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Abstract Exponents and logarithms are fundamental components in many important applications such
as logistic regression, maximum likelihood, relative entropy, and so on. Since the exponential cone can
be viewed as the epigraph of perspective of the natural exponential function or the hypograph of per-
spective of the natural logarithm function, many mixed-integer convex programs involving exponential or
logarithm functions can be recast as mixed-integer exponential conic programs (MIECPs). However, un-
like mixed-integer linear programs (MILPs) and mixed-integer second-order conic programs (MISOCPs),
MIECPs are still under development. To harvest the past efforts on MILPs and MISOCPs, this paper presents
second-order conic (SOC) and polyhedral approximation schemes for the exponential cone with applica-
tion to MIECPs. To do so, we first extend and generalize existing SOC approximation approaches in the
extended space, propose new scaling and shifting methods, prove approximation accuracies, and derive
lower bounds of approximations. We then study the polyhedral outer approximation of the exponential
cones in the original space using gradient inequalities, show its approximation accuracy, and derive a lower
bound of the approximation. When implementing SOC approximations, we suggest learning the approxi-
mation pattern by testing smaller cases and then applying it to the large-scale ones; and for the polyhedral
approximation, we suggest using the branch and cut method for MIECPs. Our numerical study shows
that the proposed methods show speed-ups over solver MOSEK for MIECPs, and the scaling, shifting, and
polyhedral outer approximation methods work very well.

1 Introduction

Conic programming has recently witnessed a rapid growth of interest in both industry and academia and
has been successfully applied to many domains (see, e.g., [1, 20, 21, 29, 30]). Notably, the recent version
of solver MOSEK [2] can solve quite large-scale continuous exponential conic programs (ECPs). However,
mixed-integer exponential conic programs (MIECPs) are still under development. It is known that polyhe-
dral approximation results and strong valid inequalities developed during the last one or two decades can
significantly enhance the capability of existing solvers such as Gurobi and CPLEX for solving mixed-integer
linear programs (MILPs) and mixed-integer second-order conic programs (MISOCPs). To harvest these past
efforts on MILPs and MISOCPs, we study second-order conic (SOC) approximations and polyhedral ap-
proximations of the exponential cone in the hope of solving MIECPs efficiently.
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1.1 Setting

This paper focuses on the following MIECP

. T T T T .

e lin {c'@: (a @+ bi1, a5 + bio, a3 + big) € Kexp(0),Vi € [m]} (1)
where set X is mixed-integer and compact, ¢ € [0,n], and A;, Az, A3 € R™*" by, by, bs € R™ are data. For
a given a € R, we let K., (a) denote the parametric exponential cone

Kexp(@) = { € R? x R : (21/22,23/22) € hyplog(a)} (2a)
={z € R* xR : (z3/x2,71/22) € epiexp(a)} (2b)

where the interval R := [1/M, M| for some positive parameter M > 1, set hyp log(c) denotes the hypograph
of the logarithm function parameterized by «

hyplog(a) = {(@,) : log(x) > ¢ — a},
and set epiexp(a) denotes the epigraph of the exponential function parameterized by «
epiexp(a) = {(x,t) : exp(x — ) < t}.

We remark that for the modeling purpose, one can assume that M/ can be oo and by default, welet 0x oo =0
and 1/c0 = 0, under which set K.y, () remains to be closed; however, for the analytical purpose, our ap-
proximation results only hold when M is finite. Besides, the parameter o € R is meant to quantify the error
of the proposed approximations. It is also worthy of mentioning that when o = 0, i.e., no approximation
error, the exponential cone K., (0) in (2) can be viewed as the hypograph of perspective of the logarithm
function or the epigraph of perspective of the exponential function. These two interpretations motivate us
to study distinct approximation schemes.

As the exponential cone K., (0) is fundamental to an MIECP, this paper plans to develop SOC approx-
imations of the exponential cone Ky, (0) of the form

Kooln®m®) = {w € B : ((a5) T2 + b, (@) @ + by, (a3) "o+ b3) € Lo, Vi€ [m'] ), ()

where the Lorentz cone is defined as L4141 = {y € R : youq > /35,0, 47} with ¢ € Zyy and

A3 A3, A5 € R™ X b5 b3, b € R™ are data. We would like to show that for any ¢ > 0, there exists
a second-order cone Ky.(n®, m®) with n® +m?® = O(f*(1/¢, M)) depending on 1/e and M such that

chp(*G) g Ksc(nsams) g chp(€)7

where f%(1/¢, M) is a polynomial function. According to the seminal work [6] on the polyhedral approx-
imations of SOC programs, there exists a polyhedral approximation of the exponential cone Ky, (0) such
that

Ky(n?,m") = {@ e R : (af) T = 0, Vi € "]}, 4)

where AP € R™"*"" P ¢ R™" are data. Using the results in [6], for any ¢ > 0 polyhedral approximation
such that
Kexp(—€) C Kp(n”,m?) C Kexp(e),

the size of polyhedral approximation should be in the order of the size of second-order cone K.(n®, m®)
multiplied by the log(1/e), i.e., n? + mP = O((n®* + m®)log(1/e)). Since this type of polyhedral approxi-
mations of SOC programs has been successfully implemented in solvers such as Gurobi and CPLEX, this
paper mainly focuses on polyhedral approximation in the original space, i.e., we mainly consider n? = 3 in

).
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1.2 Relevant Literature

Many interesting nonlinear programs can be recast as an ECP (see, e.g., [25] for an overview). Below are
some examples:

- (Entropy) The hypograph of the entropy function f(x) = —xlog(x) is exponential-conic representable

hyp f = {(z,t) : —zlog(x) >t} = {(z,t) : (1,2,t) € Kexp(0)}.

- (Kullback-Leibler Divergence) The epigraph of the Kullback-Leibler divergence or relative entropy func-
tion f(z,y) = xlog(z/y) is exponential-conic representable

epi f = {(z,y,t) : xlog(z/y) <t} = {(z,y,t) : (y,z,—t) € Kexp(0)}.

— (Logistic Regression) Given n data points {(;, y;)}iejn) € R? x {0, 1}, the logistic regression with L,
penalty can be formulated as the following unconstrained optimization problem

min > [~yilog(he(@:)) — (1 - yi) log(1 — he(@:))] + All6]l1,

where hg(x;) = [1 + exp(—0Tx;)]~! denotes the sigmoid function. The logistic regression can be recast
as the following ECP

. pi1 +pi2 = 1, (pil; L(1- Qyi)eTﬂii - tz’) € Kexp(0),Vi € [n],
ti M@ : . p .
Qeﬂgld,lpnlxp2 { Z Al (piz, 1, —t;) € Kexp(0), Vi € [n]

1€[n]

- (Geometric Programming) Geometric programming problems [8] are nonlinear optimization problems
of the form
rrgn{fo(a:) s filx) < 1,Vie[m],z; >0,Y5 € [n]}.
Above, function fi(x) = 3 ez, ik [ a;‘;]’“ is a posynomial for each ¢ € [0,m], where T; € Z,
cik € Ry, and a;5, € R for each k € [T;] and j € [n]. Letting z; = exp(y;) for all j € [n] and substituting
back the expressions, the epigraph of the revised “posynomial” f;(y) is exponential-conic representable

epl fl = {(yvt) : Z Pik < 1; (pzkv ]-7az—;y+10g(clk) - t) S Kexp(0)7Vk € [E]} .
ke[T;)

Therefore, the geometric programming problems can be equivalently transformed as the following ECPs

myin {to : (y,to) € epi fo, (y,1) € epi f;,Vi € [n]}.

The ECPs or MIECPs also exist in many areas such as finance, defense, and healthcare. For example, the
works in manpower planning [18], electric vehicle charging management [10], Kullback-Leibler divergence
constrained distributionally robust optimization [19] have been using ECP approaches. Many other works
might not have been fully aware of but can be reformulated as ECPs or MIECPs. For instance, in [24], the
authors used the limited resources on-hand to maximize the probability of searching for objects, where the
hypograph of the searching probability, in fact, can be represented as an exponential cone. Thus, their prob-
lem can be formulated as an MIECP. In [27], the authors proposed an ECP for sparse resource allocation in
control of spreading processes. Their proposed method could be applied to minimize the spreading rate of
epidemics and wildfires. Recently, the work in [31] proposed a joint estimation and robustness optimization
framework that could be modeled with ECPs. As an important class of ECP problems, geometric program-
ming has a variety of applications, including telecommunication [11], circuit design [9], and power control
[12].
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Recently, several works focused on solving continuous ECPs. For example, solver SCS [22] is a first-
order method using operator splitting and homogeneous self-dual embedding, which can handle symmet-
ric cones as well as the power and exponential cones. In [25], the authors analyzed the theoretical prop-
erties of some algorithms, such as primal and dual barrier methods, and extended an interior-point conic
solver ECOS [16] to solve continuous ECPs. Alfonso [23] is a conic solver for nonsymmetric cones, including
power and exponential cones, where the implementation is based on a homogeneous interior-point method
proposed by [26]. The authors in [15] proposed a new primal-dual interior-point algorithm for continuous
ECPs with a novel higher-order search direction. The work [3] analyzed theoretical properties of the algo-
rithm implemented in MOSEK and proposed a new one for solving nonsymmetric conic optimization such
as ECPs. The literature of generic approaches for solving ECPs, especially MIECPS, is relatively sparse.
It is known that MOSEK can solve MIECPs [15] as early as 2018, which is mainly based on the interior
point method and branch and bound. Parallelly, the work in [13] presented Pajarito, a generic branch and
bound algorithm with outer approximation using primal and dual information for solving mixed-integer
convex problems involving positive semidefinite, second-order, and exponential cones. Different from their
methods, our methods are based on second-order approximations and gradient-based polyhedral approxi-
mations.

Our works on SOC approximations are motivated but different from the two seminal ones. The first
interesting work is [17], which studied the semidefinite approximations of the matrix logarithm. They pro-
posed a special function, whose integral over a particular domain is equal to the logarithm function and is
semidefinite programming representable. However, their analysis is quite limited to a particular function,
and mixed-integer semidefinite programming is known to be notoriously difficult to solve. On the contrary,
we propose a large family of generating functions, which are SOC representable, and whose integrals from
—1 to 1 are equal to the logarithm function. Our analysis is much simplified, and given an approximate
solution, we propose a new scaling method, which works the best in our numerical study. The second in-
teresting work is [5], which studied the SOC approximations of the exponential function. We analyze their
approximation errors and propose a new shifting method with a given approximate solution. The numer-
ical study shows that the proposed shifting method works well while other exponential function-based
methods can have numerical issues. Besides, different from both works, we also derive lower bounds for
the approximation errors and study polyhedral outer approximation based on gradient inequalities.

1.3 Summary of Contributions

This paper generalizes the existing and develops new SOC approximations of the exponential cone (2).
We also study polyhedral outer approximation based on gradient inequalities. Our main contributions are
summarized as below:

(i) We propose a generic SOC approximation framework of the exponential cone based on the logarithmic
form (2a). We prove the approximation accuracy using the Gaussian quadrature. We tailor the proof to
three special classes of SOC approximation. In particular, our proposed scaling approximation scheme
using an approximate solution is numerically demonstrated to work the best.

(if) We prove the approximation accuracies of the SOC approximations of the exponential cone using the
exponential form (2b). We show that the even-order Taylor expansions of the exponential function can
be written as the sum of squares and disprove a SOC representation proposed by [5]. We develop a
new shifting method using an approximate solution, which overcomes the numerical issues caused
by other approximation schemes using the exponential form (2b).

(iif) We study the minimum number of variables and SOC constraints needed to approximate the exponen-
tial cone to a desirable accuracy, i.e., study a lower bound of SOC approximations for the exponential
cone.

(iv) We propose a polyhedral outer approximation of the exponential cone in the original space using
gradient inequalities and study its upper and lower bounds for the number of inequalities to achieve
a desirable approximation accuracy.
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(v) Our numerical study shows that the proposed scaling, shifting, and polyhedral outer approximation
methods outperform solver MOSEK for solving MIECPs and can achieve up to 20 times speed-ups.

The main theoretical approximation complexities of this paper are displayed in Table 1.

Table 1: Summary of Approximation Methods of the Exponential Cone

[ SOC Approximations' [ Polyhedral Approximation'
: i
Methods Logarithm-based Original Space
Example 1 Example 2 Example 3
Complexityﬁ Oo(v M O(loglog(M) O(log(1 — 6)/ log(9) O(log(M) + 1//€)
+log(/M3/¢)) |++/log(M) +log(1/e))| +log(e)/log(é))
Outer Approximation No No No Yes
Exponential-based
Methods Section 3.1 Section 3.2 Section 3.1 Shift  |Section 3.2 Shift
. 2 2 y -
Complexity" O(log(M=log M)| O(log(M*log(M)/s) O(log(52/¢)) O(log(d/s)
+log(1/€)) +log(1/€)/s) +log(1/€)/s)
Outer Approximation Yes No Yes No
Lower Bound T (1 + log log(M)/ log(1/€)) {Q(log log(M) + log(1/€))
¢ is the approximation accuracy; i Complexity is the number of variables, SOC and linear constraints needed;

il 5 € (0,1) is quality of the approximate solution # /> such that 1 — & < (z1/22)/(Z1/F2) < 1+ §;
¥'§ > 01is quality of the approximate solution 3 /%> such that |z /x> — &3 /Z2| < 6.

Notation. The following notation is used throughout the paper. We use bold letters (e.g., «, A) to denote
vectors and matrices and use corresponding non-bold letters to denote their components. Given an integer
n, we let [n] := {1,2,...,n}, [0,n] := {0,1,2,...,n}, and use R} := {x € R" : z; > 0,Vi € [n]}. Given
a function f : R” — R, its epigraph and hypograph are epi f = {(z,t) : f(x) < t} and hyp f = {(=,?) :
f(x) > t}, respectively. For the sake of simplicity, the logarithm function and exponential function, if not
being specified, are both meant to be natural ones in this paper. Additional notation will be introduced as
needed.

Organization. The remainder of the paper is organized as follows. Section 2 develops and analyzes the
approximation schemes using the logarithmic form (2a). Section 3 develops and analyzes the approximation
schemes using the exponential form (2b). Section 4 shows lower bounds of approximations. Section 5 shows
polyhedral outer approximation using gradient inequalities and proves the upper and lower bounds of
approximations. Section 6 shows the numerical illustration. Finally, Section 7 concludes this paper.

2 Approximations Using the Logarithmic Form (2a)

In this section, we study approximations of the exponential cone using the logarithm form (2a). The key
idea is to find a family of functions whose integrals are equal to the logarithm function.

2.1 Approximating the Logarithm Function Based on Integrals of Generating Functions

Since it is unlikely that the logarithm function log(z) is SOC representable, we plan to approximate the
logarithm log(z) with € R by rewriting it as the integral of an SOC representable function.
To begin with, let us define the generating functions for the logarithm function.

Definition 1 (Generating Functions) A function ¢ : [-1,1] x R — R is a “generating function” for the
logarithm function log(x) if it satisfies

(a) For any given t € [—1, 1], function ¢(¢, z) is concave and continuous, and its hypograph

hyp ¢(t) := {(z,v) : 6(t, x) = v}
is SOC representable in the domain R; and
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(b) For any x € R, the following identity must hold

/1 o(t, z)dt = log(x) + const. (5)
-1

Note that the generating functions are useful to derive SOC approximations of the logarithm function since
the one-dimensional integration (5) admits efficient approximations (e.g., using Gaussian quadratures). In
fact, there exist many such generating functions. In Section 2.1.1-Section 2.1.3, we show three examples,
which are quite effective in our numerical study.

Although generating functions in Definition 1 are SOC representable, it still remains to address the left-
hand integration of (5). Fortunately, the modern numerical methods are quite mature in one-dimensional
integration. Thus, we propose to approximate the left-hand integration of (5) using well-known Gaussian
quadruple (see, e.g., Chapter 19 [28]). Suppose {t}rein) € [—1,1] be N quadrature points and their cor-
responding positive weights {ws }1e[n]- Then the logarithm function log(z) can be tightly approximated

by

1
/ o(t, z)dt = log(x) + const ~ Z wrd(te, x).
-1

ke[N]
Accordingly, the hypograph of log(z) can be approximated by

hyplog(a)|a=o := {(z,v) € R x R:log(z) > v — a|a=0}

~ 6
~< (z,v) eERxR: Z wivk > v+ const, (x,vy) € hyp ¢(ty),Vk € [N] p := Hy N, ©)

k€E[N]

where constant « is useful to characterize the approximation accuracy, and the hypograph hyp ¢(t) is sup-
posed to be SOC representable. The Gaussian quadrature is quite accurate to approximate one-dimensional
integration. In fact, according to Chapter 19 [28], the error of Gaussian quadrature decays geometrically.

Theorem 1 Suppose that there exists some p > 1 such that

~1
sup {|¢(z,x)| iz = Bexp(i@) 2 exp(—if) : 0 € [O,Zﬂ']} <L < o0.
z€R,z€C 2 2

Then the approximation accuracy of Gaussian quadrature satisfies

AL —2N
log(x) + const — kez[;v] wrP(tg, x)| < %

Thus, achieving the e—approximation accuracy with e > 0, we can choose the number of points N = O(log,(L/¢))
such that hyplog(—e) C f[wv C hyplog(e).

The key ingredients in Theorem 1 are two parameters p and L, which require effort to derive. Fortu-
nately, we can derive these parameters for the examples in Section 2.1.1-Section 2.1.3 explicitly.
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2.1.1 Example 1

Example 1 Suppose ¢1(t,x) = %m for some positive parameter a > 0. Then we have f_ll o1(t,x)dt =

log(z) and for any ¢ € [—1, 1], the hypograph of ¢1(t, -) is SOC representable, i.e.,
rn=a—(t+1)v >0,
hyp ¢1(t) :={ (z,0) e R X R:r9 = a(t+ 1) (x — 1) — 2% > 0, . 7)

(U\/2a+2(t + 1),7“1 — 72,71 + 7“2) € L3

Next, we study the number of variables and SOC constraints needed to achieve the e—approximation accu-
racy using Example 1.

Corollary 1 For the generating function in Example 1 with a = 1, we can choose p = (M +1)/(M — 1) +2/vV M,
and

I 1
T M+l _p _ p7t
M—1 2 2

Thus, achieving the e—approximation accuracy requires the number of points N = O(v' M log(+/M?3 /¢€)) such that
hyp log(—¢) C ﬁdn,N C hyplog(e). That is, there should be O(v/ M log(\/ M3 /e€)) number of variables and SOC
constraints in the representation of set Hy, n, which admits

Z WEVE 2 V,
ke[N]

Hy v =1 (z,v) e Rx R: Tk = a— (tp + 1)vp > 0,Vk € [N], . (8)
rop = afty +1)* "z — 1) — 2%y, > 0,Vk € [N],

(U;C\/ 2a+2(tk + 1)77"1k — Tog, "1k + Tgk) € L3, Vk € [N]
Proof: We observe that |z| can be upper bounded by

1 2 1 2 V2 o p?
|z| = [4 (p + p_l) cos? 6 + 1 (p — p_l) sin? 9} < 3 + 5
Then, we have
z—1 1 1 1
e =\ \= < < =L
2+ (z+1)(z—1) ;i*z‘ 2t 7‘Z|’ Mil_p_ o

where the first inequality is because of triangle inequality and the second one holds since © € R and we
choose

p=(M+1)/(M—-1)+2/VMe |1

M+1 M+1\? .
"M —1 M—1

such that |z + 1|/|z — 1| > (M +1)/(M — 1) > |z|. According to the choice of p and L, we have

L 1 B 2p _ pM(M —1)? <p(M71)3<3M3
P N2 P De-E - a1 P DEM-2) S 16 16

We then split the proof into the following two cases:
Casel. If M € [1,4], then p > 7/3 and L < 7/2. The result holds.
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Case2. If M > 4, we have
log ( 64L/15(p% — 1)6) log (\/4M3/5e>
<
log(p) "~ log (1+2/v/)

where the first inequality is due to L/(p* — 1) < 3M?3/16 and t/(1 +t) < log(1 +t) for any ¢ > 0 and the
second one is due to M > 4. Therefore, we can choose N = O(v M log(y/M?3/¢)).

< VM log (/A3 [5e)

Finally, the SOC representation of H #1,~ follows from the fact that the hypograph of ¢ (%, ) is SOC repre-
sentable for each k € [N]. O
The result in Corollary 1 holds only when a = 1 in Example 1. Our numerical study shows that letting
a = 1 performs nearly the best among all the testing instances. For general a > 0, we are unable to derive
closed-form p and L and thus leave it to the interested readers.

2.1.2 Example 2

2‘9(951/2571) L. oy .
HEF DT —T) for some positive parameter a > 0 and positive integer

s € Zyy. Then we have fol ¢2(t,x)dt = log(z) and for any ¢ € [0,1], the hypograph of ¢s(t,-) is SOC
representable, i.e.,

Example 2 Suppose ¢s(t,z) =

r; > 0,Vi € [s],

(2r,x — 1,z + 1) € L3,

(2rig1,ri —1,r +1) € Lg,Vi € [s — 1],
=25~ (t+1)v >0, ’ ©)
Yo=rs—1-2"02>0,

(v/2373(t+ 1), 71 — 72,71 + 72) € L3

hyp ¢2(t) := < (z,v) e R x R:

This generating function was studied in [17] and was shown to be semidefinite conic representable.

Next, we study the number of variables and SOC constraints needed to achieve the e—approximation accu-
racy using Example 2.

Corollary 2 For the generating function in Example 2, we can choose p = (MY/?" +1)/(M'Y? —1),s = N, and

25
M1/25+1 P p—l .

M1/2% —1 2 2

L =

Thus, achieving the e—approximation accuracy requires the number of points N = O(log log(M)++/log(M) + log(1/e)).
That is, there should be O(loglog(M) + \/log(M) + log(1/€)) number of variables and SOC constraints in the rep-
resentation of set Hy, n, which admits

Z wrvg > v, 1 > 0,Vi € [s],

ke[N]
(2r,z — L,z +1) € Ls,
ff¢2,N: (z,v) e R x R: @riy1,mi —Lri +1) € L3, Vi € [s — 1], . (10)

Y = 2° — (tk + 1)Uk >0,Vk € [N],
Yor =15 — 1 — 275, > 0,VE € [N],
(e /2575 (t + 1), v1k — Yok, Y1k + Y2k) € L3, Yk € [N]
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Proof: We choose L in the following way

95 xl/gs 1 9s . -
lo(z,2)| = 2+ (2 :— 1)(x1/25)_ ) = Toe S Moo < = L
o I e e R 2

where the first inequality is because of triangle inequality and the second one holds by choosing

. . 1/2° 4 M1/2* 41 2
_ 1/2 1/2° M _
p=(M +1)/(M e |1, 1/25_1+ ( 1/25_1> 1

such that

|m1/2§+1| M1/25+1
o2 —1] = M 1

Then we have

L 25+1p B 23—3(]\41/2S + 1)(]\41/2S _ 1)3

= — < 28_3M2/25.
o Rl e £

Letting s = N, we arrive at

64Lp—2N oN+3pr2/2Y p2N _ 9—2N’—N+3 s log2N(M)
15(p2 —1) — 15 - 15 -

€,

where the second inequality is due to

MY 1 1 LN log(M)
e - /2 )
T —tanh<210g (M )) < S

Solving the following inequality
210g(2)N? + (log(2) — 2loglog(M))N + log(15¢/8M) > 0,

we have

N > [2 loglog(M) —log(2) + v/[log(2) — 2loglog(M)]? — 8log(2) log(156/8M)} /410g(2).

Thus, N = s = O(loglog(M) + +/log(M) + log(1/e)).

Finally, the SOC representation of f]¢2, ~ follows from the fact that the hypograph of ¢s(tx, z) is SOC
representable for each k € [N]. O
The generating function ¢»(¢, ) has also been studied in [17]. We differentiate from their work in the fol-
lowing three aspects: (i) We prove Corollary 2 from a different angle and significantly simplify the proof;
(ii) We focus on the SOC approximation, while [17] focus on semidefinite conic approximation; and (iii) The
proof technique here can be applied to other generating functions.
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2.1.3 Example 3

Example 3 Suppose ¢3(t,z) = % for ¥ € R. Then we have f_ll @3(t, x)dt = log(z) — log(Z) and

for any t € [—1, 1], the hypograph of ¢3(t, -) is SOC representable, i.e.,
rn=1-(@+1v>0,
hyp ¢3(t) := { (z,0) E R x R:712 = (/T — 1) —2v >0, . (11)

(U\/S(t + 1),7“1 —7ro,T1 + Tz) € L3

In this example, if we obtain a near-optimal solution Z, we can scale the variable = by Z. The scaling method
enables us to focus on the neighborhood around the solution z and meanwhile maintains the SOC repre-
sentability of the hypograph of the scaled generating function.

Next, we study the number of variables and SOC constraints needed to achieve the e—approximation accu-
racy using Example 3.

Corollary 3 For the generating function in Example 3, suppose T is a near-optimal solution such that 1 -6 < z/z <
1+ § with § € (0,1) and we choose p = (2 —8)/Sand L = ((2 — 8)/§ — p/2 — p~1/2) L. Then, achieving the
e—approximation accuracy requires the number of points N = O(log(1 — 0)/log(6) + log(e)/log(d)) such that
hyplog(—e¢) C ﬁ%’N C hyplog(e). That is, there should be O(log(1l — 0)/log(d) + log(e)/log(d)) number of
variables and SOC constraints in the representation of set ﬁ¢37 N, which admits

Z wivg > v — log(),
k€E[N]

Hyon =< (z,v) e Rx R:7m1k = 1= (t) + Dop > 0,Vk € [N], . (12)
Top = (.’L‘//.’E\— 1) —2v > 0,Vk € [N],

(v /8(tk + 1), 71 — rog, 1k + T2k) € L3, Vk € [N]

Proof: We derive L for the generating function in Example 3 as follows

(x/z—1) 1 1 1
[0z 2)| = 24+ (z+1)(z/z-1) = Ja/at1 = || z/z+1 St e e b
1/271""'2‘ 1/571‘_|Z|‘ S T2 2

where the first inequality is because of triangle inequality and the second one holds by choosing

2
p=(2-0)/8 € (1,25‘5+ <2g§> _1)

lz/z+1] _2—0
— >
le/z2—-1] — ¢

such that

> |z|.

Then, we get
L 2 520

A1 (P12 8102

Now let

64Lp_2N 862N+3 <
= 6

15(p2 — 1)  15(2 = §)2N-1(1—¢§)2 = 7

and we have
N> log(63(2 — 4)) — log(15(1 — §)%¢/8)
- 2log((2 —6)/9) '
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Therefore, we can choose N = O(log(1 — §)/log(d) + log(e)/ log(9)).

The SOC representation of H #s,~n follows from the fact that the hypograph of ¢s(tx,x) is SOC repre-
sentable for each k € [N]. O
For Corollary 3, we remark that (i) if ¢ is close to 1 (i.e., the solution quality of Z is quite low), then N =
O(log(1 — 0)/log()), implying that the analysis may not be tight; (ii) if § — ¢ (i.e., the solution quality
is good), then N = O(log(¢)/ log(9)); particularly, if § = €'/ for some positive ¢ > 1, then we only need
N = O(t) points to achieve the e-approximation accuracy. This result, together with Figure 1 may explain
why Example 3 works so well in our numerical study.

2.1.4 Comparisons of Example 1-Example 3

The numerical comparison of Example 1-Example F——_

3 versus second-order Taylor approximation to —. Zr?d Order Taylor Approx.
approximate the logarithm function can be found 121 == Example 1with N=2,a=1
in Figure 1, where we let 7 = 2 for Example 3. All —r- Example 2with N=1,5=1
three examples have better approximation per- Loy Example 3 with I/ =2,x=2
formance than the second-order Taylor approx-

imation. By applying the scaling method, Exam- 051
ple 3 outperforms the other methods, which im-

plies even two-point Gaussian quadrature can 0.0
be a good approximation of log(xz) as log(z) =~

log(Z) + ¢3(1/1/3, ) + ¢3(—+/1/3, ). In practice, -0.5 1

we can run heuristics to obtain a good-quality z. 0.6 10 2.0 6.0
X

Fig. 1: A Comparison of the Second-order Taylor Approximation

. . . and Example 1-Example 3 using Two SOC Constraints to Approxi-
2.2 Approximating the Exp onential Cone mate the Logarithm Function in the Domain [0.6, 6.0]

Since the exponential cone in the form of (2a) can be viewed as the hypograph of perspective of the loga-
rithm, the SOC approximations in the previous subsection can be directly applied to the exponential cone
(2a). This result is summarized below:

Theorem 2 Suppose that there exists some p > 1 such that
‘ 2= P exp(if) 4 P 0) -
sup |p(z,2)| : 2 = = exp(if) + — exp(—if) : 0 € [0,27] y < L < 0.
w€[1/M?,M?],2€C 2 2

Then if the number of points N = O(log,,(L/¢)) and set

IA(;CN ={xER*xR: Z WiV > T3 + const - xa, (x1/x2, v /T2) € hyp o(tx),VEk € [N] p ,
ke[N]

the following approximation result holds: Kexp(—€) C A;fN C Kexple).
Proof: According to (6), for any «, we have
Kexp(@) = {x € R? x R : (21/22,23/22) € hyplog(a)}

and o~ i
Kon = {a: € R? X R: (1/m,23/10) € H¢’N} '

Thus, according to Theorem 1, for any € > 0, letting N = O(log,,(L/¢)), we have Kexp(—€) € K% C Kexp(€)
being equivalent to hyp log(—e¢) C ﬁwv C hyplog(e).
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For the SOC approximation, we recall that

ﬁ@N =< (z,v) ERXR: Z wgvg > v+ const, (x,vi,) € hyp ¢(tx), Vk € [N]
k€[N]

Hence, we have

K¢N ={zxcR*xR: Z WiV > x3/x2 + const, (x1/x2,v) € hyp ¢(t), Yk € [N]
kE[N]

Letting vy, := vyz2, we arrive at the desired formulation. Finally, since set hyp ¢(¢x) is SOC representable,
according to [5], set K¢y is also SOC representable. O
We conclude this subsection by making the following remarks about Example 1-Example 3.

— For the generating function in Example 1, if there are O(M log(M 3 //€)) number of variables and SOC
constraints in the representation of set Kse 4. v then we have Kex,(—€) C K 418 C Kexp(€), where

E WEVg = T3,

ke[N]

x e R?xR:Tk=axz — (tk + 1)vp = 0,VEk € [N], ; (13a)
ror = a(ty + 1)z — z2) — 2%, > 0,k € [N],
(’Uk 2a+2(tk —+ 1),7’1k — T2k, 1k +7’2k) S ﬁg,Vlﬂ € [N]

K¢71N_

- For the generating function in Example 2, if there are O(log log(M) + +/log(M) + log(1/€)) number of

variables and SOC constraints in the representation of set Kse , then we have Ko, (—¢€) C Kse -
¢2,N P ¢2,N
Kexp(€), where

Z WiV = T3,
kE[N]

r; > 0,Vi € [s],

(2r1,21 — 2,1 + T2) € L3,
(2ri41,7i — T2, 7 +x2) € L3, Vi € [s — 1], ;
Y1k = 2°x9 — (tg + 1)k > 0,Vk € [N],
Yok = Ts — Ty — 215y, > 0,Vk € [N],

(v V/2375(te + 1), Y1k — Yok, Y1k + Yor) € L3, Vk € [N]

K y={xzecR*xR: (13b)

and
— For the generating function in Example 3, if Z is a near-optimal solution such that 1—6 < (z1/22)/(Z1/%2) <
14 6 with § € (0,1) and there are O(log(1 — §)/log(d) + log(e)/log(d)) number of variables and SOC

constraints in the representation of set K SN then we have Koy, (—¢€) C K, don © Kexp (¢), where
> wivk > 33/F — (w2/F2) log(F1/32),
ke[N]
K¢ N=4TER?XR:T1k = T2/Ta — (tx + L)vy > 0,Vk € [N], . (13¢c)
rop = (xl/g?l — .’bg/.’/b\g) — 2’Uk > O,Vk‘ S [N],
(Ve V/8(tk + 1), r1k — T2k, 1k + T2x) € L3, Vk € [N]
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3 Approximations Using the Exponential Form (2b)

In this section, we extend the analysis of the approximation result for the exponential function to the ex-
ponential cone (2b). We also show that the even-order Taylor approximation of the exponential function is
sum-of-squares representable and disprove an SOC representation proposed by [5]. Following the spirit of
Example 3 in the previous section, we derive a new shifting approximation scheme using an approximate
solution, which overcomes the numerical issues caused by other approximation schemes studied in this
section.

3.1 Approximating the Exponential Function and the Exponential Cone

Given the exponential function exp(z), it is well known that lim,,_,o(1 + z/n)" = exp(z) for any =z € R.

This motivates us to approximate exp(z) by (142~ x)zN for some positive integer N € Z . This approx-
imation scheme has been studied in proposition 2.3.7 [5]. However, they did not study the approximation
of the exponential cone. This paper fills this gap. We first show the approximation result of the exponential
function.

Proposition 1 Suppose that © € [—L, L] for some positive parameter L € Ry and for any e € (0,L), let N =
O(log(L) + log(1/€)). Then we have the following approximation result
exp(z —e€) <Yn(z)=(1+ 2_Nac)2N < exp(z).
Particularly, the epigraph of ¢ n () is SOC representable, i.e.,
r, > 0,Vk € [N* 1],
(2r1,v—1,v+1) € L3,
(2rgq1,re — L+ 1) € L3,Vk € [N —1],

’I"N:1+27NCC

epitvy =< (z,v) ERxR:

Proof: Let N = log(4L?/e). Clearly, we have 2V > 2L. Then for z € [~L, L], setting y = x/2V, we have
ly| < 1/2 and

exp(y — 4y%) < 1+y < exp(y).
Consequently,
exp(2Vy — 2V%2) < (149)” < exp(2™y).
Since z = 2Ny,

exp(z —2%/2V7?) < (1 —|—x/2N)2N < exp(x).

Letting N = log(4L%/€), we have the following approximation bound

exp(z —€) < (1 +x/2N)2 < exp(z),Vz € [-L, L].

The SOC representation for the epigraph of ¥x (z) uses the towers of variables and can also be found in
[5]. O
Note that this result is different from proposition 2.3.7 [5]. The latter showed (1 — ¢)exp(z) < Yn(z) =
(14 27N2)2" < exp(z), which is not applicable to the approximation form of the exponential cone (2b).

Since the exponential cone in the form of (2b) can be viewed as the epigraph of perspective of the
exponential function, the SOC representation of the approximation in Proposition 1 can be directly applied
to the exponential cone (2b).
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Theorem 3 Suppose that 3 € [—2M log M, 2M log M| and for any e € (0,2M?log(M)), let N = O(log(M? log M)+
log(1/€)) and SOC representable set Ky = {® € R* X R : (x1/xa,x3/x2) € epi(yn)}. Then, we have
Kep(0) C IA@CN C Kexp(€). Particularly,

ry > 0,Vk € [N* 1],

~ (2r1, 21 — 22,21 + 22) € L3,

Kity = R xR:
YN T e x (QTkJrth—{L‘Q,Tk—FJ?z) € L3, Vk € [N—l],

TN :xg+27Nx3

Proof: Since I?;“N i={x € R? xR : (v1/22,73/22) € epi(v¥n)} and N = O(log(M?log M) + log(1/e), the
approximation result follows from Proposition 1 by letting L = 2M?log(M). Besides, since set epi(y/x) is
SOC representable, according to [5], set Ky is also SOC representable. O

It is worthy of mentioning that the approximation K +-n obtained in Theorem 3 is an outer one given that
N > logy(2M?1og(M)).

3.2 Strengthening Using Even-Order Taylor Expansions

The approximation in the previous subsection relies on the fact that exp(z) = (exp(z/2 ))2N and exp(z/2V) ~
14z /2", To strengthen it, we approximate exp(z/2") more tightly using its 2s-order Taylor expansion with
s > 1. Particularly, letting y = /2", we have the following approximation results

exp(y) ~ nasly) == Y. % and exp(a) =[x s (y)]

i€[0,2s]

2N

(14)

We first observe that the polynomial function 7,2 n,2s(y) > 0 for all y € R and thus is sum-of-squares
representable.

Proposition 2 For any y, the polynomial function n ~,25(y) > 0and is sum-of-squares representable.

Proof: We will prove that the minimum of 1Z ~,25(y) is nonnegative for any y using induction When s = 1,
we have JNvg(y) =1/2+ (y+1)?/2 > 0. Suppose @ZNQt(y) > 0 for any s < ¢t. Now let s = ¢ + 1. According
to induction, we have d21ZN72t+2/dy2 = zZNQt(y) > 0 and thus $N72t+2 is convex. Hence, min,, JNygs(y) is an
unconstrained convex optimization problem. An optimal solution y* must satisfy the first order optimality
condition d@N’QHQ(y*)/dy = ’(ZJ\N,Qt+1(y*) = (. Thus, we have

*\2t+2
W)™ S,

H{yin {/;N,zs(y) = 7;N,2t+2(y*) = 1Z;N,2t+1(y*) + Qo 2

Therefore, the function 1[ ~,25(y) > 0 for any y.
It is known that a nonnegative polynomial function can be written as a sum of squares (see, e.g., [7]). O

Proposition 2 shows that the function ¢ 25 is sum-of-squares representable. However, it is unknown how
to represent the function ¢ 25 as an SOC program. In [5], the authors suggested reformulating it as

Inasy) = > %wﬁy)%‘ (15)
je0.s)

in a hope that «; > 0 for all j € [0, s]. We disprove this claim by numerically showing that some compo-
nents of vector o become negative whenever s > 34. We first show the following efficient way of finding

coefficients of function ¢ N,2s(Y)-
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Proposition 3 The coefficients in (15) can be found recursively as
g ﬁQk 27 Qg JﬂZk 2j+1
s=1,8=1, e B TR 1 Wk el0,s—1]. 16
B 2 2k —2j) 2. 2k — 25 +1)! €[0,s—1] (16)
J€[0,k] J€[0,k]
Proof: See Appendix A.1.
Below, we illustrate some coefficients in Proposition 3 and disprove the claim in [5]
— If s = 1, we can reformulate @N’gs(y) as
~ 1 1
=4 1)2
YN 2(y) 5 T 2(y+ )
— If s = 2, we can reformulate @Nygs(y) as
Fra =2+ 1 (34 2) 4 Ly
naW = a\Vts) Tl
- If s = 40, please find (e, 3) in Table 2. We see that a, ..., as < 0. In fact, according to the recursion in

Proposition 3, we are unable to represent 1Z ~,25(y) in the way of (15) whenever s > 34.

Although we firmly believe that n ~,2s(y) is SOC representable for any s € Z, ;, we are not able to prove it.

Therefore, we leave it as an open question to the interested readers.

Table 2: The values of a and 3 for s = 40. Note: ago = B40 = 1.

% o 3 B

04 [-1.90e2 -8.09¢-3 -2.46e-3 -5.00e-4 -6.16e-5 || 04 |37.11 36.86 3656 36.16 3559
5-9 |-3.88e-6 -8.98e-8 1.17e-10 527e-9 125e-8 || 5-9 | 3470 33.01 59.20 2027 19.22
10-14 | 2.44e-8 445e-8 7.94e-8 140e7 247e-7 || 10-14|1850 17.88 1729 1672 16.16
15-19 | 436e7 7.69e7 136e-6 2.39%-6 423e6||15-19 |1559 1502 1445 13.89 13.32
20-24 | 746e-6 1325 233e-5 4.13e-5 7.31e-5||20-24 [ 1275 12.18 11.61 11.04 1047
2529 | 1.29¢-4 230e-4 4.08e-4 7.24c-4 129%-3|/25-29| 990 932 875 818 7.60
30-34 | 2.30e-3 4.10e-3 7.34e3 1322 2372 |(30-34| 7.02 644 586 528 4.69
35-39 | 4282 7.77e2 142-1 2.64e-1 500e-1|/35-39| 410 351 291 230 167

Next, we derive the strengthened approximation results when we use (15) to approximate exp(x/2").

The result can be applied to any s < 33.

Proposition 4 Suppose that x € [—L, L] for some positive parameter L € Ry, s € [33], and for any e € (0, L), we

let N = O(log(L/s) + log(1/e)/s). Then we have the following approximation result
exp(@ — €) < P pa() = (v as(@/2))” < expla+ ).
Particularly, when s = 1, the epigraph of v o (%) admits the following SOC representation:

i > 0,k € [N],
(2r1,v—1,v+1) € L3,

(2rpi1,m8 — 1,mp 4+ 1) € L3,Vk € [N — 1],
(1+2Na,ry —1,ry) € L3

epi@N’Q = ( ) GRXR

Proof: For notational convenience, we let y = /2. Suppose that N > log,(L). Then we have |y| < 1.

Next, we prove the approximation result by discussing whether y > 0 or not.
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Case 1. Ify > 0, according to the error formula of Taylor approximation, we have

2541

0 <exply) — QZN,%(Z/) < Y ) exp(y).

(2s+1
According to the proof of Proposition 1, we have

y23+1 4y4s+2 N
P (y T @2s+ Dl ((2s+ 1)!)2) < Unas(y) < exply).

Since x = 2"y, we obtain

$25+1 x4s+2
o _ < Py as(1) < exp(z).
PN\ T N 1 1)1 NG D2((25 + )2 ) = PN =

Using the facts that || < L, N > 2, and (2s + 1)! > ((2s + 1)/e)2**1, by choosing

(25 + 1) log(eL/(2s + 1)) + log(1/e)

N >
- 2slog(2)

or N = O(log(L/s) + log(1/€)/s), we have
exp(z — ) < Dy (@) < expla + €),Va € [0, I,

Case 2. Similarly, if y < 0, according to the error formula of Taylor approximation, we have

y25+1

0> exp(y) — ¥ 2s(y) > (2s+ 1)

As exp(y) > y*/3 for any y € [—1,0], we have

2s—1 -
exp (y - (23‘g+1),> > N 2s(y) > exp(y).

Since z = 2"y, we obtain

31,2571 o
eXp (:c T ON@s2)(2s + 1)!) > P os(2) = exp(z).

Similarly, by choosing N = O(log(f/s) +log(1/€)/s), we have
exp(z — €) < Yy o,(x) < exp(z +¢€),Va € [—L,0].

This proves the approximation result.

The SOC representation for the epigraph of )y » () follows from Proposition 1 and Proposition 3. [
Note that if the conjecture that " ~,25(y) is SOC representable were true for any s € Z4 4, then one could

~

choose N = s = O(4/log(1/¢)) given that log(L) is a constant. This matches the best approximation result
in Corollary 2 of Example 2. In our numerical study, we use s = 1 (i.e., set ¢y ,(x)) to effectively solve
MIECPs, which unfortunately still has a numerical issue that cannot close the gap even if N is very large.
We will use the shifting method in the next subsection to resolve it.

Since the exponential cone in the form of (2b) can be viewed as the epigraph of perspective of the
exponential function, the approximation result, as well as the SOC representations in Proposition 4, can be
directly applicable to the exponential cone (2b).
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Theorem 4 Suppose that x3 € [—2Mlog M,2M log M|, s € [33], and for ¢ € (0,2M?log(M)), let N =

O(log(M?1og(M)/s)+log(1/€)/s). Then we have conic representable I?%C)NQS ={x € R?xR: (z1/m2,23/72) €
epi(Vy o4)} stich that K, (—€) C K%CN os © Kexpl(€). Particularly, when s = 1, we have

rp > 0,Vk € [N — 1],

[?Gc c R2 <R (27’1,.’E1 — 2,21 +.’E2) € ,Cg,
5S¢ ={x .
w2 (2rgq1, 7k — T2, 1) + 2) € L3,VE € [N — 1],

(22 + 2 Nag,ry — 22,7n) € L3

Proof: Since I?%CNQS = {x € R? X R : (z1/32,23/72) € epi(tpyo,)} and N = O(log(M?log(M)/s) +

log(1/€)/s), the approximation result follows from Proposition 4 by letting L = 202 log(M ). Besides, since
set epi(1y ,) is SOC representable, according to [5], set K%C o4 18 also SOC representable. O

3.3 Shifting Using Approximate Solutions

Similar to Example 3, we propose to extend the approximation schemes in the previous subsections using
the shifting method provided that an approximate solution is available. To begin with, we summarize the
results for applying the shifting method to the approximation proposed in Proposition 1.

Proposition 5 Suppose T is a given approximate solution such that |x — z| < 6 with § > 0 and for any € € (0, 0],
let N = O(log(62/€)). Then we have the following approximation bound

exp(z — €) < exp@ (@) = exp@)(1 + 27N (@ - 2))2" < expla).
Particularly, the epigraph of wf\ft(x) is SOC representable, i.e.,

rp > 0,Vk € [N — 1],
(2r1,v—1,v+1) € L3,

s sft .
epld]N o (1‘70) ERXR: (2rk+1,7‘k —1,r+ 1) € L3,Vk € [N — 1],
ry=14+2"N(z—-2)
Proof: The proof follows directly from that of Proposition 1 by letting y = (x — )/ N, O

Similarly, since the exponential cone in the form of (2b) can be viewed as the epigraph of perspective of
the exponential function, the shifting results in Proposition 5 can be directly applicable to the exponential
cone (2b).

Theorem 5 Suppose T is an approximate solution such that |vs/zo — T3/Z2| < d with 6 > 0and for any € € (0,4],
let N = O(log(6?/¢)) and set be‘f’]f,ft = {x € R?2 xR : (x1/m9,23/12) € epi(13]")}. Then we have Kyp,(0) C
K ff]\s,f tc Kexp(€). Particularly,

r, > 0,Vk € [N— 1],

(2v/exp(Z3/T2)r1, x1 — X2, 1 + X2) € L3,

(271k+177nk — XTo, Tk + ZL'Q) c ﬁg,Vk S [N — 1],

rn = oo+ 27V (23 — 22(T3/29))

IA(if’]\s,ft =z ecR*xR:

Proof: The proof is similar to that of Theorem 3 and thus is omitted. O
Next, we summarize the results for applying the shifting method to the approximation scheme proposed
in Section 3.2.
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Proposition 6 Suppose & is an approximate solution such that |x — x| < 6 with § > 0 and for any € € (0,0), let
N = O(log(d/s) +log(1/e€)/s). Then we have the following approximation result

exp( — €) < exp(E)PY o, (#) = exp(@) (D25 (= 7)/2V))2" < exp(a +e).
Particularly, when s = 1, the epigraph of @j\{;(a:) is SOC representable, i.e.,
rp > 0,Vk € [N — 1],
2 -1 1
ePi(Pz) 1= | (2,0) ERXR: E2:Z:irk ;U:rk)flﬁgé Ls,Vk € [N —1],
(1+2N@x—2),ry — 1,7n) € L3
Proof: The proof follows from Proposition 4 by letting y = (z — 7) /2". O
Theorem 6 Suppose T is an approximate solution such that |xs/zo — T3/Z2| < 6 with 6 > 0and for any € € (0, 4],
let N = O(log(d/s) + log(1/€)/s) and set I?%c;f; = {xz € R®?x R : (z1/x2,23/22) € epi(@j\{gs)} such that
Kexp(—e€) C IA{%C;J; C Kexp(€). Particularly, when s = 1, we have
ry >0,k € [N —1],
7>8C,8 T3/T ) - ) )
e A
(2 + 27N (23 — 22(Z3/T2)), "N — T2, 7N) € L3
Proof: The proof is similar to that of Theorem 4 and thus is omitted. O
We remark that (i) the number of variables and SOC constraint (i.e., V) depends on the approxima-
tion accuracy e and the quality of a given approximate solution. Thus, a better approximate solution re-
duces N; and (ii) in practice, to solve MIECP, there may exist many heuristic methods, and leveraging their

near-optimal solutions can help us find an optimal solution more effectively. This phenomenon has been
observed in our numerical study:.

3.4 Comparisons of Methods in Section 3

The numerical comparison of Section 3.1, Section 200 = o
3.2, Section 3.1 Shift, and Section 3.2 Shift meth- e Sei’ti);)n 31 with N =2
ods to approximate the exponential function can 1731 == section32withN=1,5=1 ;
be found in Figure 2, where we let ¥ = 1 for the 1504 7 Section 3.1 Shift with N.=2, %=1 i
shifting methods. It is seen that the shifting meth- bsl section 3.2 Shift with N=1, s =1, x=1 @
ods can improve both Section 3.1 and Section 3.2 ?
methods. In practice, we can run heuristics to ob- 1001
tain a good-quality . 7.5

5.0 1
4 Lower Bounds for Polyhedral and SOC Ap- 2.5

proximations in the Extended Space ; . .
0.3 1.0 3.0

This section focuses on deriving the minimum Fig. 2: A Comparison of Methods in Section 3 using Two SOC Con-
size (i.e., the minimum number of variables and straints to Approximate the Exponential Function in the Domain
constraints) of an extended polyhedron or an ex- [0-3,3.0]
tended SOC program to approximate the exponential cone within an approximation accuracy.

To begin with, we first study the minimum size of an extended polyhedron P, with ¢ number of vari-
ables and constraints to approximate the hypograph of log(x) with approximation accuracy e.
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Theorem 7 For any e € (0, 1], any extended polyhedron P, with q variables (including variables x, v defined in (6))
and constraints such that hyplog(—e) C Proj, ,,(P;) C hyplog(e). Then we must have ¢ = §2(loglog(M) +

log(1/€)).

Proof: Any extended polyhedron P, with ¢ number of variables and constraints has at most 27 extreme
points so is its projection Proj, ,,) (£;). Now let us consider the two extreme points of Proj, ,,) (#;), denoted
by (Z1,log(Z1)+01), (T2, log(Z2)+d2), which are consecutive in z-space such that Z; < Z. Since hyp log(e) C
Proj,.,)(Py) € hyplog(—¢), we have

[01] <€ ]0a] <€

Then, the largest distance in the v-direction between Proj, ,,)(P;) N{(z,v) : * € [Z1,Z2]} and set hyp log(e)N
{(z,v) : « € [Z1,Z2]} can be lower bounded as

_ log(ig) + 99 — log(fl) — 0

To — 21

log() (x —21) — log(z1) — 1. (17a)

= min max
81€[—¢€,€e],02€[—€,e] 2€[T1,72]

In (17a), without loss of generality, we can define = := z/%; and t = Z3/%; > 1. Thus, the optimization
problem (17a) can be simplified as

_ log(t) + 8y — 01

max —1

B : —1)—4d1]. 17b
" 616[_6713]171526[—6,6] z€[1,t] (x ) 1 ( )

log(z)

Note that to achieve the outer minimum in (17b), there are only four valid cases: (a) e > §; > 0 > d2 > —¢;
(b)e>d2 > 0> 61 > —€(c) € > 01,02 > 0;and (d) 0 > 61, J2 > —e. Please see Figure 3 for an illustration.

Case (a). If e > 61 > 0 > §3 > —¢, then (17b) can be simplified as

B . log(t) + 62 — &1
dg1 = 62512%112%2276 max {51, _627;2[&&] log(z) — T(x 1) =61 ¢.

Taking the average of the first and third expressions in the first maximization operator, the value dz;
can be lower bounded by

. 1 10g(t> + 52 — 51
iz, s e o)~ PR )
1 log(t)
T 2 ety {log(x) o1 1)]
1 log(t) log(t)
2{ 10g<t_1) 1+t—1 (17¢)

where the first equality is due to the monotonicity of the objective function with respect to 4, d2, and
the second one is because of the optimality condition and concavity.
Case (b). If € > § > 0 > 6; > —¢, then (17b) can be simplified as

_ . 10g<t) + 0y — 01
dio = 62522%112%12—6 max {—61, 627;2[?%] log(z) — — (x—1)—071p.

Taking the average of the second and third expressions in the first maximization operator, the value dg2
can be lower bounded by

1 log(t) + 2 — 6
dyo > min — max |log(x) — log(t) + 9> =
€>81>0>02>—¢ 2 z€[l,t] t—1

(x1)51+52]

=L max {log(x) - fgi(tl)(x - 1)}

2 ze1,]
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(t, log(t) +.6z)

-’
-,

— log(x) — log(x)
=== Polyhedral Approximation === Polyhedral Approximation
(t, log(t) + 62)

.
(1, log(1) + 61),+7
Y
7

[
1 t 1 t
X X
@e>81>0>d > —c (b)e>d2>0>061 > —¢
— log(x) (¢, log(t) + 62) — log(x)
——- Polyhedral Approximation /,/ ——- Polyhedral Approximation (&, log(t) + 65)

.
(1, |og(1)+69/’
-

1 t 1 t
X X

()e>d1,02 >0 (d)0 > 61,02 > —e

Fig. 3: Four Cases for the Lower Bound of Polyhedral Approximation

_1 [ log (1‘)%“)) S1q 1°g(ﬂ (17d)

2 t—1 t—1

where the first equality is due to monotonicity of the objective function with respect to d;,d2, and the
second one is because of the optimality condition and concavity.
Case (c). If € > d1,02 > 0, then (17b) can be simplified as

B ) log(t) + 62 — &3
dygs = _min_ max {51, 62’52&?%] log(z) - —————(@-1)—d .

By symmetry, we must have §; = J, at optimality. Thus, we have

o log(t)
dps = min max {51, Joax log(x) — 7= (= 1) =01 ¢

Taking average of the first and second expressions in the first maximization operator, the value dx3 can
be lower bounded by

dirs > % max {log(x) _loslt) 1)} _1 [— log <1°g(t)> “1q log(t)} (17¢)

x€[1,t] t—1 2 t—1

where the first equality is because of the optimality condition and concavity.
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Case (d). If 0 > 61,92 > —¢, then (17b) can be simplified as

_ . log(t) + 0y — 01
dis = 026111)1;;12_6111&)( {—51, —d9, Trg[ali] log(z) — — (x—1)—0d71 p.

Since the first maximization is monotone non-increasing with respect to 1, d2, thus the outer minimiza-
tion is achieved by d; = 0, d = 0. Then we have

log(t
dps = max log(z) — M(m —1)=—log (
z€[1,t] t—1

log(t) log(t)
t_1>—1+t_1 (17f)

where the second equality is because of the optimality condition and concavity.

Thus, we have

| | log (1) os®] . 1,
dy = dgit > = |—1 -1 > t—1
H ?elfﬁ{H}—2[ Og<t—1> M T

forany ¢ > 1and dy < € < 1. Hence, to achieve hyplog(e) C Proj, ,(#%) C hyplog(—¢), we must have
1074t —1)2 < ¢ ie, t = T2/T1 <1+ V10%e

Since (Z1,log(Z1)+0d1), (T2, log(T2)+0d2) are two arbitrarily consecutive extreme points, for all the extreme
points, we must have

(14 V10%)* > M/(1/M) := M?

ie., ¢ = 2(loglog(M) + log(1/e)). O

We notice that the exponential cone can be viewed as the hypograph of the perspective of the loga-
rithm function. Thus, the lower bound result in Theorem 7 can be directly applied to that of polyhedral
approximation of the exponential cone.

Corollary 4 For any € € (0,1], given a polyhedral approximation P, with q additional variables and linear con-
straints such that Kex,(—€) C Py C Kexp(€), we must have ¢ = £2(loglog(M) + log(1/¢)).

In [6], the authors showed a lower bound of any polyhedral approximation of an SOC program is £2(log(1/e)).
Together with the lower bound result in Theorem 7, we have that to obtain an e- SOC approximation of the
exponential cone, it requires (2(1 + loglog(M)/log(1/€)) number of variables and SOC constraints. This
lower bound result is summarized below.

Corollary 5 For any e € (0, 1], given an SOC approximation Cy with ¢ number of variables and SOC constraints
such that Kexp(—€) C Cy C Kexp(€), we have ¢ = 2(1 4 loglog(M)/log(1/¢)).

This corollary shows that the minimum number of SOC constraints needed to approximate the exponential
cone may be constant, given that log(M) is constant. Meanwhile, according to Section 2.2, if there exists a
tight approximate solution, then we can also obtain a constant number of variables and SOC constraints
using Example 3 to achieve e—approximation accuracy; otherwise, according to the discussion of Example
2 in Section 2.2 or Theorem 4 with N = s, the best we can achieve is O(y/log(1/€)) number of additional
variables and second-order constraints. However, we are unable to further improve the lower or upper
bounds and leave them to interested readers.

5 Approximating the Exponential Cone in the Original Space Using Gradient Inequalities

This section will study the polyhedral outer approximation of the exponential cone in the original space
based on gradient inequalities. We study the upper and lower bounds for the approximation errors.
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We first study the outer approximation of the hypograph of log(z), i.e., hyplog(0). Given N points
{Zi}ien) (including two boundary points of R for the sake of simplicity) in the approximation, the outer

approximation, denoted by H %, admits the following form

I/{\]({,:{(amy)eRszlog(@)—i—E(x—ﬁv\i)>u}. (18)

xX; -

Since log(x) is a concave function, we have H % € hyplog(0). We observe that the approximation error
of polyhedral outer approximation depends on the maximum distance between the extreme points and
logarithm function. Based on this observation, we can find a tight approximation bound in the v direction,
and the result is summarized below.

Theorem 8 For any e € [0, 1], there exists a polyhedral outer approximation in the original space with N =
O(log(M) + 1/+/e) points such that hyplog(0) C H, C hyplog(e).

Proof: We observe that except the boundary points, there are N — 1 extreme points in set H$. Now let us
consider its two neighboring points (Z;,log(z1)), (Z2, log(Z2)) which are consecutive in z-space and satisfy
Z1 < Zo. Then, the largest distance on the v-direction between H {N{(x,v) : x € [z1,Z2]} and set hyp log(0)N
{(z,v) sz € [Z1,Z2]} is

1
d= j—(x* — 1) + log(z1) — log(z™), 19)
1
where ©* = log(Z2/%1)/(1/Z1 — 1/Z2) is the z-coordinate of the intersection point of two lines y = (z —
Z1)/Z1 +log(Z1) and (« — Z2)/Z2 + log(Z2). Please see Figure 4 for an illustration.
To simplify (19), we define ¢t = Z3/z; > 1.
Thus, the distance formula (19) can be simplified
as

log(t) log(t) _ 1 2
=1 —1 < (-1
d Og(t—l) +t—1_8(t )

— log(x) 2
X

%, l0g(x
——- Polyhedral Outer Approximation — _ \¥2, Xz, log(x2))
*Lz

and the inequality holds for any ¢t > 1. Hence,
to achieve hyplog(—e¢) C Hy C hyp log(0), it
suffices to let t = Zo/7; < 1+ /8. Since
(Z1,10g(%1)), (Z2,1log(Z2)) are two arbitrarily con-
secutive points, let us choose set {Z;};cn] as
Tiy1/T; = 1+ /8eforalli € [N — 1]. Then we
must have

(1+ V8Nt > M/(1/M) = M? " S &
Fig. 4: Illustration of the Polyhedral Outer Approximation Error

ie., N = O(log(M) + 1/1/€). Following the proof
in Theorem 7 by replacing 2¢ by N, we can obtain
that the smallest N = 2(log(M) + 1/1/€). Thus, we must have N = O(log(M) + 1/+/€). O
Given that log(M) is constant, Theorem 8 shows the best outer approximations in the original space that
can achieve e-approximation accuracy require N = O(1/+/€). Different from the results in the other sections,
N = 0O(1/+/€) can be significantly larger than N = O(log(1/¢)) or N = O(+/log(1/¢)). However, in our
numerical study, we find that the outer approximations work very well especially having mixed-integer
variables, which may be because the solvers are better at solving MILPs compared to MISOCPs.

Since the exponential cone can be viewed as the hypograph of perspective of the logarithm function, the
approximation result also holds for the exponential cone. The upper and lower bounds results in Theorem
8 can be directly applied to the polyhedral outer approximation of the exponential cone.
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Corollary 6 Forany e € [0, 1], there exists a polyhedral outer approximation in the original space with ©(log(M ) +
1/+/€) points such that Ky, (0) € K$ C Kexp(€), where K§, == {x € R? x R: (z1/22,73/22) € HY }.

In practice, different from SOC approximations, the proposed outer approximation can be done more
efficiently in an iterative way. That is, given a solution Z € R? x R\ K¢y, (0), i.e., (T1/Ta, T3/72) ¢ hyp log(0).
Then we can add a gradient inequality to cut it off, i.e.,

log(Z1/Z2) + T2 /Z1(x1 /22 — 1 /T2) > w3/,

which is equivalent to
ZTo log(fl/fg) + J)liz/ﬁ?\l — X9 > I3.

We proceed until reaching a stopping criterion (e.g., the relative gap is within 10~%).

We plan to employ the naive cutting plane method and the branch and cut algorithm to solve the MIECP,
where the latter generates a gradient inequality via a delayed cut generating procedure. Our numerical
study shows that the proposed cutting plane and branch and cut methods based on gradient inequalities
can effectively solve MIECPs.

6 Numerical Study

In this section, we provide numerical illustrations for both SOC approximations and polyhedral approxi-
mations by solving three types of MIECDPs, i.e., a packing MIECP, a covering MIECP, and a sparse logistic
regression problem. The proposed methods are implemented in Gurobi, and we compare the results to
the state-of-art solver MOSEK. All the instances in this section are executed in Python 3.7 with calls to
Gurobi 9.0 and MOSEK 9.2 on a personal computer with 2.3 GHz Intel Core i9 processor and 16G of mem-
ory. Codes of the numerical experiments are available at https://github.com/gingyel/Exp_Cone_
Approximation.

Nomenclature for the Numerical Study: The optimality gap, denoted as “Gap”, is computed based on the
true optimal solution of an MIECP, which is computed by the absolute difference between the best objective
value of an approximation method and the true optimal value of an MIECP divided by the true optimal
value. We use dash line “—” to mark the cases whose Gaps are no larger than 10~* and use asterisk “*” to
mark cases that exceed the time limit. We also compute the ratio of the running time of a proposed method
to that of MOSEK, denoted as “Ratio,” and use the geometric mean of ratios to evaluate computational
efficiency, denoted as “Geo Mean.” We use “Section 3.1” and “Section 3.2” to denote the methods based
on the SOC approximation results in Section 3.1 and Section 3.2, and use “Section 3.1 Shift” and “Section
3.2 Shift” to denote their corresponding shifting methods studied in Section 3.3. We use “Cutting Plane” to
denote naive implementation of cutting plane method without any delayed implementations and “Branch
and Cut” to denote the branch and cut algorithm with delayed constraint generations. When employing
Example 3, we select the approximate solution from the list {276,275 ...,2°}. In “Example 3 with Best
Scale”, we construct the best approximate solution for each exponential conic constraint using a feasible
solution found by executing Example 3 with 3-tuple (N, AS,TL), where N € [4], and time limit TL €
{2, 10,30} (to ensure a feasible solution to be found), and an approximate solution AS is chosen from the
list {276,275, ... 2%} This procedure is called “Best Scale.” We follow the same procedure to find the best
approximate solution for the shifting methods in Section 3.1 and Section 3.2. Note that we report the total
time for constructing the best approximate solution using “Best Scale” and solving an MIECP for methods
employing the “Best Scale” procedure. We use “n/a” to denote that an instance cannot be solved by one
method. We call a method running into “numerical issues” if we cannot close the gap by increasing the
number of SOC or polyhedral constraints.
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6.1 Packing MIECP

Let us consider the following mixed-integer convex packing problem

;I(lc_ig Z exp Z CejTj | ¢ Z A T <b;,Vi € [m] , (20)
Lelp] JEln] Jj€ln]

where X = {0,1}* x [0, 1]"*. Note that the problem (20) can be formulated as the following packing MIECP

;nei)I} Z v | ve, 1, Z CeiTi | € Kexp(O),Vf S [p], Z Qi T < b;,Vi € [m] . (21)
Le[p] JEln] JEn]

In this subsection, we test the proposed methods by solving the packing MIECP (21). We conduct two

experiments to test the proposed SOC and polyhedral approximations for solving (21), where we consider
pure binary (¢ = n) and mixed-integer (t € [n — 1]) experiments and compare our results with MOSEK.
In the testing instances, we set m = 100 and suppose a;; ~ int(0,9), b, = 4n, c,; ~ —int(0,9)/n for all
i € [m],j € [n],£ € [p], where int(p, ¢) denotes a random integer between p and ¢ including p and ¢. The
time limit is set to be 3600 seconds for both experiments. Due to different experimental settings (e.g., the
accuracy requirements), the pure continuous (¢ = 0) experiment is reported in Appendix C.
Experiment 1- Binary Packing MIECP: For the binary experiment, we solve the small-scale instances with
n = 20,p € {5,7,...,25} to do sensitive analyses of parameters and learn the patterns and then solve
the large-scale problem with n = 100, p € {5,10,...,50}. Due to the page limit, we do not report these
results. The results for large-scale binary packing instances are shown in Table 3-Table 5, where only the
cases with the Gap greater than 10~* or running time within the time limit are displayed. Overall, we see
that increasing the number of SOC constraints (i.e., V) can improve the Gap effectively but also requires a
longer running time. In this experiment, two of our best methods (i.e., Example 3 Best Scale and Section 3.2
Shift) on average are 85% shorter than MOSEK, with Gap being less than 10~

The results for the proposed SOC approximation methods are displayed in Tables 3 and 4. For the binary
packing MIECP, Example 1, Section 3.1, Section 3.2, and Section 3.1 Shift methods cannot solve all the cases
with the Gap being no larger than 10~* within the time limit, while all the other methods are consistently
better than MOSEK. Particularly, it is worthy of mentioning that Example 1 with N = 20 has numerical
issues, and we are not able to improve the solution quality by increasing N. On average, the running time
of Example 2 and Example 3 can be 60%, 69% shorter than that of MOSEK, respectively. Both Example 3
with Best Scale and Section 3.2 Shift method apparently are the best among all the methods, since their
average running time is only 13% of that of MOSEK. Particularly, Example 3 with Best Scale only needs one
SOC constraint, and Section 3.2 Shift method needs two SOC constraints to approximate each exponential
conic constraint. It is worthy of emphasizing that we find the approximate solution for Example 3 with Best
Scale and Section 3.2 Shift by executing Example 3 with the approximate solution equal to 274 and 2-second
time limit. We also see that Section 3.1 and Section 3.2 methods run into numerical issues, while the shifting
method improves them significantly.

The results for the proposed polyhedral approximation methods are shown in Table 5. The two poly-

hedral approximation methods, Cutting Plane and Branch and Cut, perform quite well. Specifically, the
average running time of the Cutting Plane method is around 21% of that of MOSEK, and using a delayed
cut generation procedure (i.e., Branch and Cut method) has an average running time of around 18% of that
of MOSEK.
Experiment 2- Mixed-Integer Packing MIECP: For this experiment, we set b; = 2n for each i € [m], n = 200,
p € {10,20,...,100} and let half of the variables be continuous, and the remaining half be binary (i.e.,
t = n/2). The results for large-scale mixed-integer packing cases can be found in Table 6-Table 8, where
only the cases with the Gap greater than 10~* or running time within the time limit are displayed. In this
experiment, our best method (i.e., Example 3 Best Scale) on average is more than 90% shorter than MOSEK,
with Gap being less than 10~%.
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Table 3: Numerical Results of Section 2 Methods for Solving the Binary Packing MIECP

n =100 | MOSEK Example 1' Example 2" Example 3"  |Example 3 Best Scale'
P Gap Time (s)| Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio
5 — 2.63 — 534 2.02] — 0.78 0.30] — 215 0.81] — 1.71 0.65
10 — 3.63 — 485 1.34| — 1.64 045 — 1.69 047 — 1.65 045
15 — 102.83 — 56.03 054 — 22.89 0.22 1591 0.15 — 6.54 0.06
20 — 35.12|1.1e4 7866 224 — 1723 049 — 690 0.20] — 5.59 0.16
25 — 111.18 — 51236 4.61| — 5248 047 — 7073 0.64] — 2221 0.20
30 — 74296| — 1989.90 2.68] — 24159 0.33] — 18823 0.25| — 5996  0.08
35 — 113.84f — 11364 1.00 — 2344 021 — 1587 0.14| — 8.04 0.07
40 — 24044 — 53556 223 — 154.69 0.64 9045 0.38| — 2377 0.10
45 — 30641 — 436.13 142 — 14324 047| — 6850 0.22| — 16.73 0.05
50 — 2524.17|8.3e-3 * *| — 180224 0.71] — 94052 0.37| — 198.66  0.08

Geo Mean 1.72 0.40 0.31 0.13

iN = 20,a = 1; N = 6,s = 4; i A7 = 4 and the approximation solution is 2—4;
¥ N = 1 and in the Best Scale procedure, we run Example 3 with (N = 1, AS = 274 TL = 2).

Table 4: Numerical Results of Section 3 Methods for Solving the Binary Packing MIECP

n =100 | MOSEK Section 3.1 Section 3.2" Section 3.1 Shift" | Section 3.2 Shift"
p Gap Time (s)| Gap Time (s) Ratio| Gap Time (s) Ratio| Gap Time (s) Ratio|Gap Time (s) Ratio

5 — 2.63|1.4e-3 2.80 1.06|2.2e-3 2.82 1.07 — 1.29 049 — 2.38 091

10 — 3.63|1.5e-3 4.06 1.12|1.6e-3 1.71 047 — 1.05 029 — 0.81 0.22

15 — 102.83/6.9¢-3 526 0.05|1.6e-3 10.06 0.10f — 1950 0.19| — 8.84 0.09

20 —  35.121.5e-3 5.79 0.16]2.0e-3 936 027 — 1132 032 — 520 0.15

25 — 111.18|3.8e-3 2294 0.21|1.7e-3  39.80 0.36 — 769.74 692 — 17.37 0.16

30 — 74296|5.2e-3  64.60 0.09|1.9e-3 125.19 0.17|6.5e-3 * *— 8270 0.11

35 — 113.84|1.5e-3  22.60 0.20[2.2e-3 9.88 0.09| — 44048 387 — 9.60 0.08

40 — 240.44|2.8¢-3 85.51 0.36]|2.2e-3 961.87 4.00 — 142326 592 — 1721 0.07

45 — 306.41|1.0e-2  13.43 0.04|2.2e-3 221390 7.23|1.1e-4 193742 6.32| — 20.51 0.07

50 — 2524.17|1.2e-2  258.69 0.10|1.8e-2 * *11.7e-2 * *o— 271.84 0.11
Geo Mean 0.19 0.50 1.31 0.13
'N=15 "N=6,s=1;, "N = 7and usingthe same approximate solution as Example 3 Best Scale;

¥ N =0, s = 1 and using the same approximate solution as Example 3 Best Scale.

Table 5: Numerical Results of Section 5 Methods for Solving the Binary Packing MIECP

n = 100 | MOSEK Cutting Plane Branch and Cut
D Gap Time (s)|Gap Time (s) Ratio|Gap Time (s) Ratio
5 — 2.63| — 136 0.52] — 0.96 0.37
10 — 3.63| — 123 034 — 193 0.53
15 — 10283 — 19.31 0.19] — 1241 0.12
20 — 3512 — 7.38 0.21 6.06 0.17
25 — 11118 — 2391 0.22| — 4294 0.39
30 — 74296| — 14779 020 — 116.78 0.16
35 — 11384 — 1286 0.11| — 1333 0.12
40 — 24044 — 38.89 0.16] — 2358 0.10
45 — 30641 — 3890 0.13 18.52 0.06
50 — 252417 — 71695 0.28| — 607.11 0.24

Geo Mean 0.21 0.18

The results for the proposed SOC approximation methods are shown in Tables 6 and 7. For the mixed-
integer packing MIECP, both Section 3.1 and Section 3.2 methods cannot solve all the cases with the Gap
being no larger than 10~% within the time limit, while all the other methods are consistently better than
MOSEK. The average running time of Example 1, Example 2, and Example 3 is 54%, 67%, 78% shorter than
that of MOSEK, respectively. Example 3 with Best Scale is the best among all the methods since its average
running time is only 9% of that of MOSEK. Particularly, Example 3 with Best Scale only needs one SOC
constraint to approximate each exponential conic constraint. It is worthy of emphasizing that we find the
approximate solution for Example 3 with Best Scale, denoted as Best Scale procedure, by executing Example
3 with the approximate solution equal to 27* and 2-second time limit. We also see that both Section 3.1 and
Section 3.2 methods run into numerical issues, while the shifting method improves them significantly.
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Table 6: Numerical Results of Section 2 Methods for Solving the Mixed-Integer Packing MIECP

n = 200 | MOSEK Example 1' Example 2" Example 3" |Example 3 Best Scale'
D Gap Time (s)|Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio
10 — 2.80] — 241 0.86] — 198 0.71| — 0.71 0.25| — 0.87 0.31
20 — 507 — 1.30 026 — 1.19 0.23] — 086 0.17| — 118 0.23
30 — 6696 — 19.19 0.29| — 1151 0.17| — 11.02 0.16| — 5.22 0.08
40 — 158.62| — 60.74 038 — 3448 022| — 3183 0.20, — 10.30 0.06
50 — 11930 — 5794 049 — 30.80 0.26| — 19.87 0.17| — 6.59  0.06
60 — 94554| — 209.07 0.22| — 148.00 0.16] — 9870 0.10] — 3298 0.03
70 — 177446] — 583.00 0.33| — 561.01 0.32] — 29250 0.16] — 88.63 0.05
80 — 22486 — 81.89 036 — 7654 034 — 6731 030, — 19.19 0.09
90 — 1636.50| — 77897 048] — 49944 031 — 36326 0.22| — 83.93 0.05
100 — 39398 — 1062.28 2.70f — 702.11 1.78| — 40133 1.02| — 86.15 0.22

Geo Mean| 0.46 0.33 0.22 0.09

'N=8,a=1 "N=6,s=4 "N = 3and the approximation solution is 2—4;

¥ N = 1 and in the Best Scale procedure, we run Example 3 with (N = 1, AS = 27% TL = 2).

Table 7: Numerical Results of Section 3 Methods for Solving the Mixed-Integer Packing MIECP

n =200 | MOSEK Section 3.1' Section 3.2" Section 3.1 Shift"™| Section 3.2 Shift"

p Gap Time (s)| Gap Time (s) Ratio| Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio

10 . 2.80(2.4e-3 222 0.79[1.2e-4 1.88 0.67| — 248 0.89] — 0.97 0.35

20 — 5.07(2.3e-3 9.69 191 — 226 044 — 455 090 — 146 0.29

30 — 6696|223 31.34 047 — 8.61 0.13| — 13.65 020 — 7.03 0.10

40 — 158.62|2.2e-3 53.16 034 — 21.24 013 — 2998 0.19] — 1522 0.10

50 — 119.302.1e-3 59.63 050, — 15.00 0.13| — 2424 0200 — 16.01 0.13

60 — 945.54|2.2¢-3 45942 0.49|2.3e-4 48.02 0.05| — 12816 0.14] — 43.6 0.05

70 — 1774.46|2.2¢-3 489.68 0.28|2.6e-4 9934 0.06] — 297.84 0.17| — 8196 0.05

80 — 224.86(2.1e-3 88.69 039] — 37.06 0.16] — 33.04 015 — 17.51 0.08

90 — 1636.50(2.1e-3 969.90 0.59|1.2e-4 136.14 0.08| — 221528 1.35| — 111.63 0.07

100 — 393.98|2.1e-3 963.85 2.45|1.4e-4 157.30 040 — 367.79 093] — 11581 0.29

Geo Mean 0.63 0.16 0.35 0.12

IN=20; "N =6,5s=1 "N = 5and using the same approximate solution as Example 3 Best
Scale; VN =0, s = 1and using the same approximate solution as Example 3 Best Scale.

The results for the proposed polyhedral approximation methods are shown in Table 8. The polyhedral
approximation method, i.e., Branch and Cut, performs well. Specifically, the average running time of the
Branch and Cut method is around 27% of that of MOSEK.

Table 8: Numerical Results of Section 5 Methods for Solving the Mixed-Integer Packing MIECP

6.2 Covering MIECP

n = 200 | MOSEK Branch and Cut
p Gap Time (s)|Gap Time (s) Ratio
10 — 2.80] — 2.00 0.71
20 — 5.07| — 3.02 0.60
30 —  6696] — 1587 024
40 — 158.62| — 29.90 0.19
50 — 11930 — 1697 0.14
60 — 94554 — 15946 0.17
70 — 177446 — 238.71 0.13
80 — 22486 — 4594 020
90 — 1636.50] — 36191 0.22
100 — 39398 — 323.73 0.82

Geo Mean 0.27

In this subsection, we consider the following mixed-integer convex covering problem

min
xeX

>

L€ p]

Zczjxj log Z

j€ln]

Cejy
]

J€ln J

€[n]

: Z Qi T >b;,Vi € [m] R

(22)
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where X = {0,1}" x [0,1]"*. Note that the problem (22) can be formulated as the following covering
MIECP

anIéiQ Z v | 1, Z CejTj,—Vg | € Kexp(O),Vé S [p], Z Qi T; > b;, Vi € [m] . (23)
Le[p] JEIn] JEln]

Similar to the packing MIECP, we conduct two experiments to test the proposed SOC and polyhedral

approximations for solving (23), where we consider pure binary (¢ = n) and mixed-integer (t € [n — 1])
experiments and compare our results with MOSEK. In our testing instances, we set m = 100 and suppose
a;j ~ int(0,9), b; = 2n, cg; ~ int(0,9)/n forall i € [m], j € [n],£ € [p]. The time limit is set to be 3600 seconds
for both experiments.
Experiment 3- Binary Covering MIECP: For the binary experiment, we solve the small-scale instances with
n =30, p € {5,10,...,50} to do sensitive analyses of parameters and learn the patterns and then solve the
large-scale instances with n = 50, p € {5,10,...,50}. Due to the page limit, we do not report these results.
The results for large-scale binary covering instances can be found in Table 9-Table 11, where only the cases
with the Gap greater than 10~* or running time within the time limit are displayed. In this experiment, our
best method (i.e., Branch and Cut), on average, is at least 90% shorter than MOSEK, with Gap being less
than 1074,

The results for the proposed SOC approximation methods are shown in Tables 9 and 10. It is seen that
the Section 3.1 method cannot solve all the cases with the Gap being no larger than 10~* within the time
limit, while all the other methods are consistently better than MOSEK. On average, the running time of
Example 1, Example 2, and Example 3 can be 67%, 79%, 80% shorter than that of MOSEK, respectively. It
is worthy of mentioning that Example 3 with Best Scale is 88% and Section 3.2 Shift method is 89% shorter
than MOSEK. Particularly, both Example 3 with Best Scale and Section 3.2 Shift method only need one SOC
constraint to approximate each exponential conic constraint. It is worthy of emphasizing that we find the
approximate solution for Example 3 with Best Scale and Section 3.2 Shift by executing Example 3 with the
approximate solution equal to 27! and 2-second time limit. We also see that the Section 3.1 method runs
into numerical issues, while the shifting method improves it significantly.

Table 9: Numerical Results of Section 2 Methods for Solving the Binary Covering MIECP

n =50 | MOSEK Example 1' Example 2" Example 3" |Example 3 Best Scale'

D Gap Time (s)|Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio
5 — 0.89] — 024 027 — 020 0.22] — 0.33 037 — 186  2.09
10 — 1830 — 542 030 — 379 021 — 216 012 — 351 019
15 — 49.04| — 1860 0.38] — 976 020 — 778 0.16| — 5.83 0.12
20 — 159.79| — 3952 0.25| — 2344 015 — 2051 0.13] — 1091 0.07
25 — 36894 — 5929 0.16] — 5423 015 — 3071 0.08] — 2149 0.06
30 — 72002 — 33212 046 — 17882 025 — 15653 0.22| — 6150 0.09
35 — 31322 — 100.84 032 — 5894 0.19] — 7735 025 — 2171 0.07
40 — 82792 — 37644 045 — 192,63 0.23| — 33441 040, — 7476 0.09
45 — 53281 — 216.65 041 — 16342 031 — 139.18 0.26| — 3333 0.06
50 — 307.16] — 14528 047 — 6550 021 — 58.03 0.19] — 2515 0.08

Geo Mean 0.33 0.21 0.20 0.12

IN=4,a=1 "N=3,5=1 "N = 2and the approximation solution is 2~ *;

¥ N = 1 and in the Best Scale procedure, we run Example 3 with 3-tuple (N = 1, AS = 27!, TL = 2).

The results for the proposed polyhedral approximation methods are shown in Table 11. The two poly-
hedral approximation methods, i.e., Cutting Plane and Branch and Cut, perform very well, and the Branch
and Cut method is the best among all the methods. Specifically, the average running time of the Cutting
Plane method is around 7% of that of MOSEK, and using delayed cut generation procedure (i.e., Branch
and Cut method) has an average running time of around 6% of that of MOSEK.

Experiment 4- Mixed-Integer Covering MIECP: For the mixed-integer experiment, we set n = 200, p €
{10, 20, ...,100} and let half of the variables be continuous, and the remaining half be binary (i.e., t = n/2).
The results for the mixed-integer covering instances can be found in Table 12-Table 14, where only the cases
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Table 10: Numerical Results of Section 3 Methods for Solving the Binary Covering MIECP

n = 50 MOSEK Section 3.1' Section 3.2" Section 3.1 Shift™| Section 3.2 Shift"
D Gap Time (s)| Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio

5 — 0.89[7.1e-4 027 031 — 6.75 7.61] — 048 054 — 0.48 0.55

10 —  18.30(8.6e-4 943 052 — 529 029 — 759 041 — 3.39 0.19

15 —  49.04|9.4e-4 1332 027 — 1242 025| — 1275 0.26| — 6.68 0.14

20 — 159.79|1.0e-3 3251 0.20f — 31.19 0.20f — 26.63 017 — 8.14 0.05

25 — 368.94|1.0e-3 1167.74 3.17| — 109647 297 — 4459 0.12| — 2254 0.06

30 — 720.02|1.0e-3 2750.53 3.82| — 163.64 023 — 126.02 0.18) — 76.89 0.11

35 — 313.22|9.2e-4 1661.78 531 — 106.81 0.34| — 61.83 0.20| — 31.21 0.10

40 — 827.92|9.6e-4 259593 3.14| — 53693 0.65| — 16426 020, — 66.03 0.08

45 — 532.81|9.6e-4 1638.89 3.08| — 2047.01 3.84| — 16499 031 — 43.12 0.08

50 — 307.16|9.2e-4 1126.08 3.67| — 136649 4.45| — 89344 291 — 3714 0.12
Geo Mean 1.35 0.88 0.31 0.11
'N=9, "N=6,s=1 "N = 6and using the same approximate solution as Example 3 Best

Scale; YN = 0,s = 1and using the same approximate solution as Example 3 Best Scale.

Table 11: Numerical Results of Section 5 Methods for Solving the Binary Covering MIECP

n = 50 MOSEK Cutting Plane Branch and Cut
p Gap Time (s)|Gap Time (s) Ratio|Gap Time (s) Ratio
5 — 0.89] — 0.14 0.16] — 0.37 0.42
10 —  1830] — 296 0.16] — 2.32 0.13
15 —  49.04] — 348 007 — 4.67 0.10
20 — 159.79| — 740 0.05| — 5.76 0.04
25 — 36894 — 30.03 0.08) — 10.23 0.03
30 — 72002 — 5817 0.08) — 27.26 0.04
35 — 31322 — 12,68 0.04] — 13.28 0.04
40 — 82792 — 5695 0.07] — 3691 0.04
45 — 53281 — 3553 0.07] — 2245 0.04
50 — 307.16] — 9.55 0.03] — 21.22 0.07
Geo Mean 0.07 0.06

with the Gap greater than 10~ or running time within the time limit are displayed. In this experiment, two
of our best methods (i.e., Example 3 Best Scale and Section 3.2 Shift) on average are around 89% shorter
than MOSEK, with Gap being less than 10~

The results for the proposed SOC approximation methods are shown in Tables 12 and 13. For mixed-
integer covering MIECP, Section 3.1 and Section 3.2 methods cannot solve all the cases with the Gap being
no larger than 10~* within the time limit, while all the other methods are consistently better than MOSEK.
On average, the running time of Example 1, Example 2, and Example 3 can be 79%, 82%, 87% shorter
than that of MOSEK, respectively. Both Example 3 with Best Scale and Section 3.2 Shift methods are the
best among all the methods since their average running time is only 11% of that of MOSEK. Particularly,
both Example 3 with Best Scale and Section 3.2 Shift only need one SOC constraint to approximate each
exponential conic constraint. It is worthy of emphasizing that we find the approximate solution for Example
3 with Best Scale and Section 3.2 Shift method by executing Example 3 with the approximate solution equal
to 27! and 2-second time limit. We also see that Section 3.1 and Section 3.2 methods run into numerical
issues, while the shifting method improves them significantly.

The results for the proposed polyhedral approximation methods are shown in Table 14. The polyhedral
approximation method, i.e., Branch and Cut, performs very well. Specifically, the average running time of
the Branch and Cut method is around 12% of that of MOSEK.

6.3 Sparse Logistic Regression (SLR)

In this subsection, we consider the following sparse logistic regression (SLR)

Zje[d] zj =k,
min ¢ > [~yilog(he(x:)) — (1 — ;) log(1 — he(:))] + A|0]|1 = 6= Mz <0, », (24)
6 € R, —0—Myz<0

2 € {0,13¢ Vi€l
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Table 12: Numerical Results of Section 2 Methods for Solving the Mixed-Integer Covering MIECP

n = 200 | MOSEK Example 1' Example 2" Example 3" |Example 3 Best Scale'
D Gap Time (s)|Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio
10 — 340 — 1.10 0.32] — 0.79 023 — 0.71 0.21] — 1.72 0.50
20 — 8.38] — 156 0.19| — 3.64 043 — 117 0.14| — 2.77 033
30 — 7458 — 1033 0.14| — 8.85 0.12| — 724 010 — 6.00 0.08
40 — 13038 — 20.33 0.16| — 1447 011 — 1229 0.09| — 8.58 0.07
50 — 19882 — 26,63 013 — 19.20 0.10f — 1573 0.08] — 1199 0.06
60 — 7942 — 19.87 025 — 1240 0.16] — 9.84 0.12| — 7.67 0.10
70 — 11344 — 2154 019 — 1518 0.13] — 1245 0.11] — 9.01  0.08
80 — 151542 — 183.89 0.12| — 16197 0.11| — 105,55 0.07| — 60.74 0.04
90 — 438.67| — 8262 0.19] — 5426 0.12| — 6293 0.14] — 27.16 0.06
100 — 357.46| — 29319 0.82| — 30425 0.85| — 191.73 0.54| — 11071 0.31

Geo Mean 0.21 0.18 0.13 0.11

iN = 3,a=1; N = 3,s=1; i A7 = 2 and the approximation solution is 2~ 1,

¥ N = 1 and in the Best Scale procedure, we run Example 3 with 3-tuple (N = 1, AS = 27!, TL = 2).

Table 13: Numerical Results of Section 3 Methods for Solving the Mixed-Integer Covering MIECP

n =200 | MOSEK Section 3.1 Section 3.2" Section 3.1 Shift"| Section 3.2 Shift"
p Gap Time (s)| Gap Time (s) Ratio| Gap Time (s) Ratio|Gap Time (s) Ratio|Gap Time (s) Ratio

10 — 3.40 — 1393 4.09 — 1.79 052 — 1.98 0.58] — 1.63 0.48

20 — 8.38 — 3636 4.34 — 492 059 — 312 037 — 3.54 042

30 — 7458 — 24264 325 — 1297 017 — 941 0.13] — 6.69 0.09

40 — 130.38(4.9e-4 376.26 2.89 — 2450 0.19] — 11.64 0.09|] — 8.54 0.07

50 — 198.82|2.1e-3 400.18 2.01 — 3046 0.15| — 1831 0.09] — 12.10 0.06

60 — 7942 — 20416 257 — 2150 027 — 1352 017 — 713 0.09

70 — 113.44 — 30538 2.69 — 19795 1.74| — 1344 0.12| — 8.83 0.08

80 — 1515.42|1.7e-3 * *11.5e-3 * @ — 8786 0.06) — 51.44 0.03

90 — 438.67|1.5e-4 1825.29 4.16 — 1633.22 3.72| — 47.07 0.11] — 2249 0.05

100 — 357.46|3.0e-3 * *12.0e-3 * ¥ — 14477 041] — 8560 0.24
Geo Mean 3.15 0.48 0.16 0.11
'N =12, "N =6,s=1 "N = 3 and using the same approximate solution as Example 3 Best

Scale; YN =0, s = 1and using the same approximate solution as Example 3 Best Scale.

Table 14: Numerical Results of Section 5 Methods for Solving the Mixed-Integer Covering MIECP

n =200 | MOSEK Branch and Cut
p Gap Time (s)|Gap Time (s) Ratio
10 — 340 — 1.76 0.52
20 — 8.38] — 1.68 0.20
30 — 7458 — 745 0.10
40 — 13038 — 1742 0.13
50 — 19882 — 1322 0.07
60 — 7942 — 5.30 0.07
70 — 11344 — 8.02 0.07
80 — 151542 — 137.53 0.09
90 — 438.67| — 24.57 0.06
100 — 35746 — 11192 0.31
Geo Mean 0.12

where there are n data points {(x;, yi) }iefn) € R? x {0, 1}, hg(x;) = [1 +exp(—0 " x;)] ! denotes the sigmoid
function, and Mj is the big-M coefficient. Note that we can choose My := nlog(2)/A. Indeed, observe that
the optimal value of SLR (24) must be less than or equal to nlog(2) since @ = 0 is a feasible solution with
objective value equal to n log(2). Thus, there exists an optimal solution such that

> [yilog(ha(@:)) — (1 - yi)log(L — ho(:))] + A6]l < nlog(2).

i€[n]

Since ¢,y [—vilog(he(x:)) — (1 — yi) log(1 — he(x;))] = 0, we must have A[|0||; < nlog(2). Therefore, we
can upper bound ||0]]1 as |01 < nlog(2)/A = My, ie., |0;| < My is valid for each j € [d].
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Note that SLR (24) can be formulated as the following MIECP

Zje[d] zj =k,0 — Mgz < 0,—60 — Myz <0,
: . pi1 + pi2 = 1,Vi € [n],
GGRd,zer{%l,Ill}d,pl,pz Z ti + A”BHl ’ (pily 1, (1 - 2yi)9Twz‘ - tz‘) € I<[ex]p(0)aVi € [n]7 (25)
€ln] (pi2, 1, —t;) € Kexp(0), Vi € [n]

In this subsection, we conduct two experiments to test the proposed SOC and polyhedral approxima-

tions for solving (25), where we consider moderate-scale and large-scale cases and compare our results with
MOSEK. In our testing instances, we set £ = 20, A = 0.01. Overall, the proposed approximation methods
can effectively solve SLR using real datasets and outperform MOSEK.
Experiment 5- Moderate-Scale SLR Cases: In this experiment, we solve SLR with the UCI student mathe-
matics performance dataset [14] using MOSEK, Example 3 with Best Scale, and Branch and Cut methods.
These three are identified as the best ones in the previous experiments. In particular, in Example 3 with Best
Scale, we use the obtained approximate solution to update the My value; and to avoid numerical issues,
when implementing the Branch and Cut algorithm, we first run the gradient descent method to solve the
continuous relaxation of SLR and then adding all the gradient inequalities into the root node of the branch
and bound tree. This dataset contains 31 variables and a binary experimental class, i.e., the positive class for
the grade above the median and the negative class for otherwise. We also use the linear kernel to increase
features to d = 496, and we consider the number of data points being n € {1020, ..., 100}.

Table 15 summarizes the results for moderate-scale
SLR instances, where only the cases with the Gap
greater than 10~* or running time within the time

Table 15: Numerical Results of Moderate-Scale SLR

d =496 | MOSEK |Example 3 Best Scale] Branch and Cut
n Gap Time (s)|Gap Time (s) Ratio |Gap Time (s) Ratio

limit are displayed. Both MOSEK and Example 3 with 10 — 1426] — 035 002] — 1026 072
; ; 20 — 2163 — 104 005 — 3542 led
Best Scale ca£14solve all the cases with the Gap b.emg % T ool — 181 09 —  eosi31ss
less than 10~*. Notably, the polyhedral approxima- 40 — 33850 — 175 001] — 6566 0.19
; ; ; rete 50 — 98| — 48 049 — 117.96 11.97
tion method, i.e., Branch and Cut with the first o'rd.er P T 908l — 59 o065 — 9898 10,94
method, can only solve the cases when n < 60 within 70 — 79101) — 863 00l|n/a n/a n/a
the time limit of 3600 seconds, and it takes a much b0 | T el T e ooomia miana
longer time than the other two methods. This may be 100 | — 407.08) — 1220 0.03|n/a__ n/a_n/a
because the big-M coefficient causes numerical diffi- Geo Mean 0.05 314
: : !N = 4 and in the Best Scale procedure, we first run Example 3

culty for the MILP solver. Example 3 with Best Scale is with 3-tuple (N = 4, AS = 2. TL = 10).

the best among all the methods since its average run-
ning time is only 5% of that of MOSEK. Particularly, Example 3 with Best Scale needs four SOC constraints
to approximate each exponential conic constraint. It is worthy of emphasizing that we find the approximate
solution for Example 3 with Best Scale by executing Example 3 with the approximate solution equal to 272
and a 10-second time limit. In summary, in this experiment, our best method (i.e., Example 3 Best Scale) on
average is 95% shorter than MOSEK, with Gap being less than 107*.
Experiment 6- Large-Scale SLR Cases: In this experiment, we

. . . . L. Table 16: N ical Results of L. -Scale SLR
solve the UCI oral toxicity dataset [4] with the time limit of 600 e tmerica’ Tesulis of Large-cae

seconds using MOSEK and Example 3 with Best Scale methods d= 1034 l\ggi?l( E;fg;}flzsj?f;f(cij)e
since Experiment 5 shows that the Branch and Cut method does 100 | 0467504272 861
not work well for SLR cases. Similarly, in Example 3 with Best ggg g'gggg gg’g; g'gé
Scale, we use the obtained approximate solution to update the 400 | 05575|0.5456 213
My value. This dataset contains d = 1024 binary variables and proill It Ry 98
one binary experimental class, i.e., the positive class for very toxic 700 | 0562505581 079
and the negative class for not very toxic. We randomly select 500 ool Iy B e
data points from each class to form a new dataset with 1000 data 1000 | 0.5673|0.5624 0.87
points and consider n € {100,200, ...,1000}. Our solution time !N = 1 and in the Best Scale proce-

c s . . . dure, we first run Example 3 with 3-tuple
limit is set to be 600 seconds since machine learning problems (N =2, AS = 2-2. TL = 30).

often require finding a good-quality solution within a short amount of time.
Table 16 summarizes the results for large-scale SLR cases, where the objective value (denoted as “obj.val”)
by substituting the obtained solution into the original SLR objective function in (24) and the relative gap
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(denoted as “obj.impr”) between the obj.val of MOSEK and the obj.val of Example 3 with Best Scale are dis-
played. With the time limit of 600 seconds, both methods cannot be solved to optimality; however, Example
3 with Best Scale outputs better objective values than MOSEK. Particularly, Example 3 with Best Scale only
needs one SOC constraint to approximate each exponential conic constraint. It is worthy of mentioning that
we find the approximate solution for Example 3 with Best Scale by executing Example 3 with the approx-
imate solution equal to 272 and a 30-second time limit. The relative gaps between the obj.vals of MOSEK
and Example 3 Best Scale for different cases vary from 0.54% to 9.89%. Overall, in this experiment, our best
method (i.e., Example 3 Best Scale) consistently outperforms MOSEK on solving large-scale SLR instances
by providing better quality solutions.

7 Conclusion

This paper studies the approximation schemes of the mixed-integer exponential conic programs (MIECPs).
We generalize and extend the existing second-order conic approximation scheme and propose new scaling
and shifting methods. We also prove approximation accuracies and derive lower bounds of approximation
results. We study the polyhedral outer approximation of the exponential cones in the original space based
on gradient inequalities. Our numerical study shows that the scaling, shifting, and polyhedral outer ap-
proximation methods work very well and can consistently outperform MOSEK with 5-20 times speed-ups.
We are working on developing valid inequalities for MIECPs by exploring submodularity and studying
disjunctive cuts.
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Appendix A. Proofs
A.1 Proof of Proposition 3

Proposition 3 The coefficients in (15) can be found recursively as

jE[Ok

2k— 2 2k—25+1
Qg ]5 I Qg ]5 s

LY
’ — |
2k — 25)1 2J Ja7 @R =2 1 1)

=1,k € [0,s—1]. (16)

Proof: We observe that

Gt = ¥ ()P ke o]

1€[0,2k]

which allows us to find the coefficients for each y*, k € [0, 2s]

Y as(y) = Z (;k?),(/)’j_yy)%
jero,s) 7

For k € [0, 2s], the coefficient for y* is

2s—2i—k
> Qo—iBli if ki
i€(0,s—k/2] (25—2i—k)'k! I K 1s even,

2s—2i—k
as—iB7;

D ie(0s—(k+1)/2] @oapmr i kisodd.

In the expression of @N,gs(y) = D ic[0,2s] y'/il, we also know that the coefficient for y* is 1/k! for each

k € [0,2s]. Since |
Inasw) = Z{T: > (%!(ﬁj+y)”,

1!
1€[0,2s] j€0,s]

for each k € [0, 2s], we can obtain

as—i BN p s
1) Yicio.s—k/2) o2 HTE . if k is even,
K as fETTR
D ic0,5—(k+1)/2] @s—2i—mnr i kisodd.
Solving these equations, we arrive at the conclusion. O

Appendix B. Small-Scale Binary Packing MIECP Results

Figure 5 shows the Gap and running time for Example 1 with N € {10,15,20} and a € {0.90,0.95,...,1.10}.
As shown in Figures 5a-5c, for a given a, the Gap can be improved in general by increasing N. We see
that the gap is greater than 10~ for all @ when N = 10. When N = 15, using Example 1 with a €
{1.00,1.05,1.10} can solve several cases with the gap being no larger than 10~%. When N = 20, Exam-
ple 1 with a € {1.00, 1.05, 1.10} can solve all the cases with the Gap being within 10~%. We notice that when
N increases, the improvement of Gap when a € {0.90,0.95} is not significant compared to the other a val-
ues. In particular, since Gurobi uses 10~* as the default Gap, the improvement due to increasing N might
not be evident; see a = 1.05,1.10 in Figures 5b and 5c, for instance. As shown in Figures 5d-5f, Gurobi
spends a longer time on solving the problem with larger p or N values in general, since a larger p or N
value means more SOC constraints. Given the same setting of p and N, the running time using Example 1
for different a values is nearly the same. On average, Gurobi spends around 0.5, 1.0, 1.5 seconds on solving
packing MIECP (21) using Example 1 with N = 10, 15, 20, respectively. Hence, overall, we see that choosing
a =1and N = 20 might be desirable when solving larger instances.
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Fig. 5: Numerical Illustration of Example 1: Small-Scale Binary Packing MIECP

Figure 6 shows the Gap and running time for Example 2 with N € {1,2,3} and s € {1,2,3,4,5}. As
shown in Figures 6a-6c, for each s, the Gap can be improved in general by increasing N. We see that the
gap is greater than 10 for all the s when N = 1. When N = 2, Example 2 with s € {4,5} can solve all
the cases with Gap being no larger than 10~%. When N = 3, Example 2 with s € {3,4,5} can solve all the
cases with Gap within 10~*. With the same N, Example 2 using a larger s value can solve the cases with a
better Gap. However, due to the default setting of Gurobi, the improvement due to increasing N or s might
be unpredictable; see s = 4,5 in Figures 6b, 6¢ for instance. As shown in Figures 6d-6f, Gurobi spends a
longer time solving the instances with larger p or N values in general. For instance, with fixed values p
and N, using Example 2 with larger s values tends to spend more time on solving the case. The running
time of Example 2 with a larger s grows as p increases for the same V. In particular, we observe that using
Example 2 with both settings (N, s) = (2,4) and (N, s) = (3,3) can solve all the cases within 10~* Gap and
their running time is similar. Overall, Example 2 spends a similar amount of time on solving the cases to a
certain level of Gap regardless of the changes of N and s. On average, Example 2 spends around 0.2, 0.3,0.4
seconds on solving packing MIECP (21) with N = 1, 2, 3, respectively. Hence, we recommend that choosing
s = 4 might be desirable when solving larger instances.

Figure 7 shows the Gap and running time for Example 3 with N € {3,5, 7} and the approximate solu-
tion being selected from the list {27¢,274,272 20 Best Scale}. Here, “Best Scale” means that we first solve
each case using Example 3 with N = 1 and the approximate solution equal to 2~ with a 2-second time
limit to find a feasible solution, and then use the found solution to construct the approximate solution
for each exponential conic constraint. As shown in Figures 7a-7c, for each approximate solution, the Gap
can be improved in general by increasing N. Only Best Scale can solve all the cases with Gap being no
larger than 10~* when N = 3. When N = 5, Example 3 with the approximate solution being selected from
{274, Best Scale} can solve all the cases with Gap being less than 10~*. When N = 7, Example 3 with the ap-
proximate solution being selected from {276,274 Best Scale} can solve all the cases with Gap within 10~%.
We notice that when increasing NNV, the improvement of Gap for the approximate solution being selected
from {272,2°} are not significant compared to other approximate solutions. Given the same N, Example
3 with the approximate solution equal to 27* can solve the case with a better Gap compared to other ap-
proximate solutions except for Best Scale. Remarkably, the Best Scale can solve all the cases with Gap being
no larger than 10~* for N € {3,5, 7} and its gap is around 10~7, which outperforms all the other methods
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Fig. 6: Numerical Illustration of Example 2: Small-Scale Binary Packing MIECP

based on Example 3 method. In particular, due to the default setting of Gurobi, the improvement due to
increasing N might not be obvious; see the cases with the approximate solution equal to 27*, Best Scale in
Figures 7b, 7c for instance. As shown in Figures 7d-7f, Gurobi spends a longer time solving the cases with
larger p or N values in general. Given the same setting of p and NN, the Best Scale method takes a longer time
than other methods based on Example 3 since it needs to solve an additional model to generate a feasible
solution. The running time for other methods is similar. However, the Best Scale method still works the
best since it requires a much smaller number of SOC constraints to achieve the desired accuracy. Therefore,
we suggest using N = 1 or 2 for the best case and slightly larger N if we predetermine the approximate
solution to be equal to 274.

Figure 8 illustrates the Gap and running time for SOC approximations in Section 3 with N € {1, 3,5}.
We use “Section 3.1 Shift” and “Section 3.2 Shift” to denote the shifting methods based on the results in
Section 3.1 and Section 3.2, respectively. To find a proper approximation solution, we first solve each case
using Example 3 with N = 1 and the approximate solution 2~* with 2-second time limit to find a feasible
solution, and then use this solution to construct the approximate term for each exponential conic constraint.
As shown in Figures 8a-8c, the Gap for each method can be improved in general by increasing N, i.e.,
increasing the number of SOC constraints. However, only can the Section 3.2 Shift method solve all the
cases with Gap being less than 10~ when N = 1 and its Gap is around 10~7. When N € {3,5}, both Section
3.1 Shift and Section 3.2 Shift methods can solve all the cases with Gap being less than 10~*. Both Section
3.1 and Section 3.2 methods have the Gap being greater than 10~ for all N € {1, 3,5}, which is probably
due to the numerical issues. We see that the shifting method can remarkably improve the Section 3.1 and
Section 3.2 ones. We also observe that when increasing N, the Gap for the Section 3.2 method decreases
more compared to the Section 3.1 method. The Section 3.2 method can solve the cases with a better Gap
than that of the Section 3.1 method when N € {3,5}. As shown in Figures 8d-8f, Gurobi spends a longer
time solving the cases with larger p or N values in general. Overall, Section 3.2 method spends a longer time
on solving the cases than Section 3.1 method, and Section 3.2 Shift method spends a longer time than Section
3.1 Shift method. Although the shifting method increases the running time, we still recommend this method
since it can solve the cases with the desirable Gap using fewer points than those without shifting. Besides,
no-shifting approaches (i.e., Section 3.1 and Section 3.2) may run into numerical issues. On average, the
Section 3.1 and Section 3.2 methods spend around 0.1, 0.2, 0.3 seconds, and the Section 3.1 Shift and Section
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Fig. 7: Numerical Illustration of Example 3: Small-Scale Binary Packing MIECP

3.2 Shift methods spend around 0.3, 0.4, 0.5 seconds on solving problem (21) with N = 1, 3, 5, respectively.
Overall, we may only need N = 1 or 2 for Section 3.1 Shift and Section 3.2 Shift methods when solving
larger instances.
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Fig. 8: Numerical Illustration of Section 3 Methods: Small-Scale Binary Packing MIECP

Appendix C. Continuous Packing ECP Results

In this experiment, we test the proposed methods by solving the continuous packing ECP (21), where we
consider small-scale and large-scale cases and compare our results with MOSEK. In our testing instances,
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we lett = 0 and a;; ~ int(0,9), b; = 4n, ¢;; ~ —int(0,9)/n for alli € [m],j € [n],¢ € [p], where int(p, q)
denotes a random integer between p and ¢ including p and ¢. In each case, we compute the relative opti-
mality gap of MOSEK, denoted by “Gap,” which is defined as the absolute difference of the ratio of the best
objective value from MOSEK over the exact value of the ECP by plugging in the optimal solution found by
MOSEK and one. We align our accuracy same as the Gap of MOSEK.

In the small-scale experiment, we consider n € {100,200, ...,1000}, m = 100, and we solve 10 cases
with p € {10,20,...,100} for each n and run Example 3 with N = 3 and the approximate solution 276. By
computing the Gap of MOSEK, we set the accuracy requirement as 10~%. Figure 9a illustrates the average
running time for the small-scale continuous packing ECP for each n. Both Example 3 and Cutting Plane
methods outperform MOSEK for all the cases, and Example 3 spends a shorter time to solve the cases with
larger n compared to Cutting Plane. It is seen that the difference between the average running time of
MOSEK and Example 3 increases as n increases.

In the large-scale experiment, we consider n € {200,400, . ..,2000}, m = n, and we solve 10 cases with
p € {200,400, ...,2000} for each n and run Example 3 with N = 5 and the approximate solution 2-%. By
computing the Gap of MOSEK, we set the accuracy requirement as 10~°. Figure 9b illustrates the average
running time for the large-scale continuous packing ECP for each n. We see that MOSEK is the best among
all the methods in this experiment. Meanwhile, Example 3 and Cutting Plane methods work quite well, and
these two methods spend a similar amount of time. Compared to MOSEK, the proposed approximation
methods take a slightly longer time to solve the continuous problem with larger n. The differences among
these three methods are relatively small.

For continuous ECPs, MOSEK performs well, and the proposed methods are comparable to MOSEK.
For small-scale problems, Example 3 and Cutting Plane are faster. MOSEK dominates when the problem
size is large. While this paper focuses on MIECPs, we highlight that the proposed Cutting Plane method
could be considered as an alternative approach for solving small-sized ECPs without parameter tuning.
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Fig. 9: Numerical Illustration of MOSEK and Approximation Methods: Continuous Packing ECP
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