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Abstract Cut-generating linear programs (CGLPs) play a key role as a separation oracle to
produce valid inequalities for the feasible region of optimization problems. When incorporated
inside of branch-and-bound, the cutting planes obtained from CGLPs help to tighten relaxations
and improve dual bounds. Running CGLPs at nodes of the branch-and-bound tree, however, is
computationally cumbersome due to the large number of node candidates and the lack of a priori
knowledge on which nodes admit useful cutting planes. As a result, CGLPs are often avoided at
default settings of branch-and-cut algorithms despite their potential impact on improving dual
bounds. In this paper, we propose a novel framework based on machine learning to approximate
the optimal value of the CGLP, which is the deciding factor in generating cutting planes. Trans-
lating the CGLP as an indicator function of the objective function vector, we show that it can be
approximated through conventional data classification techniques. We provide a systematic pro-
cedure to efficiently generate train data sets for the corresponding classification problem based
on the CGLP structure. We conduct computational experiments using classification methods
such as logistic regression, support vector machines, and neural networks. Computational results
suggest that the outcome of the approximate CGLP obtained from classification achieves a high
accuracy rate in a significantly smaller amount of time compared to modern LP solvers. Our pro-
posed framework can be efficiently applied to a large number of nodes in the branch-and-bound
tree to identify the best candidates for running the CGLP—a feature that can be implemented
at the preprocessing phase of any branch-and-cut algorithm to improve solution time and bound
quality.

Keywords cut-generating linear programs · machine learning · deep learning · data classifica-
tion · function approximation

1 Introduction

Solving optimization problems with a large number of constraints can be computationally chal-
lenging due to the explicit representation of all constraints in the base model. In this situation—if
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the problem structure allows—a cut-generating linear program (CGLP) is employed as a sep-
aration oracle to add cutting planes successively to a relaxation of the model. This oracle is
particularly useful in computing the projection of a set onto a lower-dimensional space, which is
a key technique for tightening relaxations of mixed integer programs (MIPs). The core structure
of this projection procedure is given in the following proposition; see [5] for a detailed account
on the role of CGLPs in MIPs.

Proposition 1 Consider a set S = {(α,β) ∈ Rp+q |Aα + Bβ ≤ γ}. Then, the collection of
inequalities x̄ᵀBβ ≤ x̄ᵀγ for all feasible solutions x̄ ∈ C := {x ∈ Rn+ |xᵀA = 0} describes
the projection of S onto the β-space, denoted by projβ(S). Further, for any point β̄ ∈ Rq, if

max{xᵀ(Bβ̄ − γ) |x ∈ C} = 0, then β̄ ∈ projβ(S). Otherwise, if max{xᵀ(Bβ̄ − γ) |x ∈ C} > 0

with maximizer x̄, then β̄ can be separated from projβ(S) by x̄ᵀBβ ≤ x̄ᵀγ. ut

In view of Proposition 1, the problem max{xᵀ(Bβ̄−γ) |x ∈ C} is referred to as the CGLP as-
sociated with the projection of S. This CGLP is a critical tool for solving both special-structured
and general MIPs in lower-dimensional spaces. For an instance of special-structured MIPs, the
feasible region of an unsplittable node flow (UNF) problem admits a perfect formulation in a
higher-dimension, whose LP relaxation describes the convex hull. This formulation uses addi-
tional binary assignment variables, which are then projected out through the use of a CGLP
to generate valid inequalities in the space of original flow variables; see [9]. For general MIPs,
CGLPs form the basis of disjunctive programming as a predominant method to obtain strong
cutting planes; see [17]. In this approach, a convex hull description of the MIP is constructed in a
higher-dimensional space through convexifying the disjunctive union of a finite number of polyhe-
dra, which is then projected onto the space of original variables through the use of a CGLP. The
resulting inequalities are added to the relaxations of the problem as separating cutting planes.

In the CGLP of Proposition 1, different values of point β̄—which is desired to be separated—
lead to different objective functions, while the feasible region defined by the polyhedral cone C
remains the same. Depending on the objective function, the optimal value of the CGLP can be
either 0 or ∞, indicating whether or not the point can be separated from the projection. In MIP
applications, this oracle is often invoked at the nodes of the branch-and-bound tree to obtain
cutting planes that separate the optimal solution of the LP relaxation to improve the dual bound.
Even though CGLP is a linear program, solving it repeatedly at the nodes of the branch-and-
bound tree can be computationally prohibitive even for moderate-sized problems. Various studies
in the literature are devoted to finding an approximate CGLP by removing some variables and
constraints with the goal of reducing the solution time at the price of producing weaker cuts [2].
Despite the time improvement achieved by such approximate models, their repetitive invocation
at the massive scales required in branch-and-cut methods would still render them practically
expensive.

Recent studies [8, 10] show that a new class of cutting planes that targets consistency of the
partial assignments corresponding to the nodes of the branch-and-bound tree is often much more
effective than the traditional cutting planes in reducing memory allocation and solution time. It
is shown in these studies that consistency cuts can be generated based only on the optimal value
of the CGLP, unlike traditional cutting planes that require the optimal solution of the CGLP
in addition to its optimal value. To generate consistency cuts, we only need the characterization
of the indicator function of the CGLP that has two outcomes: 0 when the optimal value of the
CGLP is 0; and 1 when the optimal value of the CGLP is ∞; see [19] for properties of indicator
functions of convex programs.

As we will argue later through the use of duality, one can show that the above indicator
function is analogous to the so-called convex hull membership (CHM) problem, which is the
problem of deciding whether a point belongs in the convex hull of a finite set. The optimization
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route for solving CHM is to find parameters of a linear inequality that is satisfied by all points
of the set while being violated by the target point. Such a separating inequality can be obtained
by solving an LP with a feasible region in the form of a cone, a structure similar to the typical
CGLP. CHM is a fundamental problem in combinatorial optimization, computational geometry,
statistical inference, dynamic programming, decision diagrams, etc. For instance, it is used in
the design of Karmarkar’s interior point method for solving LPs; see [15]. Another application
of CHM in computational geometry is computing irredundancy, the problem of identifying all
the vertices of the convex hull of a finite set; see [20]. In approximate dynamic programming,
CHM is used to reduce the state space to build more efficient approximations; see [3]. In decision
diagrams modeling, CHM helps discretize the continuous space when constructing restricted
or relaxed decision diagrams; see [7, 6]. To reduce the solution time of CHM for large LPs,
fully polynomial time approximation schemes have been developed in the literature, which offer
orders of magnitude time reduction; see the triangle algorithm of [13] for instance. Similarly to
the CGLP as incorporated inside of branch-and-bound, for situations where the CHM is solved
repeatedly, the implementation of approximation schemes remains computationally challenging.

A common occurrence in the challenging situations mentioned above is that the CGLP is
solved numerous times over a fixed cone at a given depth of the branch-and-bound tree. This
observation raises the question on whether one can find an approximation of the CGLP indicator
function over the entire domain of the objective function vectors, so that for any given such
vector, we quickly evaluate the approximate indicator function without the need to solve an
LP or an approximation scheme? Even though such an approximate function will not guarantee
the precise output value of a given input, it can identify a priori best node candidates in the
branch-and-bound tree that have a high potential for admitting cutting planes. When used
as a preprocess technique in branch-and-bound, this approach can lead to a substantial time
save for large-scale repetitive invocation of CGLPs. In this paper, we propose a new framework
to approximate the CGLP indicator function through the lens of function approximation and
machine learning.

Function approximation has a rich history in mathematics and computer science; see [18] for
an introduction to function approximation. One of its most common applications is concerned
with situations where the explicit form of the underlying function is difficult to obtain, and eval-
uating the function at a point is expensive. As a result, a subset of critical points in the domain
of the function is selected, over which the function value is calculated. Then, an approximate
function is computed by minimizing the residual error between the estimate value and the actual
value of the selected points in the domain. This approach is sometimes referred to as interpo-
lation in the literature. Viewing the selected points as input and the actual function value as
response, the interpolation technique shares core principles with machine learning methods in
finding the best fit for the underlying function when considering the least square error as the
objective [4]. For instance, the neural network, at the core of deep learning, is a classical example
of function approximation; see [21]. Non-parametric machine learning models such as k-nearest
neighbor and support-vector machines are also directly used for function approximation; see
[12]. Even parametric models such as regression can be used for interpolation when the objective
is to find estimators that minimize the least square error [11]. Using this analogy, we employ
standard machine learning and, specifically, classification methods to approximate the indicator
function of the CGLP. The use of machine learning in the branch-and-cut process has rapidly
grown over the past few years due to their potential in assisting with branch-and-bound strate-
gies such as node selection and branching order [1]. The advantage of using machine learning
methods in optimization solvers is two-fold: they are often fast to implement; and they incorpo-
rate the knowledge collected from past data to make decision for the subsequent processes [16].
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Despite these advantages, machine learning methods have never been used in combination with
cut-generating procedures.

The contributions of the present paper are as follows. We design a novel framework based on
machine learning to approximate the CGLP. To our knowledge, this is the first work that takes
advantage of data classification to help with cut-generating efforts in the branch-and-cut process.
This framework is applicable to a broad range of optimization problems beyond CGLP such as
CHM. Further, we develop a theoretical and systematic procedure to efficiently generate different
types of train data sets for our classification problem. Computational experiments suggest that
the resulting approximation is fast to obtain and has a high accuracy rate when compared with
the outcome of the state-of-the-art solvers, showing a remarkable potential in reducing solution
time in branch-and-cut.

The remainder of the paper is organized as follows. In Section 2, we introduce structural
properties of the CGLP that allow for transforming it into a classification problem. In addition,
we develop a theoretical framework to identify class 0 and class 1 data points that will be used
as train sets for classification. Section 3 evaluates the performance of the proposed approach
through computational experiments. Concluding remarks are given in Section 4.

2 Formulation and Classification

Consider a general polyhedral cone C = {x ∈ Rn |aix ≤ 0, ∀i ∈ I}, where ai is a row vector of
appropriate dimension, and I = {1, . . . ,m,m+1, . . . ,m+n} represents the index set of constraints
including the non-negativity bounds on variables as the last n constraints, i.e., am+j = −ej for
j ∈ N = {1, . . . , n} where ej is the jth unit vector in Rn. It is easy to verify that the projection
cone of the CGLP of Proposition 1 can be formulated in the form of C.

For any given c ∈ Rn, we are interested in solving z∗(c) = max{cx |x ∈ C}, which is referred
to as the support function of C in the literature [19]. This support function can have two outcomes
z∗(c) ∈ {0,∞}, which can be translated into an indicator function with values 0 if z∗(c) = 0,
and 1 if if z∗(c) =∞. The goal is to use data classification techniques to approximate the value
of this indicator function without solving the corresponding optimization problem. In particular,
we aim to classify vectors c ∈ Rn into class 0 if z∗(c) = 0 and class 1 if z∗(c) =∞. To this end,
we propose to train a machine learning model based on some given pairs of input and response
variables of the form (ck, z∗(ck)) for k ∈ K, where K is a data set.

To build a train set that is representative of the actual geometry of the input vector space for
z∗(c), we require a balanced data set composed of both classes. In the sequel, we first identify
the structure of vectors c that belong to each class, and then choose an appropriate subset of
such vectors in our train set with an emphasis on efficiency of generation. Define the polar of C
as C◦ = {y ∈ Rn |yᵀx ≤ 0,∀x ∈ C}.

Proposition 2 A vector c ∈ Rn belongs to class 0 if and only if c ∈ C◦.

Proof For the direct implication, assume that c belongs to class 0, i.e., z∗(c) = 0. By definition
of z∗(c), cx ≤ 0 for all x ∈ C. For the reverse implication, assume that c ∈ C◦, i.e., z∗(c) =
max{cx |x ∈ C} ≤ 0. Since the origin is a feasible solution to this optimization problem, we
conclude that z∗(c) = 0. ut

Remark 1 The problem of determining whether a given vector belongs to the cone generated
by a finite collection of vectors is equivalent to the problem of determining whether a given
point belongs to the convex hull of a finite number of points, which is referred to as the convex
hull membership (CHM) problem in computer science. To illustrate, consider the set of points



Solving Cut-Generating Linear Programs via Machine Learning 5

xi ∈ Rn for i = 1, . . . , k, and a point x̄ ∈ Rn. It holds that x̄ belongs to the convex hull of xi for
i = 1, . . . , k if and only if the extended vector (1, x̄) belongs to the cone generated by extended
vectors (1,xi) i = 1, . . . , k; see Section 2 of [19] for a detailed account on this relation. As a
result of the above equivalence, the classification techniques we develop in this paper can also be
applied to the CHM problem.

The goal of classification is to find a classifier that separates class 0 and class 1 vectors. It
follows from Proposition 2 that these two classes are separated by the boundary of the polar
cone C◦. As a result, we seek to train a classifier that approximates the boundary of the polar
cone. As common in function approximation, selecting critical points from the domain of the
unknown function is key to obtaining good approximations for that function. Critical points are
representative of main functional patterns over the domain of the function. While characterizing
such subset of points is difficult for general functions, they are often selected from the vicinity
of the breakpoints that form the boundary of the graph of indicator functions, which maps to
the boundary of C◦ for our problem. Such a selection that contains points on both sides of
the boundary improves the approximation accuracy as illustrated in Figure 1. In particular,
Figure 1a shows the restriction of the cone C = {x ∈ R2 : aix ≤ 0, i = 1, 2} to the unit disc.
The corresponding polar cone C◦

is generated by vectors a1 and a2. Assuming that all vectors
c are normalized, class 0 vectors correspond to the dashed arc between a1 and a2, while the
complementary solid arc on the disc represents class 1 vectors. Vectors ȧi and āi for i = 1, 2 in
Figure 1b respectively represent class 0 and class 1 train data in the proximity of the boundary
vectors ai. Using this train data, the goal is to obtain a classifier such as L that separates the
dashed and solid arc, and thereby yielding the desired approximation.

(a) CGLP projection cone (b) Classification of class 0 and 1

Fig. 1: Approximation of CGLP indicator function

In the remainder of this section, we identify vectors of class 0 and class 1 close to the boundary
of the polar cone. Identifying class 0 vectors in the vicinity of the boundary is achieved by conic
combination of vectors generating the polar cone, as demonstrated next. In our derivation, we
use the fact that C◦ is the cone generated by the constraint vectors of C, i.e., {ai}i∈I ; see [19].
Further, for any weight vector w ∈ Rm+n, we denote the corresponding linear combination of
these constraint vectors by d(w) =

∑
i∈I wia

i.
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Proposition 3 Vector c ∈ Rn belongs to class 0 if and only if c = u+ εd(w) for some u on the
boundary of C◦, ε > 0 and wi ≥ 0 for all i ∈ I.

Proof For the direct implication, assume that c = u+ εd(w) for some u on the boundary of C◦,
ε > 0 and wi ≥ 0 for all i ∈ I. Then, c can be viewed as a conic combination of the constraint
vectors {ai}i∈I , implying that c ∈ C◦. For the reverse implication, assume that c ∈ C◦. Therefore,
we can write that c =

∑
i∈I w̄ia

i with wi ≥ 0. The result holds by setting ε = 1 and u = 0 as
the origin is a point on the boundary of C◦ by definition. ut

The following corollary represents a special case for generating points close to the boundary
of the polar cone. We will use this method to efficiently generate class 0 vectors in the train set
for our computational experiments given in Section 3.

Corollary 1 Let i ∈ I be the index of a constraint of C. Then, c = ai + εv belongs to class 0
for any ε > 0 and vi ≥ 0 for all i ∈ N .

Proof We consider two cases. First, assume that the constraint with index i is non-redundant in C.
Then, ai is on the boundary of C◦. The result follows from Proposition 3 by setting u = ai, wj = 0
for j = 1, . . . ,m, and wm+k = vk for all k ∈ N . Second, assume that the constraint with index i is
non-redundant in C. Proposition 3 implies that ai = u+ ε̄d(w̄) for some u on the boundary of C◦,
ε̄ > 0 and w̄j ≥ 0 for all j ∈ I. Therefore, we write that c = ai+ εv = u+ (ε+ ε̄)d(w̄+w) where
wj = 0 for j = 1, . . . ,m, and wm+k = vk for all k ∈ N . The result follows from Proposition 3. ut

Unlike the above results for class 0 vectors that can be directly obtained from conic combina-
tion of vectors describing C◦, the concept of class 1 vectors close to the boundary of C◦ requires
further development. In particular, we need to understand how to perturb a given vector u on
the boundary of C◦ to obtain vectors in the vicinity of u but outside of the polar cone. In the
following derivations, we define CJ = C ∩ {x ∈ Rn |ajx = 0,∀j ∈ J} for any J ⊆ I. We set that
C∅ = C.

Proposition 4 Let u be a point on the boundary of C◦, i.e., there exists J ⊆ I such that
u =

∑
j∈J vja

j where vj > 0 for all j ∈ J . Let K ⊆ I be a subset of constraint indices such that

CJ * CK . Then, u− εd(w) belongs to class 1 for any ε > 0 and any w ∈ Rm+n such that wk > 0
for all k ∈ K, and wk ≥ 0 for all k ∈ I \ J .

Proof First, we verify the correctness of the opening statement of the proposition, i.e., there
exists J ⊆ I such that u =

∑
j∈J vja

j where vj > 0 for all j ∈ J . By definition, u can be
obtained as a conic combination of extreme rays of C◦ as it is on its boundary. The fact that
C◦ is the cone generated by the constraint vectors of C implies that the set of extreme rays of
C◦ is a subset of {ai}i∈I . As a result, the constraint indices with positive coefficients in the
conic combination will form J . Note that if u is the origin, we have J = ∅. Pick any ε > 0 and
any w ∈ Rm+n such that wk > 0 for all k ∈ K, and wk ≥ 0 for all k ∈ I \ J . To prove that
u − εd(w) belongs to class 1, i.e., max{(u− εd(w))

ᵀ
x |x ∈ C} = ∞, it suffices to show that

(u− εd(w))
ᵀ
x > 0 for some x ∈ C. It follows from the assumption CJ * CK that there exists a

point x∗ ∈ CJ ⊆ C such that x∗ /∈ CK , i.e., ak
∗
x∗ < 0 for some k∗ ∈ K. We write that

(u− εd(w))
ᵀ
x∗ = uᵀx∗ − εdᵀ(w)x∗

=
∑
j∈J

vja
jx∗ − ε

∑
i∈I

wia
ix∗

=
∑
j∈J

vja
jx∗ − ε

∑
i∈I\{k∗}

wia
ix∗ − εwk∗ak

∗
x∗ > 0,
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where the second equality is implied by the definitions of u and d(w) as a combination of
constraint vectors, and the inequality follows the facts that ajx∗ = 0 for all j ∈ J , aix∗ ≤ 0 and
wi ≥ 0 for all i ∈ I \ J , and ak

∗
x∗ < 0 with weight wk∗ > 0 as k∗ ∈ K. ut

Proposition 4 gives a method to generate class 1 vectors arbitrarily close to the boundary
of the polar cone C◦. We next show that all class 1 vectors can be generated through a similar
method relative to the boundary of C◦; hence providing a necessary and sufficient condition to
generate class 1 vectors analogous to those of class 0 vectors given in Proposition 3.

Proposition 5 Let c be a vector of class 1. Then, there exists

(i) a vector u on the boundary of C◦, i.e., u =
∑
j∈J vja

j for some J ⊆ I where vj > 0 for all
j ∈ J ,

(ii) a subset K ⊆ I of constraint indices such that CJ * CK ,
(iii) and parameters ε > 0 and w ∈ Rm+n such that wk > 0 for all k ∈ K, and wk ≥ 0 for all

k ∈ I \ J ,

such that c = u− εd(w).

Proof Since c is a vector of class 1, it does not belong to C◦ by Proposition 2. It is easy to verify
that C◦ is full-dimensional because C◦ is the cone generated by vectors ai for i ∈ I which includes
all negative unit vectors −ej for j ∈ N . Pick a point b in the interior of C◦, i.e., b =

∑
l∈L tla

l for

some L ⊆ I where tl > 0 for all l ∈ L, and vectors al are linearly independent. Let u denote the
intersection of the line connecting c and b with the boundary of C◦. It follows from the proof of
Proposition 4 that u =

∑
j∈J vja

j for some J ⊆ I where vj > 0 for all j ∈ J , satisfying condition
(i). Define K = L \ J . Note that K must include an index k∗ whose corresponding vector does
not belong to the linear space spanned by the vectors in J , since otherwise b would be on a
face of C◦, and not in its interior. This implies that there exists a vector x̄ in the linear space
orthogonal to the space spanned by the vectors in J , but not orthogonal to ak

∗
. In particular,

ajx̄ = 0 for j ∈ J , and ak
∗
x̄ < 0 as C◦ is a convex cone and hence the normal vector of one of

its faces is obtuse to any vector in the cone that is not on that face. As a result, we have that

CJ * CK , satisfying condition (ii). We can write c as u− ||c−u||||u−b|| (b− u) by construction. Define

d(w) = b−u where w ∈ Rm+n is defined as wk = tk− vk for k ∈ J ∩L, wk = −vk for k ∈ J \L,

wk = tk for k ∈ K, and wk = 0 for k ∈ I \K ∪ L. Finally, setting ε = ||c−u||
||u−b|| will complete the

proof as condition (iii) is satisfied. ut

The difference between generating class 0 vectors through Proposition 3 and class 1 vectors
through Proposition 4 is in the efficiency of the approach. While we can efficiently obtain class 0
vectors through any arbitrary conic combination of vectors ai, we still need to determine indices
J and K in Proposition 4 to produce class 1 vectors—a process that can be computationally
expensive for a large data set. For our classification approach, it is critical to generate train data
sets efficiently. It means that we need to identify vectors whose class is already known a priori
without the need to solve the CGLP, since otherwise the process of determining the class of a set
of arbitrary vectors would be computationally prohibitive. We next give several results that help
generate class 1 vectors more efficiently by applying findings of Propositions 4 and 5 to special
cases. We start with a case where the negative of a conic combination of constraint vectors yields
a class 1 vector as long as one of the combination weights is non-zero.

Corollary 2 Let k∗ ∈ I be a constraint index such that C{k∗} 6= C. Then, for any weight vector
w ∈ Rm+n

+ such that wk∗ > 0, the vector −d(w) belongs to class 1.
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Proof Pick u = 0 on the boundary of C◦. According to Proposition 4, we have J = ∅. Note that
CJ = C. Set K = {k∗}. We have that CK ⊆ CJ by definition, as the former set is a face of the
latter set. Therefore, the assumption that CK 6= CJ implies that CJ * CK . The result follows
from Proposition 4 by setting ε = 1. ut

It follows from Corollary 2 that the negative of any constraint that does not contain the
entire cone C is a class-1 vector. This is a simple and quick approach to generate class-1 vectors
in practice. This derivation can be streamlined further under the full-dimensionality assumption,
as described next.

Corollary 3 Assume that C is full-dimensional. Then, for any nonzero weight vector w ∈ Rm+n
+ ,

the vector −d(w) belongs to class 1.

Proof Since C is full-dimensional, it is not contained in the face defined by any of its constraints,
i.e., C{k} 6= C for all k ∈ I. The result follows from Corollary 2 by setting k∗ to be the index of
a nonzero component of w. ut

The next corollary prescribes a method to produce class 1 vectors for a non-zero cone.

Corollary 4 Under the assumption that C 6= {0}, the vector −d(w) belongs to class 1 for any
weight vector w ∈ Rm+n

+ such that wm+i > 0 for all i ∈ N .

Proof Pick u = 0 on the boundary of C◦. According to Proposition 4, we have J = ∅, and hence
CJ = C. Set K = {m + 1, . . . ,m + n}. It follows that CK = {0} as x̄k = 0 for all k ∈ K for
any point x̄ ∈ CK . Since CJ 6= CK , and considering the fact that CK ⊆ CJ , we conclude that
CJ * CK . The result follows from Proposition 4 by setting ε = 1. ut

The next result proposes an efficient method to generate vectors of class 1 for non-redundant
constraints.

Corollary 5 Let j∗ ∈ I be the index of a non-redundant constraint of C. Then, the vector
aj

∗ − εd(w) belongs to class 1 for any ε > 0 and any w ∈ Rm+n that satisfies any of the
following conditions:

(i) wk ≥ 0 for all k ∈ I \ {j∗}, and wk > 0 for all k = m+ i with i ∈ N ,

(ii) wk ≥ 0 for all k ∈ I \ {j∗}, and wk > 0 for all k = m+ i with i ∈ N such that aj
∗

i ≥ 0,

(iii) wk ≥ 0 for all k ∈ I \ {j∗}, and wk > 0 for all k = m+ i with i ∈ N such that aj
∗

i ≤ 0.

Proof Since aj
∗
x ≤ 0 is not redundant, aj

∗
cannot be represented as a conic combination of

distinct constraint vectors of C. As a result, aj
∗

is a vector on the boundary of C◦. Set u = aj
∗

and J = {j∗}.
(i) Set K = {m + i}i∈N . It follows that CK = {0}. Since aj

∗
x ≤ 0 is non-redundant, the

restriction of C at this constraint must be non-zero. Therefore, CJ * CK . The result follows
from Proposition 4.

(ii) Set K = {m+ i} for all i ∈ N such that aj
∗

i ≥ 0. Non-redundancy of aj
∗
x ≤ 0 implies that

there exists a non-zero point x̄ ∈ C such that aj
∗
x̄ = 0, i.e., x̄ ∈ CJ . It follows from x̄ 6= 0

that there exists a coordinate i∗ ∈ N such that x̄i∗ > 0 and aj
∗

i∗ ≥ 0, since otherwise the
point would not satisfy aj

∗
x̄ = 0. Note that CK is the restriction of C at the hyperplane

H = {x ∈ Rn |xi = 0,∀i ∈ N such that aj
∗

i ≥ 0}. Therefore, x̄ /∈ CK because i∗ is one of the
indices of variables that are fixed at zero in the definition of H. We conclude that CJ * CK
as x̄ ∈ CJ and x̄ /∈ CK . The result follows from Proposition 4.

(iii) This result follows from an argument similar to that of condition (ii) by setting K = {m+ i}
for all i ∈ N such that aj

∗

i ≤ 0.
ut
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3 Computational Results.

In this section, we conduct computational experiments to evaluate the performance of our ap-
proximation approach. As discussed in Section 2, the goal is to use classification methods in
machine/deep learning to separate class 0 and class 1 vectors c corresponding to the CGLP de-
fined by z∗(c) = max{cx |x ∈ C} where C = {x ∈ Rn |aix ≤ 0, ∀i ∈ I} and I = {1, . . . ,m,m+
1, . . . ,m+ n}. To generate test instances for the CGLP, we use the data characterization given
in [14] for the CHM problem, as solving these two problems are equivalent; see Remark 1. We
consider three categories for the problem size similar to those presented in Tables 5 and 6 of [14]:
(i) n = 300, m = 100; (ii) n = 1000, m = 200; (iii) n = 2000, m = 500. For each size category, we
create 5 random instances with the following specifications. Adapting the method used in [14]
to generate point coordinates for the CHM problem, we create the CGLP’s coefficient matrix
randomly from a discrete uniform distribution between [−100, 100] with a condition that the
coefficients of a constraint cannot be all positive or all negative, since otherwise C would contain
the origin only. We normalize the resulting vectors that form the polar cone C◦

to make their
magnitudes uniform, while maintaining the constraint structure in C.

We seek to approximate the indicator function of the CGLP by a classifier that is trained
over a pre-determined set of vectors in both classes. These vectors, referred to as the train data
set, are generated based on the results developed in Section 2. In particular, we use Corollary 1
to generate class 0 train data for each constraint i ∈ I of C by setting components of vector
v randomly from a discrete uniform distribution between [0, 10000] for each i ∈ I, and setting
ε = 0.001. We create two sets of the above class 0 vectors. For the first set of class 1 train data,
we use Corollary 2 to include the negative of each constraint vector with index k∗ ∈ I by setting
the weight vector w = ek

∗
. Note that the assumption of this corollary is satisfied as long as the

entire cone C is not restricted to the hyperplane defined by ak
∗
x = 0. We also create a second set

of class 1 train data by applying Corollary 5(i) to each constraint index j∗ ∈ I with wm+i = 1
for all i ∈ N , wk = 0 for all other components, and ε = 0.001. Since this corollary requires a
non-redundancy assumption on constraints of C, we perform sensitivity analysis to evaluate the
robustness of the classification results with respect to this property of constraints.

For the test set, we generate class 1 vectors randomly with components chosen from a uniform
distribution between [−100, 100] and then normalizing it. The class of these vectors is verified
through solving CGLP. Class 0 vectors in the test set are generated through a conic combination
of constraint vectors ai for i ∈ I with weights being randomly selected from a uniform distribution
between [0, 100]. The number of these class 0 and 1 vectors is equal to m + n/2 which is set
proportionally to the problem size.

We use different classifiers in machine/deep learning to approximate the indicator function of
the CGLP. For a detailed account on the machine learning methods that can be used for function
approximation, we refer the readers to [12, 21]. Tables 1–5 report the classification results for
the random forest (RF), the k-nearest neighbor (KNN), logistic regression (LR), support vector
machines (SVM), and neural network (NN), respectively. These models are coded in Python v2.7
and CPLEX v12.8.0 on a computer with specifications Intel Core i7 1.8 GHz computer processing
unit (CPU) and 16 GB of random access memory (RAM).

For each of the classification methods, the algorithmic choices and parameter settings are
reported in the caption of the corresponding tables. These parameter values are selected through
tuning and cross validation. Once selected, these settings remain the same across all problem
instances and size categories.

For Tables 1–5, columns “Size” and “#” represent the size category and the test instance
number, respectively. Column “data” distinguishes the results for the train and the test set
for each instance. The entries of the confusion matrix as a result of the training are given in
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columns “TN”, “FP”, “FN” and “TP”. For the train set, the true class of the vectors are known
by construction through the results of Section 2. For the test set, the true class of the vectors are
determined based on the optimal value of the CGLP. Column “Accuracy” reports the accuracy
of the trained classifier calculated as TN+TP

TN+TP+FP+FN . The entry under column “ML Time” in
the row corresponding to the train set contains the time (in seconds) that it takes to train the
classifier. The entry under column “ML Time” in the row corresponding to the test set shows
the average time it takes for the trained classifier to identify the class of a given vector in the
test set. Column “CGLP Time” reports the average time that it takes to solve the CGLP for a
given objective function vector in the test set. The CGLP is solved by CPLEX version ? at its
default setting.

As observed in Tables 1–5, the LR, SVM and NN methods yield high train and test accuracy
when compared to the RF and KNN. Among these three methods, LR has the smallest run time
for both train and test sets, whereas SVM has the largest run time. Comparing the classification
time of the above algorithms with the solution time of the CGLP, we observe from Tables 3–
5 that the LR, SVM and NN methods respectively achieve an average of 104, 102 and 103

orders of magnitude improvement over the CGLP time for the first problem size category. This
improvement factor becomes even larger as the problem size increases. In addition to the CGLP,
our classification strategy substantially outperforms standard approximation methods to solve
the CHM problem such as the Spherical Triangle Algorithm of [14] that yields up to 50 orders
of magnitude improvement over the LP time. These results show a significant time save when
using a classification approach to identify the optimal value of the CGLP with a remarkably
high accuracy. As noted in Section 1, this approach is most advantageous when there is a large
number of objective function vectors that need to be solved for the CGLP as in the branch-
and-cut procedures. For instance, at layer l of the branch-and-bound tree, at most 2l objective
function vectors (one for each node candidate at that layer) need to be solved through CGLP
over the same projection cone of the underlying disjunctions. Considering the train time for the
size category 100× 300, the LR method saves time at any l ≥ 5.

As noted above, one set of class 1 vectors in the train data is generated based on the result
of Corollary 5(i), which requires non-redundancy of constraints of C. Since checking redundancy
of constraints in practical applications is time-consuming, we perform sensitivity analysis on the
redundancy ratio of constraints to evaluate its impact on classification results. For this analysis,
we study different redundancy ratios as in Table 7 of [14] by creating redundant vectors through
a conic combination of vectors of C and adding them to the cone. These redundancy ratios are
shown in columns ”Redundancy” in Tables 6–10. We conduct these experiments on the first
instance of each size category and present the classification results for the previously generated
test data in columns 3 to 9 of Tables 6–10 similarly to those of Tables 1–5. These results for the
top three classifiers LR, SVM and NN are summarized in Figure 2. As shown in these figures,
the classification accuracy for train data declines slightly as the redundancy ratio increases. This
decline is due to the fact that the train data generated through Corollary 5(i) are not guaranteed
to be a class 1 vector when the base constraint is redundant. These vectors, however, are labeled
as class 1 in the train set, leading to a potential misclassification. Nevertheless, it is inferred
from these experiments that the impact of this source of misclassification is reduced due to the
balance in the remaining sets of train data, which results in maintaining high accuracy of the
test set across different redundancy ratios and problem sizes.

Another deciding factor in creating train data set is ε, which determines the proximity of
class 0 and class 1 vectors to the boundary of the polar cone. To investigate the marginal impact
of different values of ε on the classification performance, we next conduct sensitivity analysis
on the first instance of each problem size category and each classification method. Tables 11–15
contain the results for a range of ε values between 0.0001 and 0.01. These results for the top
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three classifiers LR, SVM and NN are summarized in Figure 3. As observed in these figures, the
common trend across all classification methods and problem sizes is that the increase of the ε
value leads to a higher train accuracy and a lower test accuracy. This trend is expected as the
larger ε values broaden the gap between class 0 and class 1 train data, which enables the classifier
to overfit and thereby reduce test accuracy.

We conclude this section by commenting on the application of our proposed framework in
the branch-and-cut process. In general, there are two ways that the outcome of the approximate
CGLP can be used at layers of the branch-and-bound process. The first approach is a greedy
approach where the outcome of the classification replaces that of the CGLP entirely. This ap-
proach can lead to generating invalid cutting planes at a node corresponding to falsely positive
classification values. In this case, the solution of the branch-and-cut process is not guaranteed to
be optimal, but it can be used as a fast heuristic to obtain high quality feasible solutions. The
second approach is a conservative approach, where the outcome of the classification is used as a
filtering mechanism to identify best node candidates that have high potential in admitting cut-
ting planes. At these filtered node candidates, the CGLP is run to determine whether a cutting
plane can be added. This approach saves time by avoiding solving CGLP at nodes that have low
potential in admitting cutting planes, while preserving optimality guarantee of the end solution.

4 Conclusion.

In this paper, we propose a framework that converts a CGLP into a classification problem,
and makes use of machine learning methods to approximate the indicator function associated
with the CGLP. To apply the classification framework, we present methodology to generate
train data sets that include both class 0 and class 1 vectors. These data sets are then used
through computational experiments to evaluate the performance of the developed framework.
The results are presented for different machine learning methods, and sensitivity analysis is
conducted to identify the marginal impact of some of the data generation settings on the end
outcome. Directions of future research include investigating the effectiveness of the proposed
framework when implemented inside branch-and-cut algorithms used by modern solvers.
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Table 1: Classification results for the Random Forest with tree number k = 18

Size # Data TN FP FN TP Accuracy ML Time CGLP Time

100×300

1
train 800 0 3 797 0.99 0.36 -
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Table 2: Classification results for the K-Nearest Neighbor with number of neighbors k = 4

Size # Data TN FP FN TP Accuracy ML Time CGLP Time
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5
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1
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test 699 1 531 169 0.62 0.03 0.08
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Table 3: Classification results for the Logistic Regression with solver=liblinear, inverse of regu-
larization strength C = 1, and probability P = 0.5

Size # Data TN FP FN TP Accuracy ML Time CGLP Time

100×300

1
train 651 149 1 799 0.90 0.09 -
test 250 0 1 249 0.99 0.0 0.01

2
train 642 158 0 800 0.90 0.09 -
test 250 0 1 249 0.99 1.99e-6 0.01

3
train 635 165 0 800 0.89 0.09 -
test 250 0 0 250 1 2.00e-6 0.01

4
train 644 156 1 799 0.90 0.09 -
test 250 0 0 250 1 4.00e-6 0.01

5
train 648 152 1 799 0.90 0.10 -
test 350 0 1 249 0.99 2.00e-6 0.01

200×1000

1
train 2212 188 0 2400 0.96 1.16 -
test 700 0 0 700 1 4.99e-6 0.09

2
train 2189 211 0 2400 0.95 1.22 -
test 700 0 2 698 0.99 2.85e-6 0.08

3
train 2186 214 0 2400 0.95 1.07 -
test 700 0 1 699 0.99 6.42e-6 0.08

4
train 2173 227 0 2400 0.95 0.96 -
test 700 0 0 700 1 3.57e-6 0.09

5
train 2195 205 0 2400 0.95 0.96 -
test 700 0 0 700 1 3.57e-6 0.09

500×2000

1
train 4942 58 0 5000 0.99 5.30 -
test 1500 0 4 1496 0.99 6.33e-6 1.28

2
train 4960 40 0 5000 0.99 3.62 -
test 1500 0 3 1497 0.99 7.66e-6 0.36

3
train 4948 52 0 5000 0.99 3.12 -
test 1500 0 6 1494 0.99 4.99e-6 0.36

4
train 4975 25 0 5000 0.99 3.31 -
test 1500 0 9 1491 0.99 4.33e-6 0.36

5
train 4924 76 0 5000 0.99 3.03 -
test 1500 0 9 1491 0.99 3.99e-6 0.36
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Table 4: Classification results for the Support Vector Machine with kernel=linear and regular-
ization parameter C = 0.4

Size # Data TN FP FN TP Accuracy ML Time CGLP Time

100×300

1
train 602 198 0 800 0.87 0.70 -
test 250 0 0 250 1 0.0003 0.01

2
train 600 200 0 800 0.87 0.71 -
test 250 0 0 250 1 0.0003 0.01

3
train 602 198 0 800 0.87 0.67 -
test 250 0 0 250 1 0.0003 0.01

4
train 600 200 0 800 0.87 0.66 -
test 250 0 0 250 1 0.0003 0.01

5
train 606 194 0 800 0.87 0.66 -
test 250 0 0 250 1 0.0003 0.01

200×1000

1
train 2346 54 0 2400 0.98 15.53 -
test 700 0 5 695 0.99 0.003 0.09

2
train 2342 58 0 2400 0.98 13.91 -
test 700 0 9 691 0.99 0.002 0.08

3
train 2317 83 0 2400 0.98 13.96 -
test 700 0 13 687 0.99 0.002 0.08

4
train 2304 96 0 2400 0.98 13.24 -
test 700 0 4 696 0.99 0.002 0.09

5
train 2317 83 0 2400 0.98 12.90 -
test 700 0 6 694 0.99 0.002 0.09

500×2000

1
train 5000 0 2 4998 0.99 100.63 -
test 1500 0 84 1416 0.97 0.009 1.28

2
train 5000 0 5 4995 0.99 73.96 -
test 1500 0 109 1391 0.96 0.005 0.36

3
train 5000 0 2 4998 0.99 51.58 -
test 1500 0 95 1405 0.96 0.004 0.36

4
train 5000 0 6 4994 0.99 59.99 -
test 1500 0 118 1382 0.96 0.004 0.36

5
train 4998 2 3 4997 0.99 52.90 -
test 1500 0 75 1425 0.97 0.005 0.36
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Table 5: Classification results for the Neural Network with hidden layer = 18, activation func-
tion= identity, solver = sgd, batch size = 100, regularization parameter α = 0.01, learning rate
= adaptive, initial learning rate = 0.0007, and maximum number of iterations = 1500

Size # Data TN FP FN TP Accuracy ML Time CGLP Time

100×300

1
train 696 104 6 794 0.93 12.88 -
test 250 0 6 244 0.98 4.00e-6 0.01

2
train 712 88 2 798 0.94 14.36 -
test 250 0 5 245 0.99 4.00e-6 0.01

3
train 712 88 3 797 0.94 14.37 -
test 250 0 6 244 0.98 1.99e-6 0.01

4
train 704 96 9 791 0.93 13.25 -
test 250 0 8 242 0.98 2.00e-6 0.01

5
train 708 92 8 792 0.93 13.71 -
test 250 0 8 242 0.98 1.99e-6 0.01

200×1000

1
train 2380 20 1 2399 0.99 65.60 -
test 700 0 7 693 0.99 6.42e-6 0.09

2
train 2383 17 2 2398 0.99 69.05 -
test 700 0 16 684 0.98 4.28e-6 0.08

3
train 2376 24 1 2399 0.99 62.59 -
test 700 0 19 681 0.98 3.57e-6 0.08

4
train 2367 33 1 2399 0.99 65.45 -
test 700 0 14 686 0.99 6.42e-6 0.09

5
train 2367 33 4 2396 0.99 63.31 -
test 700 0 9 691 0.99 5.00e-6 0.09

500×2000

1
train 4994 6 1 4999 0.99 158.87 -
test 1500 0 25 1475 0.99 7.66e-6 1.28

2
train 4998 2 2 4998 0.99 111.11 -
test 1500 0 31 1469 0.98 8.33e-6 0.36

3
train 4995 5 2 4998 0.99 110.06 -
test 1500 0 24 1476 0.99 5.33e-6 0.36

4
train 4999 1 3 4997 0.99 86.85 -
test 1500 0 31 1469 0.98 4.66e-6 0.36

5
train 4987 13 2 4998 0.99 92.90 -
test 1500 0 36 1464 0.98 5.33e-6 0.36
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Fig. 2: Sensitivity analysis results for redundancy ratio
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Fig. 3: Sensitivity analysis results for values of ε
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Table 6: Sensitivity analysis for redundancy level for the Random Forest

Size Redundancy Data TN FP FN TP Accuracy ML Time

100×300

0
train 800 0 3 797 0.99 0.36
test 200 50 51 199 0.79 1.99e-5

0.10
train 880 0 8 872 0.99 0.36
test 208 42 50 200 0.81 1.20e-5

0.25
train 1000 0 18 982 0.99 0.47
test 214 36 48 202 0.83 1.20e-5

0.5
train 1200 0 21 1179 0.99 0.25
test 201 49 45 205 0.81 6.00e-6

200×1000

0
train 2400 0 9 2391 0.99 1.99
test 607 93 146 554 0.82 1.42e-5

0.10
train 2640 0 17 2623 0.99 0.83
test 546 154 127 2623 0.79 4.99e-6

0.25
train 3000 0 42 2958 0.99 1.38
test 563 137 100 600 0.83 7.85e-6

0.5
train 3599 1 60 600 0.83 7.85e-6
test 580 120 104 596 0.84 6.42e-6

500×2000

0
train 5000 0 7 4993 0.99 6.42
test 824 676 266 1234 0.68 1.70e-5

0.10
train 5500 0 37 5463 0.99 4.10
test 1249 251 298 1202 0.81 9.33e-6

0.25
train 6250 0 80 6170 0.99 5.58
test 1216 284 308 1192 0.80 1.76e-5

0.5
train 7500 0 151 7349 0.98 8.96
test 1225 275 239 1261 0.82 1.06e-5
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Table 7: Sensitivity analysis for redundancy level for the k-Nearest Neighbor

Size Redundancy Data TN FP FN TP Accuracy ML Time

100*300

0
train 800 0 435 365 0.72 0.03
test 250 0 186 64 0.62 0.002

0.10
train 880 0 461 419 0.73 0.03
test 250 0 181 69 0.63 0.002

0.25
train 1000 0 518 482 0.74 0.04
test 249 1 184 66 0.63 0.001

0.5
train 1200 0 610 590 0.74 0.02
test 250 0 177 73 0.64 0.001

200*1000

0
train 2400 0 966 1434 0.79 0.45
test 700 0 553 147 0.60 0.03

0.10
train 2640 0 1179 1461 0.77 0.20
test 700 0 537 163 0.61 0.01

0.25
train 3000 0 1398 1602 0.76 0.27
test 699 1 534 166 0.61 0.01

0.5
train 3600 0 1734 1866 0.75 0.31
test 700 0 530 170 0.62 0.01

500*2000

0
train 5000 0 796 4204 0.92 2.84
test 1471 29 1191 309 0.59 0.11

0.10
train 5500 0 2109 3391 0.80 1.47
test 1500 0 1167 333 0.61 0.05

0.25
train 6250 0 2684 3566 0.78 2.19
test 1500 0 1163 337 0.78 2.19

0.5
train 6250 0 2684 3566 0.78 2.19
test 1500 0 1163 337 0.61 0.06
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Table 8: Sensitivity analysis for redundancy level for the Logistic Regression

Size Redundancy Data TN FP FN TP Accuracy ML Time

100×300

0
train 651 149 1 799 0.90 0.09
test 250 0 1 249 0.99 0.0

0.10
train 695 185 40 840 0.87 0.13
test 250 0 0 250 1 3.99e-6

0.25
train 814 186 100 900 0.85 0.08
test 250 0 0 250 1 3.99e-6

0.5
train 1012 188 200 1000 0.83 0.08
test 250 0 1 249 0.99 1.99e-6

200×1000

0
train 2212 188 0 2400 0.96 1.16
test 700 0 0 700 1 4.99e-6

0.10
train 2347 293 120 2520 0.92 0.72
test 700 0 1 699 0.99 2.14e-6

0.25
train 2717 283 300 2700 0.90 0.86
test 698 2 1 699 0.99 2.14e-6

0.5
train 3346 254 600 3000 0.88 1.22
test 698 2 1 699 0.99 2.14

500×2000

0
train 4942 58 0 5000 0.99 5.30
test 1500 0 4 1496 0.99 6.33e-6

0.10
train 5446 54 250 5250 0.97 4.04
test 1499 1 4 1496 0.99 3.66e-6

0.25
train 6203 47 625 5625 0.94 4.42
test 1498 2 5 1495 0.99 4.66e-6

0.5
train 7469 31 1249 6251 0.91 5.35
test 1497 3 7 1493 0.99 5.33e-6
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Table 9: Sensitivity analysis for redundancy level for the Support Vector Machine

Size Redundancy Data TN FP FN TP Accuracy ML Time

100×300

0
train 602 198 0 800 0.87 0.70
test 250 0 0 250 1 0.0003

0.10
train 682 198 40 840 0.86 0.86
test 250 0 0 250 1 0.0004

0.25
train 800 200 100 900 0.85 0.53
test 250 0 0 250 1 0.0002

0.5
train 1000 200 200 1000 0.83 0.77
test 250 0 0 250 1 0.0002

200×1000

0
train 2346 54 0 2400 0.98 15.53
test 700 0 5 695 0.99 0.003

0.10
train 2535 105 120 2520 0.95 10.70
test 700 0 4 696 0.99 0.002

0.25
train 2915 85 300 2700 0.93 14.21
test 700 0 4 696 0.99 0.002

0.5
train 3543 57 600 3000 0.90 25.10
test 700 0 4 696 0.99 0.002

500×2000

0
train 5000 0 2 4998 0.99 100.63
test 1500 0 84 1416 0.97 0.009

0.10
train 5500 0 250 5250 0.97 90.31
test 1500 0 101 1399 0.96 0.007

0.25
train 6250 0 625 5625 0.95 125.05
test 1500 0 104 1396 0.96 0.009

0.5
train 7500 0 1250 6250 0.91 209.76
test 1500 0 112 1388 0.96 0.01
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Table 10: Sensitivity analysis for redundancy level for the Neural Network

Size Redundancy Data TN FP FN TP Accuracy ML Time

100×300

0
train 696 104 6 794 0.93 12.88
test 250 0 6 244 0.98 4.00e-6

0.10
train 701 179 41 839 0.87 5.37
test 250 0 1 249 0.99 2.00e-6

0.25
train 811 189 100 900 0.85 2.88
test 250 0 1 249 0.99 2.00e-6

0.5
train 1011 189 200 1000 0.83 2.79
test 250 0 0 250 1 1.99e-6

200×1000

0
train 2380 20 1 2399 0.99 65.60
test 700 0 7 693 0.99 6.42e-6

0.10
train 2618 22 112 2528 0.97 48.76
test 625 75 28 672 0.92 4.99e-6

0.25
train 2989 11 269 2731 0.95 56.47
test 576 124 34 666 0.88 4.28e-6

0.5
train 3600 0 517 3083 0.92 86.36
test 530 170 47 653 0.84 2.85e-6

500×2000

0
train 4994 6 1 4999 0.99 158.87
test 1500 0 25 1475 0.99 7.66e-6

0.10
train 5496 4 227 5273 0.97 112.08
test 1319 181 49 1451 0.92 8.99e-6

0.25
train 6244 6 569 5681 0.95 131.48
test 1243 257 49 1451 0.89 7.66e-6

0.5
train 7498 2 1122 6378 0.92 199.86
test 1215 285 67 1433 0.88 6.66e-6



24 Atefeh Rajabalizadeh, Danial Davarnia

Table 11: Sensitivity analysis for ε for the Random Forest

Size ε Data TN FP FN TP Accuracy ML Time

100×300

0.0001
train 800 0 13 787 0.99 0.12
test 220 30 53 197 0.83 4.00e-6

0.001
train 800 0 3 797 0.99 0.36
test 200 50 51 199 0.79 1.99e-5

0.002
train 800 0 3 797 0.99 0.33
test 200 50 51 199 0.79 1.20e-5

0.005
train 800 0 0 800 1 0.14
test 150 100 11 239 0.77 3.99e-6

0.01
train 800 0 0 800 1 0.13
test 54 196 2 248 0.60 4.00e-6

200×1000

0.0001
train 2400 0 19 2381 0.99 0.69
test 682 18 192 508 0.85 5.71e-6

0.001
train 2400 0 9 2391 0.99 1.99
test 607 93 146 554 0.82 1.42e-5

0.002
train 2400 0 2 2398 0.99 0.73
test 643 57 108 592 0.88 6.42e-6

0.005
train 2400 0 0 2400 1 0.78
test 391 309 39 661 0.75 5.71e-6

0.01
train 2400 0 0 2400 1 0.87
test 42 658 2 698 0.52 4.99e-6

500×2000

0.0001
train 5000 0 46 4954 0.99 3.06
test 909 591 318 1182 0.69 7.66e-6

0.001
train 5000 0 7 4993 0.99 6.42
test 824 676 266 1234 0.68 1.70e-5

0.002
train 5000 0 1 4999 0.99 3.80
test 1352 148 131 1369 0.90 9.66e-6

0.005
train 5000 0 0 5000 1 2.88
test 721 779 12 1488 0.73 6.66e-6

0.01
train 5000 0 0 5000 1 3.82
test 242 1258 1 1499 0.58 6.66e-6
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Table 12: Sensitivity analysis for ε for the k-Nearest Neighbor

Size ε Data TN FP FN TP Accuracy ML Time

100×300

0.0001
train 800 0 572 228 0.64 0.01
test 250 0 200 50 0.6 0.0008

0.001
train 800 0 435 365 0.72 0.03
test 250 0 186 64 0.62 0.002

0.002
train 800 0 424 376 0.73 0.02
test 247 3 169 81 0.65 0.002

0.005
train 800 0 138 662 0.91 0.01
test 184 66 131 119 0.60 0.0009

0.01
train 800 0 126 674 0.92 0.01
test 53 197 87 163 0.43 0.0008

200×1000

0.0001
train 2400 0 1595 805 0.66 0.20
test 700 0 576 124 0.58 0.01

0.001
train 2400 0 966 1434 0.79 0.45
test 700 0 553 147 0.60 0.03

0.002
train 2400 0 298 2102 0.93 0.18
test 700 0 506 194 0.63 0.01

0.005
train 2400 0 261 2139 0.94 0.20
test 662 38 388 312 0.69 0.01

0.01
train 2400 0 243 2157 0.94 0.22
test 184 516 270 430 0.43 0.01

500×2000

0.0001
train 5000 0 3149 1851 0.68 1.17
test 1500 0 1255 245 0.58 0.06

0.001
train 5000 0 796 4204 0.92 2.84
test 1471 29 1191 309 0.59 0.11

0.002
train 5000 0 752 4248 0.92 1.45
test 1291 209 1113 387 0.55 0.06

0.005
train 5000 0 664 4336 0.93 1.08
test 366 1134 861 639 0.33 0.05

0.01
train 5000 0 584 4416 0.94 1.25
test 4 1496 548 952 0.31 0.05
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Table 13: Sensitivity analysis for ε for the Logistic Regression

Size ε Data TN FP FN TP Accuracy ML Time

100×300

0.0001
train 604 196 1 799 0.87 0.03
test 250 0 2 248 0.99 2.00e-6

0.001
train 651 149 1 799 0.90 0.09
test 250 0 1 249 0.99 0.0

0.002
train 755 45 0 800 0.97 0.08
test 250 0 2 248 0.99 4.00e-6

0.005
train 800 0 0 800 1 0.03
test 2 248 0 250 0.5 0.50

0.01
train 800 0 0 800 1 0.03
test 0 250 0 250 0.5 2.00e-6

200×1000

0.0001
train 2000 400 0 2400 0.91 0.48
test 700 0 0 700 1 3.57e-6

0.001
train 2212 188 0 2400 0.96 1.16
test 700 0 0 700 1 4.99e-6

0.002
train 2396 4 0 2400 0.99 0.44
test 700 0 0 700 1 2.14e-6

0.005
train 2400 0 0 2400 1 0.51
test 0 700 0 700 0.5 2.14e-6

0.01
train 2400 0 0 2400 1 0.59
test 0 700 0 700 0.5 2.85e-6

500×2000

0.0001
train 4002 998 0 5000 0.90 3.53
test 1500 0 0 1500 1 4.66e-6

0.001
train 4942 58 0 5000 0.99 5.30
test 1500 0 4 1496 0.99 6.33e-6

0.002
train 5000 0 0 5000 1 2.93
test 1500 0 0 1500 1 4.00e-6

0.005
train 5000 0 0 5000 1 2.12
test 0 1500 0 1500 0.5 3.33e-6

0.01
train 5000 0 0 5000 1 2.28
test 0 1500 0 1500 0.5 3.66e-6
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Table 14: Sensitivity analysis for ε for the Support Vector Machine

Size ε Data TN FP FN TP Accuracy ML Time

100×300

0.0001
train 600 200 0 800 0.87 0.29
test 250 0 0 250 1 0.0001

0.001
train 602 198 0 800 0.87 0.70
test 250 0 0 250 1 0.0003

0.002
train 773 27 1 799 0.98 0.62
test 250 0 3 247 0.99 0.0003

0.005
train 800 0 0 800 1 0.11
test 0 250 0 250 0.5 5.00e-5

0.01
train 800 0 0 800 1 0.05
test 0 250 0 250 0.5 2.79e-5

200×1000

0.0001
train 2000 400 0 2400 0.91 9.14
test 700 0 0 700 1 0.001

0.001
train 2346 54 0 2400 0.98 15.53
test 700 0 5 695 0.99 0.003

0.002
train 2400 0 0 2400 1 3.22
test 688 12 4 696 0.98 0.0005

0.005
train 2400 0 0 2400 1 1.82
test 0 700 0 700 0.5 0.0002

0.01
train 2400 0 0 2400 1 1.53
test 0 700 0 700 0.5 0.0001

500×2000

0.0001
train 4000 1000 0 5000 0.9 100.25
test 1500 0 0 1500 1 0.008

0.001
train 5000 0 2 4998 0.99 100.63
test 1500 0 84 1416 0.97 0.009

0.002
train 5000 0 0 5000 1 29.06
test 0 1500 1 1499 0.49 0.002

0.005
train 5000 0 0 5000 1 10.74
test 0 1500 0 1500 0.5 0.0008

0.01
train 5000 0 0 5000 1 7.84
test 0 1500 0 1500 0.5 0.0007
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Table 15: Sensitivity analysis for ε for the Neural Network

Size ε Data TN FP FN TP Accuracy ML Time

100×300

0.0001
train 600 200 0 800 0.87 2.27
test 208 42 0 250 0.91 1.99e-6

0.001
train 696 104 6 794 0.93 12.88
test 250 0 6 244 0.98 4.00e-6

0.002
train 784 16 2 798 0.98 12.52
test 250 0 3 247 0.99 3.99e-6

0.005
train 800 0 0 800 1 3.52
test 0 250 0 250 0.5 1.99e-6

0.01
train 800 0 0 800 1 2.30
test 0 250 0 250 0.5 1.99e-6

200×1000

0.0001
train 2000 400 0 2400 0.91 27.37
test 700 0 0 700 1 2.14e-6

0.001
train 2380 20 1 2399 0.99 65.60
test 700 0 7 693 0.99 6.42e-6

0.002
train 2397 3 0 2400 0.99 23.40
test 700 0 1 699 0.99 3.57e-6

0.005
train 2400 0 0 2400 1 15.38
test 0 700 0 700 0.5 3.57e-6

0.01
train 2400 0 0 2400 1 11.76
test 0 700 0 700 0.5 2.85e-6

500×2000

0.0001
train 4135 865 49 4951 0.90 127.83
test 1500 0 21 1479 0.99 5.33e-6

0.001
train 4994 6 1 4999 0.99 158.87
test 1500 0 25 1475 0.99 7.66e-6

0.002
train 5000 0 0 5000 1 67.35
test 1406 94 0 1500 0.96 4.99e-6

0.005
train 5000 0 0 5000 1 37.01
test 0 1500 0 1500 0.5 4.66e-6

0.01
train 5000 0 0 5000 1 29.18
test 0 1500 0 1500 0.5 6.33e-6
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