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ABSTRACT. Airlines face many different planning processes until the day of operation. The assignment of aircraft
to flights is of central importance and is determined by the optimization of the two planning problems Fleet
Assignment and Tail Assignment. The competitiveness of the derived flight sequences strongly depends on the
Turnaround Handling, which coordinates the processes on the ground between two flights. All of these planning
problems have in common that they often need to be reoptimized on the day of execution due to unplanned
events. In many cases, this is still done manually with the expertise of airline operators in the airline operations
center. In order to automate this process and to be able to find the best possible reoptimization solution, the
medium-term aircraft assignments and the short-term plannable turnaround processes should be optimized in a
combined manner. For this purpose we provide a new mixed integer program, which considers Fleet Assignment,
Tail Assignment and Turnaround Handling. Due to the size of the model, it cannot be solved efficiently as
a complete model using available solvers. Hence, we develop a new decomposition algorithm that alternately
solves the combined assignment problems and the turnaround model, and projects the turnaround costs into
the aircraft assignment’s objective function. In a computational study with realistic airline data, it is shown
that for many problem instances this method yields feasible and optimal solutions much faster than comparable

benchmark algorithms.
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1. INTRODUCTION

Airlines face a multitude of different optimization tasks. The resulting optimization problems are usually
divided into different mathematical models, which are solved in a cascading manner, since solving the combined
optimization problems typically would require too many computational resources. Another reason for the
separation of airline planning is that the corresponding decisions have to be done different amounts of time in
advance. The Schedule Planning, which determines the set of offered flights, has to take place approximately
six months in advance due to ticket sales, while e.g. flight sequences of individual aircraft are typically set a
few weeks before the day of operation by the Tail Assignment.

Elementary strategic decisions start with the airline conception, which deals with aircraft procurement and
flight network planning. Based on demand prognoses, it must be decided in the medium-term which routes
must be served how frequently. This selection is linked to the decision which aircraft type executes which
flight and how aircraft rotations can be adequately adapted to maintenance modalities.

The closer the day of execution comes, the more short-term and dynamic planning is required: One important
aspect of this is the so-called turnaround, which is defined as the set of all processes on ground that an aircraft
must undergo between two flights, like boarding or fueling. The processes must be executed in a specific
order, using certain resources. The turnaround optimization coordinates the parallelization and acceleration
of ground processes depending on turnaround resource availability. Since operational decisions are usually

not included in long- and medium-term planning, airline operators constantly readjust plans at the day of
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execution to ensure smooth operations and to recover from unforeseen disruptions. These readjustments
incorporate medium- and short-term decisions. Hence, an integrated view on these problems enables the
organization of re-planning tasks in an automated, coordinated and effective manner that typically will lead
to better plans, when compared to solving them in a sequential fashion.

Our goal is hence to bring together the airline’s medium- and short-term planning by optimizing aircraft
assignments, including turnaround process planning to achieve more effective schedule recovery process.

Therefore our problem definition combines three optimization problems: First of all the Fleet Assignment,
which deals with the assignment of aircraft types (so-called fleets) to individual flights. Together with the Tail
Assignment, which refines the Fleet Assignment by assigning individual aircraft to the flights, we denote it as
Aireraft Assignment. In addition there is the Turnaround Handling, which coordinates all processes that an
aircraft goes through on the ground between landing and take-off.

Solutions obtained from an optimization model, which considers Aircraft Assignment and Turnaround Han-
dling at the same time, are beneficial for the airline operations. For example, at peak hours at the airport
these solutions would generally tend to assign aircraft which require fewer resources. Furthermore, flight delays
can be compensated by re-planning the allocation of resources on ground like fueling or catering vehicles or
re-assigning flights to less utilized aircraft.

Our Contribution. Hence, the contribution of this paper is the following: Firstly, a mixed-integer program
is set up which combines the three optimization problems. To the best of our knowledge, such a model has
not been presented in the literature before. It increases the solution quality compared to the sequential
consideration of Fleet Assignment, Tail Assignment and Turnaround Handling. Due to its size and structure,
it is not reasonable to solve it as one mixed integer problem using available solvers. Hence, a decomposition
algorithm is developed in order to solve the model quickly and with a provable solution quality. It considers the
Aircraft Assignment model as the master problem and the Turnaround Handling model as the sub problem.
Based on the flight connection variables defined by the Aircraft Assignment model, the turnaround costs of
the sub problem are calculated and then projected onto the variable space of the master problem. We prove
that the algorithm is exact, i.e., it returns the optimal solution after a finite number of calculation steps. To
demonstrate its practical relevance, the presented algorithm is implemented and benchmarked on instance sets
based on a large German airline’s schedule. The computational results are convincing, it is possible to solve a
large proportion of the instances to optimality with the proposed approach, which has not been able with the
benchmark approaches.

The remainder of this paper is organized as follows. In Section [2, we give an overview of relevant literature.
In Section [3] the optimization model is presented. In Section [4] we introduce our decomposition algorithm
and prove that it is correct. In Section [5] we present how instances for our computational study are generated
from real-world flight plans and which benchmark algorithms are used. An extensive computational study on
two different instance sets is performed in Section [6] Section [7] concludes with the main results of this paper

and offers suggestions for future research directions.

2. LITERATURE

The individual problem components are represented in numerous elementary forms in the literature: The
Fleet Assignment problem was modeled based on a connection network with flights as nodes and flight con-
nections as directed arcs in |Abaral (1989)). The authors of [Hane et al| (1995) describe an aggregation to the
considered “time-space-network”. They propose to solve the Fleet Assignment first and assign the tails based
on this solution. Both Fleet Assignment and Tail Assignment are often solved with Column Generation, which
solves pricing problems to obtain sequences of flights, called flight strings as stated in Desaulniers et al.| (1997)
or in [Barnhart et al.| (1998). This approach is effective in large networks with high connectivity. Up until
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today, the field’s literature already deals with the integration of dependent optimization problems, such as
schedule planning [ [Sherali et al| (2013), |[Yan et al. (2020)], often with maintenance planning |Gopalan and
Talluri (1998)), Sarac et al.| (2006), and likewise with the crew assignment problem in all its variations, e.g.,
Mercier et al.| (2005), Dunbar et al.| (2012), Parmentier and Meunier| (2020). These model combinations have
been exhaustively discussed in the literature.

Since the considered problems result in large-scale mathematical problems, many publications discuss specific
solution procedures which speed up the solution process: In |Cordeau et al| (2001) Benders Decomposition
(based on Benders| (1962)) is used to solve the aircraft routing problem combined with the task of scheduling
crews to flights. Therefore the decomposition approach iterates between a master problem that optimizes the
aircraft routing, and a sub problem that determines the crew pairing. Both problems are solved using column
generation and a heuristic branch-and-bound method ensures that integer solutions are obtained. Mercier
et al.| (2005)) studied the very same problem varying the set up of Benders Decomposition: One uses the
aircraft routing problem as the master problem, one in turn the crew scheduling problem. In addition to
Benders Decomposition, Sandhu and Klabjan| (2007) also use a solution approach which combines Lagrangian
relaxation and column generation in order to solve the integrated airline fleeting and crew pairing problem.
In [Zeighami et al. (2020) there has been used an alternating Lagrange Decomposition approach which passes
information between a master problem and a sub problem to solve a crew assignment problem. A time-based
decomposition approach is introduced in |Glomb et al. (2020)): There a rolling-horizon approach is applied,
which decomposes the problem in time intervals and solve them one after another while considering information
of subsequent time-steps.

In this paper a decomposition approach is used in order to solve the proposed model. It is similar to Benders
Decomposition, based on the procedure stated in Laporte and Louveaux! (1993): The master problem is chosen
to be a binary program in order to be able to use lower bound functions to map the costs of the sub problem
into the master problem. The approach can also be considered as an implementation of the Logic Based
Benders Decomposition (LBBD) as described in |[Hooker and Ottosson (2003). LBBD determines functions
mapping from the domain of master variables to the real numbers for several solutions of the master problem.
The functions are supposed to be under estimators for the costs of the sub problem emerging when the master
variables are fixed to the argument of the function. It is claimed that the approach is working better the
better the under estimators reflect the true objective value of the sub problem. The reason for choosing this
approach is discussed in more detail in Section

However, all model variants mentioned so far have in common that they combine the classical long-term
planning problems. They hardly take into account airline operations and approximated operational structures.
Instead of modeling operational aspects as ground times or trajectories precisely, ground times and flying
times are incorporated in an aggregated way, often as constant mean values or expectations. Especially in the
recovery process, i.e., the reaction to unforeseen disruptions, it is easier to shortly adapt aircraft assignment
and ground schedules than crew assignments. The reasons are that it is required by law that the crew duties
do not exceed certain bounds. It is allowed to reassign certain flights to crews, but it is possible to loose the
crews’ goodwill if this happens too often. The aircraft, on the other hand, do not care if they are rescheduled
in the short term and very frequently. See also [Stojkovi¢ and Soumis| (2001) for a more precise view on the
constraints of crew rescheduling.

Hence it makes perfectly sense to consider the crew assignment as given and to optimize aircraft assignment
and ground schedules jointly. Nevertheless, turnaround optimization is described in the literature separately
from the aircraft assignment models. In|Wu and Caves| (2004) the effectiveness of on-ground buffer times was

evaluated and proven. Evler et al. (2018) introduced a multiple turnaround dependency model to investigate
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the time and resource dependencies on ground. This implies a dependency of the steering of ground processes
at airline-specific center airports on the overall plan of the airport.

Hence, despite the practical relevance, to the best of our knowledge, turnaround interdependencies are not
taken into account in current recovery models. We are currently aware of one paper that solves the Tail
Assignment model while more accurately representing turnaround processes. Eltoukhy et al. (2019) model a
robust version of the Tail Assignment model with maintenance planning and use the turnaround time reduction
approach. This approach allows the stepwise reduction of turnaround times, but the whole turnaround process
is considered aggregatedly. Furthermore the resource scheduling at airports is not modeled exactly. Hence,
our work is an extension, since we model the resource flow exactly and present an algorithm which solves the
emerging problems to global optimality.

We proceed with the description of this optimization model in Section First we introduce the Aircraft
Assignment model, then, based on this, the model for the ground process steering.

3. MODELING

In this section the main model which consists of Aircraft Assignment and Turnaround Handling is presented.
Based on a given flight schedule, it is capable of assigning aircraft to flights and steering turnaround processes
optimally, regarding process resource dependencies at airports. We develop the model in three steps. In
Section the Aircraft Assignment Model is introduced, which models the assignment of fleets and individual
aircraft to flights. In Section [3.2] this model is extended by the Turnaround Process Scheduling, which models
the individual process steps on each flight connection as a function of time and can thus model flight delays.
In Section the control of the resources required for the ground processes at airports is modeled. This
establishes dependencies between turnarounds of different flight strings. In each part of the model construction

we first discuss the necessary sets and parameters, introduce model variables and then explain the constraints.

3.1. Aircraft Assignment: Fleet/Tail Assignment. The goal of the Aircraft Assignment is to assign
aircraft of different aircraft types (so-called fleets) to the flights of a given schedule. The model is based on
underlying graphs, which are called connection networks, as shown in Figure [Il These were firstly introduced
in the context of Tail Assignment by |Abara (1989). It is common to cluster individual aircraft with identical
or very similar technical attributes to aircraft fleets. Nevertheless, it is necessary to know the individual
flight strings of each single aircraft in order to identify the flight connections on which turnaround processes
can take place. Hence, we avoid using a time-space network (presented in Hane et al. (1995)) because it
does not necessarily determine one-to-one flight strings per aircraft if it is not set up for each individual
aircraft. Furthermore, a connection-based approach is advantageous for the integration of connection-specific
turnaround processes. We have chosen an acyclic formulation because the operational turnaround processes
are planned on a daily basis and the overall model therefore does not cover a typical cyclic period of one week.
The graph contains flight nodes representing all flights which can be served by the corresponding fleet and
start nodes for each aircraft of this fleet. Every aircraft (start) node is connected to all possible flight nodes
corresponding to a flight which can be the aircraft’s first flight. All flight nodes are interconnected as long as
they can be executed consecutively with respect to location and time. We give an overview of the input sets,
parameters and model variables in Table

L denotes the set of different flight legs and K the set of fleets / aircraft types. Since not every aircraft type
can be assigned to each flight due to range restrictions or low seat capacity, the set L; describes the set of
flights that can be executed by k& € K. Conversely, K; is defined as the set of fleets capable of executing [ € L.
A" is the set of allowed flight connections for fleet k¥ € K. Each individual aircraft ¢ € Q in the model has

its own start airport s;. The set of start connections between aircraft start nodes ¢ and flights is described by
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Set Description

S Set of airports (stations)

L Set of flight legs

K Set of aircraft types (fleets)

Qk Set of individual aircraft of fleet k

Ly Set of flight legs flyable by fleet k

K Set of fleets capable to fly flight leg [

Agen Set of flight connections of fleet k: (i,5) € AP" & 4,5 € Ly, s¢™ = s?ep,éi <3
Azta” Set of start connections of fleet k: = (q,j) forall € Qi : j € Ly, : sq = s;.lep
Ay Union of connection arc sets: A5'art U Agen

Parameter | Description

ck,1=> 0 Assignment costs of fleet k to flight leg [

5q4€ S Start airport of aircraft ¢

s?ep, sj™e S | Departure, Arrival airport of flight leg [

S, €20 Scheduled time of departure, arrival of flight leg [

Variable Description

Tk (i,5) Binary variable indicating if an aircraft of fleet k is using connection (3, 7)
Yk, Binary variable indicating if flight leg [ is assigned to fleet k&

TABLE 1. Sets, parameters and variables for the Aircraft Assignment model part

Astart . The costs of the specific fleet-flight assignment of fleet k € K to flight leg [ € Ly are denoted with ¢y .

Flight
—
Aircraft Connection

FiGurE 1. Connection network per fleet with flight nodes and ground edges

The parameters sldep / s¥"" denote the departure / arrival airport of flight leg [. The parameters ; / € denote
the scheduled departure / arrival time of flight leg .

Binary variables yj; become 1 if flight [ is served by fleet k and 0 otherwise. Binary variables xy, (; ;) become
1 if an aircraft of the fleet k is assigned to a connection (7, j) and 0 otherwise. The Aircraft Assignment can
thus be modeled as follows:

(1a) min Y > Criyki

KEK €Ly
(1b) s.t. Z Tk, (hl) = Yk, Vie L, ke K
h:(h,0)E Ay,
(10) Z Tk (1,) < Ykl Vil € Lk, ke K
](lvj)eAk
(1d) Z Yt =1 Vie L
keK
(le) Z Th () <1 Vg € Qr, ke K

L:(gl) € Astart

(1f) x,y binary

The objective function minimizes the assignment costs of fleet-flight combinations. Constraints and
ensure the flow conservation on each flight, i.e., that every flight has exactly one preceding and at most
one succeeding event. Preceding events can either be flights or starts, succeeding events only include flights.
Constraints make sure that each flight leg is served by exactly one aircraft type. Constraint states
that the flow out of aircraft nodes is at most 1, i.e., each aircraft is used at most once and has to start at the

airport where it is at the beginning.
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FIGURE 2. Schematic representation of the chronological sequence of turnaround process steps

Set Description

S Set of airports

P Set of all turnaround steps PP°st U PPre

ppost Set of post-flight turnaround steps li {TAXI-IN,DEB, UNL, CLE}

ppre Set of pre-flight turnaround steps 1} {FUE, CAT, BOA, LOA, FIN, DEI, TAXI-OUT}
p = {(p1,p2)|p1,p2 € PP or p1,p2 € PP™ with (p1,p2) in Figure

P = {(p1,p2)|p1 € PP°S%, ps € PP™ with (p1,p2) in Figure[él}

Parameter Description

ci?llayz 0 Costs per delay minute on flight leg | when assigned to fleet k

cg};gz 0 Option costs per turnaround process p of flight [ when assigned to fleet &
@2 0 Duration of flight [ with fleet k

di1,p=>0 Default duration of process p of flight [ when assigned to fleet k

dg};};z 0 Possible duration reduction for process p of flight | when assigned to fleet &k
S, €20 Scheduled time of departure, arrival of flight leg [

Variable from Description

Tl (4,5) Binary variable indicating if an aircraft of fleet k is using connection (%, j)

Yk, Determining fleet-flight assignments. Equals 1 if flight [ is served by fleet k
Variable Description

Skl €k, Take-off time, Landing time of flight [ executed by fleet k

Th,l Delay of flight leg | executed by fleet k

Sk, 1,p> Ok, l,ps €K,1,p Start time, duration, end time of turnaround process p of flight [ executed by fleet k
Vi 1p Binary variable indicating if process p of flight [ executed by fleet k is reduced

TABLE 2. Sets, parameters and variables for the turnaround schedule on each connection model

3.2. Process Scheduling for isolated Turnaround Processes. Each aircraft has to go through a variety
of processes on ground between arrival and departure. This process sequence is known as the turnaround
and summarized in Figure It shows how the set of process steps is divided into pre-flight and post-flight
processes and clarifies the notation. If a process has to be finished before another one can start, they are
connected with an arc.

Turnaround planners have to make decisions on the characteristics of individual turnaround process steps,
as well as the allocation of the necessary turnaround resources on the ground. Hence, the previously set up
model must be linked to the ground processes of the respective assigned aircraft. At first we neglect the
allocation of resources and deal with the timing of the turnaround processes. Therefore, we will first explain
the additionally introduced sets, parameters and variables, which are listed in Table [2l As introduced before,
let S be the set of airports. The process set P contains turnaround processes like boarding or catering. P
can be partitioned into processes that take place before the flight (PP*®) and processes that take place after
the flight (PP°'). The pre-flight turnaround includes, for example, the boarding process, as this step directly
depends on the number of passengers transported by the following flight. Tuples of two successive process
steps are created in the sets P and P. P covers all tuples in which the first process is a post-flight process and
the second process is a pre-flight process, whereas P includes all other possible process tuples. The ground
model captures two types of costs: ci,ollay represents the cost of one delay minute while ckoﬁg quantifies the
costs of individual turnaround process accelerations for process p of flight | executed by fleet k. The time
which is required to fly flight leg | with fleet k is dj;. For all turnaround processes there exists a default

time dj; p, which can be shortened by d,?lpg when accelerating / simplifying the process. Here, it is common
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practice that processes such as taxiing, boarding or deboarding are speeded up through the choice of closer
/ better-equipped gates, giving the aircraft less taxiing time and allowing passengers to get off through both
aircraft doors. Processes such as catering and cleaning can be reduced to a minimum, e.g., only standard
catering is provided, only trash is collected but no carpet cleaning is done. The calculation of the delay is
based on the scheduled time of arrival € per flight [. To represent these time-related aspects in the model,
there exists a start time variable ¢ ; and a landing time variable € ; for each flight I executed by fleet k. The
turnaround processes per flight [ and fleet k are characterized by a variable start time ¢ ; ,,, duration 0y, and
end time €, as well. This duration can be controlled with the optional acceleration steered by the binary
variable 1y, ; ,. The deviation of the scheduled time of arrival € for flight [ from the actual arrival time € ; is
recorded with the variable 7 ;. Taken together, the Aircraft Assignment Model can be extended by the
process scheduling on ground as described in Model

(2a) min + 2 kek 2icLy (Cg?llayﬁc,z + D pep Cgﬁglﬁk,z,p)
s.t. —
(2b) Skt + dk Ykt = €k VieLpkekK
(2c) Stk < Sk Vie Ly ke K
(2d) €t < €+ Thy VieLykeK
(2¢) €k, = Sk,I,TAXI-IN Vie Ly, ke K
(2f) Skilp + Oklp = €kip VieLp,ke K,pe P
(2g) €klpr < Sklps Vi€ Ly, ke K,(p1,p2) €P
(2h) €kyi,p1 Tk, (i,]) S SkjpaLh,(i,5) V(i,j) € Ap, k € K, (p1,p2) € P
(2i) €k,1, TAXI-OUT = Skl Vie Ly, ke K
(2j) Okt = i pYkl — W@Z)k,l,p Vie Ly,ke K,pe P
(2k) 6, 7,0, >0
(21) 1 binary

The objective term minimizes the aircraft assignment costs and additionally the costs for flight arrival delays

and turnaround options. Constraint makes sure that the end time of each flight [ with fleet k& equals the
start time plus the flight duration. The start time of a flight is bounded from below by the scheduled time of
departure in . Constraint measures the delay in the case that the actual touchdown is planned to be
later than the scheduled time of arrival. Constraint makes sure that the taxiing process begins directly
after the touchdown. Constraint ensures that every process’s start time plus its duration equals its end
time. Constraint states that the end time of one process does not exceed the start time of the downstream
process in the process tree, whenever both consecutive processes are part of the same process set (pre-flight
/ post-flight). Constraint states that the end time of one process is smaller or equal to the start time of
the downstream process in the process tree, whenever both consecutive processes are part of different process
sets (pre-flight / post-flight). Constraint sets the end time of the taxi-out process to the start time of the
corresponding outbound flight. Constraint defines the actual duration of each process step depending on
the fleet used to execute the respective flight and the options taken to reduce the individual process times.

3.3. Feasible Resource Allocation at Hub-Airports. Some turnaround processes require the utilization
of scarce resources or personnel, as boarding / deboarding stairs or loading agents. In properly designed flight
schedules the number of simultaneous turnaround processes usually does not exceed the resource availability.

However, when disrupted schedules are re-optimized, this scenario can occur and it has to be decided, which
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Set Description
R Set of turnaround resources: {BOA/DEB, LOA/UNL, CLE, FUE, CAT, DEICING}
S Subset of S called hub-airports, where ground resources can be steered
Ly (s,r) Subset of L. Flight legs which can be executed by fleet k& and
depart or arrive at station s and need resource r for a turnaround process
E(s,'r) Arcs in ground resource network at station s for resource type r
Parameter Description
T>0 Length of time horizon (a sufficiently large number)
EE;?:)SZ 0 On-ground default resource transfer time
Bs,ry> 0 Number of resources of type r at airport s

p(rys,l): RxSXxL— P

Process p, which execution depends on resource r for flight [ on airport s

Description

Variable from ,

Ykl Determining fleet-flight assignments. Equals 1 if flight [ is served by fleet k&
Sk,1,p> €k, 1,p Start time, end time of turnaround process p of flight I executed by fleet k
Variable Description

Start time and end time of the presence of resource r at airport s for a process p
of flight [ executed with aircraft k
We Binary variable indicating if one unit of resource flows along resource network edge e

Skl (s,7) €k, (5,7)

O Variable expressing the time transferred from e~ to et along edge e € Es.r)

TABLE 3. Sets, parameters and variables for the turnaround resource ground model
processes are prioritized. Since it is not clear beforehand which processes will be simultaneous, we set up
a Vehicle Routing Problem with Time Windows (VRPTW, see Solomon (1984) or [Toth and Vigo (2014)))
to route every resource through all turnaround processes to be served. The model is based on one resource
network per resource and hub-airport, i.e., an airport where we consider detailed resource routing useful. Hubs
are airline-specific center airports where airlines have sufficient ground resources or market power of their own

to effectively influence the distribution of resources. Each resource network contains a start node vfﬁ%t

for
each process requiring this resource and one node vy (5 ) for each flight [ arriving or departing at the airport
for each fleet k which can serve the flight. There is an arc from the start node to every other node and
two nodes are connected if the process corresponding to the second node can be performed after the process
corresponding to the first node.

The additional input sets, parameters and variables are summarized in Table The set R contains all
the resources required to perform turnaround processes. The set S is the subset of airports where the detailed
resource tracking model is set up. The sets Ly, ,,) represent the nodes of the ground network, i.e., the flight
processes which may be necessary to perform at the airport with the help of resource r. Hence, the node
set of the ground network is equivalent to {vfﬁ‘;’")t} U Uker Li,(s,r)- The set E(,) contains the arcs of the
ground network and connects all ground network nodes which can be served consecutively, including an arc
from the start node to every other node and conversely. This arc set is considered to describe a transitive
binary relation on the node set, i.e., if there is for pairwise different nodes v1,v9,v3 an arc from node vy to
v9 and an arc from vy to vz, then there is an arc from v; to vg as well. The parameter Ega,f‘f determines the
transfer time necessary to move a resource from one ground network node to the next. The parameter B
is equal to the number of resources of type r € R available at airport s € S. The mapping p(+) assigns the
corresponding turnaround process to a triple of resource r € R, s € S, 1 € L. This assignment is unique for our
instances, but in case of usage of identical resources for different processes, the model can easily be adapted
by making the nodes of the resource network and all corresponding model variables depend on the process as
well. The resource routing optimization model contains additional start / end variables ¢ ; (s ), €k.1,(s,r), Which
describe how long resources are available to perform the corresponding processes. The binary w, are equal
to 1 if the start process of arc e is executed before the end node and 0 otherwise. The continuous positive
variables 6. equal the end time of the start process of arc e if the corresponding binary variable w, is equal to
1 and 0 otherwise. The following model extends Model by adding resource-tracking constraints at every
hub-airport s € S for every ground resource r € R. The time coupling of the different turnaround processes is

done in Model . It thus represents the main model of this paper and includes all aspects which have to be
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combined in order to consider Turnaround Handling while optimizing the Aircraft Assignment.

(3a)min +0
5. — (@, @) -
(3b) Z We < B(s,r)

— (pstart
ecé (’U(SS:?;)

(3¢) > we =iy Vk € K,1 € Ly (s),7 € R,s €8
e€§+(vk,l,(s,r))

(3d) > we=uyiy Vk € K,l€ L5y r€Rs€S
e€d— (vk,l,(s,r))

(3e) > b+ EEZ?SSyk,l < YraSkisr) VkEKIE Ly, rERsES

e€6+(vk,l,(s,7‘))

(3f) Z O = Yk, 1€k,1,(s,r) Vk e K,l € Lk7($,,,.), re R, s¢e S
666—(vk,l,(s,r))

(32) Skl (s,7) = Skidp(r,s,]) Vk € K\l € Ly (s0),7 € R,s € S

(3h) €kl (s,r) = €k,Lp(r,s,l) Vk e K,l € Lk,(s,r)a reR se S’

(3i) 0. < Tw, Vke K,e€ Ey,,reRs€eS

(3i) 6>0

(3k) w  binary

(31) ¢, € continuous

Problem contains all necessary elements in order to include accurate Turnaround Handling decisions
into the Aircraft Assignment optimization and is thus our final model. The objective function of the
model remains the same as in Model as all relevant costs are already covered. Nevertheless, due to the
additional resource allocation constraints for resources on ground, the objective value is influenced by further
restricting the set of feasible solutions in terms of feasible turnaround timing decisions. Constraint limits
the amount of resource r used to perform turnaround processes at station s. Constraints make sure that
every node in the ground network has as many predecessor connections as the number of resources of type
r to perform the turnaround process. In our model this is always equal to the corresponding y-variable, i.e.,
either 0 or 1. Constraints (3d)) guarantee the same for succeeding connections. Constraints ensure that
the start time of a turnaround process is at least the sum of time transmission going into the corresponding
ground node plus the transfer time. Constraints (3f) make sure that the end time of a turnaround process
equals the time transmission going out of the node. The process start and end times of Model bound the
times in Constraints and at which a resource belonging to the respective process must be available.
Constraint guarantees that time is only transmitted along edges which are chosen.

The additional Constraints — exclusively influence the schedule of the executed turnarounds. They
restrict the number of turnaround processes which can be executed simultaneously to the number of resources
available for their execution. Nevertheless, all aircraft assignment combinations that are feasible under con-
sideration of Model can be extended to feasible solutions of Model , because the delay of flights is not
bounded from above.

Although there is no immediate cost in routing resources on the ground, the problem is still complex: at
an airport, the routing network is a complete graph, unless constraints on the maximum delay are imposed.

Hence, the size of resource network grows quadratically with the number of turnaround processes.
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Besides the already introduced capabilities of the model, it is also easy to integrate further features into
the problem, like, e.g., Maintenance Planning or Crew Scheduling by introducing binary variables indicating
the execution of maintenance or the selection of certain crew plan constellations. Turnaround Slot Time
restrictions can also be incorporated by adding binary selection variables which indicate in which time slot the
turnaround has to take place.

Our overall optimization model combines complex problem structures. Using standard optimization
software, it is difficult to solve even for small problem instances. This is demonstrated later in Section[6] Hence,
in the next section we present a decomposition algorithm, which enables exact solving of the optimization model
presented.

4. SOLUTION STRATEGY

The integrated model for airline operational planning, stated in , cannot be solved efficiently with straight-
forward approaches, even for small instances. We locate the complicating factors at two points: The Aircraft
Assignment part of the model contains at least ), |Ay| binary variables, one for each fleet-connection
pair. This number grows quadratically in relation to the number of flights that have to be assigned. In addition,
this assignment problem is combined with the additional routing constraints in , which corresponds to \5’ || R]
sub routing networks and thus contains |E, )| binary variables for each sub network. The time dependencies
between departure times and turnaround process times are modeled in and are also controlled by binary
variables. The structure of the SP is equivalent to a vehicle routing problem (VRP) with time windows
(VRPTW), even if all master decisions are fixed. This problem class is known to be notoriously hard to
solve, see for example |Caceres-Cruz et al. (2014) for a good survey, or [Salavati-Khoshghalb et al.| (2019) who
solved a VRP with stochastic demands for networks with up to 60 nodes and 9 scenarios or |(Gmira et al.
(2021)) who solved a time dependent VRPTW with up to 200 nodes with a heuristic approach or [Fiigenschuh
(2006) who solved VRPs with coupled time windows with up to a few hundred nodes to optimality with an
exact approach but also was not able to solve other networks with only 25 nodes to optimality. The fact that
Model has decision variables which determine which nodes the turnaround resource routing has to serve
makes the problem even harder. Thus, we propose a decomposition based solution procedure which exploits
the structure of the model to produce provably good solutions in acceptable time.

The remainder of this section is therefore concerned with the development of this decomposition approach,
which we refer to as the island decomposition approach. In Section the basic idea is explained. This
involves splitting the overall Problem into into a Master and Sub problem. In Section we improve the
basic decomposition approach by defining islands, which denote sets of flight connections. Sectionf4.3]introduces
different special types of islands and explains how they can be calculated and affect the decomposition approach.
Section shows how valid cuts can be derived based on given islands. All concepts are put together in
Section where the main algorithm, which is capable of solving Model (3)), is proposed. The algorithm is
proven to be an exact (not a heuristic) approach.

4.1. The basic decomposition idea. An approach to solve Model is proposed which has parallels to
Benders’ decomposition (Benders (1962)), but exploits model-specific structures. Model is first decomposed
into two problems, called Master Problem (MP) and Sub Problem (SP). The master problem corresponds
one-to-one with the presented Aircraft Assignment Problem . The objective function term is extended by
a non-negative continuous variable ¢, which will represent the costs arising in the SP:

min Y ek o
(MP) keK Ly,
s.t. — ([, c>0
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The sub problem depends on a solution of the master problem, i.e., (z*,y*, 0*) feasible for problem . The
objective includes all turnaround related costs contained in [3a] and is thus non-negative. The model consists
of all constraints in Model that are not covered in the master problem. It can thus be understood as a
turnaround planning model based on the aircraft assignments in the MP:

. delay OPT
min 3037 (9 ma Y REy v

kK leLy, peP
s.t. —
-

MP and SP do not divide the strongly structurally related problem parts. Splitting the Aircraft Assignment

(SP)

problem is not considered reasonable, since the cover constraint can lead to infeasibility if some of the
flight legs are assigned to some aircraft without taking into account the remaining schedule. Hence, we added
the procedure of assigning aircraft to flight legs completely in the MP. The remainder of the problem has been
put in the SP. What we get is a decomposition approach with a Binary Program (BP) as MP and a Mixed
Integer Linear Program (MILP) as SP.

We will briefly discuss on which concepts from the literature exist for this situation. The discussion is
limited to different types of benders decomposition that can be found in the literature.

For the sake of completeness, the basic Benders Decomposition introduced in Benders| (1962) works with sub
problems, which do not include integer variables. This is crucial in order to use standard linear programming
duality to derive valid cuts for the master problem. It works for integer sub problems, if the so-called integrality
gap, i.e., the difference between the solution value of an integer program and the solution value of its continuous
relaxation, is zero or low for SP for a large proportion of MP solutions.

In this case, the integer constraints in the sub problem are often neglected as in |Cordeau et al. (2001))
and Mercier and Soumis (2007). Thus, the feasibility / optimality cuts can be derived as in Benders (1962).
After convergence of the method, an integer sub problem solution has to be computed based on the fixed
solution of the master problem. Since the integrality gap of our SP is not low, this approach is ruled out, but
will be considered as a benchmark approach in Section

The approach could be improved by adding valid cutting planes to the SP in order to obtain a lower
integrality gap. This procedure was tested in Sherali and Fraticelli (2002) using the reformulation-linearization
technique to generate cutting planes. The number of constraints which have to be added to the SP to reduce
the integrality gap significantly grows exponentially with the number of integer variables. Hence, this approach
cannot be applied.

Instead of neglecting integrality constraints, the authors of |Carge and Tind (1998) make use of general
duality theory of integer programs in order to generate valid cuts in the context of stochastic optimization.
Nevertheless, the obtained dual sub problem has to be solved very often which we consider as difficult as the
primal problem itself. As we will show in our computational experiments in Section 6] this is crucial, since even
to solve the SP in isolation takes a lot of time. Hence, it is a necessary criterion for an efficient decomposition
based solution approach to limit the number of sub problem solves as much as possible.

Instead of working with the difficult-to-get duals of integer programs, Codato and Fischettil (2004) estab-
lished combinatorial benders cuts. These require a combinatorial master problem and a sub problem which is
a feasibility problem. Whenever the sub problem is infeasible a cut is generated which excludes the current
master problem solution from the set of feasible solutions. Since the SP is not a feasibility problem in our
case, the approach is not directly applicable.

Instead, we want to follow the idea of logic-based benders approach, which is presented in [Hooker and

Ottosson| (2003). The idea is to determine lower bound functions, depending on the master variables, for
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objective values of the sub problem. These functions are used to generate cuts for the master problem, and
under certain conditions it can be shown that the procedure terminates in a finite amount of time. In general,
the method leaves a lot of space for interpretation and works for very general sub problem types, e.g. non-
linear programs but also for integer programs. It remains to specify how the functions defining are generated
for our optimization model, which is described in the following. To support computational tractability of the
approach, we postulate the function generation procedure following some principles:

The functions should provide non-trivial lower bounds for as many as possible feasible master solutions
at once, which are as tight as possible. To get a trivial lower bound function, one could take the indicator
function of the current master solution, multiplied with the corresponding sub problem objective value.

The functions should be reasonably easy to determine. The full value function of the sub problem would
be a candidate for such a lower bound function, but it is difficult to calculate and to store the value function
of a complicated integer program.

The functions should be reasonably easy to integrate into the master problem, optimally without requiring
to introduce new variables and only requiring linear constraints. The full value function of the sub problem is
an example which violates the principle, since adding a value function of an integer program to the objective
function of an MIP results in an MINLP.

A similar procedure is described in |Laporte and Louveaux (1993)), where the point of view is to use lower
bound functions to map the cost of the sub problem into the master problem. Here, the requirement is
explicitly that the master problem contains only binary variables, which is the case for our MP, even if it is
extended by additional model aspects, like maintenance or crew planning, since the extensions can be realized

using binary variables only.

Hence, the approach we developed is based on the use of lower bound functions. Since in the standard
solution approach of [Laporte and Louveaux] (1993)) a frequent solving of the sub problem required, we adjust
this method application specific, so that only reduced forms of the SP have to be solved. We make use of the
notation introduced in Table

Whenever a variable (e.g. yy ) either in the MP or the SP comes with an asterisk (*, e.g. yx,;*), this means

Notation Description

z*, y* o* Optimal solution of the master problem
P*ow* ¢ er, 0%, T, 0* Optimal solution of the sub problem

ZMP Optimal objective value of the master problem
2SP (x*,y*) = 25T (z*) = 25T | Optimal objective value of the sub problem

TABLE 4. Notation used in Section M| for the island decomposition approach

the value of this variable in an optimal solution determined by some algorithm. The corresponding optimal
objective values are denoted with zMP for the MP and 257 for the SP. Since the solution of the SP depends
on the variable assignment of the MP it can also be written as 257 (z*, y*) and since the assignment of z* fully
determines y* simplified as 257 (z*).

A simplified method to calculate valid, but quite trivial lower bounds for the SP objective value depending
on the MP variables is the following. The MP and the SP is solved iteratively, starting with the MP. The
Aircraft Assignment plan in form of fixed flight connections is determined. As shown in the next section, all
selected connections determine the right hand side of the SP in a way that many sub problem variables are
implied to be 0, which simplifies the SP. Based on this, it is possible to calculate the solution of SP and pass
information about the objective value 25F to the MP in the form of additional constraints. Then the MP is

reoptimized. This approach is illustrated in Figure
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Master Problem MP (Aircraft Assignment Model)

Variables: z (integral), y (integral), o

zSP (33*) z*

Sub Problem SP (Process Scheduling & Resource Allocation)

Variables: 1 (integral), w (integral), <, €, d, 7, 0
SP

Objective: z

FIGURE 3. Scheme of iterative decomposition based on the variables used in the model

In order to conduct the approach, it is necessary to derive constraints for the MP based on the current value
25P (2*). Hence, the MP objective function is extended by a variable ¢ > 0, which is bounded from below
by 257 (2*) (non-negative) in the case that z* is selected in the MP.

Using the indicator function 1. such a constraint can be formulated abstractly as follows:

To elaborate the term 1,_,», one can make use of the special structure of the MP. Due to the flight cover
constraints in combination with the flow constraints and , it can be derived, that the set of
positive connection variables determine the values of all other variables contained in the MP. Thus, the
solution of the MP can be characterized by the set

() Q= {(k,i,j)|k € K, (i,§) € A, w5 = 1},

containing all flight connections that are selected in the current MP solution and Constraint becomes

(6) S0 may - (2-1) <o

(k,i,5)€Q

The proposed procedure trivially implements the determination of lower bound functions as described
in [Laporte and Louveaux! (1993). In every iteration, directly after solving the SP, one additional cut @
bounding o from below is added to the MP and kept during the whole solution process, which terminates with
an optimal solution of Model if one MP solution is found the second time. This happens after a finite
number of steps, since the pure-binary MP has a finite number of feasible solutions. A feasible solution of the
model is determined in every iteration, provided that the entire model is feasible.

However, since in each iteration only one additional MP solution enforces to a positive o, whenever there
exist many good solutions of MP which lead to some costs in SP, the procedure takes many iterations, which
is computationally inefficient due to the complexity of our SP.

Hence, following the idea of Hooker and Ottosson| (2003), we want to make use of the problem structure
in order to be able to obtain cost information for the MP by solving smaller and relaxed versions of the SP,
leading to more powerful lower bound functions able to estimate the value of the SP for many MP solution at
once. This will be done essentially by identifying subsets of €2 that incur costs independently on the rest of
the MP solution. We call these subsets islands and introduce them in the following Section [4.2

4.2. Islands and Island Costs. The goal of this section is to improve the basic algorithm by identifying
subsets of flight connection variables and corresponding delay and option variables in the SP. These subsets
have the property that assigning all included flight connection variables to 1 forces costs in the SP, which are
caused by the corresponding delay and option variables. We propose several methods to identify candidate
subsets of master variables with the property that setting them to 1 in the MP causes a certain cost contribution
in the SP in Section Next, we define these subsets that we call islands.
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Definition 4.1. Islands and island costs. We call an arbitrary set S of fleet-connection tuples (k,i,j)
corresponding to x-variables of (MP)|) an island. For an island f, island costs are defined as

Z*i}l = in Z Cgejlay kg T Z Ckof;or Vhip T Z Cg,ig Yk jp)
(k,’i,j)e,/ pEPPOSt pEPPTE
(IC) st () — @D, @-@), @Y -ED

Thgig) = 1 V(k,i,5) € S,
ey =1Vke K,le{l' e L -3 € Ly, : (k,1,I') € IV (k,1',]) € A}

In words: The island costs are costs which at least emerge locally in SP if all connections in MP corresponding
to .S are fized to 1. We call an island I active for a solution x* of MP, if for all (k,i,j) € f:pz’(m) =1.

Example 4.2. An example for an island and corresponding costs is one single connection: Consider flight
leg 1 arriving at 10am and flight leg 2 departing (planned) at 10:30am with a regular turn time of 40 minutes
and an option to reduce the turn time to 30 minutes at costs of $500 and costs of 330 per delay minute. This
connection contributes to the SP objective value with at least the amount of $300 (delay flight 2 by 10min).
If any combined MP-SP-solution has costs of $300 emerging on this connection, we know that this equals the

island’s costs.

This example demonstrates how costs can be explicitly allocated to small substructures of the overall flight

ls/l/- is intractable, because
problem (IC) is nearly as complex as the integrated model (3 . Instead, we never solve (IC)) explicitly but aim

for calculatlng tight lower bounds zls}rel of zl? given an island . Knowing lower bounds for the island

plan. Solvmg the introduced model . frequently to determine island costs z

costs is sufficient for our framework, as will be shown later. Unfortunately it is not sufficient to solve SP once

and derive island costs by

™) 2= > @+ D ARGVt D i),

(kﬂ}j)ef pEPpoit pepprc

which denote the costs arising on island _#in the solution of the SP. If this were the case, all relevant island
costs could be determined by solving the sub problem once. We next observe that the island costs zis},/ are a

lower bound of the costs z° / emerging on the island connections in a corresponding SP solution.

Observation 4.3. Let x* be a solution of Problem (MP)) represented in the corresponding set Q) as defined in
. Given an island .. C Q, it holds that

where ZS}IZ denotes the costs of .7 arising in SP (x*) and z”}; denotes the solution value of (IC|).

The observation is correct, since the solution of the SP in the form of variable assignment is feasible for the
island problem (TIC)) and additionally the value 2% f is the value of Problem ’s objective function, evaluated
at the solution pomt. Hence, it has to be at least as high as the optimal value of the problem. Furthermore,
Lemma (4.4) gives insight about the correlation between the island costs of several islands and the costs

incurred in the sub problem.

Lemma 4.4. Let x* be a solution of Problem (MP)) and let & be a collection of pairwise disjoint Islands which
are active for x*. Then it holds that 257 > Efeé” ziiév,

In order to limit the size of this paper, the proof of Lemma [4.4] can be found in the appendix.
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Next we show how easy-to-solve relaxations of Problem (IC|) can be determined. Hence, an observation is
presented which describes the solutions of Problem (IC)), when the Aircraft Assignment model constraints are

dropped. It serves as the theoretical substantiation of the following steps.

Lemma 4.5. Let & be Problem for island Lfneglectmg constraints — and let F be the set of all
fleet-flight combinations which are not included in S, namely

F o= (k) e [JK x Ly \{(¥,1):3j: (K, 0,j) e SVTi:(K,i,l)e S}
k'eK
Then an optimal solution for & exists, in which the variables yy 1, Sk, €k, Ty and for all p € P the variables
Shlps € lups Ok lps Vi lp, @S well as w, 8 corresponding to the fleet-flight combinations (k,l) € .Z, as well as all

connection variables xy, (; jy for all

(ki j) €9 = |J {F} x A\
k'eK

have value 0.

The quite technical and lengthy proof of Lemma [4.5] is in the appendix. The idea of the proof is that

whenever any variable yy; for (k,1) ¢ 7 or xy, ;) for (k,i,7) ¢ ¢4 is nonzero, we can just set it to zero, and

i.5)
adjust the remaining variables of Problem such that feasibility is restored, while the objective value does
not get larger.

Lemma [4.5|states, that only z-variables contained in the island have to be considered. Therefore, the ground
process constraints — have to be included only partially as well, containing all time (g, €), duration (),
delay (7) and option (¢)) variables associated with connection-fleet or flight-fleet combinations contained in
7. The turnaround resource constraints — are introduced for all hubs where a resource shortage can
occur. In this case, all resource flow (w) and resource transmission (#) variables are taken into account which
are associated with connection-fleet and flight-fleet combinations belonging to the relevant Island 4

It turns out, that reductions of the SP cannot only be derived due to solution of the MP, but also due
to the structure of considered islands. For example, islands considering connections on just one flight string
do not cause resource shortages since thus no parallel turnarounds are considered. Hence, all constraints and
variables of constraints — can be neglected here as well. The structure of the resulting optimization
models and thus the effort to find the optimal solution heavily depends on the connections / island under
consideration. This is addressed in the following Section [4.3

4.3. Island Identification. In this section we present approaches to find different types of islands. These
types differ by the computational effort of identifying them and finding lower bounds zfs}»rel for their corre-
sponding island costs zis}. In the following we will describe four different types of islands. For each type it is
described how they can be identified and in which way the island cost Problem can be simplified in order

to obtain the corresponding island costs.

Single Connection Island (SC). A large part of costs occuring in the SP in form of turnaround or delay costs
are caused by single flight connections with too short periods of time between the arrival and departure of
the connected flights to carry out all necessary turnaround processes. In this case |ﬁ = 1, which means that
costs of optional turnaround quickening and delay costs of the connected flight are just weighed against each
other and the most favorable combination is selected.

Since all islands are implicitly given by the connection structure of the problem instance and do not depend
on a MP-solution, all (SC)-islands and the corresponding island costs can be calculated before optimizing the

SP, or even the MP by determining the minimum between option and delay costs on every connection. This
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FIGURE 4. (SF)-island consisting of consecutive flight connections on one single flight string

is possible because the number of connections per fleet is in O(|K||L|?). Real flight plans hardly get close to

this bound. Hence, the procedure does not influence the runtime perceptibly.

Single Flight String Island (SF). Since costs are not only induced by single flight connections, flight sequences
on individual flight strings have to be investigated as well. The idea is that all costs occurring on parts of one
flight string are intrinsically caused by this flight sequence. An (SF)-island depends on chosen flight sequences
and therefore depends on a feasible solution of the MP. It starts at a connection (i,7) executed by some
aircraft of type k € K with positive costs or positive delay/delay costs on flight leg j. The end connection of
a (SF)-island is a connection (h,!) with 0 delay on flight leg [ and island costs on {(3, j), ..., (h, 1)} being equal
to the island costs on {(4, ), ..., (h,1), (I,m)} reduced by the (SC)-island costs on {({,m)}. These conditions
are checked along a flight string successively until the end connection is obtained and the island is determined.
Algorithm (16 sketches how (SF)-islands are generated and the corresponding costs are calculated. Note that
Algorithm[16]is only written informally and the algorithm written down using rigorously mathematical notation
can be found in the appendix. The corresponding lower bound for the island costs are calculated by solving
the following relaxation of Model :

isl, rel | . delay OPT OPT
z 7 = min Z (ckj Tk,j + E Chip Yiip T+ E Ch.jp wk,],p
(IC-SF) (kij)e. S pE Ppost pEppre

s.t. — @Y, zp i) = 1 V(k,i,5) € Fap gy =0V(k,i,j) & S

Problem includes significantly fewer variables and constraints compared to Problem (IC]), since
the resource routing is neglected. Moreover, the problems can be optimized without having to calculate a
solution of the SP beforehand. This is necessary because costs for (SF)-islands must be calculated solving
Problem whenever the solution of the MP implies new flight sequences. It can be divided into two
components. First, the costs on a given flight string are weighed against each other from a certain connection
as described to identify the relevant flight string part. Then, Problem is solved to compute the cost

associated with the island.

Multiple Flight Strings Island (MF). In order to determine candidates for (MF)-islands, we compare the delay
and cost structure along flight strings in the SP with and without resource tracking constraints consisting
of Model . The procedure is the following: it is iterated along flight strings (determined by the MP) for
each aircraft. For each flight connection we compare costs caused by this connection (option and delay costs)
and the delay on the outgoing leg of this connection in the (SF)-island calculation model (the model without
resource constraints) and in the SP model (with resource constraints included).

We denote the corresponding delay and costs arising on one connection in the SP as the (SP)-delay and (SP)-
costs, the delay and costs arising in the (SF)-islands as (SF)-delay and (SF)-costs. Here, four different cases

can occur, which depend on the behaviour of the sub problem solution including resource routing constraints
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Algorithm 1 Generate SF island

1: INPUT: Model , MP-solution with selected connection (k,14,j) with k € K, (i,7) € Ay
2 OUTPUT: ./, 2,
3: procedure GEN:SF (k,i,7), MP-solution):
4: I —A{(k,i,7)} > obtain island
5: for connection ¢ in ordered flight string including (¢, j) do
6: Add ¢ to potential island ../
7: Calculate island costs of .7 by solving Problem
8: if costs of island ¢ as part of ./ == (SC)-island costs of ¢ then
9: delete ¢ from .7
10: break
11: end if
12: end for
13: zf}rel + Solve Problem > calculate island costs
14:  return (.7, zisfl’,,rel )
15: end procedure
Case | Setting Description
1 (SP)-delay > (SF)-delay, | If the connection is the first connection on the current flight string section a deviation is
(SP)-costs > (SF)-costs caused on the airport of the connection because of resource shortages during some turn-

around process on the connection. Hence it is necessary to look for resource bottlenecks
immediately before the current connection.

2 (SP)-delay > (SF)-delay, | In the SP-solution costs are omitted by permitting higher delays due to a later turn-
(SP)-costs < (SF)-costs around resource shortage on the flight string. Hence one has to look for resource bot-
tlenecks before the current connection and before subsequent connections of the flight
string at hub-airports.

3 (SP)-delay < (SF)-delay, | More costs to save time emerge in the SP-solution. On the observed connection or a later
(SP)-costs > (SF)-costs one of the flight string some process has to be finished earlier, so resource shortages occur
on subsequent connections of the flight strings located at hub-airports after or during
the connection’s turnaround processes.

4 (SP)-delay < (SF)-delay, | This behavior is caused by a Case 3 on a predecessor connection; it is proceeded with
(SP)-costs < (SF)-costs the predecessor connection.

TABLE 5. Case distinction for different settings which compare delay and costs on one connec-

tion in the SP and in Problem
and are precisely described in Table 5] In the cases 1 and 2 resource bottlenecks have to be considered before
the relevant connection and in case 3 and 4 these bottlenecks occur after the relevant connection.

Based on these insights we propose a heuristic procedure to determine conflicting connections which cause
resource bottlenecks at hub-airports. If the bottleneck is expected before a certain connection (Case 1, Case
2), we go through the processes of the dedicated connection and look for predecessor processes with a tight
time dependency in the current SP solution. There is a tight time dependency between two processes pi, pa
on flight legs 1,5 served by fleet ki, ko if they successively use the same resource r on airport s and

* —trans *
€k1,l1,(s,r) + d(sﬂ“) > Sk la,(s,)

derived from constraints and holds with equality. This means that there is no time between the end
of the first process and the start of the transfer as well as between the end of the transfer and the start of
the second process. For flight legs [1,l2, we determine all flights passing the turnaround simultaneously via
{i € L, : ezﬂ > ezl’ll,g,’;i’i < g,’;%b}, i.e., exactly the flight legs that are prioritized over [ in terms of resource
allocation. All connections on hub-airports corresponding to the flights detected are considered as conflicting.

In Case 3 and 4 we look for successor processes with an almost tight time dependency, i.e., if [1 is the current
processes flight and [y is the successor processes flight, and k1, ko are the currently assigned fleets,

—trans

* *
€k1,l1,(s,7) + d(Sar) < Ska,la,(s,7)
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FIGURE 5. (MF)-island detected over flight strings which are connected by turnaround events
taking place at the same hub-airport in similiar time windows

derived from constraints and holds with a slack of at most the amount of time difference of the current
acceleration option compared to the next cheaper acceleration option. The determination of conflicting flight
legs is equivalent to the procedure above.

Once all resource conflicts are detected, we unite (transitively) the (SF)-islands of connections which are
in conflict with each other to (MF)-islands. The island costs are estimated by solving a reduced version of
problem , incorporating only connections which are contained in the island:

23 min 30 (G5 D Rl et DY)
(IC-MF) (kjij)e.s pe ppost peppre

- 7 - 7xk,(i,j) =1 v<l€,l,j) € f‘rk,(z,j) =0 V(k,l,]) ¢ j

The overall procedure to identify is sketched in Algorithm [20]informally and correctly detailed in the appendix.
Given an (SF)-island, it searches for conflicts on each included connection. Therefore the pool of connections

Algorithm 2 Generate (MF)-island

1: INPUT: Model , MP Solution, SP Solution, active (SF)-Island Pool

2. OUTPUT: ./, zi;re

3: procedure GEN:MF MP Solution, SP Solution, active (SF)-Island Pool)

4: Initialize island .. = ) and choose initial (SF)-island B to not be observed > obtain island

5: while unobserved (SF)-islands exist do

6: Choose arbitrary unobserved (SF)-island B

T: for connection ¢ in B do

8: Add all (SF)-islands with conflicting connection to ¢ (cases 1-4) to unobserved islands

9: end for

10: Add B to . and tag B as observed

11: end while

12: f < connections in all observed islands

13: zw}rel + Solve Problem > calculate island costs

14: return (.7, zil,/}rel )
15: end procedure

which has to be checked for conflicts grows. When no connections are left to be checked, the algorithm obtains
a (MF)-island by combining all (SF)-islands which include at least one conflicting connection. In the end,
Problem (IC-MF]) is solved to obtain the corresponding island costs.

Master Solution Island (MS). The largest possible islands are (MS)-islands, which consist of all connection
variables selected in the current MP solution. They guarantee the overall algorithm to be exact. One (MS)-
island is created in every decomposition iteration whenever the complete SP is optimized, since the island
costs equal to the objective value 257 (2*) of SP. The constraints added to the MP for this kind of island are
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equivalent to the cuts (6]) presented in Section The usage of (MS)-islands ensures that all SP costs will

be covered and that the overall procedure terminates.

Algorithm 3 Generate (MS)-island

S
return (.7, zis/l}rel )
end procedure

1: INPUT: MP solution Q (), SP objective value 25F

2. OUTPUT: ./, ziﬂftrel

3: procedure GEN:MS(Q, 25P)

4: S 0 > obtain island
5: isbrel o ,SP > calculate island costs
6:

7

4.4. Combining Islands to generate Cuts. In this Section it is explained how cuts can be derived from the

given islands and the corresponding island costs, which bound ¢ in as a part of the MP-objective appropriately.
isl, rel
rIS/K,/VI‘G
calculated, the island is saved in the set &, the island pool. Furthermore, a variable o ,is added to the master

Whenever a new island .. is detected (no matter which type) and corresponding island costs z are

problem, together with the additional constraint

isl, rel
9) o Zsy “ Z Ty i) +1— | A).

(i:jzk)e‘jv

For a given MP solution z* we call an island S e & active, if (k,i,j) € S = xzy(i’j) = 1. The variables
o 7 are to interpret as “if an island S s active, then the variable o, takes the island costs as value,
otherwise 0”. They express a part of the sub problem costs caused by specific structures in the MP solution.
The oz -variables cannot be directly incorporated into the master problems objective function, since two
active islands . and . do not necessarily have to be disjoint. Whenever this happens, the sum o s+ o 5
may overestimate the local SP costs if both S and .7 are active.

However, if & C & is a subset of disjoint and active islands, it holds that the sum of the respective island
costs is at most the SP objective value:

(10) 5P > Z zis}rel.
Jes!

One can exploit this property by bounding the variable ¢ incorporated in the objective of the MP from
below. Whenever a new MP solution is calculated, a set packing problem is solved for the cut generation
(CG), which determines a family of disjoint islands &* C &, maximizing the RHS of Equation (10):

isl, rel
iy R
Se&!
(CG) st. SN =) NI, T Tt T

S active for x* V.7 € &

It is straight-forward to reformulate this problem into a binary linear program, which can be solved with
standard software. The optimal value of Problem (CGJ) is compared to the current value o* of the master
variable o. In case the optimal value is greater than ¢*, the constraint

(11) o> ZO’_]’
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is added to the MP, cutting off the current solution. The MP is solved again. In case o is equal to the optimal

value, additional islands will be generated.

Algorithm 4 Island Decomposition Algorithm

1: INPUT: Overall problem instance of Model
2: OUTPUT: Optimal solution for the instance of Model
3: procedure DECOMPOSITION (3]

4: Split problem (3] into (MP)) and (SPJ)

5: Initialize float z°F « o0, 0* + 0

6: Initialize (SC)-island pool &gc) < all SC Islands {(k, i, )}, Ty @5 in (MP)

7 Initialize island pool & = &(gc) and (SF)-island pool &(gp) = {}

8: Solve MP, solve SP based on MP solution — feasible solution of the integrated Model

9: do > outer loop
10: do > middle loop
11: do > inner loop
12: Q, F,x* 0" + Solve MP

13: &* + Solve Model depending on z*

14: Add Cut depending on &* to MP

15: while o* < Ze,feg* ish rel

16: EL5Y « {GENSF (k,4,5), Fis Escy): (kyi,j) € QP\ &

17 Add 6’(’%%“)’ to &(sp) and

18: while &gy # 0

19: SP *, 25 « Solve SP

20: é"(ﬁ;") +— {GEN_MF(IC-MF}, ©, SP *, &gy, B): B € &gpy with B C Q}\&

21: SRS < {(Q,25)}\ & > add (MS)-island
22: Add éﬁ(ﬁ% and é”(?\;g’) to &

23:  while o* # 257

24: return , SP *
25: end procedure

4.5. The overall Island Decomposition algorithm. In this section the overall Algorithm [ is set up. It
starts with splitting the complete problem in MP and SP in line [] as described above. Subsequently, MP as
well as SP are solved once, to determine a first feasible solution as reference in line After this step all
(SC)-islands are calculated and initialize the island pool &. The decomposition approach takes place in the
following lines running through three loops are passed through in a nested way:

Inner Loop (Lines Line 115). The inner loop is executed most frequently. In each iteration the MP is
solved and new cuts are added by solving Model depending on the MP-solution and the current island
pool &*. The inner loop is exited as soon as the newly found cuts do not lead to higher turnaround costs in
the MP, which are represented by o*.

Middle Loop (Lines Line . After the inner loop possibly changed the current MP solution, the
middle loop generates new (SF)-islands and adds them to the (SF)-island pool as well as to the overall island
pool. The middle loop is exited, if there are no new (SF)-islands found in an iteration.

Outer Loop (Lines [O}Line [23)). Solves the full SP. The obtained SP solution is used to calculate new
(MF)-islands and (MS)-islands and the corresponding costs. The results are added to the overall island pool.
The outer loop terminates when the value of o* equals the real observed SP costs, which equal z57.

When the outer loop is left, the optimal solution of Model is calculated. The entire process is also
graphically explained in Figure [f] The most important point about Algorithm [4] is that outer loop iterations
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are reduced drastically, since as much cost information as possible can already be obtained by combining
(SC)-islands, (SF)-islands and (MF)-islands.

Master Problem [MP](Aircraft Assignment)

Variables: z,y , o

o ILnner il
. Outer . Middle oop
T x
Loop Loop | Cut Generation [CGI |
(70 /)
Sub Problem [SP] Relaxed SP
(Process Scheduling & Resource Allocation) TH6HT (Island Cost Calculation)
6*7 6*7 1/)*7
i . SP
Variables: §, w, <, ¢, 9, 7, 0 0%, w", 2 Cost problems individually defined by
Objective: 25F [[C=SF] [[C-MF]

FIGURE 6. Scheme of the procedure for Island Decomposition using relaxed versions of the
SP to calculate islands and island costs

We now prove that the proposed algorithm terminates after a finite number of steps and computes the

optimal solution of the initial problem.

Theorem 4.6. Algorithm[§) terminates after a finite number of steps and returns an optimal solution for the

integrated tail assignment and ground process management problem .

Proof. The Aircraft Assignment master problem has a finite number of solutions. If the outer loop is run
twice and the same master and sub solution are generated in each iteration, then the algorithm terminates,
since in the first iteration the (MS)-island cut has been added to the MP. Due to Observation it holds
that in every other inner or middle loop iteration when this solution has been the current master solution, the
SP cost bound has been at most the cost value of the (MS)-island. Hence, in the second outer loop iteration
with the solution, the condition o* = z5% is fulfilled and the algorithm terminates.

An analogous argument holds for the middle loop, which generates (SF)-islands. This procedure is uniquely
determined by the current MP solution. Hence, when there are two iterations with the same master solution,
the (SF)-islands corresponding to the island are already contained in the island pool &. Therefore the middle
loop is executed a finite number of times. The same argument holds for the inner loop regarding repetitive
solutions of the MP. We have shown that the algorithm terminates after a finite number of steps with a
feasible solution of the integrated problem.

In order to show its optimality, we consider z* the solution of the master problem which is returned by
the algorithm. We assume a solution z’ of the master problem exists with 2MP (') + 257 (2) < 2MP(2*) +
25P(2*). Since the MP in line has been solved to optimality, we can derive the existence of a constraint
in the MP which enforces o > 257 (2’). Since Observation together with Observation assure that the
GENERATE_X_ISLANDS routines deliver lower bounds for the true island costs, and Lemma [4.4] assures that
whenever this is the case, the inner loop only adds constraints to the MP which have the property that o
underestimates the value of 257, this is a contradiction.

Hence, the solution delivered by Algorithm [4]is optimal, which is exactly the required result. (I

In the following section we prepare our computational study by introducing how we derive different instance
sets using real-world flight schedules. In addition, we propose two benchmark algorithms which are used to

evaluate the Island Decomposition approach.
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5. BASELINE ALGORITHMS AND INSTANCE SETS

Since the model presented is a novel model, this chapter will focus on two important aspects: First, it will
be shown how the instances for the subsequent computational study are generated. Afterwards we present

two benchmark algorithms, which can also be used to solve the problem.

5.1. Generating Instance Sets. All of our instances are based on a real summer flight plan of a major
German airline. However, this plan includes the flights of a whole week of all countries that are served. Our
problem is more suitable for monitoring individual days in certain areas, since crucial turnaround decisions
do not have to be planned for all days and only take place at hub-airports. In order to generate adequate
instances, we rely on the common large base schedule, also containing information regarding the available
fleets, from which individual sub-instances are derived. To avoid unrealistic instances, we first reduce the plan
to a certain selected set of flights and airports, which must contain at least one hub.

We have reduced the turnaround sequence to four representative steps: De-Boarding, Catering, Cleaning
and Boarding, containing two turnaround steps which require the same resource as well as sequential and
parallel turnaround processes. Hence, the reduction of turnaround processes does not influence the structure
or optimization behavior of the solution algorithms, but limits the computational effort.

We created different instances by setting the number of flights and aircraft within the random intervals given
in Table[6] Feasible solutions utilize the whole aircraft fleet while covering all flights of the given schedule. The
ratio between flights and aircraft and the structure of each schedule should lead to adequate, but relatively
tight time windows between arrivals and departures of subsequently executed flight legs.

To generate this kind of instances, a reduced tail assignment problem is solved beforehand. The problem is
defined on the base schedule. Its surrogate objective function minimizes the number of used aircraft, including
a randomly given number of flight legs. The assignment costs for each fleet-flight pair were selected arbitrarily
as well to be able to vary the instances. The solution yields all flights and aircraft which will be used in our
instance from now on. Based on the selected connections of this reduced problem solution and the resulting
ground times, turnaround processes were timed by splitting the overall ground time per connection. To provoke
delays which result in interesting instances, the critical path of the turnaround process chain is designed not to
fit entirely into the corresponding ground time interval on some connections. Additionally, a random number
of resources per process is selected at the hub-airport. This number is chosen to provoke resource shortages at
some points for the same reason. Thus it has to be drastically lower than the number of aircraft used in order
to exclude situations where the resource limitation is not restrictive. All parameters and quantities listed in
the model are added based on random intervals. All assignment decisions of this preliminary optimization

procedure are discarded afterwards.

Instance Set I1 12
# Instances 50 4

# Flights 38-102 150-300
# Airports 3-8 13-24
# Aircraft 5-12 18-37
Ground interval 30-80 minutes
Process duration factor | 1.01 - 1.24 [ 1.1-1.35
Resource factor 0.25 - 0.5

TABLE 6. Characteristics of I1 (mean value study) and 12 (larger instances)
For our computational results we generated two instance sets I1 and I2. Instance set I1 has tightly timed

process steps, which partly exceed the possible ground times and has very few resources on ground available
as is usual in practice. It consists out of 50 indidual instances in order to perform a mean value study to
analyze if our proposed approach delivers high-quality solutions regarding instance sizes of around 100 flights.

Instance set 12 only consists of four instances. The smallest instance includes 150 flights and the instance size
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is raised by steps of 50 flights, so that the biggest instance includes 300 flights daily. The examination of 12 is
done instance by instance. The limits of computational tractability, depending on instance size and different
solution procedures are to be analyzed. All characteristics per instance set are summarized in Table [6l For
I1, instances were generated as a function of a random number of flights. The number of airports, aircraft
were then adjusted as described to generate realistic schedule data, i.e., without too much time between two
consecutive flights and just enough aircraft to execute all flights. For 12, a deterministic number of flights
were used to define the instance, i.e., {150,200, 250,300}. The number of airports and aircraft is again based
on the same procedure as in I1. In the calculated reference solution of the Tail Assignment problem only
connections with ground times intervals between 30 and 80 minutes can be selected in order to construct tight
flight schedules. Table [6] further characterizes both instances based on the so called process duration factor
and the resource factor. For each of the instances, the time necessary to carry out turnaround processes
is constructed such that the turnaround duration slightly exceeds the ground time between two flights in a
reference solution. Hence, the duration of the the entire turnaround process is calculated by the product of
the process duration factor and with the time spent in the reference solution on the ground. This value was
chosen to replicate external factors on the basis of which delays occur. The process duration factor for I1 is set
to values, which forces delay situations to occur, while the factors for 12 are even set to higher values in order
to represent a larger variation of the instance settings. The resource factor affects the number of resources
available on each ground at the hub-airport and represents the ratio between flight strings of an instance and

the number of resources per type on ground.

5.2. Benchmark algorithms. In order to evaluate the solution quality of the Island decomposition algorithm,
we present three further solution approaches that can be used to solve the problem.

We first tried to compare the solution characteristics of the decomposition approach with solving the overall
model . Unfortunately, it turned out that the integrated solving of the problem spent a large amount of
time on finding only a feasible solution to the problem in the first place.

Thus we concluded that it is beneficial to generate a feasible start solution by first solving Model
first, fixing all the variables to the obtained value in the solution and solve afterwards. This procedure
equals the start procedure in Line [8] of the Island Decomposition Algorithm As discussed in the previous
sections, this always leads to a feasible solution of the entire problem. This feasible solution is then used as a
start solution for solving Problem directly with a standard MIP-Solver. The procedure of improving this
start solution is called Benchmark Waterfall.

We also want to compare our approach against an often used decomposition approach based on the use of
standard Benders decomposition with sub problems neglecting integrality constraints. Many authors apply
this standard version in order to calculate a probably good solution for the master problem using only the
continuous relaxation of the sub problem. The behaviour of the solution calculated by the approach can be
simulated by solving the integrated Model while relaxing the integrality constraints of all variables included
in the . Nevertheless, the obtained solution of this problem is in general not feasible for the Problem ,
since it crucially depends on the integrality of the SP. Therefore, to obtain a comparable solution, we calculate
the resulting integral solution by fixing the master variables of the entire Problem (3]), reintroduce integrality
constraints and calculate the SP solution. Since we want to compare the solution of the Benders approach, we
optimized the problem with the relaxed SP for one hour and used additional 15 minutes in order to obtain the
corresponding optimal integral solution. We only compare the resulting end solution with the other approaches,
thus resulting an approach, which is not exact. We call this approach Benchmark Benders.

As a third benchmark algorithm, we want to compare a kind of classical lower-bound function method

introduced in Laporte and Louveaux (1993)), which our island decomposition approach is based on. For
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this purpose, we again use our island decomposition approach, where all (SF)-islands and (MF)-islands are
deactivated. The (MS)-islands lead to cuts in the MP, which can be considered as lower bound functions
presented in the literature and thus bound the MP cost variable o depending on the whole MP-solution from
below. The main difference is that the optimality cuts in our MP do not have to be designed as a function
of all binary variables, but depend only on the variables that take the value 1 in the current solution. This
is due to the cover constraint , which ensures that one flight is executed by exactly one aircraft and thus
reduces the number of variables to be considered enormously. This approach is referred to as Benchmark LBF

in the following.

6. COMPUTATIONAL RESULTS

The Island Decomposition approach is compared with the benchmark algorithms that are evaluated for two
described instance sets. Our model is intended to adjust parts of existing plans on the day before operations, so
that currently known ground conditions can be optimally planned. We first investigate with a mean value study
of I1 whether the Island Decomposition can find high-quality solutions in an acceptable time. Furthermore, we
check whether better solutions can be found faster than using the benchmark algorithms. We believe, that the
decomposition approach be able to find tight lower bounds during the solution process due to the (SC)-islands,
(SF)-islands and (MF)-islands.

In the further setting with instance set 12 we will investigate if the decomposition approach still gives good
results if the the instance sizes are increased in terms of considered flights.

All algorithms are implemented in Python 3.7.1 and all MIPs are solved with Gurobi 9.1.1, see |Gurobi Opti-
mization (2020). The computations were executed on a 4-core machine with a Xeon E3-1240 v6 CPU (3.7GHz
base frequency) and 32 GB RAM.

In the following we present the results of the computational study, containing comparison of runtimes,
solution quality, performance profiles and dependencies of the solution behavior on instance characteristics.

6.1. Results for Instance Set I1. In the following, we will analyze the results of the computations which
deal with solving the instances from I1 using Island Decomposition and the benchmark algorithms listed in
Section [0l

We first focus on a comparison between different solution quality indicator:

Classical gap: The classical optimality gap of an algorithm alg after ¢ seconds is calculated using the
following formula
inc(alg,t) — 1b(alg, t)

(12) inc(alg, t)

)

whereby inc(alg,t) denotes the best incumbent value found by algorithm alg after ¢ seconds, and lb(alg,t)
corresponds to the best lower bound for the objective value found by algorithm alg after ¢ seconds. For
algorithm Benchmark Waterfall the gap is calculated by gurobi itself. The lower bound for Benchmark
Benders corresponds to the best lower bound found for the problem without integrality constraints in the SP,
while the incumbent equals the objective value of the integral end solution. Regarding Island Decomposition
and Benchmark LBF', the lower bound corresponds to the current MP objective, while the incumbent equals
the value of the best integer feasible MP-SP solution found.

Best bound gap: This gap uses the best found lower bound over all algorithms at the end of the calculations
instead of the current bound. Thus the gap reflects the actual quality of the solution in terms of the incumbent
more accurately. It is computed using the formula
inc(alg, t) — 1b*

inc(alg, t)

(13)

9
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whereby 1b* equals the best found lower bound over all algorithms after one hour of computations.
Best incumbent gap: Instead of fixing the lower bound, for the calculation of this gap the incumbent is
fixed to the best one found over all algorithms and times steps. It can be calulated using following formula:

inc* — lb(alg, t)

* b

(14)

inc
whereby inc* denotes the best found incumbent over time and solution approach.

Figure [7] shows the mean value of the classical gaps of all instances in I1 over the entire solution process
measured in seconds. The mean gap for the decomposition approach is lower than the mean gap for all bench-
mark approaches except for Benchmark Benders at all points in time. The curve for the Island Decomposition
drops heavily at the beginning of the calculations, since all (SC)-islands estimate the costs right from the
start. In the further course, the mean gap decreases less heavily. Any steps in the curve indicate that some
instances could be solved completely to optimality. The Island Decomposition approach yields a mean gap of
just over 3% after one hour, whereas Benchmark LBF takes a value close to 9%. The conventional solution
approach Benchmark Waterfall yields a gap of about 8%. One can observe that the Benchmark Benders
approach starts with a better initial solution than all other approaches and remains on the same level all
the time. This is due to the fact, that the first feasible solution is computed using an MP-solution which
considers a continuous relaxation of the SP. After one hour the SP with integrality constraints is solved fixing
the obtained MP solution (which better fits the SP) and thus results one lower objective value of the entire
problem (see Section [5.2)). Even though Benchmark Benders has a smaller initial gap, is outperformed by the
Island Decomposition approach, which has a worse initial solution.

In order to work out why the gap of Island Decomposition is the lowest, we also plot the best lower bound
ratio in Figure [§] and the best incumbent ratio in Figure [9]
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FIGURE 7. Mean classical gap  FIGURE 8. Best lower bound gap FIGURE 9. Best incumbent gap

Figure [§] shows the actual solution quality of the algorithms in terms of the calculated incumbent: It can be
seen that the Island Decomposition produces the best solutions again on average from three minutes onwards
and yields a mean lower bound gap of 3% after one hour. The Benchmark Benders comes second with around
5%, close to the result of Benchmark LBF. The latter approach comes with a smaller gap than Benchmark
Waterfall with around 6%, which indicates, that the actual solutions obtained by Benchmark LBF yield better
objective values, but fail to prove the distance to optimality due to poor lower bounds. This assessment is
confirmed in Figure [0} Looking at the lower bound gap, one can see that the decomposition approach finds the
tightest lower bounds (2.7%) very quickly, whereas Benchmark LBF yields a lower bound gap of 6.5%, which
supports the fact that the (SC)-, (SF)- and (MF)-islands are crucial for the process of raising the o values and
thus the lower bound. The Benchmark Waterfall can continuously improve the lower bounds yielding a gap
of 5% and Benchmark Benders is the second best approach with 4%.

We derive from Figure [§ and [J] that the Island Decomposition outperforms all benchmark algorithms in

terms of their mean lower bounds as well as their actual incumbent values regarding I1. Exploiting the
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problem structure, the decomposition approach can quickly approximate many costs of the SP in the MP,
providing good lower bounds on the total cost. Moreover, based on the information MP solutions can be
selected that reduce the total cost. One can also conclude, that the Benchmark Benders also performs well.
We assume that the reason for that behavior ist, that the relaxation of integrality in the SP is still capable of
approximating the real SP costs. Nevertheless, the approach is not exact can only prove the optimality in the
case, that the SP solution of the relaxed SP is integral, which is not guaranteed.

All solution approaches except of Benchmark Benders are exact solution approaches which deliver the
optimal solution in theory if enough time is available. Hence, we show how many of the instances could
actually be solved to optimality within the given time. Figure plots the number of instances solved to
optimality over time for each solution approach.

It can be seen that the Island Decomposition approach was able to solve 24 of 50 instances during the whole
time interval. On the other end Benchmark Waterfall was not able to solve a single instance to optimality.
Benchmark Benders solves one instance to optimality, which is due to the fact, that the solution of the relaxed
subproblem yields integral values for all contained binary and integral variables. The second best approach
here is Benchmark LBF with three solved instances. It took a lot of time to prove their optimality (at around
45 minutes), since the lower bounds of the approach are not very tight. This comparison clearly shows that the
strong benefit of our approach is the capability of proving optimality of the obtained results. In this category
the Island Decomposition algorithm is clearly dominating the benchmark algorithms.

To give a better intuition on the gap distribution and to compare the algorithms more directly, we present a
performance plot in Figure It is based on the best incumbent value the algorithms found after 60 minutes
of computation, which are compared to each other. Thereby, for each instance at the end of the calculation,
its incumbent is compared per algorithm. This is divided by the best incumbent found. Thus, the algorithm
that found the best solution receives a value of 1 for this instance and all those that had a higher incumbent
value receive a value greater than 1. In Figure for each instance on each x-axis value, the percentage of
instances that have a value less than or equal to the x-axis value is plotted. Therefore the value at 1 represents
the number of instances, for which the respective algorithm was able to find the best found solution. In
the case that more than one algorithm was able to find the best possible incumbent, the values sum up to
more than 100%. Figure [11|shows that the Island Decomposition approach provides the best incumbent value
for 76% of all instances and finds a good incumbent solution which is within approximately 1-1.05% of the
incumbent value the best of the three algorithms found for almost all instances. Benchmark Benders comes in
second place for ratios under 1.04, since it provides many high quality solutions with a low classical gap. For
higher values, Benchmark LBF performs better, since it is able to find most of its solutions with a gap in the
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middle field of the solutions, whereas Benchmark Benders finds more solutions with a higher gap. Benchmark
Waterfall is dominated by all other algorithms for nearly all x-axis values. The worst gaps for a single solution
found are produced by Benchmark Benders, which is why it is the last one to reach the value 100%.

We have now compared the results between the different benchmark approaches and now want to focus on
how the Island Decomposition behaves during the solution process in order to explain the obtained values.
Therefore the proportions of different island types which were generated during the solution process are shown
in Figure

Most of the generated islands are (SC)-islands (81.78%). On average 224 (SC)-islands were detected per
instance, which means that on 224 aircraft-connection combinations costs are incurred independent of the other
selected flight connections. As expected, The calculation per (SC)-island took only a fraction of a second, so
that all of them (and their costs) were usually calculated in less than 20 seconds. Thus they are created at the
beginning of each calculation, regardless of whether the connection to which the island corresponds has ever
been assigned or not. The number of (SC)-islands predominates here, since islands are generated for all single
connections at the beginning of the calculation regardless of the MP solutions found. All other island types,
which are generated dynamically, just depend on relevant flight strings, which are selected in the MP solution.
Therefore and because not all possible flight strings are useful regarding the objective function of the MP, the
number of dynamically generated island types is significantly lower within one hour of computation.

The (SF)-islands are the dominant type of islands calculated dynamically by the algorithm which results
in 33 islands on average and a proportion of 12.06%. The determination and cost calculation of a (SF)-island
also took only less than 5 seconds on average. The proportion of (MF)-islands (3.07%) is similar to the one
of (MS)-islands (3.09%), which corresponds to 8 islands on average for each type. The calculation of these
island types took much longer and varies heavily depending on the given SP structure: The calculation of
one (MS)-island took between 30 seconds and 10 minutes. Based on a given (MS)-island, the generation of a
(MF)-island also took between 20 seconds and 6 minutes.

Even though the percentage of dynamically generated islands may seem small, Figure [13]illustrates that the
effect of these islands is crucial to the decomposition approach: The plot shows what percentage of the actual
costs generated in the SP could be covered on average by the respective island type in the mean. Therefore,
after each iteration in which the whole SP was solved, we considered the current MP-solution: For each island
type we calculated the ratio between the value, which o takes regarding the island type in this MP-solution, and
the SP objective value. This corresponds to a comparison of the actual SP costs arising and the subsequent
considered SP-costs o in the MP regarding the island cuts. One has to mention, that in the Figure
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FIGURE 14. Classical lower bound gap per instance and solution approach.
the (SC)-island-value represents the value of o, when only (SC)-islands are considered, the (SF)-island-value
considers (SC)-islands and (SF)-islands and the (MF)-island-value takes into account all island types expect
(MS)-islands. The (MS)-island-value is omitted since the (MS)-island corresponding to the MP-solution was
already calculated and thus the value always equals 100%. We can see that the (SC)-islands cover around 35%
of the costs, while additionally considering (SF)-islands yields a value of almost 60%. When the (MF)-islands
are also used to generate the optimality cuts for the MP, it is possible to explain 84% percent of all arising
costs in the SP. The remaining 16% can only be covered with the use of (MS)-islands, which is the reason

why they are necessary in order to make the Island Decomposition Algorithm [] an exact algorithm.

6.2. Results for Instance Set I2. Since the mean value study on instance set I1 proves the island decom-
position approach to outperform comparable benchmark procedures for Problem , we now want to focus on
testing the resilience of the algorithm in the case the considered instances are of larger size.

Figure [14] shows the course of the classical gaps for each of the four instances in I12. This figure is supported
by Table [7], which shows the best found lower bound, objective and classical gap for Island Decomposition
and all benchmark approaches. The values which are highlighted green represent the best values over all
approaches. In the case there are two marked values of the same kind, this indicates, that the same solution
was obtained. With respect to the classical gap, it can be seen, just as in I1, that benchmark decomposition
yields the best results. This is not too obvious for instances 1 and 2, since the gap of the island decomposition
approach is only slightly smaller than the gaps of the benchmark approaches. For instances 3 and 4, however,
one can even see that the gap drops to 0% after about 50 minutes, which means that both instances can
be solved to optimality by the Island Decomposition approach. Looking at the lower bounds in Table [7] it
becomes clear that these good results are due to the superior calculation of the lower bounds.
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. Island Decomposition Benchmark LBF
Instance | #Flights LB OBJp Gap LB OBJ Gap
1 150 1.516.493 | 1.797.111 15.61% | 1.440.911 1.746.111 17.48%
2 200 1.970.007 | 2.254.093 12.60% | 1.883.793 | 2.217.193 | 15.04%
3 250 3.039.360 | 3.039.360 0.00% | 2.375.210 | 3.039.360 | 21.85%
4 300 3.764.333 3.764.333 0.00% 2.950.883 3.764.333 | 21.61%
. Benchmark Waterfall Benchmark Benders
Instance | ##Flights | | 5 OBJ d Gap LB OBJ Gap
1 150 1.442.734 | 1.745.764 | 17.36% | 1.441.537 | 1.710.146 | 15.71%
2 200 1.885.365 2.243.441 15.96% | 1.884.128 2.185.747 | 13.80%
3 250 2.379.445 | 3.086.860 | 22.92% | 2.374.946 | 3.082.960 | 22.97%
4 300 2.955.423 | 3.998.176 | 26.08% | 2.950.894 | 3.821.890 | 22.79%

TABLE 7. Comparison of the best found lower bound, objective value and classical gap after one
hour for Benchmark Waterfall and all benchmark approaches. The best values are highlighted

in green.
. Island Decomposition Benchmark LBF
Instance | #Flights | g0y (sF) | (MF) | (MS) | (SC) | (SF) | (MF) | (MS)
1 150 1437 26 0 1 0 0 0 24
2 200 1955 34 0 1 0 0 0 5
3 250 3660 42 0 1 0 0 0 5
4 300 4449 44 0 1 0 0 0 3

TABLE 8. Number of generated islands per island type during the Island Decomposition and
Benchmark LBF.

All benchmark approaches, on the other hand, deliver the same poor lower bounds, which is especially
evident in instances 3 and 4. Here, the Benchmark LBF even manages to determine the optimal objective
function value, but ends with a classical gap of more than 20 percent, since several subproblem runs are still
necessary to prove the optimality. Looking at the objective value, Benchmark Benders delivers the very best
results for instances 1 and 2. Here, too, the lower bounds are not sufficient to calculate lower gaps than the
Island Decomposition approach.

Benchmark Waterfall does not deliver the best result in terms of any of the metrics for any instance and
takes a long time to even push the gap to a comparable level to the other approaches. This becomes especially
clear with the largest instance 4, where the end gap is over 3% higher than with all other methods.

In summary, the following can be said about gap development: Benchmark Waterfall takes the longest
time to deliver comparable results at all. If the instance becomes too complex, the gap can no longer keep
up with those of the other approaches. Benchmark Benders delivers very good results for smaller instances,
which is due to the low objective value. However, Benchmark Benders is inferior to Benchmark LBF for
larger instances, which indicates that the general decomposition structure of our approach is appropriate to
obtain good results. Benchmark LBF quickly delivers low gaps (Benchmark Benders results refer to the final
result), but fails to prove optimality. Island Decomposition is ahead for all instances, but can show its qualities
especially for large instances.

It is interesting to observe, that the solved instances represent the biggest instances in terms of the number
of included flights. This makes clear, that the efficiency of the tested approaches is highly depending on
the individual instance structure. Whenever very few solutions of the MP have to be considered, since they
dominate all other solutions, the Benchmark LBF delivers promising results, since only a small number of
(MS)-islands will lead to the overall optimal solution. Whenever the situation is more complicated, additional
good lower bounds obtained by adding (SC)-islands, (SF)-islands and (MF)-islands are necessary to prove
optimality.
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In order to verify the theses, a closer look is taken at the number of generated islands for Island Decomposition
and Benchmark LBF. For a, we can see that only one (MS)-island was calculated for all instances. This
corresponds to island calculated for the initial solution of the SP. Since no further (MS)-islands are calculated,
no (MF)-islands are calculated. For (SC)-islands and (SF)-islands, we can observe an increase in quantity with
increasing instance size. It is remarkable that only with these island types the Benchmark LBF is able to
obtain the optimal objective value.

Benchmark LBF only uses (MS)-islands in order to improve the solution quality. It can be observed, that
except for the first small instance, the number of (MS)-islands drops to be lower than five. Especially for
instance 4, the SP seems to be hard to solve, since the SP is solved only three times during one hour of
computations.

Summary. All in all, our computational section shows that the Island Decomposition can achieve very
good results for the tested instances. The mean value study for I1, where very few turnaround resources
are available, provides the proof of concept. Here, the Island Decomposition approach yields the best results,
especially in realistic scenarios involving delay and resource bottlenecks. This is essentially based on the ability
to calculate very tight lower bounds. As a result, far more instances could be solved to optimality compared
to the benchmark procedures. The calculations for 12 also support the same conclusion, since optimal results
can only be proven by the Island Decomposition approach. This indicates that the approach we chose to solve
the problem was reasonable. Especially for the small instances in 12 it became clear that Benchmark Benders
also provides very good objective values, but fails to prove their quality. This problem is of structural nature
in the approach as long as the SP solutions are not random integers, which was not the case in any of our test
runs. Benchmark Waterfall provided sufficient evidence that simply using a MIP solver to solve the problem

yields the worst results in most of the cases.

7. CONCLUSION AND OUTLOOK

This paper has provided a new mathematical model to handle two operational tasks of airlines simulta-
neously: Aircraft Assignment and Turnaround Handling. Moreover we demonstrated that this model is not
straight-forwardly solvable with standard approaches for reasonable problem sizes. Hence we developed a com-
binatorial decomposition approach, mathematically proved its capability of solving the model to optimality
and presented an extensive computational study, which proves its effectiveness in practice.

Our future research will aim at integrating additional problem aspects to make the presented model more
realistic and therefore attractive for practitioners.

Another research direction is to make the decomposition approach more efficient, for example by incorpo-
rating some of the smaller island types directly into the master model. We presume that this could lead to a
large speed up while pertaining the property of the algorithm to be an exact one.

We believe that the introduced decomposition framework is not only applicable to the presented integrated
tail assignment and ground process management model but can also be transferred to other mathematical
problems. The condition is that these problems can be split into master and sub problem such that the prior

is combinatorial and the latter highly depends on its integer nature.
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8. APPENDIX

We want to present in this additional chapter an example which demonstrates the capability of the introduced
mode, some proofs which have been omitted in the main manuscript and furthermore the algorithm details
for the determination of the distinct island types. Since all algorithms are very technical and the content is
explained in the main paper, the absence of the algorithms does not influence the understandability of the

main manuscript.

8.1. Model Capability. In this section we will show which possibilities the presented modeling opens up
and how it can be embedded in the application field of airline operations. The problem is not initially of
strategic importance due to its size and can be applied for short-term planning. This can be useful one day
before the day of operations, when one already expects dislocations at certain points of the schedule. This
can be due to several reasons, like technical problems, temporary resource constraints at the hub-airport or
propagated delays. The model capabilities will be discussed using a simple example, which is supported by the
three Figures and For the sake of simplification we assume that there exists only one turnaround

process and there is only one resource at the hub-airport, which is needed in order to perform this process on

" Hub-Airport FRA X
Flight A1 Flight A2
Flight String A X A x A
TA-Process | free

Flight B1 Flight B2
Flight String B p x ’w
free TA-Process

-
12:30
1 x TA-Process Resource 12|:00 12}20 | 12|:40 Time

each turnaround.

FiGURE 15. Initial situation of the example: All processes can be performed and no flight is
delayed.
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Figure shows the initial situation: There exists two flight sequences (flight strings) A and B including
two flights each. The two corresponding aircraft share a time-interval on ground from 12:00 to 12.30. Due to
the subsequent departure times and the length of the TA-Processes, one resource on ground is sufficient to
perform all tasks in time.

- Hub-Airport FRA N
Flight A1 Flight A2
Flight String A b 4 M x M
+10min | TA-Process

Flight B1 Flight B2
Flight String B X A X f}
free TA-Process

] ]

I U
12:10 12:30
1 x TA-Process Resource 12|:00 | 12}20 | 12|:4O Time

FIGURE 16. Initial disruption of the example: Flight A1l on Flight String A arrives 10 minutes
later than planned. The subsequent turnaround process is delayed.

In Figure [16] the initial situation is disrupted by an arrival delay of 10 minutes regarding Flight Al. This
leads to a total time of ground of exactly 20 minutes and forces the TA-Process to take place exactly during
this time slot, since otherwise Flight A2 starts with delay. Hence, the TA-Process on Flight String B can not
be executed during the given ground time, since the process can start earliest 10 minutes before the departure
of Flight B2, but needs 20 minutes to be performed. The overlapping time drawn red in Figure [16]is caused
by a resource bottleneck.

Flight AL Hub-Airport FRA
Flight String A ¥ by X b
free | TA-Process

. — |
. . Flight B1 ™M —\
Flight String B F_\ x Az [
TA-Process | free

|
1
12:10 12:30
1 x TA-Process Resource 12|:00 | 12i20 | 12|:40 Time

3

FIGURE 17. Solution which yields no delay propagation: Flight B2 is now executed on Flight
String A. Hence, the TA-Process on Flight String A can take place later and makes it possible
to execute the TA-Process on Flight String B in time.

The situation can not be solved without additional delay only considering turnaround measurements. Nev-
ertheless, including the aircraft assignment yields a solution with no more delay on the subsequent flights,
which is drawn in Figure If Flight A2 and Flight B2 are swapped, which results in Flight B2 being a part
of Flight String A and Flight A2 being part of Flight String B, the times on ground can be balanced in a way,
that compensates the delay of Flight A1l. The TA-Processes can be solved sequentially using only one resource
neutralizing the resource bottleneck.

8.2. Proof of Lemma [4.4l

Proof. We prove first that the cardinality |{j € L | 3k € K,i € L,.” € & : (k,i,7) € F}| is either 0 or
1. Assume it is not true, then there exist (k,,j) # (k',4,7) with xzy(i’j)
contradicts Constraint , since the left side of the constraint evaluates to 2 and the right side is binary.
In case k # k', Constraint implies that y,*;j = y}éa ;=1 This contradicts Constraint since the left

= 2} ;) = 1. In case k = k' this
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side evaluates to 2 # 1. Similar arguments apply to |{i € L|3k € K,j € L,./ € & : (k,i,7) € .7}|. Hence,
rearranging the following sum is possible, since it is assured that no summand appears twice on the left side,
whereby 7 7 , 7 are part of the solutions of for every ./

151 delay f OPT orT, ./
=3 XY @S Y R kit Y RN ki)

s Je& (kag)e S pEPpost pEPpre
Obs
delay s Z OPT OPT
Z Z Cka kg T+ kyi,p Ui ip T § : kjp wa,p
Je& (kij)e S peppost pEPpre
rearrange

delay
<) 2 g Thi

keK jeL:3ieLy, fe&:(kij)e s

+ Z Z Z gfgwk,i,p

k€K i€ Ly:3j€ Ly, /€& (ki j) €./ PEPP

+ Z Z Z Cgpvgq’/)k,i,p

keK jeL,:JicLy, Se&:(k,i,j)e. S PEPP

delay * OPT _ .SP
PIDIL AL EDIDIPIL LT

keK lcLy, k€K leLy peP

add posﬂ:lve terms

This is exactly the statement of the lemma. U

8.3. Proof of Lemma [4.5]

Proof 1. Assume we have a solution of not fulfilling the statement. We set all variables yy; : (k,l) € F
to zero and all variables xy, (; jy : (k,i,j) € 4 to zero. This operation reduces or preserves the objective value,
since assignment costs are non-negative. We have to restore feasibility for Constraints - and —
by adapting the other variables appropriately.

First we can set for all (k,1) € F the variables g to zero since Constraint reduces to 0 < ¢ ;. Fur-
thermore, we can set € to zero since Constraint reduces to G = €x,. Constraint then reduces to
0 <€ + T, hence we can set T to zero without getting infeasible, which leads to less or equal delay costs
than before. Constraint reduces to 0 = <1 Taxr-In, and this propagates due to Constraint over all
post-flight turnaround process start and end time variables i1, and €x;p, if Or1p @5 equal to 0. The same
logic applies due to Constraint which evaluates to ¢ Taxr-our = 0 and forces process start and end time
variables of pre-flight turnaround processes to be zero due to Constraint , with the same condition to 0y p.
We can guarantee this condition by setting 0y, to zero, while we have to restore validity of Constraint
by setting the option variables vy, to zero, which reduces or preserves the objective value. Since (k,l) € F
implies that (k,l,j) € 4 or (k,i,l) € G for incident edges, Constraint holds and reduces to 0 = 0
since we have set Sy, = €x1p = 0. Next we show that we can restore feasibility for Constraints —.
Whenever we had that for (k,1) € F that yi; has been O before, the variables w. and 0. of incident arcs of
the nodes corresponding to (k,l) in ground networks corresponding to arbitrary station-resource is 0 due to
Constraints and , together with Constraint . In case we have changed the variable yy; from 1
to zero, we can restore feasibility of the system by doing the following adaptations iteratively. Since yi; has
been 1, we have exactly one arc e; going to and exactly one arc es coming from the node corresponding to
(k,1) in every station-resource ground network for which w. is equal to 1 due to Constraints and .
The arc (e] ,es) exists since we have defined the ground resource metworks to be transitive. Hence we can

set the variables we, and we, to zero and set the variable Wier ef) to one. Furthermore, we set the variable
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W= oy L0 B¢, , and afterwards set the variables 0., and 0., to 0. This guarantees directly that Constraints (31)
for (ey ,62 ) and ( . for e] hold. Constraint ( . holds for 62 and Constraint . ) holds for e} since we
have reduced one summand of the left hand side of each constraint by one and raised one summand by 1. In
case e] s the start node of the correspondz’ng network, the same applies for Constraint ( . Furthermore,
Constraint . holds for 62 since Constraints (3e|) and . 3f) imply that the right hand side of 1s larger or

—trans

equal to the original value of Oe, + d(, .y, which has been in turn due to Constraints ( ., and (| . larger

or equal than the orzgmal value of O, + df;’“ff, hence the right hand side of the constraint is in any case larger

or equal to 9( ) + d( ) since this is equal to the original value of 0, + df:ar)s. Finally, Constraints (3g))
and . evaluate to 0 <0 and 0 = 0, respectively, such that we can set the variables G sy and € (s ) to
zero, following Constraints and .

To summarize, we’ve used an arbitrary optimal solution of Model to construct a feasible solution of the
model which fulfills the statement of the Lemma, since all variables which should be zero are zero. Since we
have only used operations which reduce or preserve the objective value of the solution, this solution is optimal

as well, and hence the Lemma is proven.

8.4. Algorithmic details. The corresponding descriptions are contained in chapter 4.3 in the main paper,
where the island types and their determination procedures are presented and explained.

Algorithm 5 Generate (SC)-island

return (.7, zis};vrel )
end procedure

1: INPUT: Model (IC-SC), (k. i, j) with k € K, (i, ) € Ay

2. OUTPUT: .7, 7™

3: procedure GEN_ SC((IC SC), (k,14,7))

4: I A{(k,i,7)} > obtain island
5: z?s;vrel + Solve Problem (IC-SC) > calculate island costs
6:

7
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Algorithm 6 Generate SF island

1: INPUT: Model (IC-SF), (k,i,j) with k € K, (i,j) € Ay, 7 > 0, flight-string .%;, including connection
(4,7), (SC)-island pool &gy to determine zf{s(l]’;ih)} : (k1 l2) € Fy.

2 OUTPUT: .7, 7™

3: procedure GEN_ SF((IC SF), (k,1,7), Fk, Es0)):

4: I {(k,i,5)} > obtain island

o: for (k,ll,lg) Gyk\{(k‘,’b,j)} do

6: S FU{(k,11,12)}

7 (7*,9*) <= Solve Problem (IC SF) for ./

8: i 5 T, D pepront b Ui p T Sopepere oty Uiy = Zf{s(lkr?i 1)} then

9: T A\ A(k, 1, 19)}

10: break

11: end if

12: end for

13: zfs/l}yrel + Solve Problem (IC-SF) > calculate island costs

14: return (.7, zisfl}rel )
15: end procedure

Algorithm 7 Generate (MF)-island

1: INPUT: Model (IC-MF), MP Solution €2, SP Solution, active (SF)-Island Pool &gy, initial (SF)-island
B e éo(SF) with B C Q

2 OUTPUT: ./, 2™

3: procedure GEN_ MF((IC MF), Q, SP*, &(spy, B)

4 B+ 0, A+ {B} > obtain island

5 while %' # () do

6: Choose arbitrary B € %’

7 for (k,i,j) € B do

8: for Arcs (K,7,j') € Q in conflict with (k,4,j) (Cases 1-4) do

9: B — B U{B}: B € &spy, (K,,j) € B if B ¢ BUS

10: end for

11: end for

12: B+ BU{B}, B «— B \{B}

13: end while

14: I« {(k,i,5)|3B € B : (k,i,j) € B}

15: zfs}rel < Solve Problem (IC-MF) > calculate island costs

16:  return (.7, zisfl}rel )
17: end procedure

Algorithm 8 Generate (MS)-island

INPUT: MP solution €, SP objective value 25
OUTPUT: ./, 2™
procedure GEN_ MS(Q SP)

I Q > obtain island

e .
lef/,re « 5P > calculate island costs

return (.7, ziﬁ,rel )
end procedure
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