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Abstract. This article introduces a new retraction on the symplectic Stiefel manifold. The operation that requires4
the highest computational cost to compute the novel retraction is a matrix inversion of size 2p–by–2p, which is much less5
expensive than those required for the available retractions in the literature. Later, with the new retraction, we design a6
constraint preserving gradient method to minimize smooth functions defined on the symplectic Stiefel manifold. In order7
to improve the numerical performance of our approach, we use the non–monotone line–search of Zhang and Hager with8
an adaptive Barzilai–Borwein type step–size. Our numerical studies show that the proposed procedure is computationally9
promising and is a very good alternative to solve large–scale optimization problems over the symplectic Stiefel manifold.10
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1. Introduction. The aim of this work is to design a fast Riemannian gradient method to find local13

minimizers of the following optimization problem with skew–symmetric constraints14

(1.1) min
X∈R2n×2p

F(X) s.t. X>J2nX = J2p,15

where p ≤ n, F : R2n×2p → R is a bounded below and continuously differentiable function, and16

J2m := [0, Im;−Im, 0], where Im denotes the m–by–m identity matrix for any positive integer m. The17

constraints set Sp(2n, 2p) = {X ∈ R2n×2p : X>J2nX = J2p} of problem (1.1) is so–called the symplectic18

Stiefel manifold, [15]. In fact, if we equip Sp(2n, 2p) with a positive–definite inner product 〈·, ·〉X on the19

tangent space TXSp(2n, 2p) at each point X, then the pair (Sp(2n, 2p), 〈·, ·〉X) becomes a closed embed-20

ded Riemannian sub–manifold of R2n×2p, whose dimension is equal to 4np − p(2p − 1), see Proposition21

3.1 in [15]. In the special case p = n, the symplectic Stiefel manifold reduces to the symplectic group and22

denoted by Sp(2n), which is a Lie group.23

24

Symplectic matrices arise in many fields, such as optical systems [14], optimal control of quantum25

symplectic gates [37], optimization problems on the set of symplectic matrices [14, 15, 30, 33], procrustes26

problem [39], matrix decompositions [6, 32], computation of eigenvalues of (skew–)Hamiltonian matrices27

[5, 7, 9, 34], trace minimization problems [33] and symplectic principal component analysis [21, 22, 29],28

which motivates the study of this class of matrices.29

30

Most of the optimization methods on an Euclidean space, perform a line search after computing a31

descent search direction using a straight line as parameterization [23, 24]. By contrast, in the Riemannian32

optimization context, the concept of a straight line is substituted with a curve (not necessarily a geodesic)33

over the determined Riemannian manifold [1, 18]. In particular, the retractions are the most pragmatic34

approach to constructing these curves. In short words, a retraction is a smooth mapping that sends35

tangent vectors to the manifold, and defines an appropriate curve for searching a next iterate point on36

the corresponding manifold. The rigorous definition of retraction appears in [1].37

38

The Riemannian gradient method equipped with a non–monotone globalization technique and the39

Barzilai–Borwein step–size [4], has been a efficient alternative to solve several manifold constrained op-40

timization problems with real applications, for example see [19, 20, 26, 27, 28, 33, 35]. Recently, some41

constraint preserving gradient methods were proposed based on the geometrical study of the symplectic42

Stiefel manifold [15, 33]. In particular, in [15] the authors developed two Riemannian gradient procedures43

to solve the optimization problem (1.1). The first approach uses a global defined quasi–geodesic on the44

constraint set. Nevertheless, it is necessary to compute two matrix exponential in order to evaluate that45

quasi–geodesic, which is computationally restrictive. With the goal of designing a less computationally46
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2 H. OVIEDO

costly iterative scheme, Gao et.al. in [15] build another gradient method based on the Cayley transform47

by generalizing the works of Wen and Yin in [35]. Specifically, in [15] is introduced the following retraction48

map49

(1.2) RX(ξX) =

(
I2n −

1

2
AXJ2n

)−1(
I2n +

1

2
AXJ2n

)
X,50

for all X ∈ Sp(2n, 2p) and ξX = AXJ2nX in the tangent space of Sp(2n, 2p) at X. With this retraction,51

the authors in [15, 33], designed a Riemannian gradient method combined with chosen of Barzilai–Borwein52

step–size. Additionally, the sophisticated retraction (1.2) is equivalent to53

(1.3) RX(ξX) = X + U

(
I4p +

1

2
V >J>2nU

)−1
V >J2nX,54

where AX = UV >, with U, V ∈ R2n×4p are two matrices associated with ξX = AXJ2nX, for more details55

see Proposition 5.4 in [15]. Observe that this last formula is more advantageous than (1.2), when p < n
2 .56

However, both formulae (1.2)–(1.3) require inverting a large–size matrix when p ≥ n/2, and n large.57

58

In this paper, we introduce a more numerically attractive retraction mapping on the symplectic Stiefel59

manifold, which requires inverting a matrix of smaller size, specifically, it needs to invert a matrix of size60

2p × 2p. The new retraction is constructed following the descriptions presented in [20]. Thus, the new61

retraction can be seen as a generalization of the curve developed in [20] for the Stiefel manifold. Using the62

new retraction, we design a very efficient Riemannian gradient method to address problem (1.1), which63

uses the Zhang and Hager non–monotone globalization strategy [38] combined with a step–size presented64

in [40], to speed up the numerical behavior of the proposal. Our preliminary numerical experiments65

suggest that our proposal is numerically superior to all the existing Riemannian gradient methods in the66

state–of–the–art.67

68

The following sections are organized as follows: section 2 reviews the geometry of the symplectic69

Stiefel manifold by summarizing the concepts contained in [15, 33]; section 3 describes the new approach70

in detail. In section 4 we present some numerical results to illustrate the numerical performance of our71

proposal. Finally, in section 5 we provide the conclusions of this work.72

2. Geometric tools associated with the symplectic Stiefel manifold. This section contains73

some notations and key concepts for a good understanding of this manuscript. The notions summarized74

in this section can also be found in [1, 15, 33].75

76

Let m be a positive integer number, the matrix J2m, defined at the beginning of Section 1, has the
following properties

J>2m = −J2m, J>2mJ2m = I2m, J2
2m = −I2m, J−12m = J>2m.

Now, given a square matrix A ∈ Rm×m, sym(A) will denotes the symmetric part of A that is,
sym(A) = 0.5(A + A>). S+(m) will denotes the set of m–by–m positive definite matrices with real
entries. The trace of A is defined as the sum of the diagonal elements which we denote by tr(A). The
standard inner product of two matrices A,B ∈ Rm×n is given by 〈A,B〉 :=

∑
i,j aijbij = tr(A>B). The

Frobenius norm is defined by ||A||F =
√
〈A,A〉. Let X ∈ Sp(2n, 2p) an arbitrary matrix, the tangent

space of the symplectic Stiefel manifold at X is given by [15]

TXSp(2n, 2p) = {Z ∈ R2n×2p : Z>J2nX +X>J2nZ = 0}.

A characterization of the tangent space see [15], crucial for this manuscript is

TXSp(2n, 2p) = {SJ2nX : S> = S, S ∈ R2n×2n}.

The tangent bundle of Sp(2n, 2p) is defined as the arbitrary union of all the tangent spaces, i.e.
TSp(2n, 2p) = ∪X∈Sp(2n,2p)TXSp(2n, 2p). Let F : R2n×2p → R be a differentiable function, we denote
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AN EFFICIENT RETRACTION MAPPING FOR THE SYMPLECTIC STIEFEL MANIFOLD 3

by ∇F(X) := (∂F(X)
∂Xij

) the matrix of partial derivatives of F (the Euclidean gradient of F). Let Φ :

Sp(2n, 2p) → R be a smooth function defined on the symplectic Stiefel manifold, then the Riemannian
gradient of Φ at X ∈ Sp(2n, 2p), denote by gradΦ(X), is the unique vector in TXSp(2n, 2p) satisfying

DΦ(X)[ξX ] := lim
τ→0

Φ(γ(τ))− Φ(γ(0))

τ
= 〈∇Φ(X), ξX〉, ∀ξX ∈ TXSt(n, p),

where γ : [0, τmax]→ Sp(2n, 2p) is any curve that verifies γ(0) = X and γ̇(0) = ξX .77

78

In addition, let X ∈ Sp(2n, 2p), the canonical–like metric [33] associated with the symplectic Stiefel
manifold is defined as

〈ξX , ηX〉c := tr

(
ξ>X

(
1

ρ
J2nX(J2nX)> − (J2nXJ2pX

>J>2n − J2n)2
)
ηX

)
,

where ξX , ηX ∈ TXSp(2n, 2p) and ρ > 0. Under the canonical–like metric, the Riemannian gradient of79

F has the following closed expression, see Ref. [15],80

(2.1) gradρF(X) = AXJ2nX,81

where AX = 2sym(HX∇F(X)(XJ2p)
>), HX = I2p+ ρ

2XX
>+J2nX(X>X)−1X>J2n, and ρ > 0. Similar82

to the unconstrained optimization theory, in the Riemannian setting, the critical points of the Riemannian83

gradient are candidates to be local minimizers of an optimization problem defined over a corresponding84

manifold. Therefore, gradρF(X) = 0 is the first–order necessary optimality condition for the problem of85

interest (1.1).86

3. A computationally efficient retraction on Sp(2n, 2p). In this section, we introduce a new87

constraint preserving approach in order to tackle the optimization problem (1.1). The new approach can88

be regarded as a generalization of the feasible curve constructed by Jiang and Dai in [20]. Afterwards,89

we will introduce a very efficient retraction for the symplectic Stiefel manifold, based on the new feasible90

curve.91

92

Before introducing the new curve on Sp(2n, 2p), let’s define by93

(3.1) PX := I2n +XJ2pX
>J2n,94

for all X ∈ Sp(2n, 2p). Let X ∈ Sp(2n, 2p) and Z ∈ R2n×2p be an arbitrary matrix, it is easy to95

prove that PXZ ∈ TXSp(2n, 2p). Hence, the matrix PX is a projection operator on the tangent space of96

Sp(2n, 2p) at X. In addition, observe that this matrix satisfies that X>J2nPX = 0, for all X ∈ Sp(2n, 2p).97

98

Now, given a tangent vector Z ∈ TXSp(2n, 2p), we will construct a feasible curve by using the99

following formulation100

(3.2) Y (τ) = (XR(τ) + τPXZ )S(τ),101

where S : [0, τmax] → R2p×2p is an invertible curve (at least locally), that is, there exists τmax > 0 such102

that the matrix S(τ) is invertible for all τ ∈ [0, τmax]; and R : [0, τmax]→ R2p×2p.103

104

Since our aim is to build a retraction on Sp(2n, 2p), we require that Y (τ) verify the following prop-105

erties106

(A) The curve must pass through the point X, i.e. Y (0) = X.107

(B) Local rigidity: Ẏ (0) = Z.108

(C) Feasibility: Y (τ)>J2nY (τ) = J2p, for all τ ∈ [0, τmax].109

Note that if we impose the initial conditions S(0) = I2p and R(0) = I2p then the property (A) is110

guaranteed. By differentiating Y (τ) and using these initial conditions, we have the following relation111

(3.3) Ẏ (0) = X( Ṙ(0) + Ṡ(0) ) + PXZ.112
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4 H. OVIEDO

Then, we can assure the second property (B) by imposing that113

(3.4) Ṙ(0) + Ṡ(0) = J>2pX
>J2nZ.114

In the rest of this construction, we select the following correlative model between the curves S(τ)115

and R(τ),116

(3.5) R(τ) = 2I2p − S(τ)−1,117

note that this correspondence is exactly the one used in [20].118

119

Differentiating both sides of (3.5) we obtain Ṙ(τ)S(τ) +R(τ)Ṡ(τ) = 2Ṡ(τ), which together with the120

initial conditions imply that Ṙ(0) = Ṡ(0). Combining this last relation with (3.4) we arrive at121

(3.6) Ṡ(0) =
1

2
J>2pX

>J2nZ.122

On the other hand, it follows form the third property (C) that123

(3.7) S(τ)>(R(τ)>X> + τZ>P>X )J2n(XR(τ) + τPXZ )S(τ) = J2p,124

or equivalently125

(3.8) R(τ)>J2pR(τ) + τ2Z>J2nPXZ = S(τ)−>J2pS(τ)−1.126

In addition, form (3.5) we have127

(3.9) R(τ)>J2pR(τ) = 4J2p − 2J2pS(τ)−1 − 2S(τ)−>J2p + S(τ)−>J2pS(τ)−1.128

In view of the equations (3.8) and (3.9), we obtain J2pS(τ)−1 + S(τ)−>J2p = 2J2p + τ2

2 Z
>J2nPXZ,129

which implies that J2pS(τ)−1 − (J2pS(τ)−1)> = 2J2p + τ2

2 Z
>J2pPXZ. This last equation suggests that130

(3.10) J2pS(τ)−1 = J2p +
τ2

4
Z>J2nPXZ + L(τ),131

where L : [0, τmax] → R2p×2p must satisfy that L(0) = 0 and L(τ) should be a symmetric matrix for all132

τ ∈ [0, τmax]. Notice that the equation (3.10) is equivalent to133

(3.11) S(τ) =

(
J2p +

τ2

4
Z>J2nPXZ + L(τ)

)−1
J2p.134

Observe that if we find a formula for the curve L(τ) then the curves S(τ) and R(τ) will be completely135

defined. Therefore, this description reduces to finding a suitable curve L(τ).136

137

Again, by differentiating (3.11) an evaluating at τ = 0, we get Ṡ(0) = −J>2pL̇(0). Substituting this138

last result in (3.6) we arrive at139

(3.12) L̇(0) = −1

2
X>J2nZ.140

Therefore, we simply have to select a curve L(τ) such that L(0) = 0, L̇(0) = − 1
2X
>J2nZ and141

L(τ)> = L(τ), we can achieve these three properties by taking L(τ) = − τ2X
>J2nZ.142

143

Clearly with this choice of L(τ), the initial conditions L(0) = 0, L̇(0) = − 1
2X
>J2nZ hold. In ad-144

dition, since Z ∈ TXSp(2n, 2p), then we have Z>J2nX = −X>J2nZ. This property of Z implies that145

L(τ)> = L(τ) for all τ ∈ R.146

147
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AN EFFICIENT RETRACTION MAPPING FOR THE SYMPLECTIC STIEFEL MANIFOLD 5

In summary, we can write the curve Y (τ) in a simple equation as follows148

(3.13) Y (τ) = ( 2X + τPXZ )

(
I2p +

τ

2
J>2p(J2nX)>Z +

τ2

4
J>2pZ

>J2nPXZ

)−1
−X.149

Finally, this formulation of Y (τ) suggests the following retraction on Sp(2n, 2p)150

(3.14) RX(ξX) = ( 2X + PXξX )

(
I2p +

1

4
(ξXJ2p)

>J2n(2X + PXξX)

)−1
−X,151

which is obtained from (3.13) substituting τZ by ξX ∈ TXSp(2n, 2p). We confirm right away that (3.14)152

is indeed a retraction.153

Lemma 3.1. The map R : TSp(2n, 2p)→ Sp(2n, 2p) defined in (3.14) is a retraction.154

Proof. In order to prove this lemma, we need to demonstrate that the map (3.14) satisfies the155

Definition 4.1.1 contained in [1]. Firstly, notice that RX(·) is a smooth mapping because it is made156

up of products and subtractions of differentiable functions. In addition, for the construction of the157

curve Y (τ) in (3.13), we have that the mapping R(·) preserves the manifold structure of Sp(2n, 2p), i.e.158

RX(ξX) ∈ Sp(2n, 2p), for all X ∈ Sp(2n, 2p) and ξX ∈ TXSp(2n, 2p). Secondly, let X an arbitrary159

matrix in Sp(2n, 2p), then note that160

(3.15) RX(0X) = 2X (J2p)
−1
J2p −X = X.161

On the other hand, the directional derivative of RX(·) at 0X in direction Z ∈ TXSp(2n, 2p) verifies162

that163

(3.16)

DRX(0X)[Z] = lim
τ→0

RX(0X + τZ)−RX(0X)

τ
= lim
τ→0

RX(τZ)−X
τ

= lim
τ→0

Y (τ)− Y (0)

τ
= Ẏ (0) = Z.164

where Y (τ) is the curve defined in (3.13), the last equation is obtained by the construction of the curve165

Y (τ). Therefore, we conclude that the mapping defined in (3.14) is a retraction.166

Similar to the retraction based on the Cayley transform (1.2), the new retraction (3.14) is not globally167

defined, since the matrix M(τ) := I2p + 0.5τJ>2p(J2nX)>Z + 0.25τ2J>2pZ
>J2nPXZ may be singular for168

some selections of τ ∈ R. However, since J2p is a non–singular matrix, and M(τ) is a continuous function169

on τ (it is a polynomial function), then there always exists an neighborhood of τ = 0 such that M(τ) is170

non–singular. Therefore, the new retraction (3.14) is well–defined at least locally. In addition, compared171

to the Cayley based retraction, this new functional provides a more computationally efficient scheme, be-172

cause the retraction (3.14) requires inverting a small–size matrix 2p×2p, while the Cayley transform needs173

to invert a matrix of size 2n× 2n (or 4p× 4p in the best case, see equation (1.3)). This interesting prop-174

erty makes retraction (3.14) more attractive for solving large–scale optimization problems over Sp(2n, 2p).175

176

3.1. A Riemannian gradient algorithm. Focusing on our novel retraction, we propose a non–177

monotone Riemannian gradient method to address the minimization problem (1.1). Specifically, we178

propose to construct a feasible sequence {Xk} using the following curvilinear search iterative scheme,179

starting at X0 ∈ Sp(2n, 2p)180

Xk+1 = ( 2Xk − τkPXk
Zk )

(
I2p −

τk
4

(ZkJ2p)
>J2n(2Xk − τkPXk

Zk)
)−1
−Xk,(3.17)181

where Zk = gradρF(Xk) and τk > 0 is the step–size. To determine the k–th step–size, in this work, we182

use the adaptive Barzilai–Borwein (ABB), originally introduced in [40], which is given by183

(3.18) τ̃ABBk =

{
τBB2
k if τBB2

k ≤ κτBB1
k ;

τBB1
k otherwise,

184

where κ ∈ (0, 1), τBB1
k and τBB2

k are the well–known Barzilai–Borwein step–sizes [4],

τBB1
k =

||Sk−1||2F
|〈Sk−1, Yk−1〉|

and τBB1
k =

|〈Sk−1, Yk−1〉|
||Yk−1||2F

,
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6 H. OVIEDO

where Sk−1 = Xk −Xk−1 and Yk−1 = gradρF(Xk)− gradρF(Xk−1). As the term |〈Sk−1, Yk−1〉| can be185

equal to zero or very close to zero, in our procedure, we include a safeguard that guarantees that the k–th186

step–size is neither too small nor too large, in particular we use τABBk = max(min(τ̃ABB , τM ), τm), where187

0 < τm < τM <∞. In addition, since the step–size τABBk alone does not guarantee a sufficient decrease in188

the objective function value at every iteration, it may invalidate the convergence of the proposed method.189

However, this issue can be solved by incorporating a globalization strategy that regulates the step–size190

τABBk only when necessary [10, 31]. Particularly in this work, we use the non–monotone line–search191

globalization technique developed by Zhang and Hager in [38]. Now we are ready to present the proposed192

iterative algorithm in detail, see Algorithm 3.1.193

Algorithm 3.1 Riemannian gradient method.

Require: X0 ∈ Sp(2n, 2p), 0 < τm < τM < ∞, η ∈ [0, 1), c1, ρ, ε, δ, τ, κ ∈ (0, 1), Q0 = 1, C0 = F(X0),
k = 0.

1: while ||gradρF(Xk)||F > ε do
2: while F(RXk

(−τgradρF(Xk)) ) > Ck − c1τ ||gradρF(Xk)||2F do
3: τ = δτ ,
4: end while
5: Xk+1 = RXk

(−τgradρF(Xk)), according to (3.17),

6: Compute τ̃ABB according to (3.18),
7: τ = max(min(τ̃ABB , τM ), τm),
8: Qk+1 = ηQk + 1 and Ck+1 = (ηQkCk + F (xk+1))/Qk+1.
9: k ← k + 1.

10: end while

The convergence of the retraction–based Riemannian gradient method combined with the non–194

monotone Zhang–Hager globalization strategy has been demonstrated in [18, 25]. However, these con-195

vergence are valid only for globally defined retractions. Therefore, the theorems contained in [18, 25] do196

not apply directly for our Algorithm 3.1. Fortunately, the fact that the new retraction is not globally197

defined does not prevents us from adapting the convergence and complexity results of [1, 18, 25]. In198

fact, using the same proof as in Gao et al. [15] (see Theorem 5.6 and Corollary 5.7) proposed for the199

Riemannian gradient method using the retraction based on the Cayley transformation (which is also not200

globally defined), we have the following theoretical result.201

Theorem 3.2. Let {Xk} be an infinite sequence of matrices generated by Algorithm 3.1. Then any202

accumulation point X∗ of {Xk} is a stationary point of F , i.e., ||gradρF(X∗)||F = 0.203

4. Numerical experiments. In this section, we show the efficiency of Algorithm 3.1 applying to204

two different groups of experiments, considering the solution of the nearest symplectic matrix problem and205

also the trace minimization problem over the symplectic Stiefel manifold. We implement all the simula-206

tions in Matlab (version 2017b) with double precision on a machine intel(R) CORE(TM) i7–8750H, CPU207

2.20 GHz with 1TB HD and 16GB RAM. For comparative purposes, we test our Algorithm 3.1 against208

the Riemannian gradient method based on the Cayley transformation (Cayley), and with the Riemannian209

gradient method based on the quasi–geodesic approach (Qgeodesic), these two methods were developed210

in [15]1. All the methods use, as search direction, the Riemannian gradient obtained from the canonical211

metric with ρ = 1. In Algorithm 3.1 we use the following defaults values: τm = 1e-15, τM = 1e+15,212

η = 0.85, c1 = 1e-4, δ = 0.2, τ = 1e-3 and κ = 0.65. In all the experiments, we adopt the following213

expressions as the stopping criterion: the iterations stops if the algorithms find a matrix X̂ ∈ Sp(2n, 2p)214

such that ||gradρF(X̂)||F < ε, or if the corresponding algorithm exceeds N iterations, where the values215

of N and ε will be specified for each experiment in the following subsections. The implementation of216

our algorithm is found in http://www.optimization-online.org/DB HTML/2021/07/8478.html, (see the217

compressed postscript).218

219

1The Riemannian gradient methods Cayley and Qgeodesic can be downloaded from https://github.com/opt-gaobin/
spopt
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Table 1
Numerical results related to randomly generated nearest symplectic matrix problems.

p 100 200 300 400 500 600
Cayley

Iter 33.8 38.6 43.2 50.3 57.1 69
Time 1.73 5.83 14.76 27.78 49.90 77.29
Grad 7.05e-6 5.75e-6 8.35e-6 7.87e-6 5.92e-6 5.77e-6
Feasi 2.79e-13 2.95e-13 4.32e-13 2.70e-12 6.67e-11 7.61e-11

Qgeodesic
Iter 33.7 38.6 46 51.8 61 70.6

Time 2.34 9.32 28.63 57.61 113.84 203.41
Grad 6.04e-06 6.52e-6 6.87e-6 6.30e-6 6.88e-6 4.79e-6
Feasi 3.99e-12 1.57e-11 2.53e-11 3.32e-11 6.54e-11 8.50e-11

Algorithm 1
Iter 34.8 37.9 43.1 47.9 56.6 65.2

Time 1.97 5.78 14.17 24.43 43.73 69.87
Grad 6.62e-6 7.51e-6 7.44e-6 7.03e-6 6.18e-6 7.18e-6
Feasi 1.53e-12 5.44e-12 1.59e-11 2.06e-11 3.89e-11 4.49e-11

Throughout this section, we use the following notation: Time, Iter, Grad, Feasi denote the average220

total computing time in seconds, the average number of iterations, the average residual ||gradρF(X)||F221

and the average feasibility error ||X̂>J2nX̂ − J2p||F , respectively. In all the experiment, we solve thirty222

independent instances for each pair (n, p) and then we report all these mean values. When we do not223

specify how the initial point X0 ∈ Sp(2n, 2p) was designed, it will be understood that we randomly224

generated X0 following the strategy suggested in the subsection 6.1 in [15].225

4.1. The nearest symplectic matrix problem. Given an arbitrary matrix A ∈ R2n×2p, the226

nearest symplectic matrix problem refers to computing the symplectic matrix X∗ ∈ Sp(2n, 2p) closest to227

A in Frobenius norm. This problem is formulated mathematically as follows228

(4.1) min
X∈R2n×2p

||X −A||2F s.t. X>J2nX = J2p.229

As a first experiment, we apply the methods on problem (4.1) considering random data. In partic-230

ular, given (n, p), the matrix A ∈ R2n×2p is assembled as A = Ā/||Ā||2, where Ā ∈ R2n×2p is a matrix231

whose entries are sampled from the standard Gaussian distribution. Additionally, in this experiments we232

use N = 1000 and ε = 1e-5 for all the algorithms. Table 1 reports the numerical results associated to233

this first test varying p ∈ {100, 200, 300, 400, 500, 600} and a fixed n = 1000. As shown in Tables 1 all234

the methods obtained estimates of a solution of problem (4.1) with the required accuracy. Furthermore,235

we notice that as p approaches n our proposal converges more quickly (in terms of computational time)236

than the other two methods.237

238

Secondly, we test the three methods on the solution of problem (4.1) but now using real data. For239

this end, we consider 9 large sparse and square matrices taken from the SuiteSparse Matrix Collection240

[8]2. Since all these data matrices are square we truncate their columns to obtain the matrices A’s of241

appropriate size. In this experiment, we fix p = 50 and the matrix A will be determined as A = Ā/||Ā||∞,242

where Ā = M(:, 1 : 2p) using Matlab notation and M is the original matrix taken form the SuiteSparse243

matrix collection. For this second set of experiments, we use N = 1000 and ε = 1e-4 in the stop criteria of244

the algorithms. In order for this computational comparison to be reproducible, we construct the starting245

point with the following Matlab commands (omitting the multiplication symbol):246

randn(′seed′, 1); W = randn(2p, 2p); W = W ′W+0.1eye(2p); E = expm([W (p+1 : end, :);−W (1 : p, :)]);

and
X0 = [E(1 : p, :); zeros(n− p, 2p);E(p+ 1 : end, :); zeros(n− p, 2p)].

2The SuiteSparse Matrix Collection tool–box is available in https://sparse.tamu.edu/

This manuscript is for review purposes only.

https://sparse.tamu.edu/


8 H. OVIEDO

Table 2
Solving the nearest symplectic matrix problem for 9 instances in the SuiteSparse matrix collection.

Cayley Qgeodesic Algorithm 1
Name 2n Iter Time Grad Feasi Iter Time Grad Feasi Iter Time Grad Feasi
1138 bus 1138 1000 19.6 4.90e-3 1.06e+0 658 11.5 8.83e-5 1.30e-11 588 7.1 9.80e-5 1.13e-11
bcsstk08 1074 1000 18.1 6.50e-3 7.34e-2 394 6.6 9.77e-5 6.18e-12 415 4.7 8.18e-5 5.28e-11
bcsstk10 1086 1000 17.7 2.80e-3 1.00e-2 334 5.4 9.83e-5 3.31e-12 325 3.8 9.37e-5 5.97e-12
bcsstk16 4884 1000 90.8 1.10e-3 2.13e-1 82 5.6 9.42e-5 7.38e-13 51 3.8 9.64e-5 7.01e-13
bcsstk21 3600 1000 70.4 1.50e-3 2.10e-3 371 20.5 9.82e-5 7.22e-12 389 22.9 8.69e-5 1.35e-11
bcsstk27 1224 1000 20.7 5.20e-3 2.18e-2 307 5.4 8.79e-5 6.45e-12 345 4.4 9.75e-5 8.03e-12
bodyy4 17546 1000 289.9 1.17e-2 3.19e-1 217 45.1 9.74e-5 3.73e-12 75 17.9 7.70e-5 4.39e-12
crystm03 24696 1000 366.8 1.40e-3 5.47e-4 91 25.7 9.03e-5 9.00e-13 59 19.4 2.74e-5 9.51e-13
Trefethen 20000 20000 1000 320.1 5.40e-3 3.00e+0 132 32.0 9.11e-5 5.54e-12 38 11.2 6.15e-5 1.02e-11

The numerical results associated with this second test set are contained in Table 2. On the one hand, we247

note that the Cayley method does not achieve convergence for any of the instances considered. In par-248

ticular, we observe that the error in the feasibility of the iterates deteriorates, which possibly occurs due249

to the numerical instability of the Sherman–Morrison–Woodbury formula used in the matrix inversion of250

this procedure. In contrast, the geodesic–based gradient method and Algorithm 3.1 achieve the desired251

precision in the gradient norm for all the instances. Comparing these last two methods, we clearly see252

that our proposal is more efficient than the Qgeodesic solver, since it obtains local minimum estimates253

in less computational time than Qgeodesic. In fact, the Qgeodesic method only wins for the instance254

bcsstk21.255

256

4.2. Symplectic eigenvalues computation via trace minimization. Let A ∈ R2n×2n be a257

positive definite matrix. It follows from the Williamson’s theorem [36] that there exists a symplectic258

matrix V ∈ Sp(2n) such that259

(4.2) V >AV =

[
D 0
0 D

]
260

where D = diag(d1, d2, . . . , dn) ∈ Rn is a diagonal matrix with positive entries. The diagonal entries di’s261

are uniquely determined by A and characterise the orbits of S+(2n) under the action of the Lie group262

Sp(2n). These numbers are known as the symplectic eigenvalues of A. This kind of eigenvalues are of great263

importance in quantum mechanics [11], Hamiltonian dynamics [3, 5, 34], symplectic principal component264

analysis [21, 29], in symplectic topology [17], and in the more recent subject of quantum information; see265

e.g., [12, 16]. It is known that the symplectic eigenvalues of A are related to the following constrained266

optimization problem267

(4.3) min
X∈R2n×2p

F(X) := tr(X>AX) s.t. X>J2nX = J2p.268

In particular, if X∗ is a solution of the trace minimization problem (4.3) then F(X∗) = 2
∑p
i=1 di, this269

result appears in [33], see Theorem 4.1.270

271

In this subsection, we consider problem (4.3) to evaluate the effectiveness of the following meth-
ods: Cayley [15], Algorithm 3.1 and the symplectic Lanczos method developed in [2], denote by Sym-
pLanczos. In particular, we follow the same design of the experiment reported in [33], Section 6.1.
Specifically, the matrix A is given by A = Qdiag(D,D)Q>, where D = diag(d1, d2, . . . , dn) and
Q = KL(n/2, 1.2,−

√
n/5), where L(n/2, 1.2,−

√
n/5) ∈ Sp(2n) is the symplectic Gauss transformation

defined in [13], and K ∈ R2n×2n is constructed in the same way as in [33]. Observe that by construction
of matrix A, its p smallest symplectic eigenvalues are 1, 2, . . . , p− 1, p. In order to compare the precision
of the estimated p smallest symplectic eigenvalues d̃1, . . . , d̃p by the algorithms, we compute the absolute

error
∑p
i=1 = |d̃i − i| for every method. In addition, we also measure the normalized residual∣∣∣∣∣∣AX̃1:p − J2nX̃1:p

[
0 −D̃1:p

D̃1:p 0

] ∣∣∣∣∣∣
F

||AX̃1:p||F
,
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(a) Absolute error (b) Normalized residual

Fig. 1. Solving the trace minimization problem (4.3) with a matrix A with known symplectic eigenvalues. On the left,
the absolute errors of the computed symplectic eigenvalues. On the right, the corresponding normalized residuals.

Table 3
The 5 smallest symplectic eigenvalues of a 2000–by–2000 positive definite matrix A, computed by the three algorithms.

SympLanczos Cayley Algorithm 1
1.000000000000028 1.000000000000043 1.000000000000195
1.999999999999998 1.999999999999984 2.000000000000241
3.000000000000045 3.000000000000041 3.000000000000449
3.999999999999971 3.999999999999964 4.000000000000592
5.000000000000033 5.000000000000009 5.000000000000669

where X̃1:p is the symplectic eigenvector matrix related to the symplectic eigenvalues D̃1:p = diag(d̃1, . . . d̃p)272

obtained for each method. In this experiments, we set p = 5 and solve (4.3) for different values of n in273

the range between 100 and 1000. For this experiment, we use N = 5000 and ε = 1e-9 in the stop criteria274

of all the algorithms. In Figure 1 we plot the residuals and the errors obtained by the methods for each275

of the values of n. Additionally, in Table 3, we report the eigenvalues computed by the three methods276

for n = 1000. As shown in Table 3, the three methods obtain estimates of the 5 smallest symplectic277

eigenvalues very close to the real ones.278

5. Final remarks. We have presented a first–order iterative approach for minimizing smooth non-279

linear functions defined on the domain of symplectic matrices Sp(2n, 2p). The proposed procedure is a280

Riemannian gradient method, which uses a new retraction with low computational cost to preserve the281

feasibility of each point. The designed retraction can be regarded as a generalization of the feasible curve282

introduced by Jiang and Dai in [20]. The operation that requires the highest computational cost, to283

evaluate the new retraction, is a matrix inversion of size 2p–by–2p, which is significantly less expensive284

than the operations required by the existing methods in the literature. In order to improve the numerical285

performance of the proposal, we consider an adaptive step–size based on the Barzilai–Borwein step–sizes286

[4]. To guarantee the convergence of the method to critical points of the objective function (in the purely287

Riemannian sense), we adopt the globalization strategy of Zhang and Hager [38].288

289

The numerical experiments carried out indicate that the new algorithm is suitable for solving large–290

sale and sparse, as well as small and dense, symplectic Stiefel manifold constrained optimization problems.291

Moreover, we notice that the our proposal is more efficient than the two Riemannian gradient methods292

recently developed in [15], solving trace minimization problems and computing the projection of an293

arbitrary matrix onto the symplectic Stiefel manifold.294
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