x̂)||2 evaluated at the estimated solution x̂ (NrmG).

We can observe from Table 6 that AMGM is considerably competitive with respect to CG. In particular,

AMGM converges in fewer iterations than CG. However, CG achieves the required precision in less compu-

tational time on all instances.
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4.4 Sparse large–scale linear systems of equations.

In this subsection, we evaluate the numerical performance of the methods on large–scale sparse linear

systems of equations using real data. In particular, we consider 60 matices taken from the UF Sparse

Matrix Collection [6]1. The vector b ∈ Rn and the initial point x0 ∈ Rn were created as follows:

x∗ = (1, 2, 3, . . . , n)> then b = Ax∗, and the initial points was fixed at x0 = (1, 1, 1, . . . , 1)>. For

this numerical test, we let the algorithms run up to N = 150000 iterations and stop them at iteration k < N

if ||∇f(xk)||2 < 1e− 9||∇f(x0)||2.

A detailed summary of the computational results is reported in Tables 7 and 8. From these tables, we can

see that AGMGMmethod is considerably faster than CG, since it can always take less CPU time than the CG

method and also takes fewer iterations to reach the required tolerance. In particular, our procedure achieves

a winning percentage of 93.3% with three ties on the 60 instances, in terms of iterations. Specifically,

our proposal solves all instances in 13758.75 iterations on average, and takes 115.085 seconds on average,

while the CG method needs on average 31073.88 iterations and 147.387 seconds to find the solutions of

all instances. In addition, we note that the CG method fails to converge on bcsstk24, bcsstk25, bcsstk36

and msc23052, in which it uses the maximum number of iterations allowed without obtaining the required

accuracy on the gradient norm.

We further illustrate the residuals |f(xk)− f(x∗)| and ||∇f(xk)||2, where x∗ = A−1b, throughout the

iterations for the instances nasasrb and s3rmq4m1 in Figures 2 and 3, respectively. From these figures, we

observe that the CG method shows a non–monotone decrease in terms of the gradient norm ||∇f(xk)||2,
while this one does achieve a smooth descent in terms of the f–residual |f(xk)− f(x∗)|. In contrast, these

two residuals are reduced monotonically in the AMGM method.

5 Conclusions

In this article, we have proposed a new accelerated gradient method with momentum for solving

symmetric and positive definite linear systems of equations. The update formula of our iterative scheme can

be seen as an extension of thewell–knownNesterov’s accelerated gradientmethod. In each step of the process,

our algorithm guarantees a decrease in the residual norm. In addition, our proposal converges linearly to the

unique solution of (1) and we also prove that it is at least as efficient as the gradient method equipped with the

minimal gradient step–length. A numerical study, with diverse syntectic problems taken from the literature,

corroborates that our accelerated minimal gradient method has a performance and efficiency superior to

some state–of–the–art gradient methods and also is competitive against the well–known conjugate gradient

1The SuiteSparse Matrix Collection tool–box is available in https://sparse.tamu.edu/
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(a) Iterations vs f–residual (b) Iterations vs gradient norm

Figure 2: Convergence history of AMGM and CG, from the same initial point, for the minimization of a strictly
convex quadratic function defined by the instance nasasrb (n = 5489). On the left, we plot the distance between
f(xk) and the optimal value f(x∗) of the cost function, throughout the iterations. On the right, we plot the sequence
{||∇f(xk)||2}k∈N. In both plots, the y–axis is on a logarithmic scale.

(a) Iterations vs f–residual (b) Iterations vs gradient norm

Figure 3: Convergence history of AMGM and CG, from the same initial point, for the minimization of a strictly convex
quadratic function defined by the instance s3rmq4m1 (n = 54870). On the left, we plot the distance between f(xk)

and the optimal value f(x∗) of the cost function, throughout the iterations. On the right, we compare the convergence
behaviour in terms of the gradient norm ||∇f(xk)||2. In both plots, the y–axis is on a logarithmic scale.
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Table 7: Numerical results for linear systems from the UF sparse matrix collection, part I.

CG AMGM

Name n Nitr Time NrmG Nitr Time NrmG

1138_bus 1138 2412 0.02 8.04e-10 2285 0.10 9.91e-10
2cubes_sphere 101492 85004 208.92 9.71e-10 34674 147.58 9.99e-10
af_0_k101 503625 43174 889.07 9.99e-10 25802 841.40 9.99e-10
af_1_k101 503625 44530 879.55 9.99e-10 25740 562.77 9.99e-10
af_2_k101 503625 46345 922.68 9.98e-10 24799 1041.60 9.99e-10
af_3_k101 503625 36574 733.98 9.99e-10 18816 597.48 9.99e-10
af_4_k101 503625 47396 943.21 9.98e-10 21555 704.23 9.99e-10
af_5_k101 503625 48333 971.11 9.99e-10 22087 723.06 9.99e-10
af_shell3 504855 4161 84.10 9.33e-11 3711 83.31 9.99e-10
f_shell7 504855 4170 86.46 9.76e-10 3707 84.46 9.97e-10
apache1 80800 2610 2.23 9.06e-10 2489 2.50 9.82e-10
apache2 715176 4909 53.35 9.89e-10 4453 64.88 9.95e-10
bcsstk08 1074 4765 0.08 9.40e-10 4184 0.13 9.99e-10
bcsstk09 1083 283 0.01 9.15e-10 280 0.01 8.69e-10
bcsstk10 1086 3619 0.08 9.94e-10 3170 0.12 9.99e-10
bcsstk11 1473 10833 0.36 9.99e-10 8593 0.38 9.99e-10
bcsstk13 2003 126707 8.30 8.55e-10 45440 3.76 9.99e-10
bcsstk14 1806 12130 0.59 9.45e-10 5732 0.42 9.99e-10
bcsstk15 3948 18490 1.65 9.05e-10 8876 1.17 9.99e-10
bcsstk16 4884 509 0.11 9.92e-10 348 0.10 9.89e-10
bcsstk17 10974 20991 9.78 9.96e-10 19459 10.92 9.99e-10
bcsstk18 11948 150000 42.97 1.75e-09 20654 7.10 9.99e-10
bcsstk21 3600 9357 0.33 9.90e-10 7941 0.50 9.99e-10
bcsstk23 3134 48668 2.58 9.95e-10 8280 0.79 9.99e-10
bcsstk24 3562 150000 17.09 2.06e-08 47170 6.92 9.99e-10
bcsstk25 15439 150000 53.12 5.88e-08 69466 31.12 9.99e-10
bcsstk26 1922 20417 0.56 9.92e-10 13293 0.61 9.99e-10
bcsstm23 3134 4285 0.08 9.54e-10 2935 0.13 9.98e-10
bcsstm24 3562 2489 0.05 9.51e-10 1986 0.10 1.00e-10
Flan_1565 1564794 18980 2305.60 9.96e-10 13389 1664.70 9.99e-10
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Table 8: Numerical results for linear systems from the UF sparse matrix collection, part II

CG AMGM

Name n Nitr Time NrmG Nitr Time NrmG

bcsstk27 1224 1001 0.04 8.91e-10 906 0.06 9.98e-10
bcsstk28 4410 14000 2.10 8.57e-10 13704 2.63 9.96e-10
bcsstk36 23052 150000 220.83 2.68e-08 69277 119.12 9.99e-10
bcsstk38 8032 23382 7.56 9.48e-10 5822 2.37 9.99e-10
crystm01 4875 102 0.01 7.83e-10 99 0.02 9.03e-10
crystm02 13965 104 0.05 8.90e-10 100 0.05 9.65e-10
crystm03 24696 103 0.08 9.80e-10 99 0.10 9.69e-10
ex15 6867 2104 0.18 9.75e-10 1382 0.18 9.99e-10
fv1 9604 31 0.01 8.76e-10 31 0.01 7.61e-10
fv2 9801 31 0.01 8.76e-10 31 0.01 7.61e-10
fv3 9801 208 0.03 9.69e-10 204 0.04 9.09e-10
Kuu 7102 741 0.21 9.63e-10 689 0.21 9.98e-10

mhd4800b 4800 52840 2.00 9.98e-10 28675 1.87 9.99e-10
msc04515 4515 5226 0.39 9.33e-10 5092 0.57 9.97e-10
msc23052 23052 150000 231.00 1.37e-08 52143 92.04 9.99e-10

Muu 7102 71 0.01 9.63e-10 70 0.02 8.04e-10
nasa4704 4704 21621 1.71 9.30e-10 15923 1.93 9.99e-10
nasasrb 54870 37643 116.34 9.48e-10 23200 75.11 9.99e-10

s1rmq4m1 5489 5615 1.22 8.42e-10 4703 1.23 9.99e-10
s2rmq4m1 5489 17820 3.47 9.45e-10 15283 3.55 9.99e-10
s1rmt3m1 5489 6153 0.96 9.82e-10 5564 1.12 9.98e-10
s2rmt3m1 5489 24844 3.82 9.62e-10 21170 4.04 9.87e-11
s3rmq4m1 5489 39984 7.81 9.73e-10 17720 4.52 9.99e-10
s3rmt3m1 5489 63635 9.45 9.70e-10 24429 4.81 9.99e-10
s3rmt3m3 5357 96268 14.19 9.72e-10 26334 5.19 9.99e-10
sts4098 4098 20690 1.52 9.74e-10 16933 1.80 9.99e-10
t2dal_e 4257 5474 0.14 9.45e-10 2374 0.14 9.99e-10
bcsstm08 1074 120 0.00 4.37e-10 130 0.01 6.51e-10
bcsstm11 1473 29 0.00 1.22e-10 29 0.00 1.22e-10
bcsstm12 1473 2452 0.05 7.74e-10 2095 0.08 9.97e-10
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method. As future work, it is necessary to study the possible extensions of the proposed method both in the

field of unconstrained convex optimization and in the general unconstrained non–linear case.
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