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1 Introduction

The purpose of this technical report is to review the main properties of an accelerated
composite gradient (ACG) method commonly referred to as the Fast Iterative Shrinkage-
Thresholding Algorithm (FISTA). In addition, we state a version of FISTA for solving both
convex and strongly convex composite minimization problems and derive its iteration com-
plexities to generate iterates satisfying various stopping criteria, including one which arises
in the course of solving other composite optimization problems via inexact proximal point
schemes. This report also discusses different reformulations of the convex version of FISTA
and how they relate to other formulations in the literature.

Organization. Section 2 contains three subsections. The first one describes a composite
optimization problem and its main assumptions. The second subsection states and analyze
a variant of FISTA, called S-FISTA, for solving the aforementioned problem. The third
subsection establishes some iteration-complexity bounds for S-FISTA to obtain approximate
stationary solution for the composite optimization problem we are interested in. Section 3
presents an alternative formulation for S-FISTA and shows that it becomes the well-known
FISTA for solving (non strongly) convex composite optimization problems.

1.1 A Brief History of FISTA

An earlier prototype of FISTA was given in [4], which proposed an ACG method named
the Fast Gradient Method (FGM) for solving smooth convex (non-composite) optimization
problems. FISTA, which is an extension of [4] to smooth convex composite optimization
problems, was then proposed in [2]. Its monotonically decreasing variant called M-FISTA
was later proposed in [3].

2 A Strongly Convex Extension of FISTA

This section contains three subsections. The first one describes a composite optimization
problem and its main assumptions. The second subsection states and analyze a variant
of FISTA, called S-FISTA, for solving the aforementioned problem. The third subsection



establishes some iteration-complexity bounds for S-FISTA to obtain approximate stationary
solution for the composite optimization problem we are interested in.

2.1 Problem Description and Assumptions

We are interested in the following problem
¢" == min{¢p(x) := f(z) + h(z) : 2 € R"} (1)

where f : R" — R is a differentiable fif-convex function and h : R* — R U {+occ} is a
possibly nonsmooth fi,-convex function, and fiy, fip, > 0.
In addition, the following assumptions are made.

(A) Problem (1) has an optimal solution.

B) There exists a scalar Ly > i such that
fZ My

FO U2 + L)), 2
where
14 2) 1= 1(2) + (V (), ~ 2) )

Clearly the following inclusion holds for any solution z* of (1):
0 € Vf(x*)+ oh(x").

For a given tolerance p > 0, we say that a pair (y,u) € R" xR" is a p-approximate stationary
solution for problem (1) if the following relations hold

ue Vf(y) +0h(y), lull <p. (4)

Next, we introduce a scalar which measures the distance of the initial point xy to the
solution set of (1).

do := min{||zo — 2*|| : 2" is a solution of (1)}. (5)

Recall that if a function ¢ : R" — R U {+o00} is v-convex then, for every z* that minimizes
1, we have

* v *
9+ 2l == < 00 ()
Moreover, since f is jis-convex, the following inequality holds for any z € R™:

12+ B =2l < 10, 7)

where [¢(-, ) is as in (3).
Throughout this note we use the following notation log] (+) := max{log(-), 1}.
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2.2 Statement and Properties of S-FISTA

Recall that FISTA is a popular ACG variant for solving (1) for the case where iy = fi, = 0.
This subsection describes an extension of FISTA for solving (1) for the general case where
ﬂf? fp = 0.

We start by stating a strongly convex variant of FISTA, referred to as S-FISTA, for
solving (1).

Algorithm 1 (S-FISTA)
0. Let initial point xy € dom h and scalars Ly > Ly, uy € [0, fiy] and puy, € [0, fis] be given,
and set xo = yo, Ao =0, 70 =1, A\=1/(Ls — pg), o = py + pop, and k = 0;
1. Compute

A ATE)2 +4AT A A
0 = Tk+\/( T )2 + ATy, k) Api1 = Ay + ag, jk:M; (8)
2 Api1
2. Compute
o ) L,

Ypi1 = ar%mlzl Qi (@; &g) == Lp(x; Tg) + h(x) + §||a: —z|° 7 (9)
reaom

Th+1 = T + Hay, (10)

1 a 5

Tpp1 = —— [_k(yk—H — Tp) + PaRYp41 + TRTk | (11)

Tk+1 A

3. Set k <+ k+ 1 and go to step 1.

We now make some comments about S-FISTA. First, if g = 0, then 7, = 1 for every
k > 0. Second, the first and second relations in (8) imply that

TkAk+1 1
= — =Ls— s, 12

Third, it will be shown in Section 3 that when p = 0, S-FISTA is actually FISTA.
Next, we present some technical lemmas about S-FISTA.

Lemma 2.1. For every k > 0 and x € R™, define

ula) = s &) + h(a) + e — 2 (13)
. L.
) = Feonr) + 5 @ = @ = yia) + 5o = g (14)

Then, the following statements hold for every k > 0:
@) VoY1) = Ye(Yrs1):
b) A < ¢ and

- 1 -
Ypy1 = argmin {’yk(x) + Y ||z — ka2} : (15)
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¢) v < Ak and

: 1 -
e = min {(a) + o o =l | (16)

d) xps1 = argmin {apye(z) + 7% |7 — z||? /2} and

z€eR™

Qg 1 -
Tppr = T + —— |~ W1 — Ti) + (Yo — 1) | ;
Tk+1 A

e) T =1+ Agp.

Proof. a) It clearly follows from (14) that v (yx+1) = Yk (Yk+1)-

b) The inequality ¥ < ¢ follows from the definition of ¢ in (1), (7), and (13). Moreover,
(15) follows from (9), (13), and the fact that A\ = 1/(L; — puy).

c) Define Ay, := % — || - —yr11]/?/2. Since J is p-convex, it follows that 4 is convex,
and hence that 0, (yxsr1) = 09k (Yrr1), in view of the subgradient rule for the sum of two
convex functions. Also, the optimality condition for (15) implies that

Ty — Yr41

Ak
which, in view of the definition of 4, and its subgradient at y; 1, is easily seen to be equivalent
to Y < k. Now, since Vi (yrr1) = (Tx — yxa1)/A by (14), we easily see that y,,; satisfies

the optimality condition for (16), and hence (16) in follows.
d) It follows from (14), (10) and (11) that

€ 0Vk(Yr+1) = Ok (Yrs1),

a
Ve (Trg1) + Te(Tppr — 2x) = Xk(xk — Y1) + Qppe( g1 — yk-l—l)] + T (g1 — o)

ag .
= T(xk — Yk+1) + Tht1Tht1 — QpfiYk+1 — Tk = 0,

and hence that the first claim in d) follows. The second claim follows from (10) and (11).
e) This identity follows follows immediately from (10) and the second identity in (8). [

Lemma 2.2. For every k > 0 and x € dom h, we have
_ 1 - -
g (7; ) > o(x) + 3 (Ly— L) [l — @

where q-(+;+) is defined in (9).

Proof. Using the definitions of ¢ and ¢ (+;7;) in (1) and (9), respectively, and inequality
(2), we have

8 . L N 1 _ i
dbtas ) = (tptasin) + o= 8 ) 4 hie) + 5 (L= L) o - P

1 -
> §(a) + 5 (Ly = Lp) 1z = @l

for every x € R™. O]



Lemma 2.3. For every k > 0 and x € R™, we have

1 1 5
Ay (y) + arye(x) + §ka —z|]” - §H~’Uk+1 —z|* > Aprqr (Yarr; Tn)- (17)

where v (+) and qE(+;-) are defined in (14) and (9), respectively.

Proof. Using Lemma 2.1(d), the facts that 7,11 = 7 + pag (see step 3 of Algorithm 1) and
Ve = apve(c) + Tl - —2x]|?/2 is (7 + pag)-convex, it follows from (6) with ¢ = 1), and
vV = T, that

Tk—l—l |

T )
ar k() + fo —al® = = lle = 2l = ayelze) + EkakJrl —al|* Vo eR™

Using the convexity of 7y, the definitions of Aiyy and 7, in (8), and relation (12), we have

i
Arve(yr) + arye(Tre1) + ngQJkH — zy]|?

ApYr + apTii AL || Ay + armrn Agye + ara ||
> Ak + 3 -
At 2a;, Agta At
Aryr + 1A |
S L S I | R 1 GTpp1 e
Ak+1 Ak-i—l

. 1 -
> Avmin {ou(o) + 5”9: -l

Ly —
2

= App1 {%(ykﬂ) + ||yk+1 — Tyl } Ap1qr (Yrr1; Tr)

where the second last equality is due to Lemma 2.1(b) and the fact that A™' = L; — uy, and
the last one is due to (13) and the definition of ¢Z(-;-) in (9). The lemma now follows by
combining the above two conclusions. O]

The next two results provide some important recursive formulas.

Lemma 2.4. For every k > 0 and x € R™, we have

H2 Tk+1

i
Apd(yr) + arye(x) + f”ﬂﬁk —z||” — —Hl’kﬂ — z|? (18)

A -
> Ap10(Yrt1) = (Lf - Lf) Yrt1 — wk” . (19)
where yg(+) is defined in (14).

Proof. The conclusion of this result follows immediately from Lemma 2.2 with x = y;,, and
Lemma 2.3. O

Lemma 2.5. For every k > 0 and x € dom h, we have

Ak

() — N (x) > (Ly = L) |Gks1 — Zl?

where

me(e) = Anl(u) — ¢(a)) + ol — o
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Proof. Using Lemma 2.3 and the fact that v, < ¢ by Lemma 2.1(b)-(c), we have

Tk Tk
Ao (yr)+arg(x) + EHM —z|? - T+1‘|$k+1 — z|?

A . N
> Aerid(un) + =5 (Ly = Ly) lgrsn — 2l

The conclusion of the lemma now follows by subtracting Ayy16(z) from both sides of the
above inequality, and using the identity A1 = Ay + a; and the definition of n(x). ]

Next, we state a basic result that will be useful in deriving complexity bounds for S-
FISTA.

Lemma 2.6. For every k > 0 and x € dom h, we have

k—1

1 = - ~
la — o> — 2 (Ly = Lp) D> Avallfien — %1%

=0

DN | —

Axld(yr) — o)) + %Hx P <

Proof. This result follows by summing the inequality of Lemma 2.5 from k =0to k =k —1,
and using the fact that Ay = 0 and the definition of 7 () in Lemma 2.5. O

The below result gives some estimates on the sequence {Ay}.

Lemma 2.7. For every k > 1, we have

A > — 1+ = . 20
k_Lf—MfmaX{4’<+2 Lf—uf) 20)

As a consequence, for a given A > 0, we have A, > A as long as

%+M£%;QL%HQW#WAH4}- 1)

Proof. The first and second identities in (8) imply that

A 1 2
Appr = A+ ap > Ap + (% + Tk)\Ak;) > (\/ Ap + 5\/71@_/\)

which, together with the fact that 7, = 1 + pAy, yields

1 1
AkJrl Z \/Ak+ 5\/Tk =\ Ak + 5\/ (1 —F/,LAk))\

Clearly, the last inequality implies the two inequalities

1 1
Appr > VA + 5\/X, A1 > VA (1 + 5V /M) :

k > min {2 (Ly— pp)A,




The first bound in (20) follows by summing the first inequality from £ =0 to k = k — 1, and
using the fact that Ag =0 and A = 1/(Ly — p5) (see step 0 of S-FISTA). The second bound
in (20) follows by successively using the second inequality from k = 1 to k = k — 1 and using
the fact that 4; = A.

Now to prove the last statement of the lemma note that (20) implies that in order to
have A, > A, it is sufficient to have

1 k2 1 2(k=1) _
max{ —, (1 + = a ) > A.
Ly —py 4 2V Ly = py

Clearly, the above condition is satisfied if one of the following conditions holds

(k—1)
1 T _
k> 2\/(Ls— pus)A, <1+— ) > (Ly— pg)A.
(L — ) NI =g (Ly— py)

The latter inequality is equivalent to

2(k —1)log (1 + %1 / I ﬁ Mf) > log ((Ly — pyp)A).

Since log(1 4 x) > 1/(14 2~ !) for any = > 0, it follows by using « = \/ii/[21/L; — puy] that
the above condition holds if

1 _
20k —1) | ———— >log! (L — pus)A
( ) N 9 \/m = 108 (( f My ) )
N
which immediately proves the last statement of the lemma. O

The below result establishes a convergence rate and iteration-complexity bounds for S-
FISTA to obtain a approximate (function value) solution of (1).

Proposition 2.8. For every k > 1, we have

L (Lp—ppd3 4 1 200
Olye) — ¢ S%mm{p?(Hg Lfﬁw) } (22)

where ¢* and dy are as in (1) and (5), respectively As a consequence, for any given & > 0,
S-FISTA finds a point y := y, satisfying ¢(y) — ¢* < & in at most

<mm{ /Lf—uf /Lf_/v‘fl )%)})
iterations.

Proof. 1t follows from Lemma 2.6 with z* such that do = ||zg — x*|| that, for every k > 0,
<
o) =" < Sk

Hence, (22) follows immediately from (20). The last statement of the proposition follows
immediately from the latter inequality and the last statement of Lemma 2.7 with A =
d2/(28). O




2.3 Stationarity Complexity Bounds

This subsection is devoted to the study of iteration-complexity bounds for S-FISTA to com-
pute several different notions of an approximate stationary solution of (1).

We start by establishing an iteration-complexity bound for S-FISTA to obtain an ap-
proximate stationary solution of (1) based on the generalized subdifferential of ¢.

Lemma 2.9. Assume that V [ is L-Lipschitz continuous and define
up = Vf(yk) = VF(@r-1) + Ly(Tr-1— Yn)-
Then, the following statements hold:
a) for every k > 1,
SL3
T (L Lp) Yl A

e € VS () + Ohlye). min o] (23)

b) for any p > 0, S-FISTA generates a p-approximate stationary solution pair (y,u) :=
(Yg, ug) in at most

{min { (%%)1/3, (1 AV L\jﬁ_ “f> log (1 L@ Vg ;2 l)dg) H

iterations, where

. 8LI(Ly — piy) 1 i
¢ =Clup Ly, Ly) = —LL 2 = e(up,p Lp) =14 =,/ o (24)
£rbp by L~ I, f f 2\ Ly — 17

Proof. a) It follows from (9) with k£ = k — 1 and its associated optimality condition that

0 € V[f(Zy-1) + Oh(y) + Ly(yx — Tp—1)

which, in view of the definition of u;, immediately implies the inclusion of the lemma. Using
the definition of uy, assumption that V f is L¢-Lipschitz continuous on R", and the triangle
inequality for norms, it follows that

lurll < IV F(ye) = V@)l + Lgllyr — Tl < 2Lgllyr — Zoal-
Now using Lemma 2.6 with = z* where dy = ||xg — 2*||, we conclude that
1 e Ly— Ly
T ~ = e )
dg > 5 (Ly — Ly) ZAZ'Hyi — T4 > TRIZ ZAz‘HUiHQa
i=1 fi=1

and hence that the statement in (a) holds.



b) First note that in view of a) the inclusion in (4) holds with for any (y,u) := (yk, ug)-
Now, recall that

2k

. k(k’—i—l)@k—}-l) k3 b . -1
2:2_ 2: 2(i—1) __
C T = 37 i_—lc N

6 c?2—1

for any nonzero scalar ¢ # +1. Hence, considering ¢ as in (24), it follows from the above
relations and (20) that

k k .
1 P2 1 k3 k-1
. Z 21 rooZ -
E AZZE 7 max{4,c }> max{u, 02_1}

i=1 i—1 “f T Hs T Ly —py

which combined with (23) and (24) implies that

SLA(Ly — puy)d? 12 -1 12 -1
~ 2 S R A c o c
12111&”%” = Ly — Ly mm{ﬁ’c%—l} Cdﬂmm{ﬁ’cm’“—l}'

Hence, in order to obtain minj<;<y ||u;]| < p, it is sufficient to have
¢d3 min {%, chk—__ll} < p?,
or equivalently, one of the following inequalities should hold
. (1252(1!%)1/37 w <2k, (25)
Note that the latter inequality is equivalent to

2(c2_
log (1 + —Cd‘)(pz 1)>
< k.
2logec -

Hence, since log(1+xz) > 1/(1+27 ") for any x > 0, it follows by using = = \/i/(2v/Ly — 15)
and the definition of ¢ that the above condition holds if

(1 + MT_W> log (14 ¢dg(c® —1)p~?%) < k.

Hence, the last statement of the lemma follows from the above conclusion, the first inequality
in (25), and the definition of ¢ in (24). O

Before discussing some more exotic notions of approximate solutions, we first establish
some properties regarding I', and its relation to ¢.

Lemma 2.10. Define I'y, : R® — R as

[p(z) = — Z a;yi(z) Ve eR™ (26)
Then, for every k > 1, the following statements hold:
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a) Ty < ¢ and Ty is a p-conver quadratic function with Hessian equal to ul;

b) for every x € R™, we have

Pi(x) = o(yr) (rellz = 2l* = llwo — z]|*) (27)

L L
24y
where i (+) is defined in (14);

Proof. a) In view of (14), the above definition of I'y, (b) and (c) of Lemma 2.1, and the
second relation in (8), it follows that I'y is a convex combination of a u-convex quadratic
functions minorizing ¢ and whose Hessian are all equal to puI. Hence, a) follows.

b) This statement follows by summing the inequality in Lemma 2.4 from & = 0 to
k = k — 1, using the definition of T'y, and the fact that Ag = 0 and 75 = 1 (see step 0 of
S-FISTA). O

The next result shows some important relations on the pair (v, 7;) defined below in (28).
This pair of elements can be incorporated in S-FISTA in order to apply it to inexactly solve
some proximal subproblems.

Lemma 2.11. Define

To — Tk 1
v = Yk — o) + k= = ([lwo — wll? — mellzr — wel?) - (28)
Ay 2A;

Then, the following statements hold for every k > 1:

a) for every x € R™, we have
Du(@) = Slle = ol = () + (v = 1) = (29)

where 'y, is as in (26).

b) we have
H 2
w20, ey (6= L1 —ul?) (o)
1
T_|’Akvk + Y — @ol? + 24k = llyr — xol|%;
3
c) we have
1+ /T lye — 20l?
< — e
el < =2 e = ol e 12

Proof. a) This statement follows from Lemma 2.10(b) and the fact that the definitions of vy
and 7, combined with the relation in Lemma 2.1(e) imply that

1

24, (Tkak —z||* — [lzo — $||2) = (Uk,x — Yr) — M +

Tk—l

_ 2
e —
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b) In view of Lemma 2.10(a), the inequality and the inclusion in (b) follow from the
inequality in (a), first with = y; and then with arbitrary = € R™. The last relation in (b)
follows from the definitions of vy and 7, combined with Lemma 2.1(e).

¢) These inequalities follow immediately from the last relation in (b) together with the
triangle inequality for norms. O]

The next result shows how the sequence {yx} together with the residuals pair sequence
(v, mi) defined in (28) can be used to generate an approximate solution based on a relative
error criterion. An iteration complexity bound is also given for convenience.

Lemma 2.12. Let {yx} be generated by S-FISTA and let {(vg,n,)} defined as in (28). Then,
for any & >0 and k > 1, the triple (y,v,n) = (yg, Vg, Mk) Satisfies

,u -
ved, (o= L1 —ul?) W), nz0, ol +20 <5y — woll (30)

as long as Ay satisfies

2+ 14 /(2u+1)2 4160
B 26 ’

(31)

which in turn is satisfied in at most

{min {2 (L = mp)A, (% +4/ W) logy" ([Ly — ps]A) + 1H

iterations of S-FISTA.

Proof. The first two relations in (30) follow immediately from Lemma 2.11. Now, it follows
from Lemma 2.11(c) and Lemma 2.1(e) that

2

1 1 4
foul? + 2 < | 25 @ m) + | =l = - (0 + 20 1) e =l (32
k

Since

1 (4
— (=4 2u+1) <G = A2 — (2u+ 1A —4>0,
A \ Ak

we then conclude that the last inequality in (30) follows from (32) and the fact that the right
hand side of (31) corresponds to the largest root of the above quadratic equation. The last
statement of the lemma follows immediately from the last statement of Lemma 2.7. O

The next result gives the complexity bound for a (slightly) different relative error crite-
rion.

Lemma 2.13. Let {(yx, vk, mx)} and A(-,-) be as in Lemma 2.12. Then for any o > 0 and
k > 1, the triple (y,v,n) = (Y, v, M) satisfies

i
ved, (o= —ul?) @), =0 lolP+2<olo+y—wl’  (33)
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as long as Ay > A(u, o /(14 /0)?), which in turn is satisfied in at most

|Vmin {2\/(Lf — pf)A, o, (% + 4/ %) logi ([Ly — pf)Aue) + 1}“ (34)

iterations of S-FISTA, where A, , :== (2u+ 3)(1 + /0)?*/o.

Proof. Let 6 = o/(1 + \/o)? € (0,1). Using Lemma 2.12 and the fact that yo = =z, it
follows that first two relations in (33) hold and ||v||* 4+ 21 < |y — yo||*. Using the previous
inequality, the definition of &, and the relation (a +b)? < (1++/o)a®+ (1 +1/+/0)b* for any
a,b € R, we have

o Vo
1+./o 1++0o

which easily implies the last relation in (33). Finally, to obtain the bound in (34), we first
use the definitions of & and A, , with the fact 5 € (0,1) to bound

[Vl +2n < I

v+ 1y —yol> +

lv

- 2 1 2 2 3 2 3)(1 2

A5) < it L2 pt _ @2p+3)(d++0o) A,

o NG o o

The iteration complexity now follow from the last statement of Lemma 2.7 and the above
bound. O

The next result shows some bounds on the sequences {z;} and {y;} generated by S-
FISTA.

Lemma 2.14. For every k > 1, the following estimates hold:

1 2
|zr — 2ol < { —=+1)do, |lyx — w0l £2{ 1+ —— ) do,
Tk Agpe

k

Proof. Let x* be a solution of (1) such that ||zq — 2*|| = dp. It follows from Lemma 2.6 with
r =1y, and x = x* that

Tellzk = yell® < llvo —well®, mllow — 271* < Jlog — 27| (35)

Hence, using the triangle inequality for norms, we have

o — aul) < 1o — &) + e — 2°]] < (1+ﬁ) o — o = (1+ﬁ) o,

which proves the first inequality of the lemma. Moreover, using the triangle inequality for
norms and the first inequality in (35), we have

1
i = woll < llzo = well + llox = will < llwo = 2| + —=llo = il

N
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Rewriting the above inequality and using the first inequality of the lemma, we have

- | | <1l < {1+ L)
—— | ||To — To— T — .
\/T_k 0 — Y|l = ||%o Ell > \/T_k 0

Thus,
+1 +1 2 1 2
leo—ykll<\/7_k 1o _ W )d <2t D g o1y d.
\/_ T — 1 Tk — 1 TE — 1
The second inequality of the lemma now follows from the fact that 7, = 1 + Agp in view of
Lemma 2.1(e). u

The below result establishes some alternative iteration complexity bounds for the resid-
uals pair (vg, ng) defined in (28).

Lemma 2.15. The following inequalities hold
2 2 \* ,
o < 2 (2 Vi) (14 Yo mes o (142 ) & @)
As a consequence, for given a given tolerance pair (e,1) € R?H, we have
lorll <&, e <n (37)

m at most

Y 10gf(16{1+ﬂ—do+ }Mdo)
2 It n

W) (Ly — pp)

Proof. The inequalities in (36) follows by combining Lemma 2.1(e), Lemma 2.11(c), and
Lemma 2.14.

Now, in view of (20), we have A, > Ay > 1/[4(Ly — py)] for every k > 1. Hence, it
follows from (36) that

% 8(Ls — 2 8(L; — 2
ol < = (24 Vo) (1 n <f_uf>) W < <1 L 8Ly w)) .
A H Ay
which implies that in order to (vg,ex) to satisfy (37), it is sufficient to have

4 L, — 2 L, —
_(1+8(f Nf))d()Sg, \/ﬁ(1+8(f Mf))doﬁg,

iterations, where

MZM%WJW=O+

Ap % VA H
2 8(Ly — Mf))2 5
— |1+ dj <
Ak ( m 0 n



Note that the above inequalities are satisfied if
8 8(Ly — 16p 2 8(Ly — ?
AkZ—(l%-M)do%-( 2“_|__><1+ (Ly Mf)) a2,
9 M £ n

Hence, the last statement of the lemma follows from the above inequalities, the last statement
of Lemma 2.7, and the definition of M. O

3 Alternate Formulations of S-FISTA

This section presents alternate formulations of S-FISTA for the case of u = 0. Although, we
assume that p = 0, it is worth mentioning that similar results as the ones obtained in this
section can be extended for the general case where > 0.

We begin by deriving an alternate expression for y. 1.

Lemma 3.1. Assume that ;. = 0. Then, for every k > 0, we have

Aryr + apTp 1
Yk+1 = 1 .
E+1

Proof. 1t follows from (11) and (12) that

Qg A ~
A—(l"k:ﬂ —x) = —(Tps1 — T) = Y1 — Tk
k+1 ag

On the other hand, it follows from the last identity in (8) that

g ARyt akTi
A1 (i1 = o) = Apta o
The result now follows by combining the above two identities. O

The next result shows that the auxiliary sequence {Z;} generated by S-FISTA can be
expressed in terms of the sequence {y;} and a scalar sequence that can be easily generated
by solving a quadratic equation.

Lemma 3.2. Assume that u =0 and, for every k > 0, define

Apia ay
tp = = —. 38
F Qg A ( )
Then, for every k > 0, we have
- ty — 1
Tht1 = Y1 + ];k : (Yes1 — Ur) (39)
+
and
tiﬂ — ey — ti = 0. (40)
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Proof. First, note the that the second equality of (38) follows from (8). It follows from (38)
with k = k + 1 and the two last identities in (8) both with k& = k + 1 that

Ap 1Yk + rg1Try G 1
— Yk+1 = ) (l'kﬂ — yk+1) = _(xk+1 - yk+1)-
k42 Trt1

Tpyr — Yry1 =
A
42

On the other hand, it follows from (38), the second identity in (8), and Lemma 3.1, that

Akt

ag

W‘U@mrww:<

1
= a_ [Akyk—i-l - (Ak+1yk+1 - akﬂ?kﬂ)] = Thk+1 — Yk+1-
k

A
- 1) (Z/kﬂ - yk) = a_: (Z/kﬂ - Z/k)

The first identity of the lemma now follows by combining the above two identities. Now, it
follows from (38) that

_ Arn

D)

for every k > 0. The last identity, together with (38) and the second identity in (8) with
k =k + 1, then imply that

2
tk

2 Apvz a1 Apgr 2
k1Tl = N e

and hence that the second identity of the lemma also holds. O]

We now make a few remarks about the relations above and how they relate to the ones
given in FISTA. First, (40) implies that the iterates {t;} have the recursive form

1+\/1+4ti.

tk’+1 = 9

Second, in view of the first remark, (39), and the fact that ¢, = 1, we conclude that the
iterates {(yx, T, tr)} generated by S-FISTA are the same as the ones generated by FISTA
(see, for example, the definitions in [1, 2]).

The next result presents an alternative way of expressing the relations in (39) and (40).

Lemma 3.3. Assume p = 0, let {tx} be as in (38), and define o, = 1/t), for every k > 0.
Then, the following relation holds

024y = (1 aga)ad, (41)

(L), (42)

Thpl = Ypy1 + —5
Qg+ Qg

Proof. 1t follows from (40) and the definition of a4, that




Multiplying both sides by azoz ., we arrive at
ap — ajagir — O‘iﬂ =0

which immediately implies (41). Now, note that (39) together with the definition of y imply
that

- 1
Tkt+1 = Yk+1 + (Yk1 — Yk) = Yra1 + Qg1 (a— - 1) (Y1 — k)

Lrt1 k

a
= g1+ — (1= ag) (g1 — ye),
e73
which in view of (41) proves (42). O

Similar to the remarks after Lemma 3.2, the above result shows that when ¢ = 0 and h
is the characteristic function of a simple set, the iterates {(yx, Zx, tx)} generated by S-FISTA
are the same as the ones generated by Nesterov’'s FGM in [6, Eq (2.2.63)] with o = 1 (see
also [5, Eq (2.2.17)]).
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