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Abstract

Quadratically constrained quadratic programs (QCQPs) are a fundamental class of optimization
problems. In a QCQP, we are asked to minimize a (possibly nonconvex) quadratic function subject to a
number of (possibly nonconvex) quadratic constraints. Such problems arise naturally in many areas of
operations research, computer science, and engineering. Although QCQPs are NP-hard to solve in general,
they admit a natural convex relaxation via the standard (Shor) semidefinite program (SDP) relaxation.
In this tutorial, we will study the SDP relaxation for general QCQPs, present various exactness concepts
related to this relaxation and discuss conditions guaranteeing such SDP exactness. In particular, we
will define and examine three notions of SDP exactness: (i) objective value exactness—the condition
that the optimal value of the QCQP and the optimal value of its SDP relaxation coincide, (ii) convez
hull exactness—the condition that the convex hull of the QCQP epigraph coincides with the (projected)
SDP epigraph, and (iii) the rank-one generated (ROG) property—the condition that a particular conic
subset of the positive semidefinite matrices related to a given QCQP is generated by its rank-one matrices.
Our analysis for objective value exactness and convex hull exactness stems from a geometric treatment
of the projected SDP relaxation and crucially considers how the objective function interacts with the
constraints. The ROG property complements these results by offering a sufficient condition for both
objective value exactness and convex hull exactness which is oblivious to the objective function. By
analyzing the geometry of the associated sets, we will give a variety of sufficient conditions for these
exactness conditions and discuss settings where these sufficient conditions are additionally necessary.
Throughout, we will highlight implications of our results for a number of example applications.

1 Introduction

Quadratically constrained quadratic programs (QCQPs) are a fundamental class of nonconvex optimization
problems that naturally arise in operations research, engineering, and computer science; see Wang and
Kiling-Karzan [62] for additional applications of QCQPs. The ubiquity of this class of optimization problems
stems from its expressiveness; any {0, 1} integer program or polynomial optimization problem may be recast
as a QCQP (see Bao et al. [5], Ben-Tal et al. [12], Phan-huy-Hao [50] and references therein).

It is well known that QCQPs are NP-hard to solve in general—indeed, the NP-hard combinatorial problem
Max-Cut can be readily recast as a QCQP. On the other hand, the standard (Shor) semidefinite program
(SDP) relaxation offers a natural tractable convex relaxation for a general QCQP Shor [54]. This convex
relaxation is obtained by first reformulating the QCQP in a lifted space with an additional rank constraint
and then dropping the rank constraint. Several papers have studied the quality of this relaxation for specific
problem classes such as Max-Cut Goemans and Williamson [33] as well as for more general QCQPs Ben-Tal
and Nemirovski [11], Megretski [45], Nesterov [47], Ye [69].

Laurent and Poljak [11] showed that it is NP-hard to determine whether the SDP relaxation of a given QCQP
has objective value exactness, i.e., whether the optimum objective value of the QCQP matches the optimum
objective value of its SDP relaxation. Nevertheless, a recent line of work has focused on sufficient conditions
that ensure various forms of SDP exactness. In this direction, prior work has focused on the case where



there are only a few (usually one or two) nonconvex quadratic functions in the QCQP. This research vein can
be traced back to Yakubovich’s S-procedure Fradkov and Yakubovich [28], Yakubovich [67] (also known as
the S-lemma) and the work of Sturm and Zhang [57]. In particular, the classical trust region subproblem
(TRS)—the problem of minimizing a nonconvex quadratic function over an ellipsoid—and its variants have
attracted significant attention and cases under which an exact SDP reformulation is possible have been
investigated; see the excellent survey by Burer [15] and references therein. For example, Jeyakumar and Li [39)]
showed that the standard SDP relaxation of the TRS with additional linear inequalities has objective value
exactness under a condition regarding the dimension of the minimum generalized eigenspace. Ho-Nguyen and
Kiling-Karzan [38] give a generalization of Jeyakumar and Li [39, Section 6] (see Ho-Nguyen and Kiling-Karzan
[38, Section 2.2] for a comparison of these conditions). Follow-up work by Wang and Kiling-Karzan [60]
extends these results to the setting of the generalized trust region subproblem (GTRS)—the problem of
minimizing a nonconvex quadratic function over a nonconvex quadratic constraint. Additional work Ben-Tal
and den Hertog [10], Locatelli [12, 13] observes that under a simultaneous diagonalizability assumption, it is
possible to rewrite the SDP relaxation as a second-order cone program (SOCP). Sufficient conditions for
objective value exactness can then be derived by analyzing the KKT-multipliers of the associated SOCP. This
approach is investigated for the extended TRS Locatelli [42] and simultaneously diagonalizable QCQPs with
two constraints Ben-Tal and den Hertog [10].

A more recent line of research has focused on sufficient conditions for different forms of exactness which do
not make explicit assumptions on the number of nonconvex quadratic functions. In this context, objective
value exactness has been investigated frequently. As an example, Burer and Ye [18], Locatelli [44] establish
sufficient conditions under which diagonal QCQPs (those QCQPs with diagonal quadratic forms) have this
property. Wang and Kiling-Karzan [62] study the geometry of the set of convex Lagrange (dual) multipliers
and a natural symmetry parameter of the QCQP and establish that objective value exactness (among other
forms of exactness) holds whenever the set of Lagrange multipliers is polyhedral and the symmetry parameter

is large enough. On the one hand, the framework presented in Wang and Kiling-Karzan [62] is general enough
to cover and extend many existing results Burer and Ye [18], Fradkov and Yakubovich [28], Ho-Nguyen and
Kiling-Karzan [38], Locatelli [42], Wang and Kiling-Karzan [60] on objective value exactness. On the other

hand, the embedded assumption that the set of convex Lagrange multipliers is polyhedral is restrictive and
prevents the results in Wang and Kiling-Karzan [62] from being applied to a number of interesting QCQPs
(including some that are known to have exact SDP relaxations). More recently, Wang and Kiling-Karzan
[61] presented a generalization of their framework from Wang and Kiling-Karzan [62] and record sufficient
conditions for objective value exactness for general sets of convex Lagrange multipliers. They furthermore
show that these sufficient conditions are also necessary in the context of convex hull exactness (see the
following paragraph) when the polar cone to the set of convex Lagrange multipliers is facially exposed.

Wang and Kiling-Karzan [59, 61, 62] complement sufficient conditions for objective value exactness with
sufficient conditions for convex hull exactness, i.e., the property that the convex hull of the QCQP epigraph
coincides with the (projected) SDP epigraph. Although convex hull exactness is a stronger property than
objective value exactness, it is also more widely applicable. Specifically, results showing how to convexify
commonly occurring substructures in nonconvex problems are useful in building strong convex relaxations
for more complicated nonconvex problems. Such results have advanced state-of-the-art computational
approaches for mixed integer linear programs and general nonlinear nonconvex programs; see Conforti et al.
[20], Tawarmalani and Sahinidis [58]. In this direction, Wang and Kilin¢-Karzan [59, 62] established that
the convex hull of the epigraph of a “highly-symmetric” QCQP with a polyhedral set of convex Lagrange
multipliers is given by its projected SDP relaxation. These results were further generalized in Wang and
Kiling-Karzan [61] where the assumption that the set of convex Lagrange multipliers is polyhedral is dropped.
The results from Wang and Kiling-Karzan [59, 62] recover a number of existing results Burer and Kiling-Karzan
[16], Ho-Nguyen and Kiling-Karzan [38], Modaresi and Vielma [16], Wang and Kiling-Karzan [60], Yildwan [70],
including convex hull characterizations of specific sets defined by one or two quadratics. The generalization
given in Wang and Kiling-Karzan [61] widely broadens the applicability of the framework and recovers convex
hull results for quadratic matrix programs Beck [7], Beck et al. [9] as well as a basic mixed-binary set related
to the “perspective reformulation/relaxation trick” Frangioni and Gentile [29], Giinliik and Linderoth [36].
We remark that the “perspective reformulation/relaxation trick” is well known in the literature and has
been useful in deriving convex hull exactness for a variety of sets arising in sparsity-constrained optimization



Atamtiirk et al. [4], Ceria and Soares [19], Dong and Linderoth [27], Frangioni and Gentile [29], Giinliik and
Linderoth [36], Wei et al. [63, 64].

The sufficient conditions for objective value and convex hull exactness presented in Wang and Kiling-Karzan
[59, 61, 62] rely heavily (unsurprisingly) on how the objective function interacts with the constraints. A
separate line of work complements these results by investigating conditions for SDP exactness which are
oblivious to the objective function. Such results are useful, for example, in settings where the objective
function may evolve with time or are not known a priori. In this direction, an important geometric property,
namely, the rank-one generated (ROG) property (first coined in Hildebrand [37]), plays an important role. A
closed convex conic subset of the positive semidefinite cone is said to be ROG if it is equal to the convex hull
of its rank-one matrices. As an immediate example, the positive semidefinite cone itself is ROG. One may
compare the ROG property of a closed conic subset of the positive semidefinite cone with the integrality
property of a polytope. In both cases, the property states that the convex set in question is the convex hull
of a nonconvex set of interest.

In contrast to well-known sufficient conditions, e.g., total unimodularity or total dual integrality, for the
integrality property of polyhedra (see de Carli Silva and Tungel [22] and references therein), the research
on the ROG property is much more recent and limited. Indeed, this property until recently had only been
studied incidentally to other research questions. A series of works in the matrix completion literature Agler
et al. [1], Grone et al. [35], Paulsen et al. [19] show that the set of positive semidefinite matrices with a
fixed chordal support is ROG. The celebrated S-lemma Yakubovich [67] (see also Sturm and Zhang [57]) can
be interpreted as saying that the intersection of the positive semidefinite cone with a single linear matrix
inequality (LMI) is ROG. A closely related line of work gives explicit descriptions of the ROG cones related
to quadratic programs over triangles, tetrahedra, and quadrilaterals Anstreicher and Burer [2], and ellipsoids
missing caps Burer and Yang [17]; see also the excellent survey paper Burer [15]. More recently, Blekherman
et al. [14], Hildebrand [37] study algebraic properties of ROG cones obtained by adding homogeneous linear
matrix equalities (LMEs) to the positive semidefinite cone.

Extending this line of work, Argue et al. [3] examine the question of what the ROG property of a conic
subset of the positive semidefinite cone corresponds to in terms of its defining LMIs. They present a toolset
for studying the ROG property based on facial structure (similar to that for integrality in polyhedra) and
use it to derive a number of sufficient conditions for the property. This toolset is additionally used to give
an explicit characterization of the ROG cones defined by at most two LMIs. This extends one of the few
settings in the literature—the case of a single LMI and the S-lemma—where an explicit characterization of
the ROG property is understood.

1.1 Overview and outline

This tutorial summarizes some recent work on notions of exactness in SDP relaxations of QCQPs: objective
value exactness, convex hull exactness, and the ROG property. Specifically, the contents of this tutorial track
closely with results first presented in Argue et al. [3], Wang and Kiling-Karzan [59, 61, 62]. An outline of this
tutorial is as follows:

(a) We begin with preliminaries in Section 2. Sections 2.1 and 2.2 introduce QCQPs and their SDP relaxations.
Section 2.3 then states our main assumptions and recalls basic facts from the framework of Wang and
Kiling-Karzan [61, 62]. Specifically, we recall the definition of the set of convex Lagrange multipliers and
its role in defining the SDP relaxation (see Lemma 1). This description is the starting point for both the
objective value and convex hull exactness results that we will present in Sections 3 to 5. We conclude
this section by presenting preliminaries related to the ROG property in Section 2.4.

(b) Section 3 presents sufficient conditions for objective value exactness under the assumption that the set of
convex Lagrange multipliers is polyhedral. We define the notion of definite and semidefinite faces of the set
of convex Lagrange multipliers and use these definitions to state our first sufficient conditions. Theorem 1
presents a sufficient condition under which the minimizers of the (projected) SDP relaxation are also the
minimizers of the QCQP. Note that this property is stronger than objective value exactness. Theorem 2
relaxes the sufficient condition of Theorem 1 when only objective value exactness is required. We follow
these results with a comparison of our sufficient conditions with others proposed in the literature and a



number of example applications. Specifically, we will see how to recover objective value exactness results
for diagonal QCQPs with sign-definite linear terms and QCQPs with centered constraints and polyhedral
convex Lagrange multipliers.

(c) Section 4 presents sufficient conditions for convex hull exactness under the assumption that the set of
convex Lagrange multipliers is polyhedral. After providing a short proof sketch of this result, we then
present a number of example applications. Specifically, we will see how to derive convex hull exactness
results for the generalized trust region subproblem, a quadratic problem over a “Swiss cheese”-like domain,
and QCQPs with large amounts of symmetry and polyhedral convex Lagrange multipliers.

(d) Section 5 shows how to modify the sufficient conditions presented in Section 4 when the assumption that
the set of convex Lagrange multipliers is polyhedral is dropped. This sufficient condition is then used to
derive convex hull exactness results for a specific mixed-binary set with complementarity constraints as
well as for general quadratic matrix programs.

(e) Using the terminology and notation introduced in Section 2.4, we study necessary and/or sufficient
conditions under which the intersection of the positive semidefinite cone with a set of (possibly infinitely
many) homogeneous LMIs is an ROG cone in Section 6.

We start by presenting a few consequences of the ROG property in terms of objective value exactness
and convex hull exactness in Section 6.1. This section also illustrates how results on the ROG property
of convex cones can be translated into inhomogeneous SDP exactness results, variants of the S-lemma,
and SDP-based convex hull descriptions of quadratically constrained sets. We present a few applications
of these results, and comment on how ROG-based sufficient conditions for the SDP exactness (objective
or convex hull) differ from the previous SDP exactness conditions presented in Sections 3 to 5.

In Sections 6.2 to 6.4, we build our toolset to study ROG sets. Specifically, in Section 6.2 we examine
their facial structure in terms of how the ROG property behaves when we convert some of the LMIs
to LMEs (these results are particularly useful for analyzing spectrahedral sets defined by finitely many
LMIs/LMEs). We present simple operations preserving the ROG property in Section 6.3. We discuss in
Section 6.4 the characterization of the ROG property in terms of the existence of nonzero solutions of
quadratic systems.

We discuss a number of sufficient conditions for the ROG property in Section 6.5 and illustrate how
to recover some well-known ROG results related to the TRS and the TRS with an additional linear
constraint.

In Section 6.6, we give a complete characterization of ROG cones defined by two LMIs, and establish
that there exist simple certificates of the ROG property in this case. We additionally give a short proof
sketch of this characterization in the most interesting case.

In Section 6.7, we demonstrate how to apply our ROG toolset to derive objective value exactness results
for the problem of minimizing a ratio of quadratic functions over a quadratically constrained domain.

We present comparisons of these results with the literature in further detail throughout the document.

1.2 Notation

For nonnegative integers m < n, define [n] := {1,...,n} and [m,n] = {m,m+1,...,n—1,n}. Let Ry
denote the nonnegative reals. Let S™ denote the set of real symmetric n x n matrices and S} the cone of
positive semidefinite matrices. We write A = 0 (respectively, A > 0) if A is positive semidefinite (respectively,
positive definite). Given A € S”, let range(A) and ker(A) denote the range and kernel of A respectively. For
M e R™™™ let Sym(M) == % € S™. For a € R"™, let Diag(a) denote the diagonal matrix A € S™ with
diagonal entries A;; = a; for all i € [n]. Let 0,, I, € S™ denote the n X n zero matrix and identity matrix
respectively; we will simply write 0 or I when the dimension is clear from context. We will overload notation
and also let 0,, € R™ denote the zero vector; whether 0 or 0,, is a scalar, vector, or matrix will be clear from
context. For W a subspace of R” with dimension k, a surjective map U : R¥ — W and A € S”, let Ay denote
the restriction of A to W, i.e., Ayy = U*AU. When the map U is inconsequential, we will omit specifying it.



For a € R”, let IIyya € W denote the orthogonal projection of a onto W. For u € W and v € W, let u @ v
denote their direct sum. For A € S® and B € S, let A® B € S"™™ and A® B € S™* denote the direct sum
and Kronecker product of A and B respectively. For a subset D of some Euclidean space (e.g., R™ or S™)
let D°, int(D), rint(D), rbd(D), extr(D), conv(D), clconv(D), cone(D), clcone(D), span(D), aff (D), dim(D),
aff dim(D) and D+ denote the polar, interior, relative interior, relative boundary, extreme points, convex
hull, closed convex hull, conic hull, closed conic hull, lineal hull, affine hull, dimension, affine dimension, and
orthogonal complement of D, respectively. We will write 7 < D to denote the fact that F is a face of D. Let
Lt = {z = (z,t) e R" x R: ||z||, <t} denote the second-order cone (SOC) in R™*.

2 Preliminaries

2.1 Problem setup

In this tutorial, we will restrict ourselves to considering epigraphs of quadratically constrained quadratic
programs. See Wang and Kiling-Karzan [61] for similar results on general quadratically constrained sets. Let
M, Mg CS" ! and define M .= M;UMgpU{-M : M € Mg}. Let

.
G) M(f) <0,YM € M;
X ={LzeR":

.
(f) M (91”) —0,YM € Mg

We will routinely think of a matrix M € S"*! as a block matrix with the form M = ( A b) € S"*! for

b' ¢

A€S" beR"” and c € R. In this form, M € S"*! defines a quadratic function on x € R” via the map

2\ (A b\ [«
_ T T
x»—>(1> (bT c) (1>—x Ax+2b z +c.

In other words, X C R” is a domain defined by a collection of quadratic inequality constraints, M, and a
collection of quadratic equality constraints, Mg.

Aob; bo; . .
Given an additional quadratic objective function Mo = ( bTbJ N ) € S we will consider the QCQP

obj Cobj

Opt == inf, {(”DT Mo <Cf) Lz X} . (1)

Let D denote the epigraph of this QCQP, i.e.,

Di={(z,t) ER" xR : (T)TMOW(QQ . 2)

reX

In Sections 3 to 5, we will additionally assume that M; and Mg are both finite. In such a setting, it
will be convenient to label the matrices in M; U Mpg. Let m; and mpg denote the number of inequality
and equality constraints respectively and set m := m; + mg to be the total number of constraints. Let

Mp={My,...,Mp,} and Mg ={My,+1,..., Mp}. Fori € [m], we will write M; = (Ai bi) and define

bT C;
2\ " T
qi(z) = (1> M; (1) =z Az + QbiTx +¢;.

A large part of our discussion in Sections 3 to 5 will revolve around the Lagrangian dual and aggregation. We
thus introduce the following notation. Let g : R — R™ denote the vector-valued function with ¢(x); = ¢;(z).
Define A(y) := >_1"; v;A;. Similarly define b(v) and ¢(7). Note that with these definitions

D igi(@) = (v,q(@) = 2T A(y)z + 2b(y) @ + c(y).
=1



2.2 The projected semidefinite programming relaxation

A natural convex relaxation of D is given by the standard (Shor) semidefinite programming (SDP) relaxation.
To simplify our notation, given an arbitrary set M C S™*!, we define

3)

S(M) = {ZeS”ﬂ: (M,Z) <0,VM e M }

Z =0

Note that S(M) is a closed convex cone. We will revisit this set in Sections 2.4 and 6.

Definition 1. The projected SDP relaxzation of the QCQP (1) is
— X n+1 .
Optgpp = inf ¢ (Mopj, Z) 3= (xT 1) esm (4)
vek Z e S(M)

The projected SDP relazation of D is

iZ = (g;x; af) € Sntl .
Dspp = (x,t) ER" xR: <Mobj,Z> <t . (5|:)|
Z e S(M)

By taking X =z, it is clear that D C Dgpp. Furthermore, as Dspp is the projection of a convex set, it is
itself convex. In particular, conv(D) C Dgpp and Opt > Optgpp.

This tutorial presents recent work Argue et al. [3], Wang and Kiling-Karzan [59, 61, 62] towards understanding
when equality holds in these relations. Specifically, we will say that a QCQP of the form (1) has objective
value exactness (resp. convex hull exactness) if Opt = Optgpp (resp. clconv(D) = Dspp).

2.3 Preliminaries on aggregation

In this subsection, we will present an alternative description of Dgpp which will highlight the role played by
the set of conver Lagrange multipliers. We will assume that M; and Mg are both finite for the remainder of
this subsection.

Definition 2. The set of convex Lagrange multipliers associated with D is

YobjAobj + A(7y) = 0
[:= ¢ (Yobj,7) ERXR™: b >0 ) O
i > 0, Vi € [my]

Note that I' is a convex cone. This set and its variants are known to be important in studying SDP relaxations
of QCQPs; see for example Wolkowicz et al. [65, Chapter 13.4.2] where a lifted version of this set is used to
describe the SDP relaxation of a QCQP (cf. Lemma 1).

We will make the following definiteness assumption which can be interpreted as requiring the dual of (4) be
strictly feasible. This is a standard assumption in the literature.

Assumption 1. There exists (77,;,7") € I' such that 3, Aop; + A(y*) = 0. |

A version of the following description specifically for the SDP objective value was first recorded by Fujie and
Kojima [30].

Lemma 1 (Wang and Kiling-Karzan [62, Lemma 1]). Suppose Assumption 1 holds. Then,
Dspp = {(z,1) € R" X R : Yop;(gobj(®) = ) + (7,4(x)) < 0, ¥(70pj,7) € T'} -

In particular, Dspp = {(z,t) € R” xR (govj(x) — t,q(z)) € T'°} where I'° is the polar cone of T
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Figure 1: The blue region (first row) is a plot of the pairs v € R? such that (1,7) € I' in Example 1.
Lemma 1 then states that Dgpp (the leftmost set on the second row) is equal to the intersection of the
sets {(z,t) € R? x R: gobj(@) — t + (7, q(x)) < 0} (the remaining sets on the bottom row) over the extreme
points of this blue region.

In other words, Lemma 1 states that Dgpp is given by imposing the convex quadratic constraints on
(z,t) € R™ x R that can be obtained via Lagrange aggregation. We illustrate this in greater detail in the
following example.

Example 1. Consider the following QCQP

in%2 {:L’TAObjIL' sl Az 4+1<0,Vie 2] } ,
x€

1
Aobj = < 1> ’ Al

In this case, we may compute I' explicitly:

where

Il
-
N
—
~
b
[\v]
Il
R
—
[
O
N

'YobjAobj + A('Y) i 0
r= (%bjﬁ) eERxR?: Yobj = 0
720

Yobj — 271 +72 >0

(’Yb‘ ’}/)ERX]R2 70bj+71_27220
obj» :

“Yobj > 0
v=0
1 1 1 1
= cone o],(1/2),]1 0 |,|1
0 0 12) \1

As Assumption 1 holds (e.g., take (v5,;,7) = (1,0,0)), Lemma 1 implies that

DSDP - {(mvt) S Rz xR: /Yobj(QObj(x) - t) + <’Ya q($)> S 07 v(’YOij’Y) el }
it a3 <t
B n o (3/2)a3+1/2<t
= @D ERTXR: g2 1a <y
2<t

Here, the second line follows as (Yobj,Y) F Yobj(@obj(x) — t) + (7, q(x)) is linear so that it suffices to impose
the constraint in the first line for any set of aggregation weights which generate I'. See Figure 1 for a visual
depiction of the set Dgpp.



A key takeaway from this example is that when I" is “simple,” Lemma 1 gives us a powerful tool to explicitly
understand both Dgpp and Optgpp.- O

Remark 1. Note that under Assumption 1, Lemma 1 implies that Dgpp is closed. O

2.4 Rank-one generated subsets of S

In Section 6, we will work directly with sets of the form S(M) defined in (3) and examine the following
property of these sets. In contrast to Sections 3 to 5, we will not always assume that M is finite in this
section.

Definition 3. A closed convex cone S C S§'™! is rank-one generated (ROG) if

S:conv(Sﬂ{zzT tz € RV, O

Remark 2. Note that for a closed convex cone S C S, we have conv(SN {227 : z e R""'}) = clconv(SN
{227 : z e R"T1}). O

We will observe in Section 6 that the ROG property can be used to derive both objective value and convex
hull exactness results. For example, Lemma 4 states that if S(M) C Si“ is ROG, then objective value
exactness holds for every choice of objective function My; such that the SDP value is finite.

Recall the following definition.

Definition 4. For Z € S"*! nonzero, let R, Z := {aZ : a > 0} denote the ray spanned by Z. We say that
R, Z is an extreme ray of S if for any X,Y € S such that Z = (X +Y)/2, we have X, Y e R Z. O

The following lemma gives an alternate characterization of ROG cones in terms of its extreme rays.

Lemma 2 (Argue et al. [3, Lemma 1]). Let S C ST be a closed convex cone. Then, S is ROG if and only
if for each extreme ray Ry Z of S, we have rank(Z) = 1.

In contrast to the above characterization, which relates the ROG property of a cone to primal properties
(e.g., the rank of its extreme rays), in Section 6 we will be concerned with understanding the ROG property
of a cone §(M) in terms of its defining inequalities M.

Remark 3. The ROG property is also relevant in the context of sum-of-squares (SOS) programming. Let
Vi={zeR": 2 A4z =0,Vie[m]}.

It is possible to show that “every quadratic form A’ € S§™ which is nonnegative on V is immediately
nonnegative”! if and only if

{X eSt: (4;,X)=0,Vie[m]}

is ROG. See Blekherman et al. [14, Section 6] for additional applications and connections of the ROG property
in real algebraic geometry and statistics. O

3 Objective value exactness and polyhedral I'

In this section, we take a first look at our framework which is predicated on understanding how the quantities
A(7y) and b(7) interact on faces of I'. In this section, we will assume that I" is polyhedral and present some
conditions under which objective value exactness, Optgpp = Opt, holds. Throughout this section, we will
assume that M; and Mg are both finite.

Assumption 2. The set of convex Lagrange multipliers, I', is polyhedral. O

1Formally, this is the property that z T A’z >0 forallz € V = A’ € St + span({A;}).
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Figure 2: In each row above, we illustrate first the set {Aqp; + A(7) € S?: v € R2} on the left and the
set {7y €RZ : Agpj + A(y) €S2} = {7y €R?: (1,9) € I'} on the right. It is not hard to show that, under
Assumption 1, T' is polyhedral if and only if the set {’y €R?: (1,v) € I‘} is polyhedral.

Although Assumption 2 is rather restrictive, it is general enough to cover the case where the set of quadratic
forms {Aop;} U {A; : ¢ € [m]} is diagonal or simultaneously diagonalizable—a class of QCQPs which have
been studied extensively in the literature Ben-Tal and den Hertog [10], Locatelli [43]. See also Ramana
[52] for a characterization of polyhedral spectrahedra and a reduction showing that deciding whether a
given spectrahedron is polyhedral is coNP-hard in general. See Figure 2 for an illustration of examples and
nonexamples of Assumption 2.

Remark 4. We note that under Assumption 2 the set Dgpp is in fact SOC-representable. Specifically, under
this assumption, we may pick a finite subset {(’ygfo)j,w(j))} C T that generates T, i.e.,

T' = cone ({(’Ygi)jﬁ(j))}> '

Then, as in Example 1, Dgpp is defined by finitely many convex quadratic constraints,

Dspp = {(x,t) €ER" xR: 7((){3)] Gobi(T) + <W),q(x)> < véﬁ t, Vj},
whence it is SOC-representable.

A number of authors Ben-Tal and den Hertog [10], Locatelli [43] have noted that when the set of quadratic
forms {Acpj, A1, ..., Apn} is simultaneously diagonalizable, that Dgpp is SOC-representable. It is not hard to
show that simultaneous diagonalizability implies Assumption 2 so that we also recover an SOC representability
result under simultaneous diagonalizability. In contrast, our SOC representation is in the original space but
may involve exponentially many constraints (one for each extreme ray of I'), while the SOC representation of
Dspp given in Ben-Tal and den Hertog [10], Locatelli [43] uses n additional variables but only linearly many
convex quadratic constraints. O

Definition 5. Let F be a face of I'. We say that F is a definite face if there exists (Yobj,7y) € F such that
YobjAobj + A(7y) > 0. Otherwise, we say that F is a semidefinite face. |



We highlight that based on this definition, a face of I" is either a definite face or a semidefinite face.

Definition 6. Given a subset F C R™*!, define

V(F) ={veR": v (YobjAob; + A(7))v =0, ¥(Yobj,7) € F}. 0

The set V(F) plays an important role in our analysis. The main property we use of this set is the following:
Suppose (2,%) € Dspp and F is the face of T' exposed by (gob;(#) — £, ¢(#)). Then, for 2/ € V(F) and ' € R,
we have that the quadratic constraints associated with (Yonj,v) € F, i.€., Yobj(qobj(z) —t) + {7, ¢(x)) <0,
behave linearly when we perturb (£,%) in the direction (2’,2t').> More formally, for any (Yobj,7) € F,
2’ € V(F) and t' € R, the function € — Yob;j(qob;(£ + €x’) — (£ + 2€t’)) + (v, q(2& + ex’)) is linear.

Remark 5. Note that if F is a subset of I, then
V(‘/T) = {U €eR™: (VobjAobj + A(r}/))v = 07 v(’YOb_jv’y) € F}

is the shared zero eigenspace of the matrices corresponding to F. In particular V(F) is a linear subspace. It is
not hard to show that when F is a semidefinite face of I, that dim(V(F)) > 1 (see Wang and Kiling-Karzan
[62, Lemma 2]). O

We are now ready to state our first sufficient condition for objective value exactness. The following result
comes from Wang and Kiling-Karzan [62, Theorem 3].

Theorem 1. Suppose Assumptions 1 and 2 hold. If for every semidefinite face F of ' we have

0 ¢ Ty {bob; +b(7) : (1,7) € F}, (6)
then any optimizer (x*,t*) € argming, ;yepy,,, t satisfies (z*,t*) € D. In particular, Opt = Optgpp-

We remark that this theorem proves something stronger than objective value exactness. Specifically, Theorem 1
states that the only optimizers of the projected SDP relaxation are the original optimizers.

We give a high-level proof sketch of this statement; see Wang and Kiling-Karzan [62, Theorem 3] for a
complete proof. We emphasize that the structure of this proof will serve as the foundation for many of the
proofs in this tutorial and that we will routinely return to this discussion.

Proof sketch of Theorem 1. Let (%, f) € Dgpp and let F denote the face of I' maximizing the linear function
(Yobjs ¥) = Yob; (gobj (&) — 1) + (v, 4(2)) -

Equivalently, F is the face of I' exposed by (qobi(2) — £, q(%)).

If F =T, then by the fact that T is full-dimensional (Assumption 1), it must be the case that gop;() =  and
qi(2) = 0 for all i € [m]. More generally, it is possible to show that if F is a definite face, then (Z,%) € D (see
Wang and Kiling-Karzan [62, Lemma 3]).

To prove Theorem 1, we will suppose (&,1) € arg min(, 1)epgpp ¢ corresponds to a semidefinite face of I'
and construct a new point (& + ex’,f + 2¢t’) € Dgpp such that £ + et < £, contradicting the assumption
that (£,1) € argmin(, 4epqyp t- Specifically, let 2/ € V(F) and ¢’ € R correspond to a hyperplane® strictly
separating the origin from the closed convex set Il (r) {bobj + b(7) : (1,7) € F} (note that Assumption 2
implies that this set is polyhedral), i.e.,

{bovj + b(7),2) < 1" <0 (7)
for all v € R™ such that (1,7) € I'. Then for all (vobj,7) € F and € > 0, we have

Yobj (4(2 + €x’) — (T + 2€t’)) + (v, q(2 + ex’)) <0

2The factor of 2 here is not important and is only included to unify notation with future sections.
31f {y: (1,7) € F} = @, then take 2’ = 0 and ¢/ = —1.
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as ¢’ € V(F) and (bobj + b(7),2") < t' <0 for all (1,7) € F. On the other hand, for (yon;,7v) € '\ F,
Yobj (4(2 + ex’) — (£ +2et')) + (7, q(2 + ') ®)
is a quadratic function in € which is negative at € = 0.

Then, using the fact that I' is polyhedral (so that it suffices to ensure that (8) is nonpositive for only finitely
many choices of (Yopj,7)), we deduce that there exists € > 0 small enough such that (Z + ez’,t + 2¢et’) € Dgpp.
This contradicts the assumption that (Z,?) € arg Min, 4)epgp,, ¢ and concludes the proof sketch. ]

Remark 6. We highlight some of the key steps in the above proof with additional intuition and motivation.
Recall that I' is assumed to be polyhedral so that Dgpp is defined by finitely many convex quadratic
constraints. We will for the sake of simplicity assume that I' = cone ({(l,w(j))}). The above proof sketch
starts with (2,%) € Dspp such that the face F of I' exposed by (gobj(2) — £, ¢(2)) is semidefinite. This set
F is the convex hull of the (aggregation weights corresponding to the) convex quadratic constraints that
are tight at (#,7). The remaining finitely many convex quadratic constraints are strictly satisfied at (2, %) so
that they remain satisfied under small enough perturbations of (#,#). In particular, given a perturbation
direction (', 2t") we have (z + ex’,t 4 2¢t’) € Dgpp for all € > 0 small enough if and only if each of the tight
constraints continues to hold for all € > 0 small enough, i.e.,

q(@ + ex’) — (t 4 2et’) + <7(j), q(z+ ex')> <0

for every tight constraint (1, AU )) € F and € > 0 small enough. For a given 2, it is possible to show that
there exists ¢’ < 0 satisfying this requirement if and only if each of the tight quadratic constraints is strictly
decreasing at # in the direction x’. That is to say, we would like to find a direction z’, such that each of
the convex quadratic functions gop;(z) + (7, g(z)) for (1,7()) € F has a negative first derivative at & in
the direction 2’. Expanding, we would like to find 2’ such that ((Aob; + A(v9))Z + (bobj + b(v19))),2") < 0
for all (1,7U)) € F. Finally, restricting our search of 2’ to V(F), i.e., directions in which all of the tight
quadratic constraints are only linear, we then have that such an (2/,2t") exists if and only if there exists
x' € V(F) such that

<b0bj + b(’y(j)),x'> <0,¥(1,79) e F. 0

A similar proof strategy allows us to relax the conditions of Theorem 1 if only objective value exactness is
required.

Theorem 2. Suppose Assumptions 1 and 2 hold. If for every semidefinite face F of T' we have

cone (My(z) {bob; + b(7) : (1,7) € F}) # V(F), 9)

then Opt = Optgpp.

Proof sketch of Theorem 2. This proof follows a similar structure to the proof of Theorem 1. Again, given
(#,%) € Dspp, we will look at F, the face of I' exposed by (qobj(2) — £, g(x)). If F is definite, then we may
conclude that in fact (£,7) € D. On the other hand, if F is semidefinite, we will use (9) to find a direction
(z',¢') and o € R such that (& + az’,t +at’) € Dspp with £+ at’ < {. To complete this proof, one then needs
to show that by picking o appropriately and iterating this procedure, we eventually end up with a point in
D. |

Remark 7. Note that the condition in Theorem 2 can be rewritten as the existence, for each semidefinite
face F of T, of a nonzero &’ € V(F) such that

(bobj + b(7),2") <0, V(1,7) € F. (10)

This equivalence, i.e., (9) <= (10), follows from the general result for an arbitrary convex subset C of a
Euclidean vector space E, that cone(C) = E if and only if clcone(C) = E if and only if C° = {0}.
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In this form, it is also easy to see that the sufficient condition in Theorem 1 implies the sufficient condition in
Theorem 2, i.e., (6) == (10). Specifically if F is a semidefinite face of I'and 0 ¢ IIy,(z) {bob; + b(7) = (1,7) € F},
then (by the hyperplane separation theorem applied to the convex sets ITy(r) {bob; + b(7) : (1,7) € F} and
{0} in the Euclidean space V(F)) there exists a nonzero ' € V(F) such that (bon; + b(7),z’) < 0 for all
(1,7) € F. O

Remark 8. Burer and Ye [18] consider the standard SDP relaxation of diagonal QCQPs and present sufficient
conditions on the input data that guarantee objective value exactness. Specifically, they show that if for all
j € [n], it holds that

(17’7) el (Aobj + A(’Y))j,j =0 = (bobj + b(’}/))] 7é 0, (11)

then objective value exactness holds. It is not hard to see that (11) implies the assumptions of Theorem 1 so
that Theorem 1 recovers Burer and Ye [18, Theorem 1] as a special case (see Wang and Kiling-Karzan [62,
Proposition 5]).

Locatelli [43] considers the standard SDP relaxation of the TRS with additional linear constraints

inf i(z) 2b] x4+ ¢; <0, Vi € [my —1]
2ERP qobj : .’L‘Tx—lgo .

For this setup, Locatelli [13] shows that the SDP relaxation for this problem is exact if for all € > 0, there
exists ||h¢|| < e such that

0¢HV {bobj+he+b(’y) : ’Y€RT}, (12)

where V is the subspace of R™ corresponding the minimum eigenvalue (assumed to be negative) of Agp;.
Wang and Kiling-Karzan [62, Proposition 4] establishes that (12) implies the assumptions of Theorem 2 so
that Theorem 2 recovers Locatelli [13, Theorem 3.1] as a special case. O

We next discuss a few applications of these results.

Example 2 (Convex QCQPs). As a first example, let us consider the setting where D corresponds to a
QCQP with a strongly convex objective and convex constraints. Specifically, suppose Aqpj = 0, A; = 0 for all
i€ [my] and A; =0 for all ¢ € [m; + 1,m]. Then,

Aobj + A(v) =0
= (’yobj,’y)ERXRm: ’}/OijO :R+XRT1 x R™E
vi >0, Vi € [mg]

is polyhedral. Furthermore, as Aqp; > 0, no semidefinite face F of I' can contain a point of the form (1,7).
Then, we deduce by Theorem 1, that Opt = Optgpp for convex QCQPs. Here, the requirement that Agp; > 0
can be removed by a standard perturbation argument; see Burer and Ye [18, Proposition 4]. O

Example 3 (Diagonal QCQPs with sign-definite linear terms). The following condition is presented in
Sojoudi and Lavaei [55, Corollary 1] (see also Burer and Ye [18]). Consider the following setup: Suppose D is
the epigraph of a diagonal QCQP, i.e., a QCQP where each Ay,; and Aq,. .., Ay, are all diagonal, with only
inequality constraints, i.e., m = m;. Furthermore, suppose Assumption 1 holds and that for all j € [n], the
set of coefficients

{(bon;)j} U{(bi); = @ € [m]}

are either all nonnegative or nonpositive. For all j € [n], let o0; € {£1} be such that (bopj);0; < 0 and
(bi);jo; <0 for all i € [m]. We can apply Theorem 2 in this setting. Indeed, suppose F is a semidefinite face
of I'. As Agpj and Ay, ..., A, are diagonal, there exists a nonempty subset of indices J C [n] such that

F= {(F)/Obja’Y) el: dlag (rYObjAobj + A(’Y))J = 07 v.] S j} .
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Without loss of generality, we may assume J = [¢] with £ > 1 so that o1e; € V(F). Then, for all (1,v) € F,
(bobj + b(7), o1€1) = (bobj + b(7))101 = (bobj)101 + Z(bi)wml <0,
i=1

where the last inequality follows from v € R (as (1,7) € F) and that (bep;);j0; < 0 and (b;);0; < 0 for
all ¢ € [m]. Then, we deduce by Theorem 2 and Remark 7 that Opt = Optgpp for diagonal QCQPs with
sign-definite linear terms. O

Example 4 (QCQPs with centered constraints and polyhedral T"). Suppose b; = 0 for all 7 € [m] and that
Assumptions 1 and 2 hold. Then, for any semidefinite face F of ', we have

cone (Ty(z) {bobj +b(7) : (1,7) € F}) C cone (Tly(z)bob;)

is a cone generated by a single point and cannot be V(F) (recall that V(F) has dimension at least one as F
is semidefinite). Then, we deduce by Theorem 2 that Opt = Optgpp for QCQPs with centered constraints
and polyhedral T". Further specializing this example, we may consider the QCQP

min { —z 'z : ziw <1
zER® ST A =0,Vie[l,m] [’

which takes the value —1 when the quadratic forms {A;} have a nontrivial joint zero and 0 otherwise. Barvinok
[6] shows that a specialized algebraic algorithm (not based on the SDP relaxation) can be used to decide the
value of this program in polynomial time for any constant m. On the other hand, Theorem 2 shows that we
can decide the value of this program by solving a semidefinite program (for any m) whenever Assumption 2
holds. See also Wang and Kiling-Karzan [62, Remark 9]. O

Remark 9. The conditions presented in Theorems 1 and 2 may be strengthened by taking into account the
values of ¢;. For example, it suffices to impose the constraints of Theorems 1 and 2 on only the semidefinite
faces exposed by vectors of the form (gobj(z) — t, ¢(x)) for some z € R™ and t € R. Ideas related to this
observation have been studied in further detail in Locatelli [14], Wang and Kilin¢-Karzan [61]. See also
Section 5. |

4 Convex hull exactness and polyhedral I'

In this section, we will continue to assume that T' is polyhedral (Assumption 2) and present sufficient
conditions under this assumption for convex hull exactness, conv(D) = Dspp. As in the previous section,
the sufficient conditions stem from understanding how A(y) and b(+y) interact on faces of I. Again, we will
assume throughout this section that M; and Mg are finite.

The following theorem provides a sufficient condition for convex hull exactness.

Theorem 3 (Wang and Kiling-Karzan [62, Theorem 1]). Suppose Assumptions 1 and 2 hold. If for every
semidefinite face F of I' we have

aff (TTy(zr) {bob; +0(7) : (1,7) € F}) # V(F), (13)

then conv(D) = Dspp.

Proof sketch of Theorem 3. The proof of this statement follows a similar structure to the proofs of Theorems 1
and 2: Recalling that conv(D) C Dspp, it suffices to show that we may write any (Z,7) € Dgpp as a convex
combination of points in D. Given (2,#) € Dspp, we will examine F, the face of I exposed by (gob;(£) —t, ¢(%))-
If F is definite, then we may conclude that in fact (&,%) € D. On the other hand, if F is semidefinite, we
will use (13) to find a direction (2/,#') and a; < 0 < g such that (& + aa’,f + at’) € Dspp for both a; and
ag. To complete this proof, one then needs to show that by picking a1, as appropriately and iterating this
procedure for both choices of o, we eventually end up with a convex decomposition of (z,) as points in D.
See Wang and Kiling-Karzan [62, Section 4] for details. [ ]
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Remark 10. We compare the assumptions of Theorems 2 and 3. Note that we may rewrite the condition in
Theorem 3 as the existence, for each semidefinite face F of T, of a nonzero v € V(F) and r € R such that

(bobj + b(7),v) =71, V(1,7) € F. (14)

This equivalence, i.e., (13) <= (14), follows from the observation that an affine subspace is not the entirety
of a vector space if and only if it is contained in an affine hyperplane.

In this form, it is clear that the assumptions of Theorem 3 imply the assumptions of Theorem 2 (see Remark 7).
We remark that replacing the inequality in (10) by an equality in (14) is natural when moving from objective
value exactness to convex hull exactness. Specifically, in contrast to the proof of Theorem 2, which needs
only move in a single direction (i.e., in a direction in which the objective value is nonincreasing), the proof of
Theorem 3 must move in both directions (i.e., for both oy < 0 and 0 < a). g

Remark 11. Recall that when I' is polyhedral we have that Dgpp is SOC-representable (see Remark 4). In
particular, under the assumptions of Theorem 3, we have that conv(D) is also SOC-representable.

A number of results in the literature give second-order cone representations of convex hulls of quadratically
constrained sets with a small number of constraints. For example, Ho-Nguyen and Kiling-Karzan [38]
show that the epigraph of the TRS is given by the intersection of two convex quadratic regions. Wang
and Kiling-Karzan [60] extend these results to the GTRS. Yildiran [70] shows that the convex hull of the
intersection of two strict quadratic inequalities is given by (open) second-order cone constraints. Follow-up
work by Modaresi and Vielma [46] show that it is possible to take the closure under an additional technical
assumption. Burer and Kiling-Karzan [16] examine the convex hull of the intersection of the second-order
cone with a nonconvex quadratic constraint. The closed convex hull is shown to be SOC-representable under
certain conditions. More recently, Santana and Dey [53] showed that the convex hull of the intersection of a
polytope and a single nonconvex quadratic constraints is SOC-representable. ]

We close this section with example applications of our results.

Example 5 (GTRS). The problem of minimizing a (possibly nonconvex) quadratic function subject to a
(possibly nonconvex) quadratic inequality” constraint is known as the Generalized Trust Region Subproblem
(GTRS). The special case where the quadratic constraint is convex is known as the Trust Region Subproblem
(TRS) and is fundamental in the area of nonlinear programming. Specifically, trust-region methods (iterative
methods for solving nonlinear optimization problems that solve a TRS instance at each iteration) see strong
theoretical guarantees as well as empirical performance Conn et al. [21].

Supposing that Assumption 1 holds, we may apply Theorem 3 to deduce that conv(D) = Dspp for the GTRS.
Specifically, in this setting we can write I" as

YobjAobj + 7141 = 0
I'= ¢ (Yobj,71) ERXR: 5 >0
71 =>0

As T is a conic subset of R?, it is immediately polyhedral. It is not hard to verify that if F is a semidefinite
face of T', then {y € R: (1,v) € F} is either empty or a single point. We deduce by Theorem 3 and Remark 10
that conv(D) = Dgpp for the GTRS. This then recovers Wang and Kiling-Karzan [60, Theorem 1] as a special
case. ]

Example 6 (Swiss cheese). Suppose Aobj, A; € {I,0,—I} for all ¢ € [m]. This setting captures, for example,
the problem of finding the minimum norm point on some domain defined by “inside ball” constraints, “outside
ball” constraints, and halfspaces. In this setting, for any semidefinite face F of I'; we have V(F) = R™ so that

aff dim (HV(;) {bobj + () : (1,7) € .7:}) = aff dim {bon; + b(7) : (1,7) € F}
<affdim{y: (1,7) € F} <m—1.

4Similar statements can also be derived for the GTRS with an equality constraint.
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Here, the last inequality follows as F is a semidefinite face of I" (note that if aff dim {y: (1,v) € F} = m,
then F has affine dimension m + 1, which contradicts that F is a semidefinite face of T").

We deduce by Theorem 3 that if m; + mg = m < n, then conv(D) = Dgpp.

Similar setups have been considered in the literature. For example, Bienstock and Michalka [13] devise
an enumerative algorithm for minimizing an arbitrary quadratic function over a feasible domain defined
by a constant number of “inside ball,” “outside ball,” and halfspace constraints. In contrast, our results
(via Theorem 3) deal only with objective functions of a particular form, but work with the standard SDP
relaxation and do not make any assumption on the number of constraints. See also Burer and Ye [18, Section
2.3] for SDP objective value exactness results for an arbitrary quadratic function and an arbitrary number of
constraints under a sign-definiteness assumption.

Yang et al. [68] consider QCQPs with additional “hollow” constraints. Formally, they show that if a QCQP
with bounded domain X satisfies objective value exactness, then so too does the QCQP with domain
X\, int(E,) where {E,} is a finite set of non-intersecting ellipsoids completely contained within X'. Taking
X to be the unit ball, this result then says that semidefinite programs can correctly minimize an arbitrary
quadratic function over the sphere missing a finite number of nonintersecting ellipsoids inside the ball. In
contrast, our results (via Theorem 3) deal only with spherical objective functions and constraints (as opposed
to general objective functions and ellipsoidal constraints), but do not make any assumption on how the

constraints intersect. See also Wang and Kiling-Karzan [62, Remark 10]. The follow-up recent work Joyce
and Yang [40] shows that a similar result holds even if X is unbounded and the “hollow” constraints are not
necessarily ellipsoidal. O

Example 7 (QCQPs with large amounts of symmetry). The following setup is considered in Wang and
Kiling-Karzan [62, Section 3]. Consider a general QCQP of the form (1) and let 1 < k < n denote the largest
positive integer such that each of the quadratic forms Agpj, A1, ..., Ay in the QCQP can be written in the
form

Aobj:Ik®Aobj7 A =1, @ A;

for some Aqp;, A; € S™/k. This quantity is referred to as the quadratic eigenvalue multiplicity of the underlying
QCQP and can be thought of as a measure of the “amount of symmetry” in the QCQP. Such structure arises
naturally when considering the vectorized reformulation of quadratic matrix programs (QMPs) Beck [7], Beck
et al. [9]. Specifically, a QMP is an optimization problem of the form,

tr(YTAY) +2tr(B;'Y) +¢; <0, Vi € [mg] }

tr(YTAY) +2tr(B,'Y) +¢; =0, Vi € [m7 + 1,m]

. T T .
Yelﬂr{gbka {tr(Y Ao Y) + 2tr(BOij) + Cobyj

where A; € S*, B; € R®** and ¢; € R. Then, letting = € R** (resp. b € R**) denote the vector obtained by
stacking the columns of Y € R*** (resp. B € R***) on top of each other, we have

tr(YTAY) 4+ 2tr(B'Y )+ c=a2" ([, @ A)z +2b" z + c.

The quadratic eigenvalue multiplicity can be viewed as an example of a group symmetry in {Aqp;, A1,..., An}.
Group symmetries have been studied in more generality with the goal of reducing the size of large SDPs de
Klerk et al. [24], Gatermann and Parrilo [31] and have enabled the efficient solution of numerous large-scale
problems; see for example de Klerk and Sotirov [23]. Specifically, the Wedderburn decomposition of the matrix
C*-algebra generated by {Aobj, A1, ..., Am} plays a prominent role in the analysis of such symmetries (see
de Klerk et al. [25], Gijswijt [32] for background on the Wedderburn decomposition and related numerical
questions). From this point of view, one may compare the quadratic eigenvalue multiplicity as defined above
with the “block multiplicity” of a basic algebra in the Wedderburn decomposition of the corresponding C*
algebra. See also Wang and Kiling-Karzan [62, Remark 5] and references therein.

It is not hard to show for any semidefinite face F of ', that dim(V(F)) > k. Indeed, there exists a nonzero
y € R™* such that for all (Yobj» ) € F, we have (YobjAob; + A(Y)) y = 0. We thus deduce for all (yobj,7) € F
and w € R¥ that

(YobjAobj + A(7)) (w @ y) = 0,
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whence dim(V(F)) > k. See also Wang and Kiling-Karzan [62, Lemma 6].
On the other hand, for any semidefinite face F of I', we may upper bound

aff dim (ITy( 7y {bobj + b(7) : (1,7) € F}) <min(|{i € [m] : b; # 0}, m —1).

We deduce by (13) that conv(D) = Dgpp as long as

kE>min([{i € [m]: b; #0}| + 1, m). (15)
Note that this statement immediately subsumes Examples 4 to 6. See Wang and Kiling-Karzan [62, Section
4.3] for constructions showing that our bounds on the value of k guaranteeing both objective value and convex
hull exactness are sharp. O

5 Removing the polyhedrality assumption

In this section, we show how to extend the results in Sections 3 and 4 to non-polyhedral I'. In contrast to the
results thus far, which have been stated in terms of the faces of I', in this section we will focus on the faces of
I'°, the polar cone of I'. The following definitions and results are from Wang and Kiling-Karzan [61].

Definition 7. For (2,%) € Dspp, let G(#,) denote the minimal face of I'° containing (gob;(#) — #,¢(2)). O

Remark 12. Let G be a face of I'°. We have by definition of V (see Definition 6)
V(QL) = {U eER": UT(%bjAobj + A()v =0, ¥(70p5,7) € QL} .
Note that in particular, the definition of V(G*) contains nonconvex quadratic constraints as G+ \T' # @. O

In the general setting where T' may not be polyhedral, much of our analysis will be done with the object G*.
This object will replace the face of I' that we used extensively in Sections 3 and 4. The following example
compares G+ with the face of I' that is natural to consider in this setting. Specifically, we will compare G+
with G2, the conjugate face of G in I'. Recall that given a face G of T'°, the conjugate face G2 is the face of I’
given by ¢o =Trngt.

Example 8. Consider the setting where I' and I'° are both the standard second-order cone in R+, Let G be
a one-dimensional face of T'° and let G2 be the face of T' conjugate to G. Then, G2 is a one-dimensional face
of T' so that span(G*) is a one-dimensional subspace. On the other hand, G* is an n-dimensional subspace.
See Figure 3 for an illustration of the relevant sets for n = 2.

In general, span(G*) C G+ where equality may not necessarily hold. On the other hand, it is possible to show
that equality holds whenever I" and I'° are polyhedral (see Wang and Kiling-Karzan [61, Theorem 4]). O

The following theorem gives a generalization of Theorem 3 by establishing a sufficient condition for convex
hull exactness without relying on a polyhedrality assumption on I'.

Theorem 4. Suppose Assumption 1 holds. If for every (z,t) € Dspp \ D, there exists ' € V(G(Z,1)*) and
t' € R such that (2',t') # (0,0) and

((Aonj + A(1)E + (bovj + (7)), 2") =, ¥(1,7) € G(&,1)", (16)
then conv(D) = Dspp.

Remark 13. It is possible to show (see the proof of Wang and Kilin¢-Karzan [61, Lemma 2]) that when I'°
is facially exposed (as is the case when I is polyhedral), for every face G of T'°, we have

V(Gh) =V(G2).
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Figure 3: This figure plots T, I'°, G, G%, and G+ from Example 8. Note that G C span(G®) C G* .
Specifically, G+ contains additional directions tangent to I at GAo.

In particular, defining F(#,%) := G(Z,#)®, we may rewrite the condition of Theorem 4 as the assumption
that for every (&,%) € Dspp \ D,

Al (Thy i) { (Ao + A+ (b (1) + (1,7) € G4} ) £ V(F (@),

One may compare this condition of Theorem 4 with the condition in Theorem 3. We additionally conjecture
that V(G) = V(G*) even without the facially exposed assumption. O

Remark 14. The main results of Wang and Kiling-Karzan [61] show that the sufficient condition presented
in Theorem 4 is in fact also necessary in the setting where I'° is facially ezposed (see Wang and Kilimg-Karzan
[61, Theorems 1 and 2]). The condition that I'° is facially exposed holds for example when I'° is a (slice
of the) nonnegative cone, second-order cone, or the positive semidefinite cone. See Pataki [18] for a longer
discussion of this assumption and its connections to the nice cones. In general, all nice cones are facially
exposed. O

We close this section with two examples that illustrate the use of Theorem 4.

Example 9 (A mixed-binary set). Consider the following toy example. Define

z? <t
D=L (z,y,t): z(l—y)=0
y(1-y)=0

In words, y is a binary variable and z is constrained to be zero whenever y is “off” Furthermore, t > x2.
The convex hull of this set is well known to be given by a perspective reformulation trick Ceria and Soares
[19], Frangioni and Gentile [29], Giinliik and Linderoth [36]. On the other hand, it is also possible to show that
conv(D) = Dspp using Theorem 4 (see Wang and Kiling-Karzan [61, Section 4.3] for details). Specifically, for
this example the set T' (whence also I'°) is given by a rotated second-order cone. Verifying that the conditions
of Theorem 4 hold is then a slightly tedious but ultimately straightforward task. |

Example 10 (QMP). Recall the quadratic matrix programming framework previously considered in Exam-
ple 7. Specifically, suppose that for each i € [m], we can write

A =1, @Ay

for some A; € S"/*. Similarly suppose Aobj = I, ® Agpj. Previously, we saw that conv(D) = Dgpp if T is
polyhedral and k satisfies the lower bound in (15). In the case of arbitrary I', using Theorem 4, Wang and
Kiling-Karzan [61, Section 4.1] shows that that conv(D) = Dgpp whenever k > m + 2; see also Wang and
Kiling-Karzan [62]. The QMP setting was previously considered by Beck [7] who proved that Opt = Optgpp
whenever k > m. Table 1 (reproduced from Wang and Kiling-Karzan [62, Remark 14]) gives a summary of
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Assumption Result Reference

kE>mr+mg+2 conv(D)= Dspp Wang and Kiling-Karzan [62, Theorem 7]
E>mr+mp+1 conv(DNH)=Dspp NH Wang and Kiling-Karzan [62, Theorem 8]
k>mr+mg Opt = Optgpp Beck [7, Corollary 4.4]

Table 1: A comparison of known exactness results for quadratic matrix programs where H := {(z,t) : ¢t = Opt}.
Note that all of these results assume that Assumption 1 holds. Here based on the definition of H, the second
row states that Wang and Kiling-Karzan [62, Theorem 8] shows that when k = m; +mpg + 1, the convex hull
of the optimizers of the nonconvex QCQP is given by the optimizers of the SDP.

the known exactness results for QMPs without polyhedral I" and in particular compares the results of Beck
[7] with the results that we may derive through our framework. See Beck et al. [9] for further results on
exactness in quadratic matrix programming. (]

6 Beyond convex hull exactness: Rank-one generated cones

In this section, we move beyond objective value and convex hull exactness and investigate the rank-one
generated property of closed convex cones S(M) C S"*1. Recall that we call a closed convex cone

. nt1 . (M, Z)<0,VM e M

S(M)._{Z€S+ Yz

rank-one generated if S(M) = conv(S(M) N {zz" : z € R*T}).

Example 11. The material in this section is best understood with a few examples and nonexamples of ROG
cones in mind:

1. By the spectral theorem, the PSD cone S7} is ROG. In particular S(@) is ROG.

2. A well-known result says that S(M) is ROG whenever |M| = 1 (see Sturm and Zhang [57] and
Lemma 12). We illustrate this fact in SZ in Figure 4.

3. There exist M with M| = 2 such that S(M) is not ROG. Specifically, consider M; = (! _;) and
My = (93§). Tt is clear that I € S(M). We claim that I ¢ conv (S(M)N{zz" : z € R?}). Indeed,
supposing otherwise, we deduce from (Mj,I) = 0 and (Mz,I) = 0 that I is a convex combination
of rank-one matrices 2z ' satisfying 0 = (My,22"7) = 27 — 23 and 0 = (Ms,22") = 2z12,. Thisis a
contradiction as the only vector z € R? satisfying 22 — 22 = 22,29 = 0 is the zero vector. We illustrate
this fact in Figure 4. O

Section 6.1 begins by examining connections between the ROG property, variants of the S-lemma, and the
exactness conditions studied in the previous sections. Sections 6.2 to 6.4 present our toolkit for studying the
ROG property. Using this toolkit, Section 6.5 then derives a number of new sufficient conditions for the ROG
property. We complement these sufficient conditions in Section 6.6 with our main result (Theorem 6)—a
necessary and sufficient condition for the ROG property of spectrahedral cones defined by two LMIs. While
we will not formally investigate Theorem 6 until Section 6.6, we will nonetheless mention some of its corollaries
before Section 6.6. The interested reader is encouraged to take a look at the statement of Theorem 6 ahead of
Remark 16 and Example 13. We conclude in Section 6.7 with an application showing how the ROG toolbox
can be used to recover SDP exactness results for minimizing ratios of quadratic functions over quadratically
constrained domains.

6.1 Connections to objective value exactness and convex hull exactness

The ROG property of a cone S(M) is intimately related to exactness results for both homogeneous and
inhomogeneous QCQPs and their relaxations.
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Figure 4: This figure is adapted from Argue et al. [3, Figure 3]. Every point in the interior of 3 has rank
two and every point on the boundary of Sf_ has rank at most one. The set on the left, S({M;}), is ROG as
it is equal to the convex hull of its rank-one matrices. The set on the right, S(M) as defined in the third
example of Example 11, is not ROG. Specifically, the identity matrix is not in the convex hull of the rank-one
matrices belonging to S(M) in Example 11(3).

6.1.1 Objective value exactness and the ROG property

We begin with objective value exactness results based on the ROG property. To this end, the following lemma
(see Argue et al. [3, Lemma 19]) says that a cone S C S is ROG if and only if the SDP relaxation of the
corresponding homogeneous QCQP is exact for all choices of objective function.

Lemma 3. Let A CS™. Then S(A) is ROG if and only if for every Aon; € S™,

inf {(Aopj,zz'): 22" € S(A)} = Xlrelgn {{(Aopj, X) : X € S(A)}. (17)

zeR®

Lemma 3 is closely related to S-lemma type results. Recall that the S-lemma, which can be traced back to
Dines [26], Yakubovich [67], states the following: Let A; € S™ such that for some = € R, we have z" Ajz < 0.
Then, for all Ag; € S,

Az <0 = xTAobjx >0
if and only if there exists 73 > 0 such that
Aobj +71141 = 0.

In words, the S-lemma gives conditions under which any homogeneous quadratic consequence inequality has
a PSD certificate. See also the survey article Polik and Terlaky [51] on the S-lemma and its variants.

Lemma 3 allows us to write a variant of the S-lemma in the setting of ROG cones. Specifically, let
A= {A;,...,A,} C S" and suppose there exists x € R™ such that ' A;x < 0 for all i € [m]. This
assumption, a Slater condition, ensures that strong duality holds between the following SDP and its dual:

inf {(Agnj, X): X € S(A)} = sup <0: Agnj+ > 7iAdi = 0. (18)
Xesr vERT i=1

In particular, (18) takes the value 0 if and only if there exists v € R such that Aop; + > i, A; = 0. On the
other hand,

Iienmfn {27 Agpjz: 22" € S(A)}

takes the value 0 if and only if IETAObJ'IIZ > 0 for every € R” such that x" A;x < 0 for all i € [m].
The following statement then follows from the above observations and Lemma 3.

Corollary 1. Let A= {A;,...,A,,} CS" and suppose there exists T € R™ such that £ A;x < 0 for all
i € [m]. Then, the following are equivalent
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o For all Agpy € S,
z Ax <0,Vie [m] = xTAobjx >0

if and only if there exists v € R such that

Aob + Y iAi = 0.

i=1

o S(A) is ROG.

In words, under a Slater condition, the S-lemma variant for 4 and an arbitrary Aop; holds if and only if S(A)
is ROG.

Let us now examine the relation in the case of a general inequality-constrained QCQP and its SDP relaxation.
Note that by introducing a homogenizing variable, a general QCQP (1) and its SDP relaxation (4) can be
rewritten as

inf {(Mobj,zzT>: 2zl € S(M) }> inf {(Mobj,z>: Z €SM) }

T T = T =
z€RnH1 <6n+16n+17 %z > =1 zesn <6”+16n+1’ Z> =1

In particular, we may always rewrite our QCQPs to contain exactly one inhomogeneous equality constraint.
The following result (see Argue et al. [3, Lemma 20]) relates the ROG property of a cone to SDP exactness
results for its corresponding inhomogeneous QCQPs.

Lemma 4. Let M C S" and B € S"*1. If S(M) is ROG, then

T
. Ty, 2zl eSWM), . _ - ZeSM),
Ze%lfﬂ {<M0bj’ 7z > ’ <B, ZZT> =1 o Zeuglf-u <M0b37 Z): (B,Z)=1 (19)

for all Myn; € S™*1 for which the optimum SDP objective value is bounded from below. In particular, this
equality holds whenever the SDP feasible domain is bounded.

By taking B = e, 416, 41 in Lemma 4, we have that objective value exactness holds whenever S(M) is ROG
and the SDP optimum value is bounded from below.

The freedom to pick B # e,t1€, ,; in Lemma 4 will be useful in Section 6.7 where we will use it to analyze
the problem of minimizing a ratio of quadratic functions over a quadratically constrained domain.

Remark 15. We make a few additional observations about Lemma 4. First, Lemma 4 extends Hildebrand
[37, Lemma 1.2], which shows that the same statement holds in the case of finitely many linear matrix
equalities. The proof in Argue et al. [3] also differs from the proof in Hildebrand [37] as it immediately shows
how to construct a QCQP feasible solution achieving the SDP value (or a sequence approaching the SDP
value). Next, we highlight that the reverse implication in Lemma 4 is not true in general. Specifically, there
exist cones S(M) for which equality holds in (19) for all Mp; for which the SDP objective value is bounded
below that are not ROG; see Argue et al. [3, Example 4]. Finally, it is possible to show that the boundedness
assumption in Lemma 4 cannot be dropped even in the case where B is specialized to B = e, 11¢, 11; see
Argue et al. [3, Example 5].

As in Corollary 1, we may use Lemma 4 to derive the following ROG-based variant of the inhomogeneous
S-lemma.

Corollary 2. Let M = {M,..., My} CS"™! and My,; € S™* be such that
e S(M) is ROG,
o there exists T € R™ such that ¢;(Z) < 0 for all i € [m], and
o there exists 7 € R and & € R such that Mqp; + Z;il i M; — O7€n+1€;[+1 € ST‘l.
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Then,
gi(z) <0,Viem] = qoj(z) >«

if and only if there exists v € R such that
m
Gobi () + Y viti(x) > a.
i=1

In words, under a Slater condition and dual feasibility assumption, the inhomogeneous S-lemma variant for
M and an arbitrary M,p; holds whenever S(M) is ROG.

6.1.2 Convex hulls of quadratically constrained sets

The following proposition (see Argue et al. [3, Proposition 6]) states that the ROG property of S(M)
guarantees that the closed convex hull of the epigraph of a QCQP with constraints defined by M is given by
its SDP relaxation. As before, we will make use of a definiteness assumption.

Proposition 1. Let Mop; € S™™ and M C S"T1. Suppose there exists M* = (lﬁ: lf) € cleone ({Mopj} UM)
such that A* = 0. If S(M) is ROG, then clconv(D) = Dgpp.
Note that when M is finite, the assumption that M™* exists is equivalent to Assumption 1. We can further

relax this assumption by applying a perturbation argument to arrive at the following result (see Argue et al.
[3, Corollary 6]).

Corollary 3. Let Mo; € S and M C S, Suppose there exists M* = (b’i‘fr lc’*) € cleone ({Moni } U M)
such that A* = 0. If S(M) is ROG, then clconv(D) = cl(Dspp).

The following example recovers Wang and Kiling-Karzan [60, Theorem 4] (see also Example 5) as an immediate
application of Corollary 3.

Example 12 (GTRS). Recall that the GTRS asks us to minimize a quadratic objective function gon;i(x)
subject to a single quadratic inequality constraint g;(z) < 0. Here, we assume that gonj, g1 are such that
there exists 7* > 0 such that Agp; +~v*A; = 0. It is well known (see for example Sturm and Zhang [57]) that
the cone S({M;}) is ROG. We then deduce by Corollary 3 that

3X = zx'
n Qobj(x) <t n -
clconv{(m,t)eR xR: ql?Jx())go }:cl (,t) e R" xR : (Agpj, X) + 2 (bobj, ) + copj <t .0
(A1, X) +2(b1,x) +¢1 <0

We close this subsection by demonstrating that the ROG property is (unsurprisingly) strictly stronger than
convex hull exactness.

Remark 16. Consider the following QCQP

T (-1
. 2 T ( 1) z—1<0
g {2 E T 0L
The corresponding set M for this example is M = {Diag(—1,1, —1), Diag(2, —1,—1)}. We will soon see in
Theorem 6 that S(M) is not ROG so that Proposition 1 cannot be applied to this example. On the other

hand, the set of convex Lagrange multipliers I" for this QCQP is polyhedral so that we may apply the analysis
of Example 7 to deduce that convex hull exactness holds. ([l
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M s finite and YAM' C M, T(M') ROG | == [S(M) ROG| == [ T(M) ROG |

Figure 5: A summary of Lemma 7 and Corollary 4

6.2 Relating LMIs to LMEs
In this section, we will present a series of lemmas relating the ROG property of S(M) to that of

TM):={ZeSt: (M, Z)=0,YM e M'}

for M’ C M. Note that in contrast to S(M), the definition of T (M’) uses linear matrix equalities (LMEs).
These results will be particularly useful for analyzing spectrahedral sets defined by finitely many LMIs/LMEs.

Remark 17. For any M C S"*! we have S(M) = S(clcone(M)) and T (M) = T (span(M)). Consequently,
we may without loss of generality assume that M is finite when analyzing sets of the form 7 (M)—simply
replace M with a finite basis of span(M). On the other hand, clcone(M) is not necessarily finitely
generated. O

The following result from Argue et al. [3, Lemma 3] relates the facial structure of S(M) to the ROG property.
This result is analogous to the statement that a polytope is integral if and only if each of its faces is integral.

Lemma 5. For any set M C S"*1, the following are equivalent:
1. 8§(M) is ROG.
2. Every face of S(M) is ROG.
3. S(M)NT(M’) is ROG for every M’ C M.
We have the following immediate corollary of Lemma 5; see Argue et al. [3, Corollary 1].
Corollary 4. For any set M C S"*1 if S(M) is ROG then T (M) is ROG.
We can strengthen Lemma 5 in a few ways (see Argue et al. [3, Lemmas 5 and 6]).

Lemma 6. Let M C S"*! be compact. Then, S(M) is ROG if and only if S(M) N T(M') is ROG for
every @ # M’ C M.

Lemma 7. Let M C S"™ be finite. If T(M’) is ROG for every M’ C M, then S(M) is ROG.

We next note Argue et al. [3, Lemma 7] that the ROG property of 7 (M) is equivalent to the ROG property
of T(M) where M is the restriction of M onto the joint range of the matrices M € M.

Lemma 8. Let W := span (UMeM range(M)). For M € M, let M = My, denote the restriction of M to
W. Let M ={M: M € M}. Then, T(M) is ROG if and only if T(M) is ROG.

Considering the definitions of S(M) and T (M), one may ask whether it is possible to “lift” the inequalities in
S(M) to equalities while preserving the ROG property. More formally, given a finite set M = {My,..., M}
such that S(M) is ROG, is the set T(M) C S**™ ROG? Here,

M:{Ml,...,Mm} and Mz:< ¢ —€i€T>.

)

If this were possible, then there would be no need to study the ROG property of sets of the form S(M). The
following example (Argue et al. [3, Example 3]) shows that this is not possible in general.

Example 13. Consider the set

s Z12=0
. 3 . 1,2
8.{Z€S+. 21,3§0}'
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We will see soon (see Theorem 6) that this set is ROG. We can replace the LMIs defining S with LMEs
in a lifted space as follows: Let IT : S* — S3 denote the projection of a 4 x 4 matrix onto its top-left 3 x 3
principal submatrix. Then,

s=u({zes: 7270 ) -nirdan.amy),

where
0 1/2 0 0 0 0 1/2 0
— |12 0 0o — o o 0 o
Mi=1"0""0 0o o0 and - M2=1,,5 g o o
0 0 00 0 0 0 1

Define M := {My, M5}. Theorem 6 implies that 7T (M) is not ROG. We conclude that the obvious lifting of
LMIs into LMEs can take ROG sets S(M) to non-ROG sets T (M). O

6.3 Simple operations preserving the ROG property

The following results are useful in reasoning about extreme rays of S(M), and thus inferring about operations
preserving the ROG property.

It is easy to observe that an arbitrary intersection of ROG cones is ROG if and only if no new extreme rays
are introduced; see Argue et al. [3, Lemma 10].

Lemma 9. Let M C S"*! be a union M = | ey Ma. Suppose that S(My) is ROG for every a € A.
Then, S(M) is ROG if and only if

extr(S(M)) € () extr(S(Ma)).

acA

Remark 18. The statement of Lemma 9 is slightly stronger than one might expect given the situation for
integral polyhedra. Specifically, the intersection of a (finite) collection of integral polyhedra is polyhedral
if no new extreme points are introduced while the converse does not necessarily hold. The more accurate
analogy for the ROG property in Lemma 9 is to the integrality property of polyhedral sets defined with pure
binary variables. O

Argue et al. [3, Lemma 9] establishes that we can refine the above result further when M can be partitioned
into “non-interacting” sets of constraints. This lemma, which we state below, allows us to construct ROG
cones out of simpler ROG cones.

Lemma 10. Let M C S*! be a finite union of compact sets M = Ule M. Further, suppose that for all
nonzero Z € ST and i € [k], if (M;,Z) = 0 for some M; € M;, then (M,Z) < 0 for all M € M\ M,.
Then, S(M) is ROG if and only if S(M;) is ROG for all i € [k].

6.4 The ROG property and solutions of quadratic systems

The ROG property of a set is naturally connected to the existence of nonzero solutions of underlying systems
of quadratic inequality or equality constraints. We examine this connection next. To this end, for M C S*+!
and Z € S(M), define

E(ZM)={zeR": (M,Z) <2"Mz<0,VM € M}.

Based on this, we have the following characterization of the ROG property Argue et al. [3, Lemma 11].
Lemma 11. §(M) is ROG if and only if for every nonzero Z € S(M) we have range(Z) N E(Z, M) # {0}.
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S(M) ROG | == |VZ € S(M)\ {0}, range(2) N E(Z, M) # {0} |

J !

T(M) ROG | <= |¥Z € T(M)\ {0}, range(2) N N (M) # {0} |

Figure 6: A summary of Lemma 11 and Corollary 5.

Note that by definition, T (M) = S(M’) where M’ ={M : M € M} J{—M : M € M}. Therefore, in the
case of T(M), the set £(Z, M) in Lemma 11 is replaced with a simpler set corresponding to solutions to a
homogeneous system of quadratic equations. In particular, for M C S™t!, define

NM) ={zeR"™: 2T Mz=0,YM € M}.

Remark 19. It is easy to see that for every M C S"*! and Z € S(M), we have N'(M) C E(Z, M). 0

Therefore, we arrive at the following corollary; see Argue et al. [3, Corollary 2].
Corollary 5. T(M) is ROG if and only if for every nonzero Z € T (M) we have range(Z) N N (M) # {0}.

Note that for any rank-one matrix Z = zz" in S(M), we always have z € range(Z) N £(Z, M). Therefore,
when applying Lemma 11, it suffices to check the right hand side only for matrices Z with rank at least two.
The same is true for Corollary 5.

Our tool set allows us to recover a number of known results from the literature. The following result regarding
spectrahedral cones defined by a single LMI is from Sturm and Zhang [57].

Lemma 12. Consider any M € S"*1, and let M = {M}. Then S(M) is ROG.

Using our tool set we see that Lemma 12 follows from Lemma 6 and Corollary 5. In the case of ROG sets
defined by two LMIs, Lemmas 7 and 12 and Corollary 4 lead to the following characterization (see Argue
et al. [3, Corollary 3]).

Corollary 6. Suppose |M| =2, then S(M) is ROG if and only if T(M) is ROG.

In Section 6.6 we will present necessary and sufficient conditions for a T ({ M7, M2}) to be ROG; see Theorem 6.
Combined with Corollary 6, this then gives a complete characterization of ROG sets of the form S({ M1, Mz}).

6.5 Sufficient conditions

In this subsection, we present a number of sufficient conditions for the ROG property. We begin with a result
related to the S-lemma Fradkov and Yakubovich [28] and a convexity theorem due to Dines [26].

Lemma 13. Let M = {M, Ms} and suppose there exists (a1, az) # (0,0) such that oy My + aaMs € Siﬂ.
Then, S(M) is ROG.

The proof of this lemma is straightforward and follows from Corollary 6.

Remark 20. The condition in Lemma 13 has a simple geometric interpretation. Specifically, this condition
guarantees that the two LMEs defining 7 ({M;, M>}) only interact with each other on a single (possibly
trivial) face of the positive semidefinite cone. Furthermore, on this face, the two LMEs impose the same
(possibly trivial) constraint. See Figure 7. O

The following result from Argue et al. [3, Proposition 1] generalizes Lemma 13.

Proposition 2. Let M C S"t! be finite. Suppose that for every distinct pair M, M’ € M, there exists
(o, B) # (0,0) such that aM + SM’ is positive semidefinite. Then, S(M) is ROG.
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Figure 7: Illustrations of Lemma 13 (left picture) and Proposition 2 (right picture) in the setting S’"' = §2.
Recall that the matrices on the boundary of Sﬁ_ all have rank at most one.

Intuitively, the conditions in this proposition have a similar geometric interpretation to the conditions in
Lemma 13 (see Remark 20). Specifically, it is possible to show that for every M’ C M, the set T (M) is
contained in some face of the positive semidefinite cone on which every constraint defining 7 (M’) imposes
the same constraint. See Figure 7.

Lemma 11 and Remark 19 lead to the following sufficient condition for the ROG property Argue et al. [3,
Theorem 1].

Theorem 5. Suppose M = {Sym(abT) cbe B} for some a € R and B C R"*1. Then, for every positive
semidefinite Z of rank at least two, we have range(Z) NN (M) # {0}. In particular, S(M) is ROG.

Theorem 5 has a few immediate corollaries. The first of these corollaries allows us to handle conic
constraints added to the positive semidefinite cone. Let K be a closed convex cone and define M =
{Sym(—cb"): b€ K*} where K* is the dual cone of K. Then, {Z € 1™ : Zc € K} = S(M). We arrive
at the following corollaries; see Argue et al. [3, Corollaries 4 and 5].

Corollary 7. Let K C R™""! be any closed convex cone and consider an arbitrary vector ¢ € R"+1. Then,
the set {Z € Sﬁ“ : Zce€ K} is ROG.

Corollary 8. Let a,b,c € R"T1. Then, the set {Z € Siﬂ ca'Ze>0,b"Ze> O} is ROG.

As an immediate application of Corollary 8 and Proposition 1, we recover the result presented in Example 9
on the perspective reformulation trick.

Remark 21. Defining L := Diag(1,...,1,—1) € S"™!, we can write L"** = {z e R"™' : 2TLz <0, 2,41 > 0}.
Sturm and Zhang [57] (see also Burer [15, Section 6.1]) established that the set

n+1
S::{ZEST’l: Zeel }

(L,Z) <0

where ¢ € R is ROG (cf. Corollary 7). This result can also be recovered from a straightforward application
of Lemma 12 and Corollary 7; see Argue et al. [3, Lemma 12]. a

6.6 Necessary conditions

In this section, we discuss the complete characterization of ROG cones defined by two LMIs or LMEs given
in Argue et al. [3, Theorem 3].

Theorem 6. Let M = {My, Ma}. Then, T(M) (and thus S(M)) is ROG if and only if one of the following
holds:

(i) there eists (a1, ) # (0,0) such that ar My + as My € ST, or
12) there exists a,b,c € such that My = Sym(ac' ) an 2 = Sym(bc' ).
i) th ) b R +! h that M7 =S T d M =S be'

Note that the if direction of Theorem 6 is a direct consequence of the sufficient conditions identified in
Proposition 2 and Corollary 8. Furthermore, recall from Corollary 6 that when | M| = 2, the set S(M) is
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ROG if and only if 7(M) is ROG. Thus it suffices to show that if 7 (M) is ROG then one of the conditions
(i) or (ii) must hold.

Remark 22. The conic Gordan—Stiemke Theorem (see Equation 2.3 in Sturm [56] and its surrounding
comments) implies that for any subspace W C S"*1,

wnsSit ={0} = wtnsit' £o.

In particular, applying the conic Gordan—Stiemke Theorem in the context of Theorem 6 we deduce that if
M, M; are linearly independent, then condition (i) in Theorem 6 fails if and only if 7 ({M;, M2}) contains a
positive definite matrix. O

Conditions (i) and (ii) in Theorem 6 have simple geometric interpretations. See Remark 20 for a geometric
interpretation of (i). Condition (ii) covers the important case when the two LMEs interact in a nontrivial
manner inside Srfrl. Suppose for the sake of presentation that a = ey, b = es, ¢ = e,,41. Then, Corollary 8
implies that

T(M) = conv({zzT t 212n41 = 0, 22241 = 0})
= conv (conv {zzT 2 =29 = 0} U conv {zzT D g4l = O})

= conv ((0; ® ST U (ST @0y)).

In other words, condition (ii) covers the case where T (M) is the convex hull of the union of two faces of the
positive semidefinite cone with a particular intersection structure. Theorem 6 states that these are the only
ways for 7 (M) to be ROG when |M| = 2.

Remark 23. Both directions of Theorem 6 admit small certificates; see Argue et al. [3, Remark 11]. Let
M = {M;, Ms}.

e Suppose S(M) is ROG. Then Theorem 6 implies that there exists either aggregation weights (o, as) #
(0,0) for which a1 M; + asMy € SZ;'H or vectors a,b,c € R*""! for which M; = Sym(ac') and
My = Sym(beT).

e Suppose S(M) is not ROG. Then, based on Theorem 6, it suffices to certify that neither conditions (i)
nor (ii) hold. Note that M; and M; are linearly independent since otherwise we would have S(M) is
ROG. Then, from the Gordan—Stiemke Theorem (see Remark 22) we deduce that condition (i) fails if
and only if there exists a positive definite matrix Z in 7 (M). That is, presenting a positive definite
matrix in 7 (M) will certify that condition (i) fails. If either rank(M;) > 3 or rank(Ms) > 3, then the
spectral decomposition of the corresponding M; certifies that condition (ii) does not hold. Else, M; and
My are both indefinite rank-two matrices and we can write M; = 1; Sym(ab') and My = 15 Sym(cd ")
where 7; € R and a, b, c,d € R**! are unit vectors. This decomposition is unique up to renaming a and
b or ¢ and d. Then, condition (ii) does not hold if and only if a, b, ¢,d are distinct. In particular, this
decomposition certifies that condition (ii) does not hold. ]

The proof of Theorem 6 is nontrivial and requires several arguments. We give a proof outline below. See
Argue et al. [3, Section 4] for a more detailed proof.

Proof outline for Theorem 6. We may assume that
span (range(M;) U range(My)) = R" !

without loss of generality. Indeed, when the set {M;, My} does not satisfy this assumption, we may consider
the set of restricted matrices {(M1)w, (M2)w} where (M;)w is the restriction of M; onto the minimal
subspace, W, containing range(M;) U range(Ms). It is not hard to show that the ROG property as well as
conditions (i) and (ii) are invariant under this operation (see Argue et al. [3, Lemma 13]).

By Lemma 13 and Corollary 8, it suffices to show that if 7 (M) is ROG, then either condition (i) or condition
(ii) holds. We will split the proof of Theorem 6 into a number of cases depending on the dimension n + 1.
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e The case n+ 1 = 1 holds vacuously as we can set (aq, as) to either (1,0) or (—1,0) to satisfy (i).

e For n + 1 = 2, we can show that condition (i) necessarily holds. Indeed, supposing otherwise, we
can explicitly construct a rank-two extreme ray of 7 (M) using the Gordan—Stiemke Theorem. The
construction crucially uses the geometry of R? (and S?); see Argue et al. [3, Proposition 2].

e For n+ 1 = 3, when neither conditions (i) nor (ii) are satisfied, we can explicitly construct extreme
rays of T(M) with rank two. The construction is based on understanding what the corresponding
N (M) set looks like. This construction crucially uses the geometry of R3. In particular, it establishes
that in this case where neither conditions (i) nor (ii) are satisfied, /(M) is the union of at most four
one-dimensional subspaces of R3 (see Argue et al. [3, Lemma 17]).° Following this, we may then apply
Dine’s Theorem Dines [26] and Hildebrand [37, Lemma 3.13] to construct our desired rank-two extreme
ray of T(M) (see Argue et al. [3, Proposition 3]).

e Finally, we will reduce the case where n+1 > 4 to the case where n+ 1 = 3. Specifically, supposing that
T (M) is a ROG cone with n + 1 > 4 for which condition (i) does not hold, it is possible to construct a
three-dimensional subspace W of R”*! such that the restriction of M to W, denoted My, satisfies:
T (Mw) is ROG, neither conditions (i) nor (ii) hold for Myy. This gives us our desired contradiction.
See Argue et al. [3, Proposition 4]. [ |

Remark 24. The above proof outline in fact shows something stronger than Theorem 6. Specifically, in the
cases where

dim (span (range(M;) U range(Ms))) # 3,

we were able to derive contradictions by simply assuming that condition (i) did not hold. In other words,
condition (i) itself completely characterizes the ROG property of a cone defined by two LMIs whenever the
dimension of their joint span is not three-dimensional. O

We close by illustrating the proof of Theorem 6 on a prototypical example where the joint span of M; and
M is three-dimensional; see Argue et al. [3, Example 2].

Example 14. Suppose M = {M;, My} where M; = Diag(1, —1,0) and M, = Diag(0,1, —1) so that
T(M) = {Z S Si : Zl,l = ZQ)Q = Z373} .

Note that ay M7 + agMs = Diag(ay, as — a1, —a2) is positive semidefinite if and only if (a1, as) = (0,0) so
that condition (i) of Theorem 6 is violated. Next, we claim that condition (ii) of Theorem 6 does not hold.
Indeed, assuming condition (ii), we have that a; M; + asMs = Sym((aia + asb)c') has rank at most two.
Observing that 2M; + My = Diag(2, —1,1) has rank three, we deduce that condition (ii) of Theorem 6 cannot
hold. We conclude that 7 (M) is not ROG.

Below, we construct a rank-two extreme ray of 7 (M).
Note that N(M) = {z € R®: 27 = 23 = 22} is a union of the four lines generated by (1,1,1), (1,1,-1),
(1,—-1,1), and (1,—-1,—1). Then,

R = U span(x,y)

z,yeN (M)

consists of all the vectors in R? with at most two different magnitudes.

As R is a union of finitely many planes in R3, there exists a vector w ¢ R. For example, we may pick
w = (—1,0,1). Dine’s Theorem Dines [26] states that as condition (i) does not hold, there exists some u € R?

such that
u! Myu _ w' Myw
u Mou) — w' Mow )

5For readers familiar with algebraic geometry, this may be viewed as a consequence of Bézout’s theorem.
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Indeed, u = (1,v/2,1) is such a vector. Then, Z :== ww' +uu' is a rank-two matrix contained in 7(M). By
Corollary 5, it suffices to show that range(Z) NN (M) = {0}. We will write a general element from range(Z)
as (8 — a, V2B, + ). Then

08—«
range(Z) NN (M) = V23 s (B-a)*=28%=(a+p)?
a+p

Note that (8 — a)? = (a + ()% implies that a8 = 0, whence (8 — a)? = 23? implies that a? = 32. We
conclude range(Z) N N(M) = {0} and that 7 (M) is not ROG. O

6.7 Minimizing ratios of quadratic functions over ROG domains

In this section, we show how a “re-homegenization” trick can be combined with our toolset (specifically
Lemma 4) to minimize the ratio of two quadratic functions over a ROG domain. Let Mopj, B € S"! and let
M C S"*H. We will consider the following optimization problem:

55T
I VAL
_inf $ =g Z'BZ>0 . (20)
zZeRn+t 32 1
n+1 —

Remark 25. Note that the variant of (20) where the constraint 2" BZ > 0 is replaced with 27 BZ # 0 can
be decomposed as two instances of (20) based on the sign of 2" BZ (and negating both M,p,; and B on the
portion of the domain where 27 B is negative). O

We derive an SDP relaxation to (20) as follows:

o zETesSMm) zz! € S(M)

inf { ZenZ . 2Rz S = inf {2z Muz: 2z Bz=1 (21)
SERn+1 z z 5 1 2ERP+H1 2
Zn+1 - Zn+1 > O
T

. T oz eSM)

S G s
. - ZeSWM)

2 ZEHS1£+1 {<M0b]a Z> . <B, Z> — 1 } Y (23)

where (21) follows from a simple change of variables to have the desired scaling relations, (22) is obtained
by dropping the constraint z2 41 > 0, and we dropped the rank-1 requirement on the matrix in the final
relaxation step of (23).

Lemma 4 implies that the second inequality holds with equality whenever S(M) is ROG and (23) is
bounded below. This boundedness holds under relatively minor assumptions. Similarly, a variety of different
assumptions may be used to guarantee that the inequality relation in (22) holds with equality. The following
lemma demonstrates one such pair of sufficient conditions.

Lemma 14. Let Moy, B € S*™! and M C S"*!. Suppose S(M) is ROG, there exists M* € clcone(M) and
A € R such that Mop; + M* + AB = 0, and

-
cl {z cR™L . z; €>SO(M) } ={zeR"": 2z € SM)}. (24)
n+1

Then, equality holds throughout (21) to (23).

Example 15 (Regularized total least squares). The total least squares problem (TLS) adapts least squares
regression to the setting where both the independent and dependent variables may be corrupted by noise
Golub et al. [34]. A variant of the TLS, known as the regularized total least squares problem (RTLS),
introduces an additional regularization constraint that protects against poorly behaved solutions which arise
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when the data matrix has small singular values. This regularization is well studied from both theoretical and
practical points of view (see Beck and Teboulle [3], Xia [66] and references therein).

By eliminating variables, the RTLS can be rewritten as minimizing the ratio of a nonnegative quadratic
function and a positive quadratic function over a nonempty ellipsoid (see for example Golub et al. [34]). In
particular, the RTLS can be written in the form of (20) where Mp;, B € ST and |[M| = 1. It is then
straightforward to verify that the assumptions of (14) are satisfied so that the RTLS admits an exact SDP
relaxation in the sense of objective value exactness. (]
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