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Abstract. In this paper, we compute the tightest possible bounds on the probability that the5
optimal value of a combinatorial optimization problem in maximization form with a random objective6
exceeds a given number, assuming only knowledge of the marginal distributions of the objective7
coefficient vector. The bounds are “extremal” since they are valid across all joint distributions8
with the given marginals. We analyze the complexity of computing the bounds assuming discrete9
marginals and identify instances when the bounds are computable in polynomial time. For compact10
0/1 V-polytopes, we show that the tightest upper bound is weakly NP-hard to compute by providing11
a pseudopolynomial time algorithm. On the other hand, the tightest lower bound is shown to be12
strongly NP-hard to compute for compact 0/1 V-polytopes by restricting attention to Bernoulli13
random variables. For compact 0/1 H-polytopes, for the special case of PERT networks arising14
in project management, we show that the tightest upper bound is weakly NP-hard to compute by15
providing a pseudopolynomial time algorithm. The results in the paper complement existing results16
in the literature for computing the probability with independent random variables.17
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1. Introduction. In this paper, we are interested in the random combinatorial20

optimization problem of the form:2122

(1.1)
Z(c̃) = max c̃′x

s.t. x ∈ X ⊆ {0, 1}n,23

where c̃ = (c̃1, . . . , c̃n) is an n-dimensional random vector and X is a subset of the24

set {0, 1}n. Our main goal is to compute bounds on the probability that the random25

optimal value Z(c̃) is greater than or equal to a fixed number r when the marginal26

distributions of the random variables c̃i for i ∈ [n] are specified. Throughout the27

paper, given a nonnegative integer n, we let [n] denote the set {1, . . . , n} and given28

integers n1 ≤ n2, we let [n1, n2] denote the set {n1, . . . , n2}. We assume each random29

variable c̃i is discrete with marginal probabilities specified as P(c̃i = cik) = pik for30

k ∈ [0,K] and support given by Ci = {ci0, . . . , ciK} where the values are ordered as31

ci0 < . . . < ciK . The marginal probabilities satisfy
∑
k pik = 1 for all i ∈ [n] and32

pik ≥ 0 for all i ∈ [n] and k ∈ [0,K]. Let Θ denote the set of all joint distributions33

on c̃ consistent with the marginal distributions:3435

Θ =

{
θ ∈ P(

n∏
i=1

Ci) : Pθ(c̃i = cik) = pik, for i ∈ [n], k ∈ [0,K]

}
,36

37
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2 D. PADMANABHAN, S. D. AHIPASAOGLU, A. RAMACHANDRA AND K. NATARAJAN

where P(
∏n
i=1 Ci) is the set of all joint distributions supported on the set C1 × . . . ×38

Cn. Given a fixed value r, we are interested in computing the following extremal39

probability bounds:4041

(Upper bound) U(r) = max
θ∈Θ

Pθ(Z(c̃) ≥ r),42

(Lower bound) L(r) = min
θ∈Θ

Pθ(Z(c̃) ≥ r).43
44

A related probability of interest to compute is when the random combinatorial opti-45

mization problem has mutually independent random variables in the objective coeffi-46

cient vector. Specifically, let θind be the joint distribution:4748

Pθind(c̃1 = c1k1 , . . . , c̃n = cnkn) = p1k1 × . . .× pnkn , for k1 ∈ [0,K], . . . , kn ∈ [0,K],4950

where θind ∈ Θ. The probability for the independent distribution is given as:5152

(Independence) I(r) = Pθind(Z(c̃) ≥ r),5354

where U(r) ≥ I(r) ≥ L(r). We discuss the complexity of computing U(r), L(r) and55

I(r) in this paper.56

1.1. Applications. Our interest in studying these probability bounds are mo-57

tivated from the applications discussed next.58

(a) In simple settings, the extremal probability bounds discussed in this paper59

reduce to well known probability bounds. For example, consider computing an upper60

bound on the probability of occurrence of at least one of the n events E1, . . . , En. If61

only the probabilities of occurrence of each individual event is known, Boole’s union62

bound given by min(
∑
i P(Ei), 1) is tight. This bound arises as a special case of the63

framework above, by defining the Bernoulli random variables as c̃i = 1 if Ei occurs64

and c̃i = 0 otherwise, setting Z(c̃) =
∑
i c̃i and r = 1. Bounds on the sum of random65

variables when only the marginal distributions are given has been extensively studied66

in the risk, insurance and finance settings; see Chapter 4 in [38].67

(b) In the context of Program Evaluation and Review Technique (PERT) net-68

works, the distribution of the completion time of a project needs to be estimated69

where the project is composed of several activities with random activity times [13].70

Planning decisions are made taking into account the distribution of the project com-71

pletion time. In this setting, Z(c̃) is the optimal value of a longest path problem on72

a directed acyclic graph where the arc length vector c̃ denotes the random activity73

duration vector. The probability of the completion time exceeding a deadline r is a74

relevant measure of the performance of the project (higher the probability, worse the75

performance). Much of the literature has looked at computing this probability under76

the assumption of independence or limited dependence among the activity durations77

[15, 12, 19, 4, 30]. However in PERT networks, there is evidence of significant depen-78

dence occurring among the activity durations when the resources are shared across79

activities or when adverse events affect all activities [35]. This motivates the interest80

in the computation of extremal probability bounds.81

(c) In the context of reliability, the probability of a system being functional is82

characterized in terms of the probabilities of the subcomponents being operational.83

Extremal probability bounds then provide an estimate of the robustness of the system84

to dependence among the subcomponents; see the book of [26]. For example, the s-t85

reliability measure (probability that there exists at least one operational path from86

node s to node t in a graph) is computed by assuming each edge (i, j) on the graph is87

associated with a Bernoulli random variable c̃ij where c̃ij = 1 if the arc is operational88

and 0 if it fails and formulating Z(c̃) as a minimum s-t cut problem with r = 1.89
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EXTREMAL PROBABILITY BOUNDS 3

1.2. Existing Results and Contributions of This Paper. Evaluating Z(c)90

is already NP-hard for the class of deterministic combinatorial optimization problems.91

In this paper we focus on combinatorial optimization problems where the convex92

hull of the feasible region has a compact representation and Z(c) is computable in93

polynomial time. Two representations we consider are described next:94

(a) V-polytope: The convex hull of the set X ⊆ {0, 1}n, denoted by conv(X ), is95

given by a convex combination of a set of P points:9697

(1.2)

conv(X ) = conv{x1, . . . ,xP },

=

{
P∑
j=1

λjx
j :

P∑
j=1

λj = 1, λj ≥ 0, for j ∈ [P ]

}
,

98

where x1, . . . ,xP ∈ {0, 1}n. In this representation, P is typically exponential in n
and so (1.2) is only useful when P is allowed to be part of the input size specification.
The size of the input instance for computing U(r) or L(r) in this case is given by:

Size of input = O(max(K,P )nmax(log2 U1, log2 U2)),

where K + 1 is an upper bound on the size of any marginal support, n is the number99

of random variables, P is the number of extreme points in the V-polytope, U1 and100

U2 are the maximum numerical values among the integers in the ratio representation101

of the rational numbers pik and cik across all i and k. The logarithmic dependence102

of the input size on the magnitude of the input probabilities and the support points103

arises since O(log2 U) binary digits are needed to represent a positive integer U .104

For P = 1 and x = 1n (the vector of all ones), we get Z(c̃) =
∑
i c̃i. Even for the sum105

of random variables, computing U(r) and L(r) have been shown to be NP-hard for106

two point marginal distributions [25] using a reduction from the partition problem.107

Computing I(r) with two point marginal distributions has also shown to be #P-hard108

[22] using a reduction from the problem of counting the number of feasible solutions109

to a 0-1 knapsack problem. In special cases, the bounds are efficiently computable.110

These include the sum of n = 2 random variables [28, 39] where simple formulas111

exist for arbitrary distributions and for the sum of n random variables with K = 1112

(Bernoulli random variables) [37]. Many other bounds, not necessarily tight have also113

been proposed in the literature (see Chapter 4 in [38] for several such bounds).114

We add to this stream of results by showing that for compact 0/1 V-polytopes, the115

upper bound U(r) is in fact weakly NP-hard to compute by providing a pseudopoly-116

nomial time algorithm. Specifically, we show that when the random variables take117

values cik = k for k ∈ [0,K], it is possible to compute U(r) by solving a linear program118

that is of polynomial size in K, n, P and log2(U1). The key aspect of this result is119

that dependence on the parameter U2 is overcome. Furthermore for Bernoulli random120

variables, we provide further reduction in the polynomial size of the linear program121

for computing U(r). On the other hand, we show the lower bound L(r) is strongly122

NP-hard to compute. Specifically, we show that it is not possible to compute L(r) in123

polynomial time in the input size even when the random variables are Bernoulli, un-124

less P = NP. We also provide a #P-hardness result for independent Bernoulli random125

variables in this representation.126

(b) H-polytope: The convex hull of the set X ⊆ {0, 1}n is given by:127128

(1.3) conv(X ) = {x : Ax ≤ b},129

where the matrix A is of sizem×n and b is a vector of lengthm. In this representation,130
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the size of the input instance for computing U(r) or L(r) is given by:131

O(max(K,m)nmax(log2 U1, log2 U2, log2 U3)),132

where in addition to the other parameters, U3 is the maximum numerical value among133

the integers in the ratio representation of the rational numbers in the matrix A and134

vector b. An example of a combinatorial optimization problem with a compact 0/1135

H-polytope representation is a PERT network where computing Z(c) is possible in136

polynomial time. In PERT networks, the extreme points are characterized by the s-t137

paths in the network which can be exponentially large. The V-polytope representation138

is not useful in this setting. However Z(c) can be computed efficiently using a linear139

program which grows polynomially in the size of the network characterized by the140

number of nodes and edges in the graph, rather than the number of paths in the graph.141

Computing I(r) is however known to be NP-hard for PERT networks even when the142

activity durations are Bernoulli random variables [19]. For certain classes of reliability143

problems, polynomial time computable bounds U(r) and L(r) have been proposed144

in the literature [48, 45]. However these formulations make use of the equivalence of145

separation and optimization [17] to prove polynomial time complexity bounds without146

providing compact formulations that are easy to implement in practice.147

We add to the stream of results in H-polytopes by showing that that for PERT148

networks a polynomial sized linear program (LP) can be used to compute the tightest149

upper bound U(r) when the activity durations are restricted to take values in [0,K].150

In turn, this shows that for PERT networks, the upper bound U(r) is weakly NP-151

hard. This provides the maximum (worst case) probability of the random project152

completion time exceeding a given deadline.153

A related area of research is distributionally robust chance constraints [47, 21]154

wherein the constraints of an optimization problem are required to be satisfied with155

high probability. The difference of this line of research from our work is that we156

instead focus on computing the tail probabilities of the objective value of an uncertain157

optimization problem.158

The structure of the paper is as follows. In Section 2 and Section 3 respectively, we159

provide results for the V-polytope and the H-polytope. Numerical results provided in160

Section 4 compare various probability bounds in random walks and PERT networks.161

We also show applications in models exhibiting limited dependence.162

2. Bounds for the V-Polytope.163

2.1. Upper Bound. We begin by developing a pseudopolynomial time algo-164

rithm for computing U(r) for 0/1 V-polytopes. The bound is computed using a linear165

program. For the analysis, we assume that the support of each random variable c̃i166

is contained in Ci = [0,K]. Under this restriction on support, we are looking for167

algorithms with running time polynomial in K, n, P and log2(U1) thereby dropping168

the explicit dependence on the size of the input required to represent the marginal169

support values cik. The support of the random vector is contained in [0,K]n which is170

of size O(Kn). Let us first write an exponential sized LP to compute U(r) (see [20]):171172

U(r) = max
∑

c∈[0,K]n

θ(c)1{Z(c)≥r}

s.t.
∑

c∈[0,K]n

θ(c) = 1,∑
c∈[0,K]n:ci=k

θ(c) = pik, for i ∈ [n], k ∈ [0,K],

θ(c) ≥ 0, for c ∈ [0,K]n,

173

174
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EXTREMAL PROBABILITY BOUNDS 5

where 1{Z(c)≥r} = 1 if Z(c) ≥ r and 0 otherwise and the decision variables are the175

joint probabilities θ(c) = P(c̃ = c) for c ∈ [0,K]n. The primal linear program has176

a polynomial number of constraints but an exponential number of variables. From177

strong duality, U(r) is the optimal value of the corresponding dual linear program,178179

U(r) = min λ+

n∑
i=1

K∑
k=0

αikpik180

s.t. λ+

n∑
i=1

K∑
k=0

αik1{ci=k} ≥ 1, for Z(c) ≥ r, c ∈ [0,K]n,(2.1)181

λ+

n∑
i=1

K∑
k=0

αik1{ci=k} ≥ 0, for c ∈ [0,K]n,(2.2)182

183

where the decision variables are λ and αik for i ∈ [n] and k ∈ [0,K]. The dual184

linear program has a polynomial number of variables but an exponential number185

of constraints. By the equivalence of separation and optimization [17], a polynomial186

time algorithm to solve the underlying separation problem for the dual linear program187

implies the existence of a polynomial time algorithm to compute U(r). We now show188

that the separation problems corresponding to the constraints (2.1) and (2.2) can189

be solved efficiently and develop a compact linear program to compute U(r). We190

highlight that the approach detailed next, gives the tightest possible upper bound191

given any input marginal distributions.192

Theorem 2.1. Let X = {x1, . . . ,xP } ⊆ {0, 1}n. Given the marginal distributions193

of the random vector c̃ as P(c̃i = k) = pik for k ∈ [0,K] and i ∈ [n], the tightest upper194

bound is computable by solving the linear program:195196

U(r) = max
∑
x∈X

ax

s.t.
∑
x∈X

ax + b = 1,

hik +
∑
x∈X

[
nK∑
l=k

δiklxxi +

nK∑
l=0

δiklx(1− xi)

]
= pik, for i ∈ [1, n], k ∈ [0,K],∑

k∈[0,K]

hik = b, for i ∈ [1, n],∑
l∈[r,nK]

τlx = ax, for x ∈ X ,

τlx =
∑

k∈[0,K]

δnklx(1− xn) +

min(l,K)∑
k=0

δnklxxn for l ∈ [r, nK], for x ∈ X ,

min(K,l)∑
k=0

δiklxxi +

K∑
k=0

δiklx(1− xi) =

M∑
k=0

δi+1,k,l+k,xxi+1 +

min(K,l)∑
k=0

δi+1,k,l,x(1− xi+1)

for i ∈ [2, n], for l ∈ [0, nK], for x ∈ X ,

δ1,l,l,xxi =

M∑
k=0

δ2,k,l+k,xx2 +

K∑
k=0

δ2,k,l,x(1− x2) for l ∈ [1,K], for x ∈ X ,

∑
k∈[0,K]

δ1,k,0,x(1− x1) + δ1,0,0,xx1 =
K∑
k=0

δ2,k,k,xx2 +

K∑
k=0

δ2,k,0,x(1− x2) for x ∈ X ,

δnklx = 0 for k ∈ [0,K], for l ∈ [0, r − 1], for x ∈ X ,
δ1,k,l,x = 0 for k ∈ [0,K], for l ∈ [1, nK], for x ∈ X with x1 = 0,
δ1,k,l,x = 0 for k ∈ [0,K], for l ∈ [0, nK] \ k, for x ∈ X with x1 = 1,
δ,h,a, b, τ ≥ 0.

197

198
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where M = min(nK − l,K). Specifically the linear program is solvable in time poly-199

nomial in K, n, P and log2(U1).200

Proof. We derive the LP by reformulating constraints (2.1) and (2.2).201

Step (1): Reformulating constraints (2.1): We can rewrite constraint (2.1) as: λ +202

W (α) ≥ 1, where W (α) is the optimal value of the following 0-1 integer program,203

W (α) = min

n∑
i=1

K∑
k=0

αikyik

s.t. max
x∈X

n∑
i=1

(
K∑
k=0

kyik

)
xi ≥ r,

K∑
k=0

yik = 1, for i ∈ [n], yik ∈ {0, 1}, for i ∈ [n], k ∈ [0,K].

204

205

This is obtained by defining the binary variable yik as 1{ci=k}. Towards further206

simplification, for any x ∈ X , α ∈ Rn×(K+1) and r ∈ [0, nK], define G(α,x) as the207

optimal value of the following 0-1 integer program:208209

G(α,x) = min

n∑
i=1

K∑
k=0

αikyik

s.t.

n∑
i=1

(
K∑
k=0

kyik

)
xi ≥ r,

K∑
k=0

yik = 1, for i ∈ [n],

yik ∈ {0, 1}, for i ∈ [n], k ∈ [0,K].

210

211

Then we have that λ+W (α) ≥ 1 ⇐⇒ λ+G(α,x) ≥ 1 for x ∈ X . We next propose a212

dynamic programming reformulation to compute G(α,x). The dynamic programming213

solution further aids in developing our linear program. Let fi,l,x denote the optimal214

value of the subproblem making optimal assignments for the variables yjk for j ∈ [i]:215216

fi,l,x = min

i∑
j=1

K∑
k=0

αjkyjk

s.t.

i∑
j=1

(
K∑
k=0

kyjk

)
xj = l,

K∑
k=0

yjk = 1, for j ∈ [i], yjk ∈ {0, 1}, for j ∈ [i], k ∈ [0,K].

217

218

Thus fi,l,x denotes the optimal value of the objective when every random variable219

cj , j ∈ [1, n] must be assigned a value from [0,K] and the partial sum
∑i
j=1 cjxj = l.220

However there is a cost αjk for assigning cj = k. Also variable j contributes to the221

partial sum only if j ≤ i and xj = 1. The objective is to minimize the cost of the222

overall assignment to all random variables.223

For the base case of the DP, we must have f1,k,x = α1,k for k ∈ [0,K] pro-224

vided x1 = 1, since
∑1
j=1 cjxj = k only if x1 = 1. Wheareas if x1 = 0, f1,0,x =225

mink∈[0,K] α1,k as
∑1
j=1 cjxj = 0 always. For i > 1, if xi = 1, then fi,l,x will take226

the smallest possible value of fi−1,l−k,x + αik out of all possible values of k ∈ [0,K],227

and yik = 1 for the corresponding k. Whereas if xi = 0, fi,l,x will take the smallest228

possible value of fi−1,l,x + αik. So we have:229230

fi,l,x = min
k∈[0,K]

(fi−1,l,x + αik)(1− xi) + min
k∈[0,K]

(fi−1,l−k,x + αik)xi.231
232
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EXTREMAL PROBABILITY BOUNDS 7

Finally, the optimal objective is minr≤l≤nK fn,l,x. Putting together the dynamic233

programming recursion gives us the following linear program:234235

G(α,x) = max tx
s.t. fn,l,x − tx ≥ 0 for l ∈ [r, nK],

fi−1,l−k,x + αik − fi,l,x ≥ 0, for i ∈ [2, n], l ∈ [0, nK],
k ∈ [0,min(l,K)], for x ∈ X with xi = 1

fi−1,l,x + αik − fi,l,x ≥ 0, for i ∈ [2, n], l ∈ [0, nK],
k ∈ [0,K], for x ∈ X with xi = 0,

−f1,k,x + α1,k = 0 for k ∈ [0,K] for x ∈ X with x1 = 1,
−f1,0,x + α1,k ≥ 0 for k ∈ [0,K] for x ∈ X with x1 = 0.

(2.3)236

237

Forcing λ+G(α,x) to be greater than 1, provides the following equivalent reformu-238

lation of the constraint (2.1):239240

λ+ tx ≥ 1
fn,l,x − tx ≥ 0 for l ∈ [r, nK],
fi−1,l−k,x + αik − fi,l,x ≥ 0, for i ∈ [2, n], l ∈ [0, nK],

k ∈ [0,min(l,K)], for x ∈ X with xi = 1
fi−1,l,x + αik − fi,l,x ≥ 0, for i ∈ [2, n], l ∈ [0, nK],

k ∈ [0,K], for x ∈ X with xi = 0,
−f1,k,x + α1,k = 0 for k ∈ [0,K] for x ∈ X with x1 = 1,
−f1,0,x + α1,k ≥ 0 for k ∈ [0,K], for x ∈ X with x1 = 0.

241

242

Step (2): Reformulating constraints (2.2): Enforcing (2.2) boils down to ensuring,243244

λ+ min

{
n∑
i=1

K∑
k=0

αikyik :

K∑
k=0

yik = 1, for i ∈ [n], yik ∈ {0, 1}, for i ∈ [n], k ∈ [0,K]

}
≥ 0.245

246

It is easy to see that the optimal value of the optimization problem is attained by yik =247

1 for k = argmink∈[0,K] αik for all i ∈ [n]. Thus the constraint can be reformulated248

as, λ + max{
∑n
i=1 vi : αik − vi ≥ 0, for i ∈ [1, n], k ∈ [0,K]} ≥ 0. Then integrating249

all the constraints together gives us the following linear program:250251

min λ+

n∑
i=1

K∑
k=0

αikpik

s.t. λ+ tx ≥ 1,
fn,l,x − tx ≥ 0 for l ∈ [r, nK],
fi−1,l−k,x + αik − fi,l,x ≥ 0, for i ∈ [2, n], l ∈ [0, nK],

k ∈ [0,min(l,K)], for x ∈ X with xi = 1
fi−1,l,x + αik − fi,l,x ≥ 0, for i ∈ [2, n], l ∈ [0, nK],

k ∈ [0,K], for x ∈ X with xi = 0,
−f1,k,x + α1,k = 0 for k ∈ [0,K] for x ∈ X with x1 = 1,
−f1,0,x + α1,k ≥ 0 for k ∈ [0,K], for x ∈ X with x1 = 0,

λ+

n∑
i=1

vi ≥ 0,

αik − vi ≥ 0, for i ∈ [1, n], k ∈ [0,K].

252

253

The dual of this LP is the tight reformulation in the theorem. The LP has a total of254

O(n2K2P ) variables and O(n2K2P ) constraints. The maximum value from the input255

univariate distributions pik requires log2(U1) bits for representation. Hence the linear256

program is solvable in time polynomial in n, K, P and log2(U1).257

When P is polynomial in n, this is a polynomial sized linear program in compari-258

son to the original primal linear program which has O(Kn) variables. All the variables259
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8 D. PADMANABHAN, S. D. AHIPASAOGLU, A. RAMACHANDRA AND K. NATARAJAN

in the linear program can be interpreted as probabilities of appropriate events. Let260

θ∗ be a distribution that attains the objective U(r). Then, for example, ax can in-261

tuitively be thought of as the probability Pθ∗(Z(c̃) ≥ r,x ∈ argmaxx̄∈X c̃′x̄), δiklx262

may be interpreted as Pθ∗(Z(c̃) ≥ r,x ∈ argmaxx̄∈X c̃′x̄, c̃i = k,
∑i
j=1 c̃jxj = l),263

hik = Pθ∗(Z(c̃) < r, c̃i = k). The constraints on δ then capture the fact that if264 ∑i
j=1 c̃jxj = l then

∑i+1
j=1 c̃jxj = l + k′ if c̃i+1 = k′ and xi+1 = 1. However if265

xi+1 = 0, then the partial sum is preserved upto i+ 1 so that
∑i+1
j=1 c̃jxj = l.266

Corollary 2.2. Suppose a∗, b∗, δ∗,h∗, τ ∗ denote an optimal solution to the LP267

in Theorem 2.1. A distribution that meets the value U(r) can be constructed as follows:268

1. Generate a Bernoulli random variable z̃ = 1 with probability
∑

x∈X a
∗
x.269

2. If z̃ = 1,270

(a) Generate x ∈ X with probability a∗x/
∑

x∈X a
∗
x.271

(b) If x1 = 0, generate c̃1 = k with probability δ1,k,0,x/
∑
k′ δ1,k′,0,x272

If x1 = 1, generate c̃1 = k with probability δ1,k,k,x/
∑
k′ δ1,k′,k′,x273

(c) Set l = c̃1x1274

(d) For i ∈ [2, n]:275

i. If xi = 0, generate c̃i = k with probability δi,k,l,x/
∑
k′ δi,k′,l,x,276

If xi = 1, generate c̃i = k with probability δi,k,l+k,x/
∑
k′ δi,k′,l+k′,x,277

ii. l = l + c̃ixi278

3. If z̃ = 0, for i ∈ [n], generate c̃i = k with probability h∗ik/b
∗.279

A proof sketch is provided in Appendix A. We will provide some insights on the280

extremal distribution constructed with an example PERT network.281

s

1 2 t

3 4 5

6 7 8 9 10 11

12

13
e1

e2 e3

e4 e5 e6
e7

e8

e9

e10 e11 e12

e13

e14

e15

e16

Fig. 1: An example network

Path Edges Len
1 (s,1), (1,2), (2,t) 3
2 (s,3), (3,4), (4,5),

(5,t)
4

3 (s,6), (i, i + 1)∀i ∈
[6, 12], (13,t)

9

Table 1: Paths in Example 2

282

We consider the network in Figure 1 with the s-t paths described in Table 1 and283

use K = 2. The network has 15 vertices and 16 edges. Each s-t path corresponds284

to an extreme point x ∈ X . All marginal distributions are identical with pek =285

1/3 for all e ∈ E, k ∈ [0, 2]. For achieving a value of Z(c̃) > 8, path 3 is critical. This286

is captured by the variables in our formulation wherein a1 = a2 = 0 and all possible287

mass gets concentrated on a3 whenever r > 8. In particular for r = 18, the maximum288

value of P(Z(c̃) ≥ 18) = 1/3 and for all edges e in path 3, δe,0,18,x and δe,1,18,x turn out289

to be zero. Our variables δe,k,l,x = P(c̃e = k,
∑
j≤e cjxj = l, x̃ = x). Indeed, if path 3290

must have a total length of 18, then none of the edges in the path can be allowed to291

have a length of 0 or 1. Thus all edges in path 3 end up with mass concentrated on a292

support of 2 so that δ16,2,18,x = P(
∑
i c̃ixi = 18, c̃16 = 2, x̃ = Path 3) = 1/3 and is as293

large as it can get. Similarly in this context we note that the hek = P(c̃e = k, Z(c̃) < r)294

variables are such that no edge in path 3 is allowed to take a length of 2. In particular295

he0 = he1 = 1/3 and he2 = 0 for all edges in path 3. This makes intuitive sense as296

such an assignment prevents Z(c̃) = 18 and h variables capture the probabilities of297

assignments if the total length from all s-t paths is less than 18.298

Further structural insights on the extremal distribution are not obvious to deduce299

as the extremal distribution varies greatly with r. For example, in the case of sums of300
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random variables, where X = {1n}, if r = n, it is known that the comonotonic distri-301

bution is an extremal distribution whereas if r = 1 the counter-monotone distribution302

serves as an extremal distribution [38].303

2.1.1. Reduced Formulations for Bernoulli Random Variables. In the304

scenario where the random variables take support in {0, 1}, we show that the size305

of the linear program in Theorem 2.1 can be reduced by employing an alternative306

approach to tackle the separation problem: min {
∑n
i=1 αici : Z(c) ≥ r, c ∈ {0, 1}n} .307

Theorem 2.3. Let X = {x1, . . . ,xP } ⊆ {0, 1}n. Given the marginal distributions308

of the Bernoulli random vector c̃ as P(c̃i = 1) = 1 − P(c̃i = 0) = pi for i ∈ [n], the309

tightest upper bound is computable by solving the linear program:310311

U(r) = max
∑
x∈X

ax

s.t
∑
x∈X

ax + b = 1,

hi +
∑
x∈X

gi,x = pi, for i ∈ [n],

hi ≤ b, for i ∈ [n],
gi,x ≤ ax, for i ∈ [n],x ∈ X ,
rax −

∑
i:xi=1

gi,x ≤ 0, for x ∈ X ,

a ≥ 0, b ≥ 0,g ≥ 0,h ≥ 0.

312

313

In particular U(r) can be computed in time polynomial in n, P and log(U1).314

Proof. Constraint (2.2) in the exponential sized dual linear program for Bernoulli315

random variables can be rewritten as follows:316317

λ+ min

{
n∑
i=1

αici : ci ∈ {0, 1}n
}
≥ 0

⇐⇒ λ+ min

{
n∑
i=1

αici : 0 ≤ ci ≤ 1, for i ∈ [n]

}
≥ 0

⇐⇒ λ+

n∑
i=1

−ηi ≥ 0, αi + ηi ≥ 0, for i ∈ [n],η ≥ 0,

318

319

where the first equivalence follows from the 0/1 extreme points of the unit hypercube320

and the second equivalence is from LP duality. Constraint (2.1) can be rewritten as321

follows,322323

min

{
n∑
i=1

αici : max
x∈X

c>x ≥ r, c ∈ {0, 1}n
}
≥ 1− λ

⇐⇒ min

{
n∑
i=1

αici : c>x ≥ r, 0 ≤ ci ≤ 1, for i ∈ [n]

}
≥ 1− λ, for x ∈ X ,

324

325

where the equivalence holds by disaggregating the constraints and using the observa-326

tion that for each x ∈ X ⊆ {0, 1}n, the constraint c>x ≥ r has a totally unimodular327

structure. Note that while this totally unimodular structure arises with binary sup-328

port, it breaks down for more general discrete support. Further dualizing the linear329

program for each x ∈ X and enforcing the constraints gives the equivalent formulation:330331

λ+ r∆x −
n∑
i=1

γi,x ≥ 1, for x ∈ X , αi −∆xxi + γi,x ≥ 0, for i ∈ [n],x ∈ X ,

∆x ≥ 0, for x ∈ X , γi,x ≥ 0 for i ∈ [n],x ∈ X .
332

333
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Putting the reformulations together in place of the dual constraints (2.2) and (2.1) in334

the exponential sized dual linear program gives:335336

min λ+

n∑
i=1

αipi

s.t. λ+

n∑
i=1

−ηi ≥ 0, αi + ηi ≥ 0, for i ∈ [n],

λ+ r∆x −
n∑
i=1

γi,x ≥ 1, for x ∈ X ,

αi −∆xxi + γi,x ≥ 0, for i ∈ [n],x ∈ X ,
∆x ≥ 0, for x ∈ X , γi,x ≥ 0, for i ∈ [n],x ∈ X , ηi ≥ 0, for i ∈ [n].

337

338

The formulation in the theorem is the dual of the above LP with O(nP ) variables and339

O(nP ) constraints. Hence its time complexity is polynomial in n, P and log(U1).340

While the above LP has O(nP ) variables and O(nP ) constraints, in comparison, the341

linear program in Theorem 2.1 applied to Bernoulli random variables has O(n2P )342

variables and O(n2P ) constraints.343

Next we describe the construction of the extremal distribution using the optimal344

solution of the linear program in Theorem 2.3. We first observe that the following345

interpretation for the variables as probabilities ensure that all the constraints in the346

LP are satisfied: ax = P(
∑n
i=1 c̃ixi ≥ r), b = P(Z(c̃) < r), gi,x = P(

∑n
i=1 c̃ixi ≥347

r, c̃i = 1), hi = P(Z(c) < r, c̃i = 1). Let gx = [g1,x, . . . , gn,x] and suppose Cx,r =348

{c ∈ {0, 1}n :
∑n
i=1 cixi ≥ r} and C̄r = {c ∈ {0, 1}n : Z(c) < r}. All components of349

the vector gx/ax lie in the interval [0, 1] and also we have
∑
i gi,xxi ≥ rax. Therefore350

the vector gx/ax can be expressed as convex combination of the extreme points of351

the set {c ∈ {0, 1}n :
∑n
i=1 cixi ≥ r}. Thus the following representations exist:352

• For all x ∈ X ,gx/ax =
∑

c∈Cx,r λc,xc with
∑

c∈Cx,r λc,xc = 1 .353

• h/b =
∑

c∈C̄r γcc with
∑

c∈C̄r γcc = 1.354

We now construct a distribution that meets the objective U(r) in Theorem 2.3.355

Corollary 2.4. Given an optimal solution of the linear program denoted by356

a∗, b, g∗,h∗, an extremal distribution is constructed using the following mixture dis-357

tribution:358

1. Generate a Bernoulli random variable z̃ = 1 with probability
∑

x∈X a
∗
x.359

2. If z̃ = 1,360

(a) Generate x ∈ X with probability a∗x/
∑

x∈X a
∗
x.361

(b) Generate c ∈ Cx,r with probability λc,r.362

3. If z̃ = 0, for i ∈ [n], generate c ∈ C̄r with probability γc.363

We now consider an application of our techniques to the sum of random variables.364

2.2. Application to the Sum of Random Variables. The computation of365

probability bounds for the sum of dependent random variables has received much366

attention in the literature. In particular, there have been many upper and lower367

bounds developed with general marginal distributions (discrete or continuous) in the368

works of [39, 14, 34, 44, 43, 7] and the references therein. These bounds are typically369

generated by choosing appropriate dual feasible solutions and are guaranteed to be370

tight in special cases [38]. Given the hardness results for computing these bounds, it is371

of interest to find instances where the tight bounds are polynomial time computable.372

We now discuss the application of Theorem 2.1 to computing bounds for sums of373

dependent random variables with discrete marginal distributions. Let S(r,K) denote374
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the following probability bound:375376

S(r,K) = max

{
Pθ

(
n∑
i=1

c̃i ≥ r

)
: Pθ(c̃i = k) = pik, for k ∈ [K], i ∈ [n], θ ∈ P([0,K]n)

}
.377

378

For Bernoulli random variables withK = 1 where pi0 = 1−pi and pi1 = pi, the tightest379

upper bound for r = 1 is given by Boole’s union bound: S(1, 1) = min(
∑n
i=1 pi, 1).380

For more general values of r ∈ [n], the tightest upper bound for the sum of dependent381

Bernoulli random variables was computed in closed form by [37]:382383

S(r, 1) = min

((
min

t∈[0,r−1]

n−t∑
i=1

p(i)

r − t

)
, 1

)
,(2.4)384

385

where the marginal probabilities p1, p2, . . . , pn are ordered as p(1) ≤ p(2) ≤ . . . ≤ p(n).386

For the sum of discrete random variables with support in [0,K], directly applying387

Theorem 2.1 brings us to the following corollary which shows that the tightest bound388

is computable in polynomial time. This adds to the stream of literature on identifying389

instances where the tightest upper bound is computable in polynomial time.390

Corollary 2.5. Given the marginal distributions of the random vector c̃ as391

P(c̃i = k) = pik for k ∈ [0,K] and i ∈ [n], the tightest upper bound on the sum392

exceeding a value r is computable by solving the linear program:393394

S(r,K) = max a
s.t. a+ b = 1,

hik +

nK∑
l=k

δi,k,l = pik, for i ∈ [n], k ∈ [0,K],

K∑
k=0

hik = b, for i ∈ [n],

a =

nK∑
l=r

τl, τl =

min(K,l)∑
k=0

δn,k,l, for l ∈ [r, nK],

δn,k,l = 0, for l ∈ [0, r − 1], k ∈ [0,min(K, l)],

δ1,k,k =

min(K,nK−k)∑
k′=0

δ2,k′,k′+k, for k ∈ [0,K],

δ2,k,k′+k = 0, for k ∈ [0,K], k′ ∈ [K + 1, nK − k],
min(K,l)∑
k=0

δi,k,l =

min(K,nK−l)∑
k′=0

δi+1,k′,l+k′ ,

for i ∈ [2, n− 1], l ∈ [0, nK],
a, b,h, δ, τ ≥ 0.

395

396

The linear program is polynomial sized in n, K and log(U1).397

Next we describe the construction of the extremal distribution using the optimal398

solution of the linear program in Corollary 2.5. Given an optimal solution of the399

linear program denoted by a∗, b∗,h∗, δ∗, τ ∗, an extremal distribution is constructed400

using the following mixture distribution:401

1. Generate a Bernoulli random variable z̃ with probability a∗.402

2. If z̃ = 1,403

(a) Generate c̃1 = k with probability δ1,k,k/a.404
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(b) For each i in [2, n], generate c̃i as follows:

P(c̃i = k
∣∣∣ i∑
j=1

c̃i = l) =
δi,k,l+k∑

k′∈[0,K]

δi−1,k′,l

, for l ∈ [0, iK].

3. If z̃ = 0, generate c̃i = k with probability hik/b independently across i ∈ [n].405

It can be verified that θ∗ is the extremal distribution where the optimal decision406

variables can be interpreted as: a∗ = Pθ∗(
∑
i c̃i ≥ r), b∗ = Pθ∗(

∑
i c̃i < r). Addi-407

tionally, h∗ik = Pθ∗(c̃i = k,
∑n
j=1 c̃j < r), τ∗l = Pθ∗(

∑n
i=1 c̃i ≥ r,

∑n
i=1 c̃i = l) and408

δi,k,l = Pθ∗(c̃i = k,
∑i
j=1 c̃i = l,

∑n
l=1 c̃l = n).409

2.2.1. Weighted Probability Bounds. In this section, we show that the re-
sults in Corollary 2.5 can be extended to compute tight weighted probability bounds
of sums of discrete random variables as the optimal value of a compact linear pro-
gram. Such bounds are useful in modeling scenarios where some of the variables
are extremally dependent (assuming only knowledge of the marginal distributions),
while the rest are mutually independent and the two sets of variables are indepen-
dent of each other (see Subsection 4.1 for a numerical example). We can thus offset
the inherent conservatism in the extremally dependent and mutually independent
models by introducing a limited degree of independence into the model. Denote by
w = (w1, w2, . . . , wnK), wi ∈ R, i ∈ [nK] a vector of pre-specified weights. We are
interested in computing the following tight upper bound on the weighted sum of the
tail probabilities

max
θ∈Θ

nK∑
l=0

wlPθ

(
n∑
i=1

c̃i ≥ l

)
.

Note that without loss of generality, we can ignore ` = 0 and consider Pθ(
∑n
i=1 c̃i = l)410

for ` ∈ [nK] instead of tail probabilities by a suitable transformation of weights.411

Denote by S(w,K) the following upper bound:412413

S(w,K) = max
θ∈Θ

nK∑
l=1

wlPθ

(
n∑
i=1

c̃i = l

)
,414

415

where we are given the marginal distributions of the discrete random vector c̃ as416

P(c̃i = k) = pik for k ∈ [0,K] and i ∈ [n]. We next prove the result for sums of417

Bernoulli random variables (K = 1) which can then be extended to the case K ≥ 2.418

Theorem 2.6. Given the marginal distributions of a Bernoulli random vector c̃419

as P(c̃i = 1) = pi for i ∈ [n], the tightest upper bound S(w, 1) is computable via the420

LP:421422

(2.5)

S(w, 1) = max

n∑
l=0

τlwl

s.t.
n∑
l=0

τl = 1,

n∑
l=0

δli = pi, for i ∈ [n],

τl ≥ δli, for i ∈ [n], for l ∈ [n],
n∑
i=1

δli = lτl, for l ∈ [n],

τl ≥ 0, for l ∈ [n],
δli ≥ 0, for i ∈ [n], for l ∈ [n].

423
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Proof. The tight bound S(w, 1) can be computed as the optimal value of the424

following exponential sized linear program:425426

(2.6)

max

n∑
l=0

wl
∑

c∈[0,1]n:
∑n
t=1 ct=`

θ(c)

s.t.
∑

c∈[0,1]n:ci=1

θ(c) = pi, for i ∈ [n],∑
c∈[0,1]n

θ(c) = 1,

θ(c) ≥ 0 for c ∈ [0, 1]n.

427

An optimal solution of this linear program always exists with a finite optimal value.428

Note that when w = (0r−1,1n−r+1) (zeros up to index r−1 and ones thereafter), the429

objective function in (2.6) reduces to the tail probability bounds S(r, 1) considered in430

Subsection 2.2. We next derive a compact reformulation of (2.6) by considering the431

linear relaxation of its dual separation problem, similar to the proof of Theorem 2.3432

with X = {1n}. The dual of the linear program (2.6) can be written as:433434

(2.7)

min

n∑
i=1

αipi + λ

s.t.

n∑
i=1

αici + λ ≥ wl, for c ∈ [0, 1]n :
∑n
i=1 ci = l, for l ∈ [n].

435

The dual linear program (2.7) has 2n constraints, which can be divided into n sets436

of
(
n
l

)
constraints for l ∈ [n]. Similar to the steps followed in the derivation of the437

reduced formulation for Bernoulli variables in Theorem 2.3, for each l ∈ [n], the set of438 (
n
l

)
constraints corresponding to the scenarios c ∈ [0, 1]n :

∑
ci = l can be rewritten439

as follows:440441

(2.8)

λ+

{
min

n∑
i=1

αici : c ∈ [0, 1]n,

n∑
i=1

ci = l

}
≥ wl, for l ∈ [n]

⇐⇒ λ+

{
min

n∑
i=1

αici : 0 ≤ ci ≤ 1, for i ∈ [n],

n∑
i=1

ci = l

}
≥ wl, for l ∈ [n]

⇐⇒ λ+


max

n∑
i=1

uli + lvl

s.t. uli + vl ≤ αi, for i ∈ [n],
uli ≤ 0, for i ∈ [n],

 ≥ wl, for l ∈ [n],

442

where the first equivalence follows from the totally unimodular structure of the con-443

straint matrix and the second equivalence is from linear programming duality. Since444

an optimal solution to the primal (2.6) exists, by strong duality, the dual (2.7) must445

also have an optimal solution. Consequently there must exist a feasible solution to the446

linear program in the last equivalence of (2.8) and the constraint sets corresponding447

to each l ∈ [0, n] in (2.7) can be replaced by the following polynomial-sized set of448

constraints:449450

(2.9)


λ+

n∑
i=1

uli + lvl ≥ wl,

uli + vl ≤ αi, for i ∈ [n],
uli ≤ 0, for i ∈ [n],

 , for l ∈ [n].451
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Thus the compact version of the dual (2.7) can be written as:452453

(2.10)

min

n∑
i=1

αipi + λ

s.t. λ−
n∑
i=1

uli + lvl ≥ wl, for l ∈ [n],

vl − uli ≤ αi, for i ∈ [n], for l ∈ [n],
uli ≥ 0, for i ∈ [n], for l ∈ [n].

454

Finally, dualizing (2.10) leads to the compact linear program (2.5) with O(n2) vari-455

ables and constraints.456

It is straightforward to generalize the result in Theorem 2.6 to compute the tight457

bound on the weighted probability of sums of discrete random variables S(w,K) by458

a combination of techniques used in the proofs of Corollary 2.5 and Theorem 2.6.459

We note interesting connections with state of the art if the weight vector were to460

be intepreted as a function so that w(l) = wl. The objective then can be viewed as,461462

S(w,K) = max

nK∑
l=1

wlE[1[

n∑
i=1

c̃i = l]] = maxE[

nK∑
l=1

wl1[

n∑
i=1

c̃i = l]] = maxE

[
w

(
n∑
i=1

c̃i

)]
463

464

In a special case where the function w(.) is convex, it is well known that the comono-465

tone distribution attains the maximum value [38]. However on the other hand when466

w(.) is concave, the analysis appears to be harder and the theory of joint mixability467

[42] has been used to solve some special cases in this context.468

2.3. Hardness Results for the Lower Bound and Independence. In this469

section, we show both L(r) and I(r) are not computable in polynomial time for470

compact 0/1 V-polytopes unless P = NP. The hardness results are shown using a471

reduction from the independent set problem in graphs. An independent set in an472

undirected graph G = (V,E) is a subset of the vertices such that no two vertices are473

adjacent to one another. The decision and optimization version of this problem are474

known to be NP-hard while counting the number of independent sets is known to be475

#P hard [16]. The next theorem shows computing the lower bound L(r) is NP-hard.476

Theorem 2.7. Let X = {x1, . . . ,xP } ⊆ {0, 1}n. Given the marginal distributions477

of the Bernoulli random vector c̃ as P(c̃i = 1) = 1 − P(c̃i = 0) = pi for i ∈ [n],478

computation of the lower bound L(r) is NP-hard and cannot be computed in time479

polynomial in the input size unless P = NP.480

Proof. The relevant separation problem to be solved to compute L(r) is:481482

max

{
n∑
i=1

αici : c′xj ≤ r − 1, for j ∈ [P ], ci ∈ {0, 1}, for i ∈ [n]

}
,(2.11)483

484

where α ∈ Rn is given. This is NP-hard to solve. To see this, consider a graph
G = (V,E) on n nodes. Given an undirected graph G = (V,E), let n = |V | and
P = |E|. Define the set X as the set of incidence vectors of the graph:

X = {xe; e ∈ E} ⊆ {0, 1}n,

where for any e = (i, j) ∈ E, we let xei = 1, xej = 1 and xek = 0 for all k 6= i, j.485

Setting αi = 1 for all i and r = 2 in (2.11) solves the maximum independent set486

problem. Since the separation problem is NP-hard to solve, the optimization problem487

is NP-hard to solve and computing L(r) is NP-hard.488
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Remark: A special case where the lower bound L(r) is efficiently computable is489

in the case of sums of discrete random variables. This case turns out to be so due to490

an appropriate transformation to the upper bound U(.) as detailed below.491492

min
θ∈Θ

Pθ(
n∑
i=1

c̃i ≥ r) = 1−max
θ∈Θ

Pθ(
n∑
i=1

c̃i ≤ r − 1) = 1−max
θ∈Θ

Pθ(
n∑
i=1

(K − c̃i) ≥ nK − r + 1)493

= 1−max
θ∈Θ̄

Pθ(
n∑
i=1

d̃i ≥ nK − r + 1),494

495

where d̃i is a random variable such that P(d̃i = j) = P(c̃i = K − j) = pi,K−j , and Θ̄496

consists of all distributions consistent with the marginal distributions of d̃.497

We next discuss hardness results for computing the probabilities with independent498

random variables. The next theorem from [22] shows that computing the probability499

of the sum of independent discrete random variables is #P-hard.500

Theorem 2.8. [22] Let c̃i be a two point random variable with P(c̃i = ai) =501

1− P(c̃i = 0) = pi for ai ∈ Z+. Computing the probability I(r) = Pθind(
∑n
i=1 c̃i ≥ r)502

is #P-hard.503

The hardness in Theorem 2.8 was shown using a reduction from the counting version504

of the knapsack problem. The hardness result in their construction arises from the505

support of the random variables. When the random variables have restricted support506

such as Bernoulli, the sum is a Poisson Binomial random variable for which the proba-507

bility is computable in polynomial time through recursions [9]. We next show however508

that for Z(c̃) given as the optimal value of a maximization problem over a compact509

0/1 V-polytope, computing the probability under the assumption of independence is510

hard even when the random variables are Bernoulli.511

Theorem 2.9. Let X = {x1, . . . ,xP } ⊆ {0, 1}n. Given the marginal distributions512

of the Bernoulli random vector c̃ as P(c̃i = 1) = 1 − P(c̃i = 0) = pi for i ∈ [n],513

computation of the probability Pθind(Z(c̃) ≥ r) is #P-hard and cannot be computed in514

time polynomial in the input size unless P = NP.515

Proof. We will do a reduction from counting the number of independent sets in
a graph. Given an undirected graph G = (V,E), let n = |V | and P = |E|. Define the
set X as the set of incidence vectors of the graph:

X = {xe; e ∈ E} ⊆ {0, 1}n,

where for any e = (i, j) ∈ E, we let xei = 1, xej = 1 and xek = 0 for all k 6= i, j. Let516

P(c̃i = 1) = 1− P(c̃i = 0) = 1/2 and r = 2. Then:517518

Pθind

(
max
e∈E

c̃′xe ≥ 2

)
= 1− Pθind

(
max
e∈E

c̃′xe ≤ 1

)
519

= 1− Pθind(c̃i + c̃j ≤ 1 for (i, j) ∈ E)520

= 1− No. of independent sets in G

2n
.521

522

Since computing the number of independent sets is #P-hard, so is computing I(r).523

2.4. Extensions with Sparse Bivariate Information. While Theorem 2.9524

establishes the hardness of computation of the tail probability Pθind(Z(c̃) ≥ r), we525

observe the family Θ can be further restricted with additional constraints so as to526
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bring the bound U(r) closer to I(r). For example if one were to incorporate knowl-527

edge of sparse bivariate information, the polynomial solvability result of Theorem 2.1528

would carry forward. For simplicity, we will give some pointers to this extension by529

restricting our attention to the case of Bernoulli random variables.530

Let c̃ be a Bernoulli random vector with known univariate marginal distributions531

and sparse bivariate marginals. In particular consider an undirected graph G = (V,E)532

over the |V | = n vertices. Assume that the bivariate distributions P(c̃i = qi, c̃j = qj)533

are known for qi ∈ {0, 1}, qj ∈ {0, 1}, for (i, j) ∈ E. Consider a family of distributions,534535

Θbv =
{
θ ∈ P({0, 1}n) : Pθ (c̃i = 1, c̃j = 1) = pij for (i, j) ∈ E, Pθ (c̃i = 1) = pi for i ∈ V

}
536537

Suppose Ubv(r) denotes the largest value of the tail probability out of all disri-538

butions in Θbv, Ubv(r) = maxθ∈Θbv P(Z(c̃) ≥ r). When G represents the complete539

graph over n vertices,Θbv represents the set of all joint distributions consistent with540

all pairs (a total of n(n− 1)/2) of given bivariate distributions. This case is unfortu-541

nately computationally hard even for the case where Z(c̃) denotes a sum of random542

variables. Checking for existence of a feasible joint distribution is itself hard [33].543

In the case where the graph G is a tree, Θbv contains all joint distributions con-544

sistent with n− 1 of the bivariate distributions (as specified by the edges in the tree).545

We focus on this sparsity structure of bivariate information. A special case where546

Z(c̃) =
∑n
i=1 c̃i is studied in [32], wherein a tight linear programming formulation is547

proposed. These techniques can be used along with our approach proposed in Sec-548

tion 2 to obtain tightest possible bounds for Ubv(r) when the underlying graph G is549

a tree and Z(c̃) represents any linear optimization problem over a 0/1 polytope.550

Fig. 2: Suppose n = 7 and the set of known bivariate marginal distributions corre-
sponds to the set E = {(1, 2), (2, 5), (2, 6), (3, 7), (1, 3), (1, 4)}. The figure gives the
corresponding directed tree with all arcs pointing away from the root node 1. The
degrees of the various nodes are d1 = 3, d2 = 2, d3 = 1, d4 = 0, d5 = 0, d6 = 0, d7 = 0.
Let i denote the root node labelled 1. Assuming a non-decreasing order on the node
labels, the three children of i are denoted as i(1), i(2) and i(3) (nodes 2,3 and 4 re-
spectively). The sub-tree of i induced by the first two children is denoted by T (i, 2)
and is shaded. The number of nodes in T (i, 2) is denoted by N(i, 2). N(i, 2) = 6 here.
The set of vertices in T (i, 2) is V (i, 2) = {1, 2, 3, 5, 6, 7}.

1 ← i

2i(1)→

5

T (i, 2)

6

3 ← i(2)

7

4 ← i(3)

We now focus on a directed rooted tree representation of the graph where node 1551

is designated as the root and the arcs are directed away from the root node. Assume552

an arbitrary but fixed ordering of the remaining nodes. We let di denote the out-553

degree of node i and denote the sth child of node i (as per the ordering fixed a-priori)554

as i(s). We denote by T (i, s) the sub-tree rooted at i consisting of the first s sub-trees555

of i where V (i, s) is the set of vertices in T (i, s) and N(i, s) is the cardinality of this556

set. For ease of understanding, the notations are illustrated in Figure 2.557
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Theorem 2.10. For a tree graph G, the bound Ubv(r) can be computed using a558

linear program polynomial sized in n and the number of extreme points P .559560

min
η,γ,∆,τ ,χ,f

λ+
n∑
i=1

αipi +
∑

(i,j)∈E
βijpij

s.t. λ−
∑

(i,j)∈E
(∆ij + χij)−

n∑
i=1

τi ≥ 0∑
j:(i,j)∈E

(∆ij − ηij) +
∑

j:(j,i)∈E
(∆ji − γji) + τi + αi ≥ 0 for i ∈ [n]

ηij + γij −∆ij + χij + βij ≥ 0 for (i, j) ∈ E
λ+ zx ≥ 1 for x ∈ X
f1,d1,0,t,x − zx ≥ 0 for t ∈ [r, n],x ∈ X
f1,d1,1,t,x − zx ≥ 0 for t ∈ [r, n],x ∈ X
fi,s,0,0,x = 0 for i ∈ [n], for s ∈ [0, di],x ∈ X
fi,s,1,x1,x − αi = 0 for i ∈ [n], for s ∈ [0, di],x ∈ X
For each internal node i and each x ∈ X :

fi(1),di(1),0,t,x
− fi,1,0,t,x ≥ 0 for t ∈ [0, N(i, 1)− 2]

fi(1),di(1),1,t,x
− fi,1,0,t,x ≥ 0 for t ∈ [xi(1), N(i, 1)− 2 + xi(1)]

fi(1),di(1),0,t−xi,x − fi,1,1,t,x + αi ≥ 0 for t ∈ [xi, N(i, 1)− 2 + xi]

fi(1),di(1),1,t−xi,x − fi,1,1,t,x + αi + βi,i(i) ≥ 0

for t ∈ [xi + xi(1), N(i, 1)− 2 + xi + xi(1)]
For each internal node i with out-degree at least 2, and each x ∈ X :

fi,s−1,0,t−a,x + fi(s),di(s),0,a,x − fi,s,0,t,x ≥ 0

for s = [2, di], t = [0, (N(i, s)− 2)], a = [a1
min, a

1
max]

fi,s−1,0,t−a,x + fi(s),di(s),1,a,x − fi,s,0,t,x ≥ 0

for s = [2, di], t = [xi(s), (N(i, s)− 2 + xi(s))], a = [a2
min, a

2
max]

fi,s−1,1,t−a,x + fi(s),di(s),0,a,x − fi,s,1,t,x ≥ 0

for s = [2, di], t = [xi, (N(i, s)− 2 + xi)], a = [a3
min, a

3
max]

fi,s−1,1,t−a,x + fi(s),di(s),1,a − fi,s,1,t,x + βi,i(s) ≥ 0

for s = [2, di], t = [xi + xi(s), (N(i, s)− 2 + xi + xi(s))],
a = [a4

min, a
4
max]

η,γ,∆, τ ,χ ≥ 0

561

562

where a1
min = max(0, t− (N(i, s− 1)− 1)), a1

max = min(N(i(s), di(s))− 1 + xi(s), t),563

a2
min = max(xi(s), t− (N(i, s− 1)− 1)), a2

max = min(N(i(s), di(s))− 1 + xi(s), t),564

a3
min = max(0, t− (N(i, s− 1)− 1 + xi)), a

3
max = min(N(i(s), di(s) − 1), t− xi),565

a4
min = max(xi(s), t−(N(i, s−1)−1+xi)), a

4
max = min(N(i(s), di(s)−1+xi(s)), t−xi).566

Steps to reconstruct the proof are provided in Appendix B.567

3. Bounds for the H-Polytope: PERT Networks. In this section, we con-568

sider combinatorial optimization problems with a known compact H-polytope repre-569

sentation. While the formulations in the previous section can be used for V-polytope570

representations, the complexity of the formulations depend on P and can be cum-571

bersome in applications where P is large. It is therefore desirable to have compact572

formulations under known H-polytope representations. We will now show that for573

PERT networks represented with a H-polytope, the upper bound U(r) is efficiently574

computable in polynomial time in n and K.575

PERT networks are widely used in project planning and management across var-576

ious settings such as construction projects, software planning projects and facility577

maintenance projects. A PERT network is denoted by a directed acyclic graph (DAG)578

G = (V,E) where V is the set of vertices and E is the set of edges. The start node579

is denoted by s ∈ V and the terminal node is denoted by t ∈ V . The arcs represent580

activities in the project and nodes represent events in an activity on arc framework581
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[13]. The network structure captures precedence relationships among the activities.582

Each activity (i, j) is associated with a random time duration cij to complete it. For583

fixed cij , (i, j) ∈ E, the completion time of the project is computed as the longest584

path from node s to t. This is formulated as the 0-1 integer program:585
586

Zpert(c) = max
∑

(i,j)∈E cijxij

s.t
∑

j:(i,j)∈E

xij −
∑

j:(j,i)∈E

xji =


1, if i = s,

−1, if i = t,

0, otherwise,

xij ∈ {0, 1}, for (i, j) ∈ E.

587

588

The total unimodularity of the constraint matrix ensures that the LP relaxation589

exactly solves the integer program and Zpert(c) is polynomial time computable. There590

is a large stream of literature on uncertain PERT networks [46, 36] and computing the591

distribution and the expected value of Zpert(c̃) with independent activity durations.592

Evaluating both the distribution and the expected value are known to be #P-hard [19]593

and not polynomial time computable even in the number of values that the project594

duration takes. Several approximations and bounds have been proposed (see [15, 12,595

23]). In special cases, the computation of the distribution and the expected value are596

known to be possible in polynomial time with independent distributions. Specifically,597

for the class of series parallel graphs with activity durations supported in [0,K], the598

worst case probability and expectation bounds can be computed in polynomial time.599

For more general graphs, prior works of [12, 23] have also constructed approximations600

by using transformations to series parallel graphs.601

Applying the formulation in Theorem 2.1 requires enumeration of the P extreme602

points which in the setting of PERT networks, corresponds to the s-t paths in the603

network. The previous formulation is hence useful only when the number of s-t paths604

does not grow rapidly. We next propose a tight formulation that does not require605

the enumeration of the s-t paths. Specifically the result implies that for extremal de-606

pendence, the worst-case probability is polynomial time computable for general DAG607

under the assumption of restricted support in [0,K] while for independent distribu-608

tions, such a result is possible only for restricted graphs like series parallel graphs.609

Theorem 3.1. Consider a PERT network G = (V,E) with |E| = n and s and t610

denoting the source and terminal nodes respectively. Given the marginal distributions611

of the activity duration vector c̃ as P(c̃ij = k) = pijk for (i, j) ∈ E, k ∈ [0,K] and612

r ∈ [0, nK], the tightest upper bound on the probability of the project completion time613

taking a value greater than or equal to r is the optimal value of the linear program:614615

Upert(r) = max a
s.t. a+ b = 1,∑K

k=0 hijk = b, for (i, j) ∈ E,∑K
k=0 gijk +

∑K
k=0

∑nK
l=k δij,k,l = a, for (i, j) ∈ E,

hijk + gijk +
∑nK
l=k δij,k,l = pijk, for (i, j) ∈ E, k ∈ [0,K],

a =
∑nK
l=r τl,

τl =
∑
i:(i,t)∈E

∑min(l,K)
k=0 δit,k,m, for l ∈ [r, nK],∑

j:(i,j)∈E
∑min(K,nK−l)
k=0 δij,k,l+k =

∑
j:(j,i)∈E

∑min(K,l)
k=0 δji,k,l,

for i ∈ V \ {s, t}, l ∈ [0, nK],∑
i:(i,t)∈E

∑min(l,K)
k=0 δit,k,l = 0, for l ∈ [0, r − 1],∑

i:(s,i)∈E
∑min(K,nK−l)
k=0 δsi,k,l+k = 0, for l ∈ [1, nK],

a, b ≥ 0, τl ≥ 0, for l ∈ [r, nK], hijk, gijk ≥ 0, for (i, j) ∈ E, k ∈ [0,K],
δij,k,l ≥ 0, for (i, j) ∈ E, k ∈ [0,K], l ∈ [k, nK].

616

617
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Hence, maxθ∈Θ Pθ(Zpert(c̃) ≥ r) = Upert(r) and Upert(r) is computable in time poly-618

nomial in |V |, |E|,K and log(U1).619

Proof. The approach will, as before, involve developing a compact formulation620

for the separation problem in (2.1). We will make use of the structure of the s-t flow621

polytope in order to derive the reduced formulation. Given λ and α, the constraint622

(2.1) is equivalent to:623624

λ+ min

 ∑
(i,j)∈E

K∑
k=0

αijk1{cij=k} : Zpert(c) ≥ r, cij ∈ [0,K], for (i, j) ∈ E

︸ ︷︷ ︸
Sep(α)

≥ 1.(3.1)625

626

This problem looks at assigning a length from the set [0,K] to each edge cij where the627

cost of assigning length k to cij is αijk. In particular, we want to compute a minimum628

cost assignment of the lengths to cij in such a way that the longest path from node s629

to t has a length at least r. This is equivalent to ensuring the existence of a s-t path630

with length at least r. The costs αij = (αijk; k ∈ [0,K]) can be viewed as a mapping631

from [0,K] to R, albeit without any structural assumptions such as monotonicity,632

non-negativity etc. Observe that for each edge (i, j) ∈ E, we will always incur a633

cost of at least qij = mink∈[0,K] αijk. We focus on minimizing the updated costs634

vijk = αijk − qij ≥ 0. In particular for k∗ ∈ argmink∈[0,K] αijk, we have vijk∗ = 0.635

The optimization problem Sep(α) in (3.1) can therefore be split up as follows:636637

Sep(α) =
∑

(i,j)∈E

qij +

 min
∑

(i,j)∈E

K∑
k=0

vijk︷ ︸︸ ︷
(αijk − qij)1{cij=k}

s.t Zpert(c) ≥ r, cij ∈ [0,K] for (i, j) ∈ E

 .(3.2)638

639

We will now focus on finding an assignment to c so as to solve the optimization640

problem in the second term in Equation (3.2). Observe that we want to minimize641

the updated costs v subject to the constraint Z(c) ≥ r. For this, we propose a set of642

dynamic programming recursions as follows.643

Let fl,i denote the best value of the objective in the optimization problem (3.2)644

when there exists a path from s to i with of length exactly l. The computation of645

fl,i gives a minimum cost assignment such that some path from s to i has a length646

of exactly l. Since a PERT network is described by a DAG, there exists an ordering647

of the vertices by means of a topological sort. Denote such an ordering by Otop. The648

base case of the dynamic program is given by the computation of f0,s for the source649

node s. Clearly f0,s = 0 as the assignment cij = argmink∈S vijk incurs a total cost650

of 0 and any path from s to itself has a length of 0 trivially. Next we describe the651

induction step. For any node j, let the value of fl,i be known for all nodes i such that652

(i, j) ∈ E, l ∈ [0, nK]. This is possible when we fill the columns of the matrix f in653

the order given by Otop. The following relations hold,654655

fl,j = min
i:(i,j)∈E

min
k∈[0,K]

(fl−k,i + vijk) , for l ∈ [k, nK]656
657

This holds since if a path of length l exists from s to j and an edge (i, j) on this path658

is assigned a value of k, then the path from s to i must have a length of l − k. The659

optimal value of the objective must therefore choose the minimum value generated out660

of all possible assignments for all incoming arcs (i, j) to node j. Finally the objective661

function in (3.2) requires that the assignment produces a path of length of at least r662
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from s to t. Let z denote the objective value of the optimization problem in (3.2).663

Then, z = minl∈[r,nK] fl,t. Putting all the dynamic programming recursions together,664665

Sep(α) = max
q,f ,z

∑
(i,j)∈E

qij + z

s.t. qij ≤ αijk, for (i, j) ∈ E, k ∈ [0,K],
f0,s = 0, z ≤ fl,t, for l ∈ [r, nK],
fl,j ≤ fl−k,i + αijk − qij , for (i, j) ∈ E, k ∈ [0,K], l ∈ [k, nK].

666

667

Now, forcing λ + Sep(α) ≥ 1 gives a set of linear inequalities reformulating (2.1).668

Constraint (2.2) can be reformulated in the same manner as in proof of Theorem 2.1.669

Combining the reformulations of (2.1) and (2.2) gives us,670671

min λ+
∑

(i,j)∈E

∑
k∈[0,K]

αijkpijk

s.t. λ+
∑

(i,j)∈E

dij ≥ 0, αijk − dij ≥ 0, for (i, j) ∈ E, for k ∈ [0,K],

λ+ z +
∑

(i,j)∈E

qij ≥ 1, αijk − qij ≥ 0, for (i, j) ∈ E, k ∈ [0,K],

f0,s = 0, fl,t − z ≥ 0, for l ∈ [r, nK],
fl−k,i + αijk − qij − fl,j ≥ 0, for (i, j) ∈ E, k ∈ [0,K], l ∈ [k, nK].

672

673

Further taking the dual of this linear program gives us the formulation in the theorem.674

The LP thus obtained with O(|E|2K2 + |V ||E|K) constraints and O(|E|2K2)675

variables is therefore polynomially sized in |V |, |E| and K. The maximum value from676

the input univariate distributions pijk requires log2(U1) bits for representation. Hence677

the linear program is solvable in time polynomial |V |, |E|,K and log2(U1).678

The techniques used in deriving Theorem 2.1 and Theorem 3.1 rely on dynamic pro-679

gramming. However by making further use of the problem structure, we are able to680

obtain a further reduced formulation in Theorem 3.1 for PERT networks.681

4. Numerical Results. We will now provide numerical results from various682

formulations. The following formulations were implemented using gurobipy [18].683

(a) Upper bound U(r): Tightest upper bounds via the LPs in Theorems 2.1 and 3.1.684

(b) Markov bound: Markov’s inequality gives us an upper bound for any distribution685

θ ∈ Θ and positive value of r as, Pθ(Z(c̃) ≥ r) ≤ min (maxθ∈Θ Eθ[Z(c̃)]/r, 1) . To686

compute the maximum expected value when X is represented with a V-polytope, we687

can use existing results in the literature [29] to get:688689

max
θ∈Θ

Eθ[Z(c̃)] = max
γ,λ

n∑
i=1

K∑
k=0

kγikpik

s.t.
∑
x∈X

λx = 1, λx ≥ 0 for x ∈ X ,

K∑
k=0

pikγik =
∑

x∈X :xi=1

λx,

0 ≤ γik ≤ 1 for i ∈ [n].

690

691

where the random variables c̃i ∈ [0,K] with pik = P(c̃i = k) for k ∈ [0,K] and i ∈ [n].692

(c) Independence: To compute I(r) = Pθind(Z(c̃ ≥ r), we approximate the probability693

using a simulation of 10000 runs.694
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(d) Distribution maximizing E[Z(c̃)− r)]+: A formulation that computes this maxi-695

mum expectation can be derived using the techniques in [29, 11, 45] as,696697

maxE[Z(c̃)− r]+ = max
∑

(i,j)∈E

K∑
k=0

kgijkpijk − r
∑
x∈X

λx

s.t.
∑
x∈X

λx ≤ 1, λx ≥ 0, for x ∈ X .

gijk ≤ 1, for (i, j) ∈ E, k ∈ [0,K],∑
x∈X :xij=1

λx =

K∑
k=0

gijkpijk, for (i, j) ∈ E,

gijk ≥ 0, for (i, j) ∈ E, k ∈ [0,K].

(4.1)698

699

The term
∑

x∈X λx gives us P(Z(c̃) ≥ r) for the extremal distribution maximizing700

E[Z(c̃)− r]+. We refer to this probability bound as ‘Worst Exp’ in all the plots.701

4.1. Sums of Random Variables with Limited Dependence. We first pro-702

vide a numerical application of the weighted probability bounds to the sums of random703

variables by allowing for a limited degree of dependence. This is achieved by consid-704

ering a split of the set of random variables into two sets - one allowing for extremal705

dependence among the variables and the other set containing mutually independent706

variables. The random variables across the two sets are assumed independent of707

each other. Specifically let P (α̃i = 1) = 1 − P (α̃i = 0) = pi for i ∈ [n1] and708

P (β̃j = 1) = 1 − P (β̃j = 0) = qj for j ∈ [n2]. The dependence among random709

variables in α̃ is not specified while the random variables in β̃ are mutually indepen-710

dent. The two sets of random variables are also independent of each other. Under711

this model, we will see that the bound on the tail probability of the sum of random712

variables can be reformulated using the weighted probability bound in Theorem 2.6713

where the weights are appropriately computed.714

Given r ∈ [0, n1 + n2], let the tightest upper bound on the tail probability be:715716

S(r, 1) = max
θ∈Θ`

Pθ
( n1∑
i=1

α̃i +

n2∑
j=1

β̃j ≥ r
)
,(4.2)717

718

where Θ` is the set of distributions consistent with the given assumptions:719720

Θ` =
{
θ ∈ P({0, 1}n1+n2) : Pθ (α,β) = Pθ (α)Pθind (β) , for (α,β) ∈ {0, 1}n1+n2 ,721

Pθ (α̃i = 1) = pi, for i ∈ [n1]
}
,722723

where θind is the product distribution for the independent variables in β̃ supported724

on {0, 1}n2 . We refer to this as the “limited dependency” model. The probability can725

be rewritten as:726

Pθ
( n1∑
i=1

α̃i +

n2∑
j=1

β̃j ≥ r
)

=

n2∑
`=0

[
Pθα
( n1∑
i=1

α̃i ≥ r − `
)
Pθind

( n2∑
j=1

β̃j = `
)]
,727

where θα is a feasible distribution of the random vector α̃ corresponding to θ and,728729

Pθα(α) =
∑

β∈{0,1}n2

Pθ((α,β)), ∀α ∈ {0, 1}n1730

731
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In this case, it is possible to compute the probabilities Pθind
(∑n2

j=1 β̃j = `
)
, ` ∈732

[0, n2] in polynomial time using dynamic programming recursion [9]. We can then733

reformulate (4.2) as follows:734735
(4.3)

max
θ∈Θ`

Pθ
( n1∑
i=1

α̃i +

n2∑
j=1

β̃j ≥ r
)

= max
θα∈Θ

n2∑
`=0

[
Pθα
( n1∑
i=1

α̃i ≥ r − `
)
Pθind

( n2∑
j=1

β̃j = `
)]
,736

737

Θ = {θα ∈ P({0, 1}n1) : Pθα (α̃i = 1) = pi, for i ∈ [n1]} .738

is the set of distributions defined on {0, 1}n1 and consistent with the given marginal
information for α̃. By rewriting the tail probabilities as:

Pθα
( n1∑
i=1

α̃i ≥ r − `
)

=

n1∑
t=r−`

Pθα
( n1∑
i=1

α̃i = t
)
,

we can cast (4.3) in the form of a weighted probability function similar to that in739

(2.6) with n1 decision variables and weights w` = Pθind
(∑n2

j=1 β̃j = `
)
, for ` ∈ [0, n2].740

The compact linear program (2.5) can now be used to compute the tight bound.741

In this model, when n = n1 and n2 = 0, all the random variables are extremally742

dependent and the tight bound S(r, 1) is retrieved. Similarly, when n = n2 and743

n1 = 0, all the random variables are mutually independent and the tail probability744

bound I(r, 1) is retrieved. We also consider a Poisson approximation to the sum of745

Bernoulli random variables. [27] showed that the Poisson distribution can be used to746

approximate the probability distribution of sums of independent but not necessarily747

identical Bernoulli random variables, where the error of the approximation is small748

when the probabilities are small. The method from [40],[8] extends this idea and749

develops error bounds for the Poisson approximation of the distribution of sums of750

weakly dependent Bernoulli variables. We compare the limited dependency bounds751

computed from the compact linear program (2.5) with the two extremes of extremal752

dependence and complete independence and three other probabilities computed using753

a Poisson approximation, a comonotonic bound computed with perfectly dependent754

random variables and the Markov bound. Figure 3 shows the six bounds for n = 30755

variables where the limited dependency bounds (in purple) have been selectively shown756

for n1 = 6, 10, 14, 18, 22, 26 (left to right). In Figure 3a, we consider non-identical757

small marginal probabilities by uniformly and independently generating the them758

from [0.1, 0.15] while in Figure 3b, we uniformly generate the probabilities from [0, 1].759

The Poisson approximation closely follows the independent tail probability I(r, 1)760

in Figure 3a as the theory suggests with the assumption of small probabilities while in761

Figure 3b, it initially underestimates the independent tail probability (for r ≤ 15) and762

then overestimates it. Due to the almost identical nature of the small probabilities763

in Figure 3a, the comonotonic bound plot remains almost flat for r ≥ 1 and the764

Markov bound is very close to the extremally dependent bound S(r, 1) while this is765

not true in Figure 3b due to the non-identical probabilities. The results indicate that766

the LP approach can appropriately incorporate both independence and dependence767

considerations in computing the extremal tail probability bounds.768

We next illustrate the usefulness of the limited dependency bound S(r, 1) in769

(4.2) in applications where distributions of sums of dependent random variables770

are used by comparing it to the Poisson approximation. Denote the Poisson ap-771

proximation on the tail probability of the sum of n Bernoulli random variables by,772
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Fig. 3: Step plots of upper bounds for n1 + n2 = 30

SP (r, 1) =
∑n
k=r e

−λ λk

k!
. While several bounds on the error of the Poisson approxi-773

mation have been proposed in the literature (see [31] for an overview), these bounds774

are not necessarily tight and typically become weaker with increase in the number of775

dependent variables (degree of dependence) and the marginal probabilities. However,776

since we can compute the exact bound S(r, 1), we can also compute the precise error777

of the Poisson approximation for given level of dependence n1. A popular metric to778

measure the distance between two probability measures is the Kolmogorov distance779

(also called uniform distance) which is defined as :780

dK (FX ; FY ) = sup
x
|FX(x)− FY (y)|,781

where FX(x), FY (y) are the CDF’s of the two distributions. Note that because of the782

absolute value used in the definition, we can use the right tail probability functions783

instead of the CDF’s and thus compute the Kolmogorov distance between the Poisson784

and limited dependence distributions (for each level of dependence n1) as follows :785

dK
(
SP ; S

)
= max

r∈[0,n]
|SP (r, 1)− S(r, 1)|.786

When the variables are identical and mutually independent (note that n1 = 0 and787

n1 = 1 are equivalent mutually independent cases), there are known bounds on the788

Kolmogorov distance between the Poisson and Binomial distributions. [41] proves an789

upper bound: dK (SP (n, p); B(n, p)) ≤ pπ2e2p(2−p)/(16(1 − p)). However our obser-790

vations show that this bound is weaker with increasing probabilities.791

We next consider a numerical experiment with n1 + n2 = 30 Bernoulli random792

variables and identical probabilities p. Figure 4a plots the Kolmogorov distance from793

(4.1) for each n1 ∈ [0, 30] and p = [0.01, 0.05, 0.1, 0.15, 0.2] while Figure 4b plots the794

numerical inverse of the first plot.795

It is clear from the Figure 4a that the Kolmogorov distance increases monotoni-796

cally with the number of dependent variables n1. This concurs with the theoreticcal797

understanding that the Poisson approximation performs better with mutual indepen-798

dence and weak dependence. For the same level of dependence, as p increases, the799

Kolmogorov distance increases for the range of p ∈ [0.01, 0.2] considered here. On the800
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Fig. 4: Scatter plots for the case of identical probabilities with n1 + n2 = 30

other hand, for a given error, the dependence level which can be accomodated within801

the specified error decreases with increasing p within the plotted range. However,802

our observation shows that this monotonicity need not hold for larger values of p.803

From Figure 4b, we can compute a desired level of dependence for a given error of the804

Poisson approximation (measured in terms of the Kolmogorov distance). This can805

provide useful information in applications where Poisson approximations for distribu-806

tions of sums of dependent random variables are used (see [1] for a non-exhaustive807

list of examples) and the error tolerance is pre-specified. For example, this approach808

can be used by portfolio managers to recommend partially dependent stocks (where809

some stocks are dependent but the exact correlation is not specified and others are810

independent) based on the degree of risk aversion of the investors.811

4.2. Random Walk: V-Polytope. We now consider the maximum of partial812

sums of random variables, a problem arising from applications in random walks. Con-813

sider a random vector c̃ of size n and let Zrw(c̃) = max(c̃1, c̃1+ c̃2, . . . ,
∑n
i=1 c̃i), where814

c̃i ∈ {−1, 1} for all i ∈ [n]. The tail behaviour of this quantity has been extensively815

studied (see [2]) and is of interest in settings such as risk and queueing theory. For816

example, when n→∞ and the random variables are mutually independent, the Lund-817

berg inequality (see [3]) gives the tail probability bound, Pθind(Zrw(c̃) ≥ r) ≤ e−h0r,818

where h0 is parameter dependent on the moment generating function of the distribu-819

tion of c̃. Several approximations for the distribution of Zrw(c̃) have been developed820

for the finite n case (see [10, 24]) using the marginal distributions. Here we consider821

the bounds on the tail probability with extremal dependence.822

Let Urw(r) denote the maximum value of the tail probability over all joint distribu-823

tions consistent with the given marginal distributions, Urw(r) = maxθ∈Θ P(Zrw(c̃) ≥824

r). Figure 5a illustrates the probability bounds for the case of identical probabilities825

with pi = 0.5 for all i ∈ [n]. ‘Tight UB’ refers to the bound Urw(r). While the Markov826

bound applies to only non-negative random variables, in the random walk application827

considered, Zrw(c) ∈ [−1, n]. We therefore use the following variant,828829

P(Zrw(c̃) ≥ r) = P(Zrw(c̃) + 1 ≥ r + 1) ≤ min

(
maxθ∈Θ Eθ[Zrw(c̃)] + 1

r + 1
, 1

)
.830

831
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We observe that the Markov bound is not a tight upper bound for this application.832

The probability bound ‘Worst exp’ refers to the bound attained by the comono-833

tone distribution here (since Zrw(c) is a supermodular function and the comono-834

tone distribution maximizes expectation of supermodular functions) so that P(c̃1 =835

1, . . . , c̃n = 1) = 0.5 and P(c̃1 = −1, . . . , c̃n = −1) = 0.5. The tight upper bound836

labelled ‘Tight UB’ gives Urw(r) and is attained by a different distribution from the837

comonotone distribution.We also illustrate the tree bound using formulation in The-838

orem 2.10 for the case where the underlying bivariate distributions are specified as839

follows: P(c̃i = 1, c̃i+1 = 1) = P(c̃i = 1)P(c̃i+1 = 1)∀i ∈ [1, n− 1]. Thus the bivariate840

distributions are known on a series graph in Theorem 2.10. We observe that the tree841

bound brings substantial reduction in the bound Urw(r) and is closer to independence.842

Similar trends are observed for the case of non-identical probabilities in Figure 5b.

(a) The case of identical probabilities,
pi = 0.5.

(b) A case of non-identical probabilities,
pi ≤ 0.5.

Fig. 5: Probability bounds for the random walk application.

843

4.3. PERT Networks. We now discuss our numerical results in PERT net-844

works. We compute Upert(r) using the LP in Theorem 3.1. In the plots, Upert(r) is de-845

noted by the label ‘Tight UB’. The Markov bound evaluates to min(maxE[Z(c̃)]/r, 1)846

where the maximum possible expectation bound is computed in polynomial time in847

the size of the graph using the below tight formulation from [29].848849

maxE[Z(c̃)] = miny,d,u us +
∑

(i,j)∈E

K∑
k=1

pijkyijk

s.t ui − uj ≥ dij , for (i, j) ∈ E,
ut = 0, yijk ≥ k − dij , for (i, j) ∈ E, for k ∈ [0,K],
y ≥ 0,d,u unrestricted.

850

851

Formulation (4.1) is used to obtain the tail probability from a distribution that max-852

imizes E[Z(c̃)− r]+, where X denotes the set of s-t paths for PERT networks.853

The network in Figure 6 with n = 24 nodes and a total of 29 edges or activities854

is considered. There are a total of 14 paths from s to t. The longest path from s to855

t contains 10 edges and hence the maximum possible completion time of the project856

is 10K, where K is the maximum possible duration of each of the activities. This857

network was presented in [6, 5] where the worst case bounds for the expected time of858

completion was computed. We take K = 10 and for all edges (i, j), pijk = 1/(K + 1).859
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860

The Markov bound is not tight for this example while the gaps from independence861

and worst exp demonstrate significant gap with the tight bound. Here, the worst exp862

curve is closer to Tight UB than independence. However the distribution maximizing863

the worst case expectation does not maximize the tail probability.864

4.3.1. Comparison of Bounds on Randomly Generated Instances. We865

now compare our bounds against the Markov bound and the bound from the indepen-866

dent distribution for a set of 50 randomly generated graphs and univariate marginals867

on n = 10 nodes with K = 10. In Figure 7a, we report the gap M(r)−Upert(r) for var-868

ious values of r where M(r) represents the Markov bound. The bars indicate the range869

between the minimum and maximum gaps while the dotted line provides the mean870

gap. Observe that the Markov bounds are not tight in general and always provide an871

upper bound for Upert(.). In Figure 7b, we report the gap Upert(r)− Pθind(Z(c̃ ≥ r)872

where θind denotes the independent distribution. The independent distribution serves873

as lower bound for Upert(r) and is clearly not an extremal distribution.874

(a) Gap in Markov bound (b) Gap in independence

Fig. 7: Comparison of gaps in various bounds over 50 randomly generated instances.

4.3.2. Computational Times. We now report the computational times of our875

compact linear program as a function of the number of nodes n as well as a function876

of K. Figure 8a shows the error bars of the execution time as a function of n, over877

50 random instances with r = 40 and K fixed to 10. Even for n = 100 nodes, the878

execution time is about 1.2 seconds on an average. We performed the experiment for879

various values of r ∈ {10, . . . , 50}, however we did not observe significant difference in880

the results. In Figure 8b, we provide the error bars of the execution time as a function881
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(a) (b)

Fig. 8: Execution times of our compact linear program

of K, with r = 50 and n = 20. Over all instances, our compact LP takes a maximum882

of 0.45 seconds even when the support for the activity durations goes till K = 100.883
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Appendix A. Proof of Corollary 2.2. The constraints on δ in the LP ensure993

that the above distribution is feasible and the constraints involving τlx, δnklx and ax994

ensure that if z̃ = 1, the generated realization c and x will have
∑n
i=1 cixi ≥ r.995

Consistency. We will first prove that the distribution constructed is a feasible996

distribution and lies in Θ. We will prove this using induction.997998

P(c̃1 = k) = P(z̃ = 1)
∑
x∈X

P(x̃ = x|z̃ = 1)P(c̃1 = k|x, z̃ = 1) + P(z̃ = 0)P(c̃1 = k|x, z̃ = 0)999

= (
∑
x∈X

ax)
∑
x∈X

ax
δ1kkx∑
k′ δ1k′k′x

x1 +
δ1k0x∑
k′ δ1k′0x

(1− x1) + bhik/b1000

= hik + δ1kkxx1 + δ1k0x(1− x1) = p1k.10011002

The last but one inequality holds since for any x ∈ X , if x1 = 1, then the constraints1003

in the LP ensure that,
∑
k δ1kkx =

∑nK
l=r

∑
k′ δnk′lx =

∑nK
l=r τlx = ax and,

∑
k δ1k0x =1004 ∑nK

l=r

∑
k′ δnk′lx =

∑nK
l=r τlx = ax, if x1 = 0. Also, for all l ∈ [0, nK], we have1005

P(c̃1x1 = l, z̃ = 1, x̃ = x) =
∑
k′∈[0,K] δ1k′lx if x1 = 1 and, P(c̃1x1 = 0, z̃ = 1, x̃ = x) =1006 ∑

k′∈[0,K] δ1k′0x if x1 = 0. We will now show that for any l ∈ [0, nK],P(
∑i+1
j=1 c̃jxj =1007

l, z̃ = 1, x̃ = x) =
∑K
k=0 δi+1,k,l,x via induction. The base case has already been1008

shown for i = 1. Now assume, P(
∑i
j=1 c̃jxj = l, z̃ = 1, x̃ = x) =

∑
k′∈[0,K] δ1k′lx1009

where 1 < i < n. Then,10101011

P(

i+1∑
j=1

c̃jxj = l, z̃ = 1, x̃ = x) = xi+1

∑
k

P(

i∑
j=1

c̃jxj = l − k, c̃i+1 = k, z̃ = 1, x̃)1012

+ (1− xi+1)
∑
k

P(

i∑
j=1

c̃jxj = l, c̃i+1 = k, z̃ = 1, x̃)1013

= xi+1

∑
k

P(

i∑
j=1

c̃jxj = l − k, z̃ = 1, x̃)P(c̃i+1 = k|
i∑

j=1

c̃jxj = l − k, z̃ = 1, x̃)1014

+ (1− xi+1)
∑
k

P(

i∑
j=1

c̃jxj = l, z̃ = 1, x̃)P(c̃i+1 = k|
i∑

j=1

c̃jxj = l, z̃ = 1, x̃)1015

= xi+1

∑
k

∑
k′

δi−1,k′,l−k,x
δiklx∑
k′′ δik′′lx

+ (1− xi+1)
∑
k

∑
k′

δi−1,k′,l,x
δiklx∑
k′′ δik′′lx

1016

=

K∑
k=0

δiklx1017

1018
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1019

P(c̃i = k) =
∑
x∈X

nK∑
l=0

xiP(z̃ = 1, x̃ = x,

i∑
j=1

c̃ix̃i = l, c̃i = k)1020

+
∑
x∈X

nK∑
l=0

(1− xi)P(z̃ = 1, x̃ = x,

i∑
j=1

c̃ix̃i = l, c̃i = k) + P(z̃ = 1, c̃i = k)1021

=
∑
x∈X

nK∑
l=k

xiδiklx +
∑
x∈X

nK∑
l=0

(1− xi)δiklx + hik = pik1022

1023

The last equality arises due to the constraints on δ in the LP in Theorem 2.1.1024

Optimality. For the distribution constructed, we have that10251026

P(max
x

c̃′x ≥ r) ≥ P(z̃ = 1,max
x

c̃′x ≥ r) ≥
∑
x∈X

P(z̃ = 1, x̃ = x, c̃′x̃ ≥ r)1027

=
∑
x∈X

nK∑
l=r

P(z̃ = 1, x̃ = x, c̃′x̃ = l) =
∑
x∈X

nK∑
l=r

K∑
k=0

δnklx =
∑
x∈X

ax1028

1029

Thus the distribution constructed indeed attains the optimal value of the LP.1030

Appendix B. Proof of Theorem 2.10 . Upon writing down the dual of1031

the corresponding exponential sized formulation, the analogous separation problem1032

here boils down to enforcing min{λ +
∑n
i=1 αici +

∑
(i,j)∈E βijcicj s.t Z(c) ≥ r, c ∈1033

{0, 1}n, } ≥ 1, where λ, α, β are not restricted in sign. One can again use similar1034

techniques as earlier to reformulate the above using |X | optimization problems,10351036

min

λ+

n∑
i=1

αici +
∑

(i,j)∈E

βijcicj s.t

n∑
i=1

cixi ≥ r, c ∈ {0, 1}n,

 ≥ 1 ∀ x ∈ X .1037

1038

To solve the problem above for each x, one can adapt the dynamic programming so-1039

lution in [32](originally designed for constraints
∑n
i=1 ci ≥ r) to handle the constraint1040 ∑n

i=1 cixi ≥ r. Such a reformulation provides all but the first three constraints in the1041

formulation in Theorem 2.10. From [32] the first three constraints reformulate,10421043

min

λ+

n∑
i=1

αici +
∑

(i,j)∈E

βijcicj s.t c ∈ {0, 1}n
 ≥ 0.1044

1045
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