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Abstract—This work presents a general method for linearizing
bilinear terms in the upper level of bilevel optimization problems
when the bilinear terms are products of the primal and dual
variables of the lower level. Bilinear terms of this form often
appear in energy market optimization models where the dual
variable represents the market price of energy and the primal
variable represents a generator dispatch decision. Prior works
have linearized such bilinear terms for specific problems. This
work is the first to demonstrate how to linearize these terms in
the most general case.

Index Terms—Duality, Optimization methods, Power system
economics, Power system planning.

I. INTRODUCTION AND BACKGROUND

Since the restructuring of electricity markets began in the
early 1980’s [1] and the introduction of locational marginal
pricing into large scale power markets in the 1990’s re-
searchers have been investigating electricity market design
optimization problems. From a market participant point-of-
view one of the most critical terms in a problem is the
price signal (typically in $/MWh) from the market operator
multiplied by the energy delivered (MWh) by the participant,
which together represent the participant’s income. When both
the price signal and energy delivered are decision variables in
a mathematical program then the problem becomes bilinear.

In many electricity markets the price signal to market
participants (or generators) is determined as the marginal price
of the load balance constraint at any given network node at
any given time step. The objective of the market model is
to minimize the total cost of energy, or as it is commonly
known: maximizing the social welfare. The constraints of the
model typically represent an approximation to the power flow
equations and take participant cost functions as input.

Equilibrium models allow modeling both the electricity mar-
ket and participant behavior by including the power flow con-
straints and multiple, competing objective functions. Bilevel
or Stackelberg Game formulations are common in electricity
market models that include participant objectives, which are
typically to maximize profits.
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Ruiz et al. 2009 [2] is the earliest known example to
demonstrate that bilinear terms for market price and participant
dispatch can be linearized. Their model places the market
participant in the upper level, which chooses its offer curve for
energy generation, while the lower level models the electricity
market given the other participants’ offer curves. Interestingly,
Fernandez-Blanco et al. 2016 [3] claims to be the first to
find a linearization for the same bilinear terms (products of
lower level primal and dual variables) in the upper level of a
bilevel program. Additional problem specific examples of the
linearization technique can be found in [4] and [5].

This paper presents a generic algorithm for linearizing
the bilinear terms of interest, starting with integer dispatch
decisions in the lower level problem multiplied by shadow
or market price decisions. Then, we show what conditions
are required to linearize the same bilinear terms when the
dispatch decisions are continuous. The linearization technique
relies primarily on Strong Duality Theorem [6]. The technique
works when the upper level and/or the lower level problems
are non-linear in constraints or objectives. However, the lower
level constraints that include the lower level variables from
the upper level bilinear terms must be linear to get an exact
linearization of the upper level bilinear terms.

II. LINEARIZATION METHOD WITH INTEGER UPPER
LEVEL VARIABLES

We begin by assuming that the upper level variables x are
integer such that any product of integer « and the continuous
variables y or A can be made linear using binary expansion
[7]. The bilievel problem with bilinear terms in the upper level
objective and a linear lower level is

e T XA 12
s.t. g(z,y) <0 (1b)
y € argmin ¢y + "By (1c)
yeRN
st. y<y () (1d)
y<y (B (le)
Uz+Vy=w (A). (1)

Table I summarizes the terms in Equation 1. Note that the
method is also valid for bilinear terms of A and y in the
upper level constraints, but they are not shown for clarity.



TABLE I
SETS, INDICES, PARAMETERS, AND DECISION VARIABLES.

Decision Variables

x € RM upper level, primal decision variables

y e RN lower level, primal decision variables

AeR/ lower level, dual variables for equality constraints

e Rﬂ lower level, non-negative, dual variables for upper
bounds

JIAS Rf lower level, non-negative, dual variables for lower
bounds

Parameters

cc RN lower level cost coefficients for lower level deci-
sions y

U c RIXM lower level equality constraint coefficients for upper
level decisions x

V e RIXN lower level equality constraint coefficients for lower
level decisions y

we R lower level equality constraints right-hand-side

ye RN upper bounds for lower level, primal decision vari-
ables

RS RN lower bounds for lower level, primal decision vari-
ables

AcRIXN upper level coefficients for bilinear terms of lower
level primal and dual variables

B € RMXN lower level coefficients for bilinear terms of lower

level primal and upper level primal variables
Sets and Indices
A {(4,n) € T x N : Aj,, # 0}
Az {j € J :3In € N such that Aj,, # 0}
Apn {n € N':3j € J such that A;,, # 0}

J 1,2,...,J,|J| = number of lower level equality
constraints

JiCJ indices of lower level equality constraints con-
nected to constraint j via non-zero values of V, i.e.
the constraints that share variables with constraint
7 and the constraints that share variables with those
constraints (and so on recursively as described in
Algorithm 1).

Ju Ujea v

M 1,2,..., M, |M]| = number of upper level vari-
ables

N 1,2,..., N, |[N| = number of lower level vari-
ables

Nn CN indices of lower level variables connected to vari-

able y,, via non-zero values of V'

Ny UnGANN”

ABp {n € A : Im € M such that By, # 0}
AB {(4,n) € A:3Im € M such that By, # 0}
(0] The empty set

zZ The set of integers

To linearize any Aj;y, term one must combine the lower
level primal and dual constraints. The first step is to multiply
the lower level primal constraints (1f) by A component-wise:

Vyod=woA—-UxoA )

where o denotes the Hadamard product. Note that one can
also multiply each of the primal constraints by each of the
components of A to get J? equations. However, in practice
the bilinear terms that appear in the upper level problem are

bilinear in ¥, and A;, where ); is the Lagrange multiplier of
the constraint that involves ,,.

Second, the dual constraints of y are multiplied with y as
follows:

(VIXN)oy=coy+poy—poy+ (BTx)oy. (3)

Note that any z,,y, can be linearized because of the upper
bound

Yn < Yp- €]

The complementary slackness condition for (4) allows one to
linearize 71,y :

A similar result follows for any p y,. Combining the last
result with the complementary slackness conditions gives:

(VIAN)oy=coy+poy—poy+ (BTz)oy. (6)

Equations (2) and (6) are then combined to produce a system
of equations with the bilinear products of A and y as the
unknowns. In the following we show how to solve for a
specific A;Vinyn.

Let the i™ row of (2) be defined as (P;), which can be
written:

(Pz) : )\’i‘/inyn = szz - )\z Z ‘/’ikyk - )\z Z U'i'mxm (7)
keN\{n} meM

And, let the k" row of (6) be defined as (Dy), which can be
written:

(Dp) : ykZVik)\i = CkYk + B — 1Y, T Uk Z Brkxm
ieJ meM
(®)

Note that the choice of P for (P;) and D for (Dy) are
intentional: P is for primal constraints and D is for dual
constraints.

Algorithm 1 outlines the procedure for determining the
minimum set of the (P;) and (Dj) equations needed to
linearize a given A;y, term. Note that the algorithm refers
to the indices of (P;) as rows and (Dj) as columns because
the sums over Vj, in (7) and (8) are over the rows and columns
of V respectively.

The first step of Algorithm 1 is to check if Vj, is the
only non-zero value in the n'™ column of V: in this case
(Dy,) provides the exact linearization of Ay, (and (F;) is
unnecessary):

yn)\j = CnlYn T UpYp — L Y+ Yn Z BrinTm

1
v T 2
©))
Note that (9) only applies under the condition that y,, is in a
single lower level primal constraint.

In the second step of Algorithm 1 the first primal equation
(F;) is added to the set of row indices that will be returned at
the end of the algorithm (where j is an input). Additionally,
for all the non-zero values in the ;" row of V, except Vin,
the indices of the dual equations (D) are added to the set



of column indices. In mathematical terms, this step is taking
(P;):
J

AVintn = widi = A3 3 Vikgk = A D Ujm@m  (10)
keN\{n} meM

and all of the (Dy) equations for k € N '\ {n} in order to
replace the bilinear terms of )\; and y;, on the right-hand-side
of (10). Each (Dy) equation can add more bilinear terms of
A and y and so step three of Algorithm 1 adds additional
equations if necessary.

In the third and final step of Algorithm 1 a recursive
function, Algorithm 2, is used to search the array V for
non-zero, “connected” values. We use the term “connected”
to indicate that one could draw horizontal and vertical paths
through V' to connect non-zero entries to the first entry of
interest V;,, starting with a horizontal line each time. A
horizontal line adds a (P;) equation and a vertical line adds
a (Dg) equation. The indices of the rows and columns are
collected until a sufficient amount of equations are obtained
to linearize the \;y, term in the upper level objective.

Note that Algorithm 2 is similar to - but not the same as -
finding the blocks of a block-diagonal matrix. The difference is
that Algorithm 2 does not necessarily find all of the non-zero
values in a block. In other words, one does not need all of the
(P;) and (Dy,) equations that may be available; one only needs
as many equations as unknowns (where the unknowns are
products of A and y entries). Algorithm 2 has some conditions

Algorithm 1: Minimum set of equations to linearize
input : The 2D array V; and the integers (j, n) of
non-zero V.
output: Indices of (F;) and (Dy,) necessary to
linearize a Ay, term.
1.if Vi, =0Vj € 7\ {j} then
| return {},{n} (only need D,)
end
2. Initialize arrays of integers for the rows and
columns:
J; =i}
cols_to_check = {k € N'\ {n} : Vj; # 0}
N, = copy(cols_to_check)
3. Recursive search to find all connections
foreach & in cols_to_check do
rows, cols = recursive_array_search(V, j, k, {},
{h
J; + Jj U rows
N, + N, U cols

end
return J;, N,

under which it returns as error: these errors occur when the
search has indicated that redundant row or column indices
should be appended to the final vectors. Mathematically, these
errors indicate that there are more unknowns than equations
and thus the system of equations is underdetermined.

Algorithm 2: recursive_array_search

input : The 2D array V; integers row j and column
k; and two vectors of integers to append to:
rows and cols.
output: Two vectors of integers for the non-zero
entries of V' connected to row j and column k.
rs={j €T \{j}t:Vie#0}
if rs N rows # @ then
| return error: redundant row
end
rows <— rows U rs
foreach r € rs do
cs={k eN\{k}: Vi #0}
if {cs N cols} # O then
| return error: redundant column
end
cols < cols U cs

foreach ¢ € c¢s do
| recursive_array_search(V, r, ¢, rows, cols)
end

end
return rows, cols

Let the indices of (P;) and (Dy) returned from Algorithm
1 for a given (j,n) € A pair be defined as J; and N,
respectively. The exact linearization of \;y,, is:

1

i'ed; meM

o Z (Cn/yn’ +ﬁ"/?”l - Hn/gn’ (11)

n'eN,

+Yn Z an’xm>] ’

meM

which is simply a combination of (7) and (8) for all of the
non-zero values of V' connected to \;yy,, as demonstrated with
the following examples.

Example 1. The simplest case for linearizing a certain \;y,
term occurs when y, is in only one lower level constraint,
which is when step 1 of Algorithm 1 returns and (9) provides
the solution. Note that (9) is a particular instance of (8). In
this example we present the next simplest case, which is when
Yn 1S in more than one constraint but the other y variables in
constraint j are in no other lower level constraints.

In Step 2 of Algorithm 1 the indices of (Djy) in the set
{k € N\ {n} : Vji # 0} are added to the set of column
indices to check using the recursive Algorithm 2. And the
set J; is initialized with {j}. Algorithm 2 then checks for
non-zero values of V' above and below each Vj; entry for
each of the column indices. If no non-zero values are found
then Algorithm 2 returns the same sets that were passed to it,
meaning that no more equation indices are needed to linearize



the Ay, term.
Take one particular k' in N\ {n} for example. The special
case that Vy =0 Vi € J \ {j} is illustrated as follows:

k’-th col.

V = j-th row (12)

When y is only in constraint j then (Dy) is:

)\j‘/jk"yk" = Cr' Yk’ +ﬁk"yk}/ _Hk,/gk/ +yk, Z Bmk’mm~

meM
(13)
Equation (13) can then be substituted into (), shown in (10),
to eliminate the bilinear term of \; and y;/ in the sum over
k€ N\ {n}. A similar result follows for eliminating all of
the Ay, terms on the right hand side of (10). W

Example 2. Continuing from our previous example, now let
us assume that the %’-th column of V has one other non-
zero entry. Now, additional combinations of the (P;) and (Dy,)
equations are necessary to eliminate the Ay term in (10).
This is where step three of the Algorithm comes in.

For this example let V;/; # 0 for a particular ¢’ in 7\ {j},
and let Vi = 0 Vi € J\ {j,4'}. Also, let the i'-th row of V'
contain one other non-zero value V;/p, and let V;y, = 0 Vi €
J \ {i'}. This case is illustrated in (14).

{-th col. k'-th col.

_ 0 0 i
: 0
V= j-th row .. Vin 0 Vigr . (14)
i'throw [0... 0 Virg Virgr 0...0
0 0
i 0 0 ]
Now (Dy) gives:
A Vi + Xt Vi Yy = CoYer + B Ui — 1, Y,
(15)

+ Y Z Bmk’znr
meM

Since the #-th row of V' contains only one other non-zero
value V;/,, and the other values in column ¢ of V are zero as
illustrated in (14), then adding equations (P;) and (Dy) allows
one to linearize the \;/ V;/pyy term in (15) in a similar fashion
to the previous example. l

These examples demonstrate that the task of linearizing
any \;y, term is to find the minimum set of (P;) and (D)
equations in order to eliminate the other bilinear terms of A
and y entries.

Finally, using the result (11) the mixed integer linear form
of (1) is:

min f(wa y)
YA
Y S (udy A Y U
. Vin | .
(j,n)EA J'ed; meM
— Z (Cn/yn’ + L Yy 7Hn/gn/
n’ENn
ern/ Z an’xm)]
meM
(16a)
st g(a,y) <0, (16b)
c+B2+VIA+HE—p=0 (16¢)
y<y (16d)
y<y (16¢)
Uxz+Vy=w (16f)
rl(y—79) (16g)
nl(y-v) (16h)

where the lower level problem has been replaced with the
Karush Kuhn Tucker (KKT) conditions and the complemen-
tary constraints can be modeled as special order sets or using
the “big M” method from [8].

III. LINEARIZATION METHOD WITH CONTINUOUS UPPER
LEVEL VARIABLES

In Section II we assumed that x are integer such that all
of the products of x,, and ¥, or products of x,, and A; can
be linearized using binary expansion [7]. Here we show the
conditions under which a A;y, term can be linearized when
the upper level variables  are continuous.

The conditions are divided into two groups with one group
less restrictive than the other. The first group of conditions is
less restrictive but does not allow lower level variables y to be
bilinear in both the upper level problem with A and the lower
objective with @. In mathematical terms this is when AB =
@, where AB = {(j,n) € A: 3Im € M such that B,,, # 0}.

The second group of conditions allows a problem to be
linearized when bilinear products of \;y,, are in the upper level
and bilinear products of x,,,y,, are in the lower level objective
for a given n. These types of problems are particularly relevant
to energy system market models as is demonstrated with
examples.

A. Conditions when AB = @

Recall that the Algorithms 1 and 2 provide the sets J; for
each )\; in the upper level objective. Let Jy = Uje A J;,
which includes the indices of all the lower level constraints
that are connected (via non-zero values of V) to the \; terms
in the upper level objective. Therefore, in order to eliminate
all bilinear terms of the form \;U;, 2, in (16a) the following
condition must be met:



Condition 1. U;,,, =0Vj € J, Vm e M

Similar to Condition 1, let AV, £
could assume that

Uneay N then one

Condition 2. B,,, =0 VYm € M, Vn € N

to eliminate all bilinear terms of the form x,,B,,¥y, from
(16a). Under Conditions 1 and 2 the mixed integer result for
(1) is

min E E wj/)\j/)
Y,

(4,n)€A Vin J'eT;
gy (cnrtpnr + T — »aﬂyn,)]
EN,

(17a)

s.t. g(z,y) <0, (17b)
c+Bx+VA+p—p=0 (17¢)
y<vy (17d)
y<y (17e)
Ux+Vy=w (17f)
rl(y-9) (17g)
rl(y—y) (17h)

B. Conditions when AB # @

The case when Condition 2 is violated and Problem (1)
has bilinear terms in the upper and lower level objectives
of the form A\;A;,y, and ©p, Bpnyn, (Where Aj, # 0 and
B, # 0), for some n is particularly relevant to energy system
market models. For example, take the case where A;,, = 1 and
By, = —1 for some particular m, j, and n. Let y,, represent a
lower level generator dispatch decision. Then A; represents the
marginal cost of the dispatch decision ¥,, as well as the upper
level’s cost of purchasing power from the lower level. And
—ZmYn in the lower level objective is the lower level’s income
for the generation y,, using the price signal z,,. Appendix A
provides a simple example of such a scenario. Thus it is useful
to investigate the linearization of problems when AB # @ (i.e.
when Condition 2 is violated).

The problem of interest has the following structure:

mgl f(z,y) Z AjAinyn (18a)
(4:m)eA
s.t. g(z,y) <0 (18b)
yc argmm c'y+ Z Z Tm BmnYn
meM neAn
(18¢)
meM nEN\(ANUNu)
st. y<y (p) (18d)
y<y () (18¢)
D Vingn =w; (N), Vi€, (18D
neN
Z Ujmxm + Z‘/Jnyn = Wy,
mem neN (18g)
Vie T\ Ju.

Note that the products of  and y in the lower level objective
(18c) are linearized when the lower level problem is replaced
with the KKT conditions. And the set of y,, for all n € N'\
(AnrUMN) in the last sum of (18c) are the values of y that are
not in the upper level objective nor connected to the y,,,n €
Ay, in the upper level objective. Recall that the connected
indices are provided by Algorithm 1 and captured in A. We
will show shortly that the connected y,, values must not be in
the lower level objective with x terms to prevent y, ., terms
from showing up in the (Dy) equations needed to linearize
the Ay, in the upper level objective. Also, Condition 1 is
reflected in (18f).

Now, applying Condition 1 to (11) gives

Z wg’>\ o Z (Cn’yn’ +ﬁn’yn/

j'€T; n’eN,

jynfi

n

_Hn/gn/ + Yn' Z an’xm>] ’ V(j, n) € A (19)

meM

We wish to eliminate the y,,» By T terms when AB # @.
Recall that the y,,» By @y, terms in (11) and (19) come from
the (Dy) equations with B,,,;; # 0, and that the (Dj) equations
for all k& € AN are necessary to linearize the upper level
AjAjyy terms.

Let us assume that a less restrictive version of Condition 2
holds:

Condition 2'. B,,, =0VYm e M, Yn € Ny \ Ax

Condition 2’ implies that none of the lower level variables
connected to the \;A;py, terms (provided by Algorithm 1)
are in the lower level objective with y,, B, 2, terms, except
the lower level variables in the upper level objective (y,, Vn €



Anr). Applying Condition 2’ to (19) gives:

]yn -

Z wjr A e

3'€T;

-2

n' ENL\AN

-

n' ENRNAN

+Yn Z Bm,n’xm,>] 5 v(], n) € A (20)

meM

TL

(Cn’yn’ + ﬁn/gn’ - En/yn/)

(Cn/yn/ + ﬁn’yn’ - Hn/ﬂ"/

Let us also assume that Condition 3 holds:

Condition 4. V;,, =0V’ € 7\ {j}, V(j,n) € A

Condition 4 is equivalent to each y,, for all n € A being in
only one lower level constraint. Condition 4 implies that
e > Viejy = X\ Viky, V(i k) € A
j'ed
Note that Condition 4 requires that Step 1 of the Algorithm
be skipped. The revised algorithm for Conditions 1, 2/, 3, and
4 is shown in Algorithm 3.

(23)

Algorithm 3: Minimum set of equations to linearize
A;jyn under Conditions 1, 2/, 3, and 4

Condition 3. Ay \ {n} C N, Vn € Ay
=N, NAy = Axn \ {n} Vn € Ay

Condition 3 implies that the y,, Vn € Aas variables of
interest are connected to each other via non-zero values of
V. Appendix B provides an example problem, in which the
Yn Vn € A are indexed on time and connected to each other
via another time-indexed variable in each equality constraint
that is restricted to be no more than a certain value across all
time.

Condition 3 allow us to rewrite (20) as

1
jyn:ﬁ ij’)\

J'€T;
— Z (Cn'yn’ T Hp Y _Hn/yn'>
n' €N\ AN
— Z (cn’yn’ + l Yy — Hn’gn’
n'€An\{n}
s an,xm)] Gmed @
meM

Applying (8) to the last summation in (21) gives:

Ajyn = D Wiy
_771 JEeT;
- Z (Cn’yn’ + U Yy — Hn/ﬂn,)
n’ €N \An
- > Ut Y Vi Ay | |5 V(i) € A, (22)
n'€An\{n} i'edg

This step is key to eliminating the bilinear y,, By, ., terms
when AB # (. The next steps are to impose conditions that
allow us to move the last summation in (22) to the left hand
side to get a single sum of terms over the set .A.

Let us assume that Condition 4 holds:

input : The 2D array V; and the integers (j, n) of
non-zero Vj,,.
output: Indices of (F;) and (Dy) necessary to

linearize a Ay, term.

1. Initialize arrays of integers for the rows and
columns:
Ji =i}
cols_to_check = {k € N'\ {n} :
N, = copy(cols_to_check)

Vir # 0}

2. Recursive search to find all connections
foreach & in cols_to_check do
rows, cols = recursive_array_search(V, j, k, {},
h
J; + J; U rows
N, +— N, U cols
end

return 7;, N,

Condition 4 allows us to write (22) as

Z ’U}J/)\ ’

jﬂ ] GJ

n’ €N \An

(@’ m")eA\{(Gn)}
Rearranging (24) gives:

Z Aj’%’71/yn/ - Z wj/>\j/

jyn =

(Cn’yn’ T Y — En/ﬂnr>

(Y Vi Aj) |, Y(Gom) € A, (24)

(4'n)eA J'ed;
- Z (Cn’yn’ +ﬁn’yn/ - Hn/gn/) ) V(_], n) €A
n' NP \An

(25)

Note that since (25) is valid for all (j,n) € A it implies that
N, are equal for all n € Ay and that J; are equal for all
jeAzg.

Lastly, we see that to replace }_; e 4 AjAjnyn With the
last result for > (jm)eA A;Vinyn we must require that the two
sums are equal to a proportionality constant p:



Condition 5. A;, =pVj, ¥(j,n) € A

= Z AjAjnYn =p Z AjVinyn-
(4,n)EA (j,n)€A

(In the Examples of Appendices (A) and (B) p = —1.)
With Condition 5 we can write (25) as:

Z )\jAjnyn =D Z wj/)\j/

(Jn)eA J'€J;
_ Z (cn/yn/ + Ty Uy —En,gn/) Y(j,n) € A.
n' €N \An

(26)

Substituting (26) into (1) and replacing the lower level with
the KKT conditions, under Conditions 1, 2, 3, 4 and 5 the
mixed integer result is

min  f(@,y)+p | Y (wid)
SEASE i€

-

(Cn’y’n’ + ﬁn’yn’ - Hn/yn/)

n' ENR\AN

(272)

st g(z,y) <0, (27b)
c+B'z+V A+p—p=0 (27¢)
y<vy (27d)
y<y (27¢)
Ur+Vy=w 271
ml(y—79) 279
ml(y—y) (27h)

Note that any (j,n) € A can be used in (27a) to define the
sets J; and NV,,.
To summarize all of the conditions under which (27) is
valid:
 Condition 1: Uj,, =0Vj € Jy, Vm e M
— None of the connected constraints contain & terms.
« Condition 2': B, =0 Vm € M, Vn e Ny \ Ay
— None of the connected variables are multiplied with
x in the lower level objective, except the y in the
upper level objective that are multiplied with A.
o Condition 3: Ay \ {n} C N, Vn € Ay
— Each of the y, in the upper level objective are
connected to each other via non-zero values of V.
 Condition 4 V;,, =0Vj' € 7\ {j}, Vi€ As
— Each of the y, in the upper level objective are in
only one lower level equality constraint.
« Condition 5 A;, =pVj, ¥(j,n) € A

— All of the coefficients of the upper level \;y,, terms
are proportional to the corresponding coefficients in
the lower level constraints to the same constant p.

The Examples in Appendices (A) and (B) both meet the
Conditions 1, 2/, 3, 4 and 5. The theme in both problems
is an energy market model with a load balance constraint in
the lower level, bilinear products in the upper level objective
of lower level dispatch variables and the load balance dual
variables, and bilinear products in the lower level objective
of upper level price signal variables and the same lower level
dispatch variables as in the upper level objective.

In Appendix (C) we present a solution time comparison for
the problem in Appendix (B) solved in the linearized form
and the bilinear form. The linear problem solves in less than
four seconds with a tolerance of 0.01%. The bilinear problem
takes 380 seconds to get to a less than 2% gap and never gets
below a 1% gap. See Appendix (C) for more details.

IV. CONCLUSION

This work presents a general method for linearizing bilinear
products of lower level primal and dual variables in the
upper level of bilevel optimization problems. The linearization
method is especially relevant for modeling large scale energy
distribution systems with many stakeholders and is therefore
applicable to a growing number of problems as energy markets
expand and adapt to new regulations such as FERC Order 2222
[9] and the increasing adoption of distributed energy resources
[10]. By publishing this method we hope that more use cases
will be discovered for the linearization technique.

For future work we intend to include the the method in
an open source mathematical programming package such as
BilevelJuMPjl [11], [12]. We also plan on using the technique
to convert large scale bilinear bilevel problems to mixed inte-
ger linear programs for studying compensation mechanisms of
distributed energy resources serving as power system upgrade
deferrals (c.f. [13]). Another future research direction involves
using the optimal price signals from one level to the other as
a transactive control mechanism.

APPENDIX A
SIMPLE ENERGY MARKET EXAMPLE

We present a simple example to demonstrate the lineariza-
tion method. The example is also used to show the impact on
solution times when modeling the original bilinear problem
versus the linearized problem in Appendix C. We start without
a time index for simplicity and then add a time index in
Appendix B to create a larger problem for comparing solution
times. The example with a time index will also allow us to



demonstrate how to handle the case when AB # @.

min xogy + AYe (28a)
st.xg >0, x>0 (28b)
To > T; (280)
T —Yitye=d (284d)
Ye L yi (28e)
Y € argmin ¢;¥y; — TeYe + Cglg (28f)
y
s.t. y>0 (p) (289)
y<y (pn (28h)
—Ye t¥Yityg=w (N (28i)

In (28) the upper level represents a power system operator that
can import positive energy xo from the wholesale market at
the price qo. The net power imported from the wider grid is ;.
The system operator is not compensated for exported power,
or negative values of x;. The operator can also purchase power
from node 1 for the marginal cost of energy A determined by
the load balance at node 1 (28i). The upper level load balance
is given in (28d), where a second node is represented by the
given demand d. The upper level also constrains node 1 from
importing and exporting energy simultaneously (28e).

The lower level represents the decisions at node 1, which
are how to meet the demand w for the least cost. The lower
level can purchase retail energy y; at the cost of ¢; and/or
purchase generation capacity ¥, at cost ¢, to meet the load.
Node 1 can also choose to export excess energy production via
Ye, Which is compensated by x. (chosen by the upper level).

Let y = [Ye, i, Yg]T, thus y. is in the first index of y.
Also note that the lower level has just one equality constraint,
making J = {1}. Using Algorithm 1 for Problem (28)
yields J1 = {1} and N7 = {2,3} (where the indices in N;

correspond with the indices in y = [y., ¥s, yg]T). From (11):
Ae(=Dge = wA = (eqg + Yol + v £ U)oy
= Aye = ngg + ggﬁg + c’iy’i + ylﬁ’b - w)\

Substituting (29) into (28) and replacing the lower level with
the KKT conditions yields the mixed integer-linear problem:

rnmin T0qo + CgYg + Yglg + CilYi + Yl — WA (30a)
st.zg >0, z. >0 (30b)
Ty > T (30c)

i —Yi tye=d (30d)

Ye L yi (30e)

Ye L Moy vi LT yg L1 (30f)

Ye Lo vi Ly yg L (30g)
—YetYityg=w (30h)
—Zet+A+T,—p, =0 (301)
= A+ —p =0 (30)
cg—/\+ﬁg—ﬁg20 (30k)

where the complementary constraints can be modeled as
special order sets or using the “big M” method from [8].

APPENDIX B
ENERGY MARKET EXAMPLE THAT MEETS CONDITIONS 1,
2/, 3, AND 4
Let y é [yE,lv e 7y8,7—7 yi,l» L} yi,Ta yp,la e 7yp,7-7 yQ]T
collect the lower level decision variables, where the second in-
dex represents integer time steps from {1,...,7} = 7. Simi-
larly, let x & [.ro,h ey O Ty Tidse -y Ti Ty Tely--- 7l‘e77'].|-

collect the upper level decision variables. For the time-indexed
problem we add an additional lower level decision ¥, ¢, which
represents how much energy is produced by the generator with
capacity gy, in time step ¢.

min Y (Z0.qo,e + Atye.r) (31a)
teT
S.t. Zo,t Z 0, Le,t Z 0, Vit € T (31b)
To,t > Tits VteT (31c)
Tit — Yit + Ye,r = di, vteT (31d)
Yet L Vi, vte T (31e)
y €argmin Y (Cia¥ir — Tealer) + oYy (31D
4 teT
s.t. y>0 (p) (lg)
y<y (p) (31h)
—Yet +Yir FUpr=wr (N), VEET
(31i)
Ypt < Pheyg (k) vte T
(31))

Problem (31) shows the example with a time index. The major
change from (28) is that when y, > 0 the lower level can
produce energy ¥, based on a given, time-varying production
factor 0 < hy <1 (31j).

Problem (31) has a special structure that allows eliminating
the . +y. + that come from th

First, we convert Problem (31) to standard form by adding
the slack variable y, ; to the inequality (31j), as well as rename
Hht 1O Ap gt

(B1) = yYpt —hyg+yst =0 (Apy), VEET 32)
and append y, ¢ to y:
yé [yE,la"'7ye,T7 Yidly---5 Y, 75 Yp,1s---Yp,T»
yg7 ys,lv cee vys,T]T (33)
The structure of V' € R2T*4T+1 for Problem (31) is:
-1 11 Pl 0
1 1 o
—1 1 1 0 |
L CoTTTTTTTT T VSR
0 Lo S
J 1 e i
(34)

Applying Algorithm 1 to Ajy. 1 yields 71 = {1,...,2T}
and N7 = {2,3,...,4T + 1}. For illustrative purposes let



us set T' = 3, which implies [J; =
{2,3,...,13}. Using (11):

{1,...,6} and N} =

AMV11Ye1 = Zwt)\t - Z (Cit¥ist + T Uig + Fp t¥pt)

teT teT
- ngg - ﬁqu - Z (_me,tyeﬁ, + ﬁe,tyeﬂt) (35)
teT\{1}

where the last sum comes from n’ = 2 and n’ = 3. Note that
the last sum in (35) comes from (8), i.e. equations Ds and Ds
for this problem. However, Dy and Ds introduce undesirable
bilinear terms . ;Y. .. This problem has an (intentionally)
interesting structure: recall that we wish to linearize the sum
>~ AtYe,t Therefore, allow us to use the opposite sides of D,

teT
and D3, which makes (35):

AMViYe1 = Zwt/\t
teT

- Z (Cz‘,tyi,t Tl 1 Yi st HetYer T ﬁp,typ,t)
teT

— gy — gy — Y MVitYer (36)
teT\{1}

Now, if we look at the other equations from Algorithm 1 we
can see why it is advantageous to leave the A\¢ Vi y. ¢ terms.

Applying Algorithm 1 to Agye 2 yields Jo = {1,...,6} and
No ={1,3,4,...,13}. Using (11):

AVagye 2 = D _wiks
teT

— Z (ciseyin + P tYip + e tYer + ﬁp,typ,t)
teT

—Colg — Fgly — D MViater. (37)
teT\{2}

Similarly, Applying Algorithm 1 to Asy. 3 yields J3 =
{1,...,6} and N3 = {1,2,4,5,...,13}. Using (11):

AsVisyes = D _wiks
teT

= (Cintin + FagTi s + Fie e + FiptTpot)
teT

— Clg — Figly — Y AMVialer. (38)
teT\{3}

Adding the last three results while moving the V' terms to the

right hand side gives:

Z)\tye,t = %Ztht + éZw,‘)\t + %Zwt)\t

teT teT teT teT
1 _ _ _
— Viz (Ci,tyi,t + i tYit + HetYe t + umyp,t)
1 teT
1 _ _ _
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22 teT
1 o o _
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3BieT
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V33 ngg ,ugyg
1 1
- — A Vi - — At Vi
Vit Z tVitYe,t Vaa Z tVitYe,t
teT\{1} teT\{2}
1
——— > AViles (39
V33
teT\{3}
Now, if we substitute in V;; = —1 V¢t € T and rearrange we
get:
TZAtye,t = _Tzwt/\t
teT teT
+ TZ (Ci,tyi,t + Wit Yip + e tYer T ﬁp,typvt)

teT
+ T (cqyq + ﬁgyg) . (40)

Finally, we can cancel 1" throughout the last result to get:

> Alerr = cqyg + 1,7,
teT

+ Y (Cialin + FagTig + T iTes + T iTps — Wiks) -
teT
41

Similar to the result (30), the time-indexed problem with



linearized bilinear terms is:

S (@060, + Cottine + s Fis g + FeiTort + Ty T

min te7T
X —_ —
—wiAt) + Cqyg + Yyl

(42a)

stmos >0, 2oy >0, VEET (42b)
ot > Tig, Vte T (42¢)
Tit — Yit + Yer = di,, vteT (424d)
Yet L Yits vieT (42e)
Yet L Peys Yit LT 4s Ypt L T4 Vte T (420)
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teT
APPENDIX C

SOLUTION TIME COMPARISON

Using Problem (42) we compare solution times with and
without the upper level bilinear terms A;y.. replaced with
the linearization derived in Section III and shown in (42a).
Both the mixed integer-linear and the mixed integer-bilinear
problems were solved using Gurobi 9.1 on a Macbook Pro
with 8GB of RAM and 8 Apple M1 cores using special order
sets of type I (SOS1) for the complementary constraints.

An hourly time step was chosen and one year is modeled,
making 7 = 8, 760. The model parameters are ¢, = 0.5, ¢;; =
lLbwe =1,d; = 1,904 =1, Vt € T, and h; was set equal to
a normalized solar PV production factor from [14].

Both the linearized and bilinear problems have 43,801 SOS1
constraints and 157,682 continuous variables. After 4 seconds
in the presolve the linear problem has 4,119 SOS1 constraints,
17,861 continuous variables, and 998 binary variables. The
linear problem solves in less than four seconds with a tolerance
of 0.01%. After 0.5 seconds in the presolve the bilinear
problem has 8,753 SOS constraints, 4,250 bilinear constraints,
and 32,254 continuous variables. The bilinear model takes 380
seconds to get to a less than 2% gap and then gets stuck at
a 1.55% gap after 459 seconds until Gurobi kills the problem
at 5,600 seconds due to running out of RAM.
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