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The share-of-choice product design (SOCPD) problem is to find the product, as defined by its attributes,
that maximizes market share arising from a collection of customer types or segments. When customers follow
a logit model of choice, the market share is given by a weighted sum of logistic probabilities, leading to the
logit-based share-of-choice product design problem. In this paper, we develop a methodology for solving this
problem to provable optimality. We first analyze the complexity of this problem, and show that this problem
is theoretically intractable: it is NP-Hard to solve exactly, even when there are only two customer types,
and it is furthermore NP-Hard to approximate to within a non-trivial factor. Motivated by the difficulty
of this problem, we propose three different mixed-integer exponential cone programs of increasing strength
for solving the problem exactly, which allow us to leverage modern integer conic program solvers such as
Mosek. Using both synthetic problem instances and instances derived from real conjoint data sets, we show
that our methodology can solve large instances to provable optimality or near optimality in operationally
feasible time frames and yields solutions that generally achieve higher market share than previously proposed

heuristics.
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1. Introduction
Consider the following canonical marketing problem. A firm has to design a product, which has a
collection of attributes, and each attribute can be set to one of a finite set of levels. The product
will be offered to a collection of customers, which differ in their preferences and specifically, in the
utility that they obtain from different levels of different attributes. What product should the firm
offer — that is, to what level should each attribute be set — so as to maximize the share of customers
who choose to purchase the product? This problem is referred to as the share-of-choice product
design (SOCPD) problem, and has received a significant amount of attention in the marketing
science research literature.

The SOCPD problem is a challenging problem for several reasons. First, since a product corre-

sponds to a combination of attribute levels, the number of candidate products scales exponentially
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with the number of attributes, and can be enormous for even a modest number of attributes. This,
in turn, renders solution approaches based on brute force enumeration computationally cumber-
some. Second, it is common to represent customers using discrete choice models that are built on
the multinomial logit model. Under this assumption of customer behavior, the problem becomes
more complex, because the purchase probability under a logit choice model is a nonlinear func-
tion of the product design’s utility that is neither convex nor concave. Finally, product design
problems in real life settings may also often involve constraints, arising from engineering or other
considerations, which can further constrain the set of candidate products.

In this paper, we consider the logit-based SOCPD problem. In this problem, the firm must design
a product that maximizes the expected number of customers who choose to purchase a product,
where customers are assumed to follow logit models of choice, and the probability of a customer
purchasing a product is given by a logistic response function (i.e., the function f(u)=e"/(1+¢€")).
We propose an exact solution methodology for this problem that is based on modern integer, convex
and conic optimization. To the best of our knowledge, this is the first exact solution methodology
for the logit-based SOCPD problem.

We make the following specific contributions:

1. We formally define the logit-based SOCPD problem. We show that this problem is NP-Hard
in general. We further show that the problem is NP-Hard even where there are two customer
types, and that it is NP-Hard to approximate the problem to within a factor O(n'~¢), where n
is the number of product attributes and € > 0. In the special case that the utility parameters are
integer-valued, we show that the problem can be solved in pseudopolynomial time via dynamic
programming, and we use this to show that when the number of customer types is constant,
there exists a fully polynomial-time approximation scheme for the problem. Lastly, we show that
by considering the related problem of maximizing the weighted geometric mean of the purchase
probabilities, one obtains a lower bound with a parametric approximation guarantee.

2. We develop three different mixed-integer exponential cone program formulations of the prob-
lem of increasing tightness. The first formulation relies on a characterization of logit probabilities
as being the optimal solutions to a representative agent problem, in which an agent chooses the
probability of selecting two alternatives so as to maximize a regularized expected utility. The sec-
ond formulation is derived by applying a perspective function-based convexification of the logit
probability expression. The third formulation relies on applying the reformulation-perspectification
technique (RPT) of Zhen et al. (2021) to the second formulation.

3. We demonstrate the practical tractability of our approach using synthetic problem instances,
as well as a set of problem instances derived from real conjoint data sets. Using synthetic problem

instances with up to n =70 attributes and up to K = 30 customer types, we show that our approach
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can solve the logit-based SOCPD problem to within an optimality gap of 10% within two hours,
and solutions obtained by our approach outperform heuristic solutions, in some cases by as much
as 30%. On our real problem instances, we are able to solve the logit-based SOCPD problem to
provable optimality in all cases within ten minutes, and we again find that our solutions outperform
those obtained by heuristics.

The rest of this paper is organized as follows. Section 2 provides a review of the related liter-
ature. Section 3 provides a formal definition of the logit-based SOCPD problem, and all of our
complexity and approximation results. Section 4 presents our three mixed-integer exponential cone
formulations of the logit-based SOCPD problem. Section 5 presents the results of our numerical

experiments. Lastly, in Section 6, we conclude. All proofs are relegated to the electronic companion.

2. Literature Review

We divide our literature review according to four subsets: the single product design literature; the
product line design literature; the representative agent model literature; and lastly, the broader
optimization literature.

Single product design: Product design has received significant attention in the marketing science
community; we refer readers to Schmalensee and Thisse (1988) and Green et al. (2004) for overviews
of this topic. The majority of papers on the SOCPD problem assume that customers follow a
deterministic, first-choice model, i.e., they purchase the product if the utility exceeds a “hurdle”
utility, and do not purchase it otherwise. Many papers have proposed heuristic approaches for
this problem; examples include Kohli and Krishnamurti (1987, 1989) and Balakrishnan and Jacob
(1996). Other papers have also considered exact approaches based on branch-and-bound (Camm
et al. 2006) and nested partitions (Shi et al. 2001).

The main difference between our work and the majority of the prior work on the product design
problem is the use of a logit-based share-of-choice objective function. As stated earlier, when
the share-of-choice is defined as the sum of logit probabilities, the SOCPD problem becomes a
discrete nonlinear optimization problem, and becomes significantly more difficult than the SOCPD
problem when customers follow first-choice/max-utility models. To the best of our knowledge, our
approach is the first approach for obtaining provably optimal solutions to the SOCPD problem
when customers follow a logit model.

Product line design/assortment optimization: Besides the product design problem, a more gen-
eral problem is the product line design (PLD) problem, where one must select several products so
as to either maximize the share-of-choice, the expected profit or some other criterion. A number of
papers have considered the PLD problem under a first-choice model of customer behavior, where

customers deterministically select the product with the highest utility; examples of such papers
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include McBride and Zufryden (1988), Kohli and Sukumar (1990), Wang et al. (2009), Belloni et al.
(2008) and Bertsimas and Misi¢ (2019). Besides the first-choice model, several papers have also
considered the PLD problem under the (single-class) multinomial logit model (see, e.g., Chen and
Hausman 2000, Schon 2010). Other work has also considered objective functions corresponding to
a worst-case expectation over a family of choice models (Bertsimas and Migi¢ 2017).

Outside of the marketing literature, the PLD problem is closely related to the problem of assort-
ment optimization which appears in the operations management literature. In this problem, one
must select a set of products from a larger universe of products so as to maximize expected rev-
enue. The difference between PLD and assortment optimization arises from where the choice model
comes: in PLD, the choice model usually comes from conjoint survey data and the task is to select
a set of new products, whereas in assortment optimization, typically the set of candidate products
consists of products that have been offered in the past, and the choice model is estimated from
historical transactions. There is an extensive literature on solving this problem under a variety of
choice models, such as the single class MNL model (Talluri and Van Ryzin 2004), the nested logit
model (Davis et al. 2014) and the Markov chain choice model (Feldman and Topaloglu 2017); we
refer readers to Gallego and Topaloglu (2019) for an recent overview of the literature.

Our paper differs from the product line and assortment optimization literatures in that we focus
on the selection of a single product, and the decision variables of our optimization problem are the
attributes of the product. In contrast, virtually all mathematical programming-based approaches
to PLD/assortment optimization require one to input a set of candidate products, and the main
decision variable is a set of products from the overall set of candidate products. The attributes of
the products are only relevant in specifying problem data (e.g., in an MNL assortment problem,
one would determine the utilities of the candidate products from their attributes), but do not
directly appear as decision variables.

Representative agent model: One of our formulations (formulation RA) is based on a character-
ization of logit probabilities as solutions of a concave maximization problem where the decision
variables correspond to the choice probabilities and the objective function is the entropy-regularized
expected utility. This concave maximization problem is an example of a representative agent model,
and has been studied in a number of papers in the economics and operations management liter-
atures (Anderson et al. 1988, Hofbauer and Sandholm 2002, Feng et al. 2017). The goal of our
paper is not to contribute directly to this literature, but rather to leverage one such result so as to
obtain an exact and computationally tractable reformulation of the logit-based SOCPD problem.
To the best of our knowledge, the representative agent-based characterization of logit probabilities
has not been previously used in optimization models arising in marketing or operations; we believe

that this characterization could potentially be useful in other contexts outside of product design.
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Optimization literature: Lastly, we comment on the relation of our paper to the general opti-
mization literature. Our paper contributes to the growing literature on mixed-integer convex and
mixed-integer conic programming. In the optimization community, there has been an increasing
interest in developing general solution methods for this class of problems (see, for example, Lubin
et al. 2018, Coey et al. 2020) as well as understanding what types of optimization problems can
and cannot be modeled as mixed-integer convex programs (Lubin et al. 2017). At the same time,
mixed-integer convex and mixed-integer conic programming have been used in a variety of appli-
cations, such as power flow optimization (Lubin et al. 2019), robotics (Liu et al. 2020), portfolio
optimization (Benson and Saglam 2013), joint inventory-location problems (Atamtiirk et al. 2012)
and designing battery swap networks for electric vehicles (Mak et al. 2013). All of our mathemat-
ical programming formulations rely on the exponential cone, and thus our paper contributes to a
growing set of applications of exponential cone programming, which include scheduling charging
of electric vehicles (Chen et al. 2021), robust optimization with uncertainty sets motivated by
estimation objectives (Zhu et al. 2021) and manpower planning (Jaillet et al. 2018).

Outside of this literature, we note that a couple of prior papers have considered the problem
of designing a product to maximize the share-of-choice under a mixture of logit models. The first
is the paper of Udell and Boyd (2013) that considers the sum of sigmoids optimization problem,
which is an optimization problem where the objective function is a sum of sigmoid (S-shaped)
functions; the logistic response function f(u) =e*/(1+ e") is a specific type of sigmoid function.
The paper of Udell and Boyd (2013) develops a general purpose branch-and-bound algorithm for
solving this problem when the decision variables are continuous. Our paper differs from that of
Udell and Boyd (2013) in that our paper is focused specifically on an objective that corresponds to
a sum of logistic response functions, and the main decision variables of our formulation are binary
variables, indicating the presence or absence of certain attributes. In addition, our formulation is an
exact reformulation of the problem into a mixed-integer convex problem, which can then be solved
directly using a commercial mixed-integer conic solver (such as Mosek). In contrast, the approach
of Udell and Boyd (2013) requires one to solve the problem using a custom branch-and-bound
algorithm.

The second is the paper of Huchette and Vielma (2017), which develops a mixed-integer linear
programming formulation for general nonconvex piecewise linear functions. As an example of the
application of the framework, the paper applies the framework to the problem of deciding on
continuous product attributes to maximize a logit-based share-of-choice objective, which involves
approximating the logistic response function f(u)=e"/(1+ e") using a piecewise linear function.
As with our discussion of Udell and Boyd (2013), our formulation differs in that it is exact, and

that the attributes are discrete rather than continuous.
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Lastly, we note that our paper also contributes to a growing literature on optimization models
where the objective function to be optimized is obtained from a predictive model or a machine
learning model. Some examples include work on optimizing objective functions obtained from tree
ensemble models (such as random forests; see Ferreira et al. 2016, Misi¢ 2020) and neural networks

(Anderson et al. 2020).

3. Model

We begin by formally defining our model in Section 3.1. We then discuss the computational com-
plexity of this model in Section 3.2. Subsequently, in Section 3.3 we develop a dynamic programming
approach for solving the problem in pseudo-polynomial time when the problem data is integer,
and leverage this approach in Section 3.4 to design a fully polynomial time approximation scheme
(FPTAS) when the number of customer types K is treated as a constant. Finally, in Section 3.5,
we present an alternate approximation algorithm for the problem that is based on maximizing the
geometric mean of the purchase probabilities, and provide a parametric performance guarantee for

this method.

3.1. Problem definition

We assume that there are n binary attributes. We assume the product design is described by a
binary vector a = (ay,...,a,), where a; denotes the presence of attribute i. We let A C {0,1}"
denote the set of feasible attribute vectors. While we formulate the problem in terms of binary
attributes, we note that this is without loss of generality, as one can represent an attribute with M
levels using M — 1 binary attributes, and one can specify A to include a constraint that requires
at most one of the new M — 1 binary attributes to be selected.

We assume that there are K different segments or customer types. Each customer type is asso-
ciated with a nonnegative weight A, which is the fraction of customers who belong to that
type/segment, or alternatively the probability that a customer belongs to that type/segment; note
that we always have that 22{21 Ar = 1. Each customer type is also associated with a partworth
vector B, = (Br.1,---,0kn) € R", where By, is the partworth of attribute i. In addition, we let
Bro € R denote the constant part of the customer’s utility. Given a candidate design a € A, the

customer’s utility for the product is given by
n
ug(a) = Bro + Z Br,it;.
=1

We assume that each customer type is choosing between our product design corresponding to the
vector a, and an outside/no-purchase option. Without loss of generality, we fix the utility of the

outside option to zero. This assumption is not restrictive, as choice probabilities under the logit



Author: Ezact Logit-Based Product Design

model are unaffected when all of the utilities are adjusted by a constant. In particular, an equivalent
representation (one that would lead to the same choice probabilities) is to specify the utility of the
product as Y, fBy;a; and the utility of the no-purchase option as — . As a result, the constant
term Sy effectively captures the utility of the no-purchase option.

We assume that each customer type chooses to buy or not buy the product according to a
multinomial logit model. Thus, given a € A, the customer chooses to purchase the product with
probability exp(ux(a))/(1 + exp(ux(a))) and chooses the outside option with probability 1/(1 +
exp(ug(a)))-

With these definitions, the logit-based share-of-choice product design problem can then be
defined as

. exp(ug(a))
ma;(érjuzez:)\k 1+exp(ux(a))’ 1)

The objective function of this problem can be thought of as the share or fraction of all customers
who choose to purchase the product, or the (unconditional) probability that a random customer

chooses to purchase the product.

3.2. Complexity
In this section, we characterize the complexity of the logit-based SOCPD problem. Our first major
theoretical result is that problem (1) is NP-Hard.

THEOREM 1. The logit-based SOCPD problem (1) with A={0,1}" is NP-Hard.

This result (see Section EC.1.1 for the proof) follows by reducing the MAX 3SAT problem, a well-
known NP-Complete problem, to problem (1). Notwithstanding Theorem 1, it is unreasonable to
expect problem (1) to be easy: it is an optimization problem over a discrete feasible region, with
a nonlinear objective function that is neither convex nor concave.

Unfortunately, the extent of the difficulty of problem (1) does not stop here. It turns out that

problem (1) is challenging even in the case that there are two customer types.

THEOREM 2. The logit-based SOCPD problem (1) with A= {0,1}" and with K =2 customer
types is NP-Hard.

We establish this result by considering the decision form of problem (1), which asks whether there
exists a product attribute vector a that achieves a share-of-choice of at least 8, where 6 is a user
specified parameter. We show that the decision form of problem (1) is equivalent to the parti-
tion problem, which is another well-known NP-Hard problem (Garey and Johnson 1979). We note
that our result was inspired by and shares some similarity with another result from the paper

of Rusmevichientong et al. (2014). In particular, Theorem 3.2 of the paper of Rusmevichientong
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et al. (2014) shows that the problem of assortment optimization under the mixture of multino-
mial logits (MMNL) model is NP-Hard when the number of customer classes/types is equal to 2.
This result is similar to ours in that our underlying choice model is also a mixture of multinomial
logits/latent-class multinomial logit model, and that paper also establishes this result using the
partition problem. Although there is a similarity in the choice model used and the use of the par-
tition problem, the problem of assortment optimization under the MMNL model is quite different
from the share-of-choice product design problem, because the objective function of the MMNL
assortment optimization problem is a sum of weighted linear fractional functions of a binary vec-

n . . .
i=1Ti Wk, ;T4

tor, i.e., it is a problem of the form maxyco1}» Zle )"“E- (where n is the number of

POUIRETIED
candidate products, x is a binary vector that encodes for each1 product i € {1,...,n} whether it
is offered or not, r; is the marginal profit/revenue of product i, and w; is the preference weight
of product i for customer type k). The nonlinearity in this problem arises from the ratios of lin-
ear functions. Note that the exponential function does not appear, because it is “baked into” the
wy ;'s: each wy; can be thought of as wy,; = e“#i, where uy,; is the mean utility of product 7 for
customer type k. In contrast, in our logit-based SOCPD problem the decision variable is also a
binary vector a € {0,1}", but the objective function has a more complicated dependence on this
vector a through the exponential function. As a result the proof of Theorem 2 is quite different
from that in Rusmevichientong et al. (2014), and is not a straightforward adaptation of the proof
of Theorem 3.2 from Rusmevichientong et al. (2014).

Our final result in this section concerns the ability to approximate problem (1). Letting F** denote
the optimal objective value of problem (1), we say that an algorithm achieves an approximation

factor of C' if it is guaranteed to produce a solution a whose objective value is at least (1/C') - F*.

We then have the following result.

THEOREM 3. The logit-based SOCPD problem (1) with A={0,1}" is NP-Hard to approzimate
to within a factor of O(n'~¢) for any € > 0.

We establish this result by designing an approximation-preserving reduction between the logit-
based SOCPD problem and the maximum independent set problem, for which the same inap-
proximability result holds (Hastad 1996). We note that this result also shares some similarities
with known results in the assortment optimization literature. In particular, the excellent papers of
Aouad et al. (2018) and Désir et al. (2022) respectively showed that the assortment optimization
problem under ranking preferences and the MMNL assortment optimization problem are NP-Hard
to approximate to within a factor better than O(n'~¢) for € > 0, where n is the number of candidate
products, also using the maximum independent set problem (see Theorem 1 of Aouad et al. 2018

and Theorem 2 of Désir et al. 2022). As with our discussion of our Theorem 2, the proof of our
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Theorem 3 differs from these existing results because the dependence of the objective function
of problem (1) on the binary vector a of product attributes is completely different from how the
expected revenue under the ranking-based model or under the MMNL model depend on the binary
vector x that encodes which products are included /excluded from the assortment. As a result, the
proof of Theorem 3 is not a direct adaptation of the proofs of these prior results.

The main takeaway from these results is that problem (1) is fundamentally a very difficult
problem to solve. In the next section, we discuss one setting in which problem (1) can be solved in

pseudo-polynomial time.

3.3. Dynamic programming approach
In this section, we describe a dynamic programming approach for solving the logit-based SOCPD
problem when the partworths Sy, ..., Bk, take integer values and when the set of product attribute
vectors is unconstrained, i.e., A= {0,1}". When we treat the number of customer types K as
a constant, this approach yields a pseudo-polynomial time algorithm for solving the logit-based
SOCPD problem.

Recall that the logit-based SOCPD problem is

K

max Y A -o(u(a)),

€A={0,1}"
a (0.3 —

where for convenience, we use o(-) to denote the logistic response function, i.e., o(u) =e*/(1+4€*).
Let F(a) denote the above objective function.
Suppose that all of the utility parameters — By, .., 0k, — are integer valued. For each k € [K]

and 7€ {1,...,n+ 1}, define Uy ; max and U i min as

1—1
uk,i,max — 61@,0 + Z(ﬁkyj)‘f‘?
j=1

i—1

Uk i,min = Bro + Z(/Bk,j)—a
j=1

where (1), = max{0,-}, (-)- = min{0,-}, and the sum is defined to be zero when the range of
summation is empty (i.e., when i =1). In words, u ; min is the lowest possible value that u(-) can
take when we are allowed to set aq,...,a;_; arbitrarily, but a,,...,a, are fixed to zero. Similarly,
Uk i max 1S the largest possible value that u,(-) can take when we fix a,,...,a, to zero. Finally, let
Umax = MAXpe[K] Uk, n+1,max ANA Uiy = MiNge[x] Uk nt1,min DE the largest and smallest possible utility
values, respectively, attainable from setting all n attributes over all K customer types.

Let V; i, be the set of possible integer utilities between wy, ; min and U ; max:

Vi,k = {uk,i7min7 Uk, i,min + ]-) s )uk7i,max}‘ (2)
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10
Consider the following dynamic program, defined using the value functions Ji,...,J,.1. For
t=1,...,n+1,let J;: V;1 x--- xV; k =R be a function that satisfies the following recursion:
Ji(v1,...,vk) =max{Ji1(v1,. .., k), Jip1 (1 + Bris - Uk + Bri) }s
K
Vi€ nl, (vr,...,vx) € [[ Vis

k=1

where we use the notation [N]={1,..., N}, with the terminal conditions

K K
Jn+1(1}1, . ,'UK) = Z)\k . O'(’Uk), V(’Ul, e ,’UK) S an_t,_Lk
k=1 k=1

Observe that by solving this dynamic program, the value of Ji(S10,...,58K0) yields the exact
optimal value of the logit-based SOCPD problem. The optimal solution can be obtained by taking
the greedy action with respect to the optimal value function.
Note also that the running time of computing all of the values of J using the DP recursion is
P Vikl = O((n+ 1) (Umax — Umin))), and the time to find the optimal a by identifying the
greedy action is O(n). Thus, if K is treated as a constant, then we can solve the problem in time
that is polynomial in the magnitude of the inputs (the difference a0y — tUmin) and in n. We shall

leverage this idea in the next section to develop a theoretically tractable approximation algorithm

in the constant K regime.

3.4. Fully polynomial-time approximation scheme (FPTAS)

Using the dynamic programming method developed in the previous section, we now consider
whether it is possible, under certain conditions, to construct a fully polynomial time approximation
scheme (FPTAS) for the logit-based SOCPD problem. An FPTAS is a procedure that, given an
input € > 0, outputs a solution a such that F'(a) > (1 —e€)F*, where F'* is the optimal value of the
logit-based SOCPD, in computation time that is polynomial in n, K and 1/e. In light of our earlier
inapproximability result (Theorem 3), this is in general not possible. However, under the condition
that K is a constant, we will see that it is possible to obtain an approximation algorithm with
running time that is polynomial in n and 1/¢, but exponential in K.

The overall strategy that we will take to construct our FPTAS is to discretize the utility param-
eters B, ..., Bk.n Of each customer type. In particular, suppose that we are given a number R > 0,
which will serve as a discretization parameter. Consider discretizing the partworths according to
R:

Bk,jzvm, Vke[K],je{0,1,...,n}.

Define also the discretized utility function a,(-) as

ir(a) = Bro+ Z Br.j;.
j=1
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Note that by multiplying @,(a) by R, we approximately obtain wuy(a); that is, Ru(a) ~ ug(a). Our
goal now is to solve the discretized problem

max F(a)

ac{0,1}"

= max Z)\kch ug(a)),

ac{0, 1}”

where F': {0,1}" — R denotes the discretized logit-based share-of-choice objective. We will now
describe a dynamic programming approach for solving this problem, which will turn out to be the
FPTAS that we seek.

As with the DP approach in Section 3.3, let us compute bounds Uy ; max and U ; min a8

i—1
Uk, i max = Br,0 + Z(ﬁk,j)Jrv
=1
i—1

Uk, i min = Br,0 + E (Br.j) -
Jj=1
Let us also define tmax = MaXge[x] Uk,n+1,maxs Umin = Milge[x] Uk nt1,min- NOte that in relation to
Umayx aNd Ui, defined in Section 3.3, Uyax and U, can be bounded as follows:

Uu
o < | ‘}”%J

&min 2 LugnJ - (TL+ 1)’

where both inequalities follow from basic properties of the floor function. Finally, let ]}Z © be defined
as

]}i,k = {ﬂk,i,mina ﬂk,i,min + 17 e 7ak,i,max}- (3>

Note that the discretized problem,

max F (a) max Z)\ka (R-ux(a))

ac{0,1}" ae{o 1 £

can again be solved by dynamic programming.
We now describe the DP approach for solving the problem max,co,1}n» ﬁ’(a). Define the value
functions Ji,...,J,.11, where for each ¢ =1,...,n+ 1 the function J; : Hle f)i’k — R satisfies the

following recursion:

z+1(1}1+51 iy- UK"‘BK,i)},

UK ),
Vi e [n], (vy,...,v H (4)

Ji(vi,y...,vx) =max{J;11(vy,..
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with the terminal values defined as

Jn+1 Viy...,0 Z)\ka R Uk

won o) € I (5)

The value of Ji(-) at (BNLO, - BNKO), ie., J1(51,07 . ,5}(,0), is exactly the optimal value of
MaXae(o,1}7 F (a). In addition, the number of steps to calculate all of the value functions Ji,. .., J, 11

is bounded by

n+l K

2 LIl

i=1 k=1
n+l1 K

= Z H(ak,i,max - ak,i,min)

i=1 k=1

+
Z umax umln
(n + 1)(amax - amin)K
Umax Umin K
e ([F5e]-Re )
which implies that the computation time of the DP is O((n+1) - (| tmax/R] — |Umin/R] +n+1)%),

I I/\

IN

which is polynomial in n, %y, and Upyy-
An optimal solution a € arg maxac{o,1}» F (a) can be obtained using the algorithm below, which

requires O(n) steps.

Algorithm 1 Greedy algorithm for obtaining optimal solution from DP value function J(-).

Initialize a; >0,...,a, < 0.
Initialize v, < Bl,o, N BK’O, 14+ 1.
while i<n do
if J(i+1,01,...,0x) <J(i+ 1,014 Bri,..., vk + Br1) then
Set a; + 1.
else
Set a; < 0.
end if
end while

return Solution a.

We can now define a fully polynomial-time approximation scheme for the logit-based SOCPD,

which is presented below as Algorithm 2.
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Algorithm 2 FPTAS for logit-based SOCPD problem.
Set R+ ¢/[(n+1)K]

Solve max,c o1y F'(a) using the dynamic program (4) - (5).

~

Using Algorithm 1, obtain a € arg maxaco,13» F'(a).

return Approximate solution a.

Our main theoretical result is that Algorithm 2 is a FPTAS for problem (1).

THEOREM 4. Algorithm 2 returns a (1 — €)-optimal solution the logit-based SOCPD problem, in
running time O(n+ (n+ 1) KX(1/€)" (umax — Umin + 1+ 2)%).

The following result is a straightforward consequence of Theorem 4.

COROLLARY 1. When the number of customer types K is constant, there exists a fully polynomial
time approximation scheme (FPTAS) for the logit-based SOCPD problem.

Note that in Theorem 4, there is an exponential dependence on the number of customer types K.
These results establish that when K is treated as a constant (i.e., O(1)) quantity, the logit-based
SOCPD problem can be approximated in polynomial time, at least in theory. From a practical
standpoint, however, the performance of Algorithm 2 is not strong. Our experience with imple-
menting Algorithm 2 suggests that the computation time is reasonable for up to K =2 customer

types, but explodes for K > 3. For this reason, we do not pursue this approach further.

3.5. Approximation via geometric mean maximization
In this final section, we consider an alternate approach to approximating problem (1). In prob-
lem (1), the objective function is formulated as the weighted sum of the logit probabilities of each
customer purchasing the product. An alternate way of regarding this objective is to view it as a
weighted arithmetic mean of the logit probabilities of the customer types.

Consequently, instead of formulating the objective of our product design problem as an arithmetic
mean, we can instead consider formulating the problem using the geometric mean. This leads to
the following optimization problem:

exp(uy(a)) ] . . (6)

maximize
P [1 + exp(ug(a))

acA

In other words, rather than trying to optimize the weighted arithmetic mean of the purchase prob-
abilities, this problem seeks to optimize the weighted geometric mean of the purchase probabilities,
where the weights indicate the relative proportion of each customer type in the population.

This formulation is interesting to consider because it provides a lower bound on the optimal
value of problem (1); the following simple result, which is based on the arithmetic-geometric mean

inequality and is stated without proof, formalizes this.
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PROPOSITION 1. Let Z%,, and Z},,; be the optimal objective values of problems (1) and (6),

respectively. Then Zj, > Zfy-

Thus, by solving problem (6), we obtain a lower bound on problem (1); by evaluating the objective
value of the optimal solution of (6) within problem (1), we obtain an even stronger lower bound.
The solution of the geometric mean problem (6) can be used as an approximate solution of the
arithmetic mean problem (1).

We can further analyze the approximation quality of the solution of problem (6) with regard to
the original problem. Let us use x = (z1,...,2x) to denote the vector of purchase probabilities for
the K different customer types, and let us use x(a) to denote the vector of purchase probabilities
for a given product a € A:

) ( explu(a)) exp(ux(a))
x(a) = (z1(a),...,zx(a)) = <1 +exp(ui(a))’ 71 +eXP(UK(a))> .

Let us also use X be the set of achievable customer choice probabilities, given by

X:{xe[o,l]Kmk:mforsomeaeA}. (7)

Given a vector of choice probabilities x, we use the function f: X — R to denote the weighted

arithmetic mean of x, with the weights A= (Ay,..., A\g):

Fx) =" e (8)

Similarly, we use g: X — R to denote the weighted geometric mean of x:

g(x)=]J =" (9)

Thus, in terms of these two functions, the original logit-based SOCPD problem can be written as
maxXac 4 f(x(a)), while the geometric mean problem (6) can be written as maxac 4 g(x(a)). We then
have the following guarantee on the performance of any solution of the geometric mean problem (6)

with respect to the objective of the original logit-based SOCPD problem (1).

THEOREM 5. Let L and U be nonnegative numbers satisfying L < xp(a) < U for all k €
{1,...,K} and a€ A. Let a* € argmaxac4 f(x(a)) be a solution of the arithmetic mean problem,
and & € argmax,e 4 g(x(a)) be a solution of the geometric mean problem. Then the geometric mean

solution a satisfies
1

f(x(a)) > —
( ( )) Zk:1>‘k (%)

= S (x(@).
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Figure 1 Plot of the approximation factor I' as a function of the ratio U/L, for different values of K. Note that
A is assumed to be the uniform distribution, i.e., A= (1/K,...,1/K).

The proof of Theorem 5 (see Section EC.1.5 of the ecompanion) follows by finding constants «
and @ such that af(x) < g(x) < ag(x) for any vector of probabilities x, and then showing that
a solution a that maximizes g(x(-)) must be within a factor a/@ of the optimal objective of the
arithmetic mean problem. Theorem 5 is valuable because it provides some intuition for when a
solution a obtained by solving the geometric mean problem (6) will be close in performance to the
optimal solution of the original (arithmetic mean) problem (1). In particular, the factor I' defined

as
1

K Y
Zk:l Ak (%) *
is decreasing in the ratio U/L. Recall that U is an upper bound on the highest purchase probability

F=a/a=

that can be achieved for any customer type, while L is similarly a lower bound on the lowest
purchase probability that can be achieved for any customer type. When the ratio U/L is large, it
implies that there is a large range of choice probabilities spanned by the set of product designs A.
On the other hand, when U/L is small, then the range of choice probabilities is smaller. Thus, the
smaller the range of choice probabilities spanned by the set A is small, the closer we should expect
the geometric mean solution to be in performance to the optimal solution of the arithmetic mean
problem. Figure 1 visualizes the dependence of the factor I' on U/L when A is assumed to be the
discrete uniform distribution and K is varied.

In addition to the ratio U/L, the factor I is also affected by A. It can be verified that the factor I'

is minimized when the customer type distribution is uniform, i.e., A= (1/K,...,1/K). In addition,
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it can also be verified that when A is such that A\, =1 for a single customer type (and A\» =0 for
all others), the factor I' becomes 1. Thus, the more “unbalanced” the customer type distribution
A is, the closer the geometric mean solution should be in performance to the optimal solution of
the arithmetic mean problem.

Lastly, with regard to the bounds U and L, we note that these can be found easily. In particular,
for each customer type k, one can compute uy max = MaXac 4 Ug () and Uy pmin = Minae 4 ux(a), which
are the highest and lowest utilities that one can attain for customer type k; for many common
choices of A this should be an easy problem. (For example, if A is simply {0,1}", we can find
Uk, max DY setting to 1 those attributes for which f; ; > 0 and setting to 0 all other attributes; wuy min
can be found in a similar manner). One can then compute L and U as

Pt )
k=1,...K 1+ exp(Ug.max)

_ XD (Uimin)
k=1,...K 1+ eXp(uk,min) '

U=

We now turn our attention to how one can solve problem (6). While problem (6) is still a
challenging nonconvex problem, it is possible to transform it into a mixed-integer convex problem.

To do so, we consider taking the logarithm of the objective function of (6):
K A K
exp(ui(a)) ] 4§ ( exp(ui(a)) >
1 DU 2N A log | AR
°8 11 [1 +exp(ug(a)) kz:; oS\ T+ exp(ug(a))
K
= Z Ak - (ug(a) —log(1 4 exp(ux(a)))) .
k=1

This transformation is useful because the logarithm function is monotonic, so any solution that
maximizes the logarithm of the objective function maximizes the objective function itself. This

leads to the following mixed-integer convex program:

K
maximize Z Ak - (ug —log(1 4+ exp(uy))) (10a)
- k=1
subject to  uk=Bro+ »  Briai, VEhe{l,...,K}, (10b)
i=1
Ca<d, (10c)
a; €{0,1}, Vie{l,...,n}. (10d)

This formulation can be further reformulated as a mixed-integer exponential cone program, and
solved using Mosek. In terms of complexity, we note that problem (6) is still a hard problem, which

is formalized in the proposition below.

THEOREM 6. The geometric mean problem (6) is NP-Hard.
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We refer readers to Section EC.1.6 for the proof of this result. However, in spite of this result,
our experience is that the conic reformulation of (10) can generally be solved quite quickly; in
our experiments in Section 5.1, we find that synthetic problem instances of with up to n =70
attributes and K = 30 customer types can be solved to full optimality in no more than two minutes
on average. Despite this positive empirical result, we again note that the geometric mean approach
only provides a heuristic and not an exact approach to solving the original problem (1), and indeed,
in Section 5.2, we shall see that the GM heuristic can be quite suboptimal in real data instances.

In what follows, we shall consider how to solve this problem to provable optimality.

4. Mixed-Integer Convex Programming Formulations
Motivated by the hardness results that we established for problem (1) in Section 3.2, in this section,
we develop exact mathematical programming formulations of problem (1).

The formulations that we will develop belong to the general class of mixed-integer convex pro-
gramming (MICONVP) problems, and specifically, the class of mixed-integer conic programming
(MICP) problems; we provide a brief overview of MICP here. An MICP problem has the following

general form:

minimize c¢’x (11a)

xER?
subject to Ax—bek, (11b)
r, €L, Viel, (11c)

where x is an n-dimensional vector of decision variables, ¢ is an n-dimensional vector, b is an
m-dimensional vector, A is an m-by-n matrix, I C [n] is the set of integer variables in the problem
and finally, K is a closed convex cone. A closed convex cone K is a closed subset of R™ that contains

all nonnegative combinations of its elements, i.e., a set K satisfying the following property:
Vi,¥2 €K = a1y + axy, € K for any ay,ay > 0. (12)

While the cone K can in theory be specified as any set that satisfies (12), in practice, it is common
to model K as a Cartesian product of a collection of cones drawn from the set of standard cones.
An example of a standard cone is the the cone Ks = {y € R™ | y > 0}, where 0 is an m-dimensional
vector of zeros. This cone is known as the nonnegative cone, as it corresponds to the nonnegative
orthant of R™. The constraint Ax —b € K- is equivalent to the constraint Ax > b, which is
just a linear constraint. Other standard cones include the zero cone, the second order cone, the
exponential cone and the positive semidefinite cone; we refer readers to Mosek ApS (2021a) for an

overview of other standard cones.



Author: FEzact Logit-Based Product Design

18

Having described mixed-integer conic programming in generality, we now elaborate on why this
representation is valuable. Many mixed-integer convex programs involve complicated nonlinear
functions. Until recently, the method of choice for tackling such problems has been to use mixed-
integer nonlinear programming solvers, which treat these nonlinear functions in a “black-box”
fashion and rely on evaluating these functions and their derivatives to solve the problem. Often, it
turns out that constraints involving these nonlinear functions can be re-written through additional
variables and additional conic constraints involving standard cones.! In so doing, one obtains a
mixed-integer conic program, which is then amenable to solution methods for such problems. This
is important because conic programs — problems of the same form as (11), without the integrality
constraint (11c) — are considered to be among the easiest continuous nonlinear programs to solve:
the theory of numerical algorithms for solving these problems is quite developed, there are numerous
software packages for solving these problems at practical scale, and there continues to be active
development both in the theory and in software implementations. Solution algorithms for mixed-
integer conic programs are built on top of algorithms for (continuous) conic programs and can
exploit the conic structure. By formulating the problem as a mixed-integer conic program, one is
able to use state-of-the-art commercial solvers such as Mosek (Mosek ApS 2021b), as well as new
open-source solvers such as Pajarito (Coey et al. 2020) to solve the problem. (In our numerical
experiments in Section 5 we will indeed solve all of our formulations using Mosek.)

The challenge in developing a MICP formulation of problem (1) is how to model probabilities of
the form e"/(1+4€"); as we have already discussed, such probabilities have a non-convex dependence
on u. The first formulation we will present in Section 4.1, formulation RA, is based on leveraging the
fact that logit probabilities arise as optimal solutions of a concave maximization problem called the
representative agent model. The second formulation we will present in Section 4.2, formulation P, is
based on a technique known as perspectification. The last formulation we will present in Section in
Section 4.3, formulation P-RPT, is based on applying the reformulation-perspectification technique
(RPT; Zhen et al. 2021) to formulation P. In all three of our formulations, the representation of the
logit probabilities will critically depend on certain convex functions that are representable using
the exponential cone, and our formulations will thus be mixed-integer exponential cone programs,
which are supported by Mosek as of 2019. Finally, in Section 4.4, we briefly describe a couple of
extensions of our models here (on handling a profit objective and handling uncertainty in problem
data) that are discussed in more detail in the ecompanion.

Before we continue, we make the following assumption on the structure of the set A.

1 A notable recent example of this is the paper of Lubin et al. (2018), which found that all 194 mixed-integer con-

vex programming problems in the MINLPLIB2 (http://www.gamsworld.org/minlp/minlplib2/html/) benchmark
library could be represented as mixed-integer conic programs using standard cones.
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ASSUMPTION 1. The set A can be written as A= {a € {0,1}" | Ca <d} for some choice of
CeR™" and d e R™, where m € Z,..

Assumption 1 just requires that the set of candidate products A can be represented as the set
of binary vectors satisfying a finite collection of linear inequality constraints. This assumption is
necessary in order to ensure that our problem can be formulated as a mixed-integer convex program
of finite size. We note that this assumption is not too restrictive, as many natural constraints can

be expressed in this way; we discuss some examples in Section EC.2.1 of the ecompanion.

4.1. Formulation RA

Our first formulation relies on the representative agent model, which we now briefly review. In the
representative agent model, an agent is faced with M alternatives. Each alternative m € [M] is
associated with a utility 7,,,. The agent must choose the probability x,, with which each alternative
will be selected; we let x = (z1,...,2) be the probability distribution over the M alternatives. The
agent seeks to maximize his adjusted expected utility, where the adjustment is achieved through
a convex regularization function V(x). The representative agent model is then the following opti-

mization problem:

M
maximize Z TmTm — V (X) (13a)
i=1
M
subject to Z Ty =1, (13b)
m=1
T, >0, Vme[M]. (13c)

Since the function V'(-) is a convex function, the above problem is a concave maximization prob-
lem. By carefully choosing the function V', the optimal solution of this problem — the probability
distribution x — can be made to coincide with choice probabilities under different choice models.

In particular, it is known that the function V(x) = ZM

—, x;log(z;) gives choice probabilities corre-
sponding to a multinomial logit model (Anderson et al. 1988). We refer the reader to the excellent
paper of Feng et al. (2017) for a complete characterization of which discrete choice models can be
captured by the representative agent model.

For our problem, the specific instantiation of the representative agent model that we are inter-
ested in is one corresponding to the choice of the kth customer type between our product and
the no-purchase option. We let xj ; denote the probability of choosing our product with attribute
vector a, and z o denote the probability of choosing the no-purchase option. Recall that the utility

of our product is uy(a), and the utility of the no-purchase option is 0. The representative agent

model for this customer type can thus be formulated as

maximize ug(a)-zr1+0-xpo— zp 1 log(Tr1) — zrolog(zro) (14a)
Tk,0:Tk,1
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subject to  xy 1 +xk0 =1, (14b)

Lk,15,Lk,0 Z 0. (140)

The following theoretical result establishes two key properties of this problem. First, the unique
optimal solution (zj ,, ) is exactly the pair of logit choice probabilities for the two alternatives.
Second, the optimal objective value can be found in closed form. The proof of this proposition

follows straightforwardly by analyzing the Lagrangean of problem (14), and is thus omitted.

PROPOSITION 2. The unique optimal solution (z3 1,75 ) of problem (14) is given by

evk (a)

xk,l = 1 + euk(a)v
B 1
Tro = 1+ eur(@)’

In addition, the optimal objective value is log(1 + e*+®)),

Using this result, we can now proceed with the formulation of our SOCPD problem. With a
slight abuse of notation, let u;, be a decision variable that denotes the utility of the candidate
product a for customer type k. As before, let z; ; and xj o denote the probability of customer type
k purchasing and not purchasing the product, respectively. Then, the optimization problem can be

formulated as

ma;cliln)}ize ZK:)\k-xk’l (15a)
subject to :];;—f—xk’o:l, Vke{l,...,K}, (15b)
UpTr1 — Tp110g8(Tr1) — T olog(zr,o) > log(l+exp(ug)), Vke{l,...,K}, (15c)
ukzﬁho—kiﬁk,iai, Vke{l,...,K}, (15d)
Ca<d, - (15e)
a; €{0,1}, Vie{l,...,n}, (15f)
Tp1, %o >0, Veke{l,...,K}. (15g)

Observe that this formulation is a valid formulation of problem (1). To see this, observe that any
solution (a,u,x) that is feasible has the property that for every k € [K], (21,2 1) is an optimal
solution to problem (14). This is because constraint (15¢) enforces that the objective function of
(14) is at least as good as log(1+ e ), which is equal to log(1 + e"“*®)) (because constraint (15d)
ensures that the decision variable u; is exactly equal to uz(a)). Since we know that log(1 + e*(®))

is the optimal objective value of problem (14), it follows that (zy, 2 1) is an optimal solution to
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problem (14). Additionally, since the solution of the representative agent problem (14) is unique,
it must be that ;0 =1/(1+e“®)) 2, = %@ /(1 4 eur@)).

The key feature of this formulation is that it no longer explicitly involves the logit choice prob-
abilities, which are a nonconvex function of w;. We note that this problem is almost a mixed-
integer convex program. In the main nonlinear constraint (15c), the functions —xy ; log(xy 1) and
—x0log(xy o) appearing on the left hand side are instances of the entropy function —zlog(z) (Boyd
and Vandenberghe 2004) and are concave in xj; and xy . Similarly, the function log(1 + exp(uy))
appearing on the right hand side, which is known as the softplus function (Mosek ApS 2021a), is a
convex function of uy. Thus, this constraint can almost be written in the form f(uy,x;) <0, where
f is a convex function. The main obstacle that prevents us from doing this is the bilinear term
Uy, which is not jointly concave in u; and xy ;.

Fortunately, we can use the fact that u, = By o + Z?:l Br.ia; to re-write this bilinear term as

n
w1 = (Bro + Zﬁk,iai)xk,l

i=1

n
= BroTk,1 + Z Bei - Qi1 -
i=1

Using the fact that each a; € {0,1} and that 0 <z;; <1, we can now linearize the bilinear terms
a;Tj 1 using a standard modeling technique from integer programming. In particular, we introduce
a continuous decision variable yy, ; for each k£ and ¢ which corresponds to the product a;zy 1, and a
continuous decision variable wj; which corresponds to the product u;zy ;. This leads to the following

equivalent formulation, which we denote by RA:

RA: rr;ahxgvrr)lcige i Ak Tg 1 (16a)
subject to al;i +xro=1, Vke[K], (16b)
wy — T log(zr1) — Trolog(zro) >log(l +exp(ux)), Vke[K], (16¢)
up=Bro+ Y Braai, k€ [K], (16d)
i=1
wy = Brotri+ Y Brivrs, k€ [K], (16¢)
Yki < Th1s Vk?[K], i€ [nl, (16f

Ui <a;, Vke[K], i€ln], (16g

)
)
Ypi > a;—1+x,1, Vke[K], i€n], (16h)
yri >0, Vke[K], i€[n], (161)

)

Ca<d, (16j
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a; €{0,1}, Vie|[n], (16k)
Tk,1yLk,0 > 0, Vk e [K} (161)

Note that in the formulation above, when a € A, y;; is forced to take the value of a; - x4, and
wy, takes the value of uy, - z) 1, which ensures the correctness of the formulation. We note that the
nonlinear functions that appear in formulation RA, which are the entropy functions zy 1 log(xy 1)
and xy olog(xy ) and the softplus function, are representable using the exponential cone; we refer
readers to Mosek ApS (2021a) for more details. As a result, formulation RA is a mixed-integer

exponential cone program that can be solved using Mosek.

4.2. Formulation P

In this section, we develop an alternate formulation of the logit-based SOCPD problem using
a trick that is colloquially known in the nonlinear programming/convex optimization literature
as perspectification (Zhen et al. 2021). We briefly review the idea of perspectification, and then
demonstrate how it can be applied in our setting.

In nonconvex optimization problems, one sometimes encounters a constraint of the form

9(z,y)+xf(y) <0

where x > 0 is a scalar decision variable, y is a vector of decision variables, f is convex in y and g
is jointly convex in x and y. This constraint is not a convex constraint because although the term
xf(y) is marginally convex in each of z and y (specifically, it is linear in x for any fixed y and
convex in y for a fixed x > 0), it is not jointly convex in (x,y). However, one way in which one can
turn this constraint into a convex one is as follows. First, we multiply and divide y by z inside the

constraint:
T
g(z,y)+af (%) <0,

where we assume that zf(u/z) =0 when x = 0. We now replace zy with a new decision variable
vector u, which serves as the linearization of the vector of bilinear terms zy. This leads to the

constraint
u

This last constraint now is in fact a convex constraint, because the new term z f(u/z), is exactly the
perspective function of f. Recall that the perspective function of f is the function f(y,t) =t-f(y/t),
defined for ¢ > 0. The perspective function is significant because whenever f is a convex function
of y, then the perspective function f is a convex function of y and ¢ (Boyd and Vandenberghe
2004). By including additional constraints that appropriately constrain the u variable vector, we

can potentially obtain a good relaxation of the original problem. This idea has been identified
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and exploited in a number of recent papers that consider challenging optimization problems (for
example Zhen et al. 2022, Gorissen et al. 2022).
Let us now see how this idea applies in the context of our problem. Recall that in our problem,

ideally we wish to enforce the constraint

1
Tk, (17)

T Tiem
where xj; is the decision variable that represents the purchase probability of customer type k,
and wuy, is the utility of the product for customer type k. Note that since the objective function is
Zle AiZk,1, which is a nonnegative weighted combination of the z; ; variables, we can safely relax

the equality to an inequality, to obtain the constraint

1
< 18
e (18)
If we now move the denominator of the right-hand side to the left, we get
Tp1+ape P <1 (19)

Here, recall that f(y)=eY is a convex function of y. We can thus apply the perspectification idea
by multiplying and dividing the argument of e by z; ;, which yields

T Tk,1Y%k

Tpa+xpre k1 <1 (20)

Finally, as in formulation RA, let us use wy to denote the linearization of uy - x; ;. We now replace

T 1w, With wy, to arrive at the following convex constraint:
Tpy 4 Tp e K TR <1 (21)

This suggests the following formulation of the logit-based SOCPD problem, which we refer to as
formulation P. Note that the definitions of the decision variables are the same as in formulation RA,

and that constraints (22c¢) - (22h) are the same as in formulation RA.

P: mg)gr)?ize i AkTr 1 (22a)
T =1

subject to ;71 ap e O <1 VY ke [K], (22b)

Wi, = BroTr,1 + znzﬂmyk,i, V ke [K], (22¢)

Yei <a;, Vk Ezz[lK], i€ [n], (22d)

Yri <1, YVkelK], i€]n], (22e)

Yri > Te1+a;—1, Vke[K], i€n], (22f)
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yei >0, Vkel[K], i€ln], (22¢
Lk,0yLk,1 Z 0, vV k S [K], (22h
Ca<d, (22i

ac{0,1}". (22]

Note that this formulation is a valid formulation of problem (1). To see this, observe that when
a € A, yi; will take the value a, - z;,; and wy, will take the value uy -y 1, where uy, = Bro+Y iy Br.iti
is the utility of the product for customer type k. Thus, constraint (22b) essentially enforces that
T + T e TR1/TR1 <1 or equivalently, that z;; < 1/(1+ e ). Since the objective function
is a nonnegative weighted combination of the z,; variables, at optimality we will have that xj ;
will be equal to this upper bound, i.e., z;; =1/(1+ e “k). Note that unlike formulation RA, it
is no longer necessary to include a decision variable u; to represent the utility of the product for
customer k.

We make a couple of important remarks about this formulation. First, we note that formulation P,
like formulation RA, can also be represented as a mixed-integer exponential cone program and
solved directly using Mosek. However, one advantage that formulation P has over RA is that P
requires only a single exponential cone constraint per customer type to represent the perspective
function mk’le_wk/ 7k,1 whereas RA requires four (one for each of the entropy functions, zy 1 log zy |
and zylogzk, and two for the softplus function log(1l + €“*)). Thus, formulation P should be
easier to solve in general. On this point, another advantage that formulation P has over (16) is in
regard to numerical stability. In formulation RA, constraint (16¢) by design must hold at equality
at integer solutions, which can lead to ill-posedness issues (Mosek ApS 2021a). On the other hand,
constraint (22b) does not have to hold at equality for integer solutions, and so formulation P does
not have this same issue of ill-posedness.

Second, a natural question is how formulation P and RA compare. Here, the continuous relax-
ations of formulations P and RA are the convex optimization problems that one obtains when the

constraint a € {0,1}" is replaced with the constraint
0<a; <1, Vieln]. (23)

The relaxation bound is the objective value that is obtained when one solves the continuous
relaxation. Let Z} and Z},, denote the optimal values of the continuous relaxations of formulations
P and RA respectively. The following result (see Section EC.1.7 of the ecompanion for the proof)

characterizes the relation between the relaxation bounds of the two formulations.

PROPOSITION 3. Zj < Zg,.
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This result implies that the relaxation bound of formulation P is always at least as tight as that
of formulation RA. This is important because a tighter relaxation bound generally implies that
the integer problem can be solved more quickly via branch-and-bound. We will see in Section 5.1
that the relaxation bound of P can be substantially tighter than that of RA. In the next section,
we discuss one way in which formulation P can be modified to obtain an even stronger (albeit less

tractable) formulation.

4.3. Formulation P-RPT

In this section, we propose a modified version of formulation P that produces a tighter relaxation
bound. The key idea in this new formulation is to leverage a recently proposed technique from the
paper of Zhen et al. (2021) called the reformulation-perspectification technique (RPT). RPT is a
generalization of the well-known reformulation-linearization technique (RLT) originally proposed
by Sherali and Adams (1990). The basic idea of RPT is to multiply a pair of constraints together,
where one constraint is a linear constraint and one is a convex constraint, to generate new con-
straints that are valid but potentially intractable. These new constraints are then converted into
tractable constraints by applying perspectification.

To illustrate the idea, suppose that we are given the following two constraints:

where y is a vector of decision variables, = is a scalar decision variable, ¢ is a vector of the same
size as y, d is a scalar, and f is a convex function. Observe that from the first constraint, we know
that ¢’y —d must be nonnegative. Therefore, we can obtain a valid new constraint by multiplying

the left and right hand sides of f(x) <0 by ¢’y —d:
(c"y —d)f(z) <0. (24)

This new constraint is no longer convex. However, we can now apply the perspectification trick to

obtain a tractable convex constraint. We multiply and divide the argument of f by ¢’y — d:

Ty —d)
o _ar(PeyY=d) 5
@y -af (U5 ) <o (25)
Now, letting u denote the linearization of x -y, we can reformulate this as
Tu—dx
Ty — d cu—ax <0. 2
ey -d)f (S ) <o (26)

As in the example in Section 4.2, this new constraint is a convex constraint, because again we can

write the left hand side of the constraint as f(c"u— dz,c”y — d), where f(z,t) =tf(z/t) for t >0
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is the perspective function of f. This example is a simple example of the procedure; in the paper of
Zhen et al. (2021), there are a number of more complicated instances shown (for example, where
f is a multivariate function).

To apply the RPT technique to formulation P, let us use as a starting point the constraints

(11'207

Ty +xpe” " <1

Note that the first constraint is a valid constraint that must be satisfied by a;, whether it is binary
or relaxed to be continuous, while the second constraint is the main constraint from formulation P
prior to perspectification. If we now multiply the second constraint on the left and right by a;, we

obtain
a; T +a;xp e F < ay

We now perspectify the second term by multiplying and dividing by a;x ; inside the e:
—ajugTy 1
a; Tk +a;xp e R <a,.
Finally, introducing the new variable ¢, ; to represent the linearization of a; - x4 1 - uy, and recalling
that we had previously introduced y;,; to denote the linearization of a;xj;, we can re-write this
constraint as

“Pkyi

Yk, + Yrie 01 <ay,

which is a convex constraint. We can apply similar steps using the two constraints

11— a; 2 07
T+ e R <
where the first constraint is just a re-arrangement of a; < 1. By multiplying the left and right hand

side of the second constraint by 1 —a,; and following the same steps, we obtain

—(wg—%k,4)

(X1 —Yri) + (g1 —Ypi)e o177 <1 —aq,.

This leads us to the following formulation, which we refer to as formulation P-RPT:

K
maximize E ATk 1 (27a)
a,b,w,x,
Y.z, k=1

“Pk,i

subject to  yi;+ yrie i <a;, Vke[K], i€[n], (27b)
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—(wg—¥k;)
Tk = Yri) + (@1 — Yua)e 177 <1—a;, VEke[K], i€[n], (27c)
Pk,i = Br,0Yn.i +Zﬁk,jzk,i,ja VkelK], ien], (27d)
=1

Zkji = 2k V]k €[K], i,j €[n],i <], (27e)
Zkii =Yri, Vke[K], i€[n], (27f)
Zi <Uri, VEke[K], i,j€e]n], i<y, (27g)
Zhig SUg, YV kE[K], 4,5 €n],i <7, (27h)
Zhij = Yk + Uk — Te1, YV hkEK], i,5€[n], i<y, (271)
2ki; <bij, Vke[K], i,j€[n],i<jy, (27j)
Zhi; > bij+yk;—a;, Yke[K], i,j€(n],i<y, (27k)
Zig > bij+yki—ai, VEe[K], i,j€]n], i<y, (271)
Zhi; <1—xp1—a;+yp; —a;+yr,; +bij, Vke[K] i,j€[n],i<j, (27m)
2ki; >0, VkelK], i,j€n],i<j, (27n)
bji=bi;, Vi,je[n],i<y, (270)
bii=a;, Yi€ln], (27p)
bij<a;, Yi,je€]n],i<j, (27q)
bij<a;, Vi,jeln],i<j, (27r)
bij>ai+a;—1, Vi jen]i<jy, (27s)
b;; >0, Vi,jeln],i<y, (27t)
constraints (22b) - (22j). (27u)

In the above formulation, constraints (27b) and (27c¢) are those obtained by applying RPT. In
addition to the new decision variable ¢y ;, the formulation also includes the decision variables zj ; ;,
which represents the linearization of a;-a; - xy 1, and b; ;, which represents the linearization of a; - a;.
Constraints (27e) - (27n) are standard constraints to linearize a;a;xy, 1, while constraints (270) -
(27t) are similar constraints to linearize a;a;.

We make a couple of observations regarding formulation P-RPT. First, just like formulation P,
this formulation can be represented as a mixed-integer exponential cone program. Second, in terms
of strength, observe that the projection of the feasible region of the continuous relaxation of P-RPT
is contained in the feasible region of the relaxation of P, since the constraints of P are a superset
of those in P-RPT. Therefore, it follows straightforwardly that the relaxation bound of formulation
P-RPT, which we denote by Zp gp1, is at least as tight as that of Z;.
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PROPOSITION 4. Zj ppr < Zp.

We will see in Section 5.1 that the relaxation bound of P-RPT can be substantially tighter than
that of P.

Third, in terms of tractability, formulation P-RPT is significantly more complex than formula-
tion P. In particular, whereas P is representable using K exponential cone constraints and O(Kn)
linear constraints, P-RPT requires O(Kn) exponential cone constraints, and O(Kn?) linear con-
straints. In our experience with this formulation, it is generally much slower to solve with integrality
constraints than formulation P, and we did not have success with solving this formulation in a
reasonable amount of time for the synthetic instances considered in Section 5.1. However, the con-
tinuous relaxation of formulation P-RPT can be solved relatively quickly. Thus, this formulation

can be useful in some cases in allowing one to quickly obtain a better upper bound than P.

4.4. Extensions

Before we conclude this section, we comment on a couple of extensions of the models we consider
here. First, all of our formulations focus on optimizing the market share of the product. A firm
may instead be interested in maximizing expected profit. In the case that profit is a linear function
of a, then all of our formulations can be straightforwardly modified to represent this new objective;
we provide more details in Section EC.2.2 of the ecompanion.

Second, an important consideration in practice is the reliability of the problem data. In the
situation where there are estimation errors in the parameters (the A, and f;.; values), it is possible
that a product designed under the assumption of one set of values for these parameters will perform
poorly if another set of parameter values is realized. In Section EC.4, we present two different vari-
ants of the logit-based SOCPD problem, based on robust optimization, for addressing uncertainty

in the problem data.

5. Numerical Experiments

In this section, we present the results of our numerical experiments. Section 5.1 presents the results
of our experiments with synthetically generated problem instances, while Section 5.2 presents the
results of our experiments with instances derived from real conjoint datasets. All of our numerical
experiments are implemented in the Julia technical computing language, version 1.5 (Bezanson
et al. 2017) using the JuMP package (Julia for Mathematical Programming; see Dunning et al.
2017). All mixed-integer exponential cone programs are solved using Mosek version 10 (Mosek ApS
2021b) with a maximum of 8 threads. All of our experiments are conducted on Amazon Elastic
Compute Cloud (EC2), on a single instance of type m6a.48xlarge (AMD EPYC 7R13 processor,
with 192 virtual CPUs and 768 GB of memory).
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5.1. Experiments with synthetic instances

In our first collection of numerical experiments, we test our approaches on synthetically generated
problem instances. We generate these instances as follows. For a fixed number of binary attributes
n and number of customer types K, we draw an independent uniformly distributed random number
U in the interval [—1,41] for each customer type k and attribute i. We then set the partworth
B, of attribute ¢ for customer type k as B, = c- vy, where c is a positive constant. For each
customer type, we set the utility Bx o of the no-purchase option as [, = —3. This choice of the
no-purchase option can be interpreted as assuming that when offered a product with no attributes,
i.e., a=0, then the utility of the product for a segment k is ui(a) = o = —3, which corresponds
to a purchase probability of o(—3) ~0.0474, i.e., a roughly 5% chance of the customer buying the
product. We assume that the probability A of each customer type k is set to 1/K.

We vary n € {30,40,50,60,70}, K € {10,20,30}, and ¢ € {5,10,20}. For each combination of n
and k, we generate 20 collections of values vy ; for each k € [K] and i € [n]. For each such collection,
we vary ¢ € {5,10,20} and compute S ; = cvy; for each k € [K] and 7 € [n]. Consequently, this gives
rise to 5 x 3 x 3 =45 sets of 20 problem instances, for a total of 45 x 20 =900 problem instances.

In our first experiment, we solve formulation P on each instance with a time limit of 2 hours.
We record the computation time and the optimality gap, which is defined as

7 -7
Op = 100% x M’
Zp,uB

where Zp ;75 is the best upper bound obtained upon termination of formulation P and Zp 1 is the
best lower bound at termination of P (which corresponds to the best possible integer solution). We
compute the average of the computation time, denoted by Tp, and Op over the twenty instances
corresponding to each combination of n, K and c.

Table 1 displays the results. Overall, we can see that in a large number of cases one can solve
formulation P to provable optimality (i.e., the average gap Op is zero) within two hours. In other
cases, it is not possible to solve it to provable optimality, but the resulting solution comes with
a relatively low optimality gap. For example, for n = 70, K = 30, ¢ = 5, the average optimality
gap is 4.95%. Across all combinations of n, K, c where there is a non-zero average optimality gap,
the average optimality gap ranges from 0.19% to 9.60%. To put these results into perspective,
we attempted to solve some of our instances using exhaustive enumeration in Julia. For instances
with n = 30, the average time required for exhaustive enumeration was on the order of one hour.
For instances with n =40, the time exceeded two hours; given that A= {0,1}", we should expect
this time to be about 240739 = 210 times larger, i.e., on the order of approximately 1000 hours.

In comparison, formulation P can be solved to provable optimality in no more than 2333 seconds
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cn K Op T c n K Op Tp c n K Op T
5 30 10 0.00 15.54 10 30 10 0.00 14.96 20 30 10 0.00 12.23
5 30 20 0.00 202.62 10 30 20 0.00 80.05 20 30 20 0.00 66.61
5 30 30 0.00 2333.12 10 30 30 0.00 1107.93 20 30 30 0.00 614.31
5 40 10 0.00  44.99 10 40 10 0.00 17.78 20 40 10 0.00 18.42
5 40 20 0.37 2393.76 10 40 20 0.00 399.22 20 40 20 0.00 496.22
5 40 30 6.91 7026.27 10 40 30 2.50 5316.60 20 40 30 1.19 4346.31
5 50 10 0.00 21.62 10 50 10 0.00 17.92 20 50 10 0.00  24.78
5 50 20 0.70 2809.89 10 50 20 0.19 1351.77 20 50 20 0.22 817.61
5 50 30 9.95 7213.79 10 50 30 6.16 7161.57 20 50 30 3.40 5550.03
5 60 10 0.00 47.54 10 60 10 0.00 22.60 20 60 10 0.00 38.61
5 60 20 1.03 2317.13 10 60 20 0.03 709.22 20 60 20 0.00 114.48
5 60 30 9.60 7213.76 10 60 30 4.88 6692.13 20 60 30 2.18 5115.71
5 70 10 0.00 18.33 10 70 10 0.00 16.69 20 70 10 0.00 21.44
5 70 20 0.45 1267.83 10 70 20 0.00 87.16 20 70 20 0.00 202.43
5 70 30 4.95 6410.63 10 70 30 1.64 3310.76 20 70 30 0.23 2610.99

Table 1 Optimality gap and computation time of formulation P as ¢, n and K vary.

(approximately 39 minutes) on average for instances with n =30 and to an average optimality gap
of below 7% within 7026 seconds (just under two hours) for instances with n = 40.

In our second experiment, we compare the three formulations — RA, P and P-RPT— in terms of
their continuous relaxations. We solve the continuous relaxation of each of the three formulations
for each instance, and then compute the integrality gap, denoted by I,,, as

/
Zm,rlw —-Z

L, = 100% x =72,

(28)

where Z' denotes the objective value of the best integer solution obtained from P after two hours
of computation. In addition to I,,, we also calculate 7}, ,,,, which is the time required to solve the
continuous relaxation of model m. We focus on only those instances with ¢ =5, as these instances
resulted in the largest separation between the integrality gaps. We note that in a small but not
negligible number of cases (79 instance-method pairs out of 900), the value of Z,, ., obtained was
lower than Z’ because of numerical precision issues arising from Mosek. Over these 79 instance-
method pairs, the error was extremely small, with the relaxation gap ranging between -0.091% and
-0.000016%. Of the 79 instance-method pairs, 5 corresponded to RA, 23 to P and 51 to P-RPT.
Due to the relatively small magnitudes of the errors, we treated these negative values as zeros in
the calculation of our result metrics.

Table 2 below displays the average integrality gap over the 20 instances for each combination
of (¢,n,K). From this table, we can see that P-RPT generally has the smallest integrality gap,
followed by P, and finally RA. In some cases, the difference can be quite large (for example, for

c=>5,n=30 and K = 30, the average integrality gap is about 30% for RA, compared to about 25%
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cn K Ira Ip Ipret Trizrn Triep Triwpret
5 30 10 4.84 346 2.28 9.05 0.02 1.06
5 30 20 17.80 13.66 9.46 9.72 0.04 15.36
5 30 30 29.57 24.55 1799 9.89 0.08 29.95
5 40 10 240 1.74 1.24 9.21 0.02 2.35
5 40 20 10.88 8.36 6.06 10.17 0.08 41.71
5 40 30 19.83 16.33 12.51 10.68 0.17 81.65
5 50 10 0.06 0.03 0.02 9.18 0.08 3.84
5 50 20 5.19 4.02 3.09 10.33 0.08 91.80
5 50 30 19.32 16.58 13.79 10.69 0.17  162.83
5 60 10 0.03 0.02 0.01 10.61 0.10 6.20
5 60 20 254 212 1.80 10.65 0.10 224.54
5 60 30 15.71 13.73 12.04 12.47 0.23  379.66
5 70 10 0.01 0.01 0.00 937 0.04 8.46
5 70 20 098 083 0.74 10.75 0.11  388.53
5 70 30 793 698 6.19 1197 0.39 615.05

Table 2 Comparison of integrality gaps for continuous relaxations of RA, P and P-RPT using synthetic

instances with ¢ =25.

for P and 18% for P-RPT). This agrees with our theoretical results on the objective values of the
continuous relaxations of these formulations (Proposition 3 and 4). In terms of computation time,
we note that the relaxation of P is fastest to solve, while RA is about two orders of magnitude
slower, and P-RPT is an additional 1-2 orders of magnitude slower and can take up to 10 minutes
to solve. The edge of P in time is to be expected, as P requires only K exponential cones, while RA
requires 4K and P requires 2nK + K. As noted in Section 4.3, we did not have success with solving
the integer version of P-RPT in a reasonable amount of time; however, these results suggest that
P-RPT’s relaxation could still be useful when one needs to quickly obtain a good upper bound as
a complement to a heuristic solution.

In our final experiment, we test formulation P and compare the quality of its solutions against
those of several heuristic approaches. We compare it against several different heuristic approaches,
which we summarize below:

1. KKDP: This is the dynamic programming (DP) heuristic of Kohli and Krishnamurti (1987),
which sequentially fixes the elements of a. Although this heuristic was originally proposed for the
problem of product design under a first-choice/max-utility model, with some minor modifications
it can also be applied to the logit-based SOCPD problem.

2. Greedy: This is the greedy heuristic described in Shi et al. (2001), which involves simply

picking the attribute vector a that maximizes the weighted average of the customer utilities:

maxz Ak - ug(a). (29)
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When A = {0,1}", this problem can be solved by setting each attribute independently of the others
based on the sign of the quantity Zszl Ak - Bi.i. More generally, it can be solved by formulating a
mixed-integer linear program.

3. LS: This is a local search heuristic. This heuristic involves starting from a random attribute
vector a € A, and then moving to a new attribute vector a’ in the neighborhood A (a) of a that
leads to the greatest improvement in the objective value; we then repeat this at the new attribute
vector, and continue in this way until there is no attribute vector in the neighborhood of the current
one that leads to an improvement. We consider a neighborhood N (a) defined as N'(a)={a’ € A|
||a’ —a|l; <1}, in other words, all attribute vectors a’ that differ from a in exactly one coordinate
i € [n]. We apply the local search heuristic from ten uniformly randomly generated starting points,
and retain the best solution of those ten repetitions.

4. GM: This is the geometric mean approach described in Section 3.5. We solve formulation (10)
as a mixed-integer exponential cone program via Mosek.

For formulation P, we solve it using Mosek with a time limit of 2 hours.

We execute each of the four heuristics and formulation P on each of the 900 problem instances.
For each problem instance, we identify the solution with the highest objective value and denote its
objective function value by Z’. For each approach m (one of KKDP, Greedy, LS, GM, or formulation

P), we then compute the gap of its solution relative to the best solution for that instance:

Z' —Zy
Gm - 100% X T,

(30)
where Z,, is the objective value attained by approach m. We compute the average of GG, over all
instances with the same values of n, K and ¢, for each approach.

Table 3 below displays the average gap of each approach. From this table, we can see that
in general, across all the values of n, K and ¢, the solution obtained using our mixed-integer
exponential cone formulation P tends to be the best one, as it has the lowest average gap. Out of the
heuristic approaches, KKDP tends to deliver very poor solutions (average gap over all 900 instances
of 16.3%), followed by Greedy (average gap of 16.2%), followed by LS (average gap of 8%). We note
that our geometric mean-based heuristic method GM generally tends to give better solutions than
all three heuristic in the aggregate, with an average gap of 5.7% over all 900 instances, although
there are many cases where GM is the weakest of the four heuristic approaches (for example ¢ =5,
n =30 K = 30); generally, GM seems to perform best for large n and low K. Overall, the main
takeaway from these results is that our exact solution approach can lead to solutions that are
significantly better than heuristic approaches that do not guarantee global optimality.

Besides the optimality gap, it is also helpful to compare the exact solution of formulation P with

the heuristics in terms of computation time. Due to space considerations, these results are reported
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n K GGreedy Gis Gkkor Gom  Gp

30 10 15.74 3.91 19.25 2.37 0.00
30 20 16.93 5.20 21.86 17.78 0.00
30 30 17.25 4.35 17.43 20.01 0.00
40 10 15.64 6.17 15.73 1.03 0.00
40 20 21.07 7.51 21.16 12.91 0.00
40 30 19.80 7.72 18.46 18.42 0.00
50 10 12.21 3.56 16.48 0.00 0.00
50 20 19.18 849 21.80 4.99 0.00
50 30 16.31 6.75 15.72 15.34 1.20
60 10 943 3.49 1045 0.00 0.00
60 20 16.24 9.42 20.38 0.63 0.00
60 30 17.71 7.84 18.60 9.35 0.49
70 10 774 249 852 0.00 0.00
70 20 22.17 13.47 20.v2 0.00 0.14
70 30 19.25 12.09 22.14 3.20 0.19

10 30 10 14.14 3.54 1573 1.74 0.00
10 30 20 1875 7.01 1834 12.23 0.00
10 30 30 1893 7.91 1852 20.12 0.00
10 40 10 14.05 4.30 13.69 0.00 0.00
10 40 20 21.49 10.63 19.72 7.22 0.00
10 40 30 20.81 11.59 17.98 13.26 0.00
10 50 10 997 2,50 10.72 0.00 0.00
10 50 20 1943 11.07 19.87 1.20 0.00
10 50 30 17.53 10.35 17.88 10.86 0.26
10 60 10 747 3.51 805 0.00 0.00
10 60 20 15.57 9.59 16.58 0.00 0.01
10 60 30 19.13 12.82 18.63 2.17 0.00
10 70 10 649 1.50 4.56 0.00 0.00
10 70 20 19.36 13.30 17.04 0.00 0.01
10 70 30 20.66 16.67 22.53 0.40 0.26

20 30 10 1295 3.28 11.15 1.58 0.00
20 30 20 19.37 890 20.49 10.22 0.00
20 30 30 19.51 10.38 18.80 42.97 0.00
20 40 10 13.23 4.50 11.12 0.00 0.00
20 40 20 20.41 11.29 1537 5.46 0.00
20 40 30 21.06 13.76 19.20 10.23 0.00
20 50 10 894 250 5.50 0.00 0.00
20 50 20 18.47 10.51 17.83 0.11 0.01
20 50 30 19.50 13.39 19.70 7.92 0.00
20 60 10 6.83 4.50 6.60 0.00 0.00
20 60 20 1498 7.76 16.25 0.00 0.02
20 60 30 20.21 14.72 20.61 0.30 0.01
20 70 10 6.0 3.50 5.76 0.00 0.00
20 70 20 17.78 11.50 17.91 0.00 0.01
20 70 30 20.62 16.65 19.72 0.00 0.08

(Mean)  16.23 8.13 16.32 5.65 0.06
(Median) 1740 8.85 16.81 0.00 0.00

Table 3 Comparison of optimality gap of heuristic approaches and exact approach (from solving P) on

GOt Ot Ot Ot Ot Ot Ot Ot Ot Ot Ot UL Ot | O

ot

synthetic instances.
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in Table EC.1 in Section EC.3.1 of the ecompanion, which compares the approaches in terms of
average computation time, where the average is taken over the twenty instances for a fixed n, K, ¢
combination. From this table, our formulation P requires the most time, while the KKDP, Greedy
and LS heuristics are extremely fast, requiring no more than a second in all cases. Although solving
P requires more time than the heuristics, we believe that the additional runtime is justified in
light of the fact that P produces solutions for which the level of suboptimality (i.e., the optimality
gap) is known, which is not the case for KKDP, Greedy or LS. The geometric mean approach GM
requires significantly less time compared to formulation P; across all of the instances, we were
able to solve the geometric mean formulation (10) to provable optimality in under two minutes on
average; across all 900 instances, the largest computation time we observed was 996 seconds (just
over 16 minutes). Together with the higher quality of solution returned by GM, our results here
suggest that GM could be an attractive alternative to classical heuristics for the SOCPD problem.

5.2. Experiments with instances based on real conjoint datasets

In our second set of numerical experiments, we test our approaches using instances built with
logit models estimated from real conjoint datasets. We use four different data sets: timbuk2, a
dataset on preferences for laptop bags produced by Timbuk2 from Toubia et al. (2003) (see also
Belloni et al. 2008, Bertsimas and Mi8i¢ 2017, 2019, which also use this data set for profit-based
product line design); bank, a dataset on preferences for credit cards from Allenby and Ginter
(1995) (accessed through the bayesm package for R; see Rossi 2019); candidate, a dataset on
preferences for a hypothetical presidential candidate from Hainmueller et al. (2014); immigrant, a
dataset on preferences for a hypothetical immigrant from Hainmueller et al. (2014). The high-level
characteristics of each dataset are summarized in Table 4 below, and we provide additional details
on the datasets in Section EC.3.2.

We note that for some of these datasets, the product design problem is of a more hypothetical
nature. For example, for candidate, the problem is to “design” a political candidate maximizing
the share of voters who would vote for that candidate. Similarly, for immigrant, the problem is
to “design” an ideal immigrant that would maximize the fraction of people who would support
granting admission to such an immigrant. Clearly, it is not possible to “create” a political candidate
or immigrant with certain characteristics. Despite this, we believe that identifying what an optimal
“product” would be for these data sets, and what share-of-choice such a product would achieve,
would still be insightful. Notwithstanding these concerns, these datasets are still valuable from the
perspective of verifying that our optimization methodology can solve problem instances derived
from real data.

For each data set, we develop two different types of logit models, which we summarize below.
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Dataset Respondents Attributes Attribute Levels n
bank 946 7 4X4x3Xx3IXIX2x2 14
candidate 311 8 6X2X6X6X6X6x6x2 32
immigrant 1396 9 Tx2x10x3x11x4x4x5x4 41
timbuk?2 330 10 TX2X2X2X2Xx2Xx2x2x2x2 15

Table 4 Summary of real conjoint datasets used in Section 5.2. The column “Attributes” indicates the number
of attributes, and “Attribute Levels” indicates the structure of each attribute (e.g., 2 x 3 x 5 indicates that the
product has one attribute with two levels, followed by one with three levels, followed by one with five levels). The
column labelled n indicates the resulting number of binary attributes when the dataset is used to formulate the

logit-based SOCPD problem.

1. Latent-class logit: For each dataset, we estimate a latent-class (LC) multinomial logit with
a finite number of classes K. We estimate each model using a custom implementation of the
expectation-maximization (EM) algorithm (Train 2009). For each dataset, we run the EM algorithm
from five randomly chosen starting points, and retain the model with the lowest log likelihood. To
ensure numerical stability, we impose the constraint —10 < g ; < 10 for each ¢ in the M step of
the algorithm. We vary the number of classes K in the set {5,10,15,20,30,40,50}. Thus, in the
associated logit-based SOCPD instance, each customer class corresponds to one of the customer
types and the customer type probability A, is the class k probability estimated via EM.

2. Hierarchical Bayes: For each dataset, we estimate a mixture multinomial logit (MMNL) model
with a multivariate normal mixture distribution using the hierarchical Bayesian (HB) approach; we
use a standard specification with normal-inverse Wishart second stage priors (see Section EC.3.4
of the ecompanion for more details). We estimate this model using Markov chain Monte Carlo
(MCMC) via the bayesm package in R (Rossi 2019). We simulate 50,000 draws from the posterior
distribution of (f,.1,...,0,,) for each respondent r, and thin the draws to retain every 100th

J
T

draw. Of those draws, we retain the last J =100 draws, which we denote as (5} ,,...,53/ ), where

je{l,...,J}, and we compute the average partworth vector (Sx1,...,Bkn) as

1 1<
(67“,17"'767‘,71):(jZ/Bi,lv"'ij/Bi,n)' (31>

This approach leads to an estimate of the partworths for each of the respondents. In the corre-
sponding logit-based SOCPD instance, the number of customer types K corresponds to the number
of respondents, and the probability of each customer type k is 1/K.

Before continuing, we note that there may be other approaches for defining a mixture of logits
model. (For example, given an estimate of the mean and covariance matrix of a normal mixture
distribution defining a mixture logit model, one could sample a set of K partworth vectors and

use those as the set of customer types, with each A\, =1/K.) We emphasize that our goal is not
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to advocate for one approach over another. The estimation approaches described here are simply
for the purpose of obtaining problem instances that are of a realistic scale and correspond to real
data. We note that our optimization approach is agnostic to how the customer choice model is
constructed and is compatible with any estimation approach, so long as it results in a finite set of
customer types that each follow a logit model of choice.

For each dataset, we define the set A to be the set of all binary vectors of size n that respect
the attribute structure of the dataset; in particular, for attributes that are not binary, we intro-
duce constraints of the form ), ca; <1 as appropriate (cf. constraints (EC.48) and (EC.49) in
Section EC.2.1). For immigrant, we also follow Hainmueller et al. (2014) in not allowing certain
combinations of attributes (for example, it is not possible for a hypothetical immigrant to be a
doctor and have only a high school education). We briefly describe the constraints for immigrant
in Section EC.3.5 of the ecompanion.

With regard to the no-purchase option, recall from Section 3.1 that the constant part of each
customer’s utility function, 8y, can be thought of as the negative of the utility of the no-purchase
option. None of the four data sets include explicit information on the no-purchase option, and
they did not include any tasks where respondents were able to choose between the no-purchase
option and a hypothetical product. Thus, to define the utility of the no-purchase option, we take a
different approach, where we assume that in each problem instance, each customer can choose from
three different competitive offerings which are defined using the same attributes as the product
that is to be designed. This is a standard assumption in the product design and product line design
literature (Belloni et al. 2008, Bertsimas and Misi¢ 2017, 2019). More details on this calculation
are provided in Section EC.3.2 and we provide the specific details of the competitive offerings for
each data set in Section EC.3.6 of the ecompanion.

For each real data instance, we test the Greedy, LS and GM heuristics. We solve formulation P
using Mosek, with a time limit of two hours.

Table 5 shows the computation time and the objective value of all of the different methods for
all four datasets. From this table, we can see that all of the LC (latent class logit) instances can be
solved to complete optimality using formulation P within 16 seconds, while all of the HB instances
are solved within ten minutes. As in our synthetic experiments, the Greedy and LS heuristics are
the fastest, requiring under a second to execute in all cases. Although Greedy and LS sometimes
obtain the optimal solution, this is not always the case, and in some cases there can be a large gap
between these heuristic solutions and the optimal solution; to focus on one example, for immigrant
with LC and K = 30, Greedy and LS are about 12% and 8% suboptimal, respectively). These results
again highlight the value of a provably optimal approach to the logit-based SOCPD problem.
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Objective Value

Computation Time (s)

Dataset Model K Greedy LS GM P Greedy LS GM P

bank LC 5 0.737 0.742 0.675 0.742 0.01 0.00 0.12 0.19
LC 10 0.743 0.749 0.685 0.749 0.00 0.00 0.05 0.29
LC 15 0.752 0.752 0.682 0.752 0.00 0.00 0.06 0.54
LC 20 0.719 0.719 0.687 0.719 0.00 0.00 0.08 0.49
LC 30 0.736 0.764 0.637 0.764 0.00 0.00 0.14 0.97
LC 40 0.757 0.757 0.665 0.757 0.00 0.00 0.17 1.27
LC 50 0.746 0.749 0.642 0.749 0.00 0.00 0.13 1.70
HB 946  0.817 0.817 0.812 0.817 0.01 0.01 2.23 45.52

candidate LC 5 0.504 0.471 0.509 0.626 0.00 0.00 0.05 1.14
LC 10 0.573 0.597 0.637 0.694 0.00 0.00 0.09 1.49
LC 15 0.637 0.616 0.651 0.670 0.00 0.00 0.07 2.13
LC 20 0.563 0.628 0.574 0.705 0.00 0.00 0.11 2.55
LC 30 0.549 0.567 0.534 0.627 0.00 0.00 0.16 6.12
LC 40 0.585 0.671 0.537 0.671 0.00 0.00 0.22 9.48
LC 50 0.710 0.669 0.680 0.710 0.01 0.00 0.34 9.83
HB 311 0.829 0.851 0.851 0.852 0.01 0.03 1.05 42.65

immigrant LC 5 0.555 0.670 0.687 0.689 0.00 0.00 0.05 0.63
LC 10 0.688 0.718 0.688 0.738 0.01 0.00 0.08 1.91
LC 15 0.683 0.631 0.393 0.726 0.00 0.00 0.08 2.66
LC 20 0.706 0.696 0.552 0.756 0.01 0.00 0.18 4.25
LC 30 0.595 0.622 0.467 0.675 0.01 0.00 0.20 9.02
LC 40 0.724 0.692 0.344 0.724 0.01 0.00 0.29 9.84
LC 50 0.713 0.689 0.628 0.731 0.01 0.00 0.29 15.81
HB 1396 0.828 0.851 0.846 0.865 0.01 0.22 6.34 549.31

timbuk?2 LC 5 0.519 0.519 0.510 0.519 0.00 0.00 0.04 0.14
LC 10 0.543 0.543 0.536 0.543 0.00 0.00 0.06 0.34
LC 15 0.551 0.567 0.430 0.567 0.00 0.00 0.08 0.48
LC 20 0.556 0.557 0.556 0.557 0.00 0.00 0.11 0.80
LC 30 0.596 0.620 0.436 0.620 0.01 0.00 0.16 1.21
LC 40 0.579 0.579 0.560 0.579 0.00 0.00 0.24 1.78
LC 50 0.628 0.628 0.446 0.628 0.00 0.00 0.25 2.19
HB 330 0.644 0.644 0.644 0.644 0.00 0.01 1.54 16.75

Table 5 Results for numerical experiment with real data.

With regard to the geometric mean approach, we find that Mosek is able to solve all of the

instances very quickly (within 6 seconds in all cases), but surprisingly, the solutions obtained from

GM perform worse in these datasets than in the synthetic datasets considered in the previous

section and exhibits higher suboptimality gaps than Greedy and LS. Although GM does not perform

as well in these instances, given its good performance on our synthetic datasets, it is possible

that GM may perform better in other problem instances arising from other real datasets or from

different estimation methods.

In addition to the performance of the different methods, it is also interesting to examine the

optimal solutions. Table 6 visualizes the optimal solution for the candidate dataset for the LC
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model with K = 20 segments. The table also shows the three outside options/competitive offerings
that were defined for this dataset. In addition, the table also shows the structure of the solution
obtained by Greedy, which finds the vector a in A that maximizes Zle Arug(a).

From this table, we can see that the optimal solution matches some of the outside options on
certain attributes (such as income and profession), but differs on some (for example, age). In addi-
tion, while the optimal solution does match the heuristic on many attributes, it differs on a couple
of key attributes, namely race/ethnicity (the optimal candidate is Black, while the heuristic candi-
date is Asian American) and gender (the optimal candidate is male, while the heuristic candidate
is female). While this may appear to be a minor difference, it results in a substantial difference in
market share: the heuristic candidate attracts a share of 0.563, while the optimal candidate attracts
a share of 0.705, which is an improvement of 25%. This illustrates that intuitive solutions to the
logit-based product design problem can be suboptimal, and demonstrates the value of a principled

optimization-based approach to this problem.

6. Conclusions

In this paper, we have studied the logit-based share-of-choice product design problem. While we
have showed that this problem is theoretically intractable even in the simplest case of two customer
types and is moreover NP-Hard to approximate to within a reasonable factor, we nevertheless
showed how it is possible to transform this problem into a mixed-integer convex optimization
problem and in particular, a mixed-integer (exponential) cone program, which allows us to lever-
age cutting edge solvers that can handle these types of problems such as Mosek. Our numerical
experiments show how our approach can obtain high quality solutions to large instances, whether
generated synthetically or from real conjoint data, within reasonable time limits. To the best of our
knowledge, this is the first methodology for solving the logit-based share-of-choice product design
problem to provable optimality.
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EC.1. Omitted proofs
EC.1.1. Proof of Theorem 1 (NP-Hardness)

To prove this result, we will show that the well-known MAX 3SAT problem can be reduced to the
logit-based SOCPD problem. The MAX 3SAT problem is the problem of setting a collection of
binary variables so as to maximize the number of clauses, which are disjunctions of three literals,
that are satisfied. More precisely, we have n binary variables, zi,...,x,, and a Boolean formula
c1Aca N Acg, where the symbol A denotes the “and” operator. Each ¢, is a disjunction involving
three literals where a literal is one of the binary variables or the negation of one of the binary
variables. For example, a clause could be x; V x4 V =x9 where V denotes the “or” operator and
— denotes negation; in this example, the clause evaluates to 1 if xy =1, or 4 =1, or xg =0,
and evaluates to zero if 1 =0, 2, =0 and g = 1. The MAX 3SAT problem is to determine how
T1,...,T, should be set so that the number of the clauses c¢i,...,ckg that are true is maximized.

Given an instance of the MAX 3SAT problem, we show how the instance can be transformed
into an instance of the logit-based SOCPD problem.

In the instance of the logit-based SOCPD problem that we will construct, we let the number of
attributes n be equal to the number of binary variables in the MAX 3SAT instance, and we let
the set of permissible attribute vectors A simply be equal to {0,1}". Each attribute of our product
will correspond to one of the binary variables. We let each customer type k correspond to one of
the K literals, and we set A\, = 1/K. To aid in defining the partworths of each customer type, we
will define the parameters p; and py as

1

~ 100K’
1

LTI

PrL (EC.1)

pu = (EC.2)

and we define the utilities @, Qy as the inverse of the logistic response function of each of these:

_ 1/(100K)
_ 1-1/(100K)
Qu =log [1 7(100K) ] (EC.4)

Now, for each customer type k, let J;, € {0,1,2,3} denote the number of negative literals in the
corresponding clause k of the MAX 3SAT instance (i.e., how many literals of the form —z; appear
in ¢;). We define the partworths Sy 1,..., Sk, of customer type k as follows:

0 if variable x; does not appear in any literal of clause k,

Bri=1< Qu —Qr if the literal x; appears in clause k, (EC.5)
Qr — Qu if the literal —x; appears in clause k,
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for each i € {1,...,n}, and we define the constant part of the utility Sy o as

Bro=Qr+Ji- (Qu — QL) (EC.6)

The rationale for this choice is that the utility of an attribute vector a will be equal to @ if the
attributes are set in a way such that none of the literals of clause k£ are satisfied, and will be equal
to Qu or higher if the attributes are set so that the clause is satisfied (i.e., at least one literal
is true). For example, if clause k is ¢, = x1 V x4 V -9, then the corresponding utility function of

customer type k has the form:

up(a)=Qr+1-(Qu —Qr) +(Qu —Qr)ay + (Qu — Qr)as + (Qr — Qu)ag
=Qu+(Qu—Qr)ay +(Qu — Qr)as + (Qr — Qu)ay.

If a; =1, ay =0 and ag = 1, the clause evaluates to 1 (=1V 0V —1); the utility is

up(a)=Qu+ (Qu—Qr) 1+ (Qu—QL) -0+ (Qr—Qu)-1
=Qu-

If a; =0, ay =0, ag = 1, the clause evaluates to 0 (=0V 0V —1), and the utility is

up(a) =Qu + (Qu—Qr) -0+ (Qu—Qr) -0+ (Qr —Qu) -1
=Qr,

as expected.

Lastly, before we verify that this reduction is valid, it is helpful to introduce some additional
notation to model the MAX 3SAT. Given a binary vector x € {0,1}", we let gx(x) =1 if clause k
is satisfied and 0 if clause k is not satisfied. The MAX 3SAT problem can then be written simply
as

K
max .

e loa)m gr(x)

k=1

Given an optimal solution a to the logit-based SOCPD problem, we claim that the solution x,
which is obtained by setting x; = a, for each i € {1,...,n}, is an optimal solution of the MAX 3SAT
problem. To see why, suppose that this is not the case. In particular, suppose that x is a solution

to the MAX 3SAT problem with a higher number of satisfied clauses, that is,

ng(i) > ng(x).

Consider the solution a to the logit-based SOCPD problem, where we set a; = Z; for each i. We
will now show that a achieves an objective that is strictly higher than that of a, which will give us

the desired contradiction.
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To show this, we first need to establish some bounds for the share-of-choice objective in terms
of the MAX 3SAT objective. Let f(u) =e*/(1+ €") denote the logistic response function. For the

solution a, we have

K K
Zf(uk(é)) ZPU'ZQk(f{)- (EC.7)
k=1 k=1

This relationship holds because, by construction of the utility functions uy,...,ug, if literal k is

true for the binary vector X, then ui(a) > Qu, and f(ux(a)) > py, as the function f is increasing;
thus, f(ux(a)) > purge(X) is satisfied. If the literal k is false for the binary vector x, then g, (X) =0,
and f(ug(a)) > prgr(X) is automatically satisfied, since f(u) > 0 for all u € R.

Similarly, for the solution a, we have

K

Zf(uk(a)) <pr-K+(1-pr)-

k=1 k=1

]~

gr(X). (EC.8)

By similar logic as (EC.7), this relationship holds because if literal k is true, then Q4+ (1 —Qp) -
g(x)=Qr+1—-Qr =1, and f(u) <1 for all u € R. If literal k is false, then u;(a) = @ and
flug(a)) =pr, and pr + (1 —pz) - gr(x) = pz, (since gi(x) =0).

To now show that a outperforms a in the logit-based SOCPD problem, we need to show

;kzifm(é» > ;gﬂuk(a)),
which is equivalent to showing 7 7
léf(uk(a)) —éf(uk(a)) >0
We have 7 7
éf(uk(é)) —éf(uk(a)) > [m-égk(i)] - [pL 'K+(1_pL)'§;gk(X)
=pu égk(X)—ppK—(l—pL) kﬁ;gz«(X)
=pu ;K:lgk(X)erU [?:lgk(X)—igk(X)]—pLK—(l—pL) kf:lgk(X)
= (pv+pr—1) égk(X) +pu- [ggk(i) - égk(X)] —pLK
> (pu +pL—1)-ng(X)+w (EC.9)
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where the first inequality follows from (EC.7) and (EC.8), and the second inequality follows by the
fact that Zszl gr(X) > Zszl gr(x), and that both quantities are integer valued. We now argue that
this last quantity (EC.9) must be positive. To establish this, we need to show that the quantity
denoted by (a) is nonnegative and the quantity denoted by (b) is positive. To see why (a) must be

nonnegative, recall by how we set p;, and py that

1
prtpo—1=950% T 50k 1
=0.
To see why (b) must be positive, we have
1 1
po =P K =160 ~ 1o0x &
1 1
>1_- - _ _—
- 100 100
>0,

where the inequality follows by the fact that K is a positive integer. Thus, we have Zszl fur(a))—
Zszl f(uk(a)) >0, which establishes that a achieves a higher objective than a. Since this contra-
dicts the optimality of a, it must be the case that x is an optimal solution of the MAX 3SAT
instance.

Since we have reduced the MAX 3SAT problem to the logit-based SOCPD problem and the
MAX 3SAT problem is an NP-Complete problem (Garey and Johnson 1979), it follows that the
logit-based SOCPD problem is NP-Hard. [J

EC.1.2. Proof of Theorem 2 (NP-Hardness when K =2)
To show this result, we will show that the partition problem, a well-known NP-complete problem
(Garey and Johnson 1979), can be reduced to the decision form of the logit-based SOCPD problem.

The partition problem can be stated as follows:

Partition:
Inputs:
o Integer n;
e integers cq,...,Cy,.
Question: Does there exist a set S C [n] such that >, ;=357

The decision form of the logit-based SOCPD problem can be stated as follows:
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Logit-based SOCPD problem with K =2 (decision form):
Inputs:
o Integer n;
e utility parameters 31,...,81.n, 82,0, B2.n;
e customer type probabilities A1, Ay >0 such that \; + Xy =1;
e target share-of-choice value 6.
Question: Does there exist an a € A= {0,1}" such that

Ao (ug(a)) + Ao (ug(a)) >0

is satisfied?

Given an instance of the partition problem, we construct an instance of the decision form of the
logit-based SOCPD problem such that the answer to the partition problem is yes if and only if the
answer to the decision form of the logit-based SOCPD problem is yes.

Let ¢y,...,c, be the sizes of the n items in the partition problem. Let T'=3""_ ¢; be the total
of all of the sizes. Note that the equality >, s c; =>4 ¢; implies

€S ¢S
:ZCH—ZQ —Zcz—l-ZcZ
i€S i€S i€S i¢S
=2 =T
€S
=> ¢=T/2
€S

Thus, a set S answers the partition problem in the affirmative if and only if }, ¢ c; =T/2 if and
only if .5 ¢; =T/2.

Consider an instance of the decision form of the logit-based SOCPD problem defined as follows.
Let Ay = Ay = 0.5. Let the number of attributes be the same as the number of items n, and let

A=1{0,1}". Let py =0.9 and p;, = 0.1, and define ¢y = log

PL
1-pp,

pZU and g = log

- as the logits

corresponding to py and pr respectively. Define the utility parameters as follows:

Bro=qr+(1—=T/2)(qu —qr),
Bri=(qu—qr) ¢, Yi€[n],
Boo=qr+ (T/2+1)-(qu —qr),

Bai=—(qu—qr) ¢, Yi€][n].

The utility functions u,us : A — R are then

ui(a) =B+ Z B1,:a;
i=1
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n

:(JL‘F(l*T/Q)‘(C]U*CIL)"'Z(C]U*QL)'Q'%

i=1

—QL+ qU—qL [ZCG—T/2+1

us(a) = Ba,0 + Z Ba.i;
i=1

ZQL+<T/2+1)'(QU_QL>+Z_<QU_QL)'Ci'ai

i=1

=qr+(qu—qr)- [Z cia; +T/24+1|.

i=1

Finally, let 8 =py =0.9.
We now show that the answer to the partition problem is yes if and only if the answer to the

logit-based SOCPD problem with K =2 is yes.

Partition is yes = Logit-based SOCPD is yes. To prove this direction of the equivalence, let S

be the set for which } ,_gci=3",.5c;. As discussed earlier, this implies that } s c; =T/2 and
>_igs Ci = T/2. Let the product vector a=(a,...,a,) be defined as

Observe now that:

ul(a) =qr+ (qU _QL) : [Zciai —T/2—|— 1
=1

Y a-T/2+1

€S

=qr+(qu—qv)-[T/2-T/2+1]

=qr+(qu—qr)-

=qr+(qu—qr)-1

=du,

us(a) =qr+ (qu —qr) - [Z —ca; +T/2+1

=1

=qr+(qv —qr)- [Zci+T/2+1
i€S

=qr+(qu—qv) [-T/2+T/2+1]

=qr+(qu —qv)

=dqu-
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This implies that the objective value of a is

Mo (uy(a)) + Moo (uy(a))
=0.5-0(qu)+0.5-0(qu)
= (0.5)(0.9) 4 (0.5)(0.9)
=0.9,

which implies that the answer to the decision form of the logit-based SOCPD problem is yes, as

required.

Partition is no = Logit-based SOCPD 1is no. To prove the other direction of the equivalence, let a
be any product attribute vector. We need to show that the objective value of a in the logit-based
SOCPD problem is strictly less than 0.9. To see this, observe that if we define S = {i € [n]|a; =1},
we obtain a subset of [n]. Since the answer to the partition problem is no, we know that ), _.¢; #
Y _igs Ci- This is equivalent to >, g c; #71/2.

There are now two possible cases to consider for where ). _. ¢; is in relation to /2. If 3, o ¢; >
T'/2, then because the c;’s are integers, this means that ), o c; >T/24-1/2. This implies that the

utility of segment 2 for product vector a can be upper bounded as follows:

ux(a) =qr + (qu —qr) - [Z —cia; +T/2+1
i=1

=+ (qw—a) [Z—ci—i—T/Q—i—l
<aut (@ —a) T2 1/24 T2 41
=qr+(qu—qv)-(1/2)

= (@ +qu)/2

=0

which implies that the objective value of a is bounded from above as

Ao(ug(@)) + Ao (uy(a))
<0.5-140.5-0(0)

= 0.5+ (0.5)(0.5)
=0.75

<0.9.
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Alternatively, if ). _o¢; <T'/2, then we know that ). _,c; <T/2 —1/2. This implies that the

i€S

utility of segment 1 for a can be upper bounded as follows:

ui(a) =gz + (qv —qr) - [Z cia; —T/2+1
i=1

d a—T/2+1
€S

<qr+(qw—qc) [T/2-1/2-T/2+1]

=qr+(qu—qr)-

= (g +qu)/2

=0,
which again implies that the objective value of a is bounded from above as

Aio(u(a) + Ao (us(a))
<Ao(0)+ A1

= (0.5)(0.5) + (0.5)(1)
=0.75

<0.9.

This shows that if the answer to the partition problem is no, then the answer to our instance of

the decision form of the logit-based SOCPD problem is also no.

Since our instance of the logit-based SOCPD problem can be constructed in polynomial time
from the instance of the partition problem, it follows that the logit-based SOCPD problem is

NP-Hard even when the number of segments K is equal to 2. [J

EC.1.3. Proof of Theorem 3
To prove this result, we will leverage a known inapproximability result for the maximum indepen-
dent set (MAX-IS) problem. In the MAX-IS problem, we are given an undirected graph G = (V, E),
where V' is the set of vertices and FE is the set of edges. An independent set U C V is a set of
vertices such that for any pair of vertices v,v' € U, v # v’ there does not exist an edge between
them, that is, (v,v") ¢ E. The goal in the MAX-IS problem is to find an independent set whose
size is maximal. The MAX-IS problem is known to be NP-Hard to approximate to within a factor
O(n'~¢) for any € >0 (Hastad 1996).

In what follows we will construct an approximation-preserving reduction that maps an instance

of the MAX-IS problem to an instance of the unconstrained logit-based SOCPD problem. Given
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a graph G = (V, E), let the number of attributes n = |V, the number of segments K = n, and let

V ={vy,...,v,} be an enumeration of the vertices in V. Define the parameters p; and py as
1
PL= 00
1
=1-—.
bu 100

Observe that both p;, and py can be regarded as probabilities. Using pr, py, define the parameters

qr, and gy as the logits corresponding to these probabilities:

brL
qr, =log ;
1—pL
bu
qu = log .
1—-pu

Let the utility parameters 3, ; for i € [n], j € {0} U [n] be defined as follows:

qL if j=0,

By = qu —qr if j =1,

J qr, — qu 1f]<zand (U“Uj)GE,
0 otherwise,

Note that by construction, the highest possible value that o(u;(a)) can attain is py, which occurs if
ay =0 for ¢/ <i with (vy,v;) € E, and a; = 1. Otherwise, for any other a, u;(a) satisfies u;(a) <qr,
and so o(u;(a)) <pr=1/(100n).

Let the weight A, of each segment k be set to 1/n. Finally, let F': A — [0,1] be defined as the

share of choice objective function:

To establish the result we need to verify two claims.

1. Claim 1. For any independent set U C V, there exists a product a such that F(a) > 155-|U].

2. Claim 2. For any product a with share-of-choice given by F'(a), there exists an independent
set U CV such that |U| > 1522 F(a)].
Proof of Claim 1. Let U CV be an independent set. Consider the product vector a = (ay,...,a,)

where a; =I{v; € U}. For each i such that v; € U, we have:

ui(a) = B0+ Z Bija;
j=1

i—1

=qr+ Z (qr — qu)a; + (qu — qr)a
(111{11:]'1):61‘3

=qr+0+(qv—qr)-1
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=dqu

where the second equality follows by how the attribute utilities /3; ; are defined; the third equality
follows because U is an independent set, so a; = 0 for all attributes j such that there exists an edge

between v; and v;; the fourth follows by algebra. Thus, we have:

I exp(u(a))
@)= 5 2 T exp(u@)
Z 1+exp(ui(a))

v

v, €U

) Z exp(qu)

;€U 1 + eXp(qU)

Sl— 3= 3=

"U"pU

U

Ne}
Ne}

~100n

Proof of Claim 2. Let a be an attribute vector. Let us define the set U as follows:
U={v, eV |o(u;(a)) >pv}.

In other words, we retrieve those vertices for which the corresponding segment’s purchase proba-
bility is at least py.

We argue that this set U is an independent set. To see this, let us suppose for the sake of a
contradiction that it is not. Then there exist two distinct vertices v;, vy € U such that (v;,vy) € E.
Without loss of generality, let us assume that i < ¢’. Observe that if we calculate the logit of segment

7', we have

Wy (a) = Bi/’o —|— Z/Bi/,ja,j
Jj=1

i'—1
=qL+ Z (a2 —qu)a; + (qu — qr)ar
(Uj?U:ill):GE

<qr+ (g —qu)a; + (qu — qv)ax
=qr+(q—qu) -1+ (quv—qv)-1

=dqrL,

where the inequality follows because q;, — ¢y < 0. This implies that

exp(us (a))
T+ explus (@) 72 =PV
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This, however, leads to a contradiction, because v, was assumed to be in U, which would imply
that the corresponding purchase probability of segment i’ was higher than py. Therefore, it must
be the case that U is an independent set.

Now, we derive the desired bound on |U|. We have:

100n 100n 1
) = a<ui<a>>J

100 100
=199 Z U(Ui(a))‘f'w' Z o(u;i(a))

i, €U i, ¢U
100 100 1
< B bt _ -
< |99 1V 100+99 (n |U|)1OOnJ
100 1
<||v S
=]l ‘+99 o 100nJ
1
|l
=|U|

where the first step follows by definition of F'; the second step follows by algebra; the third step
follows because the floor function is monotonic, and because by definition of the utility parameters
{Bi}, o(ui(a)) < py =99/100 for all i, while for ¢ such that v; ¢ U, it is the case that o(u;(a)) <
pr. = 1/(100n); the fourth step again follows by monotonicity of the floor function and the fact that
(n—|UJ) < n; the fifth step follows by algebra; and the last step follows by the fact that |U] is an
integer while 1/99 is strictly less than 1. [

EC.1.4. Proof of Theorem 4
To prove Theorem 4, we first establish several auxiliary results. The first is Lemma EC.1, which
states that the discretized utility function R, underapproximates the true utility function ug(a),

and that the gap between this discretized utility function and the true utility function is uniformly

bounded by (n+1)R.

Lemma EC.1. For any a € {0,1}", we have that u,(a) > Ru,(a) and that ui(a) — Rug(a) <
(n+1)R.

Proof: For the inequality uy(a) > Ruy(a), observe that

Riy(a) = RﬁkﬁZRﬁkja]

o g
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where the inequality follows because |z | < z. To see the second part of the lemma, observe that

N R E B Y

SR—FZn:R-aj
j=1

<(n+1)R,

where the first inequality follows because for any = and any positive R, we have |z/R| >xz/R—1,

which implies that z — R|z/R| <z—R-(z/R—1)=R. O

A straightforward consequence of this lemma is that the discretized share-of-choice function F(a)
always underapproximates the true share-of-choice function F'(a), which is captured in the next

lemma.
LEmMMA EC.2. For allae {0,1}", F(a) < F(a).

Proof: We have

where the inequality follows by the first part of Lemma EC.1 and the monotonicity of o(-). O

Armed with Lemma EC.1 and Lemma EC.2, we can prove the following guarantee on the quality

(in terms of relative gap) of the solution of the discretized problem.

LEMmMA EC.3. Let a be an optimal solution of maxaﬁ'(a), and a* be an optimal solution of
max, F'(a). Then

Fa®) - F(a)
W<K (n+1)-R.
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Proof: We have:

- F(a*)
_ Y Mo(u(@) = 3, Mo (Riig ("))
Sy Ako(ug(a))
. o(u(a’)) — o(Rix(a))
= A - -
21 S Ako(ug(a®))
o(up(a*)) —o(Rug(a*))
Ao (ug(ar))
o(ur(a*)) — o(Rix(a*))

/ o (ux(a*))

14 e uk(@)
<1 1+ eR@(a*))
e_Rﬁk(a*) — e_uk(a*)

1+ e—Riy(a*)

k

Y

b
Il
_

o

>
Il

M

E
I
—

=

x>
Il
—

1 — Rtk (a")—ug(a®)

eRig(a*) +1

o

x>
Il
—

(1 _ 67<uk<a*>fRak<a*>>>

<3 (um(a) - Rin(a"))
< Kt (n+1)-R

where the first step follows by algebra; the second step follows because F (a*) — 3 (a) <0
(this is true because & is an optimal solution of max, F'(a)) and F(a) — F(a) < 0 (this follows
by Lemma EC.2); the third and fourth step follow by algebra; the fifth step follows because
Zle Ao (ug(a*)) > Apo(up(a*)) for any k; the sixth, seventh, eighth and ninth steps follow by
algebra; the tenth step follows by the fact that the denominator @) 4 1 is lower bounded by
1; the eleventh step follows because 1 —e™* < x for any real x; and the final step follows by the

second part of Lemma EC.1. [J

With all of these results established, we now finally verify Theorem 4. Let a be the solution
produced by Algorithm 2. The solution a produced by Algorithm 2 solves the approximate problem
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maxae(o1y» F'(a). By Lemma EC.3, this solution is a (1 — K (n + 1)R)-optimal solution; for R =
¢/(K(n+1)), we thus have that it is a (1 — €)-optimal solution.

With regard to the running time, the running time of the DP recursion in equations (4) - (5)
is O((n+1) - (|tmax/R] = [tmin/R] +n+1)%). Since R=¢/(K(n+ 1)), we have that the running
time of the DP is

O((n+1)-(L(n+1)- K - tma /€] = [(n+1) - K - tnin /€] + 1+ 1))
=0((n+1)- (n+1) K - tpax/e — (n+1) - K - tpin /€ + 1+ 2))
=0((n+ 1) KE(1/6)"™ (tmax — Umin + 1+ 2)%)

Additionally, the number of steps to run Algorithm 1 after computing the value function is O(n).

Therefore, the overall complexity is
O(n+ (n+ 15T KX (1/6)% (umax — Umin + 1+ 2)5),
which is polynomial in n, 1/e and (Umax — Umin)- O

EC.1.5. Proof of Theorem 5

Let x* =x(a*) and x =x(a). To prove the result we proceed in three steps.

Step 1: The first step in our proof is to show that if there exist nonnegative constants & and o

such that g satisfies
af(x) <g(x) <af(x) (EC.10)

for all x € X, then X satisfies
f(%) = (/@) - f(x7). (EC.11)

To establish this, we will first bound the quantity f(x*)— f(X). We have

f&) = fx)=[f(x") —g(x")] +[9(x7) —g(%)] + [9(%) — f(%)]
f(xT) —g(x") +9(x) — f(%X)

SfE) —af(x) +af(x) - f(x)
=(1-a)f(x")—(1-a)f(x)
=(l-a+a—a)f(x")—(1-a)f(x)
(I-a)(f(x") = f(X) + (@—a) f(x7)

IN

where the first step follows by algebra; the second step follows since g(x*) < g(%x), which is true by
the definition of X as the vector of choice probabilities for an optimal product a for the function

g(x(a)); the third step follows by (EC.10); and the remaining steps by algebra.
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Observe that by re-arranging the inequality

f) =) <A -a)(f(x") = f(x) + (@- ) f(x") (EC.12)

we obtain that
alf(x") = f(®)] < (@—a)f(x"). (EC.13)

Since @ is nonnegative, dividing through by @ we obtain

Fx7) - f(7) < Y px), (EC.14)

and re-arranging, we obtain

which is the desired result.

Step 2: We now establish explicit values for the constants @ and «. Recall that by the arithmetic-
geometric mean inequality, g(x) < f(x) for all x € X'. Therefore, a valid choice of @ is 1.

For a, we proceed as follows. Consider the ratio f(x)/g(x). For any x, we have

f(x) _ Zszl Ak
9(x) HkK L

2: 1-X — Ayt
= )\kl‘ k H k/k

k' #k

< Ul Ak . HL ARt

k' #k

=

A - UV [ 20 e

MW H

b
Il
—_

P VA

)\k <L> )
1

where the first step follows by the definitions of f and g; the second by algebra; the third by

piﬁx

>
Il
MA

M

el
I

the fact that the function h(x) =2'~** is increasing in z (since 1 — A, > 0), and that the function

h(x) = x> is decreasing in z (since —\; < 0); the fourth by algebra; the fifth by recognizing that
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25:1 A, =1, which implies that A, —1=—3%",,; Aw; and the last by algebra. This implies that a

valid choice of « is
1

K 1=Xg °
Zk:l Ak (%) ’
Step 3: We conclude the proof by combining Steps 1 and 2. In particular, by using @ =1 and

a= [22{:1 Ak (U/L)l_'\k]*l, we obtain that

Q:

(EC.15)

e !
Zk:l Ak (%)

f(x(a)) = f(x(@Y),

as required. [

EC.1.6. Proof of Theorem 6
To prove this result, we will show that MAX 3SAT problem can be reduced to the geometric mean
problem (6).

Given an instance of the MAX 3SAT problem, we construct an instance of the geometric mean
problem (6) as follows. Let the number of attributes n be equal to the number of binary variables in
the MAX 3SAT instance, and we define A as {0,1}". Each attribute of our product will correspond
to one of the binary variables. Let each customer type k correspond to one of the K clauses, and

we set A, =1/K. We define the parameters p; and py as

1
PL= 100K (EC.16)
1 lOéK
pu=pr’t = <1OOK> (EC.17)
and we define the utilities Q; and Qy as

Qr :log< PL ) , (EC.18)

1—ps
Qu =log ( bu ) . (EC.19)

1 —pu

We define the partworth parameters as how we did in the proof of Theorem 1. For each customer
type k, let J, € {0,1,2,3} denote the number of negative literals in the corresponding clause k
of the MAX 3SAT instance (i.e., how many literals of the form —z; appear in ¢;). We define the

partworths [y 1,..., Bk, of customer type k as follows:
0 if variable z; does not appear in any literal of clause k,
Bri= 4 Qu —Qr if the literal z; appears in clause k, (EC.20)

Q1 — Qu if the literal —z; appears in clause k,

for each i € {1,...,n}, and we define the constant part of the utility 8y o as

Bro=Qr+ Jr- (Qu —Qr). (EC.21)
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Next, we need to show that, given an optimal solution a to the geometric mean problem, the
solution x, which is obtained by setting x; = a; for each i € {1,...,n}, is an optimal solution of the
MAX 3SAT problem. However, before we establish this, we make the following observation. Since
log(pr) is a constant and Zszl Ax =1, we can subtract Zszl Arlog(pr) from the objective function
of the geometric mean problem and divide it by —log(p) > 0 without changing the optimal solution

of the problem. After this transformation, we obtain the following objective function:

exp(ug(a))
EK:)\ —log(pr) +log (m) (EC.22)
k ' |
2 —log(pr)

It is straightforward to see that maximizing the geometric mean objective Zkl,(zl Ak (ug(a) —log(1+
e (@)) is equivalent to maximizing this modified objective. In the remainder of the proof, we use
this objective function for the geometric mean problem. Let
exp(u)
— log(p,) +log (22045 )

h(u) = “Toz1) . (EC.23)

Observe that, if the product attribute a is set such that none of the literals in a clause k is satisfied,
then ui(a) = Qr and h(ui(a)) =0. Otherwise, ux(a) > Qu and h(ux(a)) >1—1/(100K). Moreover,
h(u) <1 for all ueR.

Before we proceed with the proof of the theorem, we prove the two lemmas. We first define g;,(x)
as in the proof of Theorem 1. That is, gx(x) =1 if clause k in the MAX 3SAT problem is satisfied
by solution x and g;(x) = 0 otherwise. Then we establish the following relations between g, (x) and

h(ux(a)) for a MAX 3SAT problem solution x and a geometric logit-based SOCPD solution a.

LEMMA EC.4. Let x and a defined such that xz; = a; for alli € {1,...,n}. Then, we have

gi(x) = === < h(ui(a)) < gr(x). (EC.24)

Proof: To establish the first inequality, notice that, & is an increasing function since the logarithm
and logistic functions are increasing functions and —log(py) is a positive constant. If gi(x) =1,
we have ug(a) > Qu, which implies that h(ug(a)) > h(Qu) =1 — 1/100K = gi(x) — 1/100K. If
gr(x) =0, we have ui(a) = @Qr, which implies h(ug(a)) =0> gi(x) —1/100K. Therefore, for both
cases, h(ug(a)) > gr(x) —1/100K holds.

The second inequality also holds because 1 > h(ug(a)) > 1 — 1/100K if gp(x) = 1, and
h(ui(a)) =0 otherwise. O

Now, we will establish a relation between the objective functions of the geometric logit-based
SOCPD and the MAX 3SAT problem.
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LEmMA EC.5. Let x and a defined such that x; = a; for alli € {1,...,n}. Then, we have

{Z h(uk(a))-‘ = ng(x). (EC.25)

Proof: By Lemma EC.4, we have

> (060~ oo ) = Lo~ 1o < (el < Y (EC20)
Since Zle gr(x) is an integer, this implies that {Zszl h(uk(a))-‘ = Zszl gr(x). O

Finally, we will conclude the proof of the theorem by showing that, given an optimal solution a
to the geometric logit-based SOCPD problem, the solution x, which we obtain by setting x; = a;
for all i € {1,...,n}, is an optimal solution to the MAX 3SAT problem. To verify this, we use the
notation that we defined in the proof of Theorem 1 and follow a similar proof technique. Suppose
that, x is not the optimal solution to the MAX 3SAT problem, and there exists a solution x, which
achieves a higher number of satisfied clauses than x. Let a be the solution we obtain by setting

a; =; for all i € {1,...,n}. Then, we have

{Z h(uk@ﬂ = (%) (EC.27)

k=1

> gi(x) (EC.28)

= {Z h(uk(a))w (EC.29)

where the equalities follow from Lemma EC.5 and the inequality follows from the assumption
that Zszl gr(Xx) > Zszl gr(x). Since Zszlgk(i) and ZkK:lgk(x) are integers, this implies that
Zle h(ug(a)) > Zle h(ux(a)), which contradicts the optimality of a. Therefore, x must be the
optimal solution to the MAX 3SAT problem. [

EC.1.7. Proof of Proposition 3
Let (a,w,X,y) be an optimal solution of the continuous relaxation of formulation P, and let 1 € R¥

be the vector of utilities corresponding to a. To establish the proposition, we will first prove that

_ 1
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1
1+ e’

Tpo <

for each k € [K]. To see why this is the case, consider the following optimization problem, which
involves finding the maximum value of z; ; given the fixed value of a, subject to the constraints of

P, and with the additional restriction that ¥, ; is exactly equal to the product of a; and zy ;:

maximize . (EC.30a)
WE Xk Yk
subject to  yx; =a; - Tr1, Vi€[n], (EC.30b)
Wi = BroTr1 + Z Bre,iYk.i» (EC.30c)
i=1
T+ Tpo =1, (EC.30d
=y
T+ Tpael <1, (EC.30e
Yei < a;, Yi€ln] (EC.30f

Yki < Ty, Vi€[n]
Yri > a; — 1+ 0, Vien],

Yi,i > 0. (EC.30i

Observe that the optimal solution of this problem is

1
[ EC.31
i1 14+e % ( )

1
Tho = T EC.32
PO e ( )
Yri =i Ty, ViEn], (EC.33)
Wy, =T - Uy, (EC.34)

where uj = B0+ Y., Bri@i- To see this, observe that the above solution is feasible for the prob-
lem (EC.30). In addition, observe that constraints (EC.30b) and (EC.30c) imply that w; must be
equal to uj - zx1. As a result, (EC.30e) implies that zj ;, which is the objective, is upper bounded

in the following way:

C

Tpa1 +Tpie 1 <1 (EC.35)
7116,1"“‘2

= apa(l+e "1 )<1 (EC.36)

=z (1+e ") <1 (EC.37)

1
> a1 < ——
1+e

*
—uj

(EC.38)

Since the proposed solution in (EC.31) - (EC.34) attains this upper bound, it must also be optimal.



ec20 e-companion to Author: Ezact Logit-Based Product Design

Next, consider what happens if we relax the constraint (EC.30b). In doing so we obtain the

following program:

maximize T, (EC.39a)
Wk XYk
subject to  wy = Broxr1 + 2”: Br.iYk.is (EC.39b)
T+ Tpo =1, - (EC.39¢)
Tp,1 +xk,1e% <1, (EC.39d)
Yri <a;, Yi€ln], (EC.39)
Yei <Th1, Vi€ln] (EC.39f)
Ypi > a;— 14z, Vien], (EC.39g)
Yi,i > 0. (EC.39h)

Since this problem is a relaxation, the optimal solution (x}, ,,z}, o, w}, y;) must do at least as well as
(z}1, 2%, Wi, y})- This means that a ; >z}, =1/(1+e "), and similarly that z} o < 1/(1+e"F).

Coming back to the solution (a,w,X,y) of the relaxation of formulation P, observe that utilizing
the argument above and the fact that the objective is a nonnegative weighted combination of the
xy,1 variables, we will have that Z;; > 1/(1+e ") and that Z; o <1/(14 e"*) for each k for which
Ar > 0. Without loss of generality, we can also assume that these inequalities hold for all k € [K],
since there is no contribution to the objective function of formulation P from the term Ayxy, for

any k with A\, =0.

satisfies the representative agent constraint
Wi, — T 1108 Ty 1 — Ti o log xy o > log(1+ €"*) (EC.40)

for every k, since the other constraints in RA are already present in P. To see why this constraint

—y,

= i‘kﬂ logka —w < (1—@k,o)loga_ck70 EC.44

EC.45

Tk +Tpae 1 <1 (EC.41)

= fk,ﬁgzlf < Zy,0 (EC.42)

= logZy,+ ;Zulk <logZy o (EC.43)
( )

( )

= Wy — TpologZyo—Tp1logZTr 1 > —log Tk
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Now, recall that ;0 <1/(1+e"F), or equivalently (after taking logs and multiplying by -1):
—log Ty o > log(1 4 e"). (EC.46)
Inequality (EC.45) and (EC.46) together imply that
Wy — T 1 10g Tp1 — Tp0log Ty o > log(1 + e*), (EC.47)

which is exactly the representative agent constraint of formulation RA. As a result, we have estab-

formulations share the same objective functions, it thus follows that Zj < Zg,, as required. [
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EC.2. Extra modeling details

In this section, we provide some additional discussion of the modeling capability of our mixed-
integer convex programming models discussed in Section 4. Section EC.2.1 provides some examples
of what can be modeled using the linear constraint Ca < d that defines A, while Section EC.2.2
discusses how the three formulations (RA, P and P-RPT) can be modified for the purpose of

expected profit maximization.

EC.2.1. Set of feasible product designs

The constraint Ca < d which defines the set A can be used to encode a variety of requirements
on the attribute vectors a as linear constraints. For example, if the product has two attributes,
where the first attribute has three levels and the second attribute has four levels, then one can
model the product through the vector a = (a;, as,as, a4, as), where a; and a, are dummy variables
to represent two out of the three levels of the first attribute and as, a4, a5 are dummy variables to
represent three out of the four levels of the second attribute. One would then need to enforce the

constraints

ai + Qo S 17 (EC48)

az+as+as <1 (EC.49)

to ensure that at most one out of the variables a;,a, is set to 1 and at most one variable out of
as, 04,05 is set to 1. This can be achieved by specifying C and d as

11000 1
02[00111}’d:[J

Beside the ability to represent multi-level attributes, one can use the constraint Ca <d to
represent design requirements such as weight and cost; for example, one may be interested in

imposing the constraint

b0+§:biai <B,

=1
where b, is the base weight of the product, b; is the incremental weight added to the product from
attribute ¢+ and B is a limit on the overall weight of the product. This constraint can be modeled

by specifying C and d as

C:[bl b2 bn], d:[B—bo]
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EC.2.2. Extension to expected profit maximization

While all three of our formulations RA, P and P-RPT corresponds to the share-of-choice objective,
it turns out that it is straightforward to generalize these models so as to optimize a profit-based
objective. In particular, suppose that the marginal profit of a design a is given by a function R(a)

defined as .
R(a) =T9 + Z r,a;.
i=1

In other words, the profit R(a) is a linear function of the binary attributes. One can model various
types of profit structures with this assumption. For example, if all of the attributes correspond to
non-price features that affect the cost of the product, then one can set ry to be the price of the
product (a positive quantity), and each r; to be the marginal incremental cost of attribute i (a
negative quantity).

With this assumption, the logit-based expected profit product design problem can be written as

K

ZAM] | (BC.50)

maximize R(a)-
(a) o 1+ exp(ug(a))

acA

In terms of the x;; decision variables that appear in formulations RA, P and P-RPT, the objective

function can be re-written as

R(a)-

K n K
ZM‘%J] = (To—i‘znai) . [Z)\k‘ﬂfk,ll
k=1 =1 k=1

K n
=> A [roxk,l +> e aixk,ll :

i=1
Notice that this last expression includes terms of the form a;z ;, which we can already represent
through the variables y;,; that appear in all three formulations. We can therefore re-write the

objective function of problem (EC.50) as

K n
ZM . [Tol’m + Zn 'yk,i]

k=1 i=1
Thus, the expected profit product design problem can be handled by modifying the objective
function of formulation RA/ P/ P-RPT.

EC.3. Additional details for numerical experiments
EC.3.1. Comparison of computation times for heuristic approaches and formulation
P on synthetic instances

Table EC.1 below compares the average computation time (in seconds), where the average is taken
over the 20 instances for each (c,n, K) triple, for each of the heuristics (Greedy, LS, KKDP, GM)

and formulation P.
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c n K TGreedy Tis Tkkop Tem Tp
5 30 10 0.00 0.00 0.00 0.07 15.54
5 30 20 0.00 0.00 0.00 0.11 202.62
5 30 30 0.00 0.00 0.00 0.19 2333.12
5 40 10 0.00 0.01 0.00 0.10 44.99
5 40 20 0.00 0.01 0.00 18.56 2393.76
5 40 30 0.00 0.00 0.00 0.30 7026.27
5 50 10 0.00 0.01 0.00 0.23 21.62
5 50 20 0.00 0.01 0.00 0.43 2809.89
5 50 30 0.00 0.01 0.00 0.82 7213.79
5 60 10 0.00 0.02 0.00 0.42 47.54
5 60 20 0.00 0.02 0.00 3.25 2317.13
5 60 30 0.00 0.02 0.00 2.88 7213.76
5 70 10 0.00 0.03 0.00 0.67 18.33
5 70 20 0.00 0.03 0.00 3.70 1267.83
5 70 30 0.00 0.03 0.00 7.60 6410.63

10 30 10 0.00 0.00 0.00 020 14.96
10 30 20 0.00 0.00 0.00 021  80.05
10 30 30 0.00 0.00 0.00 0.27 1107.93
10 40 10 0.00 0.00 0.00 032 17.78
10 40 20 0.00 0.00 0.00 076 399.22
10 40 30 0.00 0.00 0.00 0.63 5316.60
10 50 10 0.00 0.01 0.00 038 17.92
10 50 20 0.00 0.01 0.00 2.56 1351.77
10 50 30 0.00 0.01 0.00 4.41 7161.57
10 60 10 0.00 0.02 0.00 1.25  22.60
10 60 20 0.00 0.02 0.00 15.24 709.22
10 60 30 0.00 0.01 0.00 21.05 6692.13
10 70 10 0.00 0.02 0.00 2.84 16.69
10 70 20 0.00 0.02 0.00 14.89  87.16
10 70 30 0.00 0.01 0.00 143.68 3310.76

20 30 10 0.00 0.00 0.00 1.57  12.23
20 30 20 0.00 0.00 0.00 0.28 66.61
20 30 30 0.00 0.00 0.00 0.28 614.31
20 40 10 0.00 0.00 0.00 0.36 18.42
20 40 20 0.00 0.00 0.00 26.03 496.22
20 40 30 0.00 0.00 0.00 1.39 4346.31
20 50 10 0.00 0.01 0.00 051 2478
20 50 20 0.00 0.01 0.00 4.84 817.61
20 50 30 0.00 0.02 0.00 23.71 5550.03
20 60 10 0.00 0.01 0.00 1.22  38.61
20 60 20 0.00 0.01 0.00 6.87 114.48
20 60 30 0.00 0.01 0.00 82.74 5115.71
20 70 10 0.00 0.01 0.00 093 21.44
20 70 20 0.00 0.02 0.00 12.15 202.43
20 70 30 0.00 0.01 0.00 113.62 2610.99

Table EC.1 Comparison of computation times for heuristic approaches and formulation P on synthetic

instances.
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EC.3.2. Additional details on real data sets in Section 5.2

In this section, we provide some additional details on the four data sets used in Section 5.2. As
noted in Section 5.2, these four data sets are conjoint analysis data sets, and specifically choice-
based conjoint data sets. In choice-based conjoint analysis, a respondent is shown two or more
hypothetical products formulated in terms of the attributes that are being studied, and is asked to
choose between them. The choice between these hypothetical products (also known as profiles) is
called a task. Based on the responses given by each customer to each of their tasks, one can estimate
a discrete choice model, such as a latent-class logit model, that predicts how the customer will
choose and provides a measure of the utility for each attribute. As an alternative to choice-based
conjoint analysis, there also exists what is called ratings-based or metric conjoint analysis, where
a customer is shown a single profile and asked to provide a numeric rating. Based on the responses
to such rating tasks, one can use ordinary least squares to determine the utility of each attribute.

In all four data sets (bank, candidate, immigrant and timbuk2), each task consists of choosing
between two profiles, which is also known as a paired comparison task in the conjoint analysis
literature. The number of paired comparison tasks varies for each data set. For bank, each respon-
dent performed between 14 and 17 paired comparison tasks; for candidate, between 3 and 6 tasks;
for immigrant, exactly 5 tasks; and for timbuk2, exactly 16 tasks. (We note that for timbuk2,
the paired comparison also included a metric/rating component, where respondents were asked to
specify the degree to which one profile was preferred to the other. In this experiment, respondents
were allowed to specify being indifferent between the two profiles; this happened in 297 out of 5280
total responses. Since the estimation of latent-class and mixture MNL models requires a choice
and since this indifference happened in a relatively small number of responses, we removed these
responses from the timbuk?2 data set when conducting our estimation procedures.)

While conjoint studies sometimes involve tasks where respondents can select a no-purchase option
(for example, a respondent is shown two or more profiles and a “none of the above” option), none
of the four data sets we used include explicit information on the no-purchase option, and none of
them included any task where the respondent was asked to choose between a product profile and
the no-purchase option. Thus, we instead assume the existence of several competitive products,
and assume that the customer is allowed to choose the product we have designed or one of the
competitive products. The utility of each of the competitive offerings is calculated using the same
partworths that are used to calculate the utility of the product we are designing. To provide an
example, suppose that a’, a”, a” are the attribute vectors of three competitive products. If a is
the attribute vector of our product, then the no-purchase probability of customer type k would be
given by

Zn: 5k ia/' + Zn: Bk ia/'/ + Z'; Bk ia{//
e PX et} e P e P

e2i=1Pr,i% 4 e22i1 Pri% | e2iz1Pk,i% | eXli=1 Priai’
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Recall that the no-purchase probability under the model described in Section 3.1 can be expressed

as

1
1 4 eProtity Briai

efﬂk,()

- e Pro e2ie1 Br,iai (EC.52)

Thus, to calibrate i so that (EC.51) and (EC.52) are equal, we simply set (i o as

ﬁk,o = —log <62?=1 Br,ia + 62?’:1 Br,iay + 62?’:1 Bk,ia/iu) . (EC'53)

EC.3.3. Attributes for real data instances in Section 5.2
Tables EC.2, EC.3, EC.4 and EC.5 display the attributes and attribute levels for the bank,

candidate, immigrant and timbuk2 datasets, respectively.

Attribute Levels

Interest Rate High Fixed Rate, Medium Fixed Rate,
Low Fixed Rate, Medium Variable Rate

Rewards 1,2,3,4

Annual Fee  High, Medium, Low

Bank Bank A, Bank B, Out of State Bank
Rebate Low, Medium, High

Credit Line  Low, High
Grace Period Short, Long

Table EC.2 Attributes for bank dataset.

Attribute Levels

Age 36, 45, 52, 60, 68, 75

Military Service Did Not serve, Served

Religion None, Jewish, Catholic, Mainline Protestant,
Evangelical Protestant, Mormon

College No BA, Baptist College, Community College,

State University, Small College,

Ivy League University
Income 32K, 54K, 65K, 92K, 210K, 5.1M
Profession Business Owner, Lawyer, Doctor,

High School Teacher, Farmer, Car Dealer
Race/Ethnicity White, Native American, Black,

Hispanic, Caucasian, Asian American
Gender Male, Female

Table EC.3 Attributes for candidate dataset.
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Attribute Levels

Education No Formal, 4th Grade, 8th Grade, High School,
Two-Year College, College Degree, Graduate Degree

Gender Female, Male

Origin Germany, France, Mexico, Philippines, Poland,

Application Reason
Profession

Job Experience
Job Plans

Prior Trips to US

Language

India, China, Sudan, Somalia, Iraq

Reunite With Family, Seek Better Job, Escape Persecution
Janitor, Waiter, Child Care Provider, Gardener, Financial Analyst,
Construction Worker, Teacher, Computer Programmer,
Nurse, Research Scientist, Doctor

None, 1-2 Years, 3-5 Years, 5+ Years

Contract With Employer, Interviews With Employer,

Will Look For Work, No Plans To Look For Work

Never, Once As Tourist, Many Times As Tourist,

Six Months With Family, Once Without Authorization
Fluent English, Broken English,

Tried English But Unable, Used Interpreter

Table EC.4  Attributes for immigrant dataset.

Attribute Levels

Price $70, $75, $80, $85, $90, $95, $100
Size Normal, Large

Color Black, Red

Logo No, Yes

Handle No, Yes

PDA Holder No, Yes

Cellphone Holder No, Yes

Velcro Flap No, Yes

Protective Boot  No, Yes

Table EC.5 Attributes for timbuk2 dataset.
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EC.3.4. Hierarchical Bayesian model specification
For our hierarchical Bayesian model, we assume that each respondent’s partworth vector 3 =
(B1y-..,0B,) is drawn as

B~N(B,Vp),

where N(p,¥) denotes a multivariate normal distribution with mean p and covariance matrix 3.

The distributions of the mean 3 and covariance matrix V4 are then specified as

B ~ N(0,0éVg),
Vg~ IW (v, V),

where IW (v, W) denotes an inverse Wishart distribution with degrees of freedom v and scale
matrix W. This model specification is implemented in bayesm, using the rhierBinLogit function.

We use bayesm’s defaults for v, V and a.

EC.3.5. Additional constraints for immigrant dataset
As discussed in Section 5.2, we define A with some additional constraints, which we describe here:
e If the immigrant’s profession attribute is set to “doctor”, “research scientist”, “computer
programmer” or “financial analyst”, then the immigrant’s education attribute is set to “college
degree” or “graduate degree”.
e If the immigrant’s profession attribute is set to “teacher” or “nurse”, then the immigrant’s edu-
cation attribute is set to “high school”, “two-year college”, “college degree” or “graduate degree”.
e If the immigrant’s application reason attribute is set to “escape persecution”, then the country
of origin attribute is set to Sudan, Somalia or Iraq.
e FEither the immigrant’s application reason attribute is set to “seek better job” or the immi-

grant’s job plan attribute is set to “no plans to work”, but they cannot both be set in this way.

EC.3.6. Competitive offerings for Section 5.2

Tables EC.6, EC.7, EC.8 and EC.9 display the attributes of the competitive offerings for the bank,
candidate, immigrant and timbuk2 datasets, respectively. We note that for timbuk?2, we follow
the same competitive offerings used in other optimization work that has used this dataset (Belloni

et al. 2008, Bertsimas and Misi¢ 2017, 2019).
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Attribute Outside | Outside | Outside
Option 1 | Option 2 | Option 3

Interest Rate: High fixed rate
Interest Rate: Medium fixed rate
Interest Rate: Low fixed rate
Interest Rate: Medium variable rate
Rewards: 1

Rewards: 2

Rewards: 3

Rewards: 4

Annual Fee: High

Annual Fee: Medium

Annual Fee: Low

Bank: Bank A

Bank: Bank B

Bank: Out of state bank
Rebate: Low

Rebate: Medium

Rebate: High

Credit Line: Low

Credit Line: High

Grace Period: Short

Grace Period: Long

Table EC.6 Outside options for bank dataset problem instances.
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Attribute Outside | Outside | Outside
Option 1 | Option 2 | Option 3

Age: 36

Age: 45

Age: 52

Age: 60

Age: 68

Age: 75

Military Service: Did not serve
Military Service: Served
Religion: None

Religion: Jewish

Religion: Catholic

Religion: Mainline protestant
Religion: Evangelical protestant
Religion Mormon

College: No BA

College: Baptist college
College: Community college
College: State university
College: Small college

College: Ivy League university
Income: 32K

Income: 54K

Income: 65K

Income: 92K

Income: 210K

Income 5.1M

Profession: Business owner
Profession: Lawyer

Profession: Doctor

Profession: High school teacher
Profession: Farmer

Profession: Car dealer
Race/Ethnicity: White
Race/Ethnicity: Native American
Race/Ethnicity: Black
Race/Ethnicity: Hispanic
Race/Ethnicity: Caucasian
Race/Ethnicity: Asian American
Gender: Male

Gender: Female

Table EC.7 Outside options for candidate dataset problem instances.
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ec3l

Attribute

Outside
Option 1

Outside
Option 2

Outside
Option 3

Education: No formal

Education: 4th grade

Education: 8th grade

Education: High school

Education: Two-year college

Education: College degree

Education: Graduate degree

Gender: Female

Gender: Male

Origin:

Germany

Origin:

France

Origin:

Mexico

Origin:

Philippines

Origin:

Poland

Origin:

India

Origin:

China

Origin:

Sudan

Origin:

Somalia

Origin:

Iraq

Application Reason: Reunite with family

Application Reason: Seek better job

Application Reason: Escape persecution

Profession: Janitor

Profession: Waiter

Profession: Child care provider

Profession: Gardener

Profession: Financial analyst

Profession: Construction worker

Profession: Teacher

Profession: Computer programmer

Profession: Nurse

Profession: Research scientist

Profession: Doctor

Job Experience: None

Job Experience: 1-2 years

Job Experience: 3-5 years

Job Experience: 5+ years

Job Plans: Contract with employer

Job Plans: Interviews with employer

Job Plans: Will look for work

Job Plans: No plans to look for work

Prior Trips to U.S.: Never

Prior Trips to U.S.: Once as tourist

Prior Trips to U.S.: Many times as tourist

Prior Trips to U.S.: Six months with family

Prior Trips to U.S.: Once without authorization

Language: Fluent English

Language: Broken English

Language: Tried English but unable

Language: Used interpreter

Table EC.8

Outside options for immigrant dataset problem instances.
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Attribute Outside | Outside | Outside
Option 1 | Option 2 | Option 3

Price: $70

Price: $75

Price: $80

Price: $85

Price: $90

Price: $95

Price: $100

Size: Large

Color: Red

Logo: Yes

Handle: Yes

PDA Holder: Yes
Cellphone Holder: Yes
Mesh Pocket: Yes
Velcro Flap: Yes
Protective Boot: Yes

Table EC.9 Outside options for timbuk2 dataset problem instances. (For ease of comparison, only one level of

each binary attribute is shown.)



e-companion to Author: Ezact Logit-Based Product Design ec33

EC.4. Robust logit-based share-of-choice product design

A key assumption in the logit-based SOCPD problem is that the underlying parameters that
determine customer choice — the distribution A and the partworth vectors 3,,... 3, — are known
precisely. In practice, these parameters are estimated from data (as in our numerical experiments
with real data in Section 5.2) and there may be errors in these estimated values; thus, these

parameters are subject to uncertainty. This is important because a product that is optimized

based on a single A and a single collection of partworth vectors 3,,..., 3 may yield significantly
lower market share if the actual A and 3,,..., 3 values are different from the ones used in the
optimization.

In this section, we consider two different robust optimization approaches to the logit-based
SOCPD problem that address uncertainty in the partworth vectors 3,,...,8x. In particular, let
B=(8,,...,8x) € R"DK denote the concatenation of the partworth vectors of all K customer
types; we refer to 3 as the grand partworth vector. The robust logit-based SOCPD problem can
then be written as the following max-min problem:

K n
maxminZ)\k -0 (Bro+ Z,Bk,i(li), (EC.54)
k=1 =1

acA BeU

where Y C R™+DK {5 an uncertainty set of possible partworth vectors. In this problem, we seek to
find the product design vector a that maximizes the worst-case share-of-choice, where the worst-
case is taken over all grand partworth vectors in U.

The rest of this section is organized as follows. Section EC.4.1 presents our first approach, which
assumes that U is structured as a Cartesian product of smaller uncertainty sets corresponding
to each customer type. Section EC.4.2 presents our second approach, which assumes that U is
structured as a budget uncertainty set. Section EC.4.3 presents a small set of computational exper-
iments for the first approach, while Section EC.4.4 presents computational results for the second
approach.

Before we continue, we note that the two approaches developed below only consider uncertainty
in the grand partworth vector 8 and not in the probability distribution A. We focus on this form
of uncertainty as we believe this is the more interesting case to consider. When there is only

uncertainty in A, the robust logit-based SOCPD problem can be written as

acA AeA

K n
maxminZ)\k 'O'(ﬂk,o +Zﬁk7iai), (EC55)
k=1 i=1

where A is an uncertainty set of probability mass functions supported on [K]. This problem can
be analyzed in a straightforward fashion as the objective function is linear in A, and therefore the

inner worst-case problem that minimizes over A is a linear program. Depending on the structure
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of A, one can potentially reformulate the inner problem to eliminate the minimization over X\ (for
example, if A is a polyhedron, then one can use LP duality to reformulate the problem with a
finite number of additional variables and constraints) and reformulate each o(-) term using one
of the three formulations presented earlier (RA, P or P-RPT). Alternatively, one can also design
a cutting plane procedure that replaces A with a finite set A, solves the corresponding restricted

master problem, and then identifies a new A to add to A by solving the worst-case problem
minyea Zszl A 0(Bro + iy Br,iti)-

EC.4.1. Robust approach 1: product uncertainty set
In the first approach that we consider, we assume that the uncertainty set U of the grand partworth

vector is structured as a Cartesian product of type-specific uncertainty sets, that is,
U=U; x Uy x -+ X Uy, (EC.56)

where U;, C R™"! is an uncertainty set governing the partworth vector 3, of customer type k. Under

this uncertainty set, the robust logit-based SOCPD problem can be written as

K n
136%151612141 {kz; )\ka(ﬂk’o—i—;ﬁkyiai)} (EC.57)

Due to the product form of the uncertainty set, this problem admits a nice reformulation, which

we now explain. In particular, we can re-write the problem as

K n
1;162%1;161;1{kz_:l/\kd(ﬂk,o—l—;ﬁk,iai)} (EC.58)

K n
S 108 i {Z Moot Zﬂ>} (EC29)
K n
- )\ i ez 3 ECGO
m{Z k;:l;a;awk,w;m,a)} (EC.00)

where the last step follows because, due to the product form of the uncertainty set, the minimization
over the overall grand partworth vector 8 decomposes into K minimizations over each individual
customer type’s partworth vector (3,.

From here, the problem can be further reformulated by observing that the logistic response

function o(+) is monotonic, and so the minimization over 3, can be pushed inside of o(-):
K n
Ap i Qi) ¢ EC.61
max {Z iy, 7(Oho+ D e >} (BC.61)

acA kE -
=1

K n
= max {Z )\ka(gmig {Br.o —|—Zﬁkﬂ-ai})}. (EC.62)
k=1 k
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Recall now from our formulation P that the decision variable wy, represents the linearization of xy, ; -
uy. To model the inner minimization, we replace the constraint that defines w;, in that formulation,
which is

Wy, = BroTh,1 + Z Bie,ilie,is (EC.63)

i=1

with the following robust constraint:

Wi < Br ot + Z/Bk,iyk,ia vV B, €U,. (EC.64)

i=1

Formulation P thus becomes the following formulation, which we denote by P-Robust:

P-Robust : Hﬂxviﬁiie i Ak 1 (EC.65a)
subject to ;; e <1 Y k€ K], (EC.65b)

wi < BroTra+ Y Brivrir YV kE[K], By €Us, (EC.65¢)

Ypi <a;,, Yk GZ:[lK}, i€ [n], (EC.65d)

Yri <mpy, VYV kE[K] i€([n], (EC.65¢)

Ypi > Tp1+a;,—1, VEke[K], i€n], (EC.65f)

yei >0, VEkelK], i€ln], (EC.65g)

Tro, 21 >0, VkelK], (EC.65h)

Ca<d, (EC.651)

ac{0,1}". (EC.65§)

The key distinction between P-Robust and P is that constraint (EC.65¢) is quantified over all
partworth vectors 3, € Uy, and thus (EC.65¢) describes a potentially uncountably infinite collec-
tion of linear inequalities. As is standard in robust optimization, if each U, admits a tractable

representation, then one can re-write the constraint as

< mi Yk.i EC.
we < mi {Brozn+ > Briyrit (EC.66)

i=1

and reformulate the minimization problem on the right hand side of the inequality to obtain an
equivalent but finite representation. For example, if i}, is a polyhedron, the minimization problem
is a linear program, and one can use LP duality theory to reformulate the constraint exactly using a
finite number of constraints and variables. Alternatively, one can consider solving the problem using
constraint generation, where one replaces U, with a finite subset Uy, and solves the minimization

problem on the right-hand side to identify partworth vectors at which the constraint is violated.
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In the experiments that we will present in Section EC.4.3, we will assume that each U}, is a

continuous budget uncertainty set (see Bertsimas and Sim 2004, for more details) defined as

Up=1{B,=B,—Bro& | 0<€,<1,17¢,<T}, (EC.67)

where the vectors 1 and 0 are used to denote (n + 1)-dimensional vectors of all ones and zeros,
respectively, and o denotes the component-wise product of two vectors. In this definition, the
vector 3, € R"*! is the vector of nominal partworths and the vector [ik is the vector of maximum
allowable deviations, where each value /3’;” represents the most that the partworth ; ; may deviate
from its nominal value 3 ;. The value & ; is bounded between 0 and 1 and represents the fraction
of the maximum deviation of Bk,i; the constraint 27:0 &ki <TI' models that we only allow up to I
partworth values to maximally deviate from their nominal values. Note that in our uncertainty set,
we only consider downward deviations, which results in the form 3, — Bk 0&,. Although budget
uncertainty sets (as for example in Bertsimas and Sim 2004) usually allow for both upward and
downward deviations, in our case it is not necessary to consider upward deviations, because such
deviations are never optimal for the inner minimization problem and will in general never be a
part of the worst-case solution.

For this budget uncertainty set, constraint (EC.66) can be reformulated by applying LP duality
to the right-hand side of (EC.66), and introducing a new set of decision variables and constraints.

In particular, it can be shown that constraint (EC.66) is equivalent to

wy, < Bk,o$k,1 + Z Bkzym —Tqx — Z Th.i (EC.68)
i=1 i=1

G+ Tho > Broi, (EC.69)

Qr + T > Bk,z'yk,i, Vie|[n], (EC.70)

a =0, (EC.71)

Tes >0, Vie[n], (EC.72)

where g, and T, = (70,...,7kn) are new decision variables that are added to problem P-Robust.
Thus, problem P-Robust becomes

K
P-Robust-Budget : rang}v(vu)}l)l,z:_e kz_;)\kxk’l (EC.73a)
subject to pq +xp e UL <1, YV k€ [K], (EC.73b)

W S Bk,oxk,l + ng,iyk,i - Fqk - ZTk’i’ Vv k S [K], (EC73C)

i=1 i=1

Q. + Tro = Bk,oxk,h V ke [K] (EC.73d)
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Q.+ Tri > Bmyk,i, V kelK], i€[n], EC.73e

—_—

Yri <a;, YkelK], ieln], EC.73f

Yri <Tp1, Vkel[K], i€[n], EC.73g

—~ o~

Ypi > Tp1+a;,—1, YVke[K], i€n], EC.73h
Yri >0, VEkelK], ie[n], (EC.73i
Tro, k1 >0, VkelK], (EC.73j
Ca<d, (EC.73k
ac{0,1}", (EC.731

~— ~— ~— ~— ~— ~— ~— ~— ~— ~—

Thi >0, Vke[K], i€[n], (EC.73n

EC.4.2. Robust approach 2: joint uncertainty set

In our second approach, let our uncertainty set U of partworth vectors be defined as

K n
U—{B—B—BOE ZZﬁk,iSF,Ee{0,1}<"+1>K}. (EC.74)

k=1 i=0

In the above definition, 8 = (B, ..., 8x) € RX"*1 is the vector of nominal values of the partworths,
where Bk = (Bk,m Bk,l, e ﬂ_;w) is the vector containing the nominal partworths and the nominal
intercept for customer type k. The vector 3 = (,[:}1, NG k) € REMFD s the vector of maximal
allowed deviations of the partworth parameters, where Bk = (Bk,o, e ﬁkn) represents the vector
of maximal allowed deviations of each parameter (i.e., Bk,i is the most that the partworth fy ;
is allowed to deviate from its nominal value By ;). The vector E is defined as B = (£,,...,&;) €
{0,1}+VE where each &, = (&, - -+, &) € {0,1}7F1 is the vector of binary variables indicating
whether partworth f ; is deviating from the nominal value 8y ; (&.; = 1) or not (£ ; = 0). We refer
to &, as the perturbation pattern of customer type k, and E as the grand perturbation pattern.

The uncertainty set U represents the set of all vectors of partworth vectors where at most I"
parameters are equal to ﬁ_;“ — Bk,i and the rest are equal to their nominal value B;H The idea of this
uncertainty set is that while each partworth parameter g ; may deviate from its nominal value,
we expect that in the worst case, there should not be too many such parameters deviating from
their nominal value. Note that unlike the product uncertainty set in the previous section, there is
no limit on how many deviations can occur for each customer type, and so an admissible grand
partworth vector 3 from U may be such that all of the deviations occur for a small subset of the

K customer types, with the partworths for the other customer types unperturbed. Additionally, U
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is a discrete uncertainty set, whereas the uncertainty set of the previous section may be discrete
or continuous. The motivation for this choice is tractability; we shall discuss this in more detail
shortly.

The corresponding robust logit-based SOCPD problem is then

K n
max glelll} {kz; A0 (Bro + ; ﬁk7iai)} , (EC.75)

where the goal is to find the product design vector a that maximizes the worst-case logit-based
share-of-choice, where the worst-case is taken over all partworth vectors 3 belonging to U. Note
that in this model, we are again assuming that the nominal values of the customer type probabilities
A1, ..., A are not subject to uncertainty.

Note that this problem is rather difficult to solve, because the inner worst-case problem,

K n
Iﬁnelg[l {2 Ae0 (Bro + ; Br.it;) } (EC.76)

is a binary nonlinear optimization problem, similarly to the nominal logit-based SOCPD problem.
Typically in robust optimization, the inner worst-case problem is a tractable optimization problem
that can be reformulated using duality. For example, if the objective is linear in the uncertain
parameter, and the uncertainty set is polyhedral, then the inner worst-case problem is a linear pro-
gram, and one can apply linear programming duality to reformulate the inner worst-case problem
using a finite number of additional variables and constraints. In our setting, such an approach is
not applicable due to the nature of this inner problem.

Instead, what we can hope to do is to solve the overall robust problem (EC.75) using delayed

constraint generation. In this approach, we first reformulate the problem in epigraph form:

maxirenize 0 (EC.77a)
7 K n

subject to 6 < Z Ae0 (Bro + Z Briai), YV BeU, (EC.77b)
k=1 i=1

acA. (EC.77¢)

Now, instead of solving problem (EC.77) with all possible 3 enumerated, we start with con-
straint (EC.77b) enforced for only a finite subset & C U. We then solve this restricted master
problem to obtain a solution a. With this solution a in hand, we now solve the following separation

problem:

K n
miniEInize Z )\kO'(ka - 6/@,0&1@,0 - Z Bk,iaiﬁk,i) (EC?S&)
k=1 i=1
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K n

subject to > Y & <T, (EC.78D)
k=1 i=0

&..€{0,1}, VkelK], i€{0,1,...,n}, (EC.78c)

where %, is defined as 5, = Bk,o + Z?Zl Bk’iai, which is the utility of a using the nominal partworth
values for customer type k.

Although this problem is challenging, we can reformulate it as a mixed-integer convex program
using the same type of technique as we used to obtain formulation P. In particular, as in formu-
lation P, let 7, ; and 7 denote the purchase probability of the product and the no-purchase
probability, respectively, for customer type k; let u;, denote the utility of product k; let h; denote
the linearization of uy - 7y 0; and let zj; denote the linearization of 7y o - & ;. With these definitions,

this separation problem (EC.78) can be re-written as the following mixed-integer exponential cone

program:
K
rglrliuhnilée kz AT 1 (EC.79a)
=1
h
subject to g0+ Th0 - eﬁ <1, VkelK], (EC.79b)
Tro+me1=1, Vke[K], (EC.79c¢)
uk:ﬂk_ZBk,i ~ai-§k7i7 Vke [K], (EC?gd)
i=0
hk = ﬂkﬁk70 — Z Bk,i “Q 2k VEke [K], (EC?ge)
i=0
Zk,igﬂk-’o, VkE[K],iE{O,l,...,n}, (EC?gf)
Zri <&riy YV k€[K]1€{0,1,...,n}, (EC.79g)
Zk:,izﬂ-k,o_’_gk,i*l» \V/]CE[K],’L'E{O,].,...,’R}, (EC?gh)
K n
SN Ga<T, VielK], (EC.791)
k=1 i=0
K n
Y si<Temyo, VEke[K] (EC.79j)
k=1 1=0
K n
EZ(&H —2pi) <T-mpy, VEkelK], (EC.79k)
k=1 i=0
€. €{0,1}, YEke[K],ic{0,1,... n}, (EC.791)
2, >0, VkelK],ie{0,1,...,n}. (EC.79m)

By solving this problem, we obtain the solution E; to obtain the corresponding 3 vector, we simply
calculate it as B =3 — B o E. We add the corresponding constraint to the master problem (EC.77),

and solve the master problem again.
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We make several important remarks about the restricted master problem. First, note that the
restricted master problem can be formulated as a mixed-integer exponential cone program that is
very similar to the nominal problem. The main difference is that the variables xy o, Tx. 1, Uk, Wk, Yk i
are now additionally indexed by &. In particular, xj ¢ and xy ¢ are the choice probabilities for
the no-purchase option and the product for customer type k when its partworth vector deviates
according to the perturbation pattern . Similarly, u ¢ is the utility of the product for customer
type k with the perturbation pattern &; wy ¢ is the linearization of uy ¢ - Ty ¢ 15 Yi ¢, is the lineariza-
tion of a; - x4 ¢,1. Each combination of k£ and & requires analogs of the constraints (22b) to (22h) of
P and in particular, requires one exponential cone.

Second, and related to the previous point, is that across different worst-case realizations of the
grand partworth vector 3 that are generated from U, the same deviation pattern & could appear
multiple times for the same customer type. This implies that the same variable z, ¢ ; that represents
the purchase probability for customer type k under perturbation pattern & could appear in multiple
instances of the epigraph constraint (EC.77b). This is important because it allows for efficiency in
terms of how many exponential cones are used to model the xj ¢ ; variables. A naive implementation
of constraint generation would introduce a new exponential cone for each = variable that appears
in constraint (EC.77b), resulting in K - M exponential cones after M worst-case realizations are
generated. By being careful about whether a perturbation pattern has been generated previously,
one can reuse variables that have already been introduced, and reduce how many new exponential
cones get added to the master problem.

Lastly, we alluded earlier that the choice of a discrete budget uncertainty set, as opposed to
a continuous budget uncertainty set is motivated by tractability, and after laying out the overall
constraint generation procedure, it should become clear why a discrete uncertainty set may be
easier to work with. In particular, the worst-case problem (EC.78) can be formulated exactly as the
mixed-integer exponential cone program (EC.79). If one were to consider a continuous uncertainty
set U, then the worst-case problem (EC.76) would be a continuous, non-convex problem, and in
such a situation, it is not clear how one can solve such a problem to global optimality (in order
to implement a constraint generation/cutting plane method), or how one can otherwise tractably

reformulate the overall robust problem.

EC.4.3. Numerical experiments with product uncertainty robust approach

In this section, we present a small set of numerical experiments to demonstrate the value of the
robust approach using the product budget uncertainty set described in Section EC.4.1. We con-
sider the synthetic instances from Section 5.1 with n =30, and K € {10,20}, and the scale factor

parameter c¢ fixed to 5.
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We set up the budget uncertainty set U, of each customer type k as follows. We use the value of
each term [y ,; as the nominal value B;m in our uncertainty set. For the intercept, we assume that
there is no uncertainty, and set Blao =0. For each attribute, we assume that B,w = - |B.|, where
¢ €{0.1,0.2} is a parameter that will be tested. We vary the budget I in the set {1,2,3,4,5,6,7}.
Note that in general, there are Kn partworth parameters, not counting the intercept; setting the
budget as m means that at most m out of n parameters deviate from their nominal values, for a
total of K'm out of Kn parameters over all K customer types.

For each (n, K, ¢’) combination, we solve formulation P-Robust-Budget for each of the 20 synthetic
instances, and record the objective value. We solve the formulation using Mosek and impose a time
limit of one hour. In addition, for each n and K, we also compute the worst-case share-of-choice
of the nominal product vector by solving mingey, {Zszl Mo (Bro+ D0, ﬂmai)}.

To compare the robust and nominal approaches, we compute two different metrics:

1. Worst-case loss: The worst-case loss (WCL) is defined as
a".B) — mingey F(a" . 8)

F(av,B)

where a” is the nominal product design (i.e., a¥ € argmax.c4F(a,3)), and F(a,3) =

WCL = il

x 100%, (EC.80)

Zszl Xe0(Bro+ Y, Br.iai) is the share-of-choice of the product vector a under the overall part-
worth vector 3= (8,...,8x). In words, it is the percentage reduction in the share-of-choice of
the nominal solution a®, relative to the nominal share-of-choice, under the worst-case realization
in U. A high value of WCL implies that the worst-case performance of the nominal product design
deteriorates significantly when the realized partworths differ from their nominal values.

2. Relative improvement: The relative improvement (RI) is defined as

_ mingey F(a®, 8) —mingey, F(a, 8)

I
t minﬁell F(an@)

x 100%, (EC.81)

where a’¥ is the nominal product design and af is the robust product design (i.e., af €
arg maxae 4 Mingey F'(a,B)). In words, it is the improvement in worst-case share-of-choice perfor-
mance of the robust product design a”® relative to the nominal product design a”. A high value of
RI implies that the robust design delivers better performance under uncertainty than the nominal
design.

Table EC.10 reports the average WCL and RI for each of the (n, K, ¢’) combinations, as well as the
average computation time of P-Robust-Budget. From this table, we can see that the deterioration
of the nominal solution when exposed to the worst grand partworth vector 3 from U can be large
(as high 33% when K =20, ¢ =0.20 and I' =5), and that the robust solution improves on the

nominal solution significantly in terms of worst-case share-of-choice (as much as 28%). Additionally,
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d n K I' WCL (%) RI (%) Time (s)
0.10 30 10 1 0.96 0.00 20.90
0.10 30 10 2 2.15 0.06 25.89
0.10 30 10 3 3.5 0.38 30.36
0.10 30 10 4 5.14 1.13 31.10
0.10 30 10 5 6.78 2.06 32.16
0.10 30 20 1 1.99 0.15 461.28
0.10 30 20 2 4.35 0.84 616.34
0.10 30 20 3 6.96 1.84  755.08
0.10 30 20 4 9.70 3.42 872.96
0.10 30 20 5 12.50 5.41 956.01
0.20 30 10 1 2.28 0.07 26.43
0.20 30 10 2 6.00 1.59 28.91
0.20 30 10 3 11.17 5.15 36.13
0.20 30 10 4 17.61 11.66 41.62
0.20 30 10 5 2441  20.31 50.46
0.20 30 20 1 4.55 0.91 591.00
0.20 30 20 2 10.87 4.15 780.24
0.20 30 20 3 18.38  10.50  901.27
0.20 30 20 4 26.26  18.59 1158.55

0.20 30 20 5 33.90 2794 1294.17

Table EC.10 Performance of robust solutions using the product uncertainty set approach (Section EC.4.1) on

synthetic data instances.

the computation times of this approach are reasonable; while they are larger than the nominal
formulation (see Table 1 in Section 5.1), they are no more than about 20 minutes in the largest

case.

EC.4.4. Numerical experiments with joint uncertainty robust approach
In this second set of numerical experiments, we aim to understand the value of the robust approach
using the joint budget uncertainty set described in Section EC.4.2. We again consider the synthetic
instances from Section 5.1 with » =30 and K € {10,20}. We set the scale factor parameter ¢ to 5.

To set up the joint budget uncertainty set U/, we proceed as follows. We use the value of each term
B.,i as the nominal value Bk,i in our uncertainty set. For the intercept, we assume that there is no
uncertainty, and set ﬁAk,o = 0. For each attribute, we assume that ﬁk,i = |By.i|, where ¢ € {0.1,0.2}
is a parameter that will be tested. Lastly, we vary the budget I in the set {1-K,2-K,...,5- K}.
Note that in general, there are K(n + 1) utility parameters (n partworths plus one intercept, for
each customer type); setting the budget as m - K can be interpreted as anticipating up to m out
of n partworths of each segment (on average) to vary from their nominal values.

For each of the 20 instances corresponding to each combination (n, K, c) € {30} x {10,20} x {5},
we solve the robust formulation (EC.75) for each I' and each ¢/. We apply the constraint generation

method described in Section EC.4.2. Due to the significantly greater computational requirement of
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the robust problem described in Section EC.4.2 compared to the nominal problem (formulation P),
we deemed it necessary to impose time limits on several components of the overall method. In
particular, we impose a time limit of one hour on the overall procedure, with a time limit of
600 seconds for each solve of the restricted master problem, and 5 seconds for each solve of the
subproblem. If the subproblem fails to identify a violated constraint within the 5 second time limit,
it is solved again with a longer time limit of 120 seconds. If this second solve results in a violated
constraint, the procedure continues; if it does not produce a violated constraint, the procedure
terminates.

For each of the same 20 instances corresponding to each combination (n, K, c) € {30} x {10,20} x
{5}, for each value of ¢’ € {0.1,0.2} and for each value of I", we also compute the worst-case objective
value of the nominal solution. We do this by solving the separation problem (EC.79) at the nominal
product vector a. To make this worst-case objective value consistent with our robust procedure,
we again impose a computation time limit of 120 seconds. We again compute the WCL and RI as
in the experiments of the previous section.

Table EC.11 reports the average of WCL and RI for each combination of (n, K,c), ¢ and I'. In
addition, it also reports the average computation time. From this table, we can see that in general,
the WCL of the nominal solution can be substantial. For example, in the case where ¢’ =0.1 (i.e.,
each partworth deviates from its nominal value by at most 10%), the WCL ranges from 4.31% to
24.22%. When ¢ = 0.2, it can be as high as 53.88%. On the other hand, the robust solution can
significantly outperform the nominal solution in terms of worst-case share-of-choice, as shown in
the high values of RI (for example, with K =10, ¢ =0.2, I' =40, the RI is over 15%).

In these results, we note that in a few cases the average RI is negative. Note that by the definition
of RI in equation (EC.81), this cannot happen if a’* exactly solves the robust problem, and all
worst-case share-of-choice objective values are computed exactly. This is entirely an artifact due to
the computation time limits that were applied when solving the robust problem and to evaluate the
worst-case share-of-choice. In particular, due to the overall time limit of one hour, it is possible to
have a suboptimal solution to the robust problem; as a result, even if one could perfectly compute
mingey F(+,8) for such a solution and the nominal solution, it is possible that the nominal solution
outperforms it in terms of worst-case objective value, leading to a negative RI. In addition, it is
also possible that the worst-case objective value of the nominal solution, minge;, F'(a’¥, 3), is over-
estimated, which can happen if problem (EC.79) is terminated early with a suboptimal solution;
this in turn could result in a negative RI as well.

Lastly, with regard to computation times, we note that the computation times for this approach
are large, and in particular much larger than for the product uncertainty set approach tested in

Section EC.4.3, which involved solving a single finite mixed-integer exponential cone program with
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d n K I' WCL (%) RI (%) Time (s)

0.10 30 10 10 431 019  777.40
0.10 30 10 20 750  0.70 1612.02
0.10 30 10 30 987  2.79 2257.32
0.10 30 10 40 11.60  4.39 2333.21
0.10 30 10 50 13.10  5.02 2105.17
0.10 30 20 20 8.80 -0.97 3823.48
0.10 30 20 40 1458 -0.56 3989.73
0.10 30 20 60 18.79  2.93 4021.12
0.10 30 20 80 21.90  4.91 3999.85
0.10 30 20 100 24.22 941 3999.27
0.20 30 10 10 1229  -0.16 3368.03
0.20 30 10 20 21.76  3.13 3854.17
0.20 30 10 30 29.75  8.48 3846.31
0.20 30 10 40 36.45 15.88 3682.21
0.20 30 10 50 41.75  33.67 3644.28
0.20 30 20 20 18.00 -1.86 3928.02
0.20 30 20 40 30.58  0.99 3973.20
0.20 30 20 60 40.20  6.63 3911.56
0.20 30 20 80 48.14  18.73  3938.09
0.20 30 20 100 53.88  27.28 3907.19

Table EC.11 Performance of robust solutions using the joint uncertainty set approach (Section EC.4.2) on

synthetic data instances.

the same number of exponential cones as the nominal problem P. (Note that in some cases, the
computation time is higher than one hour, as the global one hour time limit was reached in the
middle of a solve of either the restricted master problem or the worst-case separation problem.)
From a tractability standpoint, these preliminary results suggest that the product uncertainty set

approach is preferable to the joint uncertainty set approach.



