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Abstract

There are first-optimize-then-discretize (indirect) and first-discretize-
then-optimize (direct) methods to deal with infinite dimensional optimal
problems numerically by use of finite element methods. Generally, both
discretization techniques lead to different structures. Regarding the indi-
rect method, one derives optimality conditions of the considered infinite
dimensional problems in appropriate function spaces firstly and then dis-
cretizes them into suitable finite element spaces. One has freedom to chose
ansatz spaces for functions. On the contrary, w.r.t. the direct method, one
doesn’t need to investigate functional properties of the given problem, but
transform the overall system into a standard finite dimensional optimal
problem. Depending on the situation, each method has its own advantages
and disadvantages.

MSC(2020) 49M25, 49M41, 65M22, 90C33.
Keywords Complementarity constraints, Optimal control, Parabolic PDE,
Smoothed Fischer Burmeister function, Discretization methods.

1 Introduction

This paper deals with different discretization techniques to solve optimal control
problems w.r.t. linear parabolic PDE and control complementarity constraints. We
adopt the theoretical results from [2] and solve the considered problem by use of
penalty approach with the smoothed Fischer Burmeister function. Finite dimen-
sional nonlinear large scale equation systems of surrogate problems are derived
in terms of both discretization techniques. By means of a numerical example both
discretization approaches will be quantitatively and demonstratively compared.
Explicitly, the following modell of optimal control problem is considered:

J(3:w,0) = 3ID[y (- )] = yallZ g + 3 lullas + lloll7, — min
A(y) —=B(u) - C(v) = 0 (OC)
(u,v) € C
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The following linear parabolic PDE represents the state equation:

4y-V-(CVy)+ay=0 ae.onQ:=Qx7T
n-(CVy)+qy=bu+co aeonX:=Ix7T (1)
y(-0) =0 a.e.on Q.

Therein, Q := Q X I be the underlying space-time cylinder with lateral boundary
> :=I'x 7. The domain Q c R%,d € {1, 2,3}, is nonempty, bounded and possesses
a Lipschitz boundary. The time interval 7 = (0, T) has the end time T > 0. We
use V to denote the gradients w.r.t. the spacial variables x € Q. The functions
b, c € L™ (T') are assumed to stipulate the effective range of the controls and they
can be modelled as characteristic functions of certain subsets of the boundary
domain I'. The underlying control space U is a Hilbert space and the controls
are considered to be dependent only on time. It is assumed that the parabolic
PDE (1) possesses a unique weak solution y in a suitable state space YV for any
pair of controls (u,v) € U 2 Furthermore, D is chosen as a linear operator which
maps the state at the end time into the observation space L?(Q) and the target
ya € L?(Q) is fixed. As a special constraint, Additionally, the objective functional
is minimized w.r.t. all controls coming from the complementarity set defined
below:

C={w,zeU*: wkx)>20Az(x)>0AwX)z(x)=0 aeonl} (2

The authors have already considered the control complementarity constrained
optimal control problem with a linear PDE as state equation in [1] and realize
that U chosen from at least the first order Sobolev space H!(I) guarantees that
the feasible set C is weakly sequentially closed, see [1, Lemma 2.3]. The objective
functional of (OC) is continuously Fréchet differentiable, convex and U-coercive
for positive Tikhonov parameters 4;, A, > 0. Thus, the problem (OC) possesses
an optimal solution, see [1, Lemma 2.4].

In [2], several penalty approaches have been used to deal with the pointwise
complementarity of controls, e.g. by use of a single NCP - Fischer Burmeister
function, which was introduced by Fischer [3] and is defined by ¢ : R? — R for
a,beR:

P#(a,b) :==Va? +b?> —a—D. (3)

As we know, although the squared Fischer Burmeister function is differentiable
everywhere, butitisn’t second order differentiable at the origin point. Additionally,
the Hessian matrix of squared Fischer Burmeister function is singular in the whole
complementarity set. One gets difficulty in performing Newton-like method. The
sequence of stationary points of surrogate penalized problems fails to converge
to a reasonable stationary point of the original considered problem, even by use
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of the globalized (damped) Newton method, see [2]. In this paper, we inherit
the theoretical results of penalty methods from [2] and the smoothed Fischer
Burmeister function is instead applied to deal with the control complementarity
constraints. For any a,b € R, the smoothed Fischer Burmeister function ¢, :
R? — R is defined by:

¢a(a,b) :=VNa?+b?>+a—a-b. (4)

where a > 0 is the so-called smoothing parameter. It is obvious that
do(a,b) =¢p(a,b)=0a>0Ab>0Aab=0

holds true.
For the setting U := H'(I), we consider a sequence of following surrogate
problems

T (3:1,0) = HID[y (D) = yallf ) + 3 ullme) + Z ol 1)
+ }/Z_k”(DU(k(E[u]a E[U])”izg) - 1};13—3( (Pyear)
A(y) —B(u) - C(0) =0

with positive sequences {yx }ren tending to co and {ay }ren tending to 0 as k — oo.
Therein, E : H'(I) < L?(T) is the compact embedding on the given time interval
T and @, : L*(7) x L*(I) — L*(T) is the associated Nemytskii operator with
P, which is defined by

V(w,z) € L*(I)*Vte I Dy, (W, 2) (1) = g, (W(t), 2(2)). (5)

Since the presented theoretical results in [2] can be applied for the penalized
problem (P, ) as well, we will only present some new results w.r.t. the smoothed
Fischer Burmeister function and concentrate on the discretization process by use
of different discretization techniques.

2 Penalized problem with squared smoothed
Fischer Burmeister function

For all (w, z) € L?(T), the operator ®, : L*(1)* — L*(T) is well defined, see [1].
We denote the penalty term by F, : H'(1)* — R} with

V(w,0) € H(I)®:  Fa(u,0) = 3[1@a(Ew), E)L . (6)

Let @ > 0 be fixed, the operator ®, as well as F, are Fréchet differentiable ev-
erywhere, since ¢, is smooth, see [4]. Here, we present the Fréchet derivative of
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F,(u,v) without proof. At an arbitrary point (i, 9) € H'(Z)? and a fixed a > 0,
the Fréchet derivative of F, is given by

V(6% 8°) € HY(I)*: F.(a,0)[8" 8] = /Q bo((x),3(x)) (ne(@(x), 5(x))8* (x)
+1(9(x), #(x))8°(x)) dx,

(7)
where 7, is a real valued function defined by
a
V(a,b) € R*: p4(ab) = ————1. (8)
¢ Va? + b’ +«

Obviously, for any penalty parameter y > 0 and smoothing parameter a > 0,
the problem (P, 4, ) possesses an optimal solution. The similar argument can be
found in [1, Proposition 4.3].

Proposition 2.1. Let two positive sequences {yi } ken and {ay }ren satisfy yr — +oo,
ar — 0 and yrax — 0 ask — oo. Forany k € N, let (yr, up,vx) € Y X H'(I) x
H'(T) be a global solution of (Py,.a;)- Then, {(uk, vi) }xen contains a subsequence
converging strongly in H'(I)? to a point (i1,d) € C and y € Y be the associated
state with (i1, 0) w.r.t. the state equation such that (y,4,0) is an optimal solution of
(OC).

Proof. For any fixed k € N, we can obtain an upper bound for the objective
functional

Ty (Vies ties 0) < 311 yallfz ) + ol 7|

by considering the feasible point (0, 0, 0) for (P}, 4, ). Here, | I | denotes the length of
the time interval 7. It follows that the sequence of optimal solutions { (uk, vk) }ren C
H'(T)? isbounded and therefore contains a weakly convergent subsequence (with-

out relabelling) which converges strongly to (&,d) € L?(1)? due to the compact
embedding H!(I) < L?(T). Furthermore, from the estimation

0 < 1@ (E(u), E@Dlz2(r) < & 1yallizqey + Vel T = 0

we observe that as k — oo, at least along a subsequence of {(ug, vx) }xen, the
sequence {®y, (E(ux), E(vr)) }ken converges pointwise a.e. to 0, i.e. (%,9) € C.

Let (u,v) € C be arbitrarily chosen, for arbitrary positive parameters y; und
Qk, the estimation

)| ®e, (E(w), E@)I7. ) = KIVE@®)? + E(0)? + & — E(w) = E(0) 12, 1,
= %|lVE(u)? + E(0)? + o — VE(u)? + E(v)?
< BllvarlZ 1

= Lol 7|
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holds true. From the assumption that yyar — 0 as k — oo, it follows

. Yk 2 : Yk —_
0% lim 10, (w0) . ;) < lim By l7] =0

ie. limg_,q Y2—"||<I>ak (u,0)|| = 0. Furthermore, let y € Y be the associated state

2
L*(T)
with (u, v) w.r.t. the state equation. Since ( yx, ux, vx) € H'(I)? solves the problem
(Pyk,ak)> by use of the weak lower semicontinuity of the functionals, we obtain the
following estimate:

A A;
D) =yl + 2 lullincr) + 2lloliZa

A A .
= 3ID() = yalls gy + S lullnry + £l )+ Jim B0, (w0
. A A,
= lim (D) = allZaq) + Sl 7y + S0l 1) + 5190 0l )

. A A
> lim sup (%”D(yk) - Yd||i2(Q) + 71||uk”§.p(]) + 72”01(”?{1(1) + yz_k”q)ak(uk’ Uk)||i2(]))

k—o0

. 2 A
> timsup (31D (3e) = yallZa g + SlleliZn ) + Zlloely 1))

k—o0
o A A
> timinf (HIDO) ~ yalle oy + % sy + 2loull 1))
_ AMLs A2 (15
> D) = yallZa oy + Sl g, + E 11,

It was shown that (§,%,0) € Y X H'(I) x H(I) is a global minimizer of the
original optimal control problem (OC). Choosing y := y,u := @ and v := 0, we
have

%”D(yk)_yd||iZ(Q)+%”uk”?_p(])+%”0k”ip(‘[) - %”D(}_’)—Yd”iz(g)+%||a||?{1(])+/12—2||5||?{1(])
It follows
2 2 _ 12 112
a2+ ol = Nl + 602,
and
luellgo) = Nallmay,  Noklla ) — lollm o

by use of [1, Lemma A.1]. Due to the weak convergences of uy — @ and vy — 7 in
the Hilbert space H'([), the strong convergences uy — i and vy — @ follow. O

3 Adjoint state

The finite element method will be used to solve the optimal PDE control problems
numerically and it is based on the weak theory of PDEs. In order to ensure
that there exists a unique weak solution of state y € WZI’O(Q) for any controls
u,0 € HY(T),see [7,Section 26], we give the following assumption on the parabolic
PDE (1).



Assumption 3.1. The coefficient function C € L°(Q, S(R)) (where S¢(R) denotes
the set of symmetric d X d matrices) satisfies the condition of uniform parabolic, i.e.

dep > 0Ve e RY:  €'C(x,t)e > colels faa. (x,t) € Q.
The functions a € L*(Q) and q € L*(X) with q(x,t) > 0 fa.a. in % are fixed.

Letv € C% (5) be an arbitrary test function. We test the first and second
line of (1) with v and integrate them over Q. By use of Green’s formula w.r.t. the
spacial variable x we obtain

Vv e C®(Q): // iyvdxdt+//((CVy)Vv+ayv)dxdt+//qudsdt
qQdt Q s

= /./z(b(s)u(t) + c(s)v(t))vdsdt
)

Due to the third condition in (1) and employing the Green’s formula w.r.t. the
temporal variable ¢, it follows

Vv e C®(Q): /Qy(x,T)v(x,T)dx—”//Qy%vdxdt+‘/Lz((CVy)Vv+ayv)dxdt

+//quVd5dt://Z(b(s)“(t)+C(s)v(t))vdsdt,

It is possible to find a solution of state y from the space Wzl’o (Q) for all test
functions v € C*(Q). Note that the space WZLO(Q) contains all functions from
L?(Q) that are first order weakly differentiable w.r.t. the spacial variables from
Q and their spacial gradient belongs to L?(Q; R¢). The existence statement of
y € WZI’O(Q) of the parabolic PDE (1) can be found in [7, Section 26]. According
to [6, Theorem 3.13], the weak solution y € WZI’O(Q) belongs, possibly after a
suitable modification on a set of measure zero, to the function space W(0,T),
ie.y € L3([0,TI; HY(Q)) as well as £y e L2([0, T]; H'(Q)*) hold true. On this
account, we consider the operator D as a natural embedding Eq : H}(Q) — L*(Q),
which maps the abstract function value y(T) from H'(Q) into L?(Q). Furthermore,
due to the density of C* (Q) in Wzl’l(Q), which comprises all functions from
WZI’O(Q) that are first order weakly differentiable w.r.t. time variable from 7 and
their time derivative 9,y belongs to L?(Q). Note that Wzl’l(Q) is isomorphic to
the space H'(Q), the equations (9) and (10) are valid for all v € WZI’I(Q). The
affiliation of v € Wzl’l(Q) can be extended to v € W(0, T) by means of a density
argument as well, see [6].

For the sake of convenience we define a function a[t;-,-] : W(0,T)? — R in
a bilinear form:

alt; y, v] =/Q((C(t)Vy(t))VV(t)+a(t)y(t)v(t))dX+/FQ(t)y(t)V(t)dS- (11)

(10)
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To obtain an optimality system which can be solved numerically, we use the
formal Lagrange techniques and consider the Lagrange function with the adjoint
state p € W(0,T):

L(y,w,0,p) = 3IBaly( D) = yalljq) + Flulli 1) + 3005 1)
T T
Yie 2 - 4 _ .
# 0, Bl EDI oy = [ (50000), e [ty plar

+ ‘//E(b(s)u(t) +c(s)v(t))p(s, t)dsdt.

(12)
The initial condition of the state will be treated explicitly. For all £ € W(0, T)
with £(+,0) = 0, the following necessary optimality condition is valid

T T
(Ealy(- )] = yo. Bal (- ) Drea) - / (£ew.p) dt - / alt: pldt = 0

HY(Q)*.H'(Q)

By use of the Green’s formula w.r.t. the temporal integral, we can write

T
/ E(x, T)p(x, T)dx — / £(x, 0)p(x, 0)dx - // £4 pdxd + / alt; & pldt
Q Q Q 0
= [ ) = e Ty
which corresponds to the weak formulation of the so-called adjoint PDE:

~&p—V-(CVp)+ap=0 aeonQ:=Qx7
n-(CVp)+qp=0 aeonXy: =I'x7 (13)
p(T)=y(T) = ya a.e.on Q.

4 First-optimize-then-discretize approach (Indirect
method)

The following equations together with the systems (1) and (13) build the necessary
conditions for the penalized problem (P,, 4, ).

/11<u,9>H1<1)+Yk(‘Pak(E[u],E[v]),E[QDLzu)+//Zb(5)9(t)1)(s, t)dsds = 0

120, 0 (1) + Vi Yoy (E[0], E[u]), E[@])12(1) +//ZC(S)9(1‘)P(8, t)dsdt =0,

(14)
where ¥, : L(1) x L*(I) — L*(T) is defined by

V(w,z) e L*(I)?Vx e T: Yo (W, 2) = Y, (W(2), 2(1))



with
V(a’ b) € R2: l//ak(a, b) = ¢0(}<(aa b)nak(a, b)’

and ¢g,, ¢, are given in (4) and (8), respectively. Note that the equations (14) are
valid for all functions o € H'(T).

The derived conditions (1), (13) and (14) will be discretized into a nonlinear
system by considering the combination of (semi-)discretization w.r.t. the spacial
dimension and finite difference methode w.r.t. the temporal interval. We test (1)
with an arbitrary test function { € H'(Q) and integrate over the domain Q on a
fixed time point ¢. The weak formulation reads

/gZ%Y(x,t)§(x)dx+a[t;y,§] :/rb(s)u(t)g(s)ds+/rc(s)v(t)g(s)ds

(15)
/Q y(x,0){(x)dx = 0.

Note that all functions except test functions are considered to be abstract func-
tions, which map from the time interval to suitable function spaces. Let Q5 and
Iz denote the discrete domain of Q and its boundary I'. The number of nodes
and elements on Q, is denoted by n, and n,, respectively. The finite element

space P°(Q,) with piecewise constant functions is cognizant for the discretized
coefficient functions C(t), 2(¢), b(t), &(t) and q(t). The discretized state y(t)
is considered in the finite element space P!(Q,) with piecewise affine linear
functions, which possesses the stiffness matrix Ko, (-) and mass matrix Mng ()
associated with considering coefficient matrices. W.r.t. the boundary condition,
the matrix Qr, (q(t)) represents the boundary integral of involving q(t). Addi-

tionally, Gr, (b), Gr, (<) are vectors depending on the discrete condition b and C.
The semi-discretization of the equation (15) is obtained:

@ b, (DF(0) + (Ko (0)) + M, B(0) + 0y (1)) 3(0) = Gy (B)i(e) + G, ()51

dt (16)
M, (1)5(0) =0

We use the implicit Euler method to deal with the ODE w.r.t. the time inter-
val 7. The temporal discretization is realized as the family 75 := {[t;, ti+1] }?;01
with n subintervals. The vectors y = (3°...,5") 7,4 = (&°...,u4")T and 3 =
(@°...,0")7 are discretized state and controls. The elements j', #’, ' correspond
to their approximation at each time t; for i = 0, ..., n. The temporal discretization
of coefficient functions is in a similar fashion. By use of the forward differences

to consider the derivative w.r.t. time, we obtain a linear system

Ay - B(D)i-B(R)F=0 17)



where A € RV () g oiven by

Mg, (1) N N
—Mng(1) 1°
1 1
a-| N -M, (1) T

: -M, (1) " N
A
N ... . N —Mg)Au) !

with IT' := Mng (D +(tip1—1;) (KQA (CHY) + M}ZA(QM) + QrA(El”l)),i =0,...,n—1;
the matrix 8(p) € RV%X(+1) s given by

n n n

n (4 —t)Gr,(p)
B(p) =

: (tn—l - tn—Z)GFA (P) n
n . n (tn = th-1)Gr, (p)

with p € {f), C}. Furthermore, N € R™*" n € R™ are all-zero matrix and vector,
respectively.

Next, we discretize the adjoint PDE (13). Let us additionally denote the vector
p=(p%...,p")7 as the discretized adjoint. Applying the Green’s formula on the
first two lines of (13) w.r.t. the spacial variable x, the weak formulation reads

d
- /Q 9 p(e ) Cdx +altsp.2] = 0

(18)
[pxnzed = [ (D) - puo)zeods
Q Q
and the associated semi-discretization is
d - > > S S
Mo, OB(0) + (Ko, C(0) + M, (B(0) + 0 @4 0y =0

Mg, (DB(T) = Mg, (DF(T) = Mg, (DEg, Fa.

Here, E?;A transforms the approximation of the desired state y4 from P°(Q,) into

P1(Qp). To deal with the discretization w.r.t. the temporal dimension, we have to
take the reverse time orientation into consideration. We define

A= Mb, (1) + (1 = ) (Ko, (€ + Mb, (B) +0r, (@), 1=0,...,n—1
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and obtain i
—~-Ap+Ly+b=0, (20)

where A, £ € RHDnpx(nthny e R(n+Dnp 5p0 given by

A =My (D) N
N Al —M}ZA(1) :
A=|: S
A =My, (1)
N Mng(l).
N ... ... N n
n
N ... ... M (1 -
2 ~Mg, (VEY Fia.

Now, we discretize the conditions (14) related to controls. Firstly, we consider
finite element spaces P°(Z5) and P*(Zp) on the discretized time interval 75, which
possess mass matrices MgA and MJI.A, respectively. The matrix K7, is the stiffness
matrix in the finite element space P'(Z,). Obviously, the discretized interval 7y
possesses n + 1 nodes and n elements. The discrete counterparts of (14) read

- T g = g 3 P i
M(Kg, + My )i+ yiEY  M] Yo, (EY 4, EY 8) + My, diag(Gr, (b))p = 0
- T s g e 1 ps n
Ao (K, + M7 )3+ ykEy M} o, (Ey 3, E7 1) + M7, diag(Gr, (€)")p = 0,

therein, E;i transforms the discrete controls from P1(7)) into P°(Z»), which
corresponds the natural embedding operator E : H!(I) < L*(7). Forp €
{B, ¢}, the matrix diag(Gr, (p)T) € RMVX(+Dny consists of transposed Gr, (p) as
blocks in diagonal. The partial derivative of squared smoothed Fischer Burmeister
function w.r.t. vectors of discretized controls is calculated by use of i/, (a,b) in
componentenwise fashion. An advantage of the "first-optimize-then-discretize"
approach for solving this surrogate problem (P, 4, ) is the easy realization of first
and second derivation of the penalized (smoothed) Fischer Burmeister function.

Finally, the following nonlinear equation system which is comprised of dis-
crete equations (17), (20) and (21), w.r.t. vector-formed discretized variables zZ =
(¥, 1,3, p) has to be solved:

Fopz + fop + Kop =0, (22)
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where Fop € RE+Dnp+2(n+1))x@2n+np+2(n+1)) ig the linear part in this equation
system which is given by

L NzT NzT -A
1 1 7: "
Fop = N, Al(K[A +M[A) N3 1 M{Ad%ag(GrA (13:) . (23)
N, Ns A2 (Kg, + MIA) MIAdlag(GrA(C )
-A B(b) B(2) M

Note that the matrix Fop is not symmetric. The vectors fop, Kop € R2(Dnp+2(n+1)
are nonlinear part and constant part, respectively, i.e.

n
10T 0 7 10> 10
veEp MIAIﬁak(EIAu,EIAU)
10T 200 7 102 10 2 |°
YeEp  M; Yo (E7 0, E7 1)
n

fop = Kop = (24)

= B B <

The notations N, N2, N3, n stand for zero matrices and vectors in suitable dimen-
sions.

5 First-discretize-then-optimize approach (Direct
method)

The first-discretize-then-optimize approach is also called direct method. At first,
one discretizes the objective functional and constraint conditions in suitable finite
element spaces and needs to solve a standard finite dimensional problem. W.r.t.
the penalized problem (Py, ), the adjoint state only exists in a discrete form and

corresponds the multiplier associated with the linear discretized state equation.
By use of the same notations for discretized variables as used in the previous
section, the discretized counterpart of the penalized problem (P, ,,) reads:

- L o T o . .
T (5.8,8) = § (ES, 5 = 5a) M, (1) (ES, 57 = 7u) + 27 (K, + M}, )i
- T -
+ L;JT(KIA + M}ZA)5+ B (¢ak (E}OAH, E}OAJ)) MS.A(1) (¢ak (E}(ia, El})Aa)) N I;lgf
Ay - BD)i - B(R)i =0,
(25)
therein, in addition to the notations which have been introduced in Section 4,
MgA (1) means the mass matrix in finite element space P°(Q,) and EgJA transforms
the approximation of functions from P!(Q,) into P°(Qp).
At this point, we need to solve the first order optimality system of (25)

FpoZ + fpo + Kpo = 0, (26)
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which is totally different from (22) and explicitly,

£ Ny Ny ~AT
No Ja(Kp, + M) Ns B(b)"
Frro) = I S, 27
TN N kg A BE)T @
~A B(b) B(3) M
with
N ... ... N
L= o :
.
N ... ... EQ M (DEG .

Note that the matrix Fop is symmetric. On one side, we don’t need to consider
the adjoint state equation (13), on the other side, it is strenuous to calculate the
gradient of the discrete penalty term

= - - re - - T re - -
Fo (i,5) = 1 (¢ak (EV3, E}io)) MY (1) (¢ak (EV3, E}go))

w.r.t. the vector variables # and 7. The vectors fpo, Kpo € R2(MDmp+2(m+1) are
given as

n
T 4. - - - -
YkElj(i diag(n (Elj(i U, El](i ZJ)M?.A ba, (E}g u, E}Z 0)

foo = T, I TS B
YkEX dlag(n(Elji 0, E£ u)Mf.A Pa (E}g u, E}i 0)

n
28
; 0 (28)
Kpo = n with i)z ’
n n
n ~Ef) "MY) (17

6 Numerical experiment

The following example will be performed with the object oriented MATLAB
class library OOPDE, see [5]. Obviously, the equation system (26) obtained by
first-discretize-then-optimize approach is totally different from the system (22) ob-
tained by first-optimize-then-discretize approach. For solving both nonlinear equa-
tions, we make use of damped Newton method. Since MézA (1) and Eg)A TMgA (1)E§§A,
MézA (1)E?21A and ES’ATM?)A (1) don’t have great difference, respectively, the main
distinction in the linear parts of both equation systems is in the discrete adjoint
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operator. The order of consideration for the penalty term of control complemen-
tarity constraints leads to different nonlinear parts in (22) and (26), respectively.
One expects dissimilar solutions for a same example. But actually, both solutions
are correct with reservations of respective discretization inaccuracy. We will
evaluate them by means of performance profile of associated objective functional
values and complementarity feasibilities, which was introduced in [2].

Let Q := (0,1) be a one dimensional interval. We have a desired state

1 0
Vx e Q:  ya(x) := { .
2

2

which is discontinuous on Q. The controls u, v are active on the time interval
I := (0,4) at the respective boundary points of Q. Explicitly, the associated
coefficient functions b, ¢ satisfy

1 s=0 0 s=0
Vs € {0,1}:  Db(s) = {0 =1 c(s) == {1 N
Furthermore, we have C = 0.0125, a = 0, and q = 1in the parabolic state equation.
The Tikhonov parameters A; = A, := 10~ are fixed. We use the same equidistant
stepsize h = 0.025 to discretize the spacial interval Q and the temporal interval 7,
i.e. Qp and 75 have 40 and 160 equidistant subintervals, respectively. For the sake
of simplicity, we set o =1/ ylf for all k € N. One lets yp =1 and yj4q = 1.2 * yy for
implementing the Newton iteration process. The starting point is set to be Zp = 1.
Finally, we obtain the solutions of controls, which are illustrated in the following
Figure 1.

35 35
U — U —
30+ E 30

25

20

(a) Controls obtained by indirect method (b) Controls obtained by direct method

Figure 1: Solutions of controls with constant 1 as starting point.

It is already known from the study in [2], that one may yield reasonable "good"
solutions by use of the optimal solution of the optimal control problem (OC) with
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only nonnegative constraints on controls, i.e. (u,0) € HL(Z)? as starting points.
Here, "good" means that the obtained solutions may lie in the neighborhood of
the potential global optimal solutions due to the local convergence property of the
Newton-type method. The solutions of (22) and (26) by use of positive controls as
starting point in Newton-type solving process are illustrated in Figure 2. There
isn’t great difference any more, at least visually.

35 35
UV —

3
30 30

25

AL : A'M

0 0.5 1 15 2 25 3 35 4 0 0.5 1 15 2 25 3 3.5 4

(a) Controls obtained by indirect method (b) Controls obtained by direct method

Figure 2: Solutions of controls with positive controls as starting point.

To compare the robustness of both discretization approaches, we arbitrarily
choose 100 vectors whose components from [0, 20] serve as staring points in
Newton-type solving process. Due to the regularity of Hessian matrix of squared
smoothed Fischer Burmeister for a reasonable positive parameter oy, the applied
damped Newton method always deliver an accumulation point from any starting
point. For any pair of discrete controls (i, 0), we compare the associated objective
function values and feasibility of control complementarity associated with all the
outputs, which are defined by

oo -n = \T —— M= > Ay >
J3.2.8) = (B8, 5" - 5a) M3, (1) (ES, 7" = Fa) + 27 (Kr, + MY )i + 457 (Kz, + M}, )3

and

1

T 2
0(ii,3) = ((\/(EI;AJ)Z +(E9G)? —Eii - E}‘ia) MY (\/(EIIOA&)Z +(E9)? ~Eii - E;‘?Aa)) ,

respectively. In the same line as the computation of derivative of discrete squared
(smoothed) Fischer Burmeister function, all the powers and square roots are
implemented componentwise. The quantitative comparison of these values is
realized by illustration of associated performance profiles, see Figure 3. Here,
the comparative values are set to be the minimum of all 200 associated function
values for Figure 3a and zero as the absolute feasibility of controls for Figure 3b,
respectively. A detailed description for calculating the performance profiles can

be found in [2].
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(a) Function value (b) Feasibility of complementarity

Figure 3: Comparison of indirect and direct methods via performance profiles
w.r.t. function values and feasibility of control complementarity.

It is visually significant that first-optimize-then-discretize and first-discretize-

then-optimize methods used to solve the infinite dimensional optimization prob-
lem are not indistinguishable regarding to resulted function values and feasibility
of obtained controls. The results of this example answer our expectation as well.
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