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Abstract

The ¢1-ball is a nicely structured feasible set that is widely used in many
fields (e.g., machine learning, statistics and signal analysis) to enforce some
sparsity in the model solutions. In this paper, we devise an active-set strategy
for efficiently dealing with minimization problems over the ¢1-ball and embed
it into a tailored algorithmic scheme that makes use of a non-monotone first-
order approach to explore the given subspace at each iteration. We prove
global convergence to stationary points. Finally, we report numerical exper-
iments, on two different classes of instances, showing the effectiveness of the
algorithm.
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1 Introduction
In this paper, we focus on the following problem:

min p(z) )
zfly < 7,
where p: R" — R is a function whose gradient is Lipschitz continuous with constant
L >0, ||z||; denotes the ¢;-norm of the vector x and 7 is a suitably chosen positive
parameter.
Problem (1) includes, as a special case, the so called LASSO problem, obtained
when

p(x) = || Az —b]%,
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with A and b being a m x n matrix and a m-dimensional vector, respectively. Here
and in the following, || - || denotes the Euclidean norm. Loosely speaking, in LASSO
problems the ¢;-norm constraint is able to induce sparsity in the final solution, and
then these problems are widely used in statistics to build regression models with a
small number of non-zero coefficients [17, 32].

Standard optimization algorithms (like, e.g., interior-point methods), besides
being very expensive when the number of variables increases, do no properly exploit
the main features and structure of the considered problem. This is the reason why,
in the last decade, a number of first-order methods have been considered in the
literature to deal with problem (1). Those methods can be divided into two main
classes: projection-based approaches, like, e.g., gradient-projection methods [15, 31]
and limited-memory projected quasi-Newton methods [30], which efficiently handle
the problem by making use of tailored projection strategies [8, 16], and projection-
free methods, like, e.g., Frank-Wolfe variants [5, 6, 25, 26|, that embed a cheap linear
minimization oracle.

As highlighted before, the main goal when using the ¢; ball is to get very sparse
solutions (i.e., solutions with many zero components). In this context, it hence makes
sense to devise strategies that allow to quickly identify the set of zero components
in the optimal solution. This would indeed guarantee a significant speed-up of the
optimization process. A number of active-set strategies for structured feasible sets
is available in the literature (see, e.g., [3, 4, 7, 9, 10, 13, 18, 19, 22, 23, 24, 28] and
references therein), but none of those directly handles the ¢; ball.

In this paper, inspired by the work carried out in [10], we propose a tailored
active-set strategy for problem (1) and embed it into a first-order projection-based
algorithm. At each iteration, the method first sets to zero the variables that are
guessed to be zero at the final solution. This is done by means of the tailored
active-set estimate, which aims at identifying the manifold where the solutions of
problem (1) lie, while guaranteeing, thanks to a descent property, a reduction of
the objective function at each iteration. Then, the remaining variables, i.e., those
variables estimated to be non-zero at the final solution, are suitably modified by
means of a non-monotone gradient-projection step.

The paper is organized as follows. In Section 2, we describe the active-set strat-
egy and analyze the descent property connected to it. We then devise, in Section
3, our first-order optimization algorithm and carry out a global convergence anal-
ysis. We further report a numerical comparison with some well-known first order
methods using two different classes of ¢;-constrained problems (that is, LASSO and
constrained sparse logistic regression) in Section 4. Finally, we draw some conclu-
sions in Section 5.



2 The active-set estimate

Since the feasible set of problem (1) is convex and can be written as convex combi-
nation of the vectors +71e;, i = 1,...,n, we can characterize the stationary points
as follows.

Definition 2.1. A feasible point x* of problem (1) is stationary if and only if

V(e (te; —2*) >0, i=1,...,n,
Vo) (—1e; —a*) >0, i=1,...,n.

(2)

In the next proposition, we state some “complementarity-type” conditions for
stationary points of problem (1).

Proposition 2.2. Let z* be a stationary point of problem (1). Then
(i) 2t >0 = Vo(x*) (re; —a*) = 0,
(ii) 7 <0 = Vo(z*) ' (—1e; — 2%) = 0.

Proof. 1f |zf| = 7, then x* = 7 sgn(x})e; and the result trivially holds. To prove
point (i), now let 0 < z} < 7. Taking into account (2), by contradiction we assume
that

Vo(r*) (te; — %) > 0. (3)

Let d™ € R™ be defined as follows:

*

A (" —Te;).

*
T—I;

We have

*
Z;

[z + d ¥y =(1+ T_ﬁ)2|xj|+

(2

x; + (27 —7)

— T—]

J#u (4)
¥

<(14 )l =+

T —X

so that d* is a feasible direction in x*. Therefore, (3) and (4) imply that d* is
a feasible descent direction for ¢(-) in z*. This contradicts the fact that z* is a
stationary point of problem (1) and point (i) is proved. To prove point (ii), we
can use the same arguments as above, considering —7 < z; < 0 and, assuming by
contradiction that V(z*)T(—7e; — x*) > 0, we obtain that

d = i x* + Te;

T+ ( 2
is such that [|z* + d~||; < 7, that is, d~ is a feasible and descent direction for ¢(-)
in x*, leading to a contradiction. O]



With little abuse of standard terminology, given a stationary point z* we say
that a variable z is active if 7 = 0, whereas a variable x} is said to be non-active
if 27 # 0. We can thus define the active set Ay, (z*) and the non-active set Ny, (z*)
as follows:

Ay (@) ={i: zf =0}, Ng(z*)={1,...,n}\ Ag (z").

Now, we show how we estimate these sets starting from any feasible point = of
problem (1). In order to obtain such an estimate we first need to suitably reformulate
our problem (1) by introducing a dummy variable z. Let ¢(z,2): R*™ — R be the
function defined as ¢(x, z) = ¢(z) for all (z, z). Problem (1) can then be rewritten
as

min @(z, 2)
z][i +2 <, (5)
z > 0.

Every feasible point of problem (5) can be expressed as convex combination of

{*7e1, ..., £Ten, Tens1} C R Therefore, we can define the following matrix,
where I denotes the n x n identity matrix:

e Re+1x@n+1)

Y

and we obtain the following reformulation of (1) as a minimization problem over
the unit simplex:

ely =1, (6)

Note that, given any feasible point x of problem (1), we can compute a feasible point
y of problem (6) such that

1
y; = —max{0,z;}, 1=1,...,n,
-
1
Ynri = —maxq{0, —z;}, i=1,...,n, (7)
-
_ 7= |y
Yon+1 = .

The rationale behind our approach is sketched in the three following points:

(i) For any feasible point z of problem (1), by (7) we can compute a feasible point
y of problem (6) such that

Yyi=0< ;<0 and y,; =0 << x; >0, i=1,...,n. (8)
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(ii) According to (8), for every feasible point = of problem (1) we have that
,=0< ¥y =y =0, i=1,...,n. (9)

Thus, it is natural to estimate a variable z; as active at x* if both y; and y,,+;
are estimated to be zero at the point corresponding to z* in the y space. To

estimate the zero variables among v, ..., y2,11 We use the active-set estimate
described in [10], specifically devised for minimization problems over the unit
simplex.

(iii) Then, we are able to go back in the original x space to obtain an active-set es-
timate of problem (1) without explicitly considering the variables v, ..., y2n11
of the reformulated problem.

Remark 2.3. The introduction of the dummy variable z is needed in order to get
a reformulation of problem (1) as a minimization problem over the unit simplex
satisfying (8). Since every feasible point x of problem (1) can be expressed as a
convexr combination of the vertices of the polyhedron {x € R™ : |zl < 7}, a
straightforward reformulation of problem (1) would then be the following:

min{p(My): e’y =1, y > 0}, (10)

with M = 1 [ I ‘ -1 } However, this reformulation does not work for our
purposes, as there exist feasible points x of problem (1) for which no y feasible for
problem (10) satisfying (8) can be found. In particular, if x is in the interior of the
ly-ball (e.g., the origin), we cannot find any y feasible for problem (10) such that (8)
holds.

Considering problem (6) and using the active-set estimate proposed in [10] for

minimization problems over the unit simplex, given any feasible point y of prob-
lem (6) we define:

Aly) ={i: v < VW) (e —y)}, (11)
N(y)={i:yi > eV (e —y)}, (12)

where € is a positive parameter. A(y) contains the indices of the variables that are
estimated to be zero at a certain stationary point and N(y) contains the indices of
the variables that are estimated to be positive at the same stationary point (see [10]
for details of how these formulas are obtained). As mentioned above, taking into
account (9), we estimate a variable x; as active for problem (1) if both y; and 41
are estimated to be zero. Namely,

Ap(z)y={ie{l,...,n}: i€ A(y) and (n+1) € A(y)
Ngl {16{1 ,n}:i € N(y) or (n+1i) € N(y)

(13a)
(13b)

}
;-



Now we show how Ay, () and Ny, (x) can be expressed without explicitly consid-
ering the variables y and the objective function f(y) of the reformulated problem.
This allows us to work in the original = space, avoiding to double the number of
variables in practice.

To obtain the desired relations, first observe that
) V(o) 1"
Vi) =M'Ve(x) =1 |-Ve()| (14)

0

and
Vi) 'y =Ve() My = [Vo(x)" 0] My = Ve(z)z

Let us distinguish two cases:

(i) x; > 0. Recalling (11)—(12), we have that i € A(y) if and only if

0< 2=y < VI (e — 1) = (Vi) — VI)"Y)

(15)
= €e(1V0(z) — Vo(2)Tx) = eVo(x) (Te; — )
and (n + 1) € A(y) if and only if
_%Ii < 0= Ynsi < V() (enri —y) = e(Varif (y) = V(1)) (16)

= e(—7Vip(z) — Vo(r) 1) = —eVo(z)' (te; + 7).

(ii) x; < 0. Similarly to the previous case, we have that i € A(y) if and only if

%xi <0=y; <eVf(y) (e —y) =e(Vifly) = Viy)y)

(17)

= e(Vip(x) — V() z) = eVp(a)" (e; — )

and (n + 1) € A(y) if and only if
0< —%xi = Ynti < V() (ensi —y) = e(Varif () = V(1)) (18)
= e(—7Vip(z) — Vo(r) 1) = —eVo(z)! (e; + 7).
From (15), (16), (17) and (18), we thus obtain
Ay (z) ={i: erV(z) (te; + ) <0< 2; < eVo(2)  (Te; — 2) or (19)
V() (te; + 1) < 2; <0 < erVo(x) (te; — 1)},

Ny () = {1, n} \ Ay, (2). (20)



Let us highlight again that Ay, () and Ny, (z) do not depend on the variables y
and on the objective function f(y) of the reformulated problem, so no variable
transformation is needed in practice to estimate the active set of problem (1). In
the following, we prove that under specific assumptions, Ay, (z*) is detected by our
active-set estimate, when evaluated in points sufficiently close to a stationary point

*

T .

Proposition 2.4. If x* is a stationary point of problem (1), then there exists an
open ball B(z*, p) with center x* and radius p > 0 such that, for all x € B(x*, p),
we have

AZl (I) - A€1(x*)a (21)
Ni, (27) € Npy (). (22)
Furthermore, if the following “strict-complementarity-type” assumption holds:
zi =0 = Vo) (te; — 2%) > 0 A Vo(z*)  (1e; + %) < 0, (23)
then, for all x € B(z*, p), we have
Ah (I) = Ah (ZL'*), (24)
Ne, (27) = Niy (). (25)

Proof. Let i € Ny, (x*), then |xf| > 0. Proposition 2.2 implies that either
Vo(z) (re; —2*) =0 if 2 >0,

or
Vo(r) ' (—re; —a*) =0 if z} <0.

Then, the continuity of Vi and the definition of Ny, (x) imply that there exists an

open ball B(x*, p) with center z* and radius p > 0 such that, for all z € B(z*, p), we

have that i € Ny, (z). This proves (22) and, consequently, also (21). If (23) holds,

the definition of Ny, (z) and the continuity of Vi ensures that Ay, (z*) C Ay, (z) for
all z € B(z*, p), implying that (24) and (25) hold. O

2.1 Descent property

So far, we have obtained the active and non-active set estimates (19)—(20) passing
through a variable transformation which allowed us to adapt the active and non-
active set estimates proposed in [10] to our problem (1).

In [10], the active and non-active set estimates, designed for minimization prob-
lems over the unit simplex, guarantee a decrease in the objective function when
setting (some of) the estimated active variables to zero and moving a suitable esti-
mated non-active variable (in order to maintain feasibility).

In the following, we show that the same property holds for problem (1) using the
active and non-active set estimates (19)—(20). To this aim, in the next proposition
we first introduce the index set Ji, (z) and relate it with Ny, (x).
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Proposition 2.5. Let z € R™ be a feasible non-stationary point of problem (1) and
define

.....

Then, Jfl (l’) - Nf1 (l’)

Proof. Let y be the point given by (7) and consider the reformulated problem (6).
Let A(y) and N(y) be the index sets given in (11)—(12), that is, the active and
non-active set estimates for problem (6), respectively.

From the expression of V f(y) given in (14), and exploiting the hypothesis that
x is non-stationary (implying that V(z) # 0), it follows that

min  {V;f(y)} <0. (26)

i=1,...,2n+1
Since Va,11f(y) = 0 (again from (14)), it follows that

(2n+1) ¢ Argmin {Vi/(5)}

i=1,...,2n+1

-----

-----

Taking into account (26), we obtain
—|\Vo.f(y)] < —71|Vip(z)|, Vi=1,...,n. (29)

Now, let j € {1,...,n} be the following index:

j:{y, ifve{l,...,n}, (30)

v—n, ifre{n+1,...,2n}.

Using again (14), we get |V, f(y)| = |V;f(y)] = 7|V e(x)|. This, combined
with (29), implies that

JE Alrglmix{lvlgo(x)]}
Finally, using (28) and (30), it follows that at least one index between j and (n + j)
belongs to N(y). Therefore, from (13b) we have that j € Ny, (x) and the assertion
is proved. O



Now, we need an assumption on the parameter € appearing in (19)—(20). It will
allow us to prove the subsequent proposition, stating that ¢(z) decreases if we set
the variables in Ay, (z) to zero and suitably move a variable in Jy, (x).

Assumption 2.6. Assume that the parameter € appearing in the estimates (19)-
(20) satisfies the following conditions:

1
l<e<——
‘= TmL20+ 1)

where C' > 0 is a given constant.

Proposition 2.7. Let Assumption 2.6 hold. Given a feasible non-stationary point
x of problem (1), let j € Jo () and I = {1,...,n} \ {j}. Let Ay (x) be a set of
indices such that Ag, (x) C Ay, (z). Let T be the feasible point defined as follows:

Tinw =0 Tnige =Tnige T =1 —sen(Vie@) D |oal.

hEAél ($)
Then,
p(7) — p(x) < —CL[|Z — =],
where C > 0 is the constant appearing in Assumption 2.6.
Proof. Define ) R
At = Ay ()N {i: x; # 0}, (31)

Since Vi is Lipschitz continuous with constant L, from known results (see, e.g., [29])
we can write

p(#) < pla) + Vila) (& — ) + 5 |7 —

L(2C +1)

512 —al* = CL|lz — 2|

= p(x) + Vep(2)" (2 — 2) +
and then, in order to prove the proposition, what we have to show is that

L(2C +1)

V(@) (5 - ) + =

|z — z||* < 0. (32)

From the definition of Z, we have that

2
||oz=—xr|2:2x§+<2|xi|) C Y A Y 4

i€ A+ i€ A+ i€A+ i€ A+ (33)
= (|AT]+1) ) a?.
icAt



Furthermore,

Vo(a)' (& —2) = = Y Vip(a)e: = [Vip(x)] Y |ail

i€ A+ icA+
(34)
=3 |zil(=Vig(x) sgn(z;) — |V ().
i€cA+

Since j € Ji, (x), from the definition of Jy, () it follows that —|V,p(x)| > —|V,¢(x)]
for all i € {1,...,n}. Therefore, we can write

Vi(z)'z = Z Vi () sgn(w;) ;] > Z =V ()] ||

- — (35)
= —IVe(@)| [zl = =[V;e(z)| T
Using (19) and (35), for all i € A* we have that
zi < er(Vip(2)T — V(o) ) < er*(Vip(a) + [V e (),

—w; < —e7(Vip(2)7 + Vp(2) @) < e7*(=Vip(2) + [Vje(2)]),
and then,

i = sgn(z) 7, < er(Vip(x) sgn(:) + [Vjp(w)]), Vie A
Combining this inequality with (33), we obtain

17 — 2> < er?(JAY| + 1) Y |2il(Vig(x) sgn(a:) + V() (36)

icAt

From (34) and (36), it follows that the left-hand side term of (32) is less than or
equal to

(eﬁwqﬁﬂ 1) - 1) S [#il(Vio () sn(es) + V()

2 -
i€EAT

The desired result is hence obtained, since inequality (32) follows from the as-
sumption we made on €, using the fact that |AT| < n — 1 (as a consequence of
Proposition 2.5) and ), i+ |75|(Vie(x) sgn(z;) + |V;e(x)|) > 0 (as a consequence
of (36)). O

We would like to highlight that the parameter ¢ depends on n by Assumption 2.6.
However, from theAproof of the above proposition, it is clear that n could be replaced
by |AT|+1, with A" defined as in (31). Note that |A"| might be much smaller than
n.
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3 The algorithm

Based on the active and non-active set estimates described above, we design a suit-
able active-set algorithm for solving problem (1), exploiting the property of our
estimates and using an appropriate projected-gradient direction. At the beginning
of each iteration k, we have a feasible point 2* and we compute Ay, (z*) and Ny, (z*),
which, for ease of notation, we will refer to as AZ and Nz’j , respectively. Then, we
perform two main steps:

e first, we produce the point #* as explained in Proposition 2.7, obtaining a
decrease in the objective function (if z* # 7*);

e afterward, we move all the variables in NV, ekl by computing a projected-gradient
direction d* over the given non-active manifold and using a non-monotone
Armijo line search. In particular, the reference value ¢ for the line search
is defined as the maximum among the last n,, function evaluations, with n,,
being a positive parameter.

In Algorithm 1, we report the scheme of the proposed algorithm, named Active-Set
algorithm for minimization over the /¢;-ball (AS-/).

Algorithm 1 Active-Set algorithm for minimization over the ¢;-ball
(AS-/1)

1 Choose a feasible point 2° and choose € > 0

2 For k=0,1,...
3 If z* is a stationary point, then STOP
4 Compute Ak1 = Ay, (2F) and kal = Ny, (2F) ]
5 Compute JZ = Jy, (z¥), choose j € Jfl and define Ng’“1 = Nfl \ {7}
6 Set :%ZIZI =0, :%’;VZ = x%z and :%? = x? —sgn(V;p(z)) Z |zF|
he A},
7 Compute a projected-gradient type direction d* such that dik =
4
8 Compute a stepsize o € [0, 1] by Algorithm 2
9 Set zFtl = zk 4 akdF
10 End for

The search direction d* at 7% (see line 7 of Algorithm 1) is made of two subvectors:
d¥, and d, . Since we do not want to move the variables in Af , we simply set
0 ‘

dzf = 0. For d?vf , we compute a projected gradient direction in a properly defined

mailifold. In partlicular, let BNL;c be the set defined as
1

By ={z eR": [jzy <7, 2; =0, Vi ¢ N;} (37)
1
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Algorithm 2 Non-monotone Armijo line search

0 Choose 6 € (0,1), ny,, >0 and v € (0,1)

1 Update @~ = ph—i
pdate @ Ogigrrrﬂr?i(nm,k} P&

2 If Vo(7%)Td*F < 0 then

3 Set « =1
4 While ¢(3* + adr) > @* +va Ve(zF)Td*
5 Set a = da
6 End while
7 Else
8 Set « =0
9 End if
10 Set of = «

and let P(-)g , denote the projection onto the B Nk - We also define
1

Nk
21

it = P(i" —m"Vp(a")), (38)
Né1

where 0 < m < m* < m < oo and with m, m being two constants. Then, df\,k is
L1

defined as

d’;vzkl = if — gk (39)

In the practical implementation of AS-¢;, we compute the coefficient m* so that
the resulting search direction is a spectral (or Barzilai-Borwein) gradient direction.
This choice will be described in Section 4.

3.1 Global convergence analysis

In order to prove global convergence of AS-{; to stationary points, we need some
intermediate results. We first point out a property of our search directions, using
standard results on projected directions.

Lemma 3.1. Let Assumption 2.6 hold and let {z*} be the sequence of points pro-
duced by AS-{,. At every iteration k, we have that

1
Vip(a*)"d" < ——||d"|”? (40)
m

and {d*} is a bounded sequence.

Proof. Using the properties of the projection, at very iteration k we have

(% — m*Vp(a*) — M (x — 2%) <0, Ve BNZ’

12



with Byx and #* being defined as in (37) and (38), respectively. Choosing z = 7"
(q

in the above inequality and recalling the definition of d* given in (39), we get
1
~k\T gk k|2
V(i) < |2

Since m”* < m, for all k we obtain (40).
Furthermore, from the property of the projection we have that

ld*]| = |1P(Z" = m*Vp(3*)) — 2*] < m* [ Ve(")]].

Since m* <m and {Vp(2*)} is bounded, it follows that {d*} is bounded.

We now prove that the sequence {¢*} converges.

Lemma 3.2. Let Assumption 2.6 hold and let {x*} be the sequence of points pro-
duced by AS—{,. Then, the sequence {@*} is non-increasing and converges to a value

P.
Proof. First note that the definition of @* ensures p* < ¢(7°) and hence ¢(7*) <
@(z%) for all k. Moreover, we have that

Skl _ ki) < ke (akt

P pcieiax PETT) < max{ gt (@)}
Since p(7%1) < g* by the definition of the line search, we derive g**! < @* which

proves that the sequence {(*} is non-increasing. This sequence is bounded from
below by the minimum of ¢ over the unit simplex and hence converges. O]

The next intermediate result shows that the distance between {z*} and {7*}
converges to zero and that the sequences {p(2*)} and {¢(Z*)} converge to the same
point, using similar arguments as in [20].

Proposition 3.3. Let Assumption 2.6 hold and let {x*} be the sequence of points
produced by AS-{1. Then,

lim ||#* — || =0, (41)
k—o0
lim (z%) = lim p(z*) = ¢. (42)
k—ro00 k—o0

Proof. For each k € N, choose [(k) € {k—min(k, n,,),...,k} such that g*¥ = (z'*).
From Proposition 2.7 we can write

Furthermore, from the instructions of the line search and the fact that the sequence
{p(#'™)} is non-increasing, for all k > 1we have

(p(xl(k)> < SO(SZ,Z(I€71)> _i_,yoél(k)flV(P(:El(k)fl)le(lc)fl7

13



and then,
S0(£l(k)) < (,D(fl(k_l)) + ’)/Oél(k)_lng(i’l(k)_l)le(k)_l . CL”Zil(k) . Jfl(k)||2. (44)

Since {p(#'®)} converges to @, we have that (43) and (44) imply

lim [|#® — 2!®| =0, (45)
k—ro0

khm al(k)flvgp(i_l(k)fl)le(k)fl —0.

—00

Furthermore, from Lemma 3.1 we have
Vgo(fl(k)_l)le(k)_l < _inl(k)—lHQ
— m )

and then the following limit holds:

lim o!®~1|g"® -1 = 0. (46)
k—o0

Considering that z!(®) = F!(F)=1 4 olK)=1gk)=1 " (46) implies

lim ||/ ®)=1 — 2! = 0.

Furthermore, from the triangle inequality, we can write

Hi’l(k)_l . i,l(k)H S Hi’l(k)_l . fl?l(k)H + Ha:l(k) . fl(k).H

Then,
lim ||/ ®)-1 — ™)) =0 (47)
k—o0
and in particular, from the uniform continuity of ¢ over {z € R" : ||z|; < 7}, we
have
lim (7™ = lim (E'®) = @. (48)

k—o00 k—00

Let

~

l(k) = Uk~ ng, + 2).
We show by induction that, for any given 57 > 1,

lim [[2/®-0-D _ k)-G-D| =g (49)
k—o00 ’

lim ||jl(k)—(j—1) _ jl(k)—jH =0, (50)
k—o0

lim (™) = lim (™). (51)
k—o0 k—o0

If j = 1, since {I(k)} < {I(k)} we have that (49), (50) and (51) follow from (45),
(47) and (48), respectively.
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Assume now that (49), (50) and (51) hold for a given j. Then, reasoning as in
the beginning of the proof, from the instructions of the line search and considering
that {¢(#'*)} is non-increasing, we can write

p(F P < (2 B=7) — CL||F® T - 4 B=i)|2

and
o(2®)T) < (k=G 4 4ol o(F R =0T gl =G+D),

Therefore we get

(T (k)= ) <p(z i(k— (a+1)))+,yoé( —(@+1) VSO( —(+1) )le U+
— OL||#®W=3 — glk)=3)12

so that
kh—g}o af(k)*(jﬂ)Vgo(jf(k)*(jﬂ))Td[(k)*(jﬂ) =0, (52)
lim || 7"~ — 2/ ®)=7) = 0. (53)
k—o0

The limit in (53) implies (49) for j + 1. The properties of the direction stated in
Lemma 3.1, combined with (52), ensure that

l}g&a( )=(+1) Hdl(k (J+1)|| = 0. (54)
Furthermore, since z/(*¥)=7 = FM-G+1) 4 olB)-G+D) k) =G+ we have that (54)
implies )

klggo Hx —UHD _ gl=d) =

Using the triangle inequality, we can write

||~l R=G+1) _ glk—i)| < ||xl(k —(G+1) _ f(k)—j|| + ||$f(k)—j _ jf(k)—jH_

Then,

lim Ha: —UHD ii(k)*jH =0
k—ro0

and in particular, from the uniform continuity of ¢ over {z € R" : ||z|; < 7}, we
can write

lim o(z k)= U+DY = lim gp(j’:i(k)_j) = Q.

k—o00 k—o00

Thus we conclude that (50) and (51) hold for any given j > 1. Recalling that
(k) = (k+1) =1k +ny+2) — (k+1) <ny + 1,

I(k)—1
17 = F@®) < > @t - @),
j=k-+1
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we have that (50) implies

lim |7+ — #®)| = 0. (55)

k—o0

Furthermore, since

ka—i—l . jf(k)H < ”xk—i-l _ :Z,k-i-l” + ”:%k—i-l _ ji(k)H

Y

from (55) and (49) we have

lim [|z*! — #®)| = 0. (56)

k—o0

Since {p(#*)} has a limit, from the uniform continuity of ¢ over {z € R" : ||z||; <
7}, (56) and (55) it follows that

lim p(z") = lim ¢(2*) = lim go(ji(k)) =@

k—o0 k—o0 k—o0
and )

lim (¥ = lim (#%) = lim ¢(z'®) = @,

k—o0 k—oo k—o00
proving (42). From the instructions of the algorithm and Proposition 2.7, we can
write

p(#*) < p(a*) — CL|j7* - 2*|%,

and then from (42) we have that (41) holds.
[

The following proposition states that the directional derivative Vip(7%)Td* tends

to zero.

Proposition 3.4. Let Assumption 2.6 hold and let {z*} be the sequence of points
produced by AS-(y. Then,
lim V(i*)'d* = 0. (57)
k—o00
Proof. To prove (57), assume by contradiction that it does not hold. Lemma 3.1
implies that the sequence {Vp(7%)Td*} is bounded, so that there must exist an
infinite set K C N such that

V(i) 'd* <0, VkeK, (58)
: ~ENT gk
k—><l>g%eK Vp(z") d" = —n <0, (59)

for some real number 1 > 0. Taking into account (41) and the fact that the feasible
set is compact, without loss of generality we can assume that both {2*} ;¢ and {7*} &
converge to a feasible point z* (passing into a further subsequence if necessary).
Namely,

k ~k *

lim 2= lim 2" =2" (60)
k—o0, ke K k—o0, ke K
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Moreover, since the number of possible different choices of A* and N¥ is finite,
without loss of generality we can also assume that

A¥= A, NF=N, VkeK,
and, using the fact that {d*} is a bounded sequence, that
lim d*=d (61)

k—oo, ke K

(passing again into a further subsequence if necessary). From (59), (60), (61) and
the continuity of Vi, we can write

Vo(r*)'d = —n < 0. (62)

Taking into account (58), from the instructions of AS-¢; we have that, at every
iteration £ € K, a non-monotone Armijo line search is carried out (see line 2 in
Algorithm 2) and a value o® € (0,1] is computed such that

e < (@' W) + v af Vp(3F)Td",

or equivalently,

p(F W) — o) > v a¥ [V(i*)Td ).
From (42), the left-hand side of the above inequality converges to zero for k — oo,
hence

. T gk
i o 9 =0

Using (59), we obtain that . lirr’i Ko/lC = 0. It follows that there exists k¥ € K such
—00, KE

that B

of <1, Vk>k keK.
From the instructions of the line search procedure, this means that Vk >k, k € K
~k a” k ~1(k) Tk~ a” T ik
(74 %) > @) 4 % V@ 2 () 47 o Vald T (63

Using the mean value theorem, £¢ € (0, 1) exists such that

k
kY k) 1(k) k k S T
<p<:c+—5d) (7 )+5V<p<:c + ek d)d, VE>F ke K. (64)

In view of (63) and (64), we can write
Ve <x ya d’“) & >y V(i) Td", Vk>F ke K. (65)

From (60), and exploiting the fact that {¢¥}x, {a*}k and {d*}x are bounded se-

quences, we get
oF
lim &4 ¢&—df = lim " =2"
k—o0, k€K ) k—o0, k€K
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Therefore, taking the limits in (65) we obtain that Vi (z*)'d > v Ve(z*)"d, or
equivalently, (1—7)Vp(2*)Td > 0. Since vy € (0, 1), we get a contradiction with (62).
[l

We are finally able to state the main convergence result.

Theorem 3.5. Let Assumption 2.6 hold and let {x*} be the sequence of points
produced by AS-(y. Then, every limit point x* of {x*} is a stationary point of
problem (1).

Proof. From Definition 2.1, we can characterize stationarity using condition (2). In
particular, we can define the following continuous functions ¥;(x) to measure the
stationarity violation at a feasible point x:

U;(z) = max{0, —Vp(z) (1e; — 2), -Vo(z) (-7e; —2)}, i=1,...,n,

so that a feasible point z is stationary if and only if ¥;(z) =0,i=1,...,n.

Now, let z* be a limit point of {#*} and let {z*};, K C N, be a subsequence
converging to x*. Namely,

lim 2 = 2*. (66)
k—o0, ke K

Note that 2* exists, as {z*} remains in the compact set {z € R*|||z||; < 7}. Since
the number of possible different choices of A* and N* is finite, without loss of
generality we can assume that

A=A, NF=N, VkekK

(passing into a further subsequence if necessary).
By contradiction, assume that z* is non-stationary, that is, an index v € {1,...,n}
exists such that
U, (%) > 0. (67)

First, suppose that v € A. Then, from the expressions (19), we can write
0 < 2% < erVp(z*) (re, — 2%) or  0>ar>erVp(z") (re, + o),

so that W, (z¥) = 0, for all k € K. Therefore, from (66), the continuity of Vi and
the continuity of the functions W;, we get W, (z*) = 0, contradicting (67).
Then, v necessarily belongs to N. Namely, z* is non-stationary over B NE with
1

By defined as in (37). This means that
1
a* # P(z" —mVe(z*)), . (68)

NE
L1

Using Proposition 3.4 and Lemma 3.1, we have that limy . rex ||d*]| = 0, that is,
recalling the definition of d* given in (38)—(39),

lim
k—o0, ke K




From the properties of the projection we have that

7" — P(" = m"Vp(Y)), i* — P(&" — mVp(i"))
Ne1

so that the following holds

. ~k _ plak ~k
[P - P )

NE
£

Using (66), the continuity of the projection and taking into account (41) in Propo-
sition 3.4, we obtain

This contradicts (68), leading to the desired result. O

4 Numerical results

In this section, we show the practical performances of AS-¢; on two classes of prob-
lems frequently arising in data science and machine learning that can be formulated
as problem (1):

e LASSO problems [32], where
p(z) = || Az — blJ*, (69)
for given matrix A € R™*" and vector b € R™;

e /;-constrained logistic regression problems, where
l

o(x) = Z log(1 + exp(—yx’ a;)), (70)
i=1
with given vectors a; and scalars y; € {1, -1}, i =1,...,[

In our implementation of AS-/;, we used a non-monotone line search with mem-
ory length n,, = 10 (see Algorithm 2) and a spectral (or Barzilai-Borwein) gradient
direction for the variables in N, zkl . In particular, the coefficient m* appearing in (38)
was set to 1 for £ = 0 and, for £ > 1, we employed the following formula, adapting
the strategy used in [2, 4, 11]:

(max{m, mk}, if 0 <mk <m,
ke max{m, min{m, m}}, if m¥F >m,
, IV (@) _
maxq m, ming 1, —————¢ 5, if mk <0,
125 |
\ 4

19



k—1\T, k—1 k—1||2
L0 ")y [yl 1 -
h =10 10 — 1010 k _ ( k _ k=1 _ 5k _
‘in_elre m i ; m N » My ~||I;Sk1—1||2 » Ty (sh—1)Tyk—1" o xNZ
TN and y* 1 = VN;’ISO(Z’ ) — Vngclcp(x ).

The e parameter appearing in the active-set estimate (19) should satisfy Assump-
tion 2.6 to guarantee the descent property established in Proposition 2.7 and the
convergence of the algorithm. Since the Lipschitz constant L is in general unknown,
we approximate € following the same strategy asin [9, 10, 12], where similar estimates
are used. Starting from e = 107, we update its value along the iterations, reducing
it whenever the expected decrease in the objective, stated in Proposition 2.7, is not
obtained.

In our experiments, we implemented AS-¢; in Matlab and compared it with the
two following first-order methods, implemented in Matlab as well:

e a spectral projected gradient method with non-monotone line search, which
will be referred to as NM-SPG, downloaded from Mark Schmidt’s webpage
https://www.cs.ubc.ca/~schmidtm/Software/minConf .html;

e the away-step Frank-Wolfe method with Armijo line search [5, 6], which will
be referred to as AFW!.

For every considered problem, we set the starting point equal to the origin and
we first run AS-/;, stopping when

o — P(a — V(ah)) || < 10",

where P(-);, denotes the projection onto the ¢;-ball. Then, the other methods were
run with the same starting point and were stopped at the first iteration k& such that

o(zF) < f*+1075(1 + | 7)),

with f* being the objective value found by AS-/;. A time limit of 3600 seconds was
also included in all the considered methods.

In NM-SPG, we used the default parameters (except for those concerning the
stopping condition). Moreover, in AS-¢; and NM-SPG we employed the same projec-
tion algorithm [8], downloaded from Laurent Condat’s webpage https://1lcondat.
github.io/software.html.

In all codes, we made use of the Matlab sparse operator to compute ¢(x) and
V(x), in order to exploit the problem structure and save computational time. The
experiments were run on an Intel Xeon(R) CPU E5-1650 v2 @ 3.50GHz with 12
cores and 64 Gb RAM.

The AS-/; software is available at https://github.com/acristofari/as-11.

LAFW was run by reformulating (1) as an optimization problem over the unit simplex, exploiting
the fact that the feasible set is a convex combination of the vectors +7e;, i =1,...,n.
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Table 1: Comparison on 10 LASSO instances. For each method, the first column
(Obj) indicates the final objective value, the second column (CPU time) indicates
the required time in seconds, where a star means that the time limit of 3600 seconds
was reached, and the third column (%zeros) indicates the percentage of zeros in the
final solution, with a tolerance of 107°. For each problem, the fastest algorithm is

highlighted in bold.

AS-/, NM-SPG AFW
Obj CPU time %zeros | Obj  CPU time %zeros | Obj CPU time %zeros

04.20  315.85 97.49 54.20 97.49 |54.20  2762.90 97.49
52.32  366.90 97.50 | 5823.87 80.69 | 52.32  3046.89 97.50
53.95  449.67 97.50 | 1040.99 85.12 | 53.95  3023.94 97.50
04.04  292.83 97.50 | 2215.88 83.45 | 54.04  3050.17 97.50
52.98  330.65 97.50 | 841.57 85.21 | 52.98  2798.97 97.50
53.54  387.79 97.50 53.56 97.50 | 53.54  3006.38 97.50
52.71  806.80 97.50 | 3927.10 82.23 | 52.71  2837.90 97.50
53.58  580.89 97.50 | 4108.25 81.93 | 53.58  2768.45 97.50
52.61  402.03 97.50 | 1750.54 83.37 | 52.61  2924.38 97.50
593.36  535.10 97.50 53.89 97.49 | 53.36  2948.41 97.50

*
*
*
*
*
*
*
*
*
*

4.1 Comparison on LASSO instances

We considered 10 artificial instances of LASSO problems, where the objective func-
tion (z) takes the form of (69). Each instance was created by first generating a
matrix A € R™*" with elements randomly drawn from a uniform distribution on
the interval (0,1), using n = 2'> and m = n/2. Then, a vector z* was generated
with all zeros, except for round(0.05m) components, which were randomly set to 1
or —1. Finally, we set b = Az*+0.001v, where v is a vector with elements randomly
drawn from the standard normal distribution, and the ¢;-sphere radius 7 was set to
0.99]z*];.

The detailed comparison on the LASSO instances is reported in Table 1. For
each instance and each algorithm, we report the final objective function value found,
the CPU time needed to satisfy the stopping criterion and the percentage of zeros
in the final solution, with a tolerance of 107°. In case an algorithm reached the
time limit on an instance, we consider as final solution and final objective value
those related to the last iteration performed. NM-SPG reached the time limit on all
instances, being very far from f* on 6 instances out of 10, with a difference of even
two order of magnitude. AFW gets the same solutions as those obtained by AS-/;,
being however an order of magnitude slower than AS-/;.

The same picture is given by Figure 1, where we report the average optimization
error f(a*) — fhest Over the 10 instances, with fhe being the minimum objective
value found by the algorithms. We can notice that AS-¢; clearly outperforms the
other two methods.
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Figure 1: Average optimization error over LASSO instances (y axis) vs CPU time
in seconds (x axis). The y axis is in logarithmic scale.

4.2 Comparison on logistic regression instances

For the comparison among AS-/;, NM-SPG and AFW on /;-constrained logistic re-
gression problems, where the objective function ¢(x) takes the form of (70), we
considered 11 datasets for binary classification from the literature, with a number of
samples [ between 100 and 25,000, and a number of attributes n between 500 and
100, 000. We report the complete list of datasets in Table 2.

Table 2: Datasets used in the comparison on ¢;-constrained logistic regression prob-
lems, where [ is the number of instances and n is the number of attributes.

Dataset l n Reference
Arcene (training set) 100 10, 000 (14, 21]
Dexter (training set) 300 19,999  [14, 21]

Dorothea (training set) 800 100,000  [14, 21]
Farm-ads-vect 4,143 54,877 [14]
Gisette (training set) 6,000 5,000 |1, 14, 21]
Madelon (training set) 2,000 500 1, 14, 21]
Revl _train.binary (training set) 20,242 47,236 1, 27]
Real-sim 72,309 20,958 1]
Swarm (Aligned) 24,016 2,400 [14]
Swarm (Flocking) 24,016 2,400 [14]
Swarm (Grouped) 24,016 2,400 [14]

For each dataset, we considered different values of the ¢;-sphere radius 7, that is,
0.01n, 0.03n and 0.05n. The final results are shown in Table 3. As before, for each
instance and each algorithm, we report the final objective function value found, the
CPU time needed to satisfy the stopping criterion and the percentage of zeros in
the final solution, with a tolerance of 107°. In case an algorithm reached the time
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limit on an instance, we consider as final solution and final objective value those
related to the last iteration performed. Excluding the instance obtained from the
Rev1_train.binary dataset with 7 = 0.05n, the three solvers get very similar solutions
on all instances, with a difference of 0.02 at most in the final objective values. When
considering 7 = 0.01n, AS-/; is the fastest solver on 4 instances out of 11. Note that
on the instance from the Farm-ads-vect dataset, AS-/¢; is able to get the solution in a
third of the CPU time needed by the other two solvers. On the other instances, the
CPU time needed by AS-/; is always comparable with the one needed by the fastest
solver. Looking at the results for larger values of 7, we can notice that the instances
get more difficult and in general less sparse. For 7 = 0.03n and 7 = 0.05n, AS-/; is
the fastest solver on all the instances but two, those obtained from the Arcene and
the Dorothea datasets, which are however addressed within 2 seconds. On other
instances, such as those built from the Real-sim and the Rev1_train.binary datasets,
AS-/; is one or even two orders of magnitude faster with respect to NM-SPG and AFW.
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Figure 2: Average optimization error over ¢;-constrained logistic regression instances
(y axis) vs CPU time in seconds (z axis). The y axis is in logarithmic scale.

In Figure 2 we report the average optimization error f(z*) — fhes over the 11
instances, for each value of 7, with fis being the minimum objective value found by
the algorithms. We can notice that AFW is outperformed by the other two algorithms,
which have similar performance when considering the average optimization error
above 1072, When considering the average optimization error below 1072, we see
that AS-/; outperforms NM-SPG too.

5 Conclusions

In this paper, we focused on minimization problems over the ¢;-ball and described
a tailored active-set algorithm. We developed a strategy to guess, along the itera-
tions of the algorithm, which variables should be zero at a solution. A reduction in
terms of objective function value is guaranteed by simply fixing to zero those vari-
ables estimated to be active. The active-set estimate is used in combination with a
projected spectral gradient direction and a non-monotone Armijo line search. We
analyzed in depth the global convergence of the proposed algorithm. The numerical
results show the efficiency of the method on LASSO and sparse logistic regression
instances, in comparison with two widely-used first-order methods.

References

[1] LIBSVM Data: Classification, Regression, and Multi-label.

[2] Roberto Andreani, Ernesto G Birgin, José Mario Martinez, and Maria Laura
Schuverdt. Second-order negative-curvature methods for box-constrained and
general constrained optimization. Computational Optimization and Applica-
tions, 45(2):209-236, 2010.

[3] Dimitri P Bertsekas. Projected Newton methods for optimization problems with
simple constraints. SIAM Journal on Control and Optimization, 20(2):221-246,
1982.

25



[4]

[10]

[11]

Ernesto G Birgin and José Mario Martinez. Large-scale active-set box-
constrained optimization method with spectral projected gradients. Compu-
tational Optimization and Applications, 23(1):101-125, 2002.

Immanuel M Bomze, Francesco Rinaldi, and Samuel Rota Bulo. First-order
Methods for the Impatient: Support Identification in Finite Time with Conver-
gent Frank—Wolfe Variants. SIAM Journal on Optimization, 29(3):2211-2226,
2019.

Immanuel M Bomze, Francesco Rinaldi, and Damiano Zeffiro. Active
set complexity of the Away-step Frank-Wolfe Algorithm. arXiv preprint
arXiv:1912.11492, 2019.

Carmo P Bras, Andreas Fischer, Joaquim J Judice, Klaus Schonefeld, and
Sarah Seifert. A block active set algorithm with spectral choice line search for
the symmetric eigenvalue complementarity problem. Applied Mathematics and
Computation, 294:36—48, 2017.

Laurent Condat. Fast projection onto the simplex and the ¢; ball. Mathematical
Programming, 158(1):575-585, 2016.

Andrea Cristofari, Marianna De Santis, Stefano Lucidi, and Francesco Rinaldi.
A Two-Stage Active-Set Algorithm for Bound-Constrained Optimization. Jour-
nal of Optimization Theory and Applications, 172(2):369-401, 2017.

Andrea Cristofari, Marianna De Santis, Stefano Lucidi, and Francesco Rinaldi.
An active-set algorithmic framework for non-convex optimization problems over
the simplex. Computational Optimization and Applications, 2020.

Andrea Cristofari, Francesco Rinaldi, and Francesco Tudisco. Total variation
based community detection using a nonlinear optimization approach. SIAM
Journal on Applied Mathematics, 80(3):1392-1419, 2020.

Marianna De Santis, Stefano Lucidi, and Francesco Rinaldi. A Fast Active Set
Block Coordinate Descent Algorithm for ¢;-Regularized Least Squares. STAM
Journal on Optimization, 26(1):781-809, 2016.

Daniela Di Serafino, Gerardo Toraldo, Marco Viola, and Jesse Barlow. A two-
phase gradient method for quadratic programming problems with a single lin-

ear constraint and bounds on the variables. SIAM Journal on Optimization,
28(4):2809-2838, 2018.

Dheeru Dua and Casey Graff. UCI machine learning repository, 2017.

John Duchi, Stephen Gould, and Daphne Koller. Projected Subgradient Meth-
ods for Learning Sparse Gaussians. arXiv preprint arXiv:1206.3249, 2012.

26



[16]

[24]

[25]

[26]

[27]

28]

John Duchi, Shai Shalev-Shwartz, Yoram Singer, and Tushar Chandra. Efficient
projections onto the 1 1-ball for learning in high dimensions. In Proceedings of
the 25th international conference on Machine learning, pages 272-279, 2008.

Bradley Efron, Trevor Hastie, Iain Johnstone, and Robert Tibshirani. Least
angle regression. The Annals of statistics, 32(2):407-499, 2004.

Francisco Facchinei, Andreas Fischer, and Christian Kanzow. On the accurate
identification of active constraints. SIAM Journal on Optimization, 9(1):14-32,
1998.

Francisco Facchinei, Joaquim Judice, and Joao Soares. An active set Newton al-
gorithm for large-scale nonlinear programs with box constraints. SIAM Journal
on Optimization, 8(1):158-186, 1998.

Luigi Grippo, Francesco Lampariello, and Stefano Lucidi. A nonmonotone line
search technique for Newtons method. SIAM journal on Numerical Analysis,
23(4):707-716, 1986.

Isabelle Guyon, Steve R Gunn, Asa Ben-Hur, and Gideon Dror. Result Analysis
of the NIPS 2003 Feature Selection Challenge. In NIPS, volume 4, pages 545—
552, 2004.

William W Hager and Hongchao Zhang. A new active set algorithm for box
constrained optimization. STAM Journal on Optimization, 17(2):526-557, 2006.

William W Hager and Hongchao Zhang. An active set algorithm for non-
linear optimization with polyhedral constraints. Science China Mathematics,
59(8):1525-1542, 2016.

William W Hager and Hongchao Zhang. Projection onto a polyhedron that
exploits sparsity. SIAM Journal on Optimization, 26(3):1773-1798, 2016.

Martin Jaggi. Revisiting Frank-Wolfe: Projection-free sparse convex optimiza-
tion. In International Conference on Machine Learning, pages 427-435. PMLR,
2013.

Simon Lacoste-Julien and Martin Jaggi. On the global linear convergence of
Frank-Wolfe optimization variants. In NIPS 2015 - Advances in Neural Infor-
mation Processing Systems, 2015.

David D Lewis, Yiming Yang, Tony Russell-Rose, and Fan Li. Revl: A new
benchmark collection for text categorization research. Journal of machine learn-
ing research, 5(Apr):361-397, 2004.

Jorge J Moré and Gerardo Toraldo. Algorithms for bound constrained quadratic
programming problems. Numerische Mathematik, 55(4):377-400, 1989.

27



[29]

[30]

32]

Yurii Nesterov. Introductory lectures on conver optimization: A basic course,
volume 87. Springer Science & Business Media, 2013.

Mark Schmidt, Ewout Berg, Michael Friedlander, and Kevin Murphy. Optimiz-
ing Costly Functions with Simple Constraints: A Limited-Memory Projected
Quasi-Newton Algorithm. In Artificial Intelligence and Statistics, pages 456—
463. PMLR, 2009.

Mark Schmidt, Kevin Murphy, Glenn Fung, and Rémer Rosales. Structure
learning in random fields for heart motion abnormality detection. In 2008
IEEE Conference on Computer Vision and Pattern Recognition, pages 1-8.
IEEE, 2008.

Robert Tibshirani. Regression shrinkage and selection via the lasso. Journal of
the Royal Statistical Society: Series B (Methodological), 58(1):267-288, 1996.

28



