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Abstract

We propose conditions under which two-stage distributionally robust optimization problems
are optimally solved in affine or K-adaptable affine decision rules. Contrary to previous work,
our conditions do not impose any structure on the support of the uncertain parameters, and
they ensure point-wise (as opposed to worst-case) optimality of (K-adaptable) affine decision
rules. The absence of support restrictions allows us to transfer nonlinearities from the problem
description to the support via liftings, while the point-wise optimality implies that decision
rules remain optimal for broad classes of distributionally robust optimization problems, includ-
ing data-driven problems over ¢-divergence or Wasserstein ambiguity sets. We demonstrate how

our conditions can be met in two applications.
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1 Introduction

Robust and distributionally robust optimization problems faithfully model the uncertainty and
ambiguity inherent in practical decision problems. Moreover, their two- and multi-stage extensions

account for the dynamics of real-life decision making, where some decisions can be postponed



and thus taken under a richer information base. Unfortunately, however, the presence of multiple

decision stages leads to significant theoretical and computational challenges. In fact, robust linear

programs are NP-hard already when they involve two decision stages (Guslitser, 2002)), and the

solution schemes for two- and multi-stage robust optimization problems, such as (nested) Benders’

decomposition (Jiang et al., 2014; Thiele et al., 2010; Zhao et al.,|2013)), semi-infinite programming

(Zeng and Zhao, 2013;/Ayoub and Poss, 2016)), uncertainty set partitioning (Bertsimas and Dunning;,
2016} [Postek and den Hertog, 2016} |Georghiou et al., 2020), Fourier-Motzkin elimination (Zhen
et all [2018) and robust dual dynamic programming (Georghiou et al) [2019), often exhibit an

unfavourable scaling in the size of the problem.
A popular heuristic for generating suboptimal decisions in two- and multi-stage problems ap-

proximates the recourse decisions via affine decision rules, which impose an affine dependence of

these decisions on the revealed uncertainties. Originally proposed by (Charnes et al.| (1958) for the

production scheduling of heating oil, affine decision rules have been largely neglected by the stochas-

tic programming community due to their suboptimality even in well-structured problem classes as

well as the difficulty to meaningfully bound the optimality gap (Garstka and Wets, 1974). They

resurfaced several decades later in the robust optimization (Ben-Tal et al. 2004)), control theory

(Skat and Boyd, [2010) and stochastic programming (Kuhn et al. [2011) domains, where they have

subsequently been generalized to segregated affine (Chen et al., 2008; |Chen and Zhang|, 2009; |Goh|
2010), piecewise affine (Bertsimas and Georghiou, [2015; (Georghiou et al., |2015), polyno-

mial and trigonometric (Bampou and Kuhn, 2011; Bertsimas et al., 2011c) decision rules. We refer

to the survey of Delage and Iancu (2015]) for a detailed review of the decision rule literature.

In this paper, we develop conditions under which affine decision rules are optimal in two-stage
distributionally robust optimization problems. It comes at no surprise that such conditions must
be restrictive. Intuitively, our conditions apply to problems where a part of the first-stage decisions
are binary and select which second-stage constraints are binding at optimality. By ensuring that
the coefficient matrix of these bindings constraints admits a positive inverse, we are guaranteed an
affine dependence of the second-stage decisions on the uncertain problem parameters. A sufficient
condition for the existence of a positive inverse is that the binding second-stage constraints estab-
lish an acyclic dependence structure between the second-stage decisions, that is, the second-stage

decisions allow for a reordering (which itself depends on the choice of the first-stage decisions) so



that the optimal decisions could in principle be computed sequentially by a backward substitution,
if the optimal first-stage decisions were known. Contrary to prior optimality results for decision
rules, we do not impose any assumptions on the support of the uncertain problem parameters.
This allows us to model rich classes of dependencies in distributionally robust optimization prob-
lems, and it also enables us to transfer nonlinearities to the support via liftings. Moreover, and
again in contrast to the existing optimality results, our conditions ensure point-wise (as opposed
to worst-case) optimality of affine decision rules. While point-wise optimality tends to be overly
restrictive for classical robust optimization problems, where the recourse decisions only need to be
optimal for the worst possible parameter realizations, it allows us to apply our results to a broad
class of distributionally robust optimization problem for which, to our best knowledge, no prior
optimality results exist. Our results also allow us to characterize broader classes of problems that
are optimally solved in richer classes of decision rules, such as piecewise affine, polynomial and
trigonometric decision rules.

We demonstrate how our conditions can be met by a supply chain management and a flexible
production planning problem. Also, our conditions may often be met ‘approximately’, that is, they
would be met if it was not for a small set of complicating variables and/or constraints. Isolating
such problem structure allows us to employ optimal affine decision rules for the benign part of the
problem, while the complicating part can be dealt with separately, for example through a lifting of
the ambiguity set or a K-adaptability formulation. This situation is akin to integer programming,
where Lagrangian relaxations often allow us to isolate complicating aspects of the problem, and
the remainder of the problem can be solved optimally as a linear program due to the presence of a
totally unimodular constraint matrix.

We summarize the main contributions of this work as follows.

(i) We develop optimality conditions for affine decision rules in two-stage distributionally robust
optimization problems. Our conditions are minimal in the sense that there are problems
satisfying all but one of the conditions that do not admit optimal affine decision rules. We
are not aware of any prior optimality results for affine decision rules in distributionally robust

optimization problems.

(ii) We show how some broader classes of distributionally robust optimization problems, which

are not optimally solved in affine decision rules, admit optimal solutions in K-adaptable



affine decision rules. This allows us to significantly broaden the class of problems to which

our theory applies.

(iii) We apply our results to stylized formulations in two application areas, both of which are

solved optimally in affine decision rules for the first time.

Several papers characterize the geometry of recourse decisions in stochastic and (distribution-
ally) robust optimization. |Garstka and Wets| (1974) investigate the optimal structure of decision
rules in stochastic programming. They show that two- and multi-stage stochastic linear programs
with right-hand side uncertainty are optimized by piecewise affine decision rules, and they conclude
that affine decision rules are very restrictive. Most works in the robust and distributionally robust
optimization domain take the suboptimality of affine decision rules as given, and they focus on
quantifying the optimality gap of these decision rules for specific problem classes. In one of the
earliest attempts, Bertsimas and Goyal (2010]) show that constant decision rules perform well if
either the uncertainty set or the probability distribution is symmetric. The results are extended to
multi-stage problems and finite adaptability formulations by [Bertsimas et al.| (2011b]) and Housni
and Goyal| (2018), to nonlinear problems by |Bertsimas and Goyal (2013)), and to problems with un-
certain packing constraints by |Bertsimas et al.| (2015) and |/Awasthi et al.| (2019). The substantially
more flexible affine decision rules, while typically suboptimal as well, allow to significantly reduce
the optimality gap compared to constant decision rules. |Bertsimas and Goyal| (2012) relate the op-
timality gap of affine decision rules in two-stage robust optimization problems with right-hand side
uncertainty to the number of constraints and uncertain parameters. In a similar spirit, [Bertsimas
and Bidkhori (2015) quantify the optimality gap of affine decision rules by studying the distance of
the uncertainty set to the smallest enclosing simplex. In a recent paper, Housni and Goyal (2021)
study the performance of affine policies in two-stage robust optimization problems with right-hand
side uncertainty where the uncertainty sets constitute intersections of budget sets.

As expected, the cases where affine decision rules are optimal are rare, and they require a benign
problem structure to be present. Bertsimas and Goyal| (2012) identify that affine decision rules are
optimal in two-stage robust linear optimization problems with right-hand side uncertainty if the
uncertainty set is a simplex. This is intuitive as the linear problem structure causes the worst-case
parameter realizations to be attained at the extreme points of the uncertainty set, and the degrees

of freedom in the affine decision rules match the number of extreme points in the simplex. [Bertsimas



et al. (2010) show that affine decision rules are optimal in a multi-stage robust inventory manage-
ment problem that considers a single product and that accounts for ordering, inventory holding and
backlogging costs. A crucial assumption in this work is that the uncertainty set for the stage-wise
customer demands is a hyperrectangle. The result was later extended by lancu et al. (2013) to
problem instances where the corner points of the uncertainty set form a subset of the extreme points
of the [0, 1]-hypercube and the objective is convex and supermodular. The authors show that such
problems find applications in two-echelon supply chains with inventory capacity investments. In
a similar line of research, |Ardestani-Jaafari and Delage| (2016) show that affine decision rules are
optimal in a class of inventory management problems where the uncertainty set is the intersection
of the 1- and co-norm balls. Finally, Simchi-Levi et al.| (2019)) show that affine decision rules are
optimal in a two-stage robust medical supply chain design problem if the uncertain demands are
modelled by a budget-type uncertainty set and the supply network has a tree structure.

All of the previously discussed optimality results have in common that they establish the worst-
case optimality of affine decision rules in robust optimization problems, and they rely on the
interplay of the worst-case scenarios in the uncertainty sets with the structure of the problem. In
contrast, Gounaris et al. (2013) show that affine decision rules are optimal in two-stage robust
vehicle routing problems, independent of the geometry of the uncertainty set.

The remainder of the paper proceeds as follows. Section [2| develops minimal conditions for
the existence of optimal affine decision rules. Section [3| generalizes our findings to K-adaptability

problems. We study two applications of our results in Section 4} and we conclude in Section

2 Optimality of Affine Decision Rules

We consider an ambiguous probability space (€2, F,P), where Q is the sample space of possible
outcomes, F is a o-algebra on () that specifies the measurable events, and P is an ambiguity set
of probability measures. We denote by L the set of all extended real-valued random variables on
(2, F,P), that is, the set of all measurable functions X : Q@ — R. We fix a law invariant ambiguous

risk measure p = {pp}pep, which is a collection of law invariant risk measures pp : L — R, P € P.



The focus of our study is the two-stage distributionally robust optimization problem

minimize  sup pp [Q(%é)]
PeP (18‘)
subject to x € X,

where X € R™ | £ is a random vector that is governed by some distribution P € P and that is

supported on = < Rkﬂ and the second-stage cost function Q satisfies

minimize  f(x,y;§)

O(w:&) — subject to A(€)x + By > g(£&) (1)
| C(¢)z+ Dy <h(g) |

y e R™

where f : R™ x R" x E — R is the objective function, the technology matrices A : = — R™1*™
and C : Z — R™2*™ and the right-hand sides g : = — R™! and h : = — R"2 can depend on &,
and the recourse matrices B € R™*"2 and D € R™2*™2 are constant. Here and in the following,
we adopt the standard convention that the optimal value of a minimization problem is +00 (—0o0)
whenever the problem is infeasible (unbounded).

We make the blanket assumption that the expression pp[Q(x;€)] that evaluates the risk of
the second-stage costs in is well-defined for all first-stage decisions & € X and all probability
measures [P € P. Sufficient conditions to ensure this are discussed in §2.3.1 of |[Shapiro et al.| (2009).

Problem constitutes a very generic two-stage distributionally robust optimization problem
with a possibly nonlinear and non-convex first-stage feasible region X and a polyhedral (possibly
empty or unbounded) second-stage feasible region described by . The objective function f of
problem can be nonlinear and non-convex in the decision variables and the uncertain problem
parameters. The problem assumes a fixed recourse but allows for uncertainty in the technology
matrices and right-hand sides. Special cases of problem include stochastic programs, where
P = {P°}, and robust optimization problems, where pp = P-esssup and P = {5, : z € Z} with
5 being the Dirac measure that places unit probability at z € R¥ and Z < R¥ being a (possibly
non-convex) uncertainty set. Problem also encompasses distributionally robust optimization
problems with moment and data-driven (e.g., ¢-divergence or Wasserstein) ambiguity sets.

We will study conditions under which the set of optimal first-stage decisions in does not

change if we restrict the second-stage decision y to an affine decision rule that is selected in the

IThe support of a random vector is the smallest closed set that attains probability 1 under every measure P € P.



first stage. This restriction results in the single-stage distributionally robust optimization problem

minimize sup pp [Q(%y(éaé)]

PeP (2a)
subject to x e X, y:Z 5 R,
where y : £ % R™ indicates that y is an affine function of &, and where Q is defined as
F(@,y:€) it A(§)x + By > g(€) and
Qz,y;€) = C(§)z + Dy < h(§), (2b)
+o0 otherwise.

Note that even if problem did not impose an affine dependence of y on &, the interchange of
the supremum over P € P and the minimization over the second-stage decisions y would only be
admissible if the risk measure pp is monotonic for every P € P (Shapiro|, 2017)). For the remainder
of the paper, we thus make the blanket assumption that pp is monotonic for every P € P. This
assumption is satisfied by many risk measures, including all coherent risk measures (Artzner et al.,
1999)) and the value-at-risk. It is not satisfied, for instance, by the mean (semi-)moment and the
mean deviation risk measures (Shapiro et al., [2009).

Problem (2 offers several distinct advantages over problem . First and foremost, problem
often admits an equivalent reformulation as a tractable optimization problem that is amenable to
a solution with standard software, or it can be solved efficiently by iterative solution schemes. In
contrast, the discretization schemes commonly employed for the solution of problem typically do
not offer an implementable second-stage decision since the realized value of é tends to differ from all
discretization points with probability 1. Secondly, the optimal recourse policy in problem has
a compact representation that can readily be stored and implemented (e.g., on embedded devices
without optimization capabilities). Finally, the simple and explicit structure of the recourse policy
in problem facilitates interpretability of the optimization problem and may be useful, among
others, for comparative statics.

Our optimality result for affine decision rules assumes that there is an € X optimal in

problem such that the following conditions are met:
(F) For every £ € E, f(x, ;&) is monotonically non-decreasing in y.

(A) The technology matrix A and the right-hand side g are affine functions of &.



(D) The constraint matrix D is non-negative.

(B) There is an index set of constraints Z < {1,...,m1}, |Z| = ng, such that the restriction Bz

of B to those constraints is invertible with a positive inverse, and
[A©)z+ By=g(6) — Az()o+Bry>g:(6)] vEe=.

Assumption (F) is satisfied, for example, in the linear case when f(x,y;€&) = ¢'x + d(€)Ty and
d(&) = 0 for all £ € Z. Note that if f(x, ;&) is monotonically non-increasing in some or all com-
ponents of y for every @ € X and £ € E, then a simple change of the affected variables y; «— —y;
satisfies assumption (F); care must be taken, however, that the other assumptions remain satisfied
by the reformulation. Assumption (A) can always be satisfied by lifting the parameter vector &€ so
that it contains the nonlinear components of A and g. Thus, assumption (A) is non-restrictive for
our optimality result; it is nevertheless important as the resulting problem reformulation may in-
volve a non-convex support =, and hence the tractability of the affine decision rule problem may
be impacted. Together with assumption (F'), assumption (D) implies that the second constraint set
in imposes upper bounds on the decisions y. In some cases, assumption (D) can be satisfied
by multiplying both sides of a constraint in the second constraint set of with —1 and thus
effectively converting the constraint into a member of the first constraint set (due to the inversion
of the inequality). Assumption (B), finally, stipulates that there is a subset of ny constraints that
decide whether a second-stage decision y satisfies the first constraint set in at an optimal
first-stage decision & € X. The assumption also states that the restriction of the recourse matrix
B to those ns constraints has a positive inverse, which will be crucial for our optimality proof.
Compared to the other assumptions, condition (B) is less transparent and appears cumbersome to
verify in practice. Later in this section, we will elaborate on more easily verifiable conditions that
imply (but are typically not implied by) assumption (B). We emphasize that we do not impose a

relatively complete recourse in our results.

Theorem 1. Assume that problem attains its optimal value and that (F), (A), (D) and (B)
are satisfied. Then the optimal values of problems and coincide.

Theorem [I] only establishes a relationship between optimal decisions—as opposed to all feasible

solutions—to the problems and . Indeed, Section provides an example where affine



decision rules are only optimal when optimal first-stage decisions are taken. Note that problem (/1)
may be infeasible, in which case its restriction to affine decision rules will also be infeasible.
Finally, problem may be feasible, but its optimal value may not be attained. In this case,
Theorem |1| cannot make any statements as the condition (B) is only required to hold at an optimal

first-stage decision & € X. Sufficient conditions for problem to attain its optimal value are

discussed, among others, by [Shapiro et al.| (2009).

Remark 1 (More General Classes of Decisions Rules). We can generalize assumption (A) as
follows. If the technology matrix A and the right-hand side vector g belong to a function class C that
is closed under linear combinations (e.g., piecewise affine, polynomial or trigonometric functions),
then Theorem continues to hold if we replace the class of affine decision rules in problem with

the broader class of decision rules in C. Note that the nonlinearities in A and g can be absorbed in

the definition of the support =, see |Georghiou et al. (2015) and|Bertsimas et al| (2019), and thus

our optimality result for affine decision rules immediately extends to this broader class of problems.

Remark 2 (Solution Methods). Assume that for all € € X and y : E % R"2, the employed risk
measure satisfies SUppep p]p[Q(a:,y(é);é)] = o0 whenever Q(x,y(§);€) = w© for some £ € =. For
suitably designed ambiguity sets, this can be satisfied, among others, by the expected value, the
conditional value-at-risk and the essential supremum, but it is typically not satisfied by the value-
at-risk. An affine decision rule y is then feasible in problem if and only if it is feasible point-wise

over the support, that is,

A&z + By(§) = g(§) and C(§)z + Dy(§) < h(§)  VEeE,

which admits an efficient reformulation via standard robust optimization techniques whenever the

support Z of the random vector € is polyhedral (fBen—Tal et al.l, |200q; |Bertsimas et al.l, |201101).

The resulting reformulation of problem constitutes a single-stage problem for which a range
of solution techniques have been developed, including monolithic reformulations via scenario fans
(Shapiro et al., |2009; Birge and Louveaud, 2011) or duality theory (Ben-Tal et al., |2009; |Bertsimas
let all, |2011a; \Ben-Tal et all, |2015; Wiesemann et al., |2014; \Mohajerin Esfahani and Kuhn, 2018)

as well as iterative solution schemes based on Benders decomposition (Shapiro et all, |2009; Birge,

land Louveaud, 2011) and semi-infinite programming (Blankenship and Falk, |1976; Mutapcic and
|Boyd, 12009; |Gorissen and den Hertog, |2013; |Bertsimas et al., |2016).




We next show that the imposed assumptions (F), (A), (D) and (B) are not only sufficient for
the optimality of affine decision rules in problem , but they are also minimal in the sense that

counterexamples can be constructed where all but one of the assumptions are satisfied.

Proposition 1. The assumptions (F), (A), (D) and (B) in Theorem[]] are minimal in the sense

that the conclusion of the theorem ceases to hold whenever one of the assumptions is removed.

We note that despite Proposition [l the conditions (F), (A), (D) and (B) are not necessary
for the optimality of affine decision rules. To see this, consider an instance of problem without
first-stage decisions, a singleton ambiguity set P = {P} whose distribution P places probability 1/2

on each of the two realizations £ € {—1,1}, pp = Ep and a second-stage problem that satisfies

Q(¢) = gleiﬂg{lyl Ly =€ y>2, —y<E/2).

One readily verifies that this instance simultaneously violates all of the conditions (F), (A), (D)
and (B), yet for every realization £ the second-stage problem is optimized by y(§) = (£ + 3)/2.

While the assumptions (F), (A) and (D) are transparent and easy to verify, assumption (B) is
less intuitive and appears cumbersome to confirm in practice. We next discuss a sufficient condition
for this assumption to be satisfied. To this end, we recall that a matrix Z € R™*"™ is called a Z-
matriz if all of its off-diagonal elements are less than or equal to zero, that is, if Z;; < 0 for ¢ # j.
Moreover, a Z-matrix is called an M -matriz if all of its eigenvalues have a non-negative real part.
The M-matrices form an important subclass of the inverse positive matrices, that is, the matrices
that possess a component-wise non-negative inverse. The study of M-matrices has a long history
in linear algebra, and M-matrices have found applications, among others, in game theory, Markov
chains and economics (Berman and Plemmons, |1994; Bapat and Raghavanl, 1997)).

We say that a collection of vectors z1, ..., z, € R" form a partial order if there is a permutation
m(1),...,m(n) of 1,...,n such that [z(;]¢ = 0 for all £ = 7(j),...,7(n) and all j = 1,...,n. In
other words, z1,..., 2z, € R" form a partial order if there is a permutation matrix IT € R™*" such
that the matrix H[zl . zn] I1T is upper triangular with zeros on the diagonal. The permutation
7(1) = 2, m(2) = 3 and 7(3) = 1 certifies that the vectors z; = (0,1,1)7, 25 = (0,0,0)" and
z3 = (0,1,0)7 form a partial order, for example, since 292 = 293 = 201 = 0, 233 = 233 = 0
and 217 = 0. One readily verifies that the associated permutation matrix II = [ew(l) €r(2) eﬁ(3)]T

satisfies that H[zl 29 Z3] I1T is upper triangular with zeros on the diagonal.

10



Proposition 2. Assume that the first constraint set A(§)x + By = g(&) in can be written as

;i = o€ T+ By +k(€)  Vi=1,...,np, Vk=1,...,sj, (3)
where B, = 0 for all j and k. Assume further that at an optimal x € X, we have:

(i) For every j = 1,...,ny there is a constraint kj € {1,...,s;} in that weakly dominates the

other s; — 1 constraints for j in under every parameter realization &€ € =.
(i) The vectors {Bjx;};2, form a partial order.
Then the corresponding instance of problem satisfies assumption (B) at x € X.

Since B = 0 forall j =1,...,n2 and k = 1,...,s;, the structure of the constraint set in
Proposition 2| implies that for each second-stage decision variable y; there are s; alternative lower
bounds. The first condition of Proposition [2] then guarantees that at the optimal € X, only
one lower bound matters for each second-stage decision variable y;, irrespective of the parameter
realization € € Z. In practice, this is achieved by a big-M formulation that de-activates all but one
of the constraints for each decision y; based on the value of the first-stage decision . The second
condition of Proposition [2| on the other hand, ensures that at the optimal @ € X, the dependence
structure between the second-stage decisions y;, as expressed by the vectors 3, of the weakly
dominant constraints, is acyclic. Thus, there is an optimal first-stage decision & € X for which the
second-stage decisions can be re-ordered in such a way that y; only depends on the realization &,
19 may depend on both the realization & and the value of y1, y3 may depend on &, y; and yo, and
so on. Thus, at the optimal first-stage decision « € X, the determination of the point-wise optimal
second-stage decision y* becomes simple: After the aforementioned re-ordering of the indices, we
can set y1(€) = a1, (&)TT + 110, (£), ¥5(€) = @z, (&)@ + Bojy1y1 + Y2k, (€), and so on. Of
course the re-ordering will typically depend on the first-stage decision € X', which is why the
second-stage decision y cannot easily be substituted out of the problem.

For the constraint system with B > 0 for all j and k, condition (i) in Proposition 2| is
by itself necessary but not sufficient for assumption (B), whereas condition (ii) is by itself neither
necessary nor sufficient. Proposition [2] shows that taken together, both conditions are sufficient to
ensure that assumption (B) holds. In fact, similar to Theorem [I| and Proposition [I} one can show

that the conditions of Proposition [2| are minimal in the sense that the conclusion of the proposition

11



ceases to hold if either condition is removed from the statement. Conversely, one can show that any
constraint system with B, > 0 that satisfies assumption (B) automatically satisfies condition

(i) of Proposition [2 whereas it may or may not satisfy condition (7).

3 Optimality of K-Adaptable Affine Decision Rules

We now relax the two assumptions (A) and (B) from Section [2| by assuming that there is an @ € X

optimal in problem such that:

(A’) There is a covering £ = Z} U ... U _‘?{ of Z such that the technology matrix A and the
right-hand side g are affine functions of £ over each subset EkA, k=1,...,Ka.

(B’) There is a covering = = Z8 U ... U EIB(B of = with associated constraint index sets I <
{1,...,m1}, |Z| = no, such that each restriction Bz, of B to those constraints is invertible

with a positive inverse, and
[A(E)w +By >g9() < Ag(§z+ Bry =gz, (5)] VEeE;, Vk=1,...,Kp.

Assumption (A’) stipulates that the problem parameters A and g are piecewise affine in &,
and it recovers our original assumption (A) when K = 1. Similarly, condition (B’) recovers our
original condition (B’) when Kp = 1.

Unfortunately, the assumptions (F), (A’), (D) and (B’) are not sufficient to guarantee that

problem (1)) is optimized by an affine decision rule y : = 2, R™ as the next example shows.

Example 1. Consider the following instance of problem (|1)),

minimize Ep[mln{y y=1/2— 5, = 0, yeR}],

which does not involve any first-stage decisions &, whose ambiguity set P = {P} is a singleton set
that contains the uniform distribution supported on [0,1], and that employs the expected value as
a risk measure. This problem satisfies (F), (A’) and (D), and (B’) is satisfied for the covering
= =28 U =B with (B, 7;) = ([0,1/2],{1}) and (E8,Z2) = ([1/2,1],{2}). Nevertheless, the unique

optimal second-stage policy is given by y* (&) = max{1/2 — &, 0}, which is evidently not affine.

12



We next consider the K-adaptability formulation associated with problem ([1)),

minimize  sup pp [Q(w,{yk(é)}kK:pé)]
PeP

subject to ze X, y, 2SR k=1,..., K,

(4)

where Q(z, {yx} ;¢) = min{Q(x,yr;€) : k = 1,...,K} for the second-stage cost function
Q defined in . Problem determines K candidate affine decision rules yi,...,yx for the
second-stage decision y in problem here-and-now and subsequently implements the best of
these decision rules once the value of é has been observed. Problem thus replaces full flexibility
in the second-stage decision with a restricted choice among pre-selected affine decision rules. This
renders the solution of the K-adaptability problem easier to analyze and interpret, and it makes
the problem admissible to a variety of monolithic formulations and iterative solution schemes that
are not available for the generic two-stage distributionally robust optimization problem , see
Bertsimas and Caramanis| (2010), [Bertsimas et al. (2011b), [Hanasusanto et al.| (2015, 2016 and
Subramanyam et al.| (2020)). Note that by construction, problem with K = 1 recovers the affine
decision rule formulation .

We will now show that under (F), (A’), (D) and (B’), the optimal value of problem does
not change if we instead solve the K-adaptability problem with K sufficiently large relative to
K and Kp for which the conditions (A’) and (B’) hold.

Theorem 2. Assume that problem attains its optimal value and that (F), (A’), (D) and (B’)
are satisfied. Then the optimal values of problems (1)) and coincide whenever K = Kp - Kg.

To our best knowledge, the existing optimality results for K-adaptability problems are restricted
to problems with a binary recourse, and they consider the pathological cases where none of the
second-stage constraints are subject to uncertainty or where K is chosen large enough to cover any
possibly feasible second-stage decision (Hanasusanto et al., 2015). In contrast, Theorem [2| studies
optimality conditions for problems with a continuous recourse, and our case studies in Section [4]
will demonstrate that the conditions of Theorem [2] apply to non-trivial choices of K. In analogy to
Proposition [1, we can show that the assumptions (F), (A’), (D) and (B’) are minimal in the sense
that if any of these assumptions is violated, then the statement of Theorem [2| ceases to hold in
general even if all other assumptions are satisfied. Since the proof does not require any new ideas

over those in the proof of Proposition [1}, we omit the details.

13



We illustrate the statement of Theorem [2] with an application.

Example 2. Appendiz[A] employs Theorem[d to study conservative approzimations of the two-stage

distributionally robust optimization problem
minimize  sup pp [Q(m,é}]
PeP
subject to e X

with the second-stage problem

minimize  f(z,y,2;§)

Oe:6) subject to A(&)x + E(§)z + By = g(&)
x; = ’

C(€)x + F(§)z + Dy < h(§)

yeR™, ze Z(x)

where the new second-stage decisions z have a feasible region Z(x) that may be non-convex (e.g.,
enforcing integer requirements) and/or depend on the first-stage decisions  in a nonlinear fashion,
and where the new recourse matrices E and F for the decisions z may depend on the random
problem parameters é Theorem@ implies that in this case, the K-adaptability formulation offers a
conservative approximation where the decision rules for y are indeed optimal and the suboptimality

is solely caused by an approzimation of the new decision z.

Similar to the assumption (B) from Section [2} the condition (B’) tends to be difficult to verify

directly in practice. In the following, we provide a sufficient condition for (B’) to hold.

Proposition 3. Assume that the first constraint set A(€)x + By = g(&) in can be written as
n , where again B, = 0 for all j and k. Assume further that at an optimal x € X, we have:

(i) For every j = 1,...,ng there is a subset of constraints K; < {1,...,s;} in that weakly

dominates the other s; —|K;| constraints for j in under every parameter realization € € =.
(ii) The vectors {Bjk, };Lil form a partial order for all (ki,..., kn,) € K1 X ... X Kp,.
Then the corresponding instance of problem satisfies assumption (B’) with Kg = |[K1|-...-|Kp,|.

Proposition |3 recovers Proposition [2| from the previous section if the constraint subsets ; are
all singletons; in this case, we obtain Kp = 1. Proposition |3| will enable us to incorporate pre-
shipments in our supply chain management example (cf. Section [4.1]) as well as supply-side online

substitutions in our flexible production planning application (cf. Section [4.2)).

14



Assume now that the second-stage decisions y in problem can be decomposed into y' =
(Y, YD), Yp € R"™ for p = 1,..., P, such that the objective function in is separable,
flx,y;€) = 2521 fp(x,yp; &), and the recourse matrix is block diagonal, B = diag (Bj,...,Bp)
with By, € R™ x R" for p=1,...,P. We also partition the technology matrix A and the right-
hand side vector g row-wise into A, € R™1 %" and gp € R™,p=1,...,P (without imposing any

block diagonality on A). We update the invertibility condition (B’) as follows.

_ =B

(B”) For every p=1,..., P, there is a covering = =EZ; U ... U =B

D K7 with associated constraint
"B

index sets Zpr < {1,...,m{}, [Zx| = nb, such that each restriction [By]z,, of B, to those

constraints is invertible with a positive inverse, and
[Ap(é)m"'prp >gp(§) = [Ap]ka (£)$+[Bp]lpkyp = [gp]ka (E)] V€ € Eglagkv Vk=1,... vK]g'

Consider the following variant of the K-adaptability formulation ,

P
.. By £
minimize ]IS"lel?I; PP [Q(w,p>_<1 {ypk(g)}k1a£>] (5)

subject to ze X, yup:E->R"2, k=1,...,K,andp=1,...,P,

where Q is defined as before. The problem evaluates the second-stage problem for all ]_[5:1 K,
combinations of affine second-stage decision rules y(§) = (Y15, ---,yrPkp) (&), kp € {1,..., K} for

all p=1,..., P, but it merely optimizes over 25:1 K, constituent affine decision rules y,y.

Proposition 4. Assume that problem attains its optimal value and that (F), (A’), (D) and
(B”) are satisfied. Then the optimal values of problems and coincide whenever K, = Ka-K§
forallp=1,... P.

Proposition [4] shows that if the objective function decomposes and the technology matrix B
is block diagonal, then it is sufficient to select a parsimonious set of Ky - Kg decision rules for
each subvector y, € R”g, as opposed to selecting Hp Ky - K% different full-dimensional decision
rules y € R™2, to recover an optimal solution to the two-stage distributionally robust optimization
problem . This holds true even though the subvectors y, participate jointly in the upper bound
constraints of . Beyond its analytical relevance, which we showcase in our case study in
Section [4.1] Proposition [ may enable the development of tailored solution schemes that avoid the

combinatorial complexity that often plagues solution schemes for K-adaptability problems.
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4 Applications

We next apply our theory from Sections andto a supply chain management problem (Section
and a flexible production planning problem (Section. For ease of exposition, we do not explicitly
state the problems in the standard form of formulation in this section. However, second-stage
constraints belonging to the first set in , A(&)x+ By = g(§&), will always be written as greater
or equal constraints, while constraints of the second set in , C(&)x + Dy < h(§), will always

be formulated as less or equal constraints.

4.1 Supply Chain Management

We study a multi-echelon supply chain design problem faced by a company that sells multiple
goods g € G = {1,...,G}. Let N = {1,...,N} be a set of nodes, where each node i € N
corresponds to a location with a distribution center that faces an uncertain demand 591- for every
good g € G. Without loss of generality, we assume that no demand 592- is zero w.p. 1 under every
probability measure P € P. The company wishes to build one specialized production facility for
each good as well as up to W warehouses that can carry any combination of goods. Each good is
transported either directly from its production facility to a distribution center, or it is transported
indirectly via one or multiple warehouses. The per-unit construction costs for a transportation
link from location 4 to location j amount to b;; € R, while the per-unit flow costs on this link
are tg;; € Ry and may vary across the goods g € G. Note that we do not require these costs
to satisfy the triangle inequality, which implies that an optimal solution may ship goods between
multiple warehouses before they reach a distribution center. We assume that each node ¢ € N has a
processing bound C' which limits its inbound transshipments across all goods. The company wishes
to determine the distribution network upfront, that is, before the demands are known, whereas
the actual transshipment quantities can be selected once the demands have been observed. The

objective is to serve all demands at minimum overall costs.
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Figure 1. Supply chain design instance with two goods and two warehouses. The blue
and red nodes represent the production facilities for goods 1 and 2, respectively, while
the blue and red arcs illustrate their corresponding distribution networks z; and z,. The
square nodes house warehouses in addition to their distribution centers. A feasible set of

potential values is given by p; = (1,3,2,4,4)" and p» = (3,1,2,2,2)".

We can formulate the problem as the two-stage distributionally robust optimization problem
minimize Z bz]cz] +sup pp [Q(a;a Y,z2,p,C é)]
i,jeN Pep
subject to Z Tgi =1 Vge G
€N
Z Yy < W
ieN (Ga)
Zzgij<l Vg € g, V]EN
iEN
Pgj Z pgi +1—=M-(1—2g5) Vgeg, VijeN
Zgij < Tgi + Vi Vge G, Vi,je N

xe {01}, ye {01}V, 2e{0,1}%, peRFN, ceRY’,

where the decisions z4; and y; determine whether a production facility for good g € G or a warehouse
should be erected at node i € N, respectively, the decisions ¢;; record the capacity assigned to the
link (i,j) € N x N, z4i; determines whether the link (i, j) is part of the distribution network for
good g € G, and the potential variables p,; exclude cycles in the distribution networks. The first
constraint ensures that exactly one production facility is built for each product, and the second
constraint allows for up to W warehouses to be erected. The third and fourth constraint stipulate
that the distribution network z, = (z4:5)s,; for each good g € G is an arborescence, that is, they
preclude networks where a node receives the same product from multiple sources as well as cycles.
This is not a business requirement, but it will turn out to play a crucial role for the optimality
of affine decision rules. The last constraint ensures that only production facilities and warehouses
ship goods. The constant M is chosen to be sufficiently large but finite. Figure [I| illustrates the

notation and constraints of our supply chain design problem.
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The second-stage costs Q(x,y, z,p, ¢; €) of our supply chain management problem can be cast

as the optimal value of the following second-stage problem.

minimize Z Z tgij fgij

gegq i,jeN
subject to M- zg; + Z fgij = Z fgji + &gj Vgeg, VjeN
ieN ieN
Z Z fgij < C VjieN
geG ieN (6b)
Z foij < cij Vi,je N
geg
foij S M- 245 Vge G, Vi,je N
f e RGN

Here, the decision variables fy;; record the transshipments of product g € G across the locations
i,7 € N. The objective function minimizes the overall transportation costs. The constraints,
from top to bottom, ensure that product flows are conserved across the nodes, the node and link
capacities are obeyed and the transshipments are limited to the distribution networks (z4;;)i,;,
g € G. Note that an instance of problem @ may be infeasible if the nodal capacity C' is insufficient

to serve the customer demands.
Observation 1. Problem @ 1s optimally solved in affine decision rules.

We emphasize that the proof of Observation [1| crucially relies on the restriction of the product-
wise distribution networks z, to arborescences, that is, the third and fourth constraint in prob-
lem . We now show that in certain cases, this restriction can be lifted without impacting the
optimality of affine decision rules. To this end, we define the unrestricted version of our supply
chain management problem as the variant of problem @ where the third and fourth constraint in

the first stage as well as the potential variables p € REN are removed.

Proposition 5. Assume that (i) all distributions P € P share the same rectangular support Z; that
(ii) the ambiguous risk measure p satisfies the condition of Remark @ and that (iii) there is T € RS
such that tgi; = 74 - bij for all g € G and i,j € N'. Then the unrestricted version of problem @ 18

optimally solved in affine decision rules.

The existence of T € ]Rf such that tg;; = 74 - b;; for all g € G and ¢,j € N implies that the

second-stage transportation costs are proportional to the first-stage construction costs. One can
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show that the assumptions in Proposition [5| are minimal in the sense that counterexamples for the
optimality of affine decision rules exist that satisfy all but one of these assumptions.

We emphasize that Proposition |5 only ensures the existence of optimal affine decision rules for
optimal first-stage decisions. Indeed, consider an unrestricted supply chain management problem
with a single good (G = 1), N = 3 nodes with the production facility at node 1, a single warehouse
at node 2 and the only non-zero demand arising at node 3. Assume that P = {P} and that 53
is governed by a uniform distribution supported on [0,10] under P. Consider the (suboptimal)
first-stage decision under which node 3 can receive up to 5 units of the good from node 1 and node
2 each. Assuming that t113 < 193, for each realization &3 the unique minimizer of the second-stage
problem satisfies f113(£3) = min{¢s, 5} and f123(£{3) = max{& — 5, 0} and is thus nonlinear.

While affine decision rules tend to be suboptimal in the unrestricted supply chain management
problem (except for cases where the conditions of Proposition [5| are satisfied), we can show that
under mild conditions, the suboptimality of affine decision rules remains small if there are optimal
solutions whose distribution networks are sufficiently close to arborescences. To this end, note that
the distribution network of the restricted supply chain management problem @ comprises N — 1

arcs for each of the G arborescences, that is, G(N — 1) arcs in total.

Proposition 6. Assume that the unrestricted supply chain management problem has an optimal
solution whose distribution network has at most G(N — 1) + n arcs zg;; = 1, (9,4,7) € G x N2
Assume further that the ambiguous risk measure p is translation invariant, and that it satisfies
the condition of Remark[3 If we regard the per-unit construction and flow costs as constant, then

the relative suboptimality of any optimal affine decision rule solution is bounded from above by

O(nGC’/ maXge= deg Zje/\f ggj)'

Note that the unrestricted supply chain management problem may have multiple optimal so-
lutions. In particular, if (z,y,z,¢) is feasible in the problem, then so is any (x,y,2’,¢) with
Zgi; € [2gijs Tgi +yils (9,1,7) € G x N2, and 2’ € {0, 1}GN2. Proposition@applies to all such optimal
solutions, and its statement is strongest when applied to optimal solutions with minimum numbers
of distribution links zg;; = 1.

We demonstrate the findings of Proposition [6] with a numerical experiment. Consider a family

of 10,000 unrestricted supply chain management instances with a single good (G = 1), N = 15

nodes and W = 5 warehouses. The per-unit construction and flow costs are selected uniformly
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Figure 2. Suboptimality of imposing an arborescence structure in the unrestricted
supply chain management problem (@ The suboptimality of arborescences is expressed
relative to solutions that are allowed to introduce 1 additional distribution links. Shown

are the results for the CVaR risk measure at risk thresholds o = 0,0.8,0.9,0.95.

at random from the interval [0,1]. The uncertain nodal demands are described by a singleton
ambiguity set with a (non-ambiguous) discrete probability distribution that places equal weight on
100 scenarios. Each scenario corresponds to a nodal demand vector whose components are selected
uniformly at random from the interval [0, 1]. We use the conditional value-at-risk (CVaR) as risk
measure p, and we disregard the nodal capacities C. Figure [2] visualizes the percentage cost savings
of allowing for n additional distribution links to be introduced on top of the arborescence structure
in the restricted supply chain management problem @ As expected, the incremental benefits of
deviating from an arborescence structure are decreasing, and the overall benefits saturate at around
3.5% on average. Additionally, we observe that the benefit of introducing additional distribution
links diminishes as the risk aversion increases, that is, as « increases.

While we know from Observation 1| that the restricted supply chain management problem @
is optimally solved in affine decision rules, a decision maker may not be required to select a distri-
bution network with an arborescence structure. Instead, she may prefer to solve the unrestricted
supply chain management problem in affine decision rules. To this end, Figure [3] visualizes the
suboptimality of the best affine decision rule solution in the unrestricted supply chain management
problem @, measured relative to an optimal solution in the same (unrestricted) problem. Note
that we can determine optimal solutions numerically for this family of instances thanks to the small

problem size and the use of non-ambiguous discrete probability distributions; the same would not
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Figure 3. Suboptimality of imposing affine decision rules in the unrestricted supply
chain management problem @ The suboptimality of affine decision rules is computed
relative to optimal unrestricted solutions on those instances where the optimal solutions
introduce n* additional links. Shown are the results for the CVaR risk measure at risk

thresholds a = 0,0.8,0.9,0.95.

hold true for larger and/or distributionally robust problems. Figure [3| shows that—as predicted
by Proposition [6—the suboptimality of affine decision rules in the unrestricted problem variant
exhibits a clear correlation with the number n* of additional distribution links introduced by op-
timal solutions (on top of the arborescence structure), and that this suboptimality remains small
across the considered instances. As in the previous experiment, we find that the suboptimality of
affine decision rules decreases as the decision maker’s risk aversion increases. This is in line with
our intuition that affine decision rules tend to perform particularly well in robust problems (that
correspond to case of maximally risk-averse decision makers).

Returning to problem @ with the restriction of the product-wise distribution networks to ar-
borescences, we now assume that the company does not have to meet all demands with probability 1,
that is, lost sales are admissible but penalized at a cost of ¢ per unit. To simplify the analysis, we
drop the nodal capacity constraints and assume that the support = is a hyperrectangle. In this case,

the first stage of our supply chain design problem (@ remains unchanged, whereas the second-stage
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costs Q(x,y, z,p, ¢; €) now become the optimal value of the following second-stage problem.

minimize Z Z tgijfgij + O Z Z lg;

g€ i,jeN gegG jeN
subject to M- xzg; + Z foij + g5 = Z faji +&g; Vge G, VjeN
ieN ieN
=Y
foii S M- 245 Vge G, Vi,je N

feRGN? e RGN

Here, the non-negative decision variables [4; record the lost sales of good g € G at the distribution
center 7 € N. The objective function accounts for the cumulative lost sales across all goods and
distribution centers, and the first constraint now allows for the original flow balances to be violated
at the expense of non-zero lost sales.

Our revised supply chain design problem with first stage and second stage does not
satisfy the conditions of Theorem [I} and one can indeed readily construct problem instances that
are not optimally solved in affine decision rules. We next show that the second-stage problem

admits the equivalent reformulation

minimize Z Z tgijfgij +0 Z Z max{ly;, 0}

9€G i,jeN geq jeN
subject to M- xzg; + lg; + Z fgij = Z fgji +&q5 Vge G, VjeN
ieN ieN
2. Jaii < cij vi.jeN @
9€G
foij S M- zg5 Vgeg, Vi,jeN

feRGN’ 1 eREN,
Problem differs from problem @ in two respects: the lost sales decisions l;; are no longer

required to be non-negative, and the lost sales expression in the objective function of problem

is nonlinear.

Observation 2. The revised supply chain design problem with first stage and second stage ([7))
1s equivalent to the revised supply chain design problem with first stage and second stage (|7]))

in the following sense:

(i) Any (possibly nonlinear) feasible solution to (6a) and gives rise to a (possibly nonlinear)
feasible solution to and with at most the same objective value, and vice versa.
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(ii) Any feasible solution to and with affine flows f gives rise to a fully affine feasible
solution to and with at most the same objective value.

(iii) Any feasible solution to and with affine flows f gives rise to a feasible solution
to and with affine flows with at most the same objective value.

Observation shows that solving the first-stage problem with the second-stage problem
in affine decision rules for both f and [ is tantamount to solving the first-stage problem with
the second-stage problem in affine flow decisions f but generic nonlinear lost sales decisions I.

The next theorem exploits this equivalence to bound the suboptimality of affine decision rules in

the first-stage problem with the second-stage problem .

Theorem 3. The relative suboptimality of affine decision rules in the revised supply chain design

problem with first stage and second stage ([7[|) is bounded from above by

I3

_ G jeN
(t/ﬁ + J/L) © max 967,
€= ) D
geG jeN

where U* is the lost sales policy of any optimal (nonlinear) solution (f*,1*) and t = max{ty; :
g€G, i,j e N} and t = min{ty; : g € G, i,j € N} denote the mazimum and minimum unit

transportation costs in the network, respectively.

Theorem |3| shows that for fixed per-unit transportation and lost sales costs, the relative subop-
timality of affine decision rules is bounded by the worst-case percentage of lost sales in any optimal
second-stage policy. In particular, affine decision rules become optimal if the percentage of lost
sales in an optimal second-stage policy converges to zero.

We complement the qualitative insights of Theorem [3] with a numerical experiment. Consider
a family of 10,000 supply chain instances with a single good (G=1), N = 15 nodes and W =
5 warchouses. The N nodes are located uniformly at random on the [0,1]? square. The per-
unit transportation costs t4;; are set to the Euclidean distances between the corresponding nodes,
irrespective of the good g € G. The per-unit construction costs are set to b;; = M, - ty;;, where the
scalar M, is chosen uniformly at random from the interval [0,5]. The per-unit lost sales costs are
set to o = (Myv/2 + 1) + M, where M, is chosen uniformly at random from the interval [0, 5] and

captures the relative difference between lost sales and investment/flow costs in each instance. The
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Figure 4. Relative suboptimality of affine decision rules in the supply chain management
problem with lost sales. The circles represent the 10,000 instances, the dotted line reports
the median gap, the dark red shaded region represents the 25th-75th percentile range,
and the light red region visualizes the 10th-90th percentile range of the gap, respectively.

uncertain nodal demands are described by a singleton ambiguity set with a (non-ambiguous) discrete
probability distribution that places equal weight on 100 scenarios. Each scenario corresponds to a
nodal demand vector whose components are selected uniformly at random from the interval [0, 1].
We use the expectation operator as risk measure p. Figure [4| reports the relative suboptimality of
affine decision rules as a function of the worst-case percentage of lost sales in the optimal solution.
The figure numerically confirms the qualitative findings of Theorem [3} the suboptimality of affine
decision rules increases when the worst-case percentage of lost sales in the optimal solution increases.
At the same time, the optimality gap remains moderate for all of the considered problem instances.

Returning once more to problem @ without lost sales, we now assume that there is the option to
pre-ship goods to a subset of at most L nodes, L « N, at discounted transshipment costs A-tg;;, A €

(0,1). To this end, we introduce the first-stage transshipment decisions s € ]RfN 2, we augment the
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first-stage objective function with the term Z Z A - tgijS4ij and the first-stage constraints with

geg i, jeN
ngij> ngﬁ Vge G, VjeN
ieN eN
Z Sgij < ngji+M~wj Vge G, VjeN
ieN 1eN
Z Z s4i5 < C VieN (8a)
geG ieN
Z Sgij < Cij Vi, j € N
9€g
Z ws < L)
ieN

where the auxiliary decision variables w € {0, 1}N record which of the nodes receive a pre-shipment.
We also replace the second-stage flow conservation constraints with
M- 25+ Y (593 + foig) = &oj + O, (551 + foji)  Vg€G, VjeN. (8b)
ieN N
Note that we do not require the pre-shipments to form an arborescence, and that all nodes j € N

can act as transshipment nodes with sg;;, 595 > 0 (as opposed to just L of them).

Observation 3. Problem @ with the updated constraints 1s optimally solved in K-adaptable

affine decision rules when K > 2LC.

Intuitively, for each good g € G and each node j € N that can receive a pre-shipment (i.e., for
which w; = 1), either the revised flow conservation constraint or the non-negativity constraint
fgij = 0 is binding for the unique node i € N for which zg; = 1. The bound of Observation
accounts for all combinations that emerge from these LG binary choices.

A closer look at problem @ with the updated constraints reveals that the second-stage
decisions f € REN ? actually decompose into product-wise flow graphs f, € Rﬂy 2, g € G, such that
the conditions (F), (A’), (D) and (B”) from Section [3| are satisfied. This allows us to invoke
Proposition 4] and conclude that 2% affine decision rules per good g € G are sufficient, that is, we

can tighten the bound of Observation [3] as follows.

Observation 4. Problem (@ with the updated constraints 18 optimally solved in decomposed

K 4-adaptable affine decision rules for f, € RJXQ when K% > 2L forall g e g.
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We emphasize that problem @ with the updated constraints does not decouple into separate
problems for each good g € G due to the presence of the warehouse locations y as well as the nodal
and link capacity constraints that couple all goods g € G.

One can use arguments similar to the ones in this section to confirm the optimality of affine
decision rules in several variants of the supply chain design problem, such as instances where
factories and warehouses incur location-dependent construction costs or where factories can produce
multiple products (possibly with a penalty for diversification). We emphasize that the product-wise
tree structure of the distribution network, which we imposed in addition to the original business
requirements, is crucial to ensure the optimality of affine decision rules in Observation[l} A similar
approach of imposing additional structure onto a problem (such as separate distribution channels
for different products or acyclicity) may prove useful to obtain optimality guarantees for affine
decision rules in other application domains as well. Likewise, measuring the distance of optimal
solutions to those auxiliary structures may provide means to derive suboptimality bounds of affine

decision rule solutions in the more general, unconstrained problem variants.

Remark 3 (Bibliographical Notes). A rich body of literature is devoted to two-stage robust network
design problems where the decision maker selects arc capacities in the first stage, then observes the
uncertain supplies and demands and finally responds with flows that balance the network. The
problem is typically solved by projecting the feasible region onto the first-stage variables through
an iterative cut separation, which obviates the need to explicitly model the second-stage decisions.
Minouaj (2010) proves the NP-hardness of this problem as well as its separation problem. Cacchians
et al.| (2016]) solve the problem exactly via a branch-and-cut algorithm. |Atamtirk and Zhang (2007),
Ordonez and Zhao (2007) and Minouy (2010) prove polynomial solvability of specific instances,
such as those whose graphs contain a single supply-demand pair, admit a total order or form an
arborescence, and those whose uncertainty sets have polynomially many extreme points or constitute
hyperrectangles. |Babonneau et al.| (2013), Poss and Raack (2013), Poss (2014)) and Mattia and Poss
(2018) solve the problem suboptimally in affine decision rules and alternative policy classes.

Suboptimal affine decision rules have also been applied to an emergency response and evacuation
traffic flow problem by Ben-Tal et al| (2011) and to a lot sizing problem as well as a facility location
problem on a bipartite graph by |Bertsimas and de Ruiter (2016), respectively.
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Figure 5. Flexible production planning instance with six entities and a fixed set of
configurations. The gray nodes represent final products without descendants, D, = ¥,
and with uncertain demands §~e. In contrast to the supply chain design problem from the

previous section, the bill of materials is acyclic but not necessarily arborescent.

4.2 Flexible Production Planning

We study the production planning problem faced by a manufacturer who produces multiple products
that are related through a configurable multi-level bill of materials (Balakrishnan and Geunes,
2000; |Lamothe et al., [2006). To this end, we denote by £ the set of considered entities (such as raw
materials, intermediate parts or end products). For each entity e € £, the manufacturer can choose
exactly one configuration ¢ € C,, which is characterized by a resource function r(-,e,¢) : £ — R,
describing the quantity r(e’, e, ¢) of each entity e’ € £ that is required to produce one unit of entity
e, as well as a price p(e, ¢) € Ry that describes the per-unit cost of implementing the configuration.
In particular, a configuration ¢ € C, satisfying r(e’,e,c) = 0 for all ¢’ € £ and p(e, ¢) > 0 represents
the external purchase of an entity and thus models a make-or-buy decision. For each entity e € &,
we define the set of immediate descendants as D, = {d € £ : r(e,d,c) > 0 for some ¢ € Cq}. We
require that for each choice of configurations {c.}cce, the directed production graph with nodes
€ and arcs {(e,d) € € x & : r(e,d,cq) > 0} is acyclic (but—in contrast to our supply chain
management problem from Section not necessarily an arborescence).

The manufacturer wishes to serve the uncertain demands 56 for the entities e € £, which are

assumed to be non-negative, at lowest overall costs, and she thus solves the following problem:

minimize  sup pp [Q(%é]

PeP

subject to Z Tee =1 Vee & (9a)
ceCe
Zec € {0,1} Yee &, VeeCe

Here, the decision x.. determines whether or not to choose configuration ¢ € C, for entity e € &,
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and the second-stage costs Q(x; &) coincide with the optimal value of the second-stage problem

minimize Z Z p(e, ) - Tee - Ye

ee€ ceCe
subject to  y. + M - Z (1 —2ge,) =&+ Z r(e,d,cq) - Ya Vee &, Vee X Cy4
deDe deDe deDe (9b)
ye>§e VeegzDeIQ
YR, e€ &,

where M is a sufficiently large but finite constant, and the decision y. determines the quantity of
entity e € £ to produce or procure. The objective function of minimizes the overall production
costs. The first constraint ensures that the quantities y. of all entities e € £ with descendants
are sufficient to serve both the direct demands as well as the input requirements of all immediate
descendants d € D., while the second constraint ensures that the quantities y. of all entities e € £
without descendants are sufficient to serve the direct demands. Although the first constraint group
comprises Hdepe |Cq| different constraints for each entity e € £, only the constraint whose configu-
ration vector c satisfies 4., = 1 for all d € D, will be active. Note that for each entity e € £, the
number of constraints is combinatorial in the number of immediate but not in the number of tran-
sitive descendants of e. Thus, the size of the formulation remains moderate as long as the number
of immediate descendants is small for every entity. Note also that the non-negativity of y is en-
forced implicitly through the non-negativity of the demands &, and the production requirements r.
Figure [5] illustrates the notation of our flexible production planning problem.

We now argue that problem @ is optimally solved in affine decision rules. Indeed, one readily
verifies that the assumptions (F), (A) and (D) of Section [2] are satisfied. To see that assumption

(B) is satisfied as well, the next observation makes use of Proposition
Observation 5. Problem @D is optimally solved in affine decision rules.

Observation [5| ensures that affine decision rules are optimal in problem @ Even with this
insight, however, problem @ appears to be computationally challenging due to its non-convex
objective function that involves products of the decision variables x.. and y.. Fortunately, however,
the configuration decisions x.. are binary, which allows us to linearize the objective function exactly
with standard techniques. Since this linearization is applied after our restriction to affine decision

rules, it does not impact the optimality of affine decision rules. We emphasize that the generality
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of assumption (F'), which allows the objective function to be non-convex as long as it is monotone
in y for each value of @ and each realization of €, is crucial for this reformulation.
Note that we can generalize the second-stage objective function in (9b)) to

Z Z Tec 'pec(ye)

ee€ ceCe

without violating assumption (F) as long as the cost functions p.. : &€ — R, are monotonically
non-decreasing. In practice, one can envision both concave cost functions (modeling decreasing
marginal production costs due to economies of scale) and convex cost functions (modeling increasing
marginal production costs due to reliance on overtime and/or less favorable supply contracts). We
emphasize, however, that even in the case of piecewise affine cost functions p.., we cannot linearize
the objective function in via an epigraph reformulation without sacrificing optimality of affine

decision rules. To see this, consider the following instance of problem :
minimize EP[Q(g)] with  Q(£) = min { max {y, 0} : y > ¢, yeR}

This instance contains no first-stage decision, its ambiguity set P = {P} is a singleton set that
contains the distribution P under which §~ follows a univariate uniform distribution over the in-
terval [—1, 1], and the risk measure pp is the expected value. The instance evidently satisfies the
assumptions (F), (A), (D) and (B) of Theorem [} and its optimal value 1/4 is attained by the

affine decision rule y*(£) = £. The restriction of the epigraphical reformulation
minimize EP[Q(SN)] with Q(f) = min{r : 7 > max{y, 0}, y=¢, 7,yeR}

to affine decision rules 7(£) and y(§), however, attains the strictly larger objective value of 1/2. In
other words, Theorem [1| would be less general if we were to restrict our attention to affine objective
functions f in assumption (F) and rely on epigraphical reformulations instead.

Consider now a variant of the flexible production planning problem @ that incorporates supply-

side online substitutions (Balakrishnan and Geunes|, 2000)):

minimize sup pp [Q({wk}mé)]
PeP

subject to fofczl Vk=1,...,K, Vee &
Cfce (10)
522|z§c—xleC]<B Vi<k<I<K
ee€ ceCe
z¥ e {0,1} Vk=1,...,K, Vee &, VceC,
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Here, the second-stage costs satisfy Q({x*};;€) = min{Q(x"*; &) : k =1,... K} with Q(zx"; &) rep-
resenting the optimal value of the second-stage problem from before. In contrast to the original
formulation @D, problem now selects K different configuration vectors ¥, k = 1,..., K, the
best of which is chosen reactively once the demands & have been observed. The second constraint
set in ensures that each pair of configuration vectors differ across at most B entities, where the

constant B trades off the competing goals of flexibility and complexity of the production process.
Observation 6. Problem is optimally solved in K-adaptable affine decision rules.

The vigilant reader may have noted that the product-wise distribution networks of our supply
chain management case study needed to be arborescences, whereas the production graphs in this
section need to be acyclic but may contain nodes with multiple incoming arcs. The reason for this is
subtle: Once a configuration vector ¢ has been selected in the first stage of our production planning
problem, manufacturing one unit of entity e € £ requires precisely r(a, e, ¢.) units of each ancestor
entity a € £ satisfying r(a,e,c.) > 0 — in particular, it is not possible to substitute a shortage of
one ancestor a € N through an abundance of another ancestor a’ € N'. In contrast, a demand g
for good g € G in node j € N of our supply chain management problem could be served through
any combination of inflows fy; > 0, i € NV, that is, the different flows can substitute each other.
Modelling such substitutability requires nonlinear decision rules, which is also why our extension
of pre-shipments (c¢f. Section required the use of K-adaptable affine decision rules. Note that
imposing an acyclic graph structure in this section is essentially non-restrictive. Specifically, if a
selected choice of configurations in a multi-level bill of materials were to contain a cycle, this would
imply that a part A is used to produce a part B, while part B is simultaneously used to produce
part A. Such a scenario would only be meaningful if parts A and B are perfect substitutes. In that
case, however, either of the two parts can be eliminated from the problem altogether.

The problem formulations studied in this section serve as a template for different production
planning problems. One can immediately conceive variants with uncertain production costs p(e, ¢)
or, more generally, uncertain production cost functions pe. : £ x E — R;. As long as the uncertain
production cost functions are monotonically non-decreasing in their first argument for every fixed
value of the second argument, our results continue to hold. Our theory also extends to problem
variants that model dependencies between the admissible configurations for different entities or

individual and/or joint upper bounds on the quantities y. (modelling, e.g., inventory or resource
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constraints).

5 Conclusion

Problems known to be solved optimally by affine decision rules are rare and were, to our best knowl-
edge, limited to a few two-stage robust optimization problems that impose restrictive assumptions
on both the geometry of the uncertainty set and the structure of the constraints. We showed in
this paper that affine decision rules can in fact be optimal in two-stage distributionally robust opti-
mization problems if the problem formulations are carefully chosen. As such, our work also sheds
light on how seemingly inconsequential differences in modelling assumptions can lead to radically
different conclusions about the problem’s solvability in affine decision rules. A modeller does not
just capture the world as she sees it — she typically has the liberty to disregard certain aspects
to ensure tractability or provide analytical insight. We believe that the optimality conditions put
forward in this paper may serve as a useful method in a modeller’s toolbox to those ends. Our sup-
ply chain management problem from Section for example, is solved optimally in affine decision
rules if we impose the additional assumption of product-wise acyclic distribution networks. The
resulting solution may be implemented as is, or it can serve as a basis to study the suboptimality
of affine decision rules in more generic problem formulations that violate our optimality conditions
(cf. Proposition@. Knowing that the resulting policies are optimal for some well-defined subclasses
of the problem instills confidence that the heuristic policies perform satisfactorily also in broader
instance classes where our optimality conditions may not be satisfied.

Our work lends itself to several extensions and generalizations. It would be instructive to study
how the optimality of affine decision rules can be extended to multi-stage problems. We also see
value in exploring alternative optimality criteria, such as conditions under which affine decision
rules become asymptotically optimal as the problem size grows, or conditions under which affine

decision rules are optimal with high probability, based on a sampling of the problem data.
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Appendix A: Conservative K-Adaptability Approximations

Consider the following generalization of the two-stage distributionally robust optimization prob-

lem ,

minimize sup pp [Q(iﬁaé)]

PeP (11a)

subject to e X,

where the second-stage problem Q(x; &) is now defined as

[ minimize  f(x,y, z;§)
o) — subject to - A(§)a + E(¢)z + By >9(§) | (11b)
C(¢&)x + F(¢)z + Dy < h(€)

yeR™, ze Z(x)

Here, the new second-stage decisions z have a feasible region Z(x) that may be non-convex (e.g.,
due to integer requirements) and/or depend on the first-stage decisions @ in a nonlinear fashion.
Also, contrary to the matrices B and D), the recourse matrices E and F for the decisions z may
depend on the random problem parameters é . We impose the assumption (D) from Section |2| as

well as, for an © € X optimal in :
(FK) For every (z,€) € Z(x) x Z, f(x,, z;£) is monotonically non-decreasing in y.
(AX) The technology matrices A and E and the right-hand side g are affine functions of £.

(BX) For every z € Z(x), there is an index set of constraints Z < {1,...,my}, |Z| = na, such that

B is invertible with a positive inverse, as well as

|A©)2 + B©)z+ By >g(§) < A1(€)z+Er()z+ By > g:1(§)|  VéeE.

We emphasize that under the new set of assumptions, the second-stage decisions z only have to
satisfy weaker conditions akin to those that have previously been imposed on the first-stage decisions
x. In particular, the objective function f may fail to be monotone in z, the recourse matrices E
and F' associated with z may be random and contain arbitrary coefficients, and the existence of a
positive inverse is restricted to the coefficient matrix B of the second-stage decisions y.

Similar to Example [1|from Section |3 one readily verifies that the assumptions (F¥), (AX), (D)

and (BX) are not sufficient to guarantee that problem is optimized by a single affine decision
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rule y : £ % R, We next consider the K-adaptability formulation associated with problem :

minimize sup pp [Q(w,{zk}k;é)]

PeP (12a)
subject to e X, zye Z(x), k=1,.... K,
where {zi}r = {z1,...,2x} and Q(x, {z;}k; &) = min{Q(x, z; &) : k=1,..., K} with
| minimize  f(x,y, zx; &) |
bj A E By >
Oz, z;§) = sublect to AlQ) + B(&)z: + By > 9(6) : (12b)
C(§)x + F(§)zx + Dy < h(§)
yeR™

Problem determines K candidate first-stage decisions z1, ..., zx for the second-stage decision
z in problem here-and-now and subsequently implements the best of these decisions once the
value of é has been observed. Since problem restricts the flexibility of the recourse decision
in problem , it constitutes a conservative approximation and will typically not attain the same
optimal value.

We will now show that under the assumptions (F¥), (AX), (D) and (B¥), Theorem [2| implies
that the optimal value of problem does not change if we restrict y to a collection of affine

decision rules, that is, if we instead solve the single-stage problem

minimize  sup pp [Q(il?, {yk(é)}ka{zk}kaé)]

PeP (13a)
subject to ze X, Yy :ZE 5 R™ and zp € Z(x), k=1,..., K,
where Q(x, {yi}r, {zk}i; &) = min{Q(x, yi, 21;€) + k=1,..., K} with
i =
f(@, yp, 21 €) if A(§)x + E(§)zr + Byr >g(§) and
Oz, yr, 21:€) = C(&)x + F(§)zr + Dyr < h(§), (13b)
+o0 otherwise.

Corollary 1. Assume that problem attains its optimal value and that (FK ), (A%), (D) and
(BX) are satisfied. Then the optimal values of problems (12)) and coincide.

The proof of Corollarytransforms the problems and into instances of the problems
and and then applies Theorem [2[ from Section In analogy to Proposition (1, we can show

that the assumptions (FX), (AX), (D) and (B¥) are minimal in the sense that if any of these
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Optimal

Figure 6. Objective values corresponding to the optimal second-stage policy and the
optimal affine decision rules for K = 1,...,4 pre-selected candidate decisions {Zk}kK:1~

Different colors correspond to realizations of € where a different affine policy is optimal.

assumptions is violated, then the statement of Corollary [I] ceases to hold in general even if all other
assumptions are satisfied.

We illustrate the statement of Corollary [1] with an example.

Example 3. Consider the problem of minimizing EP[Q(E)], which has no first-stage decisions x,
whose ambiguity set P = {P} is a singleton set that contains the uniform distribution supported on

[0,1]? and whose risk measure is the expected value. The second-stage problem Q(&) is given as

minimize Y1 + y2 + y3 + 5z
subject to  y; +2 =& + &
Q) = yo+z2=286 —& )
ys+z=8—&

1 <1, y2,93 <0, 2¢€[0,1]

and thus the instance satisfies the assumptions (FX ), (AX), (D) and (BY ). Figurela illustrates the
optimal value of the second-stage problem Q(€) as well as the optimal value of the K-adaptability
problem Q({yr}k, {zk}x; &) for K =1,...,4, where {yx}r and {zx}r are chosen optimally.

We close this appendix with two immediate consequences of Corollary

Remark 4 (Optimality of the K-Adaptability Problem). Assume that ||, Z(x)| < 0, which
holds, for example, if both x and z are discrete decision vectors that are restricted to bounded sets.
In that case, Corollary implies that the K-adaptability problem recovers an optimal solution
to the original two-stage distributionally robust optimization problem for sufficiently large K,
given that the assumptions (FX), (AX), (D) and (B¥) are satisfied.
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Remark 5 (Suboptimality of Affine Decision Rules in Problem ) Consider an instance of the
two-stage distributionally robust optimization problem from Section @ where the second-stage
decisions can be decomposed into vectors y and z such that the weaker set of assumptions (FX),
(AK), (D) and (B¥ ) is satisfied. We can then interpret the affine decision rule problem as a
1-adaptability approximation to problem where the candidate decision z1 is an affine decision
rule whose dependence on & is absorbed in the recourse matrices E and F. Corollary[1] then implies
that for an optimal first-stage decision x and the fixed affine decision rule z1, the affine decision
rule y is optimal. In other words, if an instance of the two-stage distributionally robust optimization
problem from Section @ satisfies the weaker assumptions (FX), (AX), (D) and (BX) under
which affine decision rules are not optimal, then the suboptimality is solely caused by the affine
decision rule z1, whereas the affine decision rule y is optimal. More generally, the suboptimality of
the conservative approrimation to problem can be fully ascribed to the finite adaptability of
the second-stage decisions z. This opens room for tailored solution approaches that directly address

the suboptimality of these decisions.
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Appendix B: Proofs

Proof of Theorem We show that for an optimal first-stage decision & € X satisfying
our conditions (F), (A), (D) and (B) in problem (), we can construct an affine decision rule
y' : =3 R™ such that

sup pe | Q(@i€)| = sup pp | Q@ (§): )], (14)

PeP PeP
where the cost functions on the left-hand side and right-hand side are defined in and ,

respectively. The resulting solution (z, y*) is feasible in problem , which implies that the optimal
value of is less than or equal to the optimal value of . On the other hand, the optimal value
of problem also weakly exceeds the optimal value of problem since the former problem
constitutes a restriction of the latter one. Thus, equation implies that the optimal values
of and coincide, as desired.

To show that equation holds, fix an optimal first-stage decision & € X satisfying our
conditions (F), (A), (D) and (B), together with an index set Z that satisfies assumption (B).
Define dom Q = {€ € = : Q(x;&) < +00} as the set of parameter realizations & for which  admits
a feasible second-stage decision. For any &€ € dom Q, any feasible second-stage decision y(£) has to

satisfy
A(&)z + By(&) = g(8),

and assumption (B) implies that this is equivalent to

Az(§)x + Bry(§) = gz(§). (15)

Since Bz admits a positive inverse, the satisfaction of the constraint set (15| implies that

y(§) > Br'|92(6) — Az(©)a |, (16)

but not vice versa. Indeed, since By 1'> 0, the constraints in constitute non-negative linear
combinations of the constraints in , and thus the constraint system is a relaxation of the
constraint set . Consider now the solution

y'(€) = By'[g:(6) - Az()x|  vges, (a7)

which satisfies the relaxed constraint set as equality for all £ € = and which is evidently affine
in €& This solution satisfies the constraint set and thus also the first constraint set in ([Lb))
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Figure 7. The feasible region imposed by the constraint system , left, is not equiva-
lent to that of (L6]), right, but both share the same coordinate-wise minimal point (1,3).

over dom Q (but not over the possibly non-empty set Z\dom Q). To see that y*(§) also satisfies
the second constraint set in ({Lb)) over dom Q, we note that for all £ € dom Q, we have that

C(¢)x + Dy (&) < C(&)z + Dy(&)

for any feasible second-stage decision y(&). Here, the inequality follows from assumption (D) as
well as the fact that y’(€) < y(&) for all £ € dom Q. Indeed, we have observed that any feasible
second-stage solution y(&) must satisfy the relaxed constraint set , and y*(§) is the point-wise
smallest decision satisfying according to its definition in .

To see that y*(&) is point-wise optimal over Z, finally, we note that for all £ € dom Q and any
second-stage decision y(&) feasible for &, we have f(x,y*(£);€) < f(x,y(£);€) due to assumption
(F) as well as our earlier finding that y%(¢) < y(&). Moreover, y‘(€) is only infeasible for the
realizations € € Z\dom Q for which any second-stage decision is infeasible. Equation thus

follows, which concludes the proof. O

Crucial to our proof of Theorem |1]is the existence of a non-negative inverse B, ! thanks to
assumption (B), which ensures that the constraint system is a relaxation of the first constraint
set in that, if strengthened to equalities as in , imposes an affine structure on the second-
stage decisions y(£). Note that the constraint system is not equivalent to the first set of
constraints in , however. Indeed, the feasible region formed by the constraints y; > 1 and
Y2 = y1 + 2 can be interpreted as an instance of the second-stage problem satisfying condition

(B), but it does not coincide with the feasible region formed by the constraints y; > 1, ya = 3 of the
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associated equation (|16|), see Figure [7} However, both feasible regions share the same component-

wise minimal point (y],v5) = (1, 3), which is what we exploit in the proof.

Proof of Proposition In view of assumption (F), consider the following instance of prob-
lem :

minimize EP[Q(E)] (18)
This instance contains no first-stage decision, its ambiguity set P = {IP} is a singleton set such that
€ ~ U[—1,1] follows a univariate uniform distribution over the interval [—1,1] under P, and pp is

the expected value. The second-stage problem satisfies
Q) = min{-y:y>-10, y<¢ y<-§ yeR}.

Although the objective function fails to be monotonically non-decreasing in y and hence violates
assumption (F), the other assumptions (A), (D) and (B) of Theorem [I]are all satisfied. One readily
verifies that the affine decision rule formulation associated with problem is optimized by
y*(§) = —1, which results in an objective value of 1, whereas for every realization &, the second-
stage problem Q(&) in is optimized by y(§) = min{{, —&}, resulting in a lower objective value
of 1/2.

As for assumption (A), consider the instance of problem with objective function , that
is, the risk measure satisfies pp = Ep, there is no first-stage decision, and the ambiguity set P = {P}

is such that € ~ U[—1,1] under P. The second-stage problem satisfies

Q&) = min{y : y=>¢&, yeR}.

Although the constraint right-hand side exhibits a nonlinear dependence on ¢ and hence violates
assumption (A), the other assumptions (F), (D) and (B) of Theorem I]are all satisfied. One readily
verifies that the associated affine decision rule formulation is optimized by y*(§) = 1, which
results in an objective value of 1, whereas for every realization £, the second-stage problem Q(¢)
in is optimized by y(&) = €2, resulting in a lower objective value of 1/3.

In view of assumption (D), consider the instance of problem with objective function ,
that is, the risk measure satisfies pp = Ep, there is no first-stage decision, and the ambiguity set

P = {P} is such that € ~ #[—1,1] under P. The second-stage problem satisfies
Q) = minfy:y=¢ —y<¢ yeR}
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Although the minus sign on the left-hand side of the second constraint implies that assumption
(D) is violated, the other assumptions (F), (A) and (B) of Theorem [I]are all satisfied. One readily
verifies that the associated affine decision rule problem is optimized by y*(£) = 1, which results
in an objective value of 1, whereas for every realization &, the second-stage problem Q(¢) in (1)) is
optimized by y(£) = max{{, —¢}, resulting in a lower objective value of 1/2.

In view of assumption (B), finally, consider the instance of problem with objective func-
tion , that is, the risk measure satisfies pp = Ep, there is no first-stage decision, and the
ambiguity set P = {P} is such that £ ~ U[—1,1] under P. The second-stage problem satisfies

Q) = min{y1+2p i +y2 =&+ 1 Y, =0, Yy, <1, yeR’}.

Note that for every £ > —1, the index 1 of the first constraint y; + y2 = £ + 1 must be contained in

the index set Z defined in assumption (B). As a result, however, none of the coefficient matrices

w10) 6 1)

have a positive inverse, that is, assumption (B) is violated. In constrast, the other assumptions
(F), (A) and (D) of Theorem [1] are all satisfied. One can verify that the associated affine decision
rule formulation is optimized by y7(§) = y5(&) = (€ + 1)/2, resulting in an objective value
of 3/2, whereas for every realization £, the second-stage problem Q(¢) in is optimized by
y1(€) = min{¢ + 1, 1} and y2(&) = max{¢, 0}, resulting in a lower objective value of 5/4. O

Proof of Proposition The constraint system can be written as A(§)x + By = g(§) by

setting

A©)T =[A1©)7 ... A (©)] e R™ IS with A4;(6)T = [~ aa(€) ... — ay, ()] € R™*,
BT = [B] ... B] | e R"*%%% with B] = [ej — Bj1 ... e — B, ] € R"™2"%,

g(&)7 = [gl(f)T gnQ(E)T] e RY*252155 with g; (&) = [151(8) - 7w, (€)] € RI%S;
(19)

where e; is the j-th canonical basis vector in R"2. Fix the optimal € X from the statement of

the proposition, and choose kj, j = 1,...,n9, as stipulated in condition (i) of the statement. We
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set

ng j—1 elT o BlT,kl
1= U { [Z si] + kj} , implying that Bz = : e R™x"2,
j=1 (Li=1 - -
Cp, — n2,kn,

The claim of the proposition holds if Bz has a positive inverse and if

[A©z+ By >9(6) « Az(§)a+Bry>g:(6)| veeE

that is, if
[yj = O‘jk(ﬁ)Tw + /Bngy + ij’(g) Vi=1,...,n2, Vk=1,..., Sj]
— [yj = Ok, (@Tw + BJT,k]y + Vjk; (&) vi=1,... 7n2] VEe=.

Note that the above equivalence immediately follows from condition (i) of the statement. We now
show that Bz constitutes an M-matrix, which implies that it also has a positive inverse.

We claim that for any permutation matrix IT € R"2*"2 B is an M-matrix if and only if
IIB/II" is an M-matrix. Indeed, the row and column permutations conducted by IT and II',
respectively, ensure that the diagonal (off-diagonal) elements of Bz remain diagonal (off-diagonal)
elements in TIB7IIT and vice versa, which implies that Br is an Z-matrix if and only if IIB7ITT
is an Z-matrix. Moreover, B7 and IIB7II" share the same eigenvalues as the matrices are similar,
which implies that Bz is an M-matrix if and only if IIB7II" is an M-matrix.

Define now the permutation matrix IT = [eﬂ(l) . eﬂ(nz)]T € R"2*"2 where 7 is the permuta-

tion that establishes the partial order in condition (i) of the statement. We then have

T T T T T
€ _ﬂl,kl € :Bl,kl ﬂl,kl
NBII' = II : n' =mo| : |n'-o : nm =1-11I : Im',
T T T T T
€ny — n2,knq ©ns n2,knqg n2,kn,

where I is the identity matrix in R"2*"2, Note that by definition of the permutation 7 in condition
(ii) of the statement, the second matrix on the right-hand side of the last identity is a non-negative
upper triangular matrix with zeros on the diagonal. Thus, IIB;II" is a Z-matrix with ones on
the diagonal. Since the eigenvalues of a triangular matrix coincide with its diagonal elements, we
conclude that all eigenvalues of ITIB7II' are one, and thus IIB7IIT—and therefore Bz —is an

M-matrix, which concludes the proof. ]
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Proof of Theorem Following a similar argument as in the proof of Theorem [I} we show
that for an optimal first-stage decision & € X' satisfying our conditions (F), (A’), (D) and (B’)
in problem , we can construct a collection of K = K - Kg affine decision rules yﬁ .2 5 R,
k=1,...,K, such that
sup pe [Q(: )| = sup e | Qe (w150 (20)

where the left cost function is defined in , whereas the right cost function satisfies Q(x, {yﬁ(ﬁ)}ﬁil; £ =
min{Q(x, yi; £ k=1,..., K} with Q(, yi; &) defined in . The resulting solution (x, {yﬁ}szl)
is thus feasible in problem , and a similar argument as in the proof of Theorem (1| then implies
that the optimal values of both problems coincide.

To show that holds, fix an optimal first-stage decision & € X satisfying our conditions
(F), (A’), (D) and (B’), together with a collection of index sets Z2, k = 1,..., Kg, that satisfies
assumption (B”). Using assumption (A’), construct the common refinement = = UkK:1 2 with

(i—1)-Kp+j = E? N E? as well as Z(;_1).gp4j = IJB, i=1,...,Knand j=1,...,Kp.

[1]

Similar arguments as in the proof of Theorem|[I|show that for each &€ € dom QnE, k =1,..., K,

any feasible second-stage decision y(&) has to satisfy

y(€) > B;!|g7.(6) — Az, (§)x]. (21)

By construction, Az, and gz, are affine over = (but not necessarily over =). Fix any matrix- and
vector-valued functions Aék and g%k that are affine over the entire support = and that coincide

with Az, and g7, over Zj, and consider the collection of affine decision rules

vi(©) = B[00, (&) - AL (@], k-1...K (22)

each of which is defined over the entire support =. Similar arguments as in the proof of Theorem
show that for each k = 1,..., K, yi(f) is the point-wise smallest feasible decision in the second-
stage problem for all £ € dom Q N Zy. Assumption (F) then implies that y{ (&) is point-wise
optimal in the second-stage problem over Eedom QN =, k=1,..., K. Since = = UkK:1 2k,
we thus have for all kK = 1,..., K and all £ € dom Q n =} that

Oz, {yp (O)}F_1;€) = min{Q(z, ¥ (£):€) : K =1,.... K} < Qz,y,(£):€) < Q= €),
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and equation follows from the monotonicity of pp, P € P. O

Proof of Proposition Using the same notation as in , the constraint system can
be written as A(€)x + By > g(£). For the remainder of the proof, fix the optimal € X from
the statement of the proposition. For j = 1,...,n9, choose K; as stipulated in condition (i) of the

statement and let =z, k € Kj, be the set of parameter realizations £ € = for which the constraint

y; = (&) @ + By + jk(€)

weakly dominates all other constraints
T T
y; = oy (€) T+ ﬂjk'y + vk (€)

k' # k, with ties between indices k,k’ € IC; broken arbitrarily. Condition (3) in the statement of

the proposition implies that Z = J kek; Eji for all j =1,...,ng, while our construction guarantees

that =, N Zjp = & for all k,k" € K;, k # k'. We claim that assumption (B’) is satisfied for
n2

the covering = = (Jgex EE with EE = ()21 Ejk; for k = (k1,...,kn,) € K = K1 X ... X Ky,

as well as the associated constraint index sets

T T
n2 j—1 e —Biy
e U {[Z Si] + kj} , implying that Bz, = : € R™X"2,
j=1 \ Li=1
T T
€ny ™ Pk,

Note that |IC| = Kp and that | g L is indeed a covering of = since

no n2 n2
=B _ ﬂ:. — ﬂ = — ﬂ: - =
-k = ‘—‘]kj - _.]k]. - —_ = .
kelC kel j=1 j=1k;ek; j=1
Also, each constraint index set Zj satisfies |Zgx| = ng by construction for all k € IC. Moreover,

condition (i) in the statement of the proposition implies that for each k € IC, we have

[A©)z+By>9(6) — Ag(©z+Bry>g5(6)| vEes]
Finally, similar arguments as in the proof of Proposition [2, combined with the fact that condition
(1) of the statement holds for every k € IC, show that Bz, has a positive inverse for each k € IC.  [J
Proof of Proposition Following a similar argument as in the proof of Theorem [2| we show

that for an optimal first-stage decision « € X’ satisfying our conditions (F), (A’), (D) and (B”) in
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problem , we can construct for every p = 1,..., P a collection of K, = K, - Kj affine decision
rules yf;k 2S5 R ke, ={l,...,K,}, such that

sup pp [Q(w;f)] = sup pr [Q(w >P< {yﬁk(é)}ffﬂé)] : (23)
c =1

PeP

where the left cost function is defined in (1b)) and the right cost function satisfies

P
(2, X {yir(©)}21:€) = min {Q@, (yi s, (€): - ¥bs, (€):6) : ke K|
p=1

with O defined in , where k = (ki,...,kp) and IC = K; x ... x Kp. The resulting solu-
tion (x, X]f:l{yﬁk}fj 1) is thus feasible in problem ([5), and a similar argument as in the proof of
Theorem 2] then implies that the optimal values of both problems coincide.

To show that holds, fix an optimal @ € X satisfying our conditions (F), (A’), (D) and
(B”), together with a collection of index sets I;]?w p=1,...,Pand k =1,... ,Kﬁ, that satisfies
assumption (B”). For every p = 1,..., P, construct the common refinement = = UkKjl Epr With
B, (i-1)-KB+j = E N2 as well as Ty (i—1)-KD+j = B i=1,...,Ksyandj=1,...,KE, where the

PJ’
sets Ef are from assumption (A’). For k € IC, we also define = = ﬂ;;l Epk,; similar arguments
as in the proof of Proposition [3| show that the sets Zj cover =, that is, = = | Jpexc Sk

Similar arguments as in the proofs of Theorems [I| and [2| show that for each £ € dom Q n 5,

p=1,...,P and k € K, any feasible second-stage decision y,(£€) has to satisfy

up(€) = [Bylz! [[9,5,.(6) — [4))z,,. (&)= |-

By construction, [Ap]z,, and [gy]z,, are affine over Zp; (but not necessarily over =). Fix any

matrix- and vector-valued functions [Af]z, and [gf]z, that are affine over the entire support =

P
and that coincide with [Ap]z, and [g,]z,, over Zp;, and consider the collection of affine decision

rules

yi(€) = (B2 (965, (€) — [Aflr, (=],  p=1,....Pand ke,

P
each of which is defined over the entire support Z. Similar arguments as in the proofs of Theorems
andshow that foreachp =1,..., P and k € K, yﬁk(f) is the point-wise smallest feasible decision
in the second-stage problem for all £ € dom Q N Zp;. Assumption (F) and the fact that

flx,y;€) = 211;1 Ip(x,yp; €) then imply that yﬁk(f) is point-wise optimal in the second-stage
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problem over § edom QN Ep, p=1,...,P and k € K. Since E = | Jpexc Ek, we thus have
for all k € KK and all £ € dom Q N Zj, that

,
(@, X {yp(©)}1:€) = min{Q@, (yl(©), - Vb, (£):6) : K e X}
p=1 ]

>
< Q(wv (y{,kl (5)7 s 7y§3,kp (£ )7 £)
< Qx; ).

Equation now follows from the monotonicity of pp, P € P. O

Proof of Observation We employ Theorem (1| to show that problem @ is optimally solved
in affine decision rules. Observe first that affine decision rules are vacuously optimal in problem @
if the problem is infeasible (i.e., if the nodal capacity C is too small). Assume therefore that
problem @ is feasible, fix any optimal first-stage decision (x*,y*,z*,p*,c*), let Ty = {(i,]) €
N x N Zgij = 1} denote the distribution network for product g € G, and consider the following
reformulation of ,

minimize 2 Z tgij fqij

9€G (i,5)€Tg
subject to M-} + foigig = O, loji+&s  V9€G, VjeN

(4,9)€Ty
Z fg,i(g,j),j <C VjieN )
9€g
D, fa < v(i,j) e J Ty
geg: 9€G
(4,9)€Ty

fgij € R+7 g € g and (’L?]) € 7;7

where for g € G and j € N, i(g,j) € N is the index satisfying (i(g,7),j) € T4. Note that i(g, j)
is uniquely defined for every g € G and j € N due to the third constraint in . Problem
emerges from problem if we remove the flow decisions fy;; that are forced to zero by the
fourth constraint in . Problem is equivalent to in the sense that their objective
functions as well as their feasible regions coincide when projected onto the remaining flow decisions
{fgis + g€ G and (i,j) € Ty}

Problem clearly satisfies the conditions (F), (A) and (D). To see that condition (B) is
satisfied as well, we invoke Proposition [2 To this end, fix any g € G and (4, j) € 74, and note that
i =1i(g,7). As for condition (i) of Proposition |2, note that the decision fg;; participates in exactly
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two lower bound constraints:

fgij = Z fgjl + ég] - M- 332] and fgl] S R+
(4,1)€Tq

If z7; = 1, then the non-negativity constraint is weakly dominant for all realizations of &; otherwise,
if z7; = 0, then the flow constraint is weakly dominant for all realizations of & since the flow decisions
fgji on the right-hand side as well as the demand {,; are guaranteed to be non-negative. In view
of condition (%) of Proposition [2] observe that the first constraint set of problem has an
arborescence structure thanks to 7;, which implies that their associated coefficient vectors admit

a partial order. O

The proof of Proposition [5| utilizes the following technical result, which we state and prove first.

Lemma 1. Problem satisfies the following weak duality realationship:

mig sup pp[Q(x; €)] = sup pp [glei? Q(w;f)} : (24)

Proof of Lemma Note that for all £ € X and all P € P, we have
e > . /. ¢ } > . s
pe[Q@;§)] > min {pP[Q(w 23] PP [ggg Qx ,E)] :
where the first inequality is immediate and the second one holds since Q(«’; €) = mingrey Q(x”; &)
for all realizations € and the assumed monotonicity of pp. For all & € X, we thus have
sup pp[Q(x;€)] = sup pp {H}in Q(fv’;f)}
PeP PeP z'eX

and therefore, as desired, . O

Proof of Proposition Affine decision rules are vacuously optimal if the unrestricted version
of problem (@ is infeasible (i.e., if the nodal capacity C is too small). Assume therefore that
the problem is feasible, and fix the facility location components (x*,y*) of any optimal first-stage
decision (x*,y*, 2%, ¢*) in the unrestricted version of problem (). We show that (x*,y*) can be
complemented with first-stage decisions (2’, ¢’) such that there is an optimal policy f* : = — RfN :

for the second-stage decision f in that exhibits an affine dependence on €. To simplify the
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exposition, we define

Mg+ D foij = D) foji + 69 Y9G, VjeN
ieN ieN
D 2 feis <C VieN
Flx,z,¢;,€) = <f€RfN2 - | geGieN [
D foig < i Vi,je N
9€g
_fgz‘j<M.zgij Vgeg,Vi,je/\/’_

as the set of all second-stage flow decisions f that are feasible in under the parameter realization
& for the fixed first-stage decisions x, z and c.

Define & € REN component-wise via Zgj =max{{y; : £€ =}, g€ Gand je N, and observe that
£ € = due to assumption (i) of the proposition. The feasible region of the unrestricted version of
problem @ does not change if we include in its first stage the constraint that there needs to
be f € F(x, 2z, c;§); indeed, assumption (4) ensures that this constraint is already implied by the
second stage .

Next, we observe that due to Lemma [1], the following problem bounds the optimal value of the

unrestricted version of problem @ with fixed facility locations (x*,y*) from below:

minimize Z bijcij + Z 2 tgij foij

i,JeEN 9€G i,jeN
subject to  zgij < @y, + yf Vge G, Vi,je N (25)
f ef(a:*7z7c; é)? ?ef(w*7z7c;g)

z € {0,116V, ceRJf, f,feRfm

sup pp
PeP

We show that there is (2/, ¢/, f/) that optimizes the minimization problem in simultaneously
for every £ € Z if supplemented with a suitable f’ that may itself depend on &€ € Z. It then follows
that (x*,y*, 2/, ) is also optimal in the unrestricted version of problem @ Moreover, our solution
will satisfy py; > pp; +1 =M (1—2zg,;) and >, 20;; < 1 for all g € G and 4, j € N if supplemented
with a suitable p’ € REN , which implies that these constraints can be added to the unrestricted
version of problem @ without impacting its optimal value. Using the same arguments as in the
proof of Observation [I, we can then conclude that affine decision rules are optimal.

By the superadditivity of the minimum operator, the optimal value of the minimization problem
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in is bounded from below for each realization &£ € = by the optimal value of the problem
minimize Z bijcij
i,JEN
subject to  zgij < @y; + Y] Vge G, Vi,je N (26)
fef(w*7z7c;£)7 ?ef(m*7z7c;g)

ze{0,1}V° ce sz, f.fe RENQ

plus the optimal values of the G problems, one for each good g € G,
minimize Z tgijfgij
1,7€N
subject to  zgij < xy; + yf Vge G, Vi,je N (27)
fE.F(w*’z’c;é), ?G‘F(x*7z7c;g)

z2e{0,1}9Y° ceRY’, £, FeRGN.

We can replace each network decision zg; in problem with its maximum feasible value
min{m;i + y7, 1} and subsequently remove it by restricting all flows fg;; and fgij to the arcs in
Eg={(1,j) e N xN : x}, =1ory; =1}, g€ G. Likewise, we can identify each flow fy;; in
problem simplifies to

minimize Z Z bijfgij
9€G (i,5)e€y
Subject to M- JI;J + Z ?!]U = Z ?gjl + gg] Vg S g, VJ S N
(i,j)Egg (j,i)Egg
Z Z fois < C VieN

9€G (i,5)e€y
Ygij eRy, ge G and (i) € &.

and we can replace each capacity ¢;; with its lower bound }; 9e6 J gij- With those changes,

For each g € G, let T4 be any minimum cost arborescence on the directed graph (N, &,) with root
1 € T satisfying x7 = 1 and arc weights b. Then the simplified problem is optimally solved by f

where each f

uij coincides with the sum of those demands Egl for which 7, contains a directed path

from ¢ to [ via j.

Similarly, in each instance g € G of problem (27)) we can remove the network decisions zg;; as

in the previous paragraph, identify each flow f;; with ;Z-j from the previous paragraph and set
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Cij = Digeg f’gij as before. With those changes, problem simplifies to

minimize 74 - Z bij fqij

(i.4)€€g
subject to M- xy; + Z Joij = Z Jaji +&gj VieN
(4,4)e€q (4:1)e&q
Z Z foij < C Vie N

9€6 (i,5)€&g
fgij € R+7 (27]) € gg-

The simplified problem is optimally solved by f’ where each féw coincides with the sum of those
demands ¢y for which the arborescence 7, from the previous paragraph contains a directed path
from ¢ to [ via j. Indeed, this is the case due to assumption (%ii), which ensures that the minimum
cost arborescence problems underlying and share the same arc weights up to a constant
scaling.

Consider now the solution (2’,¢/, f/, f/) to the lower bound problem (25) where Zgw 1 if
(i,5) € & and f!

0; = 0 otherwise, c¢;; = > ¢ fgz-j and f’ and f’ are defined as in the

gij ij

preceding two paragraphs. This solution is optimal in both and , and it must therefore also
optimize the minimization problem in (25)) with the same optimal value. Furthermore, this solution
satisfies the tree constraints ), ., z;ij < 1 by construction, and it can be readily complemented
with potential values p’ € RN that satisfy Pyj = Pyi +1— M- (1 —z,,) for all g € G and all
i,5 € N. The statement now follows from the fact that neither ¢’ nor z’, p’ or f' depend on the

actual parameter realization & € =. O

Proof of Proposition [  Denote by OPT the optimal value of the unrestricted supply chain
management problem across all feasible second-stage policies f : = — REN 2, and let ADR denote
the optimal value of the unrestricted supply chain management problem where the second-stage

=5 ]RSZYN ? are restricted to be affine in the uncertain demands £ € =. Note that

OPT > {mm bm} max IR

i,JEN
J geG jeN

policies f :

since any feasible solution to the unrestricted supply chain management problem must construct
sufficient transportation capacity to serve the maximum demand, thanks to our assumption that the

employed risk measure satisfies the condition of Remark|2| namely that su el Q(x, vy, 2z, ¢, f é é =
ploy y Ppep P Y, 2, ’
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oo whenever Q(x,y, z,¢, f(£); &) = c© for some £ € Z. In the remainder of the proof, we will show
that
ADR - OPT < n- {max max G - by + 2tg”] C, (28)

geG i,jeN
where 7 bounds from above the number of arcs in the distribution network that exceed the number

of arcs G(N — 1) required to form G arborescences. The statement of the proposition then follows

since
. 9,5 | -
ApR_opT " ] Y
OPT h max §
[ZI?(;D bm} max IR ge= gé j%\:f ¥

geg jeN

where we exploited that b;; and t4; are regarded as constants and that b;; > 0 for all 7,5 € N.

To see that equation holds, fix any first-stage decision (z*,y*, z*, ¢*) feasible in the unre-
stricted variant of problem , together with any associated second-stage policy f*: = — ]RfN :
feasible in , that attain the optimal value OPT in the unrestricted variant of @ and whose dis-
tribution network z* contains at most G(N —1) +n arcs 2,; = 1, (9,1,j) € G x N2, In the following,
we will construct a new first-stage decision (&', y’, 2/, p’, ¢') feasible in the restricted problem ,
together with an associated second-stage policy f’ : 2 — REN ? feasible in , that attain an
objective value in @ that does not exceed OPT by more than the right-hand side of equation .
Since we know from Observation [1| that the restricted problem @ is optimally solved in affine
decision rules, there must be an affine decision rule solution to the restricted problem @ whose
objective value does not exceed OPT by more than the right-hand side of equation either.
Since the unrestricted variant of problem @ constitutes a relaxation of the restricted problem @,
we conclude that any optimal affine decision rule solution to the unrestricted variant of problem (@
must attain an objective value not exceeding OPT by more than the right-hand side of equation
either. This will then verify the validity of equation and thus conclude the proof.

To construct the desired solution (2, 4y’, 2’,p’, ¢/; f'), denote for each good g€ G by Ny = {j €
N Dien zy;; > 1} the set of nodes j € N that possess multiple incoming links in the distribution
network of the optimal solution. Note that 9eC |Ng| < n by construction. Our goal is to construct

the revised solution (&', y’, 2/, p, ¢; f') such that for each good g € G, each node in N, has a single
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incoming link in the distribution network. To this end, we set ' = * and y’ = y* as well as

. . B
/ zgi  if jeN,, / Z cp; fje Ny for some g € G with x4 = 1,
Zgij = Cij = | kN
zx..  otherwise * :
gij ) cr. otherwise

v

and

, Tgi Z f;k;j(s) if j € Ny,
foi; (&) = keN V€ e =
i (&) otherwise
Thus, the revised solution retains the original placement of the production facilities and warehouses,

but it removes those links z;ij =1, (9,4,7) € G x N2, from the distribution network where the

successor node j has multiple predecessors for the same good g (that is, j € N;) and where the
particular predecessor 4 is not a production facility for good ¢ (that is, x4 = 0). The capacities
of and the flows along the remaining links are adjusted so that any demands are served from the
new distribution network. We defer the construction of node potentials p’ that satisfy the fourth
constraint in to the next paragraph.

We now show that the revised solution (&',y’,2’,p’,c’; f') is feasible in the restricted prob-
lem @ To this end, note that the first two constraints in only involve x’ and v/, and that
the values of these decisions have not changed. The third constraint in holds thanks to our
construction of z": For pairs (g,7) € G x N with j € Ny, we have > 2p, = Y Tgi = 1
thanks to the first constraint in (6a)), whereas for pairs (g,7) € G x N with j ¢ Ny, the definition
of Ny implies that Y, x- 20 = Dien 2i; < 1. In view of the fourth constraint in (6a)), we note

that satisfaction of the third constraint implies that the distribution network (Z;Z-j)i,j for each good
g € G forms a directed acyclic graph. We can thus identify p’ with any partial order on Ny that is
compatible with this directed acyclic graph. As for the last constraint set in , finally, note that
< zg;; unless j € Ny and x4 = 1, and zy;; satisfies the constraint by assumption. If 24 =1, on

Zgij
the other hand, the constraint is vacuously satisfied. To see that the second-stage constraints hold
for all £ € =, note that the sum on the left-hand side of the first constraint in can only change
for pairs (g,j) € G x N satisfying j € Ny, and for such pairs we have

DL €) = Ywgir Y fo(€) = X Foi(€)-

ieN ieN keN keN
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On the other hand, the sum on the right-hand side of the first constraint in evaluates to

2 fg/]ﬂ(£> = Z fgjz ) + Z fg]z = 2 Lgj - Z f;kz(s) + 2 fgjz

ieN ieN:ieNy ieNi¢gNy 1ENHEN, keN 1eN:igNy
Z fg*ji(f) if zg; =0,
< ieN
M if Tgj = 1.

Thus, if z4; = 0, then the right-hand side of the first constraint in has either decreased
or remained unchanged, whereas the left-hand side of the same constraint evaluates to at least
M if zg; = 1. Our earlier finding that >}, x fg;;(&) = Xpep for;(§) for all pairs (g,j) € G x N
immediately implies that the second constraint in is satisfied as well. As for the third constraint
in , we note that the left-hand side can only increase for node pairs (i, j) € N2 satisfying j € Ny
for some g € G with x4 = 1, in which case our construction of c;j ensures that the right-hand side
has increased sufficiently to cater for the additional flow. In view of the last constraint in ,
finally, we observe that the left-hand side can only increase for triples (g,i,j) € G x N? satisfying
j € Ny with xg; = 1, in which case we have zj;; = 1.

To conclude the proof, we show that the objective value of the revised solution (', y’, 2/, p', ¢; f')
does not exceed OPT by more than the right-hand side of equation . To this end, observe first
that

e R P e

JEN geG i,jeN JEN geG i,5eN
( Z bl] [C;] - C:g]) + (Sup PP [Z Z tgl]fgzg ] - Sup PP [Z 2 tgl]fgzg ])
i,jeEN g€§G i,jeN geG i,jeN
(29)

The first expression in can be bounded from above via
2 il =] < [;glg;@bw} PIDNPIL A [gggg&bij} GO (30)
i,jeN 9€G jeNy ke N
where the first inequality follows from the construction of ¢’ and the fact that there is a unique
production facility for each good. The second inequality is due to the fact that }; g Ng| < nand
2keN Chj S G- Cforall je N. Indeed, ensures that >}, fr..(§) < Cforallge g, je N
and & € Z, and thus no optimal solution will invest in a cumulative incoming link capacity > ..\ cf g

exceeding G - C since all capacity costs {by;} are strictly positive.
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To upper bound the second expression in , we first observe that

sup pp [Z Dty ;ij(é)] ~ sup pp [Z D7 tgis g*ij(f)]

PeP

geG i,5eN 9€G i,jeN (31)
- (pp [2 St ;U@] - [2 Sty ;ij@)]).
PeP 9€G i,5eN 9€G i,jeN

Indeed, fix any P’ and P* that are e-optimal in the first and second supremum on the left-hand side

of the inequality, respectively, and note that

pp! [Z Z tgijf;ij(é)] — pp* [2 Z tgijf;ij(é)] < pp [Z Z tgijf;ij(£~>] - pp [Z Z tgijfqi; (&

g€G i,5eN geG i,5eN geG i,jeN geG i,jeN

Since € was chosen arbitrarily, follows. Next observe that the second-stage transshipment costs

satisfy
D0 2 i) — X > tei g*ij(i)‘ < 7 [maxmax tgm} -C VEeZ
9eG i,jeN geG i jeN 9€G i,jeN
since
{(9.:3,0) € G x N? & f1,,(8) # f1,(6) forsome €€ 2} < IIN| < 7
9€g
and [fy;:(§) — fy;;(€)| < C for all g € G, i,j € N and £ € E thanks to the construction of f’ as

well as the second constraint in . Next, we note that any risk measure pp, P € P, satisfies

lpp(X) — pp(Y)| < 2¢ for any random variables X,Y satisfying | X — Y| < ¢ P-a.s. since

pp(Y) < pp(X +¢) = pp(X)+¢ and pp(X) < pp(Y +¢) = pp(Y) +¢,

where the inequalities and equalities follow from the assumed monotonicity (from Section [2|) and
translation invariance (from the statement of the proposition) of p, respectively. In conclusion, we

observe that

Sup (pJP’ [Z 2 tgijf;ij(g)] — PP [Z 2 tgijfg*z'j(f)D < 2n- [maxmaj\} tgz'j} -C.

PeP g€G i,jeN ge§G i,jeN 9€G i.je
Combining this finding with and and comparing the resulting expression with the right-
hand side of equation , the statement follows. O

Proof of Observation We make the following observations:
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(i) Any feasible solution (f,1) to the first stage problem with second stage (7)) is also feasible
in the first stage problem with second stage with the same objective value. Indeed,
the constraints in imply those of since they additionally require non-negativity of I,
and for all those solutions the objective functions of and coincide.

(ii) If the feasible solution (f,1) to the first stage problem with second stage (7)) in point (%)
has affine flows f, then we can replace I in (7)) with [ ;(§) = M- zg; + Z foij — Z foji +&qj>

N eN
which is affine. The revised decision I’ is weakly smaller than I point-wise, which implies that

the objective value in does not increase if we replace I with I’

(i4i) Any feasible solution (f,l) in the first stage problem with second stage gives rise
to a feasible solution in the first stage problem with second stage with the same
objective value if we replace I with [y ;(§) = [lg;(§)]+. Indeed, the revised decision I is weakly
larger than I point-wise, which implies that the flow constraints in remain satisfied. The
revised decision I’ is also point-wise non-negative, which implies that the last constraint in
is satisfied. Finally, the objective value does not change since the objective function of

evaluates [ly;(£)]+ by construction.

Our first claim from the statement of the observation now follows from observations (i) and (7ii), the

second claim follows from observation (i), and the third claim follows from observation (iii). [

Proof of Theorem Observation [2| allows us to equivalently study the suboptimality of
affine flow decisions in the revised supply chain design problem with first stage and second
stage , where the affine flow decisions can be complemented with any (possibly nonlinear) lost
sales decisions.

Fix an optimal solution (x*,y*, 2*, p*, ¢*) to the revised supply chain design problem with first
stage and second stage , and fix an associated optimal policy (f*,1*), f*: =2 — REN * and
. =2 - REN , to the second-stage problem @ Define D(g, j) as the set of all immediate and

*

5 associated with product g € G, and let

transitive successors of node j € G in the arborescence z
895 (&) = &gj + 2ken(g,5) Egk denote the downstream demands for product g from node j onwards.

We suppress the dependence of D and S on z* to simplify the notation. Consider the second-stage
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policy (f',1') with affine flows f’: = % RGN * and nonlinear lost sales I/ : = — RN defined via
_ Sul® e if zr =1,
: max > Sg(6) 7"
fgzj(g) = €eE geG
0 otherwise

as well as

, i+ O Foii(€) = D Fi(©) | ifay; =0,
lg] (5) = eN eN +

0 otherwise.

We first claim that the first-stage decision (x*, y*, z*, p*, ¢*) and the second-stage policy (f’,1)
are feasible in the revised supply chain design problem with first stage and second stage .
To this end, we verify satisfaction of the second-stage constraints (7)) one by one. Constraints in
the first constraint set are vacuously satisfied whenever x = 1. When zx* 5 = 0, the constraint

left-hand side evaluates to

DR @ + 10,8 = D F€) + | g+ D) Fo5i(€) = D £1i(8)

ieN ieN ieN N +
> ) fyii€) + Eoi+ ) £i5(€) = ) f35(8)
ieN ieN ieN
= &g+ Z foii(&)
ieN
that is, the constraint is satisfied. The second constraint set is satisfied since
S (é) * *
Z foi;(€) = Z —— L < d
9€G geg: I?SEX ng (E)
Z5i; =1 T geG

for all € € . Satisfaction of the third and fourth constraint sets, finally, follow immediately from
the construction of f’ and I'.

Consider next the relative suboptimality of (f’,1’) in the second-stage problem,

[Z Z Lgij g/n‘j(f) +UZ Z l;j(ﬁ)] - [Z Z tgij fgi;(€) +0'Z Z l;j(ﬁ)]

9eG i,jeN geG jeN 9€G i,jeN g€G jeN
Z Z tgij fgij (&) + UZ Z 15;(8)
geG i,jeN geg jeN
5% ol el [+ 3 me -l
_ 9€G i,5eN geG jeN ) (32)
D0 2 ey (&) +o ) D 15(8)
g€G i,jeN geG jeN
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The relative second-stage suboptimality of (f’,1") overestimates the relative suboptimality of (f',1’)
across both stages since the first-stage costs are non-negative and do not change if we replace (f*,1*)
with (f/,1).

In view of the first term in the numerator of (32)), we notice that

DD taig [fois @) = Foy (O] = D0 D7 taig [£0i;(8) — fi;(8)]

geG i, jeN geq i,jeN:
Z;ijzl
< D)D)t [S©) = £ O] < XX ey D, k(8
ge§ i,jeN: ge§ i,jeN: keD(g,i)
25i5=1 25i5=1

=2 2 DU tgi - 15(8),

9€G keN\{ig} (i,j)eA(g,k)
where the first identity disregards product-arc combinations without flows, the first inequality over-
estimates the affine flow with the entire downstream demand, the second inequality overestimates
the unserved downstream demand under the optimal policy by the sum of downstream lost sales,
and the last identity denotes the production facility node of good g € G by iy € N as well as the

set of arcs on the path from iy to k in z; by A(g, k), respectively. Plugging this upper bound back
into , we obtain

> 2 D teis Li(€) >0 2] Do gy ()

9€G keN\{iy} (i,7)€A(g,k) - 9€G keN\{ig} (i,5)€A(g.k)
Z Z tgijfai; (&) + UZ Z 15 (&) Z Z Z tgij - Egj
geG i,5eN geg jeN 9€G ke M\{ig} (i,5)€A(g,k)

)IEED D DR A (3 PN

_ 9SG RN} (i) A9 ) _ t  9eG jeN
2 Dty N
9€G ke M\{ig} (i,5)€A(g,k) geg jeN

(33)

where the first inequality underestimates the second-stage costs of the optimal policy (f*,1*) by
an infeasible policy that disregards arc capacities and that can thus serve all demands, the second
inequality overestimates and underestimates the per-unit transportation costs in the numerator

and denominator, respectively, and the identity cancels terms.
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In view of the second term in the numerator of (32)), we observe that

20 20 8 = 15;(8)]

geg jeN
Sgi(€)
< 200 i€ = Fug© ] < X0 > Sl - ——&F T
9€G jeTy [ ! g] 9 o ]+ 9€G jeTy I?S‘EX ng(&) v
9€g +
r?ax Z Syi(& c:gj I?gax (l;j (&) + Z ;k(f))
€= g geg keD(g,5)
= Z Z z S Sg](&) = Z Z S ~ gj(£)7
9Giey | ax 2, Sail€) 959 i€, max ), S;(€)
geg + €g

where the first inequality upper bounds the difference in lost sales downstream from the initial node
by the difference of flows that is sent from each production facility. Here, we continue to denote by
ig € N the production facility node of good g € G, and J, denotes the immediate descendants of i4
in z3. The second inequality overestimates the optimal flow decisions by the downstream demands
and replaces f’ with its definition. The first identity reorders terms, and the last inequality upper
bounds the difference between the downstream demands and the capacity of the arc (i4,j) by the

sum of downstream lost sales. We next observe that

max Y (1,6 + Y 14(0) |
2 Z geg keD(g,5) 'S (5)
g€G jeJ, max Sgi(€) v
g geE =
zgzjmang( “;) ()
9€G jeTy ge € ‘
= Z Z s 2 Soi (€ .ge%j;@ Sul®)
gegjejg e |

max % zj:\[l majc Zé Zj\:/l
_ geg je ] ng < geYy Je . i
Zngj ZZ © = 22591' ZZ&

e 9€G jeT, e 9€G jeN

= geG jeN

| gegG jeN
where the first inequality is a consequence of the relationship between the harmonic mean and the
arithmetic mean, the identity uses the fact that the sets D(g,j), j € Jy, are pairwise disjoint and

that = is rectangular, the second inequality upper bounds the sum of downstream demands with

the sum of demands (which include the demand at the production facility nodes). Plugging this
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upper bound back into , we obtain

o3 D [1;(6) = 15;(8)] o 3 [1,(8) — 12,(8)]

9€G jeN < 9€G jeN

2D teifai(©) +o Y D (&) IR

g9€G i,jeN geG jeN geG jeN

max Zg Zj\:/l
g€g je. ) § )
max 3 ) o 225 HEDIPWAG 2 2 155(®)

< 7. 9€G jeN _ g T geG jeN < 7. max 9€G jeN
¢ 2 2 o b max 2 2 o IR
geg jeN geG jeN geG jeN

(34)

where the first inequality underestimates the second-stage costs of the optimal policy (f*,1*) by
an infeasible policy that disregards arc capacities and that can thus serve all demands, the second
inequality uses our previously derived upper bound in the numerator, the first identity cancels
terms, and the last inequality overestimates the ratio of two maxima by a single maximum.

Combining the equations , and , we obtain

Z Z tgij [f;ij(ﬁ) - f;ij(f)] o Z Z ;j(g) - l;j(é)]

geG i, jeN gegG jeN
Z Z tgijf;ij(g) + UZ Z l;](ﬁ) Z Z t!ﬂ]fgzy )+ UZ Z l;J(S)
geG i, jeN geG jeN geG i,jeN 9€g jeN
EDWNAC DIPHAC
< b gegjeN 4 O ey $E9IN 7
N IR
geG jeN geG jeN

and maximizing the expression on the right-hand side of the inequality over all £ € = results in the

bound that is reported in the statement of the theorem. ]

Proof of Observation We employ Theorem |2 to show that problem @ with the updated
constraints is optimally solved in K-adaptable affine decision rules when K = 2¢. In analogy
to the proof of Observation we can assume that the problem is feasible. Fix any optimal
first-stage decision (z*,y*, 2%, p*,c*, 8", w"), let Ty, = {(i,j) € N x N : 27, = 1} denote the

distribution network for product g € G, and consider the following reformulation of the second-
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stage problem with the constraint ,
minimize Z Z tgz'jfgij

9€9 (i,4)€Tq
subject to M-}, + Z Sgij T fo.i(99) = Z foji +&g5 + Z Sgji Vge G, VjeN

ieN (4,0)€Ty ieN
Z foitgi)g <C VieN ’)
9€g
Y, fai <di V(i) e |J T,
geg: 9€G
(4,5)€Tq

fgij €R4, ge G and (4,5) € Ty,
where, as before, i(g,j) € N is the unique index satisfying (i(g,7),j) € T4, g € G and j € N.
Problem is equivalent to (6b|) with the updated constraint in the sense that their objective
functions as well as their feasible regions coincide when projected onto the remaining flow decisions
{fgi7 : g€ G and (i,j) € Tg}.

Problem clearly satisfies the conditions (F), (A?) with Kx = 1 and ) = = as well as
(D). To see that condition (B’) is satisfied as well, we invoke Proposition 3| To this end, fix any
g € G and (i, j) € Ty, and note that i =i(g,j). If wj =0, then >\ sy, = Depr 855 by the first
two constraints in . In this case, as well as the case where ZL';j = 1, the first constraint of
reduces to the first constraint of in the proof of Observation |1} and the same arguments
show that a single constraint is weakly dominant for fy;; for all realizations £ € =, that is, the
corresponding subset of constraints /Cg;; in condition (i) of Proposition [3| has cardinality 1. If
:c;j =0 and w]*- = 1, on the other hand, then the first constraint of ,

Z Sgij + fo.ilg)d = Z fogi + &gj + Z Sgjis

ieN (GA)eT, ieN
will be weakly dominant for the realizations £ € Z under which ¥, ; yyer- fojit&ei+ 2ien[555i—55i;] =
0, and the non-negativitiy constraint f,;; € R, will be weakly dominant otherwise. In this case,
which arises for at most LG flow decisions, the corresponding subset of constraints Ky;; in condition
(i) of Proposition |3 has cardinality 2. In summary, we thus have |Kg| = [[,cq [ 1 (i j)er, [Kgij| <
2LG  Condition (7) of Proposition [3| finally, follows from the same arguments as in the proof
of Observation [1| since the presence of the first-stage decisions sp;. in does not impact the

coefficient vectors of the second-stage decisions. O
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Proof of Observation [d. As before, we can assume that the problem is feasible. We show that
the assumptions of Proposition (4] are satisfied. To this end, note that the second-stage decisions f
in problem @ with the updated constraints decompose across different goods g € G, that is,
f = (fg)geg with f, € ]Rf . Likewise, the updated objective function separates across the goods
g € G in a natural way. The recourse matrix B is block diagonal since the lower bound constraints
M- 2g; + Y (Sgij + foig) = Egj + ), (Sqji + Joji)  V9€G, VjeN
ieN ieN

decompose across the goods g € G. Also, as discussed in the proof of Observation[3] the second-stage
problem clearly satisfies the conditions (F), (A’) with Kx = 1 and 2% = Z as well as (D).

To see that assumption (B”) is satisfied for K]% = 2L g € G, recall that the proof of Obser-
vation [3| shows that the second-stage problem satisfies assumption (B’). We can actually apply
the argument in that proof separately to the lower bound constraints of each good g € G to ob-

. . oy = _ =B =B
tain product-wise partitions = = g1 Y-V ~g9,K3’

g € G, that each satisfy assumption (B”).
This, however, is exactly what is required by assumption (B”), and Proposition {4 is therefore

applicable. ]

Proof of Observation We first show that condition (i) of Proposition [2| is satisfied. To this
end, fix any entity e € £. Condition (%) is trivially satisfied if D, = . Assume next that D, # ¢,
and fix the configuration vector ¢ € X ;.p_Cq4 satisfying x4, = 1 for all d € D.. This vector c is
guaranteed to exist by the constraint of the first-stage problem . The constraint
ye+MZ(1—xd,Cd {e—i-z (e,d,cq) - yq

deD. deDe
then weakly dominates all other lower bounds on 3, imposed by configuration vectors ¢’ € X dep, Cd
since for each of them, at least one of the binary variables Tl d € D., must evaluate to zero,
again due to the constraint of the first-stage problem .

In view of the second condition of Proposition[2] we recall that for a fixed choice of configurations
{ce}eee, the graph with nodes £ and arcs {(e,d) € ExE : r(e,d,cq) > 0} is acyclic. Since a directed
acyclic graph admits a topological ordering, there is a permutation 7 : £ — & such that 7(d) < m(e)
for all e, d € € satisfying r(e,d, cqy) > 0. Hence, each weakly dominant constraint

§e+2 (e,d,cq) yd_MZ — Tdc,)

dEDe dEDe
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corresponding to an entity e € £ with D, # (J links e only with its immediate descendants d € D,
satisfying 7(d) < m(e). We therefore conclude that the right-hand side coefficient vectors Bec, € € €
and ¢ € X gp Cq with z4., = 1 for all d € D, with elements r(e,d,cq) form a partial order for
all entities e € £ with D, # . The statement then follows since the right-hand side coefficient
vectors of the entities e € £ with no descendants, that is, D, = J, are zero, which allows us to

include them anywhere in the partial order. O

Proof of Observation |§|. Problem can be interpreted as an instance of problem
with 2z, = ¥, k = 1,..., K. One readily verifies that the second-stage problem satisfies the
assumptions (FX), (AX) and (D). Likewise, the reasoning in the proof of Observation [5| can be
applied to every zj, which implies that assumption (BX) is satisfied as well. We can therefore invoke
Corollary |1 from Appendix |[A|to conclude problem is indeed optimally solved in K-adaptable

affine decision rules. O

Proof of Corollary We show that under the assumptions of the corollary, we can express
problem as an instance of problem satisfying the relaxed assumptions (F), (A’), (D)
and (B’), and that the associated instance of the K-adaptability problem is equivalent to
formulation . The statement of the corollary then follows from Theorem

Fix an instance of problem as well as an optimal first-stage decision (x*, {2} }i_,) satisfying
our conditions (F¥), (AX), (D) and (B¥) in (12). Consider the following instance of problem (),

minimize sup pp [Ql(ilfl;é)]
PeP

subject to &' = (x, {zx}I1,) e &' = X x [Z(x)],

where the second-stage cost function Q' satisfies

minimize  f'(x’,y; £)

subject to  A’(¢&)x + By = g(¢)
C'(¢)z + Dy < h(£)
yeR™

with 2 = Ule =k being any covering of = such that for all k£ = 1,..., K, Q(z*, 2;;§) is minimal
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among all Q(x*,2;5€),l=1,..., K, for all £ € 5, (ties can be broken arbitrarily), as well as

F(@y; €) Z (£ € Ek] - f(=, 21,05 6),
k=1

A,(S) = [A(ﬁ)a 1[6651] E(E)’ SRR 1[SEEK] E(g)],
C,(E) = [C(ﬁ), 1[5651]'17(6)? KR 1[66 EK] F(E)]

Here, 1[-] attains the value 1 (0) if the condition - is (not) met. Note that the assumptions of
Theorem [2] are met since (F) follows immediately from (FX), (D) holds by construction, and (A”)
and (B’) follow from (A%) and (BX) if we choose =88 = Z4, k = 1,...,Kx = K and ZF = Zj,
k =1,...,Kg = K, respectively. Theorem [2| thus implies that the optimal first-stage decision

(z*, {z;}£ ) in is also optimal in

minimize  sup pp [Q,(x/,{yk(é)}k 13 ~)]
PeP

subject to @' € X, y,:ES5R™, k=1,...,K,

where Q' (z/, {yx}1 ;&) = min{Q'(z/, y; €) : k=1,..., K} with

Fiod o if A'(&)x’ + By, > g(€) and
O, yie) = 17 Y o) + Dy, < hie)
+00 otherwise.

By replacing f/, A’ and C’ with their definitions, one readily confirms that this instance of prob-
lem is indeed equivalent to problem . Note that the adaptability of K - Kg = K? required
by Theorem [2| can be reduced to an adaptability of K since the coverings {E?}szl and {EP}E

coincide. O
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