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Abstract38

We study a semismooth Newton-type method for the nearest doubly stochastic matrix prob-39

lem where both differentiability and nonsingularity of the Jacobian can fail. The optimality40

conditions for this problem are formulated as a system of strongly semismooth functions. We41

show that the so-called local error bound condition does not hold for this system. Thus the42

guaranteed convergence rate of Newton-type methods is at most superlinear. By exploiting the43

problem structure, we construct a modified two step semismooth Newton method that guaran-44

tees a nonsingular Jacobian matrix at each iteration, and that converges to the nearest doubly45

stochastic matrix quadratically. To the best of our knowledge, this is the first Newton-type46

method which converges Q-quadratically in the absence of the local error bound condition.47

Key Words: nearest doubly stochastic matrix, semismooth newton method, strongly semis-48

mooth, quadratic convergence, equivalence class.49

1 Introduction50

Newton’s method is a powerful, popular iterative technique for solving systems of nonlinear equa-51

tions. The popularity arises from its fast asymptotic convergence rate. But this fast convergence52

requires assumptions such as: nonsingularity of the Jacobian matrix at the solution, or the so-called53

local error bound condition, see Definition 4.2 below, and e.g., [14,18,22,42,45]. These assumptions54
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unfortunately can fail for many interesting applications. Recent extensions when nonsingularity55

fails in the differentiable case appears in e.g., [32, 33] and the references therein. In this paper,56

we present a two-step semismooth Newton-type algorithm for the nearest doubly stochastic matrix57

problem. We illustrate that it is still possible to achieve a Q-quadratic convergence rate even if the58

above assumptions fail. To our knowledge this is the first Newton-type method to have a provable59

Q-quadratic convergence rate without the local error bound condition. We include empirical evi-60

dence that illustrates the improved speed and accuracy of our algorithm compared to several other61

methods in the literature.62

The proposed algorithm is also closely related to the recent developments for solving semidefinite63

programming relaxations using alternating direction method of multipliers (ADMM), see [8, 10].64

The ADMM is recently proven to be a powerful method for solving facially reduced semidefinite65

programs. It is currently the most efficient technique to approximately solve the semidefinite66

relaxations of various hard combinatorial problems, see [25, 30, 31, 43]. For example, the nearest67

doubly stochastic matrix problem can serve as a subproblem in solving certain relaxations for the68

quadratic assignment problem, e.g., [25, 36]. An efficient algorithm for solving this subproblem is69

the key to push the computational limit further. The algorithm presented in this paper is efficient70

and robust, which serves this purpose.71

1.1 Preliminaries72

A doubly stochastic matrix is a nonnegative square matrix X ∈ Rn×n whose rows and columns sum73

to one. Doubly stochastic matrices have many applications for example in economics, probability74

and statistics, quantum mechanics, communication theory and operation research, e.g., [11,37,39].75

The nearest doubly stochastic matrix, but with a prescribed entry, has been studied in [3]; it is76

related to the numerical simulation of large circuit networks.77

Throughout this paper we assume we are given a matrix X̂ ∈ Rn×n. The problem of computing78

its nearest doubly stochastic matrix is formally given by79

min ∥X − X̂∥2
s.t. Xe = e,

XT e = e,
X ≥ 0,

(1.1) dsm:main

where ∥ · ∥ is the Frobenius norm, and e ∈ Rn is the all-ones vector. Here, the column sum80

constraints appear first. Moreover, the constraints can be viewed within the family of network flow81

problems as they define the assignment problem constraints, e.g., [4, Chap. 7].82

1.1.1 A Vectorized Formulation and Optimality Conditions83

The nearest doubly stochastic matrix problem (1.1) is defined using the matrix variable X ∈ Rn×n.84

It is often more convenient to work with vectors, and therefore we shall derive an equivalent85

formulation using a vector of variables x ∈ Rn2
.86

Let x = vec(X) ∈ Rn2
denote the vector obtained by stacking the columns of X ∈ Rn×n.

Conversely, X = Mat(x) ∈ Rn×n is the unique matrix such that x = vec(X). Recall that the
matrix equation AXB = C can be written as (BT ⊗ A) vec(X) = vec(C), where ⊗ denotes the
Kronecker product. Therefore, the equality constraints in (1.1) are equivalent to

(I ⊗ eT )x = e and (eT ⊗ I)x = e.
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Thus we can express the feasible region of (1.1) in vector form as the set {x ∈ Rn2
: Āx = ē, x ≥ 0},87

where ē ∈ R2n is the all-ones vector and the matrix Ā is88

Ā =

[
I ⊗ eT

eT ⊗ I

]
=


eT 0 0

0
. . . 0

0 0 eT

I · · · I

 ∈ R2n×n2
. (1.2) ?fullA?

It is easy to see that one of the equality constraints is redundant. Therefore, we discard the last89

row in Ā, i.e., the 2n-th constraint that the last row of X sums to one. We denote this by A. We90

observe that the matrix with all elements 1/n is strictly feasible. Therefore, we now have that the91

Mangasarian-Fromovitz constraint qualification, MFCQ, holds. This further means that the set of92

optimal dual variables is compact, [23, 38].93

Let x̂ = vec(X̂). The doubly stochastic matrix problem (1.1) in the vector form is given by the94

unique minimum of the strictly convex minimization problem95

x∗ = argmin

{
1

2
∥x− x̂∥2 : Ax = b, x ≥ 0

}
, (1.3) ?eq:mainprob?

where A ∈ R(2n−1)×n2
is the first 2n−1 rows of Ā, and b ∈ R2n−1 is the all-ones vector. The optimal96

doubly stochastic matrix is denoted by X∗ = Mat(x∗). By abuse of notation, where needed we97

often use double indices for the vectors x = (xij) ∈ Rn2
.198

The standard Karush-Kuhn-Tucker, KKT, optimality conditions for the primal-dual variables99

(x, y, z) for (1.3) are:100 x− x̂−AT y − z
Ax− b
zTx

 = 0, x, z ∈ Rn2

+ , y ∈ R2n−1. (1.4) eq:optcondxyz_copy

The system (1.4) is a bilinear system of order n2. Theorem 1.1 below shows that we can simplify101

the KKT conditions and obtain an elegant characterization of optimality. This new optimality102

condition is a smaller system of size 2n−1. However, the new system involves a nonsmooth (metric)103

projection of a given v onto the nonnegative orthant, denoted v+ = argminx{∥x − v∥ : x ≥ 0}.104

(The absolute value of the projection onto the nonpositive orthant is denoted v−.) Therefore we105

get v = v+ − v−, v
T
+v− = 0.106

?⟨thm:optcondG⟩?Theorem 1.1. Let x̂ ∈ Rn2
be given. The optimal solution x∗ ∈ Rn2

for the nearest doubly107

stochastic problem (1.3) exists and is unique. Moreover, x∗ ∈ Rn2
solves (1.3) if, and only if,108

x∗ = (x̂+AT y∗)+, F (y∗) := A(x̂+AT y∗)+ − b = 0, for some y∗ ∈ R2n−1. (1.5) ?eq:optcondG?

Proof. The existence and uniqueness of the optimum x follows since (1.3) is a projection onto a
closed convex set. The Lagrangian dual of (1.3) is

max
z≥0,y

min
x

L(x, y, z) =
1

2
∥x− x̂∥2 − yT (Ax− b)− zTx.

1The perturbation function (optimal value function) is p∗(ϵ) = min
{

1
2
∥x− x̂∥2 : Ax = b+ ϵ, x ≥ 0

}
. Then

∂p∗(0) = {y} is the set of optimal dual multipliers, which is always a compact, convex set since MFCQ holds.
So differentiability holds if, and only if, it is a singleton.
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For nonnegative vectors z, x ≥ 0, the optimality is characterized by the KKT conditions (1.4),109

i.e., from dual feasibility (∇xL(x, y, z) = (x− x̂)−AT y− z = 0), primal feasibility, complementary110

slackness, respectively. We get111

0 ≤ x = (x̂+AT y)+ − (x̂+AT y)− + z, z ≥ 0, Ax = b, zixi = 0,∀i. (1.6) ?eq:optcondplusminus?

This implies112

x = (x̂+AT y)+, z = (x̂+AT y)−.

113

It follows from Theorem 1.1 that if F (y) = 0, then x = (x̂ + AT y)+ is the optimal primal114

point and z = (x̂ + AT y)− is an optimal dual vector for (1.3). We note that this characterization115

is well-known, and it can also be derived for more general results for finite dimensional problems116

e.g., [1, 47], and for infinite dimensional problems, see e.g. [7, 9, 20, 41]. In [44], this reformulation117

strategy is used for the nearest correlation matrix problem. They also prove that the obtained118

semismooth system has a nonsingular Jacobian at the optimum and leads to a very competitive119

algorithm. This is in contrast to our problem, where the generalized Jacobian at the optimum can120

contain many highly singular matrices.121

Remark 1.2. Our problem is a special case of the linearly constrained linear least squares problem,122

e.g. [34], that is itself a special case of quadratic programming, e.g. [19]. These problems lie within123

the class of linear complementarity problems, e.g., [16].124

In contrast to our dual type algorithm that applies a Newton-type method to the optimality125

conditions, the approaches in the literature include:126

1. active set methods, e.g., [5];127

2. quadratic cost network flow problems, e.g., [6, 24];128

3. path following, interior point methods, e.g. [19], that also use a Newton method applied to129

perturbed optimality conditions;130

4. classical Lemke and Wolfe type methods, e.g., [16];131

5. splitting methods such as ADMM, e.g. [25].132

1.1.2 Semi-smooth Newton Methods133

In this paper we solve the nearest matrix problem by applying a semismooth Newton method to the134

nonsmooth optimality conditions of (1.3) in the form F (y) = 0. We now present the preliminaries135

for semismooth Newton methods.136

Suppose F : Rs → Rt is locally Lipschitzian. According to Rademacher’s Theorem [46], F is137

Frechét differentiable almost everywhere. Denote by DF the set of points at which F is differen-138

tiable. Let F ′(y) be the usual Jacobian matrix at y ∈ DF . The generalized Jacobian ∂F (y) of F139

at y in the sense of Clarke [14] is140

∂F (y) := conv

 lim
yi→y
yi∈DF

F ′(yi)

 . (1.7) {?}
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The generalized Jacobian ∂F (y) is said to be nonsingular, if every V ∈ ∂F (y) is nonsingular. The
Lipschitz continuous function F is semismooth at y, if F is directionally differentiable at y and

∥F (y + d)− F (y)− V d∥ = O(∥d∥), ∀ V ∈ ∂F (y + d) and d → 0.

Moreover, F is strongly semismooth at y, if F is semismooth at y and

∥F (y + d)− F (y)− V d∥ = O(∥d∥2) ∀ V ∈ ∂F (y + d) and d → 0.

We note that the projection operator v+ in our optimality conditions (1.5) is a special case of a141

metric projection operator and is strongly semismooth e.g., [13, 48].142

Now let y0 be a given initial point. If ∂F (y) is nonsingular, the semismooth Newton method143

for solving equation F (y) = 0 is defined by the iterations144

yk+1 = yk − V −1
k F (yk), with Vk ∈ ∂F (yk). (1.8) ?semiNM?

A sequence {yk}, is said to converge Q-quadratically to y∗, if yk → y∗ and145

lim sup
k→∞

∥∥yk+1 − y∗
∥∥

∥yk − y∗∥2
< M, for some positive constant M > 0.

The following local convergence result for the semismooth Newton method as applied to a146

semismooth function F is due to [45].147

Theorem 1.3. [45] Let F (y∗) = 0 and let ∂F (y∗) be nonsingular. If F is (strongly) semismooth
?⟨semiNMconv⟩?

148

at y∗, then the semismooth Newton method (1.8) is (Q-quadratically) convergent in a neighborhood149

of y∗.150

The nonsingularity assumption for ∂F (y∗) can be a restrictive assumption for the convergence of151

semismooth (and smooth) Newton methods. This condition is not satisfied by many applications,152

including our nearest doubly stochastic matrix problem. In these cases, regularization such as153

the Levenberg-Marquardt method (LMM) could be used to obtain the nonsingularity. If F is154

differentiable and the local error bound condition is satisfied, see Definition 4.2 below, then the155

LMM approach achieves quadratic convergence, see [21,35,40,50]. Note that the local error bound156

condition does not hold for the nearest doubly stochastic matrix problem, see Theorem 4.3.157

1.2 Contributions158

1. We present a modified two-step semismooth Newton method that exploits the special network159

structure of our nearest matrix problem.160

2. At each iterate y, the first step finds a point (vertex) y′ in the same equivalence class so that161

we can guarantee that the matrix chosen from the generalized Jacobian is nonsingular. Thus162

a regular Newton step can be taken.163

3. This two-step method converges Q-quadratically for the nearest doubly stochastic matrix164

problem. This is done in the absence of the local error bound condition. The problem165

structure allows for Q-quadratic convergence to the solution. The main idea of our algorithm166

is to partition the search space into equivalence classes so that the difficulty of singular167

generalized Jacobians can be avoided.168

4. The numerical tests show that our algorithm outperforms existing methods both in speed and169

accuracy. The algorithm is also very robust for difficult instances.170
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2 Semi-smooth Newton Method for Connected X∗
171

?⟨sec:semi⟩?
In this section, we show that the semismooth Newton method (1.8) can be used to find a solution172

to the optimality conditions (2.5) when the bipartite graph for the optimal primal solution X∗ =173

Mat(x∗) of (1.3) is connected.174

2.1 Bipartite Graphs and Connectedness175

For every matrix X ∈ Rm×n we associate a bipartite graph G = (V,E) with node set divided176

into two V1, V2 corresponding to the rows and columns of X, respectively. The edges (i, j) ∈ E177

correspond to nonzero entries of X, i.e., ij ∈ E ⇐⇒ i ∈ V1, j ∈ V2, Xij ̸= 0. The adjacency178

matrix of G can be written as179 [
0 B
BT 0

]
. (2.1) ?eq:Badj?

We call the zero-one matrix B the reduced adjacency matrix of the bipartite graph G. We call B180

and X connected matrices if the graph G is connected. We call them disconnected otherwise.181

?⟨def:cm⟩?Lemma 2.1 (connected matrix , [12, page 109]). A matrix X ∈ Rm×n is connected if there do not182

exist permutation matrices P and Q such that183

PXQ =

[
X1 0
0 X2

]
,

where X1 is p× q satisfying 1 ≤ p+ q ≤ m+ n− 1.2184

Let N = {1, . . . , n}. In this paper we consider square matrices X ∈ Rn×n so that the associated185

bipartite graph has edges ij ∈ N ×N . Let R,C ⊆ N ,be two subsets, with R̄ and C̄ the respective186

complements in N . Then X ∈ Rn×n can be partitioned and permuted using the two subsets as187 [
XR̄,C̄ XR̄,C

XR,C̄ XR,C

]
. (2.2) ?blk_X?

We note that X is connected if both XR,C̄ , XR̄,C are zero or empty blocks, for some pair of subsets.188

We emphasize that the diagonal blocks are not necessarily square; and if X is disconnected, then189

one of them can be empty and thus there are zero rows or columns.190

We partition the dual variables y corresponding to the column and row sum constraints as191

y =

(
c
r

)
∈ R2n−1, c ∈ Rn, r ∈ Rn−1. (2.3) ?eq:ycr?

The structure of A enables us to write the equation X = Mat
(
x̂+AT y

)
+
as192

Xij =

{
(X̂ij + ri + cj)+ if i ̸= n,∀j,
(X̂ij + cj)+ if i = n,∀j.

(2.4) ?Xrc?

2A connected matrix is often called indecomposable in the literature.
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2.2 The Algorithm for Connected X∗
193

Recall that the optimality conditions function194

F (y) = A(x̂+AT y)+ − b = 0, (2.5) ?nm_eq?

is strongly semismooth, see [13,48]. Our algorithm is based on applying a Newton-type method to195

solve this equation. More precisely, at each iterate y, we have x = (x̂+AT y)+ and z = (x̂+AT y)−,196

and so we guarantee dual feasibility and complementarity:197

x− (x̂+AT y)− z = 0, xT z = 0, x, z ≥ 0.

The Newton algorithm solves F (y) = 0 in order to obtain the missing linear primal feasibility198

Ax = b.199

Below we provide a sufficient condition for the nonsingularity of the generalized Jacobian ∂F (y)200

at a y ∈ R2n−1. From Theorem 1.3, we see that this sufficient condition then guarantees that the201

semismooth Newton method converges locally to an optimum with a Q-quadratic convergence rate202

In order to obtain the generalized Jacobian at y ∈ R2n−1, we need the following set. Recall that203

we use double indices for vectors x = (xij) = ((x̂+AT y)ij) ∈ Rn2
.204

M(y) :=

M ∈ Rn×n | Mij =


1 if (x̂+AT y)ij > 0

[0, 1] if (x̂+AT y)ij = 0
0 if (x̂+AT y)ij < 0

 . (2.6) ?My?

Note that the minimal M , elementwise, is the adjacency matrix for Mat(x̂+AT y)+.205

The generalized Jacobian of the non-linear system (2.5) at y is given by the set206

∂F (y) = {ADiag(vec(M))AT | M ∈ M(y)}. (2.7) ?eq:jac?

For example, for the case where x̂+AT y > 0 and ∆y small, we get207

F (y +∆y) = A(x̂+AT (y +∆y))− b = F (y) +ADiag(vec(M))AT∆y, Diag(vec(M)) = I.

In the general case, we replace the elements of M with appropriate Mij ∈ [0, 1]. In our applications,208

we choose Mij ∈ {0, 1}, and in fact, we choose the maximal M as defined below in (3.9). Therefore,209

in our applications, every V ∈ ∂F (y) is a sum of rank one zero-one matrices.210

The next result shows that the matrices in the generalized Jacobian have a special structure in211

terms of the matrices M in (2.6).212

?⟨Vstructure⟩?Proposition 2.2. Let y ∈ R2n−1 be given and let M ∈ M(y). Then the linear transformation213

V(M) := ADiag(vec(M))AT ∈ ∂F (y) ⊂ S2n−1
+ . (2.8) ?eq:jac2?

Moreover, ∂F (y) is a nonempty, convex compact set. And ∂F (y) is a singleton if, and only if F is214

differentiable if, and only if, M(y) is a singleton.215

Now let
M ∈ M(y) ∈ Rn×n, M̂ ∈ R(n−1)×n,

8



where the latter is formed from the first n− 1 rows of M . Then the matrix V(M) has the following216

structure217

V(M) =

[
Diag(MT e) M̂T

M̂ Diag(M̂e)

]
.3 (2.9) ?eq:MMhatstruc?

Proof. The convexity and compactness of the generalized Jacobian are well known properties. The218

singleton property is clear from the definitions. Note that A ≥ 0 with no zero columns.219

The expression for V(M) follows from the structure of A.220

For y ∈ R2n−1, the fact that the matrix V(M) in (2.8) is nonsingular for a given M ∈ M(y),221

is equivalent to linear independence of 2n − 1 columns in A associated to a subset of the positive222

entries in M . Therefore, it is clear that one should choose as many elements Mi,j > 0 as pos-223

sible to obtain a nonsingular element in the generalized Jacobian. In what follows, we derive an224

alternative characterization that connects the nonsingularity of V(M) and the connectedness of M ,225

see Lemma 2.3 below.226

?⟨Vsing⟩?
Lemma 2.3. Let M ≥ 0. The matrix V(M) is nonsingular if, and only if, M is connected.227

Proof. This result can be derived easily using [15, Prop. 2.15]. Translated to our framework, The228

result states that a set of linearly independent columns in our matrix A forms a basis of R2n−1
229

if, and only if, the associated set of arcs forms a spanning tree. These arcs correspond to the230

graph of our matrices M . The result follows by noting that V(M) is positive definite if and only231

if the bipartite graph associated with M is connected and thus it contains a spanning tree. (M is232

obtained removing the last row and column of the signless Laplacian of the adjacency matrix of233

the graph G in (2.1). Results on singularity for signless Laplacians appear in e.g., [17, Prop. 2.1],234

and [49] for the reduced signless Laplacian.)235

We now include an alternative proof for the sake of self-containment. We denote V = V(M).236

First suppose thatM is disconnected. We now proof M is singular. We distinguish the following237

two cases.238

1. Now consider the special case that M contains a zero column or a zero row among the first239

n − 1 rows. Then there is a zero diagonal entry, see Proposition 2.2. Since V is positive240

semidefinite, we conclude that V is singular.241

For the case where the last row of M is zero, we have that MT e − M̂T e = 0 and thus there
is an eigenvector that has a 0 eigenvalue, i.e., by abuse of notation and using e of different
dimensions, we see that

V

[
e
−e

]
=

[
Diag(MT e)e− M̂T e

M̂e−Diag(M̂e)e

]
=

[
MT e− M̂T e

M̂e− M̂e

]
= 0.

2. We now assume that M and M̂ can be permuted so that they have the form

M =

[
M1 0
0 M2

]
and M̂ =

[
M1 0

0 M̂2

]
.

3V(M) can be obtained by removing the last row and column of the signless Laplacian of the adjacency matrix of
the graph G in (2.1), [17, 28].
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Using Proposition 2.2, we obtain

V =


Diag(MT

1 e) 0 MT
1 0

0 Diag(MT
2 e) 0 M̂T

2

M1 0 Diag(M1e) 0

0 M̂2 0 Diag(M̂2e)

 .

But then the first block column and the third block column of V are linearly dependent. Thus242

V is singular.243

Thus we have shown that V is singular in both cases. (Note that we do not need the nonnegativity244

condition s ≥ 0 in this direction.)245

Conversely, assume that V is singular. Then there exists a non-zero vector w =

[
u
v

]
∈ R2n−1,246

for some u ∈ Rn, v ∈ Rn−1 such that wTV w = 0. We can rewrite wTV w as follows.247

wTV w = uT Diag(MT e)u+ 2uT M̂T v + vT Diag(M̂e)v

=
∑n

j=1 u
2
jMn,j +

∑n−1
i=1

∑n
j=1(vi + uj)

2Mi,j

= ⟨W,M⟩,
(2.10) ?eq:Vsing?

where

W :=


(v1 + u1)

2 · · · (v1 + un)
2

...
. . .

...
(vn−1 + u1)

2 · · · (vn−1 + un)
2

u21 · · · u2n

 ∈ Rn×n.

Up to permutation, we can assume v1, . . . , vk1 and u1, . . . , uk2 are the only non-zero entries in w,248

where k1, k2 are nonnegative integers. Note that k1+k2 > 0 as w ̸= 0. We distinguish the following249

cases based on k1 and k2.250

1. Suppose that 0 < k1 and 0 < k2 < n. The matrix W can be partitioned correspondingly as

W =

[
W1 W12

W21 W2

]
∈ Rn×n,

with non-trivial off-diagonal blocks W12 ∈ Rk1×(n−k2) and W21 ∈ R(n−k1)×k2 . By assumption,
W12 > 0 and W21 > 0 are element-wise positive. Partitioning M in the same way yields

M =

[
M1 M12

M21 M2

]
.

Note that W ≥ 0 and M ≥ 0. As ⟨W,M⟩ = wTV w = 0, this implies that the off-diagonal251

blocks M12 ∈ Rk1×(n−k2) and M21 ∈ R(n−k1)×k2 must be zero. Therefore, M is a block-252

diagonal matrix.253

2. Using the same argument as above, the remaining three possibilities lead to a zero row or
column in M . They are listed below.

k1 = 0, k2 = n =⇒ M = 0;
k1 = 0, 0 < k2 < n =⇒ the first k2 columns of M are zeros;
k1 > 0, k2 = 0 =⇒ the first k1 rows of M are zeros.
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This shows that M is disconnected.254

We now provide two properties of the generalized Jacobian that show the relationships between255

nonsingularity, connectedness and also differentiability and strict complementarity.256

?⟨sys_sing⟩?Theorem 2.4. Let y ∈ R2n−1, and set257

X := Mat(x̂+AT y)+, Z := Mat(x̂+AT y)−.

Then the following holds:258

1. The generalized Jacobian ∂F (y) is nonsingular if, and only if, the matrix X is connected.259

2. The generalized Jacobian ∂F (y) is a singleton (F is differentiable at y) if, and only if, strict260

complementarity, X + Z > 0 holds.261

Proof. 1. Let M ′ ∈ M(y) be such that M ′
ij = 0 if Xij = 0, i.e., M ′ is the smallest elementwise.262

Note that V(·) is a monotonic mapping, i.e., for any M ∈ M(y), we have M ′ ≤ M and thus263

V(M ′) ⪯ V(M). Hence we have264

∂F (y) is nonsingular ⇐⇒ V(M) is nonsingular ∀M ∈ M(y) (by definition)
⇐⇒ V(M ′) is nonsingular for smallest M ′

⇐⇒ M ′ is connected (by Lemma 2.3)
⇐⇒ X is connected,

where the last equivalence follows since Xij > 0 ⇐⇒ M ′
ij > 0,∀ij for the smallest M ′

265

2. From the definitions of M(y) (2.6) and the Jacobian in (2.7), and the fact that A ≥ 0 with
no zero columns, we conclude that ∂F (y) is a singleton (differentiability) holds if, and only
if, M(y) is a singleton. By definition, this is equivalent to strict complementarity. Note that
if M ∈ M(y), if strict complementarity holds, we have

Xij = 0 =⇒ Zij > 0 =⇒ Mat(x̂+AT y)ij < 0 =⇒ Mij = 0.

(See also Proposition 2.2.)266

267

?⟨main_conv⟩?
Corollary 2.5. Suppose F (y∗) = 0 and X∗ = Mat(x̂+AT y∗)+ is connected. Then the semismooth268

Newton method (1.8) has local quadratic convergence to y∗.269

Theorem 2.4 and Corollary 2.5 show that if differentiability fails at the optimum, then strict270

complementarity fails. This type of degeneracy is typically tied to ill-conditioning and slow con-271

vergence. Similarly, if the optimum is disconnected, we get problems with singular generalized272

Jacobians. This motivates the next section that deals with finding nonsingular matrices in the273

generalized Jacobian.274

11



3 An All-inclusive Semi-smooth Newton Method275

?⟨sec:mod⟩?
In this section we develop an algorithm that allows for the cases where the optimal solution X∗

276

is disconnected. In this case the generalized Jacobian ∂F (y) of the non-linear system (2.5) is277

singular. Hence the iterates of the semismooth Newton method (1.8) are not well-defined, and the278

convergence result in Corollary 2.5 is not applicable, see e.g., [45]. In fact, the iterate in (1.8) may279

not even be defined at all, since every matrix V ∈ ∂F (y) is singular; see Theorem 2.4 below. Note280

that this now includes the important cases where the optimal solution is a permutation matrix, a281

matrix that highly disconnected. We show that we can move from each iterate y to a point y′ in the282

same equivalence class, see Definition 3.1 below, so that we can find a matrix that is nonsingular283

in the generalized Jacobian at y′.284

We now modify the semismooth Newton method (1.8) so that the iterates in the modified285

algorithm are well-defined, and the convergence rate is quadratic even if X∗ is disconnected. The286

main idea for constructing well-defined iterates is outlined as follows:287

for any vector y, construct an equivalent vector y′ so that there exists at least one288

nonsingular matrix in ∂F (y′) to obtain a well-defined next iterate.289

3.1 Equivalence Classes290

This section introduces the notion of equivalence classes of y corresponding to a given dual feasible291

X. This is related to the normal cone at X. Our Newton method finds iterates y, but we see below292

that we are in particular interested in moving between equivalence classes of y. And in particular,293

we are interested in a special point y in each equivalence class.294

3.1.1 Preliminaries295

We first define an equivalence relation for a partition of the underlying space R2n−1 to use for our296

modified Newton method.297

?⟨def:Equivalence⟩?
Definition 3.1 (equivalence class, [y]). Two vectors y and y′ in R2n−1 are equivalent, denoted by298

y ∼ y′, if299

(x̂+AT y)+ = (x̂+AT y′)+.

The set of equivalent vectors in R2n−1 is called the equivalence class. We denote the equivalence
class to which y belongs to by

[y] := {y′ ∈ R2n−1 | y ∼ y′}.

Recall that the nonnegative polar cone of a closed convex set C at w ∈ C is given by (C−w)+ =300

{v : (c − w)T v ≥ 0, ∀c ∈ C}. We can show that each equivalence class is actually a polyhedron301

that can be viewed in the y ∈ R2n−1 space, or equivalently in the x ∈ Rn2
space. The associated302

linear equations and inequalities are given explicitly in the next result.303

?⟨y_poly⟩?Lemma 3.2. Let ỹ ∈ R2n−1 and x̃ = (x̂+AT ỹ)+. Then the following are equivalent:304

1. y ∈ [ỹ]305

2.
(AT y)i = (x̂− x̃)i if x̃i > 0,
(AT y)j ≤ (x̂− x̃)j if x̃j = 0.
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3.
x̃− x̂−AT y ∈ (Rn2

+ − x̃)+.

Proof. A vector y is contained in [ỹ] if, and only if, x̃ is the optimal solution of the following306

optimization problem307

x̃ = argminx

{
1

2
∥x− x̂−AT y∥2 : x ∈ Rn2

+

}
. (3.1) ?unique_opt2?

It follows from the classical Rockafellar-Pshenichnyi optimality condition for (3.1), that x̃ is an
optimal solution if, and only if, the gradient of the objective function at x̃ satisfies

x̃− x̂−AT y ∈ (Rn2

+ − x̃)+.

This yields the third item. The second item follows from the fact that a vector v ∈ (Rn2

+ − x̃)+ is308

equivalent to vi = 0 for x̃i > 0 and vi ≥ 0 for x̃i = 0.309

We now introduce some notation in order to facilitate the discussions about the disconnected310

case. Let y ∈ R2n−1 and X = Mat
(
x̂+AT y

)
+
∈ Rn×n. Suppose that X is disconnected with the311

following block diagonal structure:312

X = Blkdiag(X1, . . . , XK), (3.2) ?Xblk?

where Xi ∈ Rmi×ni is connected for all i = 1, . . . ,K. We write y =

(
c
r

)
∈ R2n−1 correspondingly

with the labels

c =

 c1

...
cK

 ∈ Rn, with ci ∈ Rni , for i = 1, . . . ,K,

r =

 r1

...
rK

 ∈ Rn−1, with ri ∈ Rmi , for i = 1, . . . ,K − 1, and rK ∈ RmK−1.

The partition and its relation with ci and ri can be visualized as313

X =


(c1)T · · · (cK)T

r1 X1 · · · X1,K = 0
...

...
. . .

...
rK XK,1 = 0 · · · XK

, (3.3) ?yrc?

where the off-diagonal blocks Xij (i ̸= j) are zero due to the disconnectedness assumption. Each314

diagonal block Xi may be viewed as a smaller doubly stochastic matrix, if it is a square matrix.315

This motivates us to define the vectors by pairing ci and ri:316

Y i =

(
ci

ri

)
∈ Rmi+ni for i = 1, . . . ,K − 1,

Y K =

(
cK

rK

)
∈ RmK+nK−1.

(3.4) ?ycr2?
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We use calligraphic letter Y i to distinguish it from the i-th iterate yi in the Newton method (1.8)317

and Algorithm 3.1.318

We note that each diagonal block Xk is completely determined by the vector Y k, i.e.,319

Xk
ij =

(
X̂k

ij + ckj + rki

)
+
=

(
X̂k

ij + Y k
j + Y k

nk+i

)
+
.

We also note that if two vectors y and ỹ are equivalent, then the corresponding matrices X =320

Mat
(
x̂+AT y

)
+

and X̃ = Mat
(
x̂+AT ỹ

)
+

admit the same partition (3.3). Therefore, using the321

equivalence relation defined in Definition 3.1, it is unambiguous to speak of the (i, j)-th off-diagonal322

block Xij or (i, i)-th diagonal block Xi when it comes to the same equivalence class.323

Given y ∈ R2n−1, we list the notations to remind readers;324

Each y gives rise to


Y = Yy = Mat

(
x̂+AT y

)
,

X = Xy = Mat
(
x̂+AT y

)
+
,

M ∈ M(y),

V(M) = ADiag(vec(M))AT ∈ ∂F (y),

(3.5) ?notations?

where we ignore the subscripts when the meaning is clear. We partition the matrices Y and M in325

the same way as X in (3.3), respectively. Denote by Y ij and M ij the (i, j)-th block of Y and M ,326

respectively. It is worthwhile to note that the off-diagonal blocks Y ij (i ̸= j) are always non-positive327

due to the block-diagonal structure of X.328

This notation is extended verbatim to any other vectors in R2n−1. For example, if ỹ ∈ R2n−1,329

then the symbols Ỹ and Ỹ ij are unambiguously defined just as for y above. In what follows, we330

will use these notations directly without defining them again.331

3.1.2 Uniqueness332

In this section we present sufficient conditions for the equivalence class to be a singleton. We first333

note that uniqueness of the optimum X∗ means that the solution set of the system (2.5) is an334

equivalence class.335

Lemma 3.3. The solution set {y | F (y) = 0} of the system (2.5) is an equivalence class.336

Proof. The proof follows by definition, from the fact that the optimum X∗ is unique.337

Although the optimal solution of the primal problem (1.3) is unique, the solution of the opti-338

mality conditions in (1.5) for the dual variable y is a compact, convex, nonempty set, but is not339

necessarily a singleton set in general. The next result implies that we obtain a unique solution to340

(1.5) when the unique primal optimal solution to (1.1) is connected .341

?⟨unique_alg⟩?Theorem 3.4. Let ỹ ∈ R2n−1 be given. If Mat
(
x̂+AT ỹ

)
+
is connected, then the equivalence class342

[ỹ] is a singleton.343

Proof. Recall that the equivalence class can be defined by the linear equations and inequalities344

in Lemma 3.2. Applying the first proof in Lemma 2.3, if X is connected, then the columns of A345

associated with xi > 0 form a basis of R2n−1. Therefore, the equations in Lemma 3.2 determine a346

unique solution. This implies that [ỹ] is a singleton.347
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We also provide an elementary proof below for the sake of self-containment. Assume X is348

connected, and let y =

(
c
r

)
∈ R2n−1 be an element in [ỹ]. The entry yi is said to be unique, if349

{yi | y ∈ [ỹ]} has exactly one element. The subsets R,C ⊆ {1, . . . , n} are called unique, if the350

entries ri for i ∈ R\{n} and the entries cj for j ∈ C are unique. We show that there exist unique351

subsets R,C ⊂ {1, . . . , n} and they can be extended so that R = C = {1, . . . , n}.352

1. The existence: Let R = {n} and C ⊆ {1, . . . , n} be such that j ∈ C if, and only if, Xn,j > 0.353

Since X is connected, C cannot be an empty set. As Xn,j > 0 for every j ∈ C, we have354

Xn,j = (X̂n,j + cj)+ = X̂n,j + cj , see (2.4). Thus the entries cj for j ∈ C are uniquely355

determined. This shows that the subsets R and C are unique.356

2. The extension: Let the subsets R,C ⊆ {1, . . . , n} be unique. Since X is connected, there
exists at least one non-zero entry in XR̄,C or XR,C̄ , see the paragraph after (2.2). Assume
that XR̄,C contains a non-zero entry. Let i ∈ R̄ be the row index associated with this non-zero
entry. Then Xi,j > 0 for some j ∈ C, and this yields

Xij = (X̂ij + ri + cj)+ = X̂ij + ri + cj .

As C is unique, cj is unique as j ∈ C, and thus ri is also unique. It follows that the subsets357

R+ = R ∪ {i} and C+ = C are unique. The case when XR,C̄ contains some non-zero entries358

is similar.359

Therefore, R = C = {1, . . . , n} are unique, and this shows that [ỹ] has a unique solution.360

Note that Theorem 3.4 does not assume that X is a doubly stochastic matrix. The uniqueness361

of the solution to the system (1.5) follows directly from Theorem 3.4 as a special case when X is a362

doubly stochastic matrix.363

?⟨unique⟩?Corollary 3.5. If the optimal solution X∗ of (1.3) is connected, then the solution y∗ to the system364

(1.5) is unique.365

Remark 3.6. The converse direction in Theorem 3.4 doesn’t hold. Assume that X and X̂ are both
2 by 2 identity matrices. Then [y] contains vectors satisfying the system

1
0
0
1

 =



1
0
0
1

+


1 0 1
1 0 0
0 1 1
0 1 0

 y


+

with variable y ∈ R3.

This system can be written equivalently as

y1 + y3 = 0,
y1 ≤ 0,

y2 + y3 ≤ 0,
y2 = 0.

We can easily derive that y1 = y2 = y3 = 0. Thus, there is a unique solution y to the system even366

X is disconnected.367
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3.1.3 Polyhedron Description368

The polyhedron characterization in Lemma 3.2 does not exploit the structures in A. In this section,369

we provide a different characterization using the blocks in a disconnected X. This alternative370

characterization enables us to find a vertex of [y] efficiently and prove the convergence of our371

algorithm.372

Consider the vectors ck and rk associated with the k-th diagonal block Xk, k = 1, . . . ,K. If we373

add a constant to ck and subtract the same constant from rk, then the diagonal block Xk remains374

the same. We define a matrix U associated with this operation as follows. Let Rk and Ck be the375

row and column indices corresponding to the k-th diagonal block of X, respectively. Define the376

matrix377

U =
[
u1 · · · uK

]
∈ R2n−1×K , (3.6) ?shiftV?

where the non-zero elements in each column uk ∈ R2n−1 is given by378

uki = −1 for i ∈ Ck,
ukn+i = 1 for i ∈ Rk.

(3.7) ?shiftv?

It is clear that the aforementioned operation can be described by y + λku
k, for some λk ∈ R.379

In Lemma 3.7 below, we show that equivalent vectors in [y] are in the span of the first K − 1380

columns of the matrix U .381

?⟨yV⟩?
Lemma 3.7. If y ∼ ỹ, then382

ỹ − y ∈ range(
[
u1 · · · uK−1

]
),

the span of the first K − 1 columns of U .383

Proof. The statement in Theorem 3.4 can be extended trivially to non-square matrices. Note that384

each diagonal block Xk is connected. If we fix an element in rk ∈ Rmk , say the last entry rkmk
,385

then we can use the same argument in Theorem 3.4 to see that all other entries in Y k =

(
ck

rk

)
386

are uniquely determined. From this, we can deduce that ck = c̃k + λke and rk = r̃k − λke for some387

constant λk for every k = 1, . . . ,K − 1.388

Since the last block XK is connected, we can apply Theorem 3.4 to XK . This shows that389

Ỹ K = Y K and thus λK = 0. Putting together, this implies that ỹ = y+Uλ for some λ ∈ RK with390

λK = 0 using the definition of U .391

The following result is a direct consequence of Lemma 3.7. It states that the associated diagonal392

blocks of Y and Ỹ remain the same for the equivalent vectors y, ỹ.393

?⟨Yblk⟩?Corollary 3.8. If y ∼ ỹ, then Y K = Ỹ K and Y k = Ỹ k for k = 1, . . . ,K.394

We now show that every equivalence class has a polyhedral representation via U .395

?⟨equi⟩?Theorem 3.9. Let ỹ ∈ R2n−1. The equivalence class [ỹ] is a polyhedron given by396

[ỹ] = {y ∈ R2n−1 | y = ỹ + Uλ for some λ ∈ RK , λK = 0 and Y ij ≤ 0 for i ̸= j}, 4 (3.8) eq:equi_poly

where Y ij is the (i, j)-the block of Y = Mat(x̂+ AT y) with respect to the partition associated with397

ỹ as defined in (3.2).398

4The redundant variable λK in (3.8) is included to simplify the proof in Lemma 3.16.
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Proof. Let y be a vector on the right hand side set from (3.8). By the definition of U , the matrices399

X and X̃ have the same diagonal blocks. Since X = (Y )+ and the off-diagonal blocks Y ij ≤ 0 are400

non-positive, the off-diagonal blocks Xij = (Y ij)+ = 0. This shows that X = X̃ and thus y ∈ [ỹ].401

Conversely, for any vector y ∈ [ỹ], we have y = ỹ+Uλ and λK = 0 by Lemma 3.7. Since y ∈ [ỹ],402

we must have Y ij ≤ 0 for i ̸= j. Therefore, y is contained in the set on the right-hand-side.403

3.1.4 Vertices404

For any equivalence class [ỹ], we aim to find a vector y ∈ [ỹ] so that ∂F (y) contains at least one405

nonsingular matrix. For y ∈ R2n−1, the matrix M ∈ M(y) is said to be maximal, if406

(x̂+AT y)ij ≥ 0 =⇒ Mij = 1. (3.9) ?maxs?

For a maximal M ′, it is easy to see that M ′ ≥ M and thus V(M ′) ⪰ V(M) for every M ∈ M(y).407

Therefore, if ∂F (y) contains a nonsingular matrix, then V(M ′) must be nonsingular. In this case,408

we also call the matrices V(M ′) ∈ ∂F (y) maximal.409

It turns out that the generalized Jacobian at any vertex of the polyhedron [ỹ] contains at least410

one nonsingular matrix.411

?⟨vertices⟩?Theorem 3.10. Let ỹ ∈ R2n−1 be given, y ∈ [ỹ], and let M be maximal for y. The vector y is a412

vertex of the polyhedron [ỹ] if, and only if, M is connected.413

Proof. Assume M is disconnected. Without loss of generality, we can write

M =

[
M1 0
0 M2

]
and Y =

[
Y 1 Y 12

Y 21 Y 2

]
.

It holds that Y 12 < 0 and Y 21 < 0 by the maximality of M . Thus, there exists an ϵ > 0 such that414

the vectors y′ = y+ ϵu1 and y′′ = y− ϵu1 are in [ỹ], where the vector u1 is defined as in (3.7). But415

then y = 1
2y

′ + 1
2y

′′ and thus y is not a vertex.416

Conversely, assume that M is connected. If X is connected, then Corollary 3.5 implies that the417

polyhedron [ỹ] = y and thus y is an extreme point. Therefore, we assume that X is disconnected418

and consider its partition as given in (3.3). Suppose for the sake of contradiction that y ∈ [ỹ] is not419

an extreme point. Then there exist a scalar α ∈ (0, 1) and vectors y′, y′′ ∈ [ỹ] both different from420

y such that y = αy′ + (1 − α)y′′. Then, Y = αY ′ + (1 − α)Y ′′. Note that the diagonal blocks of421

Y, Y ′ and Y ′′ are the same, see Corollary 3.8.422

Since M is connected, one of the off-diagonal blocks M i,K ,MK,i for i = 1, . . . ,K − 1 must423

contain a positive entry. By the maximality of M , we have that M ij > 0 if, and only if, Y ij ≥ 0.424

This implies that one of the off-diagonal blocks Y i,K , Y K,i for i = 1, . . . ,K − 1 must contain a425

nonnegative entry, say the (i, j)-th entry Y K−1,K
ij of the (K − 1,K)-th block. In addition, as X426

is disconnected and X = (Y )+, the off-diagonal blocks Y i,K , Y K,i for i = 1, . . . ,K − 1 must be427

non-positive. Putting together, the entry Y K−1,K
ij must be zero.428

Similarly, we have that (Y ′)K−1,K ≤ 0 and (Y ′′)K−1,K ≤ 0, and therefore, the equation

0 = Y K−1,K
i,j = α(Y ′)K−1,K

i,j + (1− α)(Y ′′)K−1,K
i,j

implies that (Y ′)K−1,K
ij = (Y ′′)K−1,K

ij = 0. Therefore, it holds that (see (2.4) and (3.5))

0 = (Y ′)K−1,K
ij = X̂K−1,K

ij + (r′)K−1
i + (c′)Kj ,

0 = (Y ′′)K−1,K
ij = X̂K−1,K

ij + (r′′)K−1
i + (c′′)Kj .
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From Corollary 3.8, we know that (Y ′)K = (Y ′′)K and thus (c′)Kj = (c′′)Kj . This implies that429

(r′)K−1
i = (r′′)K−1

i . It then follows from Theorem 3.9 that (Y ′)K−1 = (Y ′′)K−1. This argument430

can be repeated for all the remaining diagonal blocks until we get y = y′ = y′′. This yields431

contradiction, and thus y is an extreme point.432

It follows from Lemma 2.3 and Theorem 3.10 that ∂F (y) contains a nonsingular matrix whenever433

y is a vertex of the polyhedron [ỹ]. More precisely, the maximal V(M) is nonsingular when y is a434

vertex. This result is stated in the next corollary.435

?⟨nonsingular⟩?Corollary 3.11. If y is a vertex of the polyhedron [ỹ], then ∂F (y) contains at least one nonsingular436

matrix. In particular, the maximal matrix V ∈ ∂F (y) is nonsingular.437

The rest of this section provides a method for finding a vertex efficiently. We start with the438

existence of a vertex for any polyhedron [y].439

?⟨existy⟩?Lemma 3.12. Let y ∈ R2n−1. The polyhedron [y] ⊂ R2n−1 contains at least one vertex.440

Proof. A polyhedron contains a line if there exists a vector y ∈ R2n−1 and a non-zero direction441

d ∈ R2n−1 such that y + αd is contained in the polyhedron for all scalars α. It is well known that442

a polyhedron has at least one vertex if, and only if, it does not contain a line.443

If X is connected, then the polyhedron [y] contains only one vector y which is a vertex by
Corollary 3.5. Suppose that X is disconnected. Assume, without loss of generality, that we can
write X and Y as

X =

[
X1 0
0 X2

]
and Y =

[
Y 1 Y 12

Y 21 Y 2

]
,

where the diagonal block X2 are connected. Here, the block X1 does not have to be connected.444

Let ỹ := y + αd for some d and define

D := Mat
(
ATd

)
=

[
D1 D12

D21 D2

]
.

It follows from Corollary 3.8 that the entries in y and ỹ associated with the last connected block445

are the same, i.e., Y 2 = Ỹ 2. Thus, the entries in d associated with D2 must be zero. From this,446

we can see that if the direction d is non-zero, then there exists at least one non-zero element in D12
447

or D21.448

If y ∼ ỹ, then applying Corollary 3.8 again yields Y2 = Ỹ2 and this implies that

Ỹ =

[
Ỹ 1 Ỹ 12

Ỹ 21 Ỹ 2

]
=

[
Y 1 + αD1 Y 12 + αD12

Y 21 + αD21 Y 2

]
.

In both cases, at least one of the entries in the off-diagonal blocks Ỹ 12 or Ỹ 21 becomes positive for449

sufficiently large or small α. This shows that ỹ is not equivalent to y for all α. Thus [y] doesn’t450

contain a line, and it has at least one vertex.451

?⟨polytope⟩?Remark 3.13. In Lemma 3.12, if we assume additionally that X = Mat
(
x̂+AT y

)
+

does not
contain any zero rows or columns, then [y] is even bounded and thus a polytope. We prove this by
contradiction. Assume that [y] is not bounded. Then there exists a non-zero direction d ∈ R2n−1

such that y + αd ∈ [y] for all α ≥ 0. By Theorem 3.9, we have that d = Uλ for some non-zero

18



λ ∈ RK with λK = 0. Thus, ỹ := y + αUλ ∈ [y] for all α ≥ 0. The (i, j)-th off-diagonal blocks of
Y and Ỹ satisfy

Ỹ i,j = Y i,j + (λi − λj)J,

where J is all-ones matrix of appropriate size. As λK = 0 and λ ̸= 0, there exists an index452

i ∈ {1, . . . , n − 1} such that λi − λK > 0 or λK − λi > 0. This implies that the blocks Ỹ i,K or453

Ỹ K,i contain a positive entry for sufficiently large α. But then y and ỹ are equivalent. This is a454

contradiction. Therefore, [y] is always bounded.455

Finally, the problem (1.3) satisfies Mangasarian-Fromovitz constraint qualification and this im-456

plies the set of dual optimal solutions is bounded. This yields an alternative derivation that the457

optimal set [y∗] is bounded.458

We can find a vertex of the polyhedron [ỹ] as follows. In Theorem 3.9, [ỹ] is expressed as the459

projection of a higher dimensional polyhedron in variables y ∈ R2n−1 and λ ∈ RK−1. Through the460

Fourier–Motzkin elimination, we can describe the polyhedron [ỹ] solely using variables y ∈ R2n−1.461

Then a vertex of [ỹ] can be obtained via solving a particular linear program. This procedure,462

however, is very expensive. In what follows, we provide an efficient combinatorial method for463

finding a vertex of [ỹ].464

?⟨thm:shift⟩?Lemma 3.14. Let y ∈ R2n−1. Let X be disconnected and

X =

[
XR,C 0

0 XR̄,C̄

]
and Y =

[
Y R,C Y R,C̄

Y R̄,C Y R̄,C̄

]
,

for some subsets R,C as in (2.2). Let ỹ := y + tu1 for some t ∈ R, where u1 is defined as in (3.7)465

for the partition above. Then466

y ∼ ỹ ⇐⇒ max
i,j

Y R̄,C
i,j ≤ t ≤ −max

i,j
Y R,C̄
i,j . (3.10) ?thm:shifteq?

Proof. The scalar t is well-defined, as Y R̄,C and Y R,C̄ are non-positive. Then the matrix Ỹ can be467

written as468

Ỹ =

[
Y R,C Y R,C̄ + tJ

Y R̄,C − tJ Y R̄,C̄

]
, (3.11) ?Yform?

where J is the all-ones matrix of appropriate sizes. We see that y ∼ ỹ if, and only if, Y R,C̄ + tJ ≤ 0469

and Y R̄,C − tJ ≤ 0. The latter is equivalent to the inequalities in (3.10).470

For any vector y, we can find a vertex of [y] efficiently.471

?⟨ysing⟩?Theorem 3.15. For any vector y ∈ R2n−1, there is a polynomial-time algorithm for finding a472

vertex of the polyhedron [y].473

Proof. Let X,Y and the maximal matrix M defined as in (3.5) and (3.9) associated with y. Denote
by M i,j the (i, j)-th block of M (i, j = 1, . . . ,K) corresponding to the partition of X in (3.2). If
y is not a vertex, then M is disconnected. Thus, there exists a subset B ⊆ {1, . . . ,K} such that
K ∈ B,

Y R,C̄ < 0 and Y R̄,C < 0,

19



where R and C be the collection of row and column indices of Y associated with the blocks in B.
For example, if B = {K}, then

Y R,C̄ =

 Y 1,K

...
Y K−1,K

 < 0 and Y R̄,C =
[
Y K,1 · · · Y K,K−1

]
< 0.

This means we can find a constant t ̸= 0 such that maxY R̄,C ≤ t ≤ −maxY R,C̄ as in (3.10). Let474

ỹ = y + tw, where w ∈ R2n−1 is defined as475

wi = −1 for i ∈ C,
wn+i = 1 for i ∈ R.

(3.12) ?shiftw?

By Lemma 3.14, we have ỹ ∼ y. Recall that Ỹ has the form (3.11). In particular, we distinguish476

the following two cases depending on t:477

1. If we take t = −maxY R,C̄ > 0, then Y R,C̄ + tJ contains at least one zero entry.

2. Similarly, if t = maxY R̄,C < 0, then Y R̄,C − tJ contains at least one zero entry.
(3.13) ?rule?

Let M̃ be the maximal matrix defined similarly for ỹ. In either case, the number of non-zero478

elements in M̃ is strictly less than these in M . As y ∼ ỹ, we can repeat this procedure until M is479

connected.480

3.2 The Algorithm and its Local Convergence481

For any vector y ∈ R2n−1, we can find a vertex ỹ of the polyhedron [y] using Theorem 3.15. It482

follows from Corollary 3.11 that the maximal matrix Ṽ ∈ ∂F (ỹ) is nonsingular. Thus we can483

generate well-defined iterates when maximal Ṽ ∈ ∂F (ỹ) is used at each iteration. We achieve this484

by developing a variant of the Semi-smooth Newton method.485

Algorithm 3.1 A Modified Semi-smooth Newton Method

1: Require: y0 initial point, tol tolerance
2: while ∥F (yk)∥ > tol do
3: Find a vertex ỹk of [yk] using Theorem 3.15
4: Compute the maximal Ṽk ∈ ∂F (ỹk)
5: Update yk+1 = ỹk − Ṽ −1

k F (ỹk)
6: end while

?⟨mo⟩?

We now prove Q-quadratic local convergence of the modified Newton method. Recall that the486

distance between a vector y ∈ R2n−1 to a subset S ⊆ R2n−1 is487

dist(y, S) := infs∈S ∥y − s∥. (3.14) eq:ptsetdist

Similarly, we denote the nearest point distance between two subsets S, T ⊂ R2n−1 as488

dist(S, T ) := inf
s∈S,t∈T

∥s− t∥. (3.15) eq:setsetdist
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The main idea behind the proof is that if an equivalence class [y] is sufficiently close to the489

optimal set [y∗] in the sense of (3.15), then every element in [y] is also close to [y∗] in the sense of490

(3.14); and this further implies that each vertex in [y] is also close to one of the vertices in [y∗].491

For any polyhedron [y], we denote by ext[y] the set of vertices of [y].492

?⟨thm_close0⟩?Lemma 3.16. Suppose that F (y∗) = 0. Then there exist ϵ > 0 and κ > 0 such that for any493

y ∈ R2n−1 with dist(y, [y∗]) < ϵ we have:494

1. dist(ỹ, [y∗]) < κ · ϵ for every ỹ ∈ [y].495

2. dist(ỹ, ext[y∗]) < κ · ϵ for every ỹ ∈ ext[y].496

Proof. 1. Let y ∈ R2n−1. Without loss of generality, we assume that y∗ satisfies ∥y − y∗∥ =497

dist(y, [y∗]) < ϵ. It follows from Lemma 4.1 that if ϵ > 0 is sufficiently small, then498

X∗
ij > 0 =⇒ Xij > 0. (3.16) ?XXstar?

Let X and X∗ be partitioned as in (3.2),499

X = Blkdiag
(
X1, . . . , XK

)
,

X∗ = Blkdiag
(
(X∗)1, . . . , (X∗)K

∗)
,

(3.17) ?eq_par?

where K and K∗ are the number of blocks in X and X∗, respectively. It follows from (3.16)
that K ≤ K∗, and moreover, we can view each block (X∗)i,j as a unique sub-block of Xk,l

for some k, l = 1, . . . ,K. As an example, assume we have the following partition for X and
X∗ into K = 2 and K∗ = 3 blocks, respectively,

X =


X1,1 X1,2 X1,3 0 0
X2,1 X2,2 X2,3 0 0
X3,1 X3,2 X3,3 0 0
0 0 0 X4,4 X4,5

0 0 0 X5,4 X5,5

, X∗ =


X∗

1,1 X∗
1,2 0 0 0

X∗
2,1 X∗

2,2 0 0 0

0 0 X∗
3,3 0 0

0 0 0 X∗
4,4 X∗

4,5

0 0 0 X∗
5,4 X∗

5,5

.

Then the top-left block (X∗)1 ∈ R2×2 and the mid block (X∗)2 ∈ R1 of X∗ on the right hand500

side are both sub-blocks of X1 ∈ R3×3 of X on the left hand side.501

For convenience, we define a zero-one matrix P ∈ {0, 1}K∗×K such that Pij = 1 if, and only
if, (X∗)i is a sub-block of Xj . For instance, the matrix P in the previous example is given by

P =

1 0
1 0
0 1

 ∈ R3×2.

Denote by pi ∈ RK the i-th row of P . Note that pi = pj if, and only if, the diagonal blocks502

(X∗)i and (X∗)j are the sub-blocks of the same diagonal block in X. We also define the503

matrices U and U∗ as in (3.6) for X and X∗, respectively.504

From Theorem 3.9, we know that if ỹ ∈ [y], then ỹ = y + Uλ̃ for some λ̃ ∈ RK with λ̃K = 0.505

Define y′ := y∗ + Uλ̃. By construction, the distance between ỹ and y′ is small as506

∥ỹ − y′∥ = ∥y + Uλ̃− y∗ − Uλ̃∥ = ∥y − y∗∥ < ϵ. (3.18) ?eq_close1?
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We will show that dist(y′, [y∗]) is also sufficiently small. The key idea is that y′ only slightly507

violates the set of constraints defining the polyhedron [y∗] in Theorem 3.9. From this, we can508

establish an upper bound for dist(y′, [y∗]) using Hoffman’s error bound [29]. Together with509

(3.18), the first inequality in the statement follows immediately.510

Let λ∗ = Pλ̃ ∈ RK∗
. Since the last diagonal block (X∗)K

∗
of X∗ must be a sub-block of XK

511

and λ̃K = 0, we have the equality512

λ∗
K∗ = 0. (3.19) ?eq_close2?

One can easily verify that U = U∗P and thus Uλ̃ = U∗λ∗. This means we can write513

y′ := y∗ + Uλ̃ = y∗ + U∗λ∗. (3.20) ?eq_close3?

From Theorem 3.9, the equivalence class [y∗] can be defined as514

[y∗] =

{
y∗ + U∗λ ∈ R2n−1 | λ ∈ RK∗

, λK∗ = 0
(Y ∗)ij ≤ 0 for i ̸= j

}
, (3.21) ?ystar2?

where (Y ∗)ij is the (i, j)-th block of Y ∗ = Mat
(
x̂+AT y∗

)
with respect to the partition of515

X∗ in (3.17). From (3.19) and (3.20), it is clear that y′ satisfies the equality constraints in516

(3.21).517

As to the inequality constraints, we partition Y ′ in the same way as X∗. Each block (Y ′)ij can518

also be viewed as a sub-block of Xk,l for some k, l = 1, . . . ,K. We distinguish the following519

two cases based on the off-diagonal blocks in Y ′.520

(a) If (Y ′)ij (i ̸= j) is a sub-block of a diagonal block Xk, then the diagonal blocks (Y ′)i521

and (Y ′)j are also sub-blocks of Xk. As λ∗ = Pλ̃, this means λ∗
i = λ∗

j = λ̃k. Since522

y′ = y∗ + Uλ̃ = U∗λ∗, we obtain that (Y ′)ij = (Y ∗)ij ≤ 0.523

(b) If (Y ′)ij is a sub-block of an off-diagonal block Y k,l, then the constraint (Y ′)ij ≤ 0 may
not be satisfied. As ∥ỹ − y′∥ < ϵ from (3.18), it holds that

∥Ỹ − Y ′∥ = ∥x̂+AT ỹ − x̂−AT y′∥ = ∥AT (ỹ − y′)∥ < ∥A∥ϵ.

In addition, ỹ ∈ [y] implies that Ỹ k,l ≤ 0, see Theorem 3.9. This means the largest524

nonnegative entry in (Y ′)i,j is at most ∥A∥ϵ.525

This shows that y′ violates the constraints in [y∗] only up to a scalar multiplication of ϵ. The526

Hoffman’s error bound implies that dist(y′, [y∗]) < c · ϵ for some universal constant c which527

depends only on the matrix A and the polyhedron [y∗].528

We can establish the first inequality now. Let v ∈ [y∗] such that ∥y′ − v∥ = dist(y′, [y∗]) < ϵ.
For any ỹ ∈ [y], we have that

dist(ỹ, [y∗]) ≤ ∥ỹ − v∥
≤ ∥ỹ − y′∥+ ∥v − y′∥
= ∥ỹ − y′∥+ dist(y′, [y∗])
< c1ϵ,

where c1 = c+ 1.529
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2. For any ỹ ∈ ext[y], we know from the first part that dist(ỹ, [y∗]) < c1 · ϵ for some universal530

constant c1. Without loss of generality, we assume that y∗ satisfies ∥ỹ − y∗∥ = dist(ỹ, [y∗]).531

If y∗ ∈ ext[y∗], then dist(ỹ, ext[y∗]) < c1 · ϵ. Thus, we assume that y∗ /∈ ext[y∗].532

We transform y∗ into a vertex ỹ∗ ∈ ext[y∗] using the procedure in the proof of Theorem 3.15.533

The obtained vertex ỹ∗ depends on the choice in (3.13). This yields a sequence λ∗
i such that534

ỹ∗ = y∗+
∑m

i=1 λ
∗
iwi, where wi is defined as in (3.13) and m is the number of iterations. Note535

that m ≤ K∗ − 1. In what follows, we show that it is possible to pick a sufficiently small λ∗
i536

at each iteration.537

In the first iteration, we identify subsets R and C such that (Y ∗)R̄,C < 0 and (Y ∗)R,C̄ < 0.538

Then we choose either λ∗
1 = max(Y ∗)R̄,C or λ∗

1 = −max(Y ∗)R,C̄ . As ∥ỹ−y∗∥ = dist(ỹ, [y∗]) <539

c1 · ϵ, it holds that540

∥Ỹ − Y ∗∥ = ∥AT (ỹ − y∗)∥ < c1∥A∥ϵ = ϵ1, (3.22) ?eq_close4?

where we set ϵ1 := c1∥A∥ϵ. Therefore, we obtain that541

∥Ỹ R̄,C − (Y ∗)R̄,C∥ < ϵ1 and ∥Ỹ R,C̄ − (Y ∗)R,C̄∥ < ϵ1. (3.23) ?eq_close5?

Since ỹ ∈ ext[y] is a vertex, the associated maximal matrix M̃ is connected by Theorem 3.10,542

see the definition of maximality in (3.9). This implies that543

max Ỹ R̄,C ≥ 0 or max Ỹ R,C̄ ≥ 0, (3.24) ?eq_close6?

as otherwise M̃ is disconnected. Using (3.23) and (3.24), we conclude that

max(Y ∗)R̄,C > −ϵ1 or max(Y ∗)R,C̄ > −ϵ1.

We choose λ∗
1 as follows.544

(a) If max(Y ∗)R̄,C > −ϵ1, then λ∗
1 = max(Y ∗)R̄,C .545

(b) If max(Y ∗)R,C̄ > −ϵ1, then λ∗
1 = −max(Y ∗)R,C̄ .546

As λ∗
1 < 0, we have that |λ∗

1| < ϵ1 in both cases. In the second iteration, we apply the same547

procedure to y∗ + λ∗
1w1. The same argument above can be used, except that ϵ1 is replaced548

by 2ϵ1, to show that that |λ∗
2| < 2ϵ1. Proceeding in this way, we conclude that |λ∗

k| < 2kϵ for549

k = 1, . . . ,m.550

These upper bounds for λ∗
1, . . . , λ

∗
m imply that

∥ỹ − ỹ∗∥ = ∥(ỹ − y∗)−
∑m

k=1 λ
∗
kw

k∥
≤ ∥ỹ − y∗∥+ ∥

∑m
k=1 λ

∗
kw

k∥
≤ c1 · ϵ+

∑m
k=1 |λ∗

k| · ∥wk∥
≤ c1 · ϵ+ (maxk ∥wk∥)(

∑m
k=1 2

k)ϵ1
< c2 · ϵ,

for some constant c2 depending on m. As ỹ∗ ∈ ext[y∗], we have that dist(ỹ, ext[y∗]) ≤551

∥ỹ − ỹ∗∥ < c2 · ϵ.552

Finally, we take κ = max{c1, c2} and this finishes the proof.553

We provide the convergence of the modified Newton method.554
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?⟨thmmain⟩?Theorem 3.17. Let the current iterate yk be sufficiently close to the (compact, convex) solution555

set [y∗]. Then the modified Newton method converges, and at a Q-quadratic rate, to a point in [y∗].556

Proof. For any y ∈ R2n−1, if M ∈ M(y) is maximal in (2.6), then M is an n by n zero-one matrix,
see also (3.9). This means that there are at most 2n

2
different maximal matrix in M(y). If M̄ is

the collection of different maximal matrices in ∂F (y), i.e.,

M̄ := {M | M ∈ M(y) is maximal},

then |V| is finite. Therefore, there exists a constant β such that ∥V −1∥ ≤ β for every V ∈ M̄.557

Let K∗ be the number of blocks in the unique optimal solution X∗. Let 0 < η < min{1, 1
βκ2 }558

be a fixed constant, where κ is the constant in Lemma 3.16. Since F is semismooth at any optimal559

solution y∗, there exists ϵ > 0 such that560

∥F (y∗)− F (y)− V (y∗ − y) ∥ ≤ η∥y∗ − y∥2, ∀y ∈ B(y∗, ϵ) and V ∈ ∂F (y), (3.25) ?local?

where B(y∗, ϵ) is the ϵ ball around y∗. Recall that the number of vertices of any polytope is finite,561

and M̄ is a finite set. Thus, for any fixed η, we can assume that the above inequality (3.25) holds562

for every vertex ỹ∗ of [y∗].563

Let ỹk be any vertex of [yk] obtained from Theorem 3.15 in the algorithm. Let ỹ∗ ∈ ext[y∗] be564

such that ∥ỹk − ỹ∗∥ = dist(ỹk, ext[y∗]). It holds that565

dist(yk+1, [y∗]) ≤ ∥yk+1 − ỹ∗∥
= ∥ỹk − ỹ∗ − Ṽ −1

k F (ỹk)∥
= ∥Ṽ −1

k (F (ỹ∗)− F (ỹk)− Ṽk(ỹ
∗ − ỹk))∥

≤ ∥Ṽ −1
k ∥ · ∥F (ỹ∗)− F (ỹk)− Ṽk(ỹ

∗ − ỹk)∥
≤ βη∥ỹk − ỹ∗∥2,

where the last inequality follows from (3.25). If dist(yk, [y∗]) = ϵ > 0 is sufficiently small, then
Lemma 3.16 shows that that

∥ỹk − ỹ∗∥2 = dist(ỹk, ext[y∗])2 < κ2 · ϵ2 = κ2 · dist(yk, [y∗])2.

Thus, this yields
dist(yk+1, [y∗]) ≤ βη∥ỹk − ỹ∗∥2

≤ βηκ2 dist(yk, [y∗])2

< dist(yk, [y∗])2.

This shows that dist(yk+1, [y∗]) < dist(yk, [y∗])2, and thus the modified Newton method con-566

verges quadratically to the optimal set [y∗].567

We observe that the performance of Algorithm 3.1 depends on the number of blocks K∗ in the568

optimal solution X∗. In Lemma 3.16, the constant κ depends on K∗. If K∗ is large, then the569

condition for the quadratic convergence in Theorem 3.17 is stricter. This suggests that an instance570

can be more difficult to solve if the optimal solution X∗ contains many blocks. Our numerical571

experiment verifies this observation, see Figure 1.572

Finally we discuss about an undesirable phenomenon called cycling . If yk = yk
′
for some573

k < k′, then we say the algorithm is cycling. Thus, the algorithm may loop indefinitely. Fortu-574

nately, if yk is sufficiently close to [y∗] as required in Theorem 3.17, then cycling cannot happen as575

24



dist([yk+1], [y∗]) < dist([yk], [y∗])2. In the general case, we can avoid cycling empirically by taking576

a random choice in the step (3.13) in Theorem 3.15. This generates a random vertex each time.577

With this simple trick, we never end up in a cycle in our numerical experiments. Therefore we focus578

on the case when cycling does not occur. (It is worth mentioning that this cycling is similar to the579

simplex method cycling for degenerate problems, i.e., when the simplex algorithm remains stuck at580

the same feasible vertex. However, unlike the simplex method, the total number of vertices in our581

problem is not finite.)582

4 Refinement and the Local Error Bound Condition583

In this section we show that we can split the problem into smaller problems when the iterate584

y in the (modified) Newton method is sufficiently close to the solution y∗ of (1.3). Under the585

strict complementarity assumption, we can split the problem recursively until the assumption in586

Corollary 2.5 holds; we obtain the solutions for each subproblem by the semismooth Newton method587

(1.8).588

Recall that if y∗ is a solution to the system (2.5), then x∗ = (x̂+AT y∗)+ is an optimal solution589

to (1.3) and z∗ = (x̂+AT y∗)− is an optimal dual variable for (1.3), see Theorem 1.1. We say that590

strict complementarity holds at (x∗, z∗), if x∗ + z∗ > 0.591

?⟨pattern⟩?Lemma 4.1. Suppose F (y∗) = 0. There exists an ϵ > 0 such that for every y satisfying ||y−y∗|| < ϵ,592

it holds that593

x∗i > 0 =⇒ xi > 0, (4.1) ?pos1?

where x = (x̂+AT y)+. Moreover, if (x∗, z∗) satisfies strict complementarity, then we can also take
ϵ such that

x∗i > 0 ⇐= xi > 0.

Proof. Let Ai denote the i-th column of A. If x∗i > 0, then x∗i = x̂i + AT
i y

∗ > 0 and thus594

xi = (x̂i+AT
i y)+ = x̂i+AT

i y > 0 for small ϵ > 0. Now suppose that the pair (x∗, z∗) satisfies strict595

complementarity. Assume to the contrary that x∗i = 0. Then we have z∗i > 0, i.e., x̂i + AT
i y

∗ < 0,596

and thus x̂i +AT
i y < 0 for sufficiently small ϵ. It follows that xi = (x̂i +AT

i y)+ = 0.597

Suppose y is close to y∗. Lemma 4.1 suggests that the X = Mat(x̂ + AT y)+ and the optimal598

solution X∗ = Mat(x̂+AT y∗)+ share the same block-diagonal structure. As a heuristic, we can split599

the problem into smaller subproblems if the residual is sufficiently small. If strict complementarity600

holds, then the smaller subproblems will not be disconnected eventually and thus the semismooth601

Newton method (1.8) can be applied.602

The local error bound condition is a sufficient condition for the convergence of Newton-type603

methods. It is a weaker requirement than the nonsingularity (i.e., connectedness) condition used in604

Section 2. In this section, we show that the system (2.5) for the nearest doubly stochastic matrix605

problem does not satisfy the local error bound condition.606

?⟨def:localerrorbnd⟩?Definition 4.2 (local error bound). Let [y∗] be the solution set of (2.5) and let N be a neighbourhood607

such that [y∗] ∩N ̸= ∅. If there exists a positive constant c such that608

c · dist(y, [y∗]) ≤ ||F (y)||, ∀y ∈ N, (4.2) ?localerror?

then we say that F satisfies the local error bound condition on N for the system (2.5).609
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We show that the local error condition does not hold for (2.5), and this implies that ∂F (y)610

is singular in general. Recall that strict complementarity holds for (2.5) if x + z > 0 for optimal611

primal and dual variables x and z.612

?⟨leb⟩?Theorem 4.3. Consider the system (2.5). Assume that strict complementarity holds. Then F (y)613

in (2.5) does not satisfy the local error bound condition.614

Proof. Let y ∈ R2n−1. Define the projection615

PC(y) := argminu∈C ∥u− y∥, where C is a polyhedron. (4.3) ?leb_P?

Let y∗ = P and d = y − y∗. Note that dist(y, [y∗]) = ||y − y∗|| = ||d||.616

Let x = (x̂+ AT y)+ and x∗ = (x̂+ AT y∗)+. Define s∗ ∈ {0, 1}n2
such that s∗i = 1 if, and only

if, x∗i > 0. Applying (4.1) in Lemma 4.1, we can assume ∥d∥ is sufficiently small so that xi > 0 if,
and only if, x∗i > 0. Therefore, it holds that

(x̂+AT y)+ = (x̂+AT y∗ +ATd)+
= x∗ +Diag(s∗)ATd

Thus we have
||F (y)|| = ||A(x̂+AT y)+ − b||

= ||Ax∗ +ADiag(s)ATd− b||
= ||ADiag(s)ATd||.

If X∗ is disconnected, then ADiag(s)AT ∈ ∂F (y∗) is singular. Let ϵ > 0. Let {yi} be a sequence617

in R2n−1 such that di = yi − y∗ with , and618

Let {di} be a sequence in R2n−1 such that ∥di∥ = ∥d∥. Assume that the sequence {di} converges
to a vector in the null space of ADiag(s)AT . The normal fan of [y∗] is complete, see Definition 7.1
and Example 7.3 in [51]. It follows from the classical Rockafellar-Pshenichnyi optimality condition
for the minimization problem (4.3) that there always exists a vector yi ∈ R2n−1 such that di =
yi − P[y∗](y

i) for each di. This yields

||F (yi)||
dist(yi, [y∗])

=
||ADiag(s)ATdi||

||d||
→ 0.

This shows that there exists no positive constant c such that (4.2) holds, and thus the local error619

bound condition fails.620

5 Numerical Experiments621

In this section, we present numerical tests for the modified Newton algorithm. The main purpose622

is to illustrate empirically the correctness of our proposed algorithm. (Further extensive testing of623

these semismooth methods are given in [3, 44].)624

First, we compare Algorithm 3.1 with the standard interior point method (IPM), and the625

alternating direction method of multipliers (ADMM). For the interior point method, the problem626

is modelled in CVX [26] and then solved using MOSEK solver [2]. For ADMM, we transform (1.3)627

to the equivalent problem min
{
1
2∥x− x̂∥2 : x = y,Ay = b, x ≥ 0

}
. The coupling constraint x = y628

26



induces a standard splitting in the polyhedral cone variable x and the linear equality variable y.629

For more details about the implementation of ADMM applied to the least square problems, we630

refer to [27].631

For the numerical experiments, we generate the data X̂ from the standard normal distribution.632

Throughout Tables 5.1 and 5.2, n refers to the size of X̂ ∈ Rn×n; iteration refers to the number633

of iterations; opt.cond. refers to the sum of the norms of the optimality conditions in (1.4) at634

termination, i.e., primal and dual feasibility and complementary slackness; and time refers to the635

total running time in seconds.636

Table 5.1 displays the numerical results for one instance of sizes n = 100, . . . , 500, respectively.637

We compare the three methods. It is clear that the modified semismooth Newton method has638

a superior running time to ADMM and IPM. It also does better with respect to the optimality639

conditions. The tolerance for the optimality conditions for IPM is from the default obtained from640

MOSEK. As expected, interior point methods have difficulty obtaining more than square root of641

machine epsilon accuracy. The accuracy for ADMM methods take significantly longer if more642

accuracy is requested. In addition from (1.6), we see that both dual feasibility and complementary643

slackness hold exactly for the NM algorithm, and the optimality conditions error is totally from644

the primal feasibility residual ∥Ax− b∥.645

The modified NM Algorithm 3.1 IPM ADMM

n iteration opt. cond. time iteration opt. cond. time iteration opt. cond. time

100 9 1.2e-14 0.1 25 4.0e-10 0.51 941 9.9e-13 0.21
200 13 1.8e-14 0.1 26 1.4e-06 1.5 1735 9.9e-13 1.3
300 12 7.5e-15 0.18 22 6.8e-07 2.2 2746 1.0e-12 4.3
400 12 7.8e-15 0.33 22 1.3e-05 4.3 3834 1.0e-12 17
500 13 5.3e-15 0.55 25 4.9e-07 8.1 4634 1.0e-12 30

Table 5.1: Small instances
?⟨table1⟩?

In Table 5.2 below we present the numerical results of larger instances, n = 1000, 1500, 2000.646

We did not include results for IPM or ADMM as they took significantly longer.647

The modified NM Algorithm 3.1

n iteration opt. cond. time

1000 11 1.4e-15 0.47
2000 11 1.1e-15 1.6
3000 12 6.8e-16 3.9
4000 13 3.6e-16 7.6
5000 13 4.3e-16 12

Table 5.2: Medium and large instances
?⟨table2⟩?

Next, we compare Algorithm 3.1 with the semismooth Newton-CG algorithm (SSNCG1) pre-648

sented in [36]. Roughly speaking, SSNCG1 avoids the singularity of the Jacobian matrix by adding649

a scaled identity matrix ϵI at each iteration for some ϵ > 0. The scalar ϵ is determined by the650

residual at the current iteration and a number of parameters. The SSNCG1 also involves a line-651

search to determine its step length. We also note that the problem formulation in [36] does not652

27



remove the redundant constraint as (1.3).653

We generate test instances whose optimal solution X∗ has many blocks. As discussed in the654

paragraph after Theorem 3.17, we expect that an instance is difficult to solve if there are many655

blocks in X∗. This is substantiated in the numerical results in Figure 1.656

In addition, we observe that Algorithm 3.1 consistently takes less iterations than SSNCG1. This657

may be explained by our fast quadratic convergence. However, the running time of Algorithm 3.1658

is longer than SSNCG1 due to the costly vertex finding step in Algorithm 3.1. More specifically,659

the update in (3.11) takes a significant amount of the running time. The update (3.11) can be660

computed much more efficiently if the algorithm is implemented in C.661
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Figure 1: Problem instances of size n = 1000, but with different number of blocks in the optimal
solution X∗
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6 Conclusion662

The nearest doubly stochastic matrix problem is formulated as a system of strongly semismooth663

equations. We show that this system does not satisfy the so-called local error bound condition, and664

therefore, the quadratic convergence of a Newton-type method may not be guaranteed. We exploit665

the problem structure to construct a modified Newton method that converges to the solution at666

a quadratic rate. The novelty of the proposed algorithm is that the search space is partitioned667

into equivalence classes to overcome degeneracy. This partitioning strategy can be extended to668

more general problems. This is also the first known Newton-type method which enjoys quadratic669

convergence in the absence of the local error bound condition.670
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