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We introduce a novel Reformulation-Perspectification Technique (RPT) to obtain convex approximations of
nonconvex continuous optimization problems. RPT consists of two steps, those are, a reformulation step and
a perspectification step. The reformulation step generates redundant nonconvex constraints from pairwise
multiplication of the existing constraints. The perspectification step then convexifies the nonconvex components
by using perspective functions. The proposed RPT extends the existing Reformulation-Linearization Technique
(RLT) in two ways. First, it can multiply constraints that are not linear or not quadratic, and thereby obtain
tighter approximations than RLT. Second, it can also handle more types of nonconvexity than RLT. We
demonstrate the applicability of RPT by extensively analyzing all 15 possibilities of pairwise multiplication
of the five basic cone constraints (linear cone, second-order cone, power cone, exponential cone, semi-definite
cone). We show that many well-known RLT based results can also be obtained and extended by applying
RPT. Numerical experiments on dike height optimization and convex maximization problems demonstrate

the effectiveness of the proposed approach.
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1. Introduction

Reformulation-Linearization Technique (RLT) is a systematic method to derive hierarchical convex
approximations of conic quadratic problems that contain nonconvex components. RLT consists of
two steps, those are, a reformulation step and a linearization step. The reformulation step generates
redundant nonconvex constraints from pairwise multiplication of the existing linear or quadratic
inequalities. The linearization step then substitutes each distinct product of variables by a newly
introduced continuous variable. For mixed binary linear programs, a hierarchy of tighter and tighter
relaxations can be obtained from RLT, and an explicit algebraic characterization of the convex hull
is obtained at the highest level, level-n,, where n, is the number of binary variables. The method

is also applicable to mixed binary polynomial and to continuous, nonconvex programs (Sherali
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and Adams, 2013), and has also been extended to mixed binary semi-infinite and convex programs
(Sherali and Adams, 1994a). RLT was introduced in Sherali and Adams (1990), and improved by
many authors (Sturm and Zhang, 2003; Anstreicher, 2009, 2012, 2017; Bao et al., 2011; Yang and
Burer, 2016; Jiang and Li, 2016, 2019). We also refer to Jiang and Li (2020) for an overview of
RLT approximations for quadratic optimization problems.

In this paper we propose an extension of RLT, which we call Reformulation-Perspectification
Technique (RPT). The RPT also consists of two steps, those are, a reformulation step and a perspec-
tification step. Similarly as in RLT, the reformulation step of RPT generates redundant nonconvex
constraints from pairwise multiplication of the existing inequalities. In the perspectification step, the
nonconvex components are convexified by first reformulating them into their perspective form, and
substitutes each distinct product of variables by a newly introduced continuous variable. Overall,
the RPT extends RLT in two ways. First, pairwise multiplication of inequalities that are not
necessarily linear or quadratic are also considered in the reformulation step of RPT, and thereby
obtains tighter approximations than RLT based methods. Second, more types of nonconvexity can
be handled in the perspectification step of RPT than in the linearization step of RLT. We show
that the RPT approach is able to generate convex approximations if the nonconvex components are
sums of products of convex functions. This includes nonconvex quadratic functions and difference of
convex functions.

We first demonstrate the value of these two extensions to RLT by using the following toy problem:

min  2z; + 3z, — 5x120 — (1 +2) In(z; + 2)

T1,T2
S.t. X1+ o < 1 (T)
exp(—m;) +exp(—zy) <1+ exp(—1).

Note that In(x; +2) is well defined if x; > —2, which is ensured by the second inequality. The objective
consists of a sum of two nonconvex components, those are, —5z,2, and —(z; 4+ 2) In(z; +2). The
first nonconvex component can be dealt with by RLT, but the second can not. In the reformulation
step of RLT the nonconvex constraint (1 —x; — x3)? > 0 is generated, while in the linearization
step, the product of variables z,z, is then substituted by a continuous variable u,, € R, which is
unbounded above. The obtained nonconvex program from RLT yields a relaxation of Problem (T
with an optimal objective value —co. Our RPT approach, however, can deal with both nonconvex
components in Problem (T), and can generate additional constraints by multiplying the linear and
the nonlinear constraints. Finally, the obtained convex relaxation of Problem (T) has an optimal
objective value —1.4830, which coincides with the true optimal objective value of Problem (T).
Most practical problems can be modeled in terms of five basic conic inequalities, those are, linear
cone, second-order cone, power cone, exponential cone, semi-definite cone. To demonstrate the

applicability of RPT, we extensively analyze all 15 possibilities of multiplying two out of the five
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basic conic inequalities. We also show that many well-known RLT based techniques for reformulating
nonconvex problems into convex ones, can also be obtained by applying RPT. Many existing
effective cuts or projection methods can be easily integrated with RPT to further tighten the
obtained convex approximations. For instance, a linear matrix inequality from the SDP relaxation of
nonconvex quadratic equality can be additionally considered in the obtained convex approximations
from RPT.

In Zhen et al. (2018) and Selvi et al. (2020) bilinear and concave maximization problems,
respectively, are reformulated into adjustable robust linear ones. In Zhen et al. (2018) it is proven
that using linear decision rules for these adjustable problems, is equivalent with applying partial RLT
to the original problem. The RPT approach proposed in this paper yields tighter approximations
for the bilinear and convex maximization cases studied in Zhen et al. (2018) and Selvi et al. (2020),
and can also be applied to a much wider class of optimization problems.

We summarize the main contributions of this paper:

1. We extend the existing RLT approach to nonlinear optimization problems in two significant
ways. First, the proposed RPT approach can handle multiplication of constraints that are not
linear or not quadratic, and thereby obtain tighter approximations than RLT. Second, it can
also handle more types of nonconvexity than RLT.

2. We analyze all 15 possibilities of pairwise multiplication of the five basic cone constraints
(linear, second-order, power, exponential, semi-definite). Especially the results for the cases in
which a power cone or an exponential cone is involved are new.

3. We show that several existing convex reformulations and relaxations for disjunction optimiza-
tion, generalized linear optimization, approximate S-lemma for quadratic optimization, and
fractional optimization, can also be obtained via the RPT approach.

Moreover, the most important second-level contributions of this paper are:

1. We show that introducing epigraphical variables for the convex components of the nonconvex
constraint or objective functions of the optimization problem may yield a tighter approximation.

2. Several ways to deal with the product of two conic quadratic inequalities have been proposed
in the literature. In this paper we propose a new one.

3. For quadratic constraints we prove that one obtains the tighest approximation by linearizing
all quadratic terms, instead of only the concave part.

4. We prove that if a linear constraint is redundant to existing linear constraints, then the
resulting additional constraints from RLT or RPT are also redundant.

5. If we multiply a convex constraint that is conically representable with a linear constraint,
then we have two options: we either first multiply the two constraints and then derive a
conic reformulation, or we first derive the conic formulation of the convex constraint and then

multiply this by the linear one. We prove that both options lead to the same result.
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In Section 2 we explain the core idea by applying RPT to the toy problem (T). In Section 3, we
introduce the concept of SCC and SLC functions, i.e., functions that are sums of convex times
convex functions and linear times convex functions, respectively, to explain the optimization problem
class for which our RPT method can be used. In Section 4 we explain the main steps of our RPT
method in more detail. In Section 5 we show how to multiply two out of the five basic cones with
each other, and how to convexify that. In Section 6, we extend our discussion to difference of convex
functions. In Section 7, we show that several convex reformulations for several classes of nonconvex
problems derived in the literature can also be obtained via RPT. Section 8 contains numerical
results.

Notation. The calligraphic letters Z, 7, K, £ and the corresponding capital Roman letters I, J,
K, L are reserved for finite index sets and their respective cardinalities, i.e., Z=1{1,...,I} etc. The
subscript 0 for an index set indicates that the set additionally includes 0, i.e., Zy = {0,..., I} etc. Let
R™*™ denote the set of real m x n matrices, and S™ the set of real n x n symmetric matrices. The
perspective h:R™ x R, — [—00,+00] of a proper, closed and convex function f:R™ — [—o00, +0o0]
is defined for all v € R™ and t € Ry as h(v,t) =tf(v/t) if t >0, and h(v,0) =], (V). For ease

of exposition, we use tf(v/t) to denote the perspective function h(v,t) for the rest of this paper.

2. A Simple Example

In this section we demonstrate the core idea of our RPT approach by solving Problem (T). There
are two steps in our RPT approach.

In the reformulation step, we generate redundant constraints from pairwise multiplication of
existing constraints.

(i) Multiply the linear constraint with itself:
0< (z1+z2— 1)
(ii) Multiply the linear constraint with the nonlinear constraint:
(1 =2y —mg)exp(—z1) + (1 —zy — x2) exp(—x2) < (1 +exp(—1))(1 — x; — x2).

Note that the first constraint is not convex, because the convex quadratic function appears on the
right-hand-side of the “<”-inequality, and there are two nonconvex components (1 —xz; —x3) exp(—x1)
and (1 —x; — x3) exp(—x5) in the second constraint.

In the perspectification step, the nonconvex components in (T) and from the reformulation
step are “perspectified”. The objective function of (T) has two nonconvex components —5z;x, and

—(x142)In(x; +2). We reformulate these two components into the following equivalent form:

T1T2

— 5%1372 = —5$1 = —5.’151.T2

T

1 +2)° x} 44wy +4
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Analogously, we also reformulate the nonconvex components (1 —x; — x3) exp(—x;) and (1 —z; —

Zy) exp(—z5) in the second constraint generated from the reformulation step as follows:

—x1+ 23+ 129
1—33'1—(132 )

—Xo+ X122 +$§>
].—131—562 '

(1 -2y —x)exp(—z1) = (1 — 1 — z3) exp (

(1 -2y —mzy)exp(—xzy) = (1 — 1 — z3) exp (

Finally, all the product of variables z?, 2 and ;2 are substituted with newly introduced variables

U117, Uge and u;q, respectively. The convex relaxation that results from the RPT approach is therefore:

min 2%1 + 3.’152 — 5U12 - (fEl + 2) In <M)

x1,To 142
U11,u12,U22

s.t. T+ a9 <1
U11+UQ2+ZU12—2.’,U1 —2$2+1 20

exp(—21) + exp(—2) < 1+ exp(—1)
-2 — 29 1—x; —2,
< (1+exp(—1)(1- 2, — 22).

The solution of (TC) appears to be
;|1 ,|uhy v |74 84
= [0} and U= [u’m uby| T | 8.4 —84|°
with objective value —35.17, which constitutes a tighter lower bound on the optimal value of (T)
than the one obtained from applying RLT, that is, —oo. The obtained «’ is a feasible solution

to (T), and its corresponding objective value is —1.30, which constitutes an upper bound on the

optimal value of (T).

REMARK 1. The nonconvex components —5x122, —(x1 +2)In(z; +2) , (1 — 21 —x2) exp (—z1) and
(1 — 21 —x2) exp (—x2) are products of a linear function and a convex function. The class of SLC

functions is formally introduced and discussed in the next section.

To further tighten the relaxation (TC), one can consider the convex relaxation for U = zx "

U1 Uiz Ty
Uy Uy To | = 0.
1 X2 1

It turns out that if this LMI is added to the constraints of (TC), then the obtained solution is:

. _ [o.80 . _ [0.640.16
"” _[0.20] and U _[0.16 0.04}’

with objective value —1.4830, which again constitutes a lower bound on the optimal value of (T),
while the objective function of (T) evaluated at the feasible solution x* is also —1.4830, which
certifies that * is an optimal solution to (T). Extra constraints from nonlinear times nonlinear
constraints (see Section 5) can also be considered in (TC), but clearly those constraints are redundant

for (TC) with the additional LMI.
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3. Problem formulation
3.1. Optimization problems with SLC functions

In the previous section we have discussed a special optimization problem that contains several
nonconvex components, which were convexified via RPT. In this section we give a formal description
of the type of nonconvex optimization problems that we consider in this paper, and describe how
these problems can be convexified by using perspective functions. We focus on optimization problems

with nonconvex components that are sum of linear functions times convex (SLC) functions.

DEFINITION 1 (SLC FUNCTIONS). A function f:R" — [—o0,+0o0] is SLC if f can be written as
the sum of linear functions times convex functions, i.e.,
f( - CO + Z (ac),
i€

where ¢; €R, d; € R™ | and ¢q, ¢; : R — [—00,+00], i € Z, are proper, closed and convex. ]

Notice that convex functions are also SLC functions.
We consider a generic nonconvex optimization problem of the following form:
min  fo(x)
€T

st.  fi(®)<0 kek (P)
re X,

where f;, : R"* — [—00,+00] is an SLC function, that is,

fr(@) = (@) + 3 (g — djp) cin(),

i€T
and ¢ € R, d;x € R and cop, i, : R — [—00,+00], k € Ky, are proper, closed and convex for

every i1 € Z. The nonempty, compact and convex set X is defined through:
X={xeR" | Ax <b, h(x) <0},

where A € R b e RE) h(x) = [ho(x) hi(x) -+ hy(x)]" C [—00,+00]’T!, and h; : R —
[—00, 400] is proper, closed and convex for every j € 7. In order to apply our RPT approach to

solve Problem (P) with generally nonconvex SLC constraints, the following assumption is stipulated.
ASSUMPTION 1. If the function c;, is nonlinear, 1 € Z and k € Ky, then diTkw < @ forallx e X.

Now we are ready to demonstrate the core idea of RPT. Let f be an SLC function that satisfies
Assumption 1, then we can perspectify the generally nonconvex function f by first multiplying and
dividing the argument of f by (¢; —d, ) to obtain the following equivalent reformulation of f:

-
¢x—xx ' d;
f@)=co(@ +Z ( ¢ —d 'z >

1€L
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Then, the quadratic terms xzz' in the argument of the reformulated f can be linearized by
substituting " with U € S™ to obtain the following sum of perspective functions:

;(% —d/z)c; (W) )

which is jointly convex in (x,U) because ¢; is convex if and only if its perspective is convex
(Rockafellar, 1970).

In Table 1, we give some examples of SLC functions that are generally nonconvex and satisfy
Assumption 1. Hence, the approach proposed in this paper can deal with Problem (P) containing
(sum of) such nonconvex components. In Section 6, we show that under mild regularity conditions an
important class of functions, that is, difference of convex functions, can be equivalently represented

into SLC functions that satisfy Assumption 1.

Table 1 Examples of SLC representable functions.

f c (¢g—d"x) Perspectification | Assumptions
—zlnx —lnzx =z —zIn(u/z) x>0

Vi 2 g xy/xz/u x>0

z® 7 z(u/z)?! 0el0,1] & x>0
—a? A —z(u/z)?* 0e(l,2] & >0
—z11nzs —Inzy x4 —x1In(uy /1) 1,22 >0

' Qx (Qx); z; r(UQ) -
(¢-d'x)a’Qu =" Qu (¢—d'x) =ULQwUd 4Ty g Q=0

3.2. Extension to SCC functions

One can further extend our RPT approach to derive a convex relaxation of Problem (P) with the

nonconvex components fi, k € Ko, that are sum of conver times conver functions (SCC).

DEFINITION 2 (SCC FUNCTIONS). A function f:R"™ — [—o0,400] is SCC if f can be written as

the sum of convex functions times convex functions, i.e.,
f(x) =co(x) + Z ri(x)ei(z),
i€z
where c¢g,r;,¢; : R™ — [—00,+00] are proper, closed and convex functions for every i € Z. ]

In order to apply our RPT approach to solve Problem (P) with SCC functions f, k € KCo, where
fi(®) = cor(@) + D rin(@)cn(@),
€T
and cog, i, Ci - R — [—00, +00], k € Ky, are proper, closed and convex functions for every i € Z,

the following assumption is stipulated.
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ASSUMPTION 2. If ry. and ¢y, are both nonlinear, then we assume that . (x) >0 and c;p(x) >0
for all x € X, for every i € T and for every k € Ko, while if r;, is linear and c;, is nonlinear, then

ra.(x) >0 for all x € X, for every i € Z and for every k € K.

We now show that Problem (P) with nonconvex but SCC functions fx, k € Koy, without loss of
generality can be equivalently reformulated as an instance of Problem (P) with only SLC functions.
For an SCC function f; that satisfies Assumption 2, the nonconvex constraint can be reformulated

into a set of two constraints, i.e., a nonconvex constraint with SLC functions and a convex constraint:

corx () + Z TiCir() <0

i€
co(@) + an(m)cik(w) <0 ra.(x) < T if r;, and ¢;;, are nonlinear
i€ T
' rik(X) = Tik if 7;; is linear.

An example of SCC functions is fractional optimization (see also in Section 7.4)

fla) =3 )

ieT ri(z)

where ¢; : R"* — R, is convex and r; : R"* — R, , is concave for every ¢ € Z. Then f is not necessarily

convex or concave. However, the function is SCC, since 1/r;(x) is convex and nonnegative.

4. Reformulation-Perspectification Technique and practical issues
4.1. Reformulation-Perspectification Technique

We describe our new RPT approach for Problem (P). It consists of two steps (for an illustration of

each of the steps on a toy problem, see Section 2):

Step 1: Reformulation. We first introduce epigraphical variables for the convex components in
the nonconvex SLC functions of (P), and we have
min 79+ 3 7,7 (i — dio) Cio ()

s.t. T+ ZiEI (gix —djx)ca(x) <0 kek
(x,7)ET,

where T ={(z,7) € R™ x RFT! |z € X, ¢y(x) <7}, and ¢y(x) = [coo(x) cor(x) -+ cox(x)]" C
[—00, +00]K+1. We then multiply each pair of constraints in the set 7, such that the final result is
an SLC constraint function. We consider three possibilities:
(a) Linear x Linear. This is well-known in RLT: by multiplying the constraints Ax <b of (P)
with Az < b, we obtain L(L +1)/2 redundant constraints:

bx' AT + Axb' < Axx" A" +bb',

since the (i,j)-th constraint is exactly the (j,4)-th constraint. Hence, we only consider the

upper triangular of the matrix equations; so L(L +1)/2 constraints instead of L?.
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(b) Linear x Convex. By multiplying the ¢-th linear constraint a, « < b, of (P) with the convex
constraints ¢y(x) <7 and h(x) <0, we obtain L(J+ K + 2) redundant SLC constraints of the
form

(by—a,x)h(x) <0 and (b —a,x)co(x) < (by—a, )T tel.

(c) Convex x Convez. Just multiplying a nonlinear convex constraint h;(x) <0 with another
nonlinear convex constraint h; (x) <0 results in a constraint —h;(x)h;(x) <0 for which
the constraint function is not an SLC or SCC function. However, sometimes rewriting the
constraints, and then multiplying the left-hand-sides and right-hand sides of the constraints
yield convexifiable constraints. This is illustrated in the next section where we multiply pairs

of conic constraints.

Step 2: Perspectification. Since the functions in the newly constructed constraints from Step 1
as well as the functions fy, k € ICy, are SLC functions, we can perspectify these functions as done in

Section 3 analogously. For example, Linear x Convex constraints can be reformulated into:

box —xx a,

(by—a,z)h(x) <0 <+—= (bg—&;%)h( h—alw

>§0 and

bix —xx a,

(bi—alz)e(@) < (bi—alz)r = (h—ala)e < ) < (bi—a] )7

by—a,x
Finally, the nonlinear quadratic terms zz " and the bilinear terms &7 " produced in Steps 1 & 2
are linearized by substituting them with U € S"* and V' € R *(K+1),

If the functions fi, k € Ko, in (P) satisfy Assumption 1, then one can use RPT to obtain the

following convex relaxation of (P):

min To + Z(q,O — d;l(—)w)cio (Wz())

z,7,U,V P qio — dz—gaj
e —Ud.
£, w—dl e (L2 "20%) g ek
S Tk+;(Qk zkm)ck< gr—diz )= €
bx' AT + Axb' <AUA' +bb" (PC)
bg(B—Uag
by—a, x)h | —— | <0 ltel
(b —a, x)cy (lm) <br-V'a, (L
¢ — Gy
(x,7)eT.

We do not consider Convex x Convex functions in (PC) because there are many options for different
type of inequalities, and we refer to Section 5.1 for more details. Note that there are L(J + 1+
L) 4+ (L+1)(K +1) additional constraints and n2 + (n, + 1)(K + 1) additional variables in (PC)
compared to (P). The optimal value of (PC) constitutes a lower bound on that of (P), while the
optimal solution &’ of (PC) constitutes a candidate solution for (P), and the corresponding objective

function evaluated at @’ yields an upper bound on the optimal value of (P).
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REMARK 2 (EPIGRAPH OF NONLINEAR CONVEX COMPONENTS). We remark that introducing epi-
graphical variables for nonlinear convex components in the reformulation step of RPT indeed
tightens the convex relaxation (PC) (see, e.g., Example 3 in Section 6.1), while for linear compo-
nents, we show via Theorem 2 in Section 4.2.2 that the redundant linear constraints to the existing
ones are also redundant for RPT. Therefore, in the reformulation step of RPT, we only introduce

epigraphical variables for the nonlinear convex components in the SLC functions of (P).

4.2. Redundant linear constraints

We first formally define redundant constraints, and then show in Sections 4.2.1 and 4.2.2 two cases

where some of the additional constraints from RPT are redundant.

DEFINITION 3 (REDUNDANT CONSTRAINTS). A constraint f(x) <0 or f(x)=0, where f: R —
[—00, +00], is redundant to a nonempty set X CR" if X C{x| f(x) <0} or X C{x| f(x) =0},

respectively.

4.2.1. Linear equality constraints. When multiplying a convex inequality constraint with
a linear equality constraint in RPT, the denominator and coefficient of the resulting perspective
function are zero. Fortunately, all additional nonlinear constraints resulting from multiplying a
linear equality constraint with a convex inequality constraint are redundant as long as the additional
linear constraints resulting from multiplying the linear equality constraint with the variables are

considered. This is proven in the following theorem.

THEOREM 1. Let d"x —q=0 be an equality constraint, where d € R™ and q € R. Let f:R" —

[—00,+00] be a proper, closed and convex function. Then the constraint (¢ —d'x)f (Z::Qz) =0 is

redundant to
{(z,U) |qx -Ud=0}.

Proof.  For any closed convex function we have f** = f (Rockafellar, 1970, p. 104), hence by
the definition of the conjugate function we have
t(3)=tr(3)=t s {¥"T-r@j= sw {yz-tfm).
yEdom(f*) yEdom(f*)
For & =0 and ¢ =0, we therefore have
0f (g) = sup {y'0-0-f"(y)}=0,
yEdom(f*)
as long as dom(f*) is nonempty. Since ¢ —d'x =0 we have (¢ —d'z)x =0 implies gz —Ud =0. f
proper and convex implies f* proper closed and convex (Rockafellar, 1970, Theorem 12.2). The
properness of f* implies dom(f*) is nonempty (Rockafellar, 1970, p. 24). Hence the claim follows.
O
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4.2.2. Linear inequality constraints. We show that if a linear constraint is redundant to

existing linear constraints, then the resulting additional constraints from RPT are also redundant.

THEOREM 2. If the linear constraint d'x < q, where d € R™ with d # 0 and q € R, is redundant
to {x | Bx < p} # 0, where B € REX" and p € RE, then the constraints d'x < q, 2qd'x <
d'Ud+q¢?* and (¢—d'z)f (qm*Ud) <0 are redundant to

qg—d'x

Bx<p
px' B" + Bep' < BUB' +pp"

(2,U) k
(pe—b]@)f (22552 <0, teL

I

where f:R™ — [—o00,+00] is proper, closed and convez, and b, is the (-th column of the matriz B.

Proof. Assume that d"x < ¢ is redundant to {x | Bx < p}, then the optimal values of

i —d’ max q¢—p'
min g x and max  ¢-p'y
st. Bx<p st. Bly=d

coincide and both are nonnegative thanks to the strong duality of linear programs, which implies
that there exists a y € R} such that d"« < ¢ is redundant to {z | b, x <p,}, where b,=B'y=d
and p, = p'y < q. Clearly, the constraint b;:c < p, is redundant to {x | Bz < p} because linear

inequalities are affine invariant. Then, for any a« that satisfies b;.:v <p, and f(x) <0, we have that

—d ,— b7
a-da)f (U2 ) <0 - (M) <o

T qr—Ud T pyx —Ub,
— - 1< — Pl Al A R
(q dm)f(q—dTm>_0 = (py bym)f<py—bgm <0

IN

for any U € S™, where the second “ <= " holds because b, = d so that za'd = xx'b, and
Ud=Ub,. Notice that

-ty (M) <o ver = Satn-alor (2200 <o

pe—blx ~ pe—blx
Z Gg(pgiv — Ub/)
= 0:(pe— b x < {eE <0
(; f(pf ¢ )) f Zéeﬁ Hf(pg — bz'm) >~

py,x—Ub, <0,
py—b;ja} -

e (py—bgw)f<

where 0, =y,/ >, ye for all £ € L (note that @ € R% and )", .6, =1). Here, the second impli-
cation follows from the convexity of the perspective functions. Therefore, the constraint (q —

d'z)f (qw*Ud) <0 is redundant to

g—d'x
{m

Thus, the claim follows. O

pex —Uby
b;m <py, (pr—b/x)f (WB) <0, 565}-
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Note that Theorem 2 also implies that introducing epigraphical variables for the linear terms
of the SLC functions in (P) would only increase the number of optimization variables without

tightening the resulting RPT relaxation.

4.3. Choosing the best perspectification

In this section we describe two cases for which there are multiple choices for perspectification. The

first one is an indefinite quadratic function, and the second one is a signomial type function.

Quadratic function. We now treat the question: Which part of a quadratic function should
be perspectified? Suppose the objective function is quadratic:
322 {:cTAa: + bTm} ,
where A is not necessarily positive semidefinite. The question then arises whether we should linearize
all quadratic terms, or only a part of these terms, such that the remaining part is convex. We will
now show that indeed linearizing all quadratic terms yields the tighest approximation. We search
for the best value of a semidefinite matrix B such that linearizing ' (A — B)x and keeping ' Bz

yields the tightest approximation. In other words we consider the following problem

minmax {z' Be+Tr(A-B)U)+b 'z} = mi}rgmax {Tr (B(zz" —U))+Tr(AU)+b 'z} .

zEX B>0 zeX B>0
Taking the dual of the inner maximization problem we obtain that this is equivalent to
Ia‘:ﬂei)rcl {Tr(AU) +b'x : <gr Qf) - 0},
where the LMI is the same as (3). Therefore, the LMI can be interpreted (from its dual) as
obtaining the best B, and we do not need to add different LMIs for each RPT-type constraint, as
the same LMI implies that already for all RPT-type constraints.

Signomial function. We consider the signomial function

m
c(x) = - [=,
i=1

where 1 <Y a; <2. As we will see later, such functions arise when power cone constraints are
multiplied by linear or other power constraints. Note that ¢(x) is not convex. However, we can
perspectify this function in many ways. By substituting x;x; = u,; for some of the i’s and j’s we
can lower the total sum of exponents to 1, which makes the function convex again. To this end, we

rewrite c¢(x) as follows:

m

c@)=—[[]]=V (@) —  cla,U)=-][]]!w, (1)

i=1j=1 i=1j=1
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where 9 and 0 are such that

19,,0”ZO,HUZ(%,V@,]E[mL Q%—FZHU—FH“:OZHVZG[m], Zﬁ’—i_ZZQU:L (2)

j=1 i=1 i=1 j=1
Note that c(x,U) is jointly convex in (x,U), because of the second equality in (2), and jointly
concave in (1J,0). One could also use several different feasible solutions ¥ and 6, and thereby
strengthening the approximation. One could also embed (1) in a robust constraint, where ¥ and 6
are the uncertain parameters, and one could enforce that the constraint should hold for all ¥ and 6

that satisfy (2).

4.4. Other practical issues

There are several important practical issues when the RPT is applied:

(a) Valid cuts from SDP relaxations. In order to further tighten the convex relaxation (PC),
effective SDP cuts can be considered. In the perspectification step of RPT, the nonconvex
quadratic terms xx " are linearized by a symmetric matrix U. Such a linearization based
relaxation for the nonconvex quadratic equality U = zx " may be significantly improved by
the SDP relaxation U = xzx ", which can be equivalently reformulated as an LMI by using
Schur complement (Boyd and Vandenberghe, 2004):

(;} ff) 0. (3)

The effectiveness of such SDP relaxations is illustrated by the toy example in Section 2 as well
as the numerical experiment in Section 8.2.

(b) First perspectification, then reformulation. If the original constraint function is not
convex, then one could first convexify it using the perspectification step of RPT, and then
multiply this constraint also with other constraints. However, this will increase the number
of extra variables enormously, and hence the question is whether this outweigh the benefit of
obtaining tighter approximations.

(c) Retrieving feasible solutions of (P) with a convex feasible region. If there are only
nonconvex components in the objective but no nonconvexity in the constraints of (P), which
includes but not limited to, difference of convex functions (see Section 6), then we can retrieve
feasible solutions from the solution of the RPT relaxation as follows. Firstly, if z; in (P) has
no sign constraint for some i € [n,], we replace all those x; with (z;7 —z; ), where x;,z; >0,

everywhere in (P) so that the optimization variables in the lifted (P) are all nonnegative. For

instance, the lifted set of X is

X*:{($+,£B_)ER1” x R A(m+_m_)<b } "
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Then, we solve the RPT relaxation of the lifted (P). The obtained solution can be used to

retrieve feasible solutions of (P). We demonstrate the procedure via Example 1.

EXAMPLE 1 (FEASIBLE SOLUTION CONSTRUCTION). We first lift the toy problem (T') so that
the optimization variables are all nonnegative, and then apply RPT to the lifted problem. The
solution of the corresponding lifted (TC) appears to be

36.18 41.14 38.76 27.79 17.33
] [37.18 4 [UF]_ [38.76 43.43 17.22 30.59
x|~ [35.18] " U-|~ |27.7917.22 7.04 4.19 |’

37.18 17.33 30.59 4.19 7.37

and then the recovered feasible solutions and their corresponding objective values are

aﬂ T] [1 0.37 0.58 0.59 0.35
— and

It +_77-
T [w 2= (UT-U7)/ [m‘ 0 0.59 0.35 0.37 0.62
obj=[-1.30 —0.62 —1.25 —1.27 —0.54],

where each column of &’ constitutes a feasible solution, and its associated objective value is

the corresponding element of the vector obj. 0

Two additional second-level practical issues are as follows.

(d)

(e)

(f)

Idempotent identity of binary variables. When the variables x; are binary for some i €
[n.], one can employ the fact that z? = z;, and hence wu;; = x;, where u; is the i-th diagonal
element of U (Sherali and Adams, 1990).
Lifting for absolute symmetric convex functions. If some of the constraint functions in
X of (P) are absolute symmetric convex functions hj, j'€ J' C J, that is, hj () = h;(|x|)
for all & € R then the lifted set in (4) is equivalent to

Azt —x7)<b

XT=¢(x",27)eRP xR | hj(xt +27)<0, jeJ :

hi(xt —x7) <0, jeT\T’
which can be used to tighten the RPT relaxation for (P). For more details on absolute symmetric
convex functions, see Section 14.3.2 of Ben-Tal et al. (2009).
Finding local optimum using mountain climbing. Even if there are nonconvex compo-
nents in the constraints, one may still retrieve some feasible solutions for (P) by applying the
procedure described in Section 4.4 (c), and the obtained feasible solutions can be used as
warm starts for existing algorithms, e.g., the mountain climbing algorithm by (Tao and An,

1997), to find a local optimum of (P), e.g., see Section 8.2.
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5. Reformulation and linearization for multiplications of fundamental cones

There are five basic cones that play an important role in optimization: the linear, second-order,
power, exponential, and semidefinite cone. In this section we show how to apply RPT to these
cones. In the first subsection we show how to multiply conic inequalities. In the second subsection
we discuss which order is the best: first RPT and then find a conic formulation, or the other way

around?

5.1. Products of conic inequalities

It is generally believed that most practical problems can be modeled in terms of the following five
cone inequalities:
(L) Linear inequality:

b1 —a?a:ZO,

where x € R"=.

(Q) Conic quadratic inequality:

where x € R"=.

(P) Power cone inequality:

m Ny
o § : 2
H%ZZ xia J;h 7wm207
=1 1=m-+1
m
where n, >m, oy, -+ ,, >0and > .~ a; = 1.

(E) Exponential cone inequality:

T
T1 > X €Xp <1:3> , X9 >0.

2

(S) SDP cone/linear matrix inequality:

A(zx) =0,

where A(x) = Ay + Ayx; + -+ + A, x,,. Generalized inequalities are not considered in
Sections 3 and 4.1, nevertheless, our RPT techniques can readily be extended to problems
with such inequalities.

We demonstrate how to convexify the pairwise products of these inequalities. There are 15 cases of
pairwise products in total. Note that all the original inequalities as well as the resulting convexified
product of inequalities should be considered in optimization problems.

Multiplying a linear equality with one of the five conic inequalities can be done in the same

manner as explained in the previous section. However, pairwise multiplication of the four nonlinear
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inequalities needs specific investigation. As an example, we consider the following two conic quadratic

inequalities:

bi—alxz>|Dix+p;
bz—aQTa:Z Dyx + po

We now apply RPT to these inequalities. After multiplying the two constraints we obtain:
(by —a] x)(bs —a, )+ HD1$ +p: H HDQ.’B +p2H > (by —a] x) HDQw —I—ng +(by—a, x) HDlaz +p ”

The term HDlar: +p; H HDQ:C + pQH in this inequality is problematic, since also after linearizing this
term remains nonconcave. However, if we multiply the left-hand sides with the right-hand sides of
the conic quadratic inequalities (5), we can derive useful convex inequalities. The way how to do
this for each of the 15 products of conic inequalities, is shown in the Appendix. The final results

are summarized in Table 2.

Case Cone-1 Cone-2 Cone-1 x Cone-2 Reference Remarks

1 L L L Sherali and Adams (1990)

2 L Q Q Sturm and Zhang (2003)

3 L P mxL + (m+1)xP This paper

4 L E IxE + L This paper

5 L S S Trivial

6 Q Q (1) 5xQ Jiang and Li (2016) (ii) is at least
(ii) 4xQ + S This paper as good as (i)
(iii) S Yang and Burer (2016) (iv) is at least
(iv) S Anstreicher (2017) as good as (iii)

7 Q P (i) mxQ 4+ (m+2)xP This paper (ii) is at least
(if) mxQ + (m+1)xP + S This paper as good as (i)

8 Q E Q+ 2xE This paper

9 Q S S This paper

10 P P (2m1 +2ma + 3)xP This paper

11 P E 2xP 4+ mxE This paper

12 P S mxS This paper

13 E E 11xE This paper

14 E S 2xS Trivial

15 S S (i) s Yang and Burer (2016) (i) is at least as good and
(ii) S Anstreicher (2017) (ii) only if the two cones

are of the same size

Table 2 Results of multiplying two cones. L = Linear Cone, Q = Conic Quadratic Cone, P = Power Cone, E =

Exponential Cones, S = Semidefinite Cone.
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5.2. First RPT and then conic representation?

An important question is which of the following two options yields the tightest approximation:

1. First apply RPT, and then reformulate the result in terms of the five basic cones, or,

2. first reformulate the constraint(s) in terms of the five basic cones, and then apply RPT?

For example, suppose we multiply a linear constraint with a convex quadratic constraint. Then
in Option 1 we first apply RPT, and then reformulate the result (the perspective of the quadratic
constraint) as conic quadratic, and in Option 2 we first reformulate the quadratic constraint as a
conic quadratic constraint and then apply RPT. It appears that both options yield exactly the same
approximation. The following lemma states that this result holds for general convex constraints
that are conic representable.

We use the definition of conically representable from Serrano (2015), that is, a constraint f(z) <0,

where f:R™ — R, is conically representable if its feasible set can be written as
{z | f(®)<0}= {x | JueR™, S(z,u)=0, T(z,u)ek}, (6)
where S:R" x R™ — RF and T : R" x R™ — R*2 are affine mappings and K is a cone.

LEMMA 1. Suppose the convex constraint f(x) <0 is conically representable, and suppose we

multiply this constraint with a linear constraint b—a'"x > 0. Then Options 1 and 2 yield the same.

Proof. Let S,T be the affine mappings that define the conic representation of the feasible set
{z | f(x) <0} and let K be the corresponding cone. Let us denote the linear function b —a'x by

¢(x) and denote the linear function that results after linearizing xf(x) by £(x,U), where U =xx ',

and lZ(w, U) =bx; — a'U;. Then after RPT we obtain the constraint

() f (““”) <o. (7)

()
This is the result of Option 1. On the other hand, suppose we follow Option 2, i.e., we first derive
the affine mapping S and T' that define the conic representation of the feasible set of the original

constraint, and then multiply it by ¢(x), and apply RPT. Then we obtain the set

- Lz, U) u o\ Lz, U) u
{(w,U) JuecR™, S( @) ’E(w)>_o’ T( @) ’E(w))EK}' (8)

Moreover we find
() f (“;;?) <0

(o
= {($’U)
= {(va)

which concludes the proof. O
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Lemma 1 only states that Options 1 and 2 for multiplying a linear and convex constraint yield the

same. The following example shows that full RPT on Option 2 might be better than on Option 1.

ExampLE 2. Consider the following toy problem:

max T+ 2Ty +T1T2

st max{|xy|,|z2|} < 1.

(9)

Option 1, i.e., first applying RPT does not yield a valuable approximation. For Option 2, we first

derive a conic formulation of the constraint:

max T+ 2Ty + 2129
x

s.t. 331—1§0

—x;1—1<0
a:2—1§0
—x5—1<0.

Now applying partial RPT (we multiply only the second with the third inequality, and the first

with the fourth) yields the following linear optimization problem:

max 1+ To + U2
T,u12

s.t. x1—1§0

-1 —1<0
ZI:z-lSO
-2, —1<0

—Uppa—T1+22+12>0
—Uip+x1 —22+12>0.

It can easily be verified that the optimal solution is u;s = x; = x5 = 1, with optimal objective value 3.

This is the optimal solution of the original nonconvex problem (9). O

6. Extension to difference of convex functions

6.1. RPT for difference of convex functions

Another important class of SLC representable functions are difference of convex functions. If
the constraint in (P) contains difference of convex functions, that is, fi(x) = cox(x) — c1x(x) <0,
where coi, ¢1x : R™ — [—00,+00] are proper, closed and convex for some k € Ky, then we can
reformulate the corresponding constraint function into an SLC function. Indeed, for ¢;;, we have

cie(x) =cip(x) = sup {mT’.‘l - (W)},

yEdom(ch)

where the second equality follows from Rockafellar (1970), hence,

fr(x) <0 <~ inf  {cor(x) —x y+c(y)} <O0. (10)

*
yE€dom(c]})
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If the infimum in (10) is attained, then one can merge the inf operator in (10) with the min operator
in the objective of (P) and consider the SLC representation of fi(x) <0, that is,

cor(x) — Ty + i (y) <0
y € dom(cj,),

(11)

where dom(c};) is a convex set (not necessarily closed), ¢}, is a convex function, and —z "y is SLC.
However, if the infimum of (10) is not attained, we assume that (P) satisfies the following regularity

condition.

ASSUMPTION 3. There exists a vector &° € ri(Niex, dom(fy)) such that fr(x®) <0 for all k €
K, Az <b and h(z®) <0.

Note that Assumption 3 implies that ° resides in the sets Nrex, ri(dom(c;;)) and Nje 7 ri(dom(h;))
thanks to Proposition 2.42 in Rockafellar and Wets (2009):€;%d thus, 5 is a strict Slater point
of (P). Furthermore, there exists a (75, U%, V®) such that (x°,75,U®, V®) is a strict Slater point
of the corresponding RPT relaxation (PC) of (P) with fi(a) <0 is replaced by
cor(x) = sup  {x"y—ci(y)} <0
yedom(c?,) (12)
y € dom(ciy).
Finally, thanks to Remark 1 and the proof of Theorem 6(iii) of Zhen et al. (2021), the inf operator
in the constraint of (PC) can be merged with the inf operator (instead of min operator because the
optimal y may not be obtained) in the objective function without affecting the infimum of (PC).
In the case that the constraint function f(-) in (P) is both concave and SLC, e.g., f(x) = —z?
or /x, then it may be better to first derive the biconjugate reformulation of f(-) and then apply

RPT than directly apply RPT to (P).

EXAMPLE 3 (RPT FOR EPIGRAPHICAL BICONJUGATE REFORMULATION). Consider the following

convex maximization problem:

max x?+ 2z
@ (T3)
s.t. 0<z<1.

The optimal solution is obviously x = 1. Note that z? + 2x is both convex and SLC representable,

and its conjugate is %. In the following, we compare three convex relaxations of (T3) obtained
from, (i) directly applying RPT, (ii) applying RPT to the biconjugate reformulation, and (iii)
applying RPT to the epigraphical biconjugate reformulation, respectively,

max vV—T

—2)2 z,Y,0,7,t
max w2z max v— U st.  0<ax<l
s.t. 0<z<1 s.t. 0<z<1 and (y—2)* <7
0 S u S x ('U—42;E)2_
Y
u+12> 2z, 4 -

(y=2—v-+20)?
y—2—v+2zx .
- <T-—t.
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Note that the maximum of the direct RPT relaxation is 3 with (z*,u*) = (1,1). The maximum
for the RPT relaxation of the biconjugate reformulation is co with z* € [0,1], y* =2, v* =00, and
that of the epigraphical biconjugate reformulation is 3 with (z*,y*,v*,7*,t*) = (1,4,4,1,1). Both
the direct RPT relaxation and the RPT relaxation of the epigraphical biconjugate reformulation
obtain the optimal value and optimal solution of (T3). The computational complexity of the three
relaxations may also be different. The direct RPT relaxation is an LP, while the RPT relaxation of
the biconjugate-base reformulations are convex quadratic programs. This example also shows that

the epigraphical reformulation for RPT can lead to a tighter approximation. O

6.2. Using first-order conditions

Let us consider the first inequality in (11)
cop(x) —x "y +cfi(y) <0.
Now suppose ¢y () is differentiable, then we have
y = V.cip(x). (13)
We may include this extra equation in the RPT approach to get a better approximation for the

nonconvex quadratic equality W = xy ", as illustrated in the following examples.

EXAMPLE 4. Suppose ¢i;(z) = —Inz. Then (13) becomes y = —1/x, or zy = w = —1. This last

equality is of course helpful for obtaining tighter approximations. O

EXAMPLE 5. Suppose ¢ () = zlnz. Then (13) becomes y = 1 + Inz. Hence, we can add the

following convex inequality in the RPT approach: y <1+ Inzx. U
EXAMPLE 6. Suppose cix(z) =In}; exp(z;). Then (13) becomes

exp(i)
yi:7<:>1nyi+lng exp(x; :ac,;<:)y,;lnyi+yiln§ exp(x;) = x;y;.
Zjexp(xj) - ( J) . ( ])

J J

Hence, we can add the convex inequality

yilny, +y; aneXp <wij> Swi, Vi

%
J

wij
Yi
function In} e O

to the RPT approximation. Note that y;In > ; €Xp ( ) is a perspective function of the convex

The following example shows that such first-order information is indeed helpful and not included

by other constraints resulting from RPT.
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ExampLE 7. Consider the following problem:
min  —z?
s.t. e <e (14)
e * <1,
that has optimal value —1, and optimal solution x = 1. Hence, ¢;;(z) = —z*. Then (13) becomes

y=—2x and ¢}, (y) = —y?/4. Hence, after applying RPT to the biconjugate reformulation and using
the first-order information, we obtain the approximation:
min  v+y?/4

s.t. e <e

e <1
v=—-2u
xT>U
The optimal solution for this problem is x =u =1, v =y = —2, and optimal value —1, which is the

optimal value of Problem (14). However, it can easily be verified that if the first-order information
y = —2z is not used, the RPT approach (even the epigraph version) leads to an approximation with

value —oo. 0

The following example shows that RPT to an indefinite quadratic function yields the same as

RPT to the difference of two convex quadratic functions with using first-order information.
EXAMPLE 8. Suppose the constraint is
x'Ax —x'Bx+b 'z +c<0. (16)
where A and B are positive semidefinite matrices. Then Step 2 of RPT yields the linear constraint
Tr (AU) —Tr (BU) +b"x + ¢ <0. (17)
The biconjugate formulation for (16) is:

1
mTAm—a:Ty—{—ZyTB_ly—l—bTm+c§O. (18)

Applying RPT to (18) yields
1
Tr (AU) —Tr(W)—l—ZTr (B™'V)+b'z+c<0. (19)
From the first-order information we get y = 2Bx. Multiplying this equality on both sides by =

and y ", we obtain

W =2BU and V =2BW.

Substituting this into (19) yields exactly inequality (17). O
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6.3. Applicability of conjugate functions

For many real-life applications, the constraint functions in the optimization problem may not admit
a closed form conjugate. However, for many important classes of convex functions, their conjugates
and domains are readily available from the literature. Table 3 lists several convex functions and their
conjugates and domains. The following example illustrates that the infimal convolution formula

(last line in Table 3) is very useful in cases where the conjugate of the function can not be derived.

Table 3 Example of functions f(-) and their corresponding conjugates, defined as
J*(Y) = SUDgcdom £ {xTy — f(x)}. CQ stands for conic quadratic, PWL for piecewise linear, SML for sum of max
of linear functions, G for Geometric, and SC for sum of concave functions. For SC functions, we assume that there is

a common point in ri(dom(f;)) for every i.

Type f dom(f*) fr

CQ  f(z,z)=|zl.—z  {(y,9):]yl><1, y=1} [ (y,9)=0

PWL  f(z) = max; z; {ly:y>0,>"yi=1,Vk} f(y)=0

SML  f(x) =), maxer, ; {yr:yr >0, Z Y = 1,Vk} f(w)=0

G fl®)=In(>_,e™) {ly:y>0,> =1} [ (y)=>yilny

SC  f(z)=2_, fi(z) Hyiti: X0y = yoys € dom(f7), Vi) f(y) =mingy,y, 3, f7(ys)

ExampPLE 9. Consider the following problem:
min Inz — 22
@ ) (20)
s.t. e<zx<Le
that has optimal value 2 — ¢*, and optimal solution = = e?. Hence, ¢;,(2) =Inx — 2. Since the
conjugate of this function cannot be derived, we use the infimal convolution formula. It can easily
be verified that using the biconjugate reformulation, the infimal convolution formula, and first-order

information, we obtain

min  —ay—1—In(—y,) +y3/4
91,92
s.t. exp(1l) <z <exp(2)
Yit+Y2=y (21)
Yo = 2x
zyp =—1
y1 <0.
Now eliminating =,y and xy;, and applying RPT to (21) we obtain
min  —vy/2 —In(—y;)
Y1,Y2,v2

s.t. 2exp(l) <y, <2exp(2)
yaexp(l) < 1)2 < ysexp(2)

U exp( ) <-
yr exp(1 ) > =
y1 <0

The optimal solution for this problem is y; = —exp(—2), yo = 2exp(2), v, = 2exp(4), and optimal
value 2 — e*, which is the optimal value of Problem (20). O
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7. Known convex reformulations and relaxations obtained via RPT

In this section we show that several convex reformulations and relaxations for several classes of

nonconvex problems derived in the literature can also be obtained via RPT.

7.1. Disjunctive optimization

A linear description of the convex hull of the union of convex sets can be derived by using RPT.
It follows from the definition that the convex hull of the union of nonempty, compact convex sets

Xe={x | hi(x) <0}, ke K is:

where hy.(z) = [hig(x) hop(x) -+ hye(x)]", and hjp : R™ — [—00,400] is proper, closed and convex

Jwk € X A0 =) Nemp, D Ao=1 }

kel ke

for every j € J, k € K. This description is nonlinear and nonconvex, since it contains products of

variables Ay x;, k € K. One can apply RPT to obtain the following convex relaxation

{x

This convex relaxation is exact according to Gorissen et al. (2014, Lemma 1), which applies

Eluk:w:Zuk, Z)\kzl, AZO, )\khk(uk/)\k)SO, kIGK:}

keKx keKx

because X}, k € K, are nonempty, compact and convex sets. We now use this observation to derive
convex relaxation for disjunctive optimization problems with general convex sets. In Sherali and
Adams (1994b, Section 4), the authors derive similar result for disjunctive optimization problems
with a linear objective function and polyhedral sets X}, k € K. Consider a generic disjunctive

optimization problem
min  f(x)
s.t. T e U Xk, (DP)

where f:R"™ — [—00,+00] is proper, closed and convex. Disjunctive optimization problems are in
general nonconvex because its feasible region constitutes a union of convex sets X. By applying
RPT to the feasible region of (DP), we obtain the following convex relaxation:

min  f (Z uk>

U
y{ugtr o=

s.t. yrhi(ur/ye) <0 ke

Zyk:]-

kek

ype >0 kek,
which is often refered to as the hull relaxation (Grossmann and Lee, 2003). Note that this hull
relaxation is tight if f(-) is a linear function, and X}, k € K, are nonempty, compact and convex

sets.
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7.2. Generalized linear optimization

Consider a generalized linear optimization problem of the following form (Dantzig, 1963, p. 434):

: T
min C
vzt Y
st Y myp<b (GLP)
ke

yZO; kaXk ke](:(),
where X, = {x | hi(z) <0}, k € Ko, and hy, : R"™ — [—o00, +00]” is a vector of J proper, closed and
convex functions for each k € KCy. The partial RPT relaxation of (GLP) is:

: T
wlode 7
s.t. Z Vg S b
keo
ykhk(vk/yk) S 0 k S ,Co
y>0.

The convex program is in general a convex relaxation of (GLP), which has the same optimal value
as (GLP) if one of the following regularity conditions is satisfied : (i) X} is bounded for each k € Ky
(Gorissen et al., 2014, Lemma 1); (ii) there exists a (y, {xx}r) with y > 0 that is feasible for (GLP)
(Zhen et al., 2021, Lemma 6). While for a special case where X}, k € K, are (nonempty) boxes, the

corresponding linear relaxation of (GLP) is exact due to Dantzig (1963).

7.3. Approximate S-Lemma for quadratically constrained quadratic optimization

Consider a quadratically constrained quadratic optimization problem with only one (quadratic)

constraint:
min  x" Ay +2b] T + ¢
@ T T (QCQP)
st. x Aix+2b,x+c <0,
where A, € R"»*"= b, € R"™ and ¢;, € R for each k € {0,1}. It is well-known that such a problem
admits a convex reformulation via the S-lemma. In the following, we show that the dual of the
obtained convex reformulation from the S-lemma can be interpreted as an RPT relaxation. Suppose

that there exists an € R" with =" Az + 2b]  + ¢; < 0, then we have

min  x' Az +2b, = + ¢ A>0,y . .
m T — Ay =b O0 A, =b
0 0 1 1
1. Ajx+2 +c < 2 — _ 2
s.t x 1T bjx+c <0 s.t. [; g Co] 7[ Tl} )\[; 1T 61]7

where O € R™»*"= ig a matrix of all zeros. Here the ” <=” holds due to the S-lemma (Boyd and

Vandenberghe, 2004, Appendix B). The dual of the obtained semi-definite program is
min  Tr (Ao X) + 2by x + ¢
st. Tr(A; X)+2b/z+c¢; <0

X x
|:33T 1:| iov
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which is clearly an RPT relaxation of (QCQP). Consider now a generic quadratically constrained

quadratic optimization problem with more than one quadratic inequality constraint:

min  x" Agx +2b] T + ¢
s.t. wTAkw—l—Zbgw—i—ckSO kel

where A, € R"=*"= b, € R" and ¢, € R for each k € KCy. Similarly, the dual of the convex relaxation

obtained from using the approximate S-lemma coincides with the convex relaxation from RPT:

I)I(lin Tr (Ao X) +2b] = + ¢
st. Tr(ApX)+2bjz+c, <0 keK
Xr‘f = 0.

Note that here the obtained relaxation is not tight in general, and for more details on the approximate

S-lemma, we refer to Ben-Tal et al. (2002).

7.4. Fractional optimization

Consider the following generic fractional optimization problem

min @
= g(x) (FP)
st. h(®)<0 keK,

where f:R" — R, is convex and nonnegative, g : R"™ — R, , is concave and positive, and hy, :
R"™ — [—00, +00] is proper, closed and convex for every k € K. By first introducing an epigraphical
variable 7 for the positive convex function 1/g(x), we obtain the SLC constraint 7g(x) > 1, and

then apply RPT to obtain:
min  7f(y/7)

st Tg(y/T)>1
Thi(y/7) <0 kek.

The obtained convex program is an exact convex reformulation of (FP) (Schaible, 1974).

8. Numerical experiments

In this section we demonstrate the efficiency and effectiveness of RPT on a dike height optimization
problem from Eijgenraam et al. (2017), and a sum-of-max-linear-terms maximization problem from
Selvi et al. (2020) and Zhen et al. (2018). Numerical experiments are performed on an Intel Core
i7-8665U 1.90GHz Windows computer with 32.0GB of RAM. All computations are conducted with
MOSEK 9.2.27 (MOSEK ApS, 2020) and Gurobi 9.1.1 and implemented using YALMIP (Lofberg,
2004) in MATLAB (R2020a).
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8.1. Dike height optimization

In Eijgenraam et al. (2017) an optimization model is developed to optimize the dike heightening in
the Netherlands. The authors show that the optimal solution is periodic, i.e., the dike is heightened
with the same amount every t years, and explicit expressions are derived for ¢ and the optimal
heightenings. However, in practice there are several reasons to deviate from the periodic solution.
For example, it is maybe desired to combine heightenings of several dikes. In this section, we propose
to use RPT to solve the dike heightening problem in which the years that the heightening takes
place is fixed and may deviate from every t years. Such problems cannot be solved by the approach
in Eijgenraam et al. (2017). We consider the following dike height optimization problem, which is

the time truncated version of the problem in Eijgenraam et al. (2017):

. S S
min (c+ bxy) exp (Ahy — 0t,) + Z 20 (exp (Bstrs1) —exp (Bstr)) exp (—0hy) + FO exp (BsT — Ohy),
=D ek keko 0

Investment costs Expected damage costs Future damage costs

(DHO)
where t is the vector of all moments in time at which the dike height is increased, to =0, @ is the
vector of all increases in dike height, where x;, is the increment of the dike height at time %, hy
is the increase in dike height after t; years, i.e., hy = Zf:o i, hg = Zkelco xi and B5,0,0,\,b,c,T
and S, are constants, which are explained in more detail in Appendix E.1.

The objective of (DHO) is to find an optimal balance between investment costs and the total
expected costs of flooding, both as a result of heightening dikes. The first term in the objective
represents the investment costs, the second term represents the expected damage costs and the
third term represents the future damage costs. We refer the reader to Eijgenraam et al. (2017) for a
full description.

Since t is fixed, the objective of (DHO) is SLC, as it consists of two convex terms (expected
damage costs and future damage costs) and a sum of linear times convex functions. Hence we can
apply RPT.

Moreover we add the SDP relaxation as described in Section 4.4 (a) to obtain tighter bounds. The
RPT-SDP approximation gives a lower bound of the optimal objective value of problem (DHO),
see Appendix C.1. Since the optimal solution for the RPT-SDP relaxation is feasible for (DHO),
the objective value of (DHO) evaluated at this solution constitutes an upper bound of the optimal
objective value. The results for the homogeneous dike rings 10, 15 and 16 in the Netherlands are
shown in Table 4.

Our method yields a global optimum for each dike segment and each considered ¢, within a
computation time of 0.5 seconds. Observe that in Table 4 we only state the optimal value, since
for each case the upper and lower bound are the same. In the first two columns, i.e., for periodic

t, we see that except at the beginning and the end of the planning period, the heightenings are
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Every 25 years Every 50 years Irregular t
No. 10 15 16 10 15 16 10 15 16
2.69 | 41.72 | 34.05 | 11.30 | 55.41 | 47.53 0.73 | 38.27 | 30.64
23.55 | 27.11 | 24.91 22.83 | 28.92 | 26.83

24.85 | 25.95 | 24.37 | 48.08 | 51.95 | 48.61 | 33.16 | 36.19 | 34.39
24.93 | 25.86 | 24.34
24.94 | 25.85 | 24.33 | 49.78 | 51.72 | 48.66 | 39.50 | 40.81 | 38.55

. 24.94 | 25.85 | 24.33 34.07 | 32.73 | 30.40
k 2493 | 25.85 | 24.33 | 49.83 | 51.71 | 48.67 | 25.54 | 26.54 | 24.79
24.93 | 25.85 | 24.33 27.11 | 29.24 | 27.61
25.15 | 25.85 | 24.33 | 49.85 | 51.83 | 48.75 | 35.09 | 38.29 | 36.61
24.76 | 25.87 | 24.34
25.68 | 26.24 | 24.64 | 55.95 | 59.52 | 56.46 | 32.16 | 27.93 | 25.39
30.26 | 35.13 | 33.58 29.32 | 35.78 | 34.45
hr 281.62 | 337.14 | 311.88 |264.79|322.13 | 298.68 |279.50 | 334.69 | 309.65

Exp. Inv. | 38.02 |473.48 | 1029.59 | 32.22 |415.73 | 879.36 | 38.72 |473.51 | 1029.84
Damage | 23.29 |136.44 | 240.03 | 23.28 |129.50 | 220.71 | 23.27 | 135.24 | 238.27
Sum 61.31 | 609.92 | 1269.63 | 55.50 | 545.23 | 1100.07 | 61.98 | 608.74 | 1268.11
Time 0.39 0.50 0.47 0.45 0.42 0.42 0.41 0.42 0.50

Table 4 Results for dike rings 10, 15 and 16 in the Netherlands. In the first two columns t is such that tx41 — g

equals 25 and 50 respectively for every k € Ko, and in the third column we consider the non-periodic
t=(0,20,50,90,130, 155,180,210, 255, 279)T. For the planning horizon we choose T'= 300. The total increase in dike
heights at the end of the planning horizon is given by hr. Exp. Inv. represents the exponential investment costs,
Damage reflects the total damage costs, i.e., expected plus future damage costs, and Time reflects the computation

time.

approximately the same. We do not observe this for irregular t, as we can see in the third column.
From this result we conjecture that if the moments of heightening are chosen to be periodic, then
the amount of heightening is always the same, except for the beginning and the end of the planning

period. This has not been observed by the authors of Eijgenraam et al. (2017).

8.2. Sum-of-max-linear-terms maximization over convex constraints

We consider the following generic sum-of-max-linear-terms maximization problem from Zhen et al.

(2018) and Selvi et al. (2020):

rzeEX

Al ;
max ];C?é%i{{ ;T 401, (CM)

where A € R"»*"v b c R"™ and J is the union of the mutually disjoint sets J, k € K. We consider
three cases of X, those are, a set defined by linear constraints, a set defined by an additional

geometric constraint, and a set defined by an additional non-convex constraint, i.e., X = X}, X = X5,
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and X = A5, where
X, ={zeR|D'z<d}

Xo=<xecX| In (iexp(:zi)) ga}
i=1
ng 936)(1 HiBHZ‘l—Z\/ﬂZSC}
i=1

Here D € R"=*L and d € R”. Since the objective of (CM) is a closed convex function, we can replace
the objective by its biconjugate function (see Section 6.1) and obtain the following equivalent

maximization problem:

T T
max (A'z+b) 'y, (CMp)
yey

where ) equals the domain of the conjugate function of the objective of (CM), i.e.,

JE€Tk

yz{yeRT

Observe that n, = |7|. Because (A" x) "y is SLC, we first apply RPT to derive a convex relaxation
of (CMp) (see Appendix C.2), and compute an upper bound for (CM). Subsequently, a lower bound
is obtained using the mountain climbing procedure as discussed in Section 4.4 (f) (see Appendix D).

We compare our RPT approach with our RPT-SDP approach, which is the RPT approach in

which we consider the additional SDP relaxation as discussed in 4.4 (a). Furthermore, for X = X}

4 RPT RPT-SDP R4B Gurobi
Lb Gap Time Lb Gap Time Lb Gap Time Opt Time

1 23.29  0.00 0.12 23.29 0.00 0.48 23.29  0.00 0.08 23.29 0.12
la 22.72  0.00 0.10 22.72  0.00 0.30 22.72  0.00 0.09 22.72  0.09
2 233.94 0.00 0.07 233.94 0.00 1.75 233.94 0.00 0.07 233.94 0.25
2a 211.87 0.11 0.10 211.87 0.00 1.31 211.87 0.11 0.10 211.87 0.22
3 1081.62 8.12 1.62 1081.62 0.00 111.06 1081.62 0.00 6.99 1081.62 5.64
3a 1159.90 5.81 1.27 1159.90 0.02 84.69 1159.90 0.00 15.19 1159.90 3.72
7 113.71  0.00 0.15 113.71  0.00 0.36 113.71  0.00 0.09 113.71  0.23
Ta 83.78 0.31 0.28 83.78  0.00 0.58 83.78  0.00 0.40 83.78  0.26
11 3002.43 0.98 2.25 3002.43 0.04 168.06 3002.52 0.98 600*  3002.43 100.09
11a  2878.62 4.33 1.73 2878.62 1.06 224.97 2878.70 4.32 600*  2878.62 131.19

Table 5 Comparison of RPT for X =& with RPT-SDP, R4B, and Gurobi for problem instances 1, 2, 3, 7, and

11. The results for problem instances la, 2a, 3a, 7a, and 11a reflect the average of 10 randomly generated instances
corresponding to problems 1, 2, 3, 7, and 11 respectively. The gap (Gap) in % is obtained by %, where Lb
and Ub stand for the lower and upper bound respectively. Time represents the computation time, which equals the
sum of the computation time of the upper and lower bound for RPT and RPT-SDP. We set the maximum time limit
equal to 600 seconds, hence if the computation time equals 600*, the optimum cannot be found within 600 seconds

and Gurobi returns the best value it can obtain within 600 seconds.
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and X = X,, we compare our RPT and RPT-SDP approaches to the R4B method of Zhen et al.

(2018, Algorithm 2), and the exact mixed integer optimization reformulation, given by

max  Ag
A,z

s.t. )\kgAjTa:—i—bj—l—M(l—zj) jE€Tkek

> z=1 kek

JE€ETk

ze{0,1}m.

We use Gurobi to solve all linear optimization problems, while we use MOSEK for the nonlinear
optimization problems. The problem settings and test instances are adopted from Selvi et al. (2020)
and Zhen et al. (2018); see Appendix E.2. for more detail.

The results for X = &) are given in Table 5. Our RPT approach finds the optimum for instances 1,
la, 2, and 7. By considering the additional SDP relaxation, we also find an optimum for instances 2a,
3, and 7a, and we improve the gap of RPT for instances 3a, 11 and 11a. However, the computation
time is much longer, e.g., for instance 3, the computation time of RPT-SDP is 111.06 against 1.62
for RPT. R4B improves the gap of RPT for instances 3, 3a, and 7, for which it finds the optimum.
For instance 11 and 11a, R4B is not able to find the optimum within the time limit of 600 seconds.
Moreover, for those instances, the lower bound computed by R4B is higher than the optimum value,
as a result of numerical errors. Gurobi finds the optimum for every instance. For instances 3, 3a
and 7a, Gurobi is faster than both R4B and RPT-SDP, while for instances 1, 1a, 2, 2a, and 7, R4B

finds the optimum within the lowest computation time.

u RPT RPT-SDP R4B MOSEK
Lb Gap Time Lb Gap Time Lb Gap Time Lb Gap  Time

1 1458  0.00 0.33 14.58  0.00 0.36 14.58  0.00 0.33 14.58  0.00  0.30
la 14.54  0.00 0.33 14.54  0.00 0.34 14.54  0.00 0.33 1454  0.00 0.29
2 136.22  0.09 1.35 136.22  0.00 4.34 136.22  0.77 600" 136.22  125.13 600"
2a 122.21 4.40 3.85 122.21  0.34 6.96 122.21  5.83 600" 122.21  126.83 600"
3 837.94 11.06 4.24 837.94 0.00 340.11 837.94 11.06 6007 837.94 526.55 600"
3a 890.07 10.49 5.37 890.07 0.07 303.28 890.07 10.49 600" 887.27 515.78 600"
7 33.73 7.61 1.75 33.73 1.67 2.50 33.73  0.00 2.11 33.73 0.00 0.33
Ta 31.81 493 1.58 31.81  0.73 1.68 31.81  0.00 1.93 31.81  0.00 0.27
11 1610.69 11.66 9.25 1610.69 5.78 285.64 1610.69 13.10 600* 1610.69 300.09 600"
11a  1660.75 8.69 7.16 1660.80 4.01 297.68 1660.75 10.48 600" 1658.33 284.13 600"

Table 6 Comparison of our RPT approximation for X = X> with the RPT-SDP approximation, R4B, and

MOSEK for problem instances 1, 2, 3, 7, and 11. The results for problem instances la, 2a, 3a, 7a, and 11a reflect the
average of 10 randomly generated instances corresponding to problems 1, 2, 3, 7, and 11 respectively. The gap (Gap)

in % is obtained by W

, where Lb and Ub stand for lower and upper bound respectively. Time represents the
computation time, which equals the sum of the computation time of the upper and lower bound for RPT and
RPT-SDP. We set the maximum time limit equal to 600 seconds, hence if the computation time equals 600*, the global

optimum cannot be found within 600 seconds and MOSEK returns the best value it can obtain within 600 seconds.
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The results for X = &, are given in Table 6. All approaches find the optimum for instances 1 and
la. RPT-SDP finds the best solution for instances 2, 2a, 3, 3a, 11, and 11a, where for instances 2
and 3, RPT-SDP even finds the optimum. However, for bigger problem instances, like 3, 3a, 11,
and 11a, RPT is much faster without much of compromise on the quality of the obtained solution.
R4B and MOSEK only improve the gap of RPT and RPT-SDP for instances 7 and 7a, for which
they find an optimum. For instances 2, 2a, 3, 3a, 11, and 11a, both R4B and MOSEK cannot find
the optimum within 600 seconds.

The results for X = X are given in Table 7. Note that this problem is extremely hard, since not
only the objective function is concave, but it also contains a highly nonconvex constraint function.
RPT and RPT-SDP both find an upper bound for every instance. It is possible that the convex
relaxation from the RPT or RPT-SDP approach returns a solution that is infeasible for the original
problem. Therefore, not always a feasible solution is found, in which case we cannot derive a lower
bound. For instance 7a, RPT could not find a lower bound for one of the 10 randomly generated
instances, while RPT-SDP could not find a lower bound for instances 11 and 11a. For the remaining
instances, RPT-SDP improves the gap of RPT for all instances except for 1a, for which the lower
bound found by the RPT approach is better than the lower bound found by the RPT-SDP approach.
Especially for instances 3, 3a, and 7, the gap for RPT-SDP is much smaller than the gap for RPT.

However, for instances 3 and 3a, the computation time for RPT-SDP is much longer.

RPT RPT-SDP

# Lb Ub Gap  Time Lb Ub Gap Time
1 13.44 16.09 19.69 11.66 13.44 14.65 8.96 8.64
la 14.46 16.46 13.82 12.01 13.49 15.89 17.75 13.03
2 140.89 146.04 3.66 12.93 140.89 145.59 3.34 24.97
2a 128.61 139.92 &8.79 16.74 128.61 135.90 5.67 24.37
3 768.97 880.61 14.52 24.84 768.95 791.35 2.91 398.46
3a 804.69 906.39 12.69 11.54 805.95 833.80 3.46 387.37
7 45.34 69.17 52.57 13.36 45.34  62.60 38.06 14.65
Ta 43.50* 61.66 41.13* 17.02* 39.22 56.44 43.91 16.44
11 2175.60 3008.27 38.27 25.25 - 2907.81 - 503.43
11a  2315.50 2909.02 29.55 15.08 - 2890.47 - 426.55

Table 7

Comparison of our RPT approximation for X = X3 with our RPT-SDP approximation for problem

instances 1, 2, 3, 7, and 11. The results for problem instances la, 2a, 3a, 7a, and 11a reflect the average of 10

randomly generated instances corresponding to problems 1, 2, 3, 7, and 11 respectively. The gap (Gap) in % is

obtained by

100(Ub—Lb)
Ub

, where Lb and Ub stand for lower and upper bound respectively. Time represents the

computation time, which equals the sum of the computation time of the upper and lower bound. * indicates that for 9
out of the 10 randomly generated instances, a feasible solution is found. Hence for the corresponding Lb, Gap and
Time, the average of those 9 instances is reported. - indicates no feasible solution is found. Hence, for those problem

instances we only report the upper bound and the computation time of the upper bound.
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For instances 4-6, 8-10 and 12-13 in Selvi et al. (2020), RPT-SDP took too much time because of
the LMI. In such cases one can use RPT without the LMI.
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Appendix A. Technical lemma
LEMMA 2. Suppose A and B are positive semidefinite matrices. Then also the Kronecker product
1§ positive semidefinite, i.e.,

A(z) ® B(z) > 0. (22)

Moreover, if A and B are positive semidefinite matrices of the same size, then the Hadamard

product is also positive semidefinite, i.e.,
A(xz)oB(x) ~ 0. (23)

Proof The first statement follows from Theorem 4.2.12 of Horn and Johnson (1991). The last
statement follows from the Schur Product Theorem (Schur, 1911). O

Appendix B. Examples for products of conic inequalities
1. (L) x (L)
Consider two linear inequalities

by—alxz>0
by —ajx>0.

We now apply RPT to these inequalities, and obtain (Sherali and Alameddine, 1992):
(bi—a,x)(by—ayx) >0 <> biby —bjay,x—ba)x+a zx a; >0
= b1by — bla;m — bgalT:c + alTUaQ >0.
2. (L) x (Q)
Consider one linear inequality and one conic quadratic inequality

bi—alxz>0
by —a,x— ||Dx+d| >0.

We now apply RPT to these inequalities, and obtain (Sturm and Zhang (2003)) :
(b1 —a{x)| Dz +d|| < (by — a; x) (b, — a, )
= H(b1 —a, z)(Dx + d)H <(by —a; z)(by—a,x)

= ||byDx + bid— DUa, — a{ xd|| < bib, —bia; x —ba] x +a] Ua,.

3. (L) x (P)
Consider one linear inequality and one power cone inequality

by—ajx>0
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where > «; = 1. Multiplying the linear constraints with the nonnegativity constraints and
the nonnegativity constraints with each other yields m additional linear constraints, and a
nonnegativity constraint for U. We omit the derivations, since this can be done in the same
way as explained under case 1, i.e., (L)x(L). We now apply RPT to these inequalities, and

obtain (only linear constraints times the power cone inequality):

N

Z (blmi — (II&'I@)2

i=m-+1

<~
Z (xj:l:z) ) jzla , 1
Z (bliﬂi—aIui)z
i=m-+1
=

Hence, finally we obtain m + 1 additional power cone inequalities. Note that there are many
more possibilities to perspectify the left-hand sides of the above inequalities. Section 4.3
describes how to find the best choice.
4. (L) x (E)
Consider one linear inequality and one exponential cone inequality

by—alxz>0
x1 — zoexp(xz/xa) >0
T Z 0.

Multiplying the linear constraint with the nonnegativity constraint and the nonnegativity
constraint with itself yields 1 additional linear constraint, and a nonnegativity constraint for
Ugg, see case 1, i.e., (L)x(L). We now apply RPT to these inequalities, and obtain (only the

linear constraints times the exponential cone inequality):
(by —a x)x; > (b — a ©)zyexp (

(bl—alTw)ws)
T Ty > X5 exXp (”i#)
2

(b1—a] @)zo

b T
bll'l — a;r’ull > (bll'g — GJI’UJQ) exp <M>

blzz:gfa;rug
u23
Uiz > Uz €XP (u22) .

—

Hence, we finally get two additional exponential conic inequalities.
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5. (L) x (S)
Consider one linear inequality and one LMI
by—alxz>0
A(x) = 0.
We now apply RPT to these inequalities (only linear constraint times the LMI), and obtain:
(b —a,z)A(x) =0
< (by—a/x)Ag+ (b —ax)Ax,+ -+ (b —ax)A,, T, =0
— (b —a, ) Ay + (byz1 —a] u)) Ay + -+ (biz,, —alu,,)A,, =0.
6. (Q) x (Q)

Consider two conic quadratic inequalities

{bl_alTwZ‘Dlw+p1 (24)

by —a, x> ||Dyx+ po

We now apply RPT to these inequalities. Multiplying the valid linear constraints b; — a; >0
and by —a, x > 0 with the conic quadratic constraints (24) yields four additional conic quadratic
inequalities. We multiply the left-hand sides and right-hand sides of the inequalities, and

obtain:

(b —a @) (b —ay ) > || D1z +p: ||| Doz +ps |
<~ b1b2 — bla;w — bgaIw + awaTaQ 2 H(Dlw —i_ljl)(D2a3 +p2)TH2

— b1b2 — bla;m - b2a1r$ + CLIUCLQ > HDlljD;r +p1$TDT + pr;— +p1p;H27

in which | - || denotes the 2-norm of a matrix defined as its largest singular value, i.e.,
|M |2 := 0max (M) = \/ Amax (M M ). In particular, we used the fact that for rank-1 matrices
M =wuv", | M| = ||ul||[v]]. In practice, constraints of the form |M]||; <\ can be modeled as

semidefinite constraints using Schur complement:

NI M
(A7) =0

This results in case 6(ii) of Table 2, which is a new result to the best of our knowledge.
To improve scalability, however, one can replace the 2-norm in the first constraint by the
Frobenius norm of the matrix. Indeed, | M |2 < | M||r, and the equality holds for rank-1 and

zero matrices, so

bib, —bias x —bsaj x +a{Uay > || D;UD; +px' D" + Dxp, + pip; (25)

I
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is a valid, yet looser, constraint. This is case 6(i) in Table 2.
In the literature also two LMIs are proposed. First observe that the two conic quadratic
inequalities (24) can be written as

bl—alT:cz HDlx—}—plu — |:b1_a1|—33 (D1w+p1)T:| EO

Dz +p, (by—ajx)I
and
by—a,x (Dyx+py)T"
T = 0.
Dyx+py (by—ay,x)I

We now assume that, without loss of generality, the matrices D; and D, are of the same size.

by —ay x> || Do + ps|| <= [

Indeed, suppose that D, has less rows than D,, then we can extend matrix D; by zero rows
or by copying scaled versions of some of the original rows. Using Lemma 2, it follows for the
Hadamard product that

b—alx (Dixz+p;)" o by—ayx (Dyx+py)" “ 0
Dix+p, (by—a]x)I Dyx+py, (by—ajx)I |~

which implies

a BT
AR (26)
where
Oé:blbg —bga]—w—bla;—w—l—a;rUag (27)
Bi = dy;Udy; + pr1ip2i + poidiix + pridojx, t=1,...,r1, (28)

and dy; and dy; is the ith row of D; and D, respectively. Notice that the matrix in the
left-hand side of (26) has an arrow structure, and hence LMI (26) is equivalent with the

following conic quadratic inequality:

1Bl2 < . (29)

It can easily be verified that (29) is a weaker inequality than (25). Since inequality (29) neither
has computational advantages, it is therefore not useful.

Using Lemma 2 for the Kronecker product, and linearizing each element of the product, we

obtain

bi—afz (Diz+p:)’ @ by—ayx (Dyx+ps)’ -0

Dix+p, (by—a]x)I Dyx+py; (by—ajz)I |~
fay" &m0, m T
~yal 1 61 N, 0,1
hon a’

e 771 (51'[ ’Y a‘[ t 07

5 m; a~y’
(7, 6,1 v al |
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where
a:blbg—bzaffc—bla;—m—l—aIUag
v =b(Dsx+ ps) — (afw)pz —DyUa,
§; =by(d] @) +pi(by—a,x) —d,Uay, i=1,...,r
n; = (d};@ + pi;)p2 + p1; Do+ DoUdy;, i=1,...,r.
7. (Q) x (P)

Consider one conic quadratic inequality and one power cone inequality

b, —ajx>|Dx+p|

x17.--

We now apply RPT to these inequalities. Multiplying the linear constraints with the conic
quadratic and the power cone inequalities yields m conic quadratic and m power cone inequal-
ities, respectively. Multiplying the power cone inequality with the left-hand side of the conic
quadratic inequality and multiplying the left-hand-sides and the right-hand sides of the two

inequalities with each other, yields:

Ng
2> (by—as ), | Y a?

(bo—asz) [ ]
i=1 i=m-+1
(bs—ala)[[23 > | Dz +p|,| 3 o
=1 i=m-+1

P
Ng

(bgl‘i — a;$$i)ai > Z (bQ:L'Z — a;—$$1)2
1=m-+1

I
[=thi=F

s
Il
—

(bo; — ag ;)™ > H(Dw +p)$[—:ﬂ+1] HF

Ng

(bg.’L‘i — a;ui)ai 2 Z (meZ — CL;—'U;Z)2
i=m-+1

—

!

(bg.’Ei — a;ui)% Z |‘DU[m+1] +pwgn+1] HF’

—-

s
Il
-

where T, 1] = [Tmi1 -+ T, ] and Uppgr) = [Wipy1 -+ Uy, ). Hence, we have obtained two extra
power cone inequalities. This results in case 7(i) in Table 2. The Frobenius-norm in the last
power cone inequality can also be replaced by the 2-norm, which yields the tighter case 7(ii) in

Table 2.
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8. (Q) x (E) Consider one conic quadratic inequality and one exponential cone inequality

by —a, x> || Dz +p|
X1 > To exp”c?’/"‘/’2
To Z 0.

We now apply RPT to these inequalities. Multiplying the linear constraint with the conic
quadratic and the exponential cone inequality yields another conic quadratic and another

exponential cone inequality, respectively. Multiplying the left-hand side of the conic quadratic

inequality with the exponential cone inequality yields:
(bs — @l @), > (by — a @)y exp-o] ea/t1-al o

T T
= by, — G,QT’U,l > (b2x2 _ aQTUQ) eXp(bzfﬂs ay ugz)/(b2za—ay uz)’

which is again an exponential cone inequality.
9. (Q) x (8)

Consider one conic quadratic inequality and one LMI

by —a, x> ||Dx
{Barisz Pt (30

First observe that

by—a,x (Dx+p)’
b, —ay x> || Dz +p|| < [fpmfp (by—aj z)I = 0.

We now apply RPT to these inequalities, use the fact that the Kronecker product of two
positive semidefinite matrices is also positive semidefinite (Lemma 2), and obtain:

by—a,x (Dx+p)’
Dz+p (by—a,x)I

(b —ajx)A(x) (diz+pi)A(x) - (d z+p.)A(z)
(d{ z +p1)A(z) (b —a; z)A()

(bo—ayx—||Dz+pl|)) A(z) =0 = [ } ®A(x) =0

=0
(d'x+p,)A(x) (b — a; ) A(x)
A(byx —Uas) A(pmz+Ud,) --- A(p,x+Ud,)
A(plm + Udl) A(bgil) - Uag)
Alpx+Ud,) A(byz —Uas)

where d; is the ith row of D. Notice that (31) is an LMI (linear in  and U). One could also
multiply the left-hand-side of the conic quadratic inequality with the LMI in (30), and then

one obtains

A(bzw — Uag) >~ 0,

which is also implied by (31).
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10. (P) x (P)

Consider two power cone inequalities

(

[JE

Ve

where ¢ be an arbitrary permutation, n, > mi,ma, Qi1, -, Q1m,Q21, - , 02, > 0 and
St = Z;”:?l ay; = 1. We now apply RPT to these inequalities. Multiplying the linear
constraints with the two power cone inequalities yields 2m; 4+ 2m, power cone inequalities.

Multiplying the right-hand sides and the left-hand sides of the two power cone inequalities

yields:
mi mao Ny Ny mi m9 Ny Ny
a1 a4 2 2 a4 g4 2 2
[Ta IIzty =4 D2 oty 2oz = Ilet IIatt 2 D2« >0 =2
i=1 j=1 i=mq+1 j=mo+1 i=1 j=1 i=mi+1  j=mo+1
(32)
my1 mo o Ng Ny
= [[I1ws0 =y X Do wloyy (33)
i=1j=1 i=mq+1j=mo+1
where 6 is such that
Zeij = (14, VZ, ZQZ] = OéQj, VJ, Hij 2 O, VZ,] (34)
j i

As discussed in Section 4.3, there are many choices for 8, and (34) is a special version of (2). Note
that the constraints in (34) are the constraints for a transportation problem. In principle one
can find many feasible 8. Two heuristics to find a feasible solution is the Vogel’s Approximation
method and the North-West Corner rule. Which 6 yields the tightest approximation is subject
for further research. One could also use several different feasible solutions 8. One could also
consider (33) as a robust constraint, where 6 is the uncertain parameter, and one could enforce

that the constraint should hold for all @ that satisfy (34). Hence, the inequality becomes

my ma na na
[II1wi 2 | > > wey, Weu, (35)
i=1j=1 i=my+1j=mo+1

where U is defined by (34). This robust inequality is concave in 6, hence one could apply
the adversarial approach, or try to find a tractable robust counterpart. With respect to the

iterative adversarial approach, in each iteration one has to find the worst-case value for 6.
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Minimizing the left-hand side of (35) is equivalent with minimizing the In of the left-hand side.

Hence, the final problem to find the worst-case for 8 is the following transportation problem:

n}gin {Zeij Inu; o) | Zeij =y, Vi, Zeij = Qg;, Vj, 0i; 20, Wv]} : (36)
Y J i

In each iteration the worst-case value for @ is found, and the corresponding power cone
inequality is added. One could also derive the tractable robust counterpart of (35); see Gorissen
and Den Hertog (2015) for deriving the conjugate of a power function.

Multiplying the right-hand side and the left-hand side of the first cone inequality with itself
yields another power cone inequality in a similar way. The same holds for the second cone
inequality.

Finally, it follows from the nonnegativity of z,---,x,, and Z,a), -+ ,Ze(m,) that

ULo(1)s " s Umy,o(mg) = 0.
11. (P) x (E)

Consider one power cone inequality and one exponential cone inequality

Ty, 03 Tm >0
T > X expz?’/w?.

We do not know how to multiply the right-hand side of the exponential cone constraint with
the power cone constraint. However, we can combine cases 3 and 4, i.e., (L)x(P) and (L)X (E)

respectively, such that applying RPT we obtain:

m I
( 7 .
H(ﬂflﬁi)ai z E (z12:)? i=1 i=m+1
i=1 i=m+1 m e
(673 .
H(i’?zl‘z) L2 E (wom;)? — i=1

i=m-+1
=1 i=m+1 L1y 3Ty Z 0
T1T) > Toxy eXpTITL/ T2 Uy > Ugy eXpUdl/uzt
| Z120 > oy, expTatm/2tm Uty > Usyy €XPUSm/H2m
U1,y U2m, U31, " ", U3m Z 0.

\
Note that there are many more possibilities to perspectify the left-hand sides of the above

power cone inequalities. Section 4.3 describes how to find the best choice.
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12. (P) x (S)

Consider one power cone inequality and one LMI

We do not know how to multiply the power cone constraint with the semidefinite cone constraint.
However, we can additionally multiply the nonnegativity constraints with the semidefinite

cone constraint, such that applying RPT to these inequalities we obtain:

2 A() =0 =  A(u;) =0, i=1,--,m.

13. (E) x (E)
Consider two exponential cone inequalities
Ty > wyexp (23/12)
T4 > w5exp (T6/7s5)
T2, Ts Z 0.
We now apply RPT to these inequalities. We have four nonnegative variables 1, xs, x4, x5, and
multiplying this with the two exponential cone inequalities yields eight other exponential cone
inequalities. Moreover, we can multiply the left-hand sides and right-hand sides of the two

inequalities with each other and with itself, and obtain three new exponential cone inequalities:

T1Xy > Tols eXP (T35 /Tos + TeLa/Tols) Ura > Uns exp ((Uss + e ) /Us2s)
22 >z exp (2w3mwy/72) — Uiy > Ung €XP (2Uns/Usgs)
x3 > xiexp (2wews/x?) Ugq > Uss €XP (2us6/Uss).

Hence, in total we obtain 8 + 3 =11 new exponential cone inequalities.
14. (E) x (S)
Consider one exponential cone inequality and one LMI

T > To exp“/””2
To Z 0
A(x) = 0.

We now apply RPT to these inequalities. Both x; and x5 are nonnegative, and we multiply

these inequalities with the LMI and obtain two LMIs:

11 A(x) =0 A(uy) =0
{xQAEw§t0 — {AguggtO
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15. (S) x (S)
Consider two LMIs

{ A(x) =0
B(x) = 0.

We now apply RPT to these inequalities. It follows from Lemma 2 that also the Kronecker
product of A(x) and B(x) is positive semidefinite:

A(z)® B(z) = 0. (37)

Notice that each element in the Kronecker product is the multiplication of two affine functions in
x. Let us denote the matrix obtained after linearization of the quadratic terms in A(x) ® B(x)
by C(U,x), which is linear in @ and U. This results in case 15(i) of Table 2.

If A and B are of the same size, then it follows from Lemma 2 that
A(x)oB(x) = 0. (38)

Notice that each element in the Hadamard product is the multiplication of two affine functions
in . Let us denote the matrix obtained after linearization of the quadratic terms in A(x)o B(x)
by D(U,x), which is linear in  and U. This results in case 15(ii) of Table 2.

The following lemma shows that the Kronecker product relaxation is at least as tight as the

Hadamard product relaxation.

LEMMA 3. Suppose A and B are of the same size. The relaxation obtained after linearization
of the quadratic terms in the Kronecker product (37) is at least as tight as the relaxation

obtained after linearization of the quadratic terms in the Hadamard product (38).

Proof. Let us denote the matrix obtained after linearization of the quadratic terms in
A(z)® B(x) by C(U,x). Let us denote the matrix obtained after linearization of the quadratic
terms in A(x)o B(x) by D(U,x). It can easily be checked that D(U, ) is a minor of C(U, x)
obtained by the elements in rows and columns 1,n+2,2n+3,...,n% Since C(U,x) is positive
semidefinite, and each minor of a positive semidefinite matrix is positive semidefinite, we have

that D(U,x) is positive semidefinite. O
Appendix C. RPT-SDP formulations of the numerical experiments

C.1. RPT-SDP formulation of Problem (DHO)

We perspectify the nonconvex part of the objective, multiply the nonnegativity constraint with
itself, linearize the product terms zx " by U, and relax U = zx " by the LMI as described in Section

4.4 (a), such that we obtain the following RPT-SDP formulation:
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min Z(C +bxy) exp

x,7,U,h,v ppr
€

s.t. Z % (exp (Bstus1) — exp (Bstr)) exp (—0hy) + % exp (BsT — Ohg) <7

kel

U x
(e 7)=0
x>0
U >0.

AChy + X" Uiy — 6t (C 4 bay,)
+7

C.2. RPT-SDP formulation of Problem (CM)

Replacing the objective function with the biconjugate function in (CM) we obtain the following equivalent
maximization problem

.
max (Az+b)"y, (CM5)
yey

where we consider three cases of X, those are X = X, X = X, and X3, where
X,={xeR} | D 'z <d}

Xo=<RxeX | log (Zexp(mﬂ) < a}
i=1
Xgi $€X1 Hm||2+2\/«ESC},
i=1
and ) is given by
yz{yeRi“ Zyj:LkelC}.
J€Tk

X = X,. By Theorem 1 we only need to multiply the equality constraint in ) with x and y. Next,
multiplying each constraint in X; with the nonnegativity constraint in ), pairwise multiplying the constraints
in X} with each other, multiplying the nonnegativity constraint in ) with itself, linearizing the terms zy '™ by

U, zz" by X and yy' by Y and adding the SDP relaxation as described in Section 4.4 (a), we obtain

max  Tr(UA)+b'y

z,y,U,X,Y
s.t. Z U,—z=0, kekK (39a)
JE€ETk
> Y, -y=0 kek (39h)
JE€ETk
D'U,; —dy; <0, j €[ny) (39¢)
DX, —dz; <0 i € [n,] (39d)
de"D+D xd" <D"XD-+dd" (39¢)
> y=1 kek (39f)
€Tk
U,X,Y>0 (392)
X U =x
UTY y|=o. (39h)
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Observe that x € X} is redundant. The constraint DTx < d is redundant by (39a), (39f) and (39c¢):
D'a<d<«= D) U;-d<0+= D" Y U;—-d) y;<0<= > (D'U;—dy,)<0.
JETL JETL JETL JETk
The nonnegativity constraint @ > 0 is redundant by (39a) and (39g). Moreover, the nonnegativity constraint

y > 0 is redundant by (39b) and (39g). Hence, these constraints are not included in the above formulation.

X =X5. From Section 5.2 it follows that first reformulating the constraints in terms of the five basic
cones, and then apply RPT might be a better option than first applying RPT and then reformulate the

results in terms of the five basic cones. Hence we consider the following equivalent form of A5:

z¢>exp($i—a)7Zzi<1}.

i=1

XQZ{:BGXl,ZGR”w

We can expand the formulation for X = &). Next to multiplying the equality constraint in ) with « and y
we now also need to multiply the equality constraint with z. Next, multiplying each constraint in X5\ X;
with the nonnegativity constraint in ), pairwise multiplying the constraints in A; with the constraints in
Xo \ X1, pairwise multiplying the constraints in X5\ X; with each other, where for the multiplication of the
exponential cone constraint with itself we use the result in Appendix B, case 13, linearizing the extra terms
zy' byU,xzz" by V,yz" by W, zxz by X, yy' by Y and zz" by Z, where X,Y and Z are symmetric

matrices, and replacing the LMI in (39h) by the LMI including also the newly introduced variables, we obtain

max Tr(UA)+b'y
Uw
XY, Z

s.t. (39a) — (39g)

i=1

z; > exp(x; —a) i€ [ng] (40Db)
J€Tk
W >0 (40d)
Z(WT)Z —y<0 (40e)
i=1
Uij —Yy;a . .
Wi > y; exp T i €[ng),j€[n,] (40f)
J
d Vi—z<o0 (40g)
i=1
X"/ - il
2y exp (“x) — V<0 i € ) (40h)
€T
DY V.-D'z—d) 2z+d>0 (40i)

i=1 i=1
dyx; — D] X; —a(d, — D] x)
dg — DZQ:

(dZDZm)exp< > —dyz;+ D] V; <0 1€ [ng,LeL (40j)



Zhen et al.: An extension of RLT to nonlinear optimization

46
YNo> Zw—2) 24120 (40k)
i=14i=1 =1
- - i = >y Vi — Ve 2
Saae (15 e E R iy
i/'=1 i’=1 =
Zyr > exp(x; + 2y — 2a) i <i' €[ng] (40m)
X U Vzx
Ur' y w
Viw 7 5| =0 (40m)
" y' 2T 1

X = X3. We reformulate the non-convex constraint via the biconjugate and subsequently
linearize the product terms. Next, we use an epigraph variable for the convex part of the new

relaxed constraint, such that we obtain the following relaxed set of constraints

Ng
S+Z‘fii§6
Xy=qxeX,VeR=" zcRl* seR =1

4 e g
ol + 3 <o

From Example 2 in Section 5.2, it follows that first reformulating the constraints in terms of the
five basic cones, and then apply RPT might be a better option than first applying RPT and then
reformulate the results in terms of the five basic cones. Hence we consider the following equivalent
form of &3

( nx

i=1
X;= we_)(‘hvGR"IX"””,SER,tGRT,zGRT H:BH + N t;i<s
) E <
=1

(Zi—ti,l)TH SZi+ti, ’LE[nw]
2

We choose ¢ to be large enough such that (CMg) with X = X satisfies Assumption 3. We can
expand the formulation for X = X;. We do not multiply the linear constraint in X3 with the other
constraints, since this will increase the number of variables enormously. However, we do pairwise
multiply the other constraints in X with all other existing constraints to obtain valuable bounds
on the newly introduced variables resulting from the perspectification step.

Next to multiplying the equality constraint in ) with @ and y we now also need to multiply the
equality constraint with s, ¢ and z. Next, except for the linear constraint in X, multiplying the
constraints in X5\ X; with the nonnegativity constraint in ), pairwise multiplying the constraints
in X5\ A} with the constraints in &} and A5 \ &j, where for the pairwise multiplication of the
second order cone constraints with each other and itself we use the result in Appendix B, case 6,

linearizing the extra terms xzx' by X, zy' by U, zz" by V, yy" by Y, yz" by W, zz" by Z,
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xt' by Q, yt" by R, 2t" by P, tt" by T — where the matrices X,Y,Z and T are symmetric —
sx by a, sy by 7, sz by 0, st by A, ss by  and replacing the LMI in (39h) by the LMI including

also the newly introduced variables, we obtain

(39a) — (39g)

N

s+y Va<c
i=1

Joll,+ 320 <
i=1
|G-t 07| <24t

Z%—SZO

JETk
JETk
JETk

1U;l, + ZRji <
=1

H(Wji - Rji7yj)TH2 <Wii+ Ry

HXZHQ + Z Qii’ <

ir=1
H(V;i’ - Qii’7xi’)TH < Vi + Qi
2
D'V,—dz <0
D'Q;—dt; <0

ldw— DI X, +d> t.~ D7 S Q. <dys - D]

i=1 =1

(de(z:~ ) + D] (Qu = Vi) ,de — D[ @) ||, < (2 + ;) — D] (Qi + V)

2+ipii’§9i

/=1

9 + ni T <\
i’=1

|Q:

Vi

lefl, +>_xi <5
i=1

11, +2>_ [l
=1

Nge Ng

LYY T <p

i=1 =1’/

ng .
||(Vl -Q;, m)HQ +i/z::1 H(Pii’ — Ty tor) H2 <0+ N\

(41a)

(41D)

i€ [ng) (41c)

i€ [n.], ke (41d)
i€ [n.], ke (4le)

i€ [n.], ke (41f)

J € [ny] (41g)

i € [ng),j € ny

(41h)
i € [na] (41i)
i, € [n,] (41j)
i € [na] (41K)
i€ n, (411)
el (41m)

1€ n,], €L (41n)

i € [na)] (410)
i € [n,] (41p)
(41q)
(41r)
i € [n,] (41s)
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IV +Qilly + > (P +Tow) <0+ A i € [N (41t)
i/ =1
H(Z”/ — P’i’i/’z’i/)HZ < Z“-/ + Pii’ i, 7 S [TLI] (41V)
H(Pii’ - Tii’yti’)Hg <Py +T (B i’ € [nac] (41W)
H(Z“/ — T“'/, 27 + tl/)H S Zii/ —+ Piz" —+ Pi’i +T“/ i, Y:l S [’ﬂz] (41X)
H (Zii/ — Pi;/. — P;m‘ + T 2z —1151) < Zis+ Py + Poi+ T Qi e [nx] (41)’)
i — Uyt 2
P.QRT,V,.W2>0 (412)
z>0 (43aa)
X U V Qacx
UTY W R~y
VIWT Z P 0z
Q" R P T At|=" (43bb)
a” 47 0T AT B s
z' y' 2T t7 s1

Appendix D: Mountain climbing procedure

We use a mountain climbing procedure based on the algorithm from Tao and An (1997), to find a
lower bound for (CM).
The input of the MC procedure for X =X} and X = X} is a finite set X’ = {wub,wl,...,wny},

where

U] vf . > 0
x; = Ww 1 (yun); = , for all j €[n,],
Tw i (Yup); =0

and x.;, Y., and U are part of the solution obtained from the RPT relaxation. Observe that
for X =X} and X = X, we have X’ C X. The MC procedure for X = X; and X = &), is given by
Algorithm 1.

For the mountain climbing procedure for X = X3 we consider the equivalent biconjugate reformu-

lation of A3, i.e.,
s+x'z <c

5(\3: xEXl,ZER:L_ﬂ_,SGR H$H2+§:41§3
=

The mountain climbing procedure for X = X5 follows the same steps as in Algorithm 1, with a few
differences, due to the nonconvexity in the original problem formulation.

The input is a finite set &3 constructed in the following way. We first construct the set X} =

z z Yy
{xw,xi,..., x> ,x¥,

ng?

...,z } of candidate solutions for (CM), where

x; = (Zub)i 1 ()i = and .’Bg = Wu); 1 (y b)J for all i € [n.],j € [ny]7
Tup if (zu)i =0, Lup if (yu); =0,
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Algorithm 1 Mountain climbing procedure
Input: X', L=0
1: for x € X' do

2. y<argmaxx Ay+b'y

yey

3: e+1

4:  while € > 0.001 do

5: Lb+x"Ay+b'y

6: x +—argmaxx' Ay+b'y
reX

7: Yy argmaxez Ay+b'y
yey

8: Lb, < xz"Ay+b'y

9: €<+ Lb,—Lb

10:  end while

1 L+ LU{(z,y)}

12: end for

13: (x*,y*) < argmax, .o, x'Ay+bly
14: Lb* = (z*)T Ay* + b y*

15: return (Lb*, z*, y*)

and x,;, Yup, U, and V are part of the solution from the RPT relaxation. Note that X3 Z X, since
the solution from the RPT relaxation might not be feasible for (CM). Therefore, we select the set
of candidate solutions in &% that satisfy the nonconvex constraint in A, such that we obtain the

finite set

el + 3o varsel.

Observe that it is possible that X; = (. In this case, we cannot find a feasible solution.

Xl = {xexg

Moreover, instead of fixing & and maximizing for y and vice versa, we now first fix & and

maximize for y and z, and then maximize for @, in which y and z are fixed.

Appendix E: Data generation of numerical experiments
E.1. Data generation of numerical experiment of Section 8.1

We take the data from Eijgenraam et al. (2017). The values for the parameters for each distinct
dike ring are given in Table 8. Here, « is the exponential distribution parameter for extreme water
levels (1/cm), ¢ is the increase of loss per centimeter dike heightening (1/cm), 7 is the structural
increase of the water level in cm per year, Sy is the expected loss at time ¢t =0, y is the rate of

growth per year of wealth in dike ring, § is the discount rate, T' is the time horizon and b,c and A
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are positive constants. Moreover, # =« — (, 8 denotes the growth rate of the damage costs and is

given by f=an -+, and ;=5 — 0.

No. « b c A ¢ n So y 6 T
1564.9

10 0.033027 0.6258 16.6939 0.0014 0.003774 0.32 5570 0.02 0.04 300
11810.4

15 0.0502  1.1268 125.6422 0.0098 0.003764 0.76 =59 0.02 0.04 300

16 0.0574  2.1304 324.6287 0.01  0.002032 0.76 2250566'5 0.02 0.04 300

Table 8 Values for the parameters for each distinct dike ring considered.

E.2. Data generation of numerical experiment of Section 8.2

We use the data generated by Selvi et al. (2020, Appendix F.5). In every problem, every max-term
has the same number of elements, i.e., |J.| = |Jw| for every k,k’ € K. We denote the problems
in which X = A&,. For X = X and X = &; we take the same problem but without then geometric
constraint and with the geometric constraint replaced by the constraint H:BH2 + i:\/xi <eg,

i=1
respectively.

Problem instances 1, 2 and 3 are defined by:

max Z max{A;x}

s.t. T; S < xS [nI]

In <Zexp z; > <a,

where A;; ~[—5,5].
Problem instances 7 and 11 are defined by:

max Z%E}X{A x+0b;}

s.t. DTa: <d

In (ZT: eXp(xi)> <a,
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where:

Problem instance 7: A;; ~[—5,5],b; ~[—10,10], D;; ~[0,1],d; ~ [5, 15]
Problem instance 11: A;; ~[-5,10],b; ~[—10,10], and D and d are given by:

respectively. Moreover, the values for the parameters of each distinct problem are given in Table 9.

Table 9

37 0 51 1 0 2 —11]
70 5110 2 -1-11
0 -51 1 0 2 -1-1-91
51 1 0 2 -1-1-93 1
1 10 2 -1-1-93 51
102 -1-1-93 5 01 (5]
0 2 -1-1-93 5 0 01 2
2 -1-1-93 5 0 0 11 ~1
1-1-93 5 00 1 71 -3
1-93 5 0 0 1 7 -71 5
93 5 0 0 1 7 —7-41|> ad d=] 1,
3500 1 7 —7-4-61 ~1
5 0 0 1 7 —7-4-6-31 0
00 1 7 —-7-4-6-371 9
01 7 -7-4-6-37 01 | 40 |
1 7 -7-4-6-37 0 -51
7 -7-4-6-37 0 -5 11
7 4-6-37 0 51 11
4-6-37 0 51 1 01
6 -3 0511 0 2 1]

1 #2 #3 H#T 11
n, | 5 5 20 10 20
1
5
3

K| 10 10 2 10
kA 5 10 5 10
a 3 11 3 5
c |6 6 25 7 30
M 100 100 1000 1000 1000

Values for the parameters for each distinct problem instance considered.
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