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Abstract

We introduce the stochastic pseudo-star degree centrality problem, which focuses on a novel prob-
abilistic group-based centrality metric. The goal is to identify a feasible induced pseudo-star, which is
defined as a collection of nodes forming a star network with a certain probability, such that it maximizes
the sum of the individual probabilities of unique assignments between the star and its open neighbor-
hood. The feasibility is measured as the product of the existence probabilities of edges between the
center node and leaf nodes and the product of one minus the existence probabilities of edges among the
leaf nodes. First, the problem is shown to be NP-complete. We then propose a non-linear binary opti-
mization model subsequently linearized via McCormick inequalities. We test both classical and modern
Benders Decomposition algorithms together with both two- and three-phase decomposition frameworks.
Logic-based-Benders cuts are examined as alternative feasibility cuts when needed. The performance of
our implementations is tested on small-world (SW) graphs and a real-world protein-protein interaction
network. The SW networks resemble large-scale protein-protein interaction networks for which the
deterministic star degree centrality has been shown to be an efficient centrality metric to detect essen-
tial proteins. Our computational results indicate that Benders implementations outperforms solving the
model directly via a commercial solver in terms of both the solution time and the solution quality in every
test instance. More importantly, we show that this new centrality metric plays an important role in the
identification of essential proteins in real-world networks.

Keywords: Network analysis; Benders decomposition; Integer programming; Probabilistic group-based
centrality

1 Introduction
A star graph can be defined as a tree graph with a maximum diameter of two, where the diameter is

defined as the maximum distance between any two nodes. Different variations of star graphs have been
attracting researchers’ attention since the late 1980s. Akers and Krishnamurthy (1989) are the first who
introduce the notion of a star graph as a new class of networks. Day and Tripathi (1992) expand this idea
to generalized (n, k)-star graphs where n and k are user-defined values tuning the number of nodes and the
degree / diameter trade-off. The idea is then used by Akers et al. (1994) who propose star graphs as an
alternative to hyperbolic structures. Afterwards, Chou et al. (1996) propose bubble-sort star graphs as a new
interconnection network structure. Past and recent studies heavily focus on the topological and functional
analysis of star graphs (Chiang and Chen, 1998; Lin et al., 2020; Li et al., 2020). Further, star graphs are
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utilized to identify facet de�ning inequalities during polyhedral analysis in several optimization studies as
well (Mélot, 2008; Fragoso et al., 2021; Yan and Ryoo, 2022).

Centrality, on the other hand, is a well-known graph theory metric that indicates the importance of a
node or a group of nodes in a given network. Degree centrality (Borgatti, 1995; Simon de Blas et al.,
2018), closeness centrality (Brandes et al., 2016; Veremyev et al., 2019), betweenness centrality (Rysz et al.,
2018; Bentert et al., 2020), and eigenvector centrality (Bonacich, 2007; Su et al., 2020) are among the most
common node-based centrality metrics. In addition, Everett and Borgatti (1999) introduce the concept of
group-based centrality metrics that aims to capture the importance of a set of nodes rather than individual
nodes. Referencing the notion of group centrality, Vogiatzis and Camur (2019) use the star graph terminology
(i.e., to be precise; the �induced star") as a centrality metric and introduce thestar degree centrality(SDC)
problem whose goal is to identify an induced star with the largest open neighborhood in a given network.
They demonstrate that the SDC metric can help to identify essential proteins in protein-protein interaction
networks (PPINs). Recently, the most-closeness central cliques, the most central representative sets, and the
most-degree central cliques with regard to the deterministic group-based centrality metrics are studied by
Nasirian et al. (2020), Rasti and Vogiatzis (2021), and Zhong et al. (2021), respectively. However, none of
these studies consider a probabilistic setting during the detection of central sub-groups (e.g., clique, wheel).
To the best of our knowledge, this paper is one of the �rst to propose a probabilistic group based centrality
metric and use it in an optimization model.

PPINs are networks where each node and each edge represent a protein and the interaction between two
proteins, respectively. We refer the reader to Szklarczyk et al. (2015) and Rasti and Vogiatzis (2019) for
detailed information on PPINs. Vogiatzis and Camur (2019) show that the SDC can detect essential proteins
(i.e., proteins that are vital for the existence of a cell or organism) in a PPIN better than node-based centrality
metrics. The authors �rst show that the problem isN P -complete, and then propose an integer programming
(IP) formulation. They also introduce two approximation algorithms that work well in practice. Camur et al.
(2022) examine the SDC problem on di�erent classes of networks and widen the complexity discussions
where the problem is shown to beN P -complete on bipartite graphs and polynomially solvable on both tree
and windmill graphs. More importantly, the authors design a decomposition approach as an exact solution
method that signi�cantly outperforms solving the IP models directly via a black-box solver.

In this paper, we introduce the stochastic pseudo-star degree centrality (SPSDC) problem where the goal
is to detect an induced pseudo-star, that is truly a star with a high probability. With the term `high probability'
we mean that there is a high probability that a) the center has an edge to each leaf node, and b) there are no
edges between leaf nodes. The objective is to maximize the connection probability of each neighbor node
to the pseudo-star. From an application perspective, the SPSDC metric may help to identify new proteins
that should be investigated to determine their essentiality (see Section 2). It may also help to con�rm that
essential proteins identi�ed through the SDC metric are important.

We will be referring to the SDC as the deterministic SDC (DSDC). Our work is outlined as follows. We
�rst formally de�ne the DSDC and SPSDC problems and present two illustrative examples in Section 2. In
Section 3, we show that the SPSDC problem and a related problem areN P -complete on general graphs
and tree networks, respectively. We then introduce a binary optimization model for the SPSDC problem in
Section 4. Section 5 discusses the solution methodology that we adapt (i.e., Benders Decomposition) and
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we present algorithmic enhancements in Section 6. We discuss the data generation procedure and provide
a wide range of computational experiments in Section 7. Lastly, we summarize our contributions and share
our insights for future research directions in Section 8.

2 Problem Statements
In this section, we provide the formal de�nitions of the SPSDC and DSDC problems. Given an undirected

networkG = ( V; E) whereV andE are the set of nodes and the set of edges, respectively, we de�ne the open
neighborhood of nodei 2 V as the set of adjacent nodes toi (i.e.,N (i ) = f j 2 V : (i; j ) 2 Eg). The open
neighborhood of a group of nodesL can be de�ned asN (L ) = f j 2 V : j =2 L ; 9 i 2 L with (i; j ) 2 Eg.
We then de�ne the close neighborhood of a nodei asN [i ] = f ig [ f j 2 V : (i; j ) 2 Eg. We let the
k-neighborhood of nodei , represented by�N k (i ), be the set of nodes to which the shortest path length is
exactlyk from nodei . Note that �N k (i ) \ �N k+1 (i ) = ; ; 8k � K wherek 2 Z+ andK is the length of
the longest shortest path from nodei to all other nodes in the network. Finally, we letpij represent the
probability of existence of edge(i; j ) 2 E .

De�nition 1. The deterministic star degree centralityof nodei , represented byD i , is a centrality metric
which aims to form an induced starSi centered ati with the largest size open neighborhood, where
D i = max fj N (Si )j : Si is an induced starg.

De�nition 2. The deterministic star degree centrality problemaims to identify the node which has the largest
star degree centrality in a given network.

In the deterministic setting, we are not concerned with the existence probabilities of the edges, i.e., we
assume all edges inE exist in the network.

Example 1. Below we present a small example showing how to identify the DSDC of a given node (see
Fig. 1). We select nodec as the candidate center. Note thatN (c) = f l1; l2g represents the set of candidate
leaf nodes. In a deterministic induced star, no two leaf nodes can be connected,. Therefore,l1 andl2 cannot
be elements of the same star. Since the objective is to maximize the open neighborhood of the induced
star, nodel2 is preferable over nodel1 as it gives access to more nodes. Thus, we obtainSc = f c; l2g and
N (Sc) = f l1; n3; n4; n5g.

Figure 1: Determining the deterministic star degree centrality of a given node where the center and leaf
nodes are shown in red and blue, respectively.

In PPINs, there exist interaction scores that represent the strength of the interactions between two proteins.
In fact, one can normalize the interaction scores and treat them as probability values that would indicate the
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likelihood of two proteins interacting. In this study, we examine the SPSDC problem where we seek to ensure
that i) the probability values between the center node and each leaf node are high, and ii) the probability
values between leaf nodes are low in order to ensure the feasibility of the star. It is crucial to point out that
we now allow leaf nodes to connect as long as the induced star satis�es thefeasibility condition, which will
be introduced shortly. Therefore, we use the term ofpseudo-starrather than star.

We �rst address why this probabilistic metric makes sense in motivating application of examining
PPINs.The existence of an edge between two nodes is now a random variable and, therefore, identifying a
speci�c structure and calculating its centrality metric becomes harder. As an example, consider Fig. 2. A
feasibility condition here for an induced star centered atc to be valid would be that edges(c; l1) and(c; l2)
exist, while the connection betweenl1 andl2 disappears with a high enough probability

Figure 2: An example of determining the stochastic pseudo-star degree centrality of a given node where the
center and leaf nodes are shown in red and blue, respectively. All values on the edges are probability values.
For example, the edge betweenl1 andn1 exists with probability0:5.

We now discuss when the SPSDC problem may be more appropriate than the DSDC problem. First,
in the DSDC problem, we must resort to employing thresholds (to remove edges with lower interaction
probabilities) or simulation (to generate a random network where each probability appears independently
as a Bernoulli random variable) to create the resulting input network to the problem. This a�ects the
applicability in networks such as PPINs where edges may appear or disappear depending on the context,
hence motivating the study of a problem with stochastic edge probabilities

This opens up an issue for the independence of the edge existence probabilities. It is true that in many
practical applications the assumption of independence is strong. However, it de�nitely is a step towards adding
realism to the model (by incorporating stochasticity), while still being able to devise e�cient algorithms to
solve the underlying problem. Hence, for the remainder of this work, we will make the assumption that the
edges and their probabilities are independent Bernoulli random variables. This is an assumption that has
been made before in the context of PPINs. Two proteins are said to interact if and only if at least a pair of
their domains interact; and domain interactions have been generally assumed to be independent (see, e.g.,
Deng et al. (2002)).

We now proceed to the speci�cs of the SPSDC metric. For a given pseudo-starSk centered at nodek, let
L be the set of leaf nodes. Also, let� 2 [0; 1] be a user-de�ned value (please see Prékopa (2013) for details
on chance constraints).

De�nition 3. Given a pseudo-starSk , the feasibility condition is de�ned as

Y

j 2 L

pkj

Y

i;j 2 L :( i;j )2 E

(1 � pij ) � 1 � � (1)
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where the �rst product term focuses on the probability that edges exist between the center and the leaf nodes
and the second product term focuses on the probability of edges existing between two leaf nodes. We can
use the log transformation (i.e., a data transformation where each data point is inserted into the logarithm
function) to get rid of the multiplication operation in Ineq. (1) and obtain an equivalent expression:

X

j 2 L

log(pkj ) +
X

i;j 2 L :( i;j )2 E

log(1 � pij ) � log(1 � � ) (2)

In the SPSDC problem, the main objective is to assign each neighbor node to a single pseudo-star
element (i.e., either the center or a leaf) which yields the largest probability value. In other words, our
goal is to maximize the maximum probability value of the connection between a neighborhood node and
the pseudo-star. This o�ers one potential way to evaluate the centrality of the pseudo-star; di�erent metrics
could be applied in the future. We can de�ne the SPSDC problem as follows.

De�nition 4. The stochastic pseudo-star degree centralityof nodei , represented byD i , is a centrality
metric which aims to form an induced pseudo-starSi centered ati that maximizes the maximum probability
value of each neighbor's connection to the pseudo-star, whereD i = max f

P
j 2 N (Si ) maxk2 Si pkj : Si is an

induced pseudo-star satisfying the feasibility condition (1)}.

De�nition 5. The stochastic pseudo-star degree centrality problemaims to identify the node which has the
largest stochastic pseudo-star degree centrality in a given network.

Example 2. In Fig. 2, we provide an example to see how the SPSDC metric works, where the probability
values are shown on the edges and� is equal to 0.2. Considering nodec as the center, we can �rst create a
candidate pseudo-star where nodel1 is the only leaf node (see the �gure on the left). In this scenario, the
feasibility condition is satis�ed since0:99 � 1 � � and we obtain an objective of0:5 + 0:5 + 0:8 = 1:8.
Note that nodec is assigned to nodel2 sincec provides a stronger connection compared to nodel1 (i.e., 0.8
vs. 0.01).

However, the probability values associated with the edges between the center node and nodesl1 andl2 are
relatively large. Also, even though nodesl1 andl2 share an edge, the corresponding probability value between
those two nodes shows that they are highly likely not to interact. Therefore, we can create an alternative
induced pseudo-star centered atc where leaf nodes are selected asl1 andl2 (see the �gure on the right). Such
a pseudo-star would still satisfy the feasibility condition (i.e.,0:99� 0:8 � (1 � 0:01) = 0:8821> 1 � � ). In
addition, it yields a better objective, which is calculated as0:99 + 0:5 + 0:5 = 1:99.

It is important to mention that, there cannot be any guarantee that a pseudo-star gives a better deterministic
objective (i.e., the largest size of open neighborhood) than the deterministic induced star since the threshold
used in the feasibility condition impacts the size of the pseudo-star. Therefore, a fair comparison cannot
be made between the DSDC and the SPSDC even if they are associated with the same objective function.
However, the goal of each of these problems in our motivating application is to identify essential proteins
and, therefore, it may be that each of their solutions helps to diversify the set of proteins that should be
investigated to determine their essentiality or con�rm the likeliness of certain proteins being essential (i.e.,
if they appear in both the DSDC and SPSDC problems).
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