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Abstract

We introduce the stochastic pseudo-star degree centrality problem, which focuses on a novel prob-
abilistic group-based centrality metric. The goal is to identify a feasible induced pseudo-star, which is
defined as a collection of nodes forming a star network with a certain probability, such that it maximizes
the sum of the individual probabilities of unique assignments between the star and its open neighbor-
hood. The feasibility is measured as the product of the existence probabilities of edges between the
center node and leaf nodes and the product of one minus the existence probabilities of edges among the
leaf nodes. First, the problem is shown to be NP-complete. We then propose a non-linear binary opti-
mization model subsequently linearized via McCormick inequalities. We test both classical and modern
Benders Decomposition algorithms together with both two- and three-phase decomposition frameworks.
Logic-based-Benders cuts are examined as alternative feasibility cuts when needed. The performance of
our implementations is tested on small-world (SW) graphs and a real-world protein-protein interaction
network. The SW networks resemble large-scale protein-protein interaction networks for which the
deterministic star degree centrality has been shown to be an efficient centrality metric to detect essen-
tial proteins. Our computational results indicate that Benders implementations outperforms solving the
model directly via a commercial solver in terms of both the solution time and the solution quality in every
test instance. More importantly, we show that this new centrality metric plays an important role in the
identification of essential proteins in real-world networks.

Keywords: Network analysis; Benders decomposition; Integer programming; Probabilistic group-based
centrality

1 Introduction
A star graph can be defined as a tree graph with a maximum diameter of two, where the diameter is

defined as the maximum distance between any two nodes. Different variations of star graphs have been
attracting researchers’ attention since the late 1980s. Akers and Krishnamurthy (1989) are the first who
introduce the notion of a star graph as a new class of networks. Day and Tripathi (1992) expand this idea
to generalized (n, k)-star graphs where n and k are user-defined values tuning the number of nodes and the
degree / diameter trade-off. The idea is then used by Akers et al. (1994) who propose star graphs as an
alternative to hyperbolic structures. Afterwards, Chou et al. (1996) propose bubble-sort star graphs as a new
interconnection network structure. Past and recent studies heavily focus on the topological and functional
analysis of star graphs (Chiang and Chen, 1998; Lin et al., 2020; Li et al., 2020). Further, star graphs are
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utilized to identify facet defining inequalities during polyhedral analysis in several optimization studies as
well (Mélot, 2008; Fragoso et al., 2021; Yan and Ryoo, 2022).

Centrality, on the other hand, is a well-known graph theory metric that indicates the importance of a
node or a group of nodes in a given network. Degree centrality (Borgatti, 1995; Simon de Blas et al.,
2018), closeness centrality (Brandes et al., 2016; Veremyev et al., 2019), betweenness centrality (Rysz et al.,
2018; Bentert et al., 2020), and eigenvector centrality (Bonacich, 2007; Su et al., 2020) are among the most
common node-based centrality metrics. In addition, Everett and Borgatti (1999) introduce the concept of
group-based centrality metrics that aims to capture the importance of a set of nodes rather than individual
nodes. Referencing the notion of group centrality, Vogiatzis and Camur (2019) use the star graph terminology
(i.e., to be precise; the “induced star") as a centrality metric and introduce the star degree centrality (SDC)
problem whose goal is to identify an induced star with the largest open neighborhood in a given network.
They demonstrate that the SDC metric can help to identify essential proteins in protein-protein interaction
networks (PPINs). Recently, the most-closeness central cliques, the most central representative sets, and the
most-degree central cliques with regard to the deterministic group-based centrality metrics are studied by
Nasirian et al. (2020), Rasti and Vogiatzis (2021), and Zhong et al. (2021), respectively. However, none of
these studies consider a probabilistic setting during the detection of central sub-groups (e.g., clique, wheel).
To the best of our knowledge, this paper is one of the first to propose a probabilistic group based centrality
metric and use it in an optimization model.

PPINs are networks where each node and each edge represent a protein and the interaction between two
proteins, respectively. We refer the reader to Szklarczyk et al. (2015) and Rasti and Vogiatzis (2019) for
detailed information on PPINs. Vogiatzis and Camur (2019) show that the SDC can detect essential proteins
(i.e., proteins that are vital for the existence of a cell or organism) in a PPIN better than node-based centrality
metrics. The authors first show that the problem isNP-complete, and then propose an integer programming
(IP) formulation. They also introduce two approximation algorithms that work well in practice. Camur et al.
(2022) examine the SDC problem on different classes of networks and widen the complexity discussions
where the problem is shown to beNP-complete on bipartite graphs and polynomially solvable on both tree
and windmill graphs. More importantly, the authors design a decomposition approach as an exact solution
method that significantly outperforms solving the IP models directly via a black-box solver.

In this paper, we introduce the stochastic pseudo-star degree centrality (SPSDC) problem where the goal
is to detect an induced pseudo-star, that is truly a star with a high probability. With the term ‘high probability’
we mean that there is a high probability that a) the center has an edge to each leaf node, and b) there are no
edges between leaf nodes. The objective is to maximize the connection probability of each neighbor node
to the pseudo-star. From an application perspective, the SPSDC metric may help to identify new proteins
that should be investigated to determine their essentiality (see Section 2). It may also help to confirm that
essential proteins identified through the SDC metric are important.

We will be referring to the SDC as the deterministic SDC (DSDC). Our work is outlined as follows. We
first formally define the DSDC and SPSDC problems and present two illustrative examples in Section 2. In
Section 3, we show that the SPSDC problem and a related problem are NP-complete on general graphs
and tree networks, respectively. We then introduce a binary optimization model for the SPSDC problem in
Section 4. Section 5 discusses the solution methodology that we adapt (i.e., Benders Decomposition) and
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we present algorithmic enhancements in Section 6. We discuss the data generation procedure and provide
a wide range of computational experiments in Section 7. Lastly, we summarize our contributions and share
our insights for future research directions in Section 8.

2 Problem Statements
In this section, we provide the formal definitions of the SPSDC and DSDC problems. Given an undirected

networkG = (V,E)where V andE are the set of nodes and the set of edges, respectively, we define the open
neighborhood of node i ∈ V as the set of adjacent nodes to i (i.e., N(i) = {j ∈ V : (i, j) ∈ E}). The open
neighborhood of a group of nodes L can be defined as N(L) = {j ∈ V : j /∈ L, ∃ i ∈ L with (i, j) ∈ E}.
We then define the close neighborhood of a node i as N [i] = {i} ∪ {j ∈ V : (i, j) ∈ E}. We let the
k-neighborhood of node i, represented by N̄k(i), be the set of nodes to which the shortest path length is
exactly k from node i. Note that N̄k(i) ∩ N̄k+1(i) = ∅,∀k ≤ K where k ∈ Z+ and K is the length of
the longest shortest path from node i to all other nodes in the network. Finally, we let pij represent the
probability of existence of edge (i, j) ∈ E.

Definition 1. The deterministic star degree centrality of node i, represented by Di, is a centrality metric
which aims to form an induced star Si centered at i with the largest size open neighborhood, where
Di = max{|N(Si)| : Si is an induced star}.

Definition 2. The deterministic star degree centrality problem aims to identify the node which has the largest
star degree centrality in a given network.

In the deterministic setting, we are not concerned with the existence probabilities of the edges, i.e., we
assume all edges in E exist in the network.

Example 1. Below we present a small example showing how to identify the DSDC of a given node (see
Fig. 1). We select node c as the candidate center. Note that N(c) = {l1, l2} represents the set of candidate
leaf nodes. In a deterministic induced star, no two leaf nodes can be connected,. Therefore, l1 and l2 cannot
be elements of the same star. Since the objective is to maximize the open neighborhood of the induced
star, node l2 is preferable over node l1 as it gives access to more nodes. Thus, we obtain Sc = {c, l2} and
N(Sc) = {l1, n3, n4, n5}.
Figure 1: Determining the deterministic star degree centrality of a given node where the center and leaf
nodes are shown in red and blue, respectively.
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In PPINs, there exist interaction scores that represent the strength of the interactions between two proteins.
In fact, one can normalize the interaction scores and treat them as probability values that would indicate the
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likelihood of two proteins interacting. In this study, we examine the SPSDC problem where we seek to ensure
that i) the probability values between the center node and each leaf node are high, and ii) the probability
values between leaf nodes are low in order to ensure the feasibility of the star. It is crucial to point out that
we now allow leaf nodes to connect as long as the induced star satisfies the feasibility condition, which will
be introduced shortly. Therefore, we use the term of pseudo-star rather than star.

We first address why this probabilistic metric makes sense in motivating application of examining
PPINs.The existence of an edge between two nodes is now a random variable and, therefore, identifying a
specific structure and calculating its centrality metric becomes harder. As an example, consider Fig. 2. A
feasibility condition here for an induced star centered at c to be valid would be that edges (c, l1) and (c, l2)

exist, while the connection between l1 and l2 disappears with a high enough probability
Figure 2: An example of determining the stochastic pseudo-star degree centrality of a given node where the
center and leaf nodes are shown in red and blue, respectively. All values on the edges are probability values.
For example, the edge between l1 and n1 exists with probability 0.5.
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We now discuss when the SPSDC problem may be more appropriate than the DSDC problem. First,
in the DSDC problem, we must resort to employing thresholds (to remove edges with lower interaction
probabilities) or simulation (to generate a random network where each probability appears independently
as a Bernoulli random variable) to create the resulting input network to the problem. This affects the
applicability in networks such as PPINs where edges may appear or disappear depending on the context,
hence motivating the study of a problem with stochastic edge probabilities

This opens up an issue for the independence of the edge existence probabilities. It is true that in many
practical applications the assumption of independence is strong. However, it definitely is a step towards adding
realism to the model (by incorporating stochasticity), while still being able to devise efficient algorithms to
solve the underlying problem. Hence, for the remainder of this work, we will make the assumption that the
edges and their probabilities are independent Bernoulli random variables. This is an assumption that has
been made before in the context of PPINs. Two proteins are said to interact if and only if at least a pair of
their domains interact; and domain interactions have been generally assumed to be independent (see, e.g.,
Deng et al. (2002)).

We now proceed to the specifics of the SPSDC metric. For a given pseudo-star Sk centered at node k, let
L be the set of leaf nodes. Also, let α ∈ [0, 1] be a user-defined value (please see Prékopa (2013) for details
on chance constraints).

Definition 3. Given a pseudo-star Sk, the feasibility condition is defined as∏
j∈L

pkj
∏

i,j∈L:(i,j)∈E

(1− pij) ≥ 1− α (1)
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where the first product term focuses on the probability that edges exist between the center and the leaf nodes
and the second product term focuses on the probability of edges existing between two leaf nodes. We can
use the log transformation (i.e., a data transformation where each data point is inserted into the logarithm
function) to get rid of the multiplication operation in Ineq. (1) and obtain an equivalent expression:∑

j∈L
log(pkj) +

∑
i,j∈L:(i,j)∈E

log(1− pij) ≥ log(1− α) (2)

In the SPSDC problem, the main objective is to assign each neighbor node to a single pseudo-star
element (i.e., either the center or a leaf) which yields the largest probability value. In other words, our
goal is to maximize the maximum probability value of the connection between a neighborhood node and
the pseudo-star. This offers one potential way to evaluate the centrality of the pseudo-star; different metrics
could be applied in the future. We can define the SPSDC problem as follows.

Definition 4. The stochastic pseudo-star degree centrality of node i, represented by Di, is a centrality
metric which aims to form an induced pseudo-star Si centered at i that maximizes the maximum probability
value of each neighbor’s connection to the pseudo-star, where Di = max{∑j∈N(Si)

maxk∈Si
pkj : Si is an

induced pseudo-star satisfying the feasibility condition (1)}.

Definition 5. The stochastic pseudo-star degree centrality problem aims to identify the node which has the
largest stochastic pseudo-star degree centrality in a given network.

Example 2. In Fig. 2, we provide an example to see how the SPSDC metric works, where the probability
values are shown on the edges and α is equal to 0.2. Considering node c as the center, we can first create a
candidate pseudo-star where node l1 is the only leaf node (see the figure on the left). In this scenario, the
feasibility condition is satisfied since 0.99 ≥ 1 − α and we obtain an objective of 0.5 + 0.5 + 0.8 = 1.8.
Note that node c is assigned to node l2 since c provides a stronger connection compared to node l1 (i.e., 0.8
vs. 0.01).

However, the probability values associated with the edges between the center node and nodes l1 and l2 are
relatively large. Also, even though nodes l1 and l2 share an edge, the corresponding probability value between
those two nodes shows that they are highly likely not to interact. Therefore, we can create an alternative
induced pseudo-star centered at cwhere leaf nodes are selected as l1 and l2 (see the figure on the right). Such
a pseudo-star would still satisfy the feasibility condition (i.e., 0.99 ∗ 0.8 ∗ (1− 0.01) = 0.8821 > 1−α). In
addition, it yields a better objective, which is calculated as 0.99 + 0.5 + 0.5 = 1.99.

It is important to mention that, there cannot be any guarantee that a pseudo-star gives a better deterministic
objective (i.e., the largest size of open neighborhood) than the deterministic induced star since the threshold
used in the feasibility condition impacts the size of the pseudo-star. Therefore, a fair comparison cannot
be made between the DSDC and the SPSDC even if they are associated with the same objective function.
However, the goal of each of these problems in our motivating application is to identify essential proteins
and, therefore, it may be that each of their solutions helps to diversify the set of proteins that should be
investigated to determine their essentiality or confirm the likeliness of certain proteins being essential (i.e.,
if they appear in both the DSDC and SPSDC problems).
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Figure 3: In this example, we show the pseudo-stars with maximum objective function value obtained for
a non-essential and an essential proteins in a real-world PPIN, Saccharomyces cerevisiae. The network
consists of a giant connected component that includes 6,416 nodes out of the 6,418 proteins documented in
STRING-DB (Szklarczyk et al., 2015), and 939,997 edges of varying reliability (probability of existence).
The networks presented are the full connected component that contains the two proteins (left), a zoomed
in perspective (middle) and an even more zoomed in perspective showing the pseudo-star centered at each
protein (right). The pseudo-stars are obtained with α = 0.99; in other words, they form induced stars with
probability 1%. To show the two pseudo-stars, we show in red the center and in yellow the leaves; edges from
the center to the leaves are solid, whereas edges connecting two leaves are dashed. The pseudo-star obtained
for the essential protein (see 4-6) leads to a higher objective function value (equal to 1293.72) than the value
obtained for the pseudo-star centered at the non-essential protein (see 1-3) which is equal to 1002.57.

1 2 3

4 5 6
The advantages of the SPSDC problem compared to the DSDC problem are twofold. First and foremost,

it allows us to solve the problem in a PPIN without the need to trim edges based on their probability of
existence. In the DSDC problem, a threshold is employed to remove edges below a certain probability of
existence. This can be problematic, as certain edges may interact with high enough probabilities just below
the threshold and hence get removed; on the other hand, other edges that are just above the threshold are
considered as present. As an example to showcase the success of the SPSDC in PPINs, we examine Figure
3. There we show two pseudo-stars obtained for a non-esssential protein (i.e., YBL072C or RPS8A) and for
an essential protein (i.e., YAL001C or TFC3) in Saccharomyces cerevisiae, which is a species of yeast, with
different zooming perspectives in the first three and last three images, respectively. The pseudo-star obtained
with the essential protein as the center leads to higher overall objective function than the pseudo-star obtained
for the non-essential protein. On the other hand, had we employed a threshold of 60% (i.e., removing all
edges with likelihood smaller than 60%), the objective functions of the two stars would be reversed, leading
to the non-essential one possessing a higher value.
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3 Complexity Discussions
We now discuss the computational complexity of the problem of detecting the node as the center of the

stochastic pseudo-star with the maximum-connection probability. Below, we present the decision versions
of the SPSDC and DSDC problems where (DEC-) is used to indicate the decision problem (Camur, 2021).

Definition 6. (DEC-Stochastic Pseudo-Star Degree Centrality) Given an undirected graph G =

(V,E), probability vector #»p , user-defined value α and a positive real-number ℓ, does there exists an induced
pseudo-star Sk centered at any node k such that stochastic pseudo-star degree centrality is at least ℓ?

Definition 7. (DEC-Deterministic Star Degree Centrality) Given an undirected graphG = (V,E) and
a positive integer T , does there exist a induced deterministic star Sk centered at any node k such that the
cardinality of the open neighborhood is at least T ?

We show that SPSDC problem is NP-complete.

Theorem 1. DEC-SPSDC is NP-complete.

Proof. Given a set of nodes, we can verify in polynomial time whether the nodes form an induced pseudo-star
satisfying the feasibility condition and the total assignment probability is greater than or equal to ℓ. Thus,
the problem is clearly in NP .

Given an instance of DEC-DSDC < G, T >, let us generate an instance of DEC-SPSDC as <
Ḡ, ℓ, #»p , α > where Ḡ = G, ℓ = T , #»p =

#»
1 , α = 0. With this formation, one can realize that the DEC-

SPSDC solves the DEC-DSDC due to the fact that (i) no leaf can share an edge according to Ineq. (1), (ii)
the objective function becomes the maximization of the number of nodes in the open neighborhood. Hence,
the proof is relatively straightforward and we can conclude that the problem at hand is NP-complete.

Camur et al. (2022) discuss that the DSDC problem is solvable in polynomial time on trees by proposing
an algorithm running in O(|E|). In the Online Appendix, we provide a proof that a problem related to the
DEC-SPSDC isNP-complete on trees. In this problem, the input parameters for each arc (i, j) are provided
as 0 ≤ rij ≤ 1 and then, as part of the problem, are converted into probabilities according to the function
e−rij . Further, each arc is given a weight, wij , and the objective function is based on the maximimum arc
weight that connects a node in the neighorhood to the star (note that the weighted version of the DSDC
problem can be solved with a slight modification of the algorithm of Camur et al. (2022)). This allows for
a reduction from the knapsack problem to this problem related to the DEC-SPSDC, similar to a reduction
of Ahmed and Atamtürk (2011) where the problem they are studying has inputs raised to an exponential
function.

4 Mathematical Programming Formulation
In this section, we propose an optimization model to solve the SPSDC problem that extends the improved

formulation proposed by Camur et al. (2022) for the DSDC problem. The model contains three sets of binary
variables: i) xi is 1 if node i is selected as the center; 0 otherwise, ii) yi is 1 if node i is selected as a leaf node;
0 otherwise, and iii) zij is 1 if pseudo-star element i covers node j in the pseudo-stars open neighborhood;
0 otherwise. The formulation is:
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IP: max
∑

(i,j)∈E

pijzij (3a)

s.t. xi + yi +
∑

j∈N(i)

zji ≤ 1 ∀i ∈ V (3b)

zij ≤ xi + yi ∀(i, j) ∈ E (3c)

yi ≤
∑

j∈N(i)

xj ∀i ∈ V (3d)

∑
i∈V

xi = 1 (3e)

∑
(i,j)∈E

log(pij)xiyj +
∑

i<j:(i,j)∈E

log(1− pij)yiyj ≥ log(1− α) (3f)

xi, yi ∈ {0, 1} ∀i ∈ V (3g)

zij ∈ {0, 1} ∀(i, j) ∈ E (3h)

The objective function (3a) maximizes the total probability of neighborhood assignments. Constraints
(3b) indicate that a node i can be either i) the center, ii) a leaf or iii) selected in the open neighborhood and
assigned to a node j that has an edge into i. For case (iii) to hold, node j has to be connected to the center
or a leaf, which is guaranteed by Constraints (3c). Note that case (iii) ensures the unique assignment of a
neighbor node to the pseudo-star. In fact, when a node j belongs to the open neighborhood of the pseudo-star,
the objective function ensures the selection of the edge between it and an element of the pseudo-star with the
highest probability, thereby computing the centrality measure of interest. Constraints (3d) make sure that
each leaf node is connected to the center node. Constraint (3e) enforces the model to select a single center for
the pseudo-star. Constraint (3f) states that the pseudo-star selected satisfies the feasibility condition. Lastly,
Constraints (3g)-(3h) enforce the binary conditions on the variables.

The model proposed is a non-linear binary optimization problem where the numbers of variables and
constraints are both O(|E|). Thus, it remains as a challenging problem to solve even if the given graph is
small and sparse. However, we can linerailize Constraints (3f) with the well-known McCormick inequalities.
We will introduce variables to represent the product of binary variables as follows: nij = xiyj , ∀(i, j) ∈ E
and mij = yiyj , ∀i < j : (i, j) ∈ E. We then obtain the following linear model, which is equivalent to IP.

LIP: max (3a) (4a)

s.t. (3b)− (3c)− (3d)− (3e)− (3g)− (3h)∑
(i,j)∈E

log(pij)nij +
∑

i<j:(i,j)∈E

log(1− pij)mij ≥ log(1− α) (4b)

nij ≥ xi + yj − 1 ∀(i, j) ∈ E (4c)

mij ≥ yi + yj − 1 ∀(i, j) ∈ E (4d)

nij ∈ {0, 1} ∀(i, j) ∈ E (4e)

mij ∈ {0, 1} i < j : ∀(i, j) ∈ E (4f)
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We first note that since 0<pij ≤ 1, each log(pij) value is non-positive. This implies that whenever
mij and / or nij variables takes a positive value, then the left hand side (LHS) of Constraint (4b) decreases.
As a result, assigning a positive value for either variable when it is not ‘necessary’ would only strain the
feasibility condition and does not impact the objective function. Therefore, the McCormick upper bound (UB)
constraints (e.g.,mij ≤ xi, ∀i ∈ V and mij ≤ yj ,∀j ∈ V ) are not required during the linear transformation
and we omit those constraints. Also, we will be using the same nij andmij variables whenever McCormick
inequalities are introduced for the same transformations. Although we end up with a linear model, the
number of variables and constraints are still bounded by O(|E|). We propose a decomposition algorithm to
solve the model at a scale, which is discussed in the next section.

5 Solution Methodology
We will be using Benders Decomposition (BD) as our solution method. BD is a popular solution technique

that is helpful to solve large-scale optimization problems carrying certain block structures (Benders, 1962).
In BD literature, there are two different ways to implement the algorithm: i) classical Benders where the
cuts are added to the master problem (MP) in an iterative manner and the branch&bound (BB) tree restarts
at each iteration, and ii) modern Benders where Benders cuts are added on-the-fly and there exists a single
BB tree. We will be testing both Benders implementations during our computational experiments and the
reader can access more information on modern Benders (i.e., branch-and-Benders) in Fischetti et al. (2016).

In addition, we will be examining two different decomposition frameworks. Our first framework, named
three-phase decomposition, will remove constraints (3b)-(3c)-(3h)-(4b)-(4c)-(4d)-(4e) and (4f) to design an
MP whose aim is to identify a candidate pseudo-star. We then obtain two different sub problems (SP) where
we focus on the feasibility (i.e., Constraints (4b)-(4c)-(4d)-(4e) and (4f)) and the open neighborhood (i.e.,
Constraints (3b)-(3c) and (3h)) components of the problem separately in that order. This is because the
feasibility component has no impact on the objective.

At every candidate solution, we first check the feasibility condition. If the condition does not hold, then
we eliminate the current solution via either Benders feasibility cuts or logic-based Benders cuts (LBBCs).
If the pseudo-star is feasible, then we proceed to the next SP to check whether an optimality cut that aims to
approximate the objective value (i.e., the open neighborhood with the maximum total probability assignment)
can be generated.

Below we present the MP for the three-phase framework (i.e., TMP) without the Benders cuts, which
will be presented shortly and be incorporated into the MP at every iteration as needed, where θ represents
the estimation of the true objective. Note that variable θ is associated with the optimality cuts whose SP
provides a non-increasing UB on its value.

TMP = max
θ
{θ : (3d)− (3e)− (3g), θ ≤ UB,OptimalityCuts(θ), F easibilityCuts}

Our next decomposition framework, called two-phase decomposition, will remove only Constraints (3b)-
(3c) and (3h) and keep all the feasibility-related constraints in MP. Even though such a design would increase
the complexity of MP due to the high number of variables, constraints and non-zero coefficients, we expect to
decrease the number of Benders cut added considerably, thereby expecting a faster convergence to optimal.
The corresponding MP for the two-phase decomposition can be presented as:
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MP = max
θ
{θ : (3d)− (3e)− (3g)− (4b)− (4c)− (4d)− (4e)− (4f), θ ≤ UB,OptimalityCuts(θ)}

The main difference between these decomposition frameworks is that while we only generate optimality
cuts in the two-phase version, both optimality and feasibility cuts must be generated in the three-phase
decomposition framework. Whenever we discuss adding optimality cuts to the problem, we will be referring
to adding them to the MP of the framework being discussed (e.g., the problem that will be iteratively solved).

Lastly, we will also be using the automatic Benders (AB), which is the implementation of the BD
algorithm in CPLEX (IBM, 2020). AB supports multiple SP generation, has its own acceleration techniques,
as well as combining both classical and modern Benders implementations (Bonami et al., 2020). Hence, it
stands as an important state-of-the art algorithm. We will now be introducing the different types of feasibility
cuts that can be used in the three-phase decomposition framework (see Sections 5.1 and 5.2).

5.1 Benders Feasibility Cuts
An important observation is that the McCormick variables (i.e., nij and mij) used to linearize IP can

be relaxed and both take binary values, with a similar logic as to why it is not necessary to include the UB
constraints.

Proposition 1. Variables nij and mij take binary values when they are relaxed in model LIP.

Proof. Without loss of generality (WLOG), let us examine nij . If both xi and yj take the value of one, then
nij = 1 by Constraint (4c). If (a) they are both zero or (b) either of them is zero, then nij becomes free.
However, since increasing nij would only decrease the LHS of Constraint (4b), the model would not prefer
to assign a non-negative value for nij . Even if there could be a degenerate case where Constraint (4b) is
satisfied by assigning nij a positive value, we can set nij = 0 and obtain the same objective value. As a
result, we obtain a binary optimal solution when variable nij is relaxed.

Proposition (1) enables us to generate traditional Benders feasibility cuts. The second important obser-
vation is that, the feasibility condition has two components where we look at the connections between the
center and the leaf nodes (i.e., xiyj), and among the leaf nodes (i.e., yiyj). Hence, one can generate two
different cuts as i) a local feasibility cut where infeasibility occurs across both the center and leaf nodes (i.e.,∏

j∈Lpkj
∏

i,j∈L:(i,j)∈E(1 − pij) ≥ 1 − α), or ii) a global feasibility cut where infeasibility occurs directly
within the set of leaf nodes (i.e.,

∏
i,j∈L:(i,j)∈E(1−pij) ≥ 1−α). The reason we refer to the latter as global

is that it is applicable to any potential center that could be connected to that set of leaf nodes.
We first show the traditional Benders local feasibility problem. Let δ, νij and µij be the penalty variables

defined for Constraints (4b), (4c), and (4d), respectively. They aim to approximate how much we should
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perturb the current fixed solution ensure it satisfies the SP constraints.

BLF:

min δ +
∑

(i,j)∈E

νij +
∑

i<j:(i,j)∈E

µij (5a)

s.t.
∑

(i,j)∈E

log(pij)nij +
∑

i<j:(i,j)∈E

log(1− pij)mij + δ ≥ log(1− α) (5b)

nij + νij ≥ xi + yj − 1 ∀(i, j) ∈ E (5c)

mij + µij ≥ yi + yj − 1 ∀i < j : (i, j) ∈ E (5d)

nij , νij ∈ R+ ∀(i, j) ∈ E (5e)

mij , µij ∈ R+ ∀i < j : (i, j) ∈ E (5f)

δ ∈ R+ (5g)

We take the dual of the model, where dual variables ρ, υij , and Υij correspond to Constraints (5b), (5c),
and (5d), respectively.

DBLF:

max log(1− α)ρ+
∑

(i,j)∈E

(xi + yj − 1)υij +
∑

i<j:(i,j)∈E

(yi + yj − 1)Υij (6a)

s.t. log(pij)ρ+ υij ≤ 0 ∀(i, j) ∈ E (6b)

log(1− pij)ρ+Υij ≤ 0 ∀i < j : (i, j) ∈ E (6c)

0 ≤ ρ ≤ 1 (6d)

0 ≤ υij ≤ 1 ∀(i, j) ∈ E (6e)

0 ≤ Υij ≤ 1 ∀i < j : (i, j) ∈ E (6f)

The following is what we call a local Benders feasibility cut that can be added into MP to eliminate
infeasible candidate solution.

log(1− α)ρ+
∑

(i,j)∈E

υij(xi + yj − 1) +
∑

i<j:(i,j)∈E

Υij(yi + yj − 1) ≤ 0 (7)

However, if the infeasibility takes place because of the leaf nodes selected even without taking the center
node into consideration, then we solve a smaller size LP to obtain a global feasibility cut. WLOG, let us use
the same penalty variables (i.e., δ and νij) and define the following feasibility problem.

BGF:

min δ +
∑

i<j:(i,j)∈E

µij (8a)

s.t.
∑

i<j:(i,j)∈E

log(1− pij)mij + δ ≥ log(1− α) (8b)
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mij + µij ≥ yi + yj − 1 ∀i < j : (i, j) ∈ E (8c)

mij , µij ∈ R+ ∀i < j : (i, j) ∈ E (8d)

δ ∈ R+ (8e)

WLOG, let variables ρ and Υ be the dual variables corresponding to Constraints (8b) and (8c). The dual
of BGF can be presented as follows.

DBGF:

max log(1− α)ρ+
∑

i<j:(i,j)∈E

(yi + yj − 1)Υij (9a)

s.t. log(1− pij)ρ+Υij ≤ 0 ∀i < j : (i, j) ∈ E (9b)

0 ≤ ρ ≤ 1 (9c)

0 ≤ Υij ≤ 1 ∀i < j : (i, j) ∈ E (9d)

In the case of a global feasibility cut, we obtain a tighter feasibility cut than Ineq. (7) since it is not tied
to any center node. The constraint is:

log(1− α)ρ+
∑

i<j:(i,j)∈E

(yi + yj − 1)Υij ≤ 0 (10)

Note that both Benders feasibility cuts introduced are associated with dual solutions, which are mostly
fractional values. Our preliminary results indicate that such feasibility cuts are not able to yield a quick
convergence even in small scale instances. Hence, in the following section, we examine LBBCs. In Section
7.3, we test both sets of cuts and discuss their impacts on the solution time.

5.2 Logic-Based Benders Cuts
Logic-based Benders Decomposition (LBBD) is formally introduced by Hooker and Ottosson (2003).

It distinguishes itself from the traditional BD by using the inference dual rather than LP duality to generate
the Benders cuts so as to eliminate the infeasible MP solutions. Although it has been predominantly used in
scheduling problems (Roshanaei et al., 2017; Guo et al., 2021; Zhang et al., 2022), it is recently adapted to
route planning (Kloimüllner and Raidl, 2017), network interdiction (Enayaty-Ahangar et al., 2019), network
design (Naderi et al., 2020), and assembly line balancing (Zohali et al., 2021) problems as well.

For a fixed pseudo-star Sk centered at node k with a set of leaf nodes denoted by L, if the feasibility
condition is not satisfied, then we can generate a generic no-good cut that aims to change the current solution
by removing a single leaf node from Sk. Note that the cut should not take into consideration adding another
leaf node since adding a new leaf node would only decrease the LHS of (2). Hence, we define the following
LBBC: ∑

j∈L
yj ≤ (|L| − 1)xk + |L|(1− xk) (11)

Theorem 2. The LBB feasibility cut (11) is valid.
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Proof. To prove that a LBBC is valid, we show that (i) the constraint cuts off the current master solution
since it is infeasible, and (ii) it does not eliminate a global feasible solution. We use the same methodology
to prove the similar theorems presented in the rest of this paper.

Note that if node k is selected as the center node (i.e., xk = 1), then the right hand side (RHS) implies
that at least one of the leaf nodes in L of Sk must be turned off, thereby eliminating the current solution.
Otherwise, the center node alternates without enforcing any restriction on the nodes in L, thus, the infeasible
solution is eliminated. As a result, pseudo-star Sk is guaranteed to be removed from consideration.

In the following iterations, when we obtain a new candidate pseudo-star (feasible or not), if it is centered
at a node different than k, then it becomes clear that the cut does not eliminate a feasible solution since the
RHS becomes the aggregating of the binary restrictions for the leaf nodes, in other words, a trivial constraint.
If k is the candidate center node in an alternative S′

k, since the RHS changes at most one leaf node, it
guarantees that S′

k ̸= Sk. It also makes sure that the only solution removed is Sk, hence, no global feasible
solution is removed.

Note that cut (11) does not aggressively change the current solution and is not effective in general due to
the fact that it only targets to eliminate Sk rather than understanding the subset of nodes at the ‘root’ of its
infeasibility. Thus, we can design an integer SP with a fixed center k to check if we can eliminate more leaf
nodes for Sk to be feasible.

WF := max
y⃗∈{0,1}

∑
j∈L

yj :
∑
j∈L

pkjxkyj +
∑

i<j:i,j∈L
(1− pij)yiyj ≥ log(1− α)


The Model WF aims to identify the maximum number of leaf nodes that could be selected in L to

obtain a feasible pseudo-star structure via a knapsack-type constraint. Since its nonlinearities come from
the product of two binary variables, we can use the McCormick inequalities. We then obtain an equivalent
linear formulation:

LWF := max
y⃗,m⃗∈{0,1}

{∑
j∈L

yj :
∑
j∈L

pkjxkyj +
∑

i<j:i,j∈L
(1− pij)mij ≥ log(1− α),mij ≥ yi + yj − 1,

∀i < j : i, j ∈ L
}

Let δ∗ be the optimal solution to LWF. Then we define a new LBBC.∑
i∈L

yj ≤ δ∗xk + |L|(1− xk) (12)

Theorem 3. The LBB feasibility cut (12) is valid.

Proof. Similar to Theorem 2, the second component of the RHS (i.e., |L|(1 − xk)) guarantees that the
current infeasible solution is cut off and no global feasible solution is eliminated. Therefore, we examine the
non-trivial scenario when xk = 1.
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The objective aims to select as many leaf node as possible while ensuring the feasibility by the constraint
defined in WF. First, it makes sure that at least one leaf node is removed from the candidate pseudo-star,
hence, δ∗ ≤ |L| − 1. As a result, the cut removes the current infeasible solution. Second, it implies that any
alternative candidate pseudo-star S′

k that has more than δ∗ leaf nodes is infeasible. Since the cut prevents S′
k

from having more δ∗ leaf nodes and all solutions having less than or equal to δ∗ leaf nodes are still feasible,
it does not cut off any global feasible solution.

This cut is stronger than cut (11) since we have that δ∗ ≤ |L| − 1. However, it still depends on the
selection of xk as the center meaning that once the center node is changed, the cut does not help. Therefore,
we name (12) as a local LBBC. The |L| term plays the role of a big-M, hence, the question becomes if we
can further improve cut (12).

Based on the same argument provided in the previous section, if the infeasibility occurs directly due to
the connections between the leaf nodes selected (i.e.,

∏
i,j∈L(1 − pij) < 1 − α), then we can focus on a

smaller size IP model to obtain a better cut. This leads to a different integer SP, as well as a more general
and stronger cut.

SF := max
y⃗∈{0,1}

∑
j∈L

yj :
∑

i<j:i,j∈L
(1− pij)yiyj ≥ log(1− α)


Similar to model WF, we have non-linear terms and should use the McCormick inequalities.

LSF := max
y⃗,m⃗∈{0,1}

∑
j∈L

yj :
∑

i<j:i,j∈L
(1− pij)mij ≥ log(1− α),mij ≥ yi + yj − 1,∀i < j : i, j ∈ L


Let ∆∗ be the optimal objective of LSF. Then, we define the following LBBC, which does not depend

on variable x and is called global LBBC. ∑
j∈L

yj ≤ ∆∗ (13)

Theorem 4. The LBB feasibility cut (13) is valid.

Proof. LSF guarantees that ∆∗ < |L| as a result of which the current infeasible solution is eliminated. The
cut also carries the information of how many nodes in L can be selected by any pseudo-star. Note that it
does not necessarily guarantee feasibility since according to the selection of the center node, we can still face
a feasibility problem. Yet, it makes sure that no global feasible solution is removed since in any scenario
having more than ∆∗ leaf nodes from L is directly infeasible regardless of which node is selected as the
center.

One can realize that all LBB feasibility cuts (13) can be pre-populated and added into LIP. Yet, since the
number of those cuts is bounded byO(|V |2|E|), it is not practical to incorporate all such cuts in advance and
we generate them on the fly in our solution method.
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5.3 Optimality Cuts
Once the pseudo-star fixed satisfies the feasibility condition, we proceed to solve an SP to generate an

optimality cut. Given a fixed solution (x⃗, y⃗), we define the following primal problem.

ϕ(x̄, ȳ) : max
∑

(i,j)∈E

pijzij (14a)

s.t.
∑

j∈N(i)

zji ≤ 1− x̄i − ȳi, ∀i ∈ V (14b)

zij ≤ x̄i + ȳi, ∀(i, j) ∈ E (14c)

zij ∈ {0, 1}, ∀(i, j) ∈ E (14d)

Here we can use the LP duality to generate the dual formulation by relaxing variables zij . The relaxation
of variable zij produces binary solutions when passing an incumbent solution to ϕ(x̄, ȳ) (see Proposition 2).

Proposition 2. Variables zij take binary values when they are relaxed.

Proof. Given node i, either yi or xi can take the value of one, hence, each zij is upper bounded by one via
Constraints (14c). In addition, we ensure the unique assignment by Constraint (14b). Due to the fact that
pij ≥ 0, ∀(i, j) ∈ E and the objective is maximization, each zij is guaranteed to set as its upper bound
(i.e., 1) if at least one of j ∈ N(i) becomes the member of the pseudo-star; zero otherwise. Hence, we can
conclude that the relaxation of the model returns binary solution.

Let βi and γij be the dual variables corresponding to Constraints (14b) and (14c), respectively. The dual
of ϕ(x̄, ȳ) is presented as follows.

Φ(x̄, ȳ) := min
β≥0,γ≥0

∑
i∈V

(1− x̄i − ȳi)βi +
∑

(i,j)∈E

(x̄i + ȳi)γij : βi + γji ≥ pji,∀(j, i) ∈ E


The constraint set of the dual formulation Φ(x̄, ȳ) does not depend on the fixed MP solution. Also, the

constraint set is always closed and bounded, which implies that we are not concerned about the feasibility
of the problem. Whenever a violated solution is identified, we generate the following optimality cut and add
into MP.

θ ≤
∑
i∈V

β̄i(1− xi − yi) +
∑

(i,j)∈E

γ̄ij(xi + yi) (15)

We refer the interested reader to Fig. 5 for details on three-phase modern Benders implementation . Note
that here we show LBBCs (i.e., constraints (12) and (13)) as feasibility cuts. The only change to focus on
Benders Feasibility Cuts is the type of SP solved and cut generated in the lower portion of the figure.

6 Algorithmic Enhancements
In this section, we present the acceleration techniques that we adapt to speed up our Benders implemen-

tations. We note that any technique applicable to the full LIP is directly adopted to make a fair comparison
on our computational testing.
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Figure 5: The illustration of the Benders Decomposition algorithm including Logic-based Benders cuts.
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6.1 Algorithmic Approach for Optimality Cuts
We observe that Φ(x̄, ȳ) can be solved by a direct algorithm for it rather than utilizing a commercial

solver. More importantly, we can separate the problem over each node i thereby enabling ourselves to
generate multiple cuts at every iteration. We first show how to divide Φ(x̄, ȳ) over each node as Φi(x̄, ȳ)

and then propose an algorithm that identifies the optimal solution for Φi(x̄, ȳ) for a given i. This algorithm
works for both incumbent and fractional solutions, i.e., it follows Modern BD. The problem over node i is:

Φi(x̄, ȳ) := min
βi,γ≥0

(1− x̄i − ȳi)βi +
∑

j∈N(i)

(x̄j + ȳj)γji : βi + γji ≥ pji, ∀j ∈ N(i)


We first restate the objective function of the MP as

∑
i∈V θi and separate cut (15) over each node as

shown below.

θi ≤ β̄i(1− xi − yi) +
∑

j∈N(i)

γ̄ji(xj + yj),∀i ∈ V (16)

In order to solve each Φi(x̄, ȳ), we follow the following procedure. First, for the sake of simplicity, let
us assume that for a fixed node i, every node in N(i) is indexed from 1 to l where p1i ≥ p2i ≥ · · · ≥ pli.
If there exists an index j such that

∑j
k=1(xk + yk) ≥ (1 − xi − yi), then we identify the minimum j,

denoted as j∗, satisfying the inequality and set βi = pj∗i; otherwise, we set βi = 0. Then, we assign
γji as max{pji − βi, 0}, ∀j ∈ N(i).
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Proposition 3. The procedure proposed returns the optimal solution for Φi(x̄, ȳ).

Proof. Suppose no j∗ exists; in other words, (1 − xi − yi) >
∑l

k=1(xk + yk), then setting βi = 0 and
γji = pji makes each constraint tight (i.e., a feasible solution) and the objective becomes

∑l
k=1 γki(xk+yk).

Two cases: i) increasing both βi and γji, and ii) increasing γji are considered trivial since they only increase
the objective value. It is also clear that decreasing both variables together or individually causes infeasibility.

WLOG, the non-trivial case is that we increase βi and decrease each γji by ϵ : 0 < ϵ ≤ minj∈N(i) γji.
After this change, the feasibility is preserved since the LHS of each constraint remains the same. However,
the objective value increases due to the fact that:

ϵ(1− xi − yi) > ϵ

l∑
k=1

(xk + yk)⇒ ϵ(1− xi − yi) +
l∑

k=1

(pji − ϵ)(xk + yk) >

l∑
k=1

(pki)(xk + yk)

Hence, the initial setting guarantees to produce the optimal solution if we cannot identify an index j∗.
Now, suppose there exists a j∗ and we assign βi = pj∗i, γji = max{pji − βi, 0}. Since we assume that

the probability values are in descending order, each constraint βi+γki ≤ pki where k > j is strictly satisfied
and the rest of the constraints become tight. Thus, the solution proposed is feasible. The objective value, on
the other hand, is βi(1−xi− yi)+

∑j∗−1
k=1 γki(xk + yk). The trivial cases presented above stay valid except

being able to decrease the value of βi.
We have two alternatives. First, we increase βi and decrease γki,∀k < j∗ by ϵ : 0 < ϵ ≤ p(j∗−1)i− pj∗i.

In this scenario, the LHSs of the loose and tight constraints increase and stay the same, respectively.
Therefore, the solution is still feasible. Since (1− xi− yi) >

∑j∗−1
k=1 (xk + yk), the total objective increases

for the same reason explained above. Second, we identity ϵ such that 0 < ϵ ≤ p(j∗+1)i to decrease βi and
increase γki,∀k < j. However, now γj∗i has to be non-negative and takes the value of ϵ to ensure the
feasibility. Since

∑j∗

k=1(xk + yk) ≥ (1− xi − yi), we cannot improve the objective as a result of which we
conclude that the solution proposed is optimal.

6.2 Greedy Heuristic and Warm-Start
Our preliminary experiments in the SPSDC problem indicates that our selected commercial solver,

CPLEX, has difficulty in determining an initial feasible solution, as well as improving the optimality gaps in
both solving the LIP directly and solving the problem via BD. Therefore, we design a greedy heuristic that
produces an induced pseudo-star for every node in order to test the impact of warm-start (see Alg. 1).

Given a node i and pseudo-star Si centered at i, let uncovered (i.e., nodes that are not yet covered by an
element inSi) first and second neighborhood nodes of i be represented byR ⊆ N̄2(i)∪N(i)\∪j∈Si

N(j). We
then defineR as the complement ofR.We lethj be the index of the element inSi that is assigned to a neighbor
node j in R. For a node j ∈ N(i), we define uj as the contribution of node j as the total increase in the
objective in case it is selected as a leaf node where uj :=

∑
k∈R∩N(j) pjk+

∑
k∈R∩N(j)max{pjk−phjj , 0}.

Finally, we let ζj be the total probability value that node j contributes into Si if j is selected as a leaf node
(i.e., ζj = pij

∏
k∈Si\{i}(1− pkj)).

Given a node i, the heuristic identifies the candidate leaf node that has the highest weighted function(
i.e., wj = ujζj , j ∈ C

)
in candidate leaf nodes and the node is added into Si as long as it does not

violate the feasibility condition. If it is violated, then the node is removed from C. Once we obtain one
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Algorithm 1: Greedy Heuristic
Input: i ∈ V

1 Si ← {i};
2 C ← N(i); #candidate leaf nodes
3 π = 1; # total probability of Si
4 zij = 1,∀j ∈ N(i); # initially assign the center to every node in N(i)
5 R = N̄2(i)
6 while C ̸= ∅ do
7 j∗ = argmax

j∈C
ujζj ;

8 if ζjπ < 1− α then
9 C ← C \ j∗;

10 else
11 Si ← Si ∪ {j∗};
12 zij∗ = 0;
13 C ← C \ j∗;
14 R ← N̄2(i) \N(j∗);
15 π = ζj∗π;
16 for k ∈ N(j∗) do
17 if ∃hk ∈ Si : zhkk = 1 then
18 if phkk < pj∗k then
19 zhkk = 0;
20 zj∗k = 1;

21 else
22 continue;
23 else
24 zj∗k = 1;

25 return Si, z⃗

candidate pseudo-star centered at each node, we evaluate the objective value of each (i.e.,
∑

(i,j)∈E pijzij)

and warm-start (WS) both the LIP and the MP via the best solution. It is important to mention that, when
using the classical Benders implementation, we start the WS process with the greedy solution proposed, and
then in the following iterations, the MP is warm-started via the solution produced in the previous iteration.

We note that in future studies of the SPSDC problem, it may be of interest to conduct worst-case scenario
analysis to determine approximation guarantees for the proposed greedy heuristic (Sun and Sharkey, 2017;
Vogiatzis and Camur, 2019). In addition, employing iterative heuristics (Lozano et al., 2011; Absi et al.,
2015), optimization-based heuristics (Camur et al., 2021; Averbakh and Pereira, 2021), and meta-heuristics
(Pellerin et al., 2020; Karimi-Mamaghan et al., 2022) could be alternative ways to improve the initial
solutions fed into the model. Lastly, it might be of interest to perform nonparametric statistical tests for
potential evolutionary algorithms (García et al., 2009; Derrac et al., 2011)

6.3 Valid Inequalities
While we aim to help the solver with improving the primal bounds via warm-start, it is also important

to use valid inequalities to help with the dual bounds. With this purpose, we use the heuristic algorithm
proposed by Camur et al. (2022) and adapt it to our problem. While more details and pseudocode can be
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found in Camur et al. (2022), here we informally explain the heuristic and our slight modification.
First, we note that the heuristic remains as a valid UB even if we are concerned with a deterministic

objective in the SPSDC problem. For a given node i and a candidate induced star Sk, let δSk
be the UB. We

initially set δSk
= |N(i)∪ N̄2(i)|. The heuristic identifies each node j inN(i), which creates a unique path

to a node in N̄2(i) and decreases δSk
for each j identified.

Once the bound is obtained, we sum up the δSi largest probability values in the set Vi = {pij : j ∈
N(i)} ∪ {pjk : j ∈ N(i), k ∈ N(i) ∪ N̄2(i)} and represent the summation by τi. Then, the following is a
valid inequality which can be placed in MP. ∑

i∈V
θi ≤ τixi (17)

Note that we use the same bound for the objective function (4a) in LIP. In addition, since we are looking
for a unique assignment between a neighbor node and a pseudo-star element, the contribution of each node
to the objective is bounded above by the largest probability connection. The following is a valid inequality
that can be only used in MP:

θi ≤ max
j∈N(i)

pji, ∀i ∈ V (18)

6.4 Separation of Fractional Solutions
One of the benefits in using modern BD is that fractional solutions may be separated during the BB

process thereby generating what is called a user cut. Our preliminary experiments indicate that the initial
MP quickly ends up being overloaded with feasibility cuts, thus limiting its ability to solve the problem. In
addition, having fractional values for the center variable increases the difficulty of the feasibility separation
problem. Therefore, in our implementation, fractional solutions are only separated when all variables xi
are binary and the leaf variables are fractional. This implies that we generate a user cut solely when
∃!i ∈ V : xi = 1 and ∃j ∈ N(i) : 0 < yj < 1. Otherwise, we let the solver continue its branching process.

When it comes to separating fractional y solutions, we adapt two different strategies. First, we treat each
yi having a fractional value as a leaf node and conduct the feasibility test accordingly. In other words, we
apply a rounding heuristic to turn the fractional solution into an integer solution. If the current solution is
not feasible, then we proceed to solve a feasibility problem. If the feasibility condition is met, then we focus
on the dual problem with the original fractional solutions. As a second approach, we follow the standard
procedure and perform the feasibility test with the original fractional values implying that no rounding
strategy is applied. Employing the latter strategy turns out to be the most effective since the solver generates
fewer user-defined cuts, as well as branching to a fewer number of nodes to reach the optimal in most of the
instances.

7 Experimental Results
We first apply the Benders implementations on the randomly generated networks using the Java API and

CPLEX solver 12.8.1 on a laptop having a 1.4 GHz Quad-Core Intel Core i5 and 16 GB of RAM. For the
real-world PPIN, experiments were ran using CPLEX 20.1 on a Macbook with 2.3 GHz Quad-core, Intel Core
i7 and 16GB of RAM (1600 MHz DDR3). We change the default CPLEX settings during the decomposition
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implementation. We switch the MIP emphasis to optimality over feasibility and set the heuristic frequency to
be 1,000 (i.e., RINSHeur = 1,000). Furthermore, we set the number of threads as the number of cores on the
laptop both when solving the IP directly and solving the model via BD. All data sets and code sources used in
our study will be available online at https://github.com/mcamur/Stochastic-Pseudo-Star-Degree-Centrality.

7.1 Networks Based on the Watts-Strogatz Model
Initially, we randomly generate network instances for testing purposes. The instances are created based

on the the Watts-Strogatz (WaSt) model (Watts and Strogatz, 1998), which is also called the small-world
model. In such networks, we observe local clusters and small average path length that is tuned by the rewiring
probability. The reason for selecting the small-world network as our choice is that one can observe a large
number of local clusters in PPINs. Second, the diameter of PPINs is relatively small. For instance, the PPIN
of the organism Helicobacter Pylori (HP) has 1,570 nodes and diameter 6 while the PPIN of Staphylococcus
Aureus (SA) has 2,853 nodes as and a diamter of six (Szklarczyk et al., 2015).

In WS models, one can tune the neighborhood parameter (nei) and rewiring probability (rp) to generate
different network instances. We consider instances with |V | ∈ {500, 750, 1000, 1250}, nei ∈ {14, 16, 18},
and p ∈ {0.3, 0.5, 0.7}, for a total of 36 instances. Note that increasing rp in a WS network does not change
the density of the graph where density is defined as ψ = |E|

|V |(|V |−1) . On the contrary, the rewiring probability
controls the density of the edges. As rp approaches one, the network turns into an Erdös–Rényi graph (Watts
and Strogatz, 1998).

7.2 Calculation of Probability Values
In this section, we present the methodology that we use to identify the probability values associated

with the edges. In PPINs, there exists interaction scores in (1,1000) where the higher score implies a
stronger interaction between two proteins. We normalize the interaction scores and plot the distribution of
the normalized scores (see Figures 6 and 7 for HP and SA, respectively).

Figure 6: Distribution of interaction scores in HP Figure 7: Distribution of interaction scores in SA

We observe that the normalized scores show a right-skewed distribution, which resembles both the
gamma distribution with a shape parameter less than or equal to one and the exponential distribution with a
rate parameter around 1.5. Therefore, generating probability values according to either distribution can be
acceptable. We will be using the exponential distribution with rate parameter 1.5 to generate the probability
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values associated with edges. It is important to mention that one can also use Monte-Carlo sampling on the
real-data sets in order to both generate network samples and probability values. However, sampling from a
PPIN would favor that specific network. Hence, we prefer to use our proposed random generation process
over Monte-Carlo sampling in order to demonstrate its wider applicability.

7.3 Computational Experiments
We set a time limit of 7,200 seconds and α as 0.99. Let us first share our findings from the preliminary

experiments. First of all, we observe that WS plays a crucial role in every method; hence, we do not find
it necessary to make a comparison without WS. Second, using LBB cuts both practically and theoretically
dominates the traditional Benders cuts presented in Section 5.1. Thus, we use only LBB cuts when
implementing the three-phase decomposition. Lastly, implementation of the three-phase decomposition
framework with classical Benders performs quite poorly and cannot return optimal solutions within the time
limit even for small instances.

Before getting into a detailed analysis, we share a macro-table which summarizes the experimental
results. In Table 1, we compare five methods including: i) solving LIP directly, ii) the automatic BD (ABD)
provided by CPLEX, iii) three-phase modern BD with the LBB cuts (LBBD) used as feasibility cuts, iv)
two-phase classical BD (CBD), v) two-phase modern BD (MBD). For each method, we report the number
of instances solved to optimality, the ratio between the number of instances where the optimal solution was
found and the total number of instances, the average optimality gap calculated over all the instances, as
well as the number of times the method achieved the best performance across all five methods. The best
performance is first evaluated according to the optimality gaps. If more than one method returns the optimal
solution for the same test instance, then we examine the time to reach the optimal. In addition, we use the
bold font to indicate the best method for each criteria.

Table 1: Summary of results (36 Instances)
LIP ABD LBBD CBD MBD

Optimal 3 2 14 18 34
Percentage (%) 0.08 0.06 0.39 0.5 0.94
Average Gap (%) 351.83 358.67 255.37 3.72 20.74
Best Performance 0 0 2 5 29

One can clearly observe that the MBD method shows an outstanding performance where over 90% of
the instances are solved to optimality. On the other hand, neither LIP nor ABD had the best performance
in any of the instances, which expresses the necessity of customized solution approaches for our problem.
Although both LBBD and CBD reach the optimal solution in similar number of instances, CBD produces
more stable optimality gaps; thus, we can reach a solid conclusion that the two-phase framework outperforms
the three-phase one.

We now move into a detailed analysis and share the computational results obtained through all five
methods for each instance. In Table 2, we report the following outputs: i) time spent to reach the solution in
seconds, ii) the final optimality gap in percentage, and iii) the number of B&B nodes visited by the solver.
For CBD, we share the number of iterations (i.e., the number of Benders cuts added) instead. Note that if
the optimal solution is not reached within the time limit (TL), then we use TL as an abbreviation in the table.
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Also, similar to Table 1, we use the bold font to indicate which method performs the best in each network
instance.

Solving the LIP directly shows a poor performance over all the instances, where only three instances are
solved to optimality. The reason behind this could be two-fold. First, the number of BB nodes pruned by
the solver is relatively small (i.e., the average is 534) which indicates that the size of the model becomes
an issue for the solver to detect new branches. Second, by looking at the engine logs we observe that the
number of feasible solutions identified by the solver within the time limit is quite small. Thus, the solver has
a hard time in both reaching the optimal solution and determining a feasible solution. Despite the fact that
ABD combines the classical and modern Benders implementation, overall, it shows the worst performance.
Looking at the number of BB nodes, our intuition is that CPLEX favors separating the feasibility constraints
from the MP as a result for which more nodes are pruned. We believe that our decomposition framework
where we use an algorithmic approach to generate multi-cuts, separate the fractional solutions as explained
in Section 6.4, and the valid inequalities greatly enhances the ability of MBD to solve the problem.

While LBBD reaches the optimal in roughly 40% of the instances, it returns an average optimality gap
of 417.87% for the other instances, which are the denser networks (see Table 2). Thus, we believe that
LBBD might be an alternative solution approach when dealing with sparser networks. Further, we find the
performance of CBD quite successful where it takes roughly 11 iterations to converge to the optimal. As
for the instances of which only a feasible solution is obtained, the final optimality gaps are quite good (on
average 7.44%). The only reason why MBD has a higher average optimality gap compared to CBD (see
Table 1) is that two instances (i.e., (1250-16-0.3 and 1250-18-0.3) which are not solved to optimality have
high optimality gaps. Yet, we do not find this highly problematic. The reason is that looking at the engine
logs, we observe that the solver has a hard time in improving the dual bounds over the primal bounds. In
fact, while CBD produces an objective of 20.038 and 24.705, MBD returns an objective of 18.04 and 22.709
for the same instances.

7.4 PPIN Analysis
In this section, we use the SPSDC metric to calculate the centrality score of each individual protein in HP

and make a comparison with other nodal centrality metrics, including degree, closeness, betweenness, and
eigenvector, and a group based centrality metric DSDC. It is important to observe that given a node i ∈ V ,
the objective and constraints in our model are not impacted by any node in N̄k(i) where k ≥ 3; thus, we can
generate an induced subgraph containing only nodes i∪N(i)∪ N̄2(i) to solve the problem for i. Even with
this observation, the performance trends from Section 7.3 continue even when we focus on calculating the
SPSDC metric for a fixed center (protein) - solving the LIP directly or applying AB to a fixed center does
not perform well.

Therefore, we will calculate the SPSDC metric of each protein (node) through our Benders implementa-
tion which once again shows the success and importance of our decomposition framework. Our focus here is
on demonstrating the ability of the SPSDC to identify essential proteins. We will not present computational
run-times; however, our Benders implementation solved all required instances in only a few minutes each for
every α value where α ∈ {0.99, 0.9, 0.8, 0.7, 0.6, 0.5}.

We rank proteins based on their centrality scores, where a higher centrality score implies a higher rank,
in descending and ascending orders to obtain the top and bottom ones, respectively. In Figs. 8 and 9, we
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Figure 8: A comparison of different α values when
looking at the top ranked proteins
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Figure 9: A comparison of different α values when
looking at the bottom ranked proteins

analyze first 500 top and 500 bottom proteins (i.e, x-axis) and illustrate the success ratios in the detection of
essential proteins (i.e, y-axis). Note that we would want the ratio to be as high as possible (and close to 1)
in the top 500 proteins and as low as possible (and close to 0) in the bottom 500 proteins. In the top ranked
proteins, the experiment where α = 0.5 is able to detect roughly 60% of the essential proteins successfully
which is slightly better than the other α values (see Fig. 8); in other words, altering the value of α results in
minor changes. Looking at Fig. 9, we can observe that α = 0.5 shows the best performance where it wrongly
identifies the essential proteins with a lower ratio compared to the other α values.

Now, we move on the general comparison and perform a similar analysis among all the metrics where
SPSDC is used with α = 0.5. In the top 500 proteins, SPSDC is able to identify more essential proteins than
DSDC, which in turn outperforms all nodal centrality metrics as depicted in Fig. 10. A similar pattern is
observed in the bottom 500 ranked proteins; that said, DSDC and SPSDC both perform well in identifying
proteins with very low essentiality scores. (see Fig. 11).
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Figure 10: The ratio of essential proteins detected in
the top ranked proteins according to each metric for
the Helicobacter pylori organism.
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Figure 11: The ratio of essential proteins detected in
the bottom ranked proteins according to each metric
for the Helicobacter pylori organism.

Overall, we can conclude that SPSDC outperforms other metrics in the detection of essential proteins and
may be considered an alternative group-based centrality metric in the literature. It is important to realize that
as α decreases, the feasibility condition gets tighter and the size of the pseudo-star is expected to be smaller.
In other words, the model would potentially be more selective in adding leaf nodes and favor the ones that
do not share too many connections with other leaf nodes. Hence, while resembling the deterministic star
stands as important, having freedom in adding leaf nodes that are connected helps the probabilistic version
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in its task to identify essential proteins. This might explain why SPSDC shows a better performance than the
other metrics. Further, our Benders implementation was critical to effectively determine the SPSDC metric
for the proteins, thus allowing us to analyze the value of this metric.

8 Conclusion
In this work, we introduce the very first probabilistic group based centrality metric called the stochastic

pseudo-star degree centrality (SPSDC) for which we propose a non-linear binary optimization model. We
study the complexity of the problem and show that it isNP-complete on general graphs together with trees,
and windmill graphs. We implement both classical and modern Benders decomposition techniques with
two different frameworks including two- and three-phase decompositions together with several acceleration
techniques (e.g., valid inequalities and generation of multi-cuts). In addition, we analyze the impact of
logic-based Benders cuts compared to the traditional Benders feasibility cuts. Our two-phase decomposition
method implemented through the branch-and-Benders setting shows the best performance. Further, it
outperforms solving the model via a commercial solver to a great extent in terms of both solution time and
quality.

Our test cases are generated according to the small-world networks which resemble the real-world
protein-protein interaction networks (PPINs). The deterministic star degree centrality concept was shown
to be an effective centrality metric in order to detect essential proteins in PPINs and our proposed centrality
metric can add to the set of proteins to explore for essentiality. In fact, our analysis conducted on a real-world
PPIN indicate that SPSDC performs better than its deterministic counterpart; thus, it may be considered an
alternative centrality metric in other studies. Lastly, the Benders implementation was critical in effectively
determining the SPSDC metric across the proteins in PPINs.

In a future study, it might be interesting to identify a new application area where the SPSDC can be
utilized. One good example might be to investigate the network resilience in financial networks in order to
detect the most important financial entities in a market.
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